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It is generally believed that one cannot obtain a large Universe from quantum cosmological models
without an inflationary phase in the classical expanding era because the typical size of the Universe
after leaving the quantum regime should be around the Planck length, and the standard decelerated
classical expansion after that is not sufficient to enlarge the Universe in the time available. For in-
stance, in many quantum minisuperspace bouncing models studied in the literature, solutions where
the Universe leave the quantum regime in the expanding phase with appropriate size have negligible
probability amplitude with respect to solutions leaving this regime around the Planck length. In this
paper, I present a general class of moving gaussian solutions of the Wheeler-DeWitt equation where
the velocity of the wave in minisuperspace along the scale factor axis, which is the new large param-
eter introduced in order to circumvent the abovementioned problem, induces a large acceleration
around the quantum bounce, forcing the Universe to leave the quantum regime sufficiently big to
increase afterwards to the present size, without needing any classical inflationary phase in between,
and with reasonable relative probability amplitudes with respect to models leaving the quantum
regime around the Planck scale. Furthermore, linear perturbations around this background model
are free of any transplanckian problem.

PACS numbers: 98.80.Cq, 04.60.Ds

I. INTRODUCTION

The existence of an initial singularity [1] is one of the
major drawbacks of classical cosmology. In spite of the
fact that the standard cosmological model, based in clas-
sical general relativity sourced by ordinary matter, has
been successfully tested until the nucleosynthesis era, the
extrapolation of this model to higher energies leads to
a breakdown of the geometry in a finite cosmic time.
It indicates the failure of this conventional approach at
high energies, which should be complemented through
the intervention of some new physics (presence of exotic
matter, modifications of general relativity through non-
minimal couplings, non linear curvature terms in the la-
grangian, quantum effects of the gravitational field , etc),
leading to a complete regular cosmological model.

In the framework of quantum cosmology in minisuper-
space models, non singular bouncing models have been
obtained1, where the bounce occurs due to quantum ef-
fects in the background [6–8]. Some approaches have
used an ontological interpretation of quantum mechanics,
the Bohm-de Broglie [9] one, to interpret the results [7, 8]
because, contrary to the standard Copenhagen interpre-

1 There are many other frameworks where bounces connecting the
present expanding phase with a preceding contracting one may
occur [2, 3]. In this case, the Universe is eternal, there is no be-
ginning of time, nor horizons. The new features of these models
introduce a new picture, where the usual problems of initial con-
ditions [4] (as, for instance, the almost homogeneous beginning of
the expanding phase might be explained through the disipation
of nonlinear inhomogeneities when the universe was very large
and rarefied in the asymptotic far past of the contracting phase)
and the evolution of cosmological perturbations [5] are viewed
from a very different perspective.

tation, this ontological interpretation does not need a
classical domain outside the quantized system to gener-
ate the physical facts out of potentialities (the facts are
there ab initio), and hence it can be applied to the Uni-
verse as a whole. Of course there are other alternative
interpretations which can be used in quantum cosmology,
like the many worlds interpretation of quantum mechan-
ics [10], but I will not use them in this paper.

In the Bohm-de Broglie interpretation, quantum
Bohmian trajectories, the quantum evolution of the scale
factor aq(t), can be defined through the relation ȧ ∝
∂S/∂a, where S is the phase of an exact wave solution
Ψ(a, t) of the Wheeler-DeWitt equation. It satisfies a
modified Hamilton-Jacobi equation, augmented with a
quantum potential term derived from Ψ(a, t), and hence
aq(t) is not the classical trajectory: in the regions where
the quantum effects cannot be neglected, the quantum
trajectory aq(t) performs a bounce which connect two
asymptotic classical regions where the quantum effects
are negligible. One then has in hands a definite function
of time for the homogeneous and isotropic background
part of the Universe, even at the quantum level, which
realizes a soft transition from the contracting phase to
the expanding one.

