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Resumo
A radiação Hawking é um fenômeno que conecta a Relatividade Geral e a Mecânica
Quântica. Embora sua extrema fraqueza torne sua detecção direta desafiadora, ela tem
gerado debates profundos sobre a compatibilidade entre essas duas teorias. Um exemplo
é o conhecido paradoxo da perda de informação, onde um sistema quântico em um
espaço-tempo de buraco negro parece evoluir de um estado puro para um estado misto,
aparentemente apagando a informação inicial contida nesse sistema. Uma suspeita é que
essa informação não é de fato perdida, mas sim codificada na radiação Hawking - o que
motiva estudos aprofundados sobre correlações quânticas em espaços-tempo curvos.

Duas abordagens principais têm sido utilizadas para investigar campos quânticos em
espaços-tempo curvos: A análise direta das funções de dois pontos do campo e o método
indireto de colheita de emaranhamento (entanglement harvesting), onde pares de detectores
extraem emaranhamento pré-existente do campo. Embora ambos os métodos tenham
produzido resultados significativos no espaço-tempo de Schwarzschild (1+1)D - revelando
assinaturas da radiação Hawking em correlações momento-momento e demonstrando a
possibilidade de colheita de emaranhamento através do horizonte - resultados semelhantes
em (3+1)D permanecem escassos, com exceção do nosso trabalho publicado [1].

Esta tese contribui para preencher essa lacuna através de um estudo abrangente das corre-
lações quânticas nos vácuos de Boulware, Unruh e Hartle-Hawking de um campo escalar
sem massa no espaço-tempo de Schwarzschild (3+1)D. Desenvolvemos e implementamos
um esquema numérico novo para calcular funções de Wightman de forma eficiente, obtendo
avanços significativos: (1) a revelação de uma estrutura de singularidade 2-fold na parte
real da função de Wightman em pontos cáusticos; (2) a identificação de uma assinatura
distinta (um comportamento degrau seguido de um mínimo local) que pode representar a
impressão digital das correlações da radiação Hawking em (3+1)D; e (3) a descoberta de
singularidades previamente desconhecidas escondidas na função de Wightman. Além disso,
demonstramos que o fenômeno de colheita de emaranhamento é amplificado próximo a
pontos cáusticos, permitindo que mesmo detectores separados por intervalos do tipo tempo
adquiram emaranhamento predominantemente através da colheita [1] - em contraste com
o caso (1+1)D. Esses resultados estabelecem ferramentas e ideias relevantes para futuros
estudos de campos quânticos no espaço-tempo de Schwarzschild (3+1)D.

Palavras-chave: Radiação Hawking, Buracos negros, Relatividade Geral, Emaranhamento.



Abstract
Hawking radiation is a phenomenon linking General relativity and Quantum mechanics.
While its extreme weakness makes direct detection challenging, it has sparked enduring
debates about the compatibility between Quantum mechanics and General relativity. An
example is the known information loss puzzle, where a quantum system on a black hole
spacetime seems to evolve from a pure state into a mixed state, effectively erasing the
initial information encoded in the quantum system. A suspicion is that such information
is not erased, but encoded in Hawking radiation instead. This motivates a deeper study of
quantum correlations in curved spacetimes.

Two principal approaches have emerged for such investigations in quantum fields on curved
spacetimes: direct analysis of the field’s two-point functions, and indirect probing via
entanglement harvesting — where detector pairs extract preexisting entanglement from
the field. While both methods have yielded significant insights in (1+1)D Schwarzschild
spacetime, demonstrating Hawking radiation signatures in momentum-momentum corre-
lators and horizon-crossing entanglement harvesting, comparable (3+1)D results remain
scarce beyond our published work [1].

This thesis helps bridging this gap through a comprehensive study of quantum correla-
tions in the Boulware, Unruh, and Hartle-Hawking vacua of a massless scalar field on
(3+1)D Schwarzschild spacetime. We develop and implement a novel numerical scheme
to compute Wightman functions efficiently, allowing several key advances: (1) revelation
of a 2-fold singularity structure in the Wightman function’s real part at caustic points,
(2) identification of a distinctive step-like feature followed by a local minimum — a pos-
sible (3+1)D imprint of Hawking radiation correlations, and (3) discovery of previously
unknown non-light-crossing singularities hidden in the Wightman function. Furthermore,
we demonstrate that entanglement harvesting is amplified near caustics, allowing for
timelike-separated detectors to acquire entanglement predominantly by harvesting from
the background field [1], in constrast to the (1+1)D case. These results establish relevant
tools and insights for, but not limited to, future studies of correlations in quantum fields
the (3+1)D Schwarzschild spacetime.

Keywords: Hawking radiation, Black holes, General relativity, Entanglement.
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1 Introduction

Hawking's paper [2] can be considered as the beginning of a scienti�c snowball that has

been rolling for the last 50 years. In it is the prediction that black holes emit thermal

radiation, which still strongly echoes in the community due to its developments.

From an experimental point of view, measuring Hawking radiation is challenging due

to its weakness: A Schwarzschild black hole of massM would emit radiation equivalent to

that of a black body with temperature [2]

T =
~c3

8�GMk B
; (1.1)

where c is the speed of light in vacuum,~ is the reduced Planck constant,G is the

gravitational constant and kB is the Boltzmann constant. For the amusement of the reader,

this expression yields a temperature of� 10� 7K which is seven orders of magnitude

below the cosmic microwave background temperature [3]. To the best of our knowledge

Hawking radiation has not yet been measured. However there are recent experimental

proposals to perform indirect measurements [4, 5]. Despite being extremely challenging,

a measurement that either con�rms or dispute Hawking radiation from a gravitational

black hole can have far reaching consequences in the current understanding of quantum

gravity. For instance, a measurement that dispute Hawking radiation would imply that

the semi-classical approximation is not correct (or at least not consistent). This relates to

the signi�cance of that phenomenon from the theoretical point of view.

From that point of view, the existence of Hawking radiation provides a mechanism

to subsidize the relation between black holes and thermodynamics formulated by Beken-

stein [6]. That is because until the prediction of Hawking radiation there was no known

phenomena to explain how black holes could emit radiation of any kind. Beyond that,

Hawking radiation is a quantum phenomenon which suggests that the entropy associated

to black holes is of quantum nature. Hence, in the absence of a complete quantum theory of

gravity, probing Hawking radiation represents a method to obtain insights into a possible

quantum nature of gravity.

An important development in that direction is the so-called information loss puzzle [7],

where a seemingly inconsistency between Quantum Mechanics and General Relativity is

brought into to the spotlight. It stems from the observation that on a black hole spacetime,

a quantum system evolves from a pure state into a mixed state due to the thermal radiation

emitted by the black hole. Hence, to advance in its understanding also provides a path

to insights into a possible quantum nature of gravity. Recent reviews on this issue are

available in [8] and [9].

To proceed in that direction, a possibility is to study the distribution and propagation

of correlations in a given state of a quantum �eld on a black hole spacetime. Within the
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scope of the semi-classical framework, where the gravitational �eld is not quantized, there

are two promising approaches to that issue: A direct one where one tries to learn about

these correlations from the �eld's 2-point functions and an indirect one, where one uses

another quantum system as a probe for these correlations.

Using the �rst approach, [10, 11] showed that the �eld-�eld correlator (a two-point

function known as the Wightman function) of a quantum scalar �eld on a (1+1)D

Schwarzschild spacetime presents no clear signature of the correlations across the horizon.

On the other hand, they conclude that there is a signature of correlations across the horizon

in the form of a local maxima in the momentum-momentum correlator, that they attribute

to Hawking radiation. The same kind of signature also manifests as a local maximum in the

�eld energy density measured by freely-falling observers in opposite sides of the horizon [12].

This was experimentally veri�ed for analogue black holes [13, 14, 15, 16, 17, 18]. Up to the

publication of this thesis, there were, to the best of our knowledge, no analogous results

regarding the Wightman function for the (3+1)D Schwarzschild spacetime.

Regarding the second approach, a common theoretical experiment consists in evaluating

the amount of entanglement acquired by two initially uncorrelated Unruh-DeWitt detectors

(2-level quantum systems) after interacting with the background quantum �eld in a given

state. By using the criteria from [19] one can assess if the acquired entanglement results from

communication between the detectors mediated by the �eld or from extracting preexisting

entanglement from the �eld. The second is known as entanglement harvesting [20, 21].

Hence, by studying the con�gurations that allow the detectors to harvest entanglement,

one can attest the existence of preexisting entanglement in the background �eld.

That method was used to study a massless quantum scalar �eld on the (1+1)D

Schwarzschild spacetime [22, 23, 24] and showed that it is possible to harvest entanglement

when both detectors are outside the horizon or on opposite sides of it. To the best of

our knowledge, the only result about harvesting in (3+1)D Schwarzschild is our work [1],

where we showed that detectors placed outside the horizon at antipodal points can acquire

entanglement predominantly by harvesting from the background �eld, even when the

detectors are timelike separated. This is in contrast to the results for (1+1)D, where the

entanglement acquired by timelike separated detectors is predominantly due to causal

communication through the �eld. This is an example that illustrates how the (3+1)D case

brings with it a richer correlation structure.

In this thesis the main object of study are the correlations in a massless quantum

scalar �eld on a (3+1)D Schwarzschild spacetime. The objective is to advance the current

understanding about how correlations are distributed and propagate within that quantum

�eld in scenarios with and without Hawking radiation. For that end, we use the semi-

classical framework to computed the Wightman function of that quantum scalar �eld

for the Boulware, Unruh and Hartle-Hawking states by using state-of-the-art numerical

methods. In addition, we employ the methods developed here to study entanglement
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harvesting outside the horizon of a (3+1)D Schwarzschild black hole.

This thesis is organized as follows: In Chapter 2 we provide an introduction to the

Schwarzschild spacetime and the coordinate systems that will be used throughout the text.

This is followed by a summary of the geodesic equations for null geodesics and an analysis

of their di�erent behaviors.

In Chapter 3 we introduce the semi-classical framework and construct the massless

quantum scalar �eld �̂ that will be used throughout this thesis using the formulation

in [25]. We then construct the Boulware, Unruh and Hartle-Hawking states, which we will

analyze in the course of this work. In the next step, we introduce the Wightman function

and present its relations with the advanced, retarded and Feynman Green functions as well

as its 4-fold singularity structure. Finally, we consider three setups: Both points outside de

horizon, both points inside the horizon, and points at opposite sides of the horizon. In each

of these, we present a derivation for the Wightman function in the Boulware (only in the

�rst setup), Unruh and Hartle-Hawking states for the (1+1)D and (3+1)D Schwarzschild

spacetimes.

In Chapter 4 we present the de�nitions of the radial Eddington-Finkelstein �eld modes

that are used to reconstruct the Boulware, Unruh and Hartle-Hawking states. To compute

them, we use the Ja�é series for the ingoing modes, the Frobenius series for the inside

modes and the numerical solution to the upgoing modes implemented in the Black Hole

Perturbation Toolkit [ 26]. With exception of the re�ection amplitudes for the ingoing

and upgoing modes which were computed via Wronskian relations, all other scattering

amplitudes were obtained from the data of [27]. This is followed by a comprehensive

study of the reliability and self-consistence of the numerical results obtained in these

computations.

Chapter 5 is the largest one and contains our novel results about the Wightman

function of �̂ on a (3+1)D Schwarzschild spacetime. In its �rst part we construct the

numerical method and smoothing schemes used to compute that Wightman function. In

it, we also include commentaries on the limitations and possible improvements for that

method. We �nish this part by reproducing known results for the Retarded Green Function

using our method. In the second part we present our results for the case when both points

are outside the horizon. The �rst is the Wightman function for �̂ in the Boulware, Unruh

and Hartle-Hawking states, with one pointx �xed outside the horizon and another pointx0

varying outside. The second one is the di�erence between the Wightman function for�̂ in

the Unruh and Hartle-Hawking states and the Wightman function for�̂ in the Boulware

state. The �nal result of the second part of this chapter is the Wightman function for�̂ in

the Unruh and Hartle-Hawking states, with one pointx �xed inside and x0 varying outside

the horizon. In the third and last part of this chapter, we consider a decomposition of the

Wightman function as a sum of two terms, one depending only on ingoing and another

on upgoing modes. We then consider two pointsx and x0 are on the samer -coordinate
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outside the horizon. In that setup, we analyze how changing the value ofr a�ects each

of those terms. With that we revealed, for the �rst time, the singularity structure of the

real part of the Wightman function for points on caustics, found a novel structure in the

Wightman Function that seems to be a signature of correlations between points on opposite

sides of the horizon carried by Hawking radiation and unveiled novel non-light-crossing

singularities hidden within the Wightman function.

In Chapter 6 we study entanglement harvesting from̂� on the (3+1)D Schwarzschild

spacetime. For that end, we consider, two initially uncorrelated and identical Unruh-

DeWitt detectors positioned at antipodal points of the black-hole. To quantify the resulting

entanglement between the detectors, we computed the negativity of their joint-state. To

leading order, it depends, up to properties of the detectors, on an integral of the Wightman

function of �̂ . This allowed us to apply the method from Chapter 5 to evaluate these

integrals, and hence, the negativity of the joint-state of the detectors. The di�erence is that

here the smoothing function was prescribed by the physical setup. To obtain the results,

we considered detectors placed at di�erent radial positions (always on antipodal points

around the horizon) and time intervals between the moments when they are maximally

turned on. The resulting work is published in [1] with my supervisor, Marc Casals, in

collaboration with Robert Jonsson, Achim Kempf and Eduardo-Martín-Martínez. Our key

�nding here is that when placed on caustic points, the harvesting capacity of the detectors

is ampli�ed to the point where it dominates the acquired entanglement even when these

detectors are timelike separated.

Unless explicitly stated otherwise, we will use geometrized unitsc = G = ~ = kB = 1

and assume Einstein convention for summation over repeated indices throughout the text.
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2 The Schwarzschild spacetime

Throughout this chapter, general considerations about the Schwarzschild spacetime are

presented to introduce notation, �x conventions, and ensure partial self-containment for

this thesis. For an in-depth and mathematically rigorous exploration of this topic, see [25];

for a concise introduction with fewer technical details, [28] is recommended.

The exposition is structured as follows: Section 2.1 presents the maximally extended

Schwarzschild spacetime and the Kruskal-Szekeres (KS) coordinates. Section 2.2 introduces

the Schwarzschild-Droste (SD) and Eddington-Finkelstein (EF) coordinate systems. Finally,

Section 2.3 derives the conserved quantities associated with motion in this spacetime and

constructs the corresponding geodesic equations.

2.1 The Maximal extension

The maximally extended Schwarzschild spacetime is a 4-dimensional manifold equipped

with a metric g that is a vacuum solution to Einstein's equations in (3+1) dimensions. In

Kruskal-Szekeres (KS) coordinates

(U; V; �; ' ); U 2 R; V 2 R; � 2 [0; � ]; ' 2 [0; 2� ); (2.1)

it takes the form [25]

ds2 = �
32M 3

r
e� r=2M dU dV + r 2

�
d� 2 + sin2(� ) d' 2

�
: (2.2)

Here,M denotes the black-hole mass, andr is implicitly de�ned as a function of U and V

via

UV =
�

1 �
r
r s

�

er=r s ; (2.3)

wherer s = 2M is the Schwarzschild radius.

As usual, a vector~V of the tangent space toS at a point x 2 S is classi�ed as: timelike

if g(~V ;~V) < 0, null if g(~V ;~V) = 0 and spacelike ifg(~V ;~V) > 0.

The conformal (Penrose-Carter) diagram ofS is shown in Figure 1. Its construction is

well documented, with detailed treatments available in [29, Section 5.1.3] and [25, Section

6.4]. In this diagram, S is partitioned into four causal patches (I�IV). The asymptotic

regions are given by the union:

i+
R [ i �

R [ i 0
R [ I +

R [ I �
R [ i+

L [ i �
L [ i 0

L [ I +
L [ I �

L ;

where the components are de�ned in terms of Kruskal-Szekeres (KS) coordinates in Table 1.
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Figure 1 � Penrose-Carter conformal diagram for the maximally extended Schwarzschild
spacetime. In this illustration, thin lines and circles are part of the boundary
S of the spacetime manifold while thick lines are part of the spacetime. The
thin dashed horizontal lines represent the singularities atr = 0, the thick lines
represent the horizonsH �

R=L , the thin lines represent the null in�nities I �
R=L

and the circles represent the spacelikei 0
R=L and timelike i �

R=L in�nities. Regions
I�IV correspond to distinct causal patches of the spacetime.

Alongside the asymptotic in�nities, the horizons

H +
R [ H �

R [ H +
L [ H �

L ;

located at r = r s = 2M , and the curvature singularities atr = 0 are also represented in

the conformal diagram. Their de�nitions in terms of Kruskal-Szekeres (KS) coordinates

are summarized in Table 2. For a matter of convenience, the convention adopted in this

text is di�erent from the one in [29], which refers toH +
R [ H �

L as the event horizonH +

and to H +
L [ H �

L as the past horizonH � .

Finally, the de�nition of regions I -IV , in terms of KS coordinates is presented in

table 3.

While the KS coordinates are globally regular (non-singular) acrossS , the numerical

methods developed in Chapter 4 to compute radial modes of a scalar �eld rely on Eddington-

Finkelstein ( EF) coordinates. This choice stems from the advantageous separability of

the �eld equations in EF coordinates, as detailed in Section 4.1. To establish the basis of

this framework, we introduce both EF and Schwarzschild-Droste (SD) coordinates in the

following section.
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Region Name Symbol Set

I

Future timelike in�nity i+
R f x 2 @S ; V ! 1 ; U ! 0� g

Future null in�nity I +
R f x 2 @S ; V ! 1 ; U < 0g

Spacelike in�nity i 0
R f x 2 @S ; V ! 1 ; U = � Vg

Past null in�nity I �
R f x 2 @S ; V > 0; U ! �1g

Past timelike in�nity i �
R f x 2 @S ; V ! 0+ ; U ! �1g

III

Future timelike in�nity i+
L f x 2 @S ; V ! 0� ; U ! 1g

Future null in�nity I +
L f x 2 @S ; V < 0; U ! 1g

Spacelike in�nity i 0
L f x 2 @S ; V ! �1 ; U = � Vg

Past null in�nity I �
L f x 2 @S ; V ! �1 ; U > 0g

Past timelike in�nity i �
L f x 2 @S ; V ! �1 ; U ! 0+ g

Table 1 � The asymptotic in�nities of the Schwarzschild spacetime. These are boundary
surfaces in the conformal compacti�cation (not part ofS itself), as illustrated
in �gure 1. Speci�cally, the timelike i �

R=L and spacelikei 0
R=L in�nities are 3-

dimensional surfaces while the null in�nitiesI �
R=L are 3-dimensional null hyper-

surfaces. The de�nitions used here follow the conventions in [30, Section 5.1].

Region Name Symbol Set

I
Future horizon H +

R f x 2 S ; V > 0; U = 0g

Past horizon H �
R f x 2 S ; V = 0 ; U < 0g

II Singularity - f x 2 S ; V > 0; UV = 1g

III
Future horizon H +

L f x 2 S ; V = 0 ; U > 0g

Past horizon H �
L f x 2 S ; V < 0; U = 0g

IV Singularity - f x 2 S ; V < 0; UV = 1g

Table 2 � The horizons and singularities of the Maximally extended Schwarzschild space-
time are presented in terms of KS-coordinates. The singularities are spacelike
hypersurfaces atr = 0 and the horizons are null hypersurfaces atr = r s de�ned
by U = 0 or V = 0 in KS-coordinates. The de�nitions used here follow the
conventions in [30, Section 5.1].
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Region Name Set

I Universe f x 2 S ; V > 0; U < 0g

II Black hole f x 2 S ; V > 0; U > 0g

III Parallel Universe f x 2 S ; V < 0; U > 0g

IV White hole f x 2 S ; V < 0; U < 0g

Table 3 � De�nitions of the universe, black hole, parallel universe and white hole regions
of the maximally extended Schwarzschild spacetime in terms of KS coordiantes.