When studying the evolution of quantum cosmological
perturbations on these backgrounds, which was done in
the series of papers [12–15] for the case of one perfect
fluid with equation of state p = wρ, one arrives at the
result that, in order to obtain wavelength spectra and
amplitudes compatible with CMB data, one must have
[15] |w| << 1 and w1/4L0 ≈ 102lpl, where L0 is the cur-
vature scale at the bounce and lpl is the Planck length.
Hence this analysis shows that the model is self consistent
because observational constraints impose that the curva-
ture scale at the bounce must be at least a few orders
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of magnitude greater than the Planck length, a region
where one can trust the Wheeler-DeWitt equation with-
out been spoiled by high order quantum gravity effects.
Of course this model should be extended to include radia-
tion. In Ref. [4] it is shown that the requirement |w| << 1
is important only at the moment when the perturbation
wavelength becomes greater than the curvature scale: the
fluid which dominates at the bounce is irrelevant for the
spectral index (but is important for the amplitude, as we
will see in future publications).

However this scenario has a problem on the quantum
background solution itself: in order for the model de-
scribe the big Universe we live in, the scale factor at the
bounce a0 must be somewhat large, and the probability
one can obtain from the wave function of the model for
the occurence of this value is incredibly small (in some
cases exp(−1089), as we will see later on). Hence, either
there is an inflationary phase after the bounce in order
to enlarge the Universe from a small a0 (which may lead
to transplanckian problems [11] and non linear inhomo-
geneities at the bounce because of the growth of linear
perturbations in the contracting phase if a0 is small), or
one should rely very strongly on some anthropic principle
in a situation much worst than in the landscape scenario.

The aim of this paper is to overcome this difficulty
by proposing some more general wave solutions of the
Wheeler-DeWitt equation which lead to realistic bounc-
ing scenarios with parameters with reasonable probabil-
ities and without any transplanckian problem. In Ref.
[15], the wave function at the bounce was chosen to be
a static gaussian of the scale factor centered at a = 0.
As we will see, the ratio between the scale factor at the
bounce a0 and the width of the gaussian must be very
large in order to yield the big Universe we live in, yield-
ing the very small probability of occurrence of these pa-
rameters I mentioned above. However, if one generalizes
the wave function to be a moving gaussian on the a-
axis with velocity u, there is a minimum value of this
parameter from where one can obtain a large Universe,
with reasonable probability of occurrence, and without
any transplanckian problems. The parameter u induces
a very large acceleration around the bounce, leading to a
sufficiently large scale factor when the quantum regime
is over.

This paper is organized as follows: in Section II I de-
scribe in detail the problem I want to solve. In Section III
I present the generalized wave solutions from which this
problem can be circumvented. I conclude in Section IV
with a discussion of our results, their physical meanings,
and prospects for future work.

II. QUANTUM BOUNCE SOLUTIONS FROM
STATIC INITIAL GAUSSIANS AND THEIR

PROBLEMS

The Hamiltonian constraint describing a cosmological
model with flat homogeneous and isotropic closed space-

like hypersurfaces with comoving volume V = 1, and a
perfect fluid satisfying p = ωε, where ε is the perfect fluid
energy density, p is the pressure and ω is a constant, reads
[12]

H0 ≡
PT
a3ω
− P 2

a

4a
, (1)

where a is the scale factor, Pa its canonical momen-
tum, and the conserved quantity PT , the momentum
canonically conjugated to the degree of freedom of the
fluid T [16], is associated with the constant appearing
in the energy density of the fluid through the relation
ε = PT /a

3(1+w). All quantities are in Planck unities.
One can verify that the Hamiltonian H = NH0 gener-
ates the usual Friedmann equations of the model.

The wave function Ψ(a, T ) satisfies the Wheeler-
DeWitt equation H0Ψ = 0,

i
∂

∂T
Ψ(a, T ) =

a(3ω−1)/2

4
∂

∂a

[
a(3ω−1)/2 ∂

∂a

]
Ψ(a, T ), (2)

where I have chosen the factor ordering in a in order to
yield a covariant Schrödinger equation under field redef-
initions. The fluid selects a prefered time variable.