2.2 The Schwarzschild-Droste ( SD) and Eddington-Finkelstein

(EF) coordinates

Standard general relativity textbooks (e.g., [25, 31]) typically introduce SD-coordinates �rst,

followed by the maximal extension of the Schwarzschild spacetime using KS-coordinates,

with Eddington-Finkelstein (EF) coordinates appearing as intermediate tools. However,

SD and EF coordinates are not globally de�ned onS ; covering the entire spacetime

requires four distinct coordinate patches of either system. To emphasize this limitation,

this work reverses the traditional order: Section 2.1 begins with the singularity-free KS

coordinates, which are globally valid. We now turn to the SD and EF-coordinates. The

angular coordinates(�; ' ) are identical across KS, EF, and SD systems. For brevity, these

will be omitted in subsequent equations where no ambiguity arises

From the KS coordinates(U; V), we de�ne four coordinatesu; �u; v; �v 2 R and construct

four patches of EF-coordinates that together coverS , as presented in table 4. When

expressed in EF-coordinates, the line element 2.2 in regionI takes the form

ds2 = � f (r ) du dv + r 2
�
d� 2 + sin2(� ) d' 2

�
; (2.4)

where f (r ) =
�
1 � r s

r

�
. In regions II � IV the metric can be obtained by substituting

du ! d�u and dv ! d�v as needed, preserving the structure of (2.4) across all patches.

To visualize the relationship between EF and KS-coordinates, Figure 2 illustrates their

axes on the conformal diagram ofS . This diagram clari�es how the EF coordinates extend

across the horizons (r = r s) in each region. Speci�cally, coordinatesv and �v are continuous

acrossI [ II and III [ IV , respectively;u and �u similarly span I [ IV and II [ III .

We now turn to the SD-coordinates. As an accessory, we de�ne an implicit functionr �

of r (U; V) such that
dr �

dr
=

�

1 �
r s

r

� � 1

; (2.5)

known as the tortoise-coordinate. This equation admits two distinct solutions: One for

r > r s that will be called r � and another for r < r s which will be referred to as�r � .
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Covered region EF coordinates De�nition

I (u; v)

8
><

>:

U = � e� u=(2r s )

V = ev=(2r s )

II (�u; v)

8
><

>:

U = e �u=(2r s )

V = ev=(2r s )

III (�u; �v)

8
><

>:

U = e �u=(2r s )

V = � e� �v=(2r s )

IV (u; �v)

8
><

>:

U = � e� u=(2r s )

V = � e� �v=(2r s )

Table 4 � The four EF-coordinate patches covering the maximally extended Schwarzschild
spacetime are de�ned via KS-coordinates. Regions I�IV correspond to those
in the conformal diagram in Fig. 1. We adopted the same convention as [32,
Section II.A] to de�ne the EF-coordinates.

Figure 2 � Penrose-Carter conformal diagram for the maximally extended Schwarzschild
spacetime, showing the coordinate axes of Kruskal-Szekeres (KS) and Eddington-
Finkelstein (EF) coordinates.
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Covered region SD coordinates De�nition

I (r I ; t I )

8
><

>:

u = t I � r � I

v = t I + r � I

II (r II ; t II )

8
><

>:

�u = t II � �r � II

v = t II + �r � II

III (r III ; t III )

8
><

>:

�u = t III � r � III

�v = t III + r � III

IV (r IV ; t IV )

8
><

>:

u = t IV � �r � IV

�v = t IV + �r � IV

Table 5 � The four patches of Schwarzschild-Droste (SD) coordinates coveringS are
de�ned in terms of Eddington-Finkelstein (EF) coordinates.

Explicitly, these solutions are

r � = r + r s ln
� r

r s
� 1

�

; r > r s (2.6)

and

�r � = r + r s ln
�

1 �
r
r s

�

; r < r s; (2.7)

where the integration constant has been set to zero for simplicity.

While many texts combine these cases using an absolute value inside the logarithm

(e.g., r � = r + r s ln j r
r s

� 1j), this convention obscures the lack of bijectivity between

r � and r . Speci�cally, the absolute value renders the function non-invertible: distinctr

values (e.g.,r > r s and r < r s) map to overlapping regions ofr � , complicating coordinate

transformations. By separating the solutions intor � (exterior) and �r � (interior), we preserve

invertibility and maintain clarity in subsequent analyses.

Using the tortoise coordinater � (and its interior counterpart �r � de�ned in (2.6)� (2.7)),

we construct four SD-coordinate patches coveringS . Each patch comprises a radial

coordinater � 2 R� 0 and a time coordinatet � 2 R, where� 2 f I; II; III; IV g denotes the

spacetime region, together with the angular coordinates�; ' . Speci�cally, r I ; r III 2 (r s; 1 )

and r II ; r IV 2 (0; r s)) .

The explicit mappings between SD coordinates(t � ; r � ) and EF coordinates are sum-

marized in Table 5, wherer � � and �r � � are treated as functions ofr � , ensuring invertibility

within their respective domains. In these coordinates, the line element 2.2 in regionI takes

the form

ds2 = � f (r I ) dt I
2 + f (r I )� 1 dr I

2 + r 2
I

�
d� 2 + sin2(� ) d' 2

�
: (2.8)

The expressions for the other regions can be obtained by substitutingt I and r I by the t and

r -coordinates of the desired region. For completeness, the lines of constantt � and r � , where
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Figure 3 � Penrose-Carter conformal diagram of the Schwarzschild spacetime. The lines of
constant t I;II;III;IV are the thin dashed lines and the arrowheads point towards
increasingr I;II;III;IV . The lines of constantr I;II;III;IV are the thin lines with
arrowheads indicating the direction of increasingt I;II;III;IV .

� 2 f I; II; III; IV g, are represented on a conformal diagram in �gure 3. Throughout the

text the label indicating which region a given SD-coordinate describes will be suppressed

whenever no ambiguity arises.

2.3 Geodesics in Schwarzschild spacetime

Let r be a covariant derivative onS . A geodesic is de�ned as a curve
 : R ! S ,

parametrized byb2 R, such that its tangent vector _
 = d

db obeys

_
 � r � _
 � = � _
 � ; (2.9)

for some scalar� 2 R. It is always possible to re-parametrize
 by a parameter� 2 R in

such a way that

_
 � r � _
 � = 0: (2.10)

In this case,� is called an a�ne-parameter. Following [25, Section 3.3], we de�ne this

expression as the geodesic equation.

In an arbitrary coordinate systemf x � g with � 2 f 0; 1; 2; 3g, the components of the

geodesic equation (2.10) are

d2x �

d� 2
+ � �

��
dx �

d�
dx �

d�
= 0; (2.11)
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where � �
�� are the Christo�el symbols which depend upon the choice of the covariant

derivative.

By [25, Theorem 3.1.1], there exists a unique choice of covariant derivative such that

r � g�� = 0: (2.12)

This equation is known as the metric compatibility condition and uniquely determines the

Christo�el symbols

� �
�� =

1
2

g�� (@� g�� + @� g�� � @� g�� ) ; (2.13)

where@� = @=@x� . Until the end of this thesis, this choice of covariant derivative operator

is assumed.

The geodesic equations onS constitute a system of four coupled second order di�erential

equations with solutions determined by eight boundary conditions. Due to the curvature

of S the uniqueness of a geodesic connecting two pointsxA and xB of S is guaranteed only

when xB lies within xA 's normal neighborhoodN (xA ) - a region where everyxB 2 N (xA )

is linked to xA by a unique geodesic entirely contained inN (xA ).

The symmetries ofS yield four Killing vector �elds, which imply four conserved

quantities along geodesics. Expressed in SD-coordinates for regionI ,

~"t = @t ; (2.14)

is a Killing vector �eld that is timelike when r > r s and spacelike whenr < r s. It re�ects

the t-coordinate translation symmetry ofS .

~"' = @' ; ~"a = sin( ' )@� +cot( � ) cos(' )@' and ~"b = cos(' )@� � cot(� ) sin(' )@' ; (2.15)

are spacelike Killing vector �elds, which re�ect the spherical symmetry ofS . In the notation

adopted, the subscriptst; '; a; b label distinct Killing vectors, not tensor components. For

example, the� -component of~"t is denoted(" t )� .

Each Killing vector ~" yields a quantity � = " � _
 � that is conserved along a geodesic


a�nely parametrized by � 2 R. In S , they are

� t = ( " t )� _
 � = � f (r )
dt
d�

; (2.16)

� ' = ( " ' )� _
 � = r 2 sin(� )2 d'
d�

; (2.17)

� a = ( "a)� _
 � = r 2

 

sin(' )
d�
d�

+ cos(' ) sin(� ) cos(� )
d'
d�

!

(2.18)

and

� b = ( "b)� _
 � = r 2

 

cos(' )
d�
d�

� sin(' ) sin(� ) sin(� )
d'
d�

!

: (2.19)

In addition to these quantities, by using equation (2.9) one can show that

C = _
 � _
 � = � f (r )

 
dt
d�

! 2

+ f (r )� 1

 
dr
d�

! 2

+ r 2

 
d�
d�

! 2

+ r 2 sin(� )2

 
d'
d�

! 2

(2.20)



Chapter 2. The Schwarzschild spacetime 26

is also conserved along
 . On a timelike (spacelike) geodesic one can always choose the

proper time (length) as the a�ne-parameter to get C = � 1 (+1) . On a null geodesic_
 � is

a null vector by de�nition, hence C = 0.

2.3.1 The geodesic equations in Ingoing and Outgoing Eddington-Finkelstein

coordinates

Due to the spherical symmetry ofS the study of geodesics can be con�ned to the� = �= 2

plane without loss of generality. Below the geodesic equations in Ingoing Eddington-

Finkelstein (IEF) and Outgoing Eddington-Finkelstein (OEF) coordinates are derived,

emphasizing their utility for trajectories crossing horizons.

2.3.1.1 Ingoing Eddington-Finkelstein (IEF) Coordinates

For geodesics traveling from the universe (regionI ) into the black hole (regionII ) the

IEF-coordinates o�er a convenient description due to its regularity acrossI [ II . In

this region, these coordinates consist in a combination of the EF-coordinatev with the

SD-coordinater . Therefore, the IEF coordinates inI [ II are (v; r; �; ' ).

In these coordinates, the conserved quantities (2.16), (2.17) and (2.20) are

� t = � f (r )
dv
d�

+
dr
d�

; (2.21)

� ' = r 2 d'
d�

and (2.22)

C = � f (r )

 
dv
d�

! 2

+ 2
dv
d�

dr
d�

+ r 2

 
d'
d�

! 2

: (2.23)

Substituting these into the geodesic equations (2.11) yields

d2v
d� 2

+
r s

2r 2

 
dv
d�

! 2

�
1
r 3

� '
2 = 0

d2r
d� 2

+
r s

2r 2

 
� '

2

r 2
� C

!

� f (r )
� '

2

r 3
= 0

d2'
d� 2

+
2
r

dr
d�

d'
d�

= 0:

(2.24)

2.3.1.2 Outgoing Eddington-Finkelstein (OEF) Coordinates

For geodesics traveling from the universe (regionI ) into the black hole (regionII ) the

IEF-coordinates o�er a convenient description due to its regularity acrossI [ II . In

this region, these coordinates consist in a combination of the EF-coordinatev with the

SD-coordinater . Therefore, the IEF coordinates inI [ II are (v; r; �; ' ).

For geodesics escaping the white hole (regionIV ) into the universe (regionI ), the

OEF-coordinates are employed due to their regularity acrossIV [ I . In this region, it
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consists in a combination of the EF-coordinateu with the SD-coordinater . Hence, the

OEF coordinates inIV [ I are (u; r; �; ' ).

In these coordinates, the conserved quantities (2.16), (2.17) and (2.20) are

� t = � f (r )
du
d�

�
dr
d�

; (2.25)

� ' = r 2 d'
d�

and (2.26)

C = � f (r )

 
du
d�

! 2

� 2
du
d�

dr
d�

+ r 2

 
d'
d�

! 2

: (2.27)

Substituting these into the geodesic equations (2.11) results in

d2u
d� 2

�
r s

2r 2

 
du
d�

! 2

+
1
r 3

� '
2 = 0

d2r
d� 2

+
r s

2r 2

 
� '

2

r 2
� C

!

� f (r )
� '

2

r 3
= 0

d2'
d� 2

+
2
r

dr
d�

d'
d�

= 0:

(2.28)

2.3.2 The di�erent behaviors of null geodesics

To characterize the behavior of the null geodesics in Schwarzschild, we use Equations(2.16), (2.17)

and (2.20) as in [33, Equation (5)] to write

� 2
t =

 
dr
d�

! 2

+
�

1 �
r s

r

� � 2
�

r 2
; (2.29)

where� is an a�ne parameter. From this equation we can read the e�ective potential for

the r -coordinate of the null geodesics as

V(r ) =
�

1 �
r s

r

� � 2
�

r 2
: (2.30)

A plot of this e�ective potential is presented in Figure 4. It has a single local maxima of
4� 2

�

27r 2
s

at r = 3r s=2 = 3M , a region known as the photonsphere, where there exists circular

null geodesics. For the sake of simplicity, we de�ne the impact parameter" = � � =� t .

For the purpose of this thesis, we are interested in the null geodesics that are launched

from the horizon (r = r s) towards in�nity ( r ! 1 ) or from in�nity towards the singularity.

In both cases, equation(2.29) implies that the e�ective potential at these points is zero

and dr
d�

2
= � 2

t . We now divide the further analyses in a three sub-cases:
4� 2

�

27r 2
s

< � 2
t ,

4� 2
�

27r 2
s

= � 2
t

and
4� 2

�

27r 2
s

> � 2
t .

The �rst case,
4� 2

�

27r 2
s

< � 2
t , can be re-stated in terms of the impact parameter as

"2 < 27r 2
s=4. When this condition is ful�lled, the the null geodesics launched from the

horizon do reach in�nity and those launched from in�nity ends up at the singularity. Hence,

in this case there is no turning point. In Figure 4 this is depicted by the yellow region.
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Figure 4 � The e�ective potential V(r ) (Equation (2.30)) for the null geodesics. The value

of the peak (
4� 2

�

27r 2
s
) as well as its location (r = 3M ) are marked by dashed lines.

The e�ective potential is zero at the horizonr = r s and decays to zero as
r ! 1 . Inside the horizon it decays to�1 as r ! 0. There are three shaded
regions in the plot. The yellow region is where the null geodesics launched
from r = r s (r ! 1 ) can reachr ! 1 (r = r s). In the blue region, the null
geodesics launched fromr = r s are con�ned between a turning point below the
photonsphere and the singularity. Hence, these null geodesics are recaptured by
the black hole. In the red region, the null geodesics launched fromr ! 1 are
con�ned between a turning point above the photonsphere andr ! 1 , these
null geodesics escape to in�nity. This e�ective potential shows that if a null
geodesic (with non-zero impact parameter) crosses the photonsphere, it will
never meet a turning point.

The second case,
4� 2

�

27r 2
s

= � 2
t can be re-written as"2 = 27r 2

s=4. In this the case, the null

geodesics launched from the horizon and from in�nity reach an unstable equilibrium point

at the photonsphere and becomes trapped. In Figure 4 this is the local maximum of the

e�ective potential.

The third case,
4� 2

�

27r 2
s

> � 2
t , can be cast as"2 > 27r 2

s=4. In this case the null geodesics

launched from the horizon meet a turning point below the photonsphere and are de�ected

back to the singularity. Hence, these geodesics are trapped below the photonsphere. In

Figure 4 this is depicted as a blue region. On the other hand, the null geodesics launched

from in�nity meet a turning point above the photonsphere and are de�ected back to

in�nity. In contrast to the null geodesics launched from the horizon, the ones launched

from in�nity are trapped above thhe photonsphere. This is depicted by the red region in

Figure 4.
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3 Quantum Field Theory on Schwarzschild

spacetime

This chapter develops the quantization of a massless scalar �eld on the Schwarzschild

spacetime and the construction of the Wightman function. While this material is well-

trodden in foundational texts [34, 25, 35], the presentation here is tailored to also embrace

readers with less experience in quantum �eld theory in curved spacetimes.

This chapter is structured as follows: Section 3.1 introduces the semi-classical framework.

Section?? summarizes the process of quantization of a massless scalar �eld presented

in [34]. Section 3.3 introduces the �eld modes with which we to construct the Boulware,

Unruh and Hartle-Hawking vacua. Finally, Section 3.4 de�nes the Wightman function

and derives its expression for several setups in the (1+1)D and (3+1)D versions of the

Schwarzschild spacetime.

3.1 The semi-classical framework

To clarify the interplay between quantum matter and spacetime geometry, we temporarily

restore dimensional constants (~, G, c) in this section.

In the paradigm of Classical General Relativity (GR), the Einstein Field Equations

(EFE) describe the relation between matter and the spacetime:

G�� =
8�G
c4

T�� ; (3.1)

where

G�� = R�� �
1
2

Rg�� (3.2)

is the Einstein tensor,R�� is the Ricci tensor,R = Tr(R�� ) is the scalar curvature and

T�� =
� 2

p
� g

�S m

�g ��
(3.3)

is the matter stress-energy tensor derived from the matter �eld actionSm .

In the absence of a complete quantum theory of gravity, one can resort to the semi-

classical framework, where only the matter �eld is quantized. To implement it,T�� is

substituted by h jT̂�� j i , the expectation value of the renormalized stress-energy tensor

of the quantum matter �eld in a quantum state j i . This yields the semi-classical EFE

G�� =
8�G
c4

h jT̂�� j i : (3.4)

In an ideal world, such equations would be solved self-consistently but this is a very

di�cult problem both from a technical and a computational perspective as pointed out
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in [36, Chapter 1]. These di�culties are circumvented as follows: First, considering a �xed

background spacetime, one evaluatesh jT̂�� j i . With that result at hand, one can �nd the

�rst-order quantum corrected background metric by solving the semi-classical EFE with a

�xed h jT̂�� j i that was evaluated in the previous step. This establishes the program of

Quantum Field Theory on Curved Spacetimes (QFTCS), which should o�er a reasonable

approximation to describe quantum phenomena in regions where the curvature invariants

of the spacetime are small enough, such that e�ects from quantum gravity are negligible.

More precisely, for any curvature invariantR,

R �
1
`p

; (3.5)

where`p =
q

~G
c3 � 10� 35m is the Planck length. In Schwarzschild spacetime � the case of

interest in this thesis � this approximation is satis�ed in any region su�ciently far from

the singularity at r = 0. This restriction can be understood by ther � 6 behavior of the

Krestchmann scalar, which makes it divergent atr = 0.

Even tough the semi-classical formalism is not a full quantum theory of gravity, it

produces important results. Two examples of such results are [37], where it was shown that

quantum e�ects predicted by this formalism are capable of dressing a naked singularity

in the (2+1)D anti-deSitter spacetime and [38] where the authors show that quantum

e�ects within the semi-classical framework converts the Cauchy horizon inside the Reissner-

Nordstrom-deSitter black hole into a singularity, thus enforcing the strong cosmic censorship

hypothesis.

This thesis focuses on the �rst part of the semi-classical program, speci�cally studying

the correlations in the quantized matter �eld that arise from the quantization process on

a �xed spacetime background.

3.2 Quantum scalar �eld

To de�ne a quantum scalar �eld on the Schwarzschild spacetime, we follow the construction

presented in [34]. We begin by considering a classical, minimally coupled free massless

scalar �eld � described by the Klein-Gordon (KG) action, which plays the role of the

matter action Sm on the Schwarzschild spacetime. In an arbitrary coordinate systemf x � g

with � 2 f 0; 1; 2; 3g,

Sm = �
1
2

Z

S
d4x

p
� gg�� r � � r � �: (3.6)

By applying the principle of least action, we obtain the usual massless KG equation

r � r � � = 0: (3.7)

For a given set of smooth initial conditions on a Cauchy surface� � S , the uniqueness of

the corresponding solution to the KG equation is guaranteed because the Schwarzschild
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spacetime is globally hyperbolic [30, Section 7.4]. The set of smooth, spatially compactly

supported solutions to the KG equation will be denoted bys.