I change variables to

χ =
2
3

(1− ω)−1a3(1−ω)/2,

obtaining the simple equation

i
∂Ψ(χ, T )

∂T
=

1
4
∂2Ψ(χ, T )

∂χ2
. (3)

This is just the time reversed Schrödinger equation for
a one dimensional free particle constrained to the posi-
tive axis. As a and χ are positive, solutions which have
unitary evolution must satisfy the condition

(
Ψ? ∂Ψ

∂χ
−Ψ

∂Ψ?

∂χ

)∣∣∣∣∣
χ=0

= 0 (4)

(see Ref. [8] for details). I can choose the initial normal-
ized wave function

Ψ(init)(χ) =
(

8
T0π

)1/4

exp
(
−χ

2

T0

)
, (5)

where T0 is an arbitrary constant. The gaussian Ψ(init)

satisfies condition (4), and it gives the probability density
for the value of χ at T = 0 with minimum uncertainty.

Using the propagator procedure of Refs. [8], we obtain
the wave solution for all times in terms of a:
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Ψ(a, T ) =
[

8T0

π (T 2 + T 2
0 )

]1/4
exp
[

−4T0a
3(1−ω)

9(T 2 + T 2
0 )(1− ω)2

]
exp

{
−i
[

4Ta3(1−ω)

9(T 2 + T 2
0 )(1− ω)2

+
1
2

arctan
(
T0

T

)
− π

4

]}
. (6)

Due to the chosen factor ordering, the probability den-
sity ρ(a, T ) has a non trivial measure and it is given by
ρ(a, T ) = a(1−3ω)/2R2, where R2 = |Ψ(a, T )|2. Its conti-
nuity equation, one of the equations coming from Eq. (2)
after substitution of Ψ = ReiS in it, reads

∂ρ

∂T
− ∂

∂a

[
a(3ω−1)

2
∂S

∂a
ρ

]
= 0, (7)

which implies, in the Bohm interpretation [9], the defini-
tion of a velocity field

ȧ = −a
(3ω−1)

2
∂S

∂a
, (8)

in accordance with the classical relations ȧ = {a,H} =
−a(3ω−1)Pa/2 and Pa = ∂S/∂a.

Note that S satisfies the other equation coming from
(2),

∂S

∂T
− a

(3ω−1)

4

(
∂S

∂a

)2

+
a(3ω−1)/2

4R
∂

∂a

[
a(3ω−1)/2 ∂R

∂a

]
= 0,

(9)
which is a Hamilton-Jacobi-like equation with an extra
quantum term, called the quantum potential, given by

Q ≡ −a
(3ω−1)/2

4R
∂

∂a

[
a(3ω−1)/2 ∂R

∂a

]
. (10)

Hence, the trajectory (8) will not coincide with the clas-
sical trajectory whenever Q is comparable with the other
terms present in Eq. (9) because S will be different from
the classical Hamilton-Jacobi function.

Inserting the phase of (6) into Eq. (8), I obtain the
Bohmian quantum trajectory for the scale factor:

a(T ) = a0

[
1 +

(
T

T0

)2
] 1

3(1−ω)

, (11)

or, in terms of χ(T ),

χ(T ) = χ0

[
1 +

(
T

T0

)2
] 1

2

. (12)

Note that χ0 is the value of χ at T = 0, the moment
of the bounce, χ0 = χbounce, and the scale factor at the
bounce a0 is connected to χ0 through

a0 =
[

3
2

(1− ω)χ0

]2/[3(1−ω)]

. (13)

Solution (11) has no singularities and tends to the clas-
sical solution when T → ±∞. Remember that I am in
the gauge N = a3ω, and T is related to conformal time
through

NdT = adη =⇒ dη = [a(T )]3ω−1 dT. (14)

The solution (11) can be obtained from other initial wave
functions (see Ref. [8]).