Given two of its solutions� 1; � 2 2 s, it is straightforward to show that the quantity

j � (� 1; � 2) = � �
1r � � 2 � � 2r � � �

1 (3.8)

is such that r � j � = 0. Consequently, on any Cauchy surface� , the integral
Z

�
d� � j � =

Z

�
d� � (� �

1r � � 2 � � 2r � � �
1) ; (3.9)

whered� � = n� d� with n� being the unit normal to � and d� its volume element, yields

the same result ifj � vanishes at spatial in�nity. To see that, let 
 � S be a compact region

of the spacetime bounded by two Cauchy surfaces� 1; � 2 � S and a timelike hypersurface

� 1 at spatial in�nity. Then Z



d4x

p
� gr � j � = 0 (3.10)

sincer � j � = 0. On the other hand, by using Gauss' theorem,
Z



d4x

p
� gr � j � =

Z

@


d
 � j � =
Z

� 1

d� � j � �
Z

� 2

d� � j � +
Z

� 1

d� � j � : (3.11)

The last integral is a boundary term that is zero becausej � is assumed to vanish at spatial

in�nity. Therefore,
Z



d4x

p
� gr � j � = 0 =

Z

� 1

d� � j � �
Z

� 2

d� � j � (3.12)

Hence, Z

� 1

d� � j � =
Z

� 2

d� � j � : (3.13)

Finally, we conclude that the result of the integral(3.9) is independent of the particular

choice of Cauchy surface over which it is evaluated, provided thatj � vanishes at spatial

in�nity. This motivates the de�nition of the so-called KG inner product:

(�; �) : s � s ! C

(� 1; � 2) = i
Z

�
d� � (� �

1r � � 2 � � 2r � � �
1) ;

(3.14)

which is sesquilinear1 and Hermitian2. Notice that despite its name, the KG inner product

is not an inner product ons because it is not positive-de�nite, i.e.,(�; � ) � 08 � 2 s.

To circumvent this di�culty and construct a Hilbert space availing the structure of s,

we split it into two subspaces,s+ and s� such that the KG inner product is positive-de�nite

in the �rst one and negative-de�nite in the second one3. Within this perspective, consider
1 Antilinear in the �rst entry and linear in the second one.
2 That is, symmetric under complex conjugation: (� 1; � 2) � = ( � 2; � 1).
3 It is important to remark that these subspaces are not unique.
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a choice ofs+ and an orthonormal basisf uj gj , where j is a generic multi-index, for it.

From the de�nition of the KG inner product (3.14) it follows that

(u�
j ; u�

k) = � (uj ; uk)� : (3.15)

Hence, the setf u�
j gj is an orthonormal basis ofs� . Therefore, the subspaces� is �xed by

the choice ofs+ . Moreover, every element ofs+ is orthogonal to every element ofs� with

respect to the KG inner product.

The elements ofs+ and s� are referred to as positive- and negative-frequency solutions

(of the KG equation), respectively. The value of the frequency is de�ned with respect to

some vector~� in the following sense: A solution� 2 s is said to be of frequency! with

respect to~� if

L ~� � = � i!�; (3.16)

where L ~� denotes the Lie derivative along~� . If ! > 0, then � is a positive-frequency

solution. Conversely, if! < 0, then � is a negative-frequency solution.

With this construction, the space of solutions factors ass = s+ L
s� and a solution

� 2 s to the KG equation can be decomposed as

� = � + + � � =
X

j

aj uj + bj u�
j (3.17)

where � + 2 s+ , � � 2 s� , aj = ( uj ; � ) and bj = � (u�
j ; � ). In particular, for real-valued

solutions these coe�cients satisfybj = a�
j and the decomposition reads

� (x) =
X

j

aj uj (x) + a�
j u�

j (x): (3.18)

With that, we quantize the real scalar �eld by following the canonical quantization

procedure of promoting the coe�cients of the expansion (3.18) to operators

aj ! âj and a�
j ! ây

j ; (3.19)

such that the canonical commutation relations

[âj ; ây
k ] = � jk 1̂; [âj ; âk ] = 0 and [ây

j ; ây
k ] = 0 (3.20)

are obeyed. As usual, we will refer tôaj as the annihilation operator andây
j as the creation

operator. The resulting �eld operator4 �̂ is given by

�̂ =
X

j

âj uj + ây
j u

�
j : (3.21)

The corresponding vacuum statej0i is de�ned by the condition

âj j0i = 0; 8 j (3.22)
4 We remark that �̂ is an operator-valued distribution and not an operator in itself, i.e., it de�nes an

operator only when smeared against a suitable test-function.
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and from it, we de�ne a single-particle statejj i as

jj i = ay
j j0i : (3.23)

The collection of all single-particle states span the single-particle Hilbert spaceH and

from it we construct the Fock spaceF(H) of the theory as

F(H) = C � H � (H 
 H )s � � � � ; (3.24)

where the sub-indexs denotes symmetrization.

We remark that the �eld operator �̂ presented in equation(3.21) is a singular object

and should be understood as an operator-valued distribution since it is not a well-de�ned

operator onF(H). However, by smearing it against a test functionf that is compactly

supported onS one obtains a well-de�ned operator̂� (f ) on F(H) which is commonly

referred to as the smeared �eld operator

�̂ (f ) =
Z

S
d4x

p
� g �̂ (x)f (x): (3.25)

For each choice ofs+ , characterized by an orthonormal basis of positive-frequency

solutions f uj gj , one obtains a di�erent vacuum state. In general, there is no need for these

vacuum states to be related by a unitary operator and there are many possible unitarily

nonequivalent choices of vacuum, although not all of them model physically reasonable

situations. This ambiguity is particularly relevant in the Schwarzschild spacetime which

does not admit a global timelike Killing vector that could have been used to choose a

natural s+ and hence, construct a natural vacuum state. Given that, in this thesis we work

with three vacuum states: the BoulwarejB i , Unruh jUi and Hartle-Hawking jH i states.

These have di�erent physical interpretations and are constructed through suitable choices

of complete sets of positive-frequency solutions to the KG equation, as presented in what

follows.

3.3 Field modes and quantum states

Throughout this section the KS 2.1, SD and EF coordinates 2.2 will be used. In any of

these, the spherical symmetry ofS allows a solutionf �
!`m to the KG equation (3.7) to be

decomposed as

f �
!`m (x) =

1
p

4�!
Y`m (�; ' )

~f �
!` (x? )

r
; (3.26)

where! > 0, r is to be understood as the r-coordinate of SD-coordinates or the r-function

in the EF and KS coordinates;� and ' are the angular coordinates ofx; x? are the

non-angular coordinates ofx; � 2
n
in; R; up; R; R; L; in; L; up; R; IN; �IN; UP; �UP

o
is a label

that will be used to identify the solution and 1=
p

4�! is a normalization factor to ensure

that

(f �
!`m ; f �

! 0l0m0) = � (! � ! 0)� l;l 0� m;m 0: (3.27)
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In this decomposition, the multi-index i of an elementui of the orthonormal basis ofs+ is

to be understood as the combination of the three indices! , ` and m, that is, ui ! f !`m .

With the intent to provide a better organization for the reader, the de�nitions of the

modes are divided in the following subsections.

3.3.1 The Eddington-Finkelstein modes

These modes are de�ned as the ones of positive frequency with respect to the timelike

Killing vector ~"t = @t , in SD coordinates 2.2. For the sake of organization, they are divided

in 6 families:f in ;R
!`m , f up;R

!`m , f in ;L
!`m , f up;L

!`m , f R
!`m and f L

!`m .

The ones that establish a complete set of orthonormal positive frequency solutions on

region I , i.e., an orthonormal basis ofs+ on I are f in ;R
!`m and f up;R

!`m , de�ned by the initial

conditions

f in ;R
!`m �

1
r
p

4�!
Y`m (�; ' ) �

8
><

>:

0; x ! H �
R [ H +

L [ I +
L

e� i!v ; x ! I �
R

(3.28)

and

f up;R
!`m �

1
r
p

4�!
Y`m (�; ' ) �

8
><

>:

0; x ! I �
R [ H +

L [ I +
L

e� i!u ; x ! H �
R :

(3.29)

For convenience, we write below these expressions propagated toI �
L [ H �

R [ H +
L [ I +

L :

f in ;R
!`m �

1
r
p

4�!
Y`m (�; ' ) �

8
>>>><

>>>>:

0; x ! I �
L [ H �

L

� in
!` e� i!u ; x ! I +

R

T!` e� i!v ; x ! H +
R

(3.30)

and

f up;R
!`m �

1
r
p

4�!
Y`m (�; ' ) �

8
>>>><

>>>>:

0; x ! I �
L [ H �

L

T!` e� i!u ; x ! I +
R

� up
!` e� i!v ; x ! H +

R ;

(3.31)

where the coe�cients T!` ; � in
!` ; � up

!` 2 C were introduced to account for the scattering e�ect

produced by the radial e�ective potential that will be introduced in Section 4.1.

With respect to these coe�cients, T!` is the transmission amplitude across that

e�ective potential and is the same for bothf in ;R
!`m and f up;R

!`m . The coe�cients � in
!` and � up

!`

are the re�ection amplitudes across the e�ective potential forf in ;R
!`m and f in ;R

!`m , respectively.

The linear independence of these modes imply several relations between the amplitudes

(including the equality of the transmission amplitude forf in ;R
!`m and f up;R

!`m ) that can be

derived from the Wronskian relations that will be introduced in Section 4.2.
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The orthonormal basis ofs+ on II is given by f R
!`m and f L

!`m , de�ned by the initial

conditions

f R
!`m �

1
r
p

4�!
Y`m (�; ' ) �

8
>>>><

>>>>:

0; x ! I +
R [ I +

L

e� i!v ; x ! H +
R

0; x ! H +
L

(3.32)

and

f L
!`m �

1
r
p

4�!
Y`m (�; ' ) �

8
>>>><

>>>>:

0; x ! I +
R [ I +

L

0; x ! H +
R

e� i! �u ; x ! H +
L :

(3.33)

On III , the orthonormal basis ofs+ is given by f in ;L
!`m and f up;L

!`m , de�ned by the

transformation

f � ;L
!`m (U; V; �; � ) = f � ;R�

!`m (� U; � V; �; � ); (3.34)

in terms of KS coordinates, with� 2 f in; upg. Explicitly, the intial conditions de�ning

these modes are

f in ;L
!`m �

1
r
p

4�!
Y`m (�; ' ) �

8
><

>:

0; x ! I �
R [ H �

R [ H +
L

e� i! �v ; x ! I +
L

(3.35)

and

f up;L
!`m �

1
r
p

4�!
Y`m (�; ' ) �

8
><

>:

0; x ! I �
R [ H �

R [ I +
L

e� i! �u ; x ! H +
L :

(3.36)

These modes have no support on regionI . This can be understood as follows: Bothf in ;L
!`m

and f up;L
!`m are zero onI �

R [ H �
R , which is the past domain of dependence of regionI .

Therefore, both these modes are also zero inside this region.

More speci�cally, as will be important in Section 3.4.3,thef in ;L
!`m modes have no support

on regionII . This is a consequence of being zero onH +
R (inherited from having no support

on regionI ) and H +
L (from its initial conditions). Since H +

L [ H +
R is the past domain of

dependence ofII , being zero on this hypersurface implies being zero everywhere inside

this region.

In this work we will not explore regionIV and for this reason, no basis ofs+ on this

region will be provided.

3.3.2 The Unruh modes

Originally constructed by Unruh in [39], these modes are summarized in what follows.

For organization, they are divided in 4 families:f IN
!`m , f �IN

!`m , f UP
!`m , f �UP

!`m . The �rst two are

composed by modes of positive frequency with respect to@V on H �
L [ H +

R de�ned by the

relations

f IN
!`m (x) =

e�r s !

q
2 sinh(2�r s! )

�
f in ;R

!`m (x) + e � 2�r s ! f in ;L �
!`m (x)

�
(3.37)
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and

f
�IN

!`m (x) =
e�r s !

q
2 sinh(2�r s! )

�
f in ;L

!`m (x) + e � 2�r s ! f in ;R�
!`m (x)

�
: (3.38)

The last two are composed by modes of positive frequency with respect to@U on H �
R [ H +

L

de�ned by

f UP
!`m (x) =

e�r s !

q
2 sinh(2�r s! )

�
f up;R

!`m (x) + e � 2�r s ! f up;L�
!`m (x)

�
(3.39)

and

f
�UP

!`m (x) =
e�r s !

q
2 sinh(2�r s! )

�
f up;L

!`m (x) + e � 2�r s ! f up;R�
!`m (x)

�
: (3.40)

The collection of all Unruh modes compose an orthonormal basis ofs+ on the whole5

spacetimeS . As a note that will be used in the next section, notice that one can also

construct di�erent orthonormal basis ofs+ by combining Unruh and Eddington-Finkelstein

modes.

3.3.3 The Quantum states

As pointed in the end of section??, we are concerned about the BoulwarejB i , Unruh

jUi and Hartle-Hawking jH i vacuum states. Each of these have a di�erent physical

interpretation and are obtained by di�erent choices of basis ofs+ .

The Boulware state [40] jB i can be understood as a model of the vacuum around a

spherically symmetric non-rotating object such as a star or a black hole, a setup known

as cold star. This state is de�ned by using suitable Eddington-Finkelstein modes as the

basis ofs+ in the region of interest. As a concrete example, the expression for the �eld̂�

in region I in terms of these modes is given by

�̂ (x) =
1X

`=0

X̀

m= � `

1Z

0

d!
�
f in ;R

!`m (x)âin ;R
!`m + f up;R

!`m (x)âup;R
!`m + h:c:

�
; x 2 I; (3.41)

whereh:c: is a short notation for hermitian conjugate. The Boulware state is known to be

irregular on the black hole and white hole horizons [41, Section 3] (see [34, Section 8.4]

for a textbook reference).

The Unruh state [39] jUi models a spherically symmetric, non-rotating black hole

emitting thermal radiation. It is de�ned in region I [ II by combining the Eddington-

Finkelstein modesf in ;R
!`m and f in ;L

!`m with the Unruh modesf UP
!`m and f �UP

!`m as the orthonormal

basis ofs+ . The �eld operator in this region is

�̂ (x) =
1X

`=0

X̀

m= � `

1Z

0

d!
�
f in ;R

!`m (x)âin ;R
!`m + f in ;L

!`m (x)âin ;L
!`m + f UP

!`m (x)âUP
!`m

+ f
�UP

!`m (x)â
�UP

!`m + h:c:
�

; x 2 I [ II:

(3.42)

5 Provided that the f in =up ;R=L
!`m (x) modes are suitably extended into ther < r s region.
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In contrast to the Boulware state, the Unruh state is regular [41] across the black-hole

horizon but still irregular across the white-hole horizon.

Finally, the Hartle-Hawking state [42] jH i models a black hole in thermal equilibrium

with the surrounding environment. It is de�ned in all of the spacetimeS by using the

Unruh modes as the orthonormal basis ofs+ . In particular, the expression for�̂ in the

whole spacetime is

�̂ (x) =
1X

`=0

X̀

m= � `

1Z

0

d!
�
f UP

!`m (x)âUP
!`m + f

�UP
!`m (x)â

�UP
!`m + f IN

!`m (x)âIN
!`m

+ f
�IN

!`m (x)â
�IN

!`m + h:c:
�

; x 2 S :

(3.43)

This state is regular through both the black hole and white hole horizons.

3.4 Wightman function

The Wightman function W  of the �eld �̂ in a quantum state j i is de�ned as

W  (x; x0) = h j�̂ (x)�̂ (x0)j i x; x0 2 Q � S ; (3.44)

whereQ denotes the subset of the spacetime manifoldS over which the statej i is de�ned.

Speci�cally, for the Boulware state,Q = I ; for the Unruh state, Q = I [ II ; and for the

Hartle-Hawking state, Q = S .

The Wightman function encodes both classical and quantum correlations in the �eld for

a given state. Assuming thatj i is a vacuum state, we substitute the mode expansion(3.21)

into this de�nition to obtain the mode-sum expansion

W  (x; x0) =
X

i

ui (x)u�
i (x0); (3.45)

whereui is an element of the set of positive frequency orthonormal modes that form a

basis ofs+ . From the mode-sum expression it readily follows that

W  (x0; x) = W  � (x; x0) : (3.46)

Using this property it is straightforward to derive a relation between the expectation value

of the �eld commutator and the imaginary part of the Wightman

h j[�̂ (x)�̂ (x0)]j i = W  (x; x0) � W  � (x; x0) = 2iIm[ W  (x; x0)] (3.47)

and a relation between the expectation value of the �eld anti-commutator and the real

part of the Wightman function

h jf �̂ (x)�̂ (x0)gj i = W  (x; x0) + W  � (x; x0) = 2Re[W  (x; x0)]: (3.48)
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From this relations, it becomes evident that any correlations in the �eld between two

causally disconnected points should be encoded in the real part of the Wightman, since

the �eld commutator is expected to vanish at spacelike connected points.

All Green functions of�̂ can be derived from the Wightman function using the relations

provided in [35, Equation 4.9]. Thus, the Wightman function fully characterizes all two-

point correlation functions of �̂ in the state j i . In particular, the Feynman Green Function

(FGF), the retarded Green Function (RGF) and the advanced Green Function (AGF) are

expressed as

G	
F (x; x0) = i W  (x; x0) �( t � t0) � iW  � (x; x0) �( t0 � t); (3.49)

G	
ret (x; x0) = � 2Im[W  (x; x0)]�( t � t0); (3.50)

and

G	
adv(x; x0) = 2Im[ W  (x; x0)]�( t0 � t); (3.51)

respectively, where� denotes the Heaviside step function. These expressions will play a

key hole in Chapter 5.

In the next subsection, we analyze the singularity structure of the Wightman function.

This discussion is followed by two subsections detailing the mode-sum expressions of the

Wightman function for the states jB i , jUi and jH i in both (1+1)-dimensional and (3+1)-

dimensional Schwarzschild spacetime. For the (1+1)-dimensional case, these results are

well established [43]; we brie�y review them here for completeness. The novel contributions

of this part of this work are the explicit expressions for the (3+1)-dimensional case where

one point lies inside the black hole and the other outside. A detailed derivation of these

new results is provided.

3.4.1 Singularity structure

Despite the generality of the de�nition of the Wightman function in Equation (3.44), its

local behavior is well-known [44, Chapter 2] for a class of states called Hadamard states,

which jB i , jUi , jH i are part of. For states of this class, the Wightman functionW  (x; x0)

with  2 f B ; U ; H g in a normal neighborhoodN (x) of x is given by

W  (x; x0) = lim
� ! 0+

1
4� 2

� U
� + i � � t

� V ln(� + i � � t) + w 
�

; (3.52)

whereU = U(x; x0), V = V(x; x0) and w = w (x; x0) are regular, real-valued bi-scalars.

The bi-scalar� = � (x; x0) is the Synge's world function, de�ned as one-half of the square of

the distance betweenx and x0 on the unique geodesic connecting them6. Consequently, it

is positive/zero/negative whenever that geodesic is spacelike/null/timelike. The bi-scalars

U(x; x0) and V(x; x0) are uniquely determined by the geometry of the underlying spacetime.

On the other hand w (x; x0) is not uniquely �xed by that geometry and depends on
6 Sincex0 2 N (x), there is only one geodesic connectingx and x0 that is entirely within N (x).
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the quantum state in question. Therefore, it is this last term that encodes information

particular to each quantum state.

By applying the distributional limits

lim
� ! 0+

1
� � i�

= P :V:
� 1

�

�

� i�� (� ) and lim
� ! 0+

ln(� � i� ) = ln j� j � i� �( � � ); (3.53)

where P:V: is the principal value distribution, to the Wightman function from Equa-

tion (3.52), we get

W  (x; x0) =
1

4� 2

�

U
�

P:V:
� 1

�

�

� i�� (� )
�

� V [ln j� j + i � �( � � )] + w 
�

: (3.54)

This form exposes the local singularity structure of the Wightman function: Whenever

� = 0 (i.e., whenx and x0 are connected by a null geodesic) the real part of the Wightman

function is dominated by theP:V:
�

1
�

�
singularity with a � ln j� j tail while its imaginary

part is dominated by a� � (� ) singularity. The �( � � ) tail only contributes to the imaginary

part when � = � 1 (i.e., whenx and x0 are connected by a timelike geodesic).

Despite the local validity of these expressions, it is known [45, 46] that the Wightman

function diverges wheneverx and x0 are connected by a null geodesic, even ifx0 is not

within a normal neighborhood ofx. In particular, the global singularity structure of the

Wightman function in the Schwarzschild spacetime was calculated for the �rst time in [27]7.

It presents a four-fold structure where the singularity changes its character whenever it

crosses a caustic point, with the dominant divergences in its real and imaginary parts

following the patterns8

Re[W  (x; x0)] : P:V:
� 1

�

�

! � � (� ) ! � P:V:
� 1

�

�

! � (� ) ! P:V:
� 1

�

�

! � � � (3.55)

and

Im[W  (x; x0)] : � � (� ) ! � P:V:
� 1

�

�

! � (� ) ! P:V:
� 1

�

�

! � � (� ) ! � � � ; (3.56)

respectively. In these expression, Synge's world is used in a global sense andx0 =2 N (x).