However, the above solution suffers from the follow-
ing drawback: the curvature scale at the bounce reads
Lbounce ≡ T0a

3w
0 , and the quantity PT associated in

the classical limit |T | → ∞ with the constant appear-
ing in the energy density of the fluid through the rela-
tion ε = PT /a

3(1+w), can be obtained in the Bohmian
approach from the wave function through the relation
PT = ∂S/∂T . It reads

PT =
∂S

∂T
=

T0

2(T 2 + T 2
0 )
− χ(T )2(T 2

0 − T 2)
(T 2 + T 2

0 )2
. (15)

Inserting the solution (12) in Eq. (15) and taking the
classical limit |T | → ∞, one obtains

PT =
χ2

0

T 2
0

. (16)

In the case of dust, PT is the total dust mass of the
Universe, yielding PT ≥ 1060. If one takes the curva-
ture scale at the bounce some few orders of magnitude
larger than the Planck length, say 103, in order to not
spoil the Wheeler-DeWitt approach used above due to
strong quantum gravitational effects, one has to have
χ0 ≥ 1033, with probability less than exp(−1063) to occur
(see Eq. (5)).

The situation is similar with radiation, where now
PT = χ2

0/T
2
0 ≥ 10116. Note that in this case χ0 = a0,

T = η, and the curvature scale at the bounce reads
Lbounce ≡ T0a0. Combining the constraints a0/T0 ≥ 1058

and a0T0 ≥ 103, one arrives at the very low probability
exp(−1089) for these parameters to occur.

The source of the problem is the fact that the constant
χ0 appearing in Eq. (16) is also the value of χ at T = 0,
the χ at the bounce, and the fact that PT must be large,
induces a large χ2/T0 in the gaussian (5). One possi-
bility to scape from this drawback is to find a different
wave solution to Eq. (2) which either modifies Eq. (16)
or yields Bohmian trajectories where χ0 is not anymore
the value of χ at T = 0, allowing the possibility of hav-
ing a small initial χ, hence a small χ2/T0 in (5), and a
huge χ0, perhaps through the presence of an inflationary
phase between the bounce and the standard decelerated
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expansion. I will show in the next section that it is indeed
possible to obtain a more general class of wave solutions
of Eq. (2) where the above mentioned problem is circum-
vented.

III. NEW BOUNCING SOLUTIONS

I will generalize the initial wave function by inserting
a velocity term in Eq. (5), which of course must satisfy

the boundary condition (4), and now reds,

Ψ(init)(χ) =
(

2
T0π

)1/4

[1± exp(−u2T0/8)]−1/2[exp(iuχ/2)± exp(−iuχ/2)] exp
(
−χ

2

T0

)
. (17)

This initial wave function represents two gaussians travelling from the origin in opposite directions (keeping in mind
that only the tail of the gaussian traveling in the negative direction with suport on the positive a axis has physical
meaning). The solution for all times read

Ψ(χ, T ) =
[

2T0

π (T 2 + T 2
0 )

]1/4
(1± exp(−u2T0/8)−1/2(

exp
[
−T0(χ− uT )2

(T 2 + T 2
0 )

]
exp

{
−i
[
T (χ− uT )2

(T 2 + T 2
0 )

+ 2u(χ− uT/2) +
1
2

arctan
(
T0

T

)
− π

4

]}
± exp

[
−T0(χ+ uT )2

(T 2 + T 2
0 )

]
exp

{
−i
[
T (χ+ uT )2

(T 2 + T 2
0 )
− 2u(χ+ uT/2) +

1
2

arctan
(
T0

T

)
− π

4

]})
, (18)

which I write as,

Ψ = A(R−eiS− ±R+e
iS+),

where

R± ≡ exp
[
−T0(χ± uT )2

(T 2 + T 2
0 )

]
,

S± ≡
[
−T (χ± uT )2

(T 2 + T 2
0 )
± 2u(χ± uT/2)− 1

2
arctan

(
T0

T

)
+
π

4

]
,

A ≡
[

2T0

π (T 2 + T 2
0 )

]1/4
(1± exp(−u2T0/8)−1/2.