To make it well-posed in this scenario, it is necessary to indicate what is the geodesic on

which it is being evaluated, as constructed in [47].

For completeness, we mention that this reference also showed that the sub-leading

singularity structure of the imaginary part of the Wightman function is four-fold and

follows

� �( � � ) ! ln j� j ! �( � � ) ! � ln j� j ! � �( � � ) ! � � � (3.57)

and conjectured that for the real part it is also four-fold and follows

� ln j� j ! � �( � � ) ! ln j� j ! �( � � ) ! � ln j� j ! � � � : (3.58)
7 This reference calculated the FGF from which the Wightman function readily follows by using

Equation (3.49).
8 Except at the caustic points, where the singularities are stronger and the structure is two-fold (see [47,

Chapter V]).
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3.4.2 (1+1)D

The (1+1)D Schwarzschild spacetime is geometrically distinct from its (3+1)D counterpart

and we will refer to the former asS 2. Its metric can be formally read directly from

equation (2.2) by setting d� = 0 = d� . The de�nitions of the EF, KS and SD coordinates

presented in sections 2.1 and 2.2 are still valid but without the angular coordinates.

A massless scalar �eld� on S 2 described by the Klein-Gordon action(3.6) will also

obey the K-G equation(3.7). The crucial di�erence with S is that on S 2, the K-G equation

is just a free wave equation: In EF coordinates it reads

@u@v � = 0 (3.59)

and in KS coordinates, it is

@U@V � = 0: (3.60)

In (1+1)D, the solutions to the K-G equation can be decomposed as

f �
! (x) =

1
q

4� j! j
~f �
! (x); (3.61)

in a similar way to that was done in (3+1)D (Equation (3.26)): The only formal di�erence

is that one has to remove the spherical harmonics and ther � 1 factor.

The corresponding EF and Unruh modes in (1+1)D are de�ned by initial conditions

analogous to the ones for the (3+1)D case, presented in sections 3.3.1 and 3.3.2. To obtain

the (1+1)D initial conditions, one has to remove the spherical harmonics and ther � 1

factor from the (3+1)D initial conditions and considerT!` = 1 and � in
!` = 0 = � up

!` , because

in (1+1)D the modes propagate as free waves.

Despite the similarities, there is a remarkable di�erence between the massless scalar

�eld in these two cases: In (1+1)D its Wightman function is infra-red divergent, as will be

shown in what follows, while in (3+1)D it is not.

To construct the Wightman function of �̂ for the Boulware state we apply the (1+1)D

EF-modes in the mode-sum expansion (3.45) to obtain

W B
2 (x; x0) =

1
4�

1Z

�

d!
!

�

f in ;R
! (x)f in ;R�

! (x0) + f up;R
! (x)f up;R�

! (x0)
�

; x; x0 2 I: (3.62)

where� > 0 is a cuto� frequency to regulate the infra-red divergence of this correlator.

Since the modes are free waves,

W B
2 (x; x0) =

1
4�

1Z

�

d!
!

�

e� i! (v� v0) + e � i! (u� u0)
�

; x; x0 2 I: (3.63)

In terms of exponential integralsE1(y) [48, Equation 6.2.1] this equation can be written as

W B
2 (x; x0) =

1
4�

[E1(i � � v) + E1(i � � u)] ; (3.64)



Chapter 3. Quantum Field Theory on Schwarzschild spacetime 41

where� v = v � v0 and � u = u � u0. Expanding around small� using [49, Equation 5.1.11]

results in

W B
2 (x; x0) =

� 1
4�

[2
 E + ln(i � � v) + ln(i� u)] + O(� ); (3.65)

where
 E is the Euler-Mascheroni constant. Notice that in the principal brancharg(i � � v)

is �= 2 if � v > 0 and � �= 2 if � v < 0, since� > 0. Therefore,

ln(i � � v) = ln( � ) + ln( j� vj) +
i�
2

(�(� v) � �( � � v)) : (3.66)

By performing an analogous analysis onarg(i � � u), we can write the Wightman function

as

W B
2 (x; x0) =

� 1
4�

"

2
 E + ln( j� v� uj) + 2 ln( � )

+
i�
2

�
�(� v) + �(� u) � �( � � v) � �( � � u)

�
#

+ O(� ):
(3.67)

This expression is already known and more details about its properties are provided in [36,

Chapter 4].

To write the Wightman functions for the Unruh and Hartle-Hawking states, we remark

that W B
2 (x; x0) is a solution to the homogeneous wave equation (3.59), that is,

@u@vW B
2 (x; x0) = 0 : (3.68)

On the other hand the Wightman functions for the Unruh and Hartle-Hawking states are

solutions to, respectively,

@U@vW U
2 (x; x0) = 0 (3.69)

and

@U@V W H
2 (x; x0) = 0 : (3.70)

Since all these equations are of the same form, one can infer that their solutions will also

be of the same form, therefore,

W U
2 (x; x0) =

� 1
4�

"

2
 E + ln( j� v� Uj) + 2 ln( � )

+
i�
2

�
�(� v) + �(� U) � �( � � v) � �( � � U)

�
#

+ O(� ):
(3.71)

and

W H
2 (x; x0) =

� 1
4�

"

2
 E + ln( j� V � Uj) + 2 ln( � )

+
i�
2

�
�(� V ) + �(� U) � �( � � V ) � �( � � U)

�
#

+ O(� ):
(3.72)
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3.4.3 (3+1)D

In the (3+1)D Schwarzschild spacetime, the mode-sum expressions for the Wightman

function are known in the jB i [40], jUi [39] and jH i [42] states when both points are

either outside or inside the black hole. These expressions can be derived from the results

about the �eld commutator, also known as the Hadamard elementary function, presented

in [32]. In what follows we present an alternative derivation of these expressions, in the

aforementioned quantum states, based on the Unruh modes de�ned in Section 3.3.2,

extending the mode-sum expressions for the Wightman function to the case where one of

the points is inside and another outside the black hole.

3.4.3.1 The Boulware state

To obtain the expression of the Wightman function for the Boulware state one can

substitute the Eddington-Finkelstein modes from Section 3.3.1 into the generic mode-sum

expression from Equation(3.45) and use the decomposition from Equation(3.26). This

yields

W B (x; x0) =
1

4�rr 0

1X

`=0

X̀

m= � `

Y`m (�; ' )Y �
`m (� 0; ' 0)

1Z

0

d!
!

�
~f in ;R
!` (x? ) ~f in ;R�

!` (x0
? )+ ~f up;R

!` (x? ) ~f up;R�
!` (x0

? )
�

(3.73)

with x; x0 2 I and x? are the non-angular coordinates ofx (an analogous notation is used

for x0). Using the spherical harmonics addition theorem [50, Equation 16.57],

W B (x; x0) =
1

(4� )2rr 0

1X

`=0

(2`+1) P` (cos(
 ))
1Z

0

d!
!

�
~f in ;R
!` (x? ) ~f in ;R�

!` (x0
? )+ ~f up;R

!` (x? ) ~f up;R�
!` (x0

? )
�
;

(3.74)

where
 2 [0; � ] is the angular separation betweenx and x0.

Despite being formally similar to its (1+1)D counterpart W B
2 (x; x0), the expression

that was just derived is regular as! ! 0 since in that limit, each term in the integrand

tends to a �nite value, as demonstrated in Figures 10, 11, 12 and 14.

RegionII is also of interest for this thesis but the Boulware state is not regular across

H +
R , therefore the Wightman function for the Boulware state with points in that region

does not re�ect a physically reasonable situation and for that reason, is not included in

this text.

3.4.3.2 The Unruh state

To obtain the expression of the Wightman function for the Unruh state we use the generic

mode-sum expression form Equation(3.45) with a suitable combination of Eddington-

Finkelstein modes from Section 3.3.1 and Unruh modes from Section 3.3.2, as prescribed

in Section 3.3.3, together with the decomposition from Equation(3.26). After using the
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spherical harmonics addition theorem the Wightman function for the Unruh state reads

W U (x; x0) =
1

(4� )2rr 0

1X

`=0

(2` + 1) P` (cos(
 ))
1Z

0

d!
!

�
~f in ;R
!` (x? ) ~f in ;R�

!` (x0
? ) + ~f in ;L

!` (x? ) ~f in ;L �
!` (x0

? )

+ ~f UP
!` (x? ) ~f UP�

!` (x0
? ) + ~f

�UP
!` (x? ) ~f

�UP �
!` (x0

? )
�
; x; x0 2 I [ II:

(3.75)

Using the expressions from Section 3.3.2 to write the Unruh modes in terms of the

Eddington-Finkelstein modes,

W U (x; x0) =
1

(4� )2rr 0

1X

` = 0

(2` + 1) P` (cos(
 ))
1Z

0

d!
!

"
~f in ;R
!` (x? )~f in ;R�

!` (x0) + ~f in ;L
!` (x? )~f in ;L �

!` (x0)

+
1

2 sinh (2�r s! )

�

e2�r s ! ~fup;R
!` (x? )~fup;R�

!` (x0
? ) + e � 2�r s ! ~fup;R�

!` (x? )~fup;R
!` (x0

? )
�

+
1

2 sinh (2�r s! )

�

e2�r s ! ~fup;L
!` (x? )~fup;L�

!` (x0
? ) + e � 2�r s ! ~fup;L�

!` (x? )~fup;L
!` (x0

? )
�

+
1

sinh (2�r s! )
Re

�
~fup;R
!` (x? )~fup;L

!` (x0
? ) + ~fup;L

!` (x? )~fup;R
!` (x0

? )
� #

; x; x0 2 I [ II

(3.76)

When x; x0 2 I , the modes~f in ;L
! and ~fup;L

! have no support and the result is

W U (x; x0) =
1

(4� )2rr 0

1X

`=0

(2` + 1) P` (cos(
 ))
1Z

0

d!
!

�
~f in ;R
!` (x? )~f in ;R�

!` (x0
? )

+
e2�r s !

2 sinh(2�r s! )
~fup;R
!` (x? )~fup;R�

!` (x0
? ) +

e� 2�r s !