From these equations one obtains the total amplitude and phase as

R = A
√
R2

+ +R2
− ± 2R+R− cos(S+ − S−)

S = arctan
(
R+ sin(S+)±R− sin(S−)
R+ cos(S+)±R− cos(S−)

)
The derivative of S with respect to some variable x reads

∂S
∂x

=
R2

+
∂S+
∂x +R2

−
∂S−
∂x ±

(
∂S+
∂x + ∂S−

∂x

)
R+R− cos (S+ − S−)±

(
R−

∂R+
∂x −R+

∂R−
∂x

)
sin (S+ − S−)

R2
+ +R2

− ± 2R+R− cos(S+ − S−)

The guidance relation (8) leads to the exact differential equation

χ̇(T ) =
Tχ(T )
T 2 + T 2

0

+
uT 2

0

T 2 + T 2
0

[ sinh
(
θ TT0

)
± T

T0
sin θ

cosh
(
θ TT0

)
± cos θ

]
, (19)
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where

θ ≡ 4uT 2
0 χ(T )

T 2 + T 2
0

. (20)

From the solution (18), the new PT is now given by

PT =
∂S

∂T
=

T0

2(T 2 + T 2
0 )

+
[u2T 2

0 − χ2(T )](T 2
0 − T 2)

(T 2 + T 2
0 )2

+

[
4uT 2

0 Tχ(T ) sinh
(
θ TT0

)
± 2T0uχ(T )(T 2 − T 2

0 ) sin θ
]

(T 2 + T 2
0 )2
[
cosh

(
θ TT0

)
± cos θ

] . (21)

From now on I will work with the plus sign solution given in Eq. (18). The minus sign solution yields the same
qualitative results.

A. Quantum solutions for small u

Taking u << 1, one has

χ̇(T ) =
Tχ(T )
T 2 + T 2

0

+
4χ(T )u2TT 3

0

(T 2 + T 2
0 )2

, (22)

with solution

χ(t) =
χ0

T0

√
T 2 + T 2

0 exp
[
−2u2T 3

0

T 2 + T 2
0

]
= χ0

√
x2 + 1 exp

[
−2u2T0

x2 + 1

]
, (23)

where in the last step I wrote the solution in terms of
x = T/T0.

Solution (23) has very nice properties. First of all, one
can see that the values of χ and the curvature scale at
the bounce are now given by

χbounce = χ0 exp(−2u2T0), (24)

and

Lbounce = exp
[
−4wu2T0

(1− w)

]
T0a

3w
0√

1 + 4u2T0

. (25)

Inserting solution (23) into Eq. (21) in the limit |T | → ∞,
yields

PT =
χ2

0

T 2
0

. (26)

Note that now χ0 6= χbounce, the value of χ at T = 0.
In fact, from Eq. (24), one may have χ0 >> χbounce, de-
pending on the value of T0, because of the huge acceler-
ation one may obtain near after the bounce as compared
with the case where u = 0: it is a bounce followed by
inflation. Hence, one may have reasonable probability
amplitudes for the free parameters of the theory which
are compatible with a huge PT .

However, one must also check whether the Bohmian
trajectory (23), with such apropriate choice of parame-
ters, reachs classical evolution (x >> 1) before the nu-
cleosynthesis epoch. Let us concentrate on the case of

radiation (w = 1/3), as it is the most interesting phys-
ical situation (one expects the quantum effects and the
bounce to occur in a very hot radiation dominated uni-
verse). Supose the classical limit is already valid at a
conformal time where the energy density of radiation is
minimally greater than the energy density before nucle-
osynthesis, say, the energy density around the freeze-out
of neutrons, ρf ≈ 10−88. Then, from Eqs. (23) and (26),
and from ρf = PT /a