2 sinh(2�r s! )
~fup;R�
!` (x? )~fup;R

!` (x0
? )

�
; x; x0 2 I

(3.77)

For the casex; x0 2 II , the f in ;L
!` modes have no support (see Section 3.3.1) and the

Wightman is

W U (x; x0) =
1

(4� )2rr 0

1X

` = 0

(2` + 1) P` (cos(
 ))
1Z

0

d!
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"
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? )
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�
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�

+
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!` (x0

? )
�

+
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sinh (2�r s! )
Re

�
~fup;R
!` (x? )~fup;L

!` (x0
? ) + ~fup;L

!` (x? )~fup;R
!` (x0

? )
� #

; x; x0 2 II:

(3.78)

For future convenience it is useful to write~f in ;R
!` , ~fup;R

!` , ~f in ;L
!` and ~fup;L

!` in terms of ~fR
!`

and ~fL
!` when considering points inside the black hole. This can be done by comparing

the initial conditions of these modes onH +
R [ H +

L . Since regionII can be understood
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as the future domain of dependence of that hypersurface, the intial conditions set on it

completely determine the modes in this region.

By de�nition, ~f in ;R
!` is zero onH +

L which makes it independent of~fL
!` . On the other hand,

comparing the initial conditions of~f in ;R
!` and ~fR

!` at H +
R [ H +

L yields

~f in ;R
!` (x? ) = T!`

~fR
!` (x? ) ; x 2 II: (3.79)

Similarly, ~fup;R
!` is zero onH +

L and consequently, independent of~fL
!` . By comparing its

initial conditions with the ones of~fR
!` at H +

R , we obtain

~fup;R
!` (x? ) = � up

!`
~fR
!` (x? ) ; x 2 II: (3.80)

As mentioned before, the~f in ;L
!` modes are zero onII (see Section 3.3.1). Finally, the

~fup;L
!` are independent of~fR

!` because the former are zero onH +
R by de�nition. Comparing

the initial conditions of ~fup;L
!` and ~fL

!` at H +
R [ H +

L results in

~fup;L
!` (x? ) = ~fL

!` (x? ) ; x 2 II: (3.81)

Considering these expressions, one can rewrite the previous expression of the Wightman

function as

W U (x; x0) =
1

(4� )2rr 0

1X
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 ))
1Z
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!` (x0
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? )
� #9

=

;
x; x0 2 II;

(3.82)

which agrees with [32, Equation 3.11].

Finally, to obtain an expression for the casex 2 I ; x0 2 II we begin by using

Equation (3.76) and the previously derived properties

~f in ;L
!` (x? ) = 0 ; 8 x 2 I [ II and ~fup;L

!` (x? ) = 0 ; 8 x 2 I (3.83)

to obtain

W U (x; x0) =
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(3.84)
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In the next step we use Equations(3.79), (3.80) and (3.81) to write the Eddington-

Finkelstein modes inside the horizon in terms of~fL
!` and ~fR

!` . This results in

W U (x; x0) =
1

(4� )2rr 0

1X
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(3.85)

3.4.3.3 The Hartle-Hawking state

To write the mode-sum expression of the Wightman function for the Hartle-Hawking

state we apply the Unruh modes from Section 3.3.2, as prescribed in Section 3.3.3, in

the generic mode-sum expression from Equation(3.45) and use the decomposition from

Equation (3.26). After using the spherical harmonics addition theorem the resulting

expression is

W H (x; x0) =
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(3.86)

Writing the Unruh modes in terms of Eddington-Finkelstein modes yields
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When both points are in regionI [ II , the modes~f in ;L
!` (x? ) = 0 and the Wightman function

simpli�es to

W H (x; x0) =
1

(4� )2rr 0

1X

` = 0

(2` + 1) P` (cos(
 ))
1Z

0

d!
!

"

1
2 sinh (2�r s! )

�

e2�r s ! ~f in ;R
!` (x? )~f in ;R�

!` (x0
? ) + e � 2�r s ! ~f in ;R�

!` (x? )~f in ;R
!` (x0

? )
�

+
1

2 sinh (2�r s! )

�

e2�r s ! ~fup;R
!` (x? )~fup;R�

!` (x0
? ) + e � 2�r s ! ~fup;R�

!` (x? )~fup;R
!` (x0

? )
�

+
1

2 sinh (2�r s! )

�

e2�r s ! ~fup;L
!` (x? )~fup;L�

!` (x0
? ) + e � 2�r s ! ~fup;L�

!` (x? )~fup;L
!` (x0

? )
�

+
1

sinh (2�r s! )
Re

�
~fup;R
!` (x? )~fup;L

!` (x0
? ) + ~fup;L

!` (x? )~fup;R
!` (x0

? )
� #

; x; x0 2 I [ II:

(3.88)

Specializing this expression to the case where both points are in regionI (outside the

black hole) the modes~f in=up;L
!` (x? ) = 0 and the Wightman function becomes
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(3.89)

On the other hand, when both points are in regionII , we use expressions(3.79), (3.80)

and (3.81) to write the Eddington-Finkelstein modes inside the horizon in terms of~fL
!`

and ~fR
!` , which results in
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(3.90)

As a consequence of the Wronskian relations that will be introduced in Section 4.2,
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jT!` j2 + j� up
!` j2 = 1 and this expression is further simpli�ed to
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(3.91)

Finally, we specialize(3.88) to the case where one point is inside and another outside

the black hole (x 2 I and x0 2 II ). For that, we use the property~fup;L
!` (x) = 0 8 x 2 I

then apply expressions(3.79), (3.80) and (3.81) to write the Eddington-Finkelstein modes

inside the horizon in terms of~fL
!` and ~fR

!` . This procedure results in

W H (x; x0) =
1

(4� )2rr 0

1X

` = 0

(2` + 1) P` (cos(
 ))
1Z

0

d!
!

"

1
2 sinh (2�r s! )

�

e2�r s ! T!`
~fR
!` (x? )~f in ;R�

!` (x0
? ) + e � 2�r s ! T �

!`
~fR�
!` (x? )~f in ;R

!` (x0
? )

�

+
1

2 sinh (2�r s! )

�

e2�r s ! � up
!`

~fR
!` (x? )~fup;R�

!` (x0
? ) + e � 2�r s ! � up�

!`
~fR�
!` (x? )~fup;R

!` (x0
? )

�

+
1

sinh (2�r s! )
Re

�
~fup;L
!` (x? )~fup;R

!` (x0
? )

� #

; x 2 II; x0 2 I

(3.92)
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4 Numerical evaluation of the Eddington-

Finkelstein modes

A number of challenges is involved in evaluating the Wightman function, as can be

anticipated from the expressions presented in Section 3.4. The absence of exact solutions to

the KG equation in the Schwarzschild spacetime implies that the �eld modes embroiled in

the quantization process must be determined through numerical methods. On top of that,

to evaluate the Wightman function W  (x; x0) of the quantum scalar �eld �̂ in a quantum

state j i for a single pair of pointsx; x0 2 S , one has to numerically perform an integral

over ! 2 R> 0 and a sum over̀ 2 N� 0, using sensible cut-o�s in both operations. Achieving

a reasonable precision in these procedures requires a large amount of data to produce

a single result, i.e., the numerical value ofW 	 (x; x0). Furthermore, even with su�cient

data available, the process of summing over` and integrating over ! is computationally

intensive.

These di�culties may explain why only a few prior works apply a similar procedure,

although in di�erent setups and with di�erent objectives. For example, in [27] the Feynman

Green function is evaluated withx0 �xed outside the black hole andx following a circular

timelike geodesic atr = 3r s. In [51] the response function, which is essentially the

Wightman function smeared against a smooth function, is evaluated along the world-line

of an Unruh-DeWitt detector (see Section 6.1) freely falling to the horizon. Finally, [1]

evaluates a measure of entanglement called negativity (see Chapter 6) for a system of two

static Unruh-DeWitt detectors placed at antipodal points around the horizon.

This chapter introduces the techniques used to compute the �eld modes and the

scattering amplitudes, together with an analysis of the results. This exposition is structured

as follows: Section 4.1 presents the radial component of the EF modes from Subsection 3.3.1

and the details of the numerical methods used to compute them. Section 4.2 introduces the

Wronskian relations and Section 4.3 presents the analysis of the reliability of the numerical

data for the �eld modes and scattering amplitudes.

4.1 The radial component of the Eddington-Finkelstein modes

The mode-sum expressions of the Wightman function in Section 3.4 are written in terms

of EF modes because these are convenient to compute numerically. The reason is that

the modes ~f �
!`m (with � 2 f in; R; up; R; R; Lg) from the decomposition in Equation(3.26),

can be factored out as
~f �
!`m (x? ) = e � i!t  �

!` (r ); (4.1)
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where the sign in the exponential is de�ned by the boundary conditions of~f �
!`m and x?

are the non-angular coordinates ofx. Substituting this expression into(3.26) and applying

the result in the KG equation (3.7) leads to a Schrödinger-like equation for �
!` :

d2 �
!`

dr 2
�

+
�
! 2 � V e�

` (r )
�

 �
!` = 0; (4.2)

where the e�ective potential is

V e�
` (r ) =

�

1 �
r s

r

�  
`(` + 1)

r 2
+

r s

r 3

!

: (4.3)

This equation is structurally identical to the well-known Regge-Wheeler equation from

black hole perturbation theory (See [52, Section 3.1] for a brief review) which can be

conveniently solved through the numerical methods that will be presented.

The boundary conditions de�ning each �
!` are inherited from those of~f �

!`m and will

be detailed in subsequent sections. All solutions were computed forM! 2 [10� 3; 10] in

steps of10� 3 and ` 2 [0; 100] in steps of1. For future convenience these sets of values

for ! and ` will be referred to asw and l, respectively. This frequency range enables

capturing both low- and high-energy contributions, while the �ne step size ensures su�cient

sampling density for accurate numerical integration over the frequencies (! -integral) when

computing the Wightman function. The upper bound of̀ = 100 in angular momentum has

two objectives: The �rst is to ensure the convergence of the sum over angular momentum

(`-sum) when computing the Wightman function at two points that are out of coincidence

and not connected by null geodesics, i.e., where it is not expected to diverge. The second is

to smoothen the divergences that appear due to thè-sum when computing the Wightman

function at two points connected by a null geodesic, where divergences are expected. We

do not expect this method to be able to resolve the Wightman function near coincidence

or close to it since a very similar approach, used in [27] was not able to do it.

Outside the horizon the  �
!` modes and their derivatives were evaluated forr � 2

[� 4M; 24:4