4
f , with af = a0ηf/T0, one obtains

xf ≡ ηf/T0 ≈ 1022/(T0P
1/4
T ). Using that PT ≥ 10116, one

gets that xf ≤ 10−7/T0. Hence, xf >> 1 if and only if
T0 << 10−7. However, as u << 1, then u2T0 << 1, and
the exponential in (23) would be irrelevant, turning solu-
tion (23) very close to solution (11) for w = 1/3, taking
us back to the previous problem. Concluding, the only
way to obtain a huge PT with parameters with reason-
able probability amplitudes in this framework is through
choices which will change the usual scale factor evolution
during nuclosynthesis, spoiling its observed predictions.

B. Quantum solutions for large u

If u >> 1, for |T | not very small, and noting that the
unique possible asymptotic behaviour of a solution χ(T )
of Eq. (19) is χ(T ) ∝ T , then the hyperbolic functions
in (19) are very large and much greater than the terms
with trigonometric functions, yielding

χ̇(T ) =
Tχ(T )
T 2 + T 2

0

± uT 2
0

T 2 + T 2
0

, (27)

with solution

χ(T ) =
χ0

T0

√
T 2 + T 2

0 ± uT, (28)

where the ± sign corresponds to positive and negative
values of T , respectively. For |T | ≈ 0, one has to rely
on numerical calculations. However, as shown in figure
1 below, for large u this difference is quite unimportant.
Hence, again, χ0 is very close to the value of χ at the
bounce.
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FIG. 1: Figure showing χ(t) against t, comparing solution
(28) (continuous line) for u = 12, χ0 = 1, T0 = 1 with the
numerical solution of equation (19) for u = 12, χ(10) = 130
(dotted line). The almost parallel line corresponds to the
bouncing solution for u = 0, χ0 = 1.155.

Inserting solution (28) into Eq. (21) in the limit |T | →
∞, we obtain

PT =
(
χ0

T0
+ u

)2

. (29)

Hence, the huge values of PT can be obtained from large
values of u, without any imposition on the parameters
χ0 and T0.

Let us calculate the constraints on the parameter space
in order to obtain a sensible model. As discussed in sec-
tion II, one should have a2

0/T0 ≤ 1 in order to have a
reasonable probability amplitude for a0, and the curva-
ture scale at the bounce should not be very close to the
Planck length in order to avoid strong quantum gravita-
tional effects. I will also impose that a0 > 1 in order to
avoid transplanckian problems (see below), which implies
that a0/T0 ≤ 1.

The curvature scale at the bounce reads

Lbounce =
a0T0

√
a0[1 + cos(4ua0)]√

a0[1 + cos(4ua0)] + uT0[4ua0 + sin(4ua0)]

≈ a0

√
T0

2u
, (30)

where in the last approximation I used that uT0/a0 >> 1,
which follows from u >> 1, a0/T0 ≤ 1, and I assumed
that 4ua0 6= (2n + 1)π, in order to avoid Lbounce << 1.
Hence, as a0 ≤ T 1/2

0 , then

Lbounce ≤
T0

2u
(31)

Demanding that Lbounce ≥ 103, than

T0 > u103 >> 1. (32)
One must check again whether one recovers the clas-

sical radiation dominated evolution before nucleosynthe-
sis. As before, I concentrate on the case w = 1/3, which
implies that χ = a and T = η. I will do this in two
steps: first I check whether solution (28) is valid before
nucleosynthesis, and then whether quantum effects are
negligible there.

The approximation leading to solution (28) requires
that the argument of the hyperbolic functions in Eq. (19)
be large, θT/T0 >> 1, which implies that x = η/T0 >>

(4u2T0 − 1)−1/2 ≈ 1/(2uT 1/2
0 ). Hence, the values of

the conformal time for which solution (28) is reliable are
η >> T

1/2
0 /(2u).

Let us now verify whether solution (28) is valid around
the freeze-out of neutrons, before nucleosynthesis. This
will be true if ηf >> T

1/2
0 /(2u). However, ηf ≈

1022/P
1/4
T = 1022/u1/2 which, when combined with

ηf >> T
1/2
0 /(2u), implies that 1044 >> T0/(4u) ≥

Lbounce, where I used Eq. (31). As the curvature scale
around freeze-out of neutrons, Lf , satisfies Lf ≈ 1044,
this condition is just the reasonable constraint that

Lbounce << Lf ≈ 1044. (33)

Hence, if the curvature scale at the bounce is much
smaller than the curvature scale around freeze-out of neu-
trons, than solution (28) must be valid at nucleosynthesis
period.

Finally, one must check that in the regime where so-
lution (28) is valid we are already in the classical limit,
even though the above condition x >> 1/(2uT 1/2

0 ) may
still contain a region were x << 1 because u and T0 are
large. To prove this, note first that at η >> T

1/2
0 /(2u),

the term uη >> T
1/2
0 /2 dominates over a0

√
x2 + 1 in

Eq. (28), either for x << 1, because a0 ≤ T
1/2
0 , as for

x >> 1, because a0/T0 << u. Hence, the quantum po-
tential given by

Q := − ∂2R

4R∂χ2
=: Q1 +Q2

2, (34)

where



7

Q1 = −T0{[4T0(χ2 + u2T 2)− (T 2 + T 2
0 )] cosh(θT/T0)− 8uT0Tχ sinh(θT/T0)

+ [4T0(χ2 − u2T 2
0 )− (T 2 − T 2

0 )] cos θ + 8T 2
0 χu sin θ}{2(T 2 + T 2

0 )2[cosh(θT/T0) + cos θ]}−1, (35)

and

Q2 = T0
X[cosh(θT/T0) + cos θ]− u[T sinh(θT/T0)− T0 sin θ]

(T 2 + T 2
0 )[cosh(θT/T0) + cos θ]

, (36)

reads, around the Bohmian trajectory a ≈ uη,

Q ≈ 1
cosh(2θT/T0)

<< 1, (37)

while the kinetic term of the Hamilton-Jacobi-like equa-
tion (9) is given by,(

∂S

2∂a

)2

≈ u2 >> 1. (38)

Note that near the bounce at η ≈ 0, the kinetic term is
almost null, while the quantum potential is finite: quan-
tum effects are dominant only very near the bounce.
The transition from quantum to classical regime should
be around θT/T0 ≈ 1, where Q ≈ 1 and solution (28)
is not reliable. A little bit later, when x = η/T0 >

(4u2T0 − 1)−1/2 ≈ 1/(2uT 1/2
0 ), and knowing from Eq.

(32) that T0 > 1061 because u > 1058, we obtain that
the scale factor at the beginning of the classical regime
is a > 1031 which is the minimum value required for the
model to reach the size of the observed Universe without
needing any classical inflationary phase afterwards. Note
from figure 1 that the presence of the u term in Eq. (28)
induces a much bigger acceleration at the bounce in com-
parison with the solution with the same a0 but without
the u term. It is this term which is the responsible for the
big value a > 1031 when the model enters the classical
regime.

Concluding, solution (28) reachs the standard cosmo-
logical model before nucleosynthesis, and can indeed de-
scribe the observed Universe in the radiation dominated
phase with parameters with reasonable relative probabil-
ities.

In order to avoid the transplanckian problem for the
scales of physical interest today, 1054 < λphysical

today < 1060,
one should have λphysical

bounce corresponding to these scales
not smaller than, say, 103. As

λphysical
bounce =

a0

atoday
λphysical

today , (39)

this problem can be avoided if

a0

atoday
> 10−51, (40)

which implies that a0 > 109.

Note that there is an upper limit for a0 coming from

Lbounce ≈
a0T

1/2
0

2u
≥ 1064

(
a0

atoday

)2

, (41)

where I used that a2
0/T0 ≤ 1, PT ≈ u2 ≈ a4

today10−128.
The constraint Lbounce << 1044 (see Eq.(33)) then im-
plies that

a0

atoday
<< 10−10. (42)

Hence, there is a large domain of values of a0 where the
transplanckian problem can be avoided (see Eqs.(40,42)).

IV. CONCLUSION

I have shown in this paper how a sufficiently big uni-
verse can emerge from a quantum cosmological bounce,
without needing any classical inflationary phase after-
wards to make it grow to its present size. This is caused
by a huge acceleration during the quantum bounce, which
may be viewed as a quantum inflation. These results were
obtained from a moving gaussian function of the scale
factor, which is a solution of the Wheeler-DeWitt equa-
tion coming from the canonical quantization of general
relativity sourced by relativistic particles. The solution
is exact, there is no WKB approximation involved here.
Its value at T = 0 yields reasonable relative probability
amplitudes of having the scale factor at the bounce with
the value a0 required to avoid any transplanckian prob-
lem, and to allow that the curvature scale at the bounce
be some few orders of magnitude greater than the Planck
length, a region where one can rely on this simple quan-
tization scheme. In fact, as the maximum value the cur-
vature scale can have is at the bounce itself, one never
reachs energy scales where more involved quantum grav-
ity theories, like string theory and loop quantum grav-
ity (see Ref. [17] about issues concerning this approach),
must be invoked: the model is self-contained.

There are two internal parameters of the wave func-
ton which must be big in order to obtain a large classical
universe from a quantum bounce. The first one is the pa-
rameter T0, the square root of the width of the gaussian
at the moment of the bounce (see Eq. (17)), which must
satisfy T0 > 1061 (in Planck unities). This value yields
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the sufficient large value a > 1031 for the scale factor
in the beginning of the classical regime, and guarantees
that the curvature scale at the bounce be some minimum
orders of magnitude greater than the Planck length in or-
der for the Wheeler-DeWitt equation I used be reliable.
The other one is the velocity u of the gaussian along the
scale factor axis which must satisfy u > 1058 in order
to yield the amount of radiation we observe in the Uni-
verse today, without appealing to some huge production
of photons during the bounce.

From these considerations, one can see that the param-
eters emerging from the quantum era of the Universe are
not necessarily Planckian: they depend also on the quan-
tum state of the system, on the internal parameters of the
wave function of the Universe. Hence, it is not surpris-
ing that one may have quantum gravity effects in large
(when compared with the Planck length) Universes [18],
which could be dramatically seen in a big-rip [19].

However, one may ask why the internal parameters of
the wave function we obtained are so large. Note first
that these are not coupling constants, but parameters in
the quantum state of the Universe. Hence, to answer this
question, one should rely on some deep understanding of
quantum cosmology and/or new principles which are not
available today. Note, however, that the big value of
T0 leads to a widely spread gaussian, and hence almost
all scales at the bounce are equally probable. This is a
reasonable assumption about the wave function of the
Universe one can make: it should not intrinsically select
any preferable scale at the bounce without any special
reason. Concerning the u variable, its large value implies
that the peak of the initial wave packet moves very fast

towards large scale factors, which induces a large uni-
verse. Perhaps some version of the Anthropic Principle
could justify the preference for large classical universes,
and as consequence for a large u, but I think the impor-
tant message here is the possibility of obtaining a large
universe from a huge acceleration of the scale factor in the
far past, whose origin differs fundamentally from those
considered in usual inflationary scenarios.

In future publications, we will calculate the evolution
of linear quantum perturbations and particle production
on these quantum backgrounds, as in Ref. [15], and com-
pare the results with observations.

As a final remark, I would like to repeat a comment
we made elsewhere [4]: in contradistinction with models
in which time begins, there is no point on asking what
is the probability of appearance of some particular eter-
nal model out of nothing. Contrary to usual perspectives,
one can as well assume existence to be conceptually prior
to non-existence, i.e. existence itself may not be deserv-
ing explanation. This is the idea underlying our category
of models: the Universe always existed and its “appear-
ance” is thus a non question.
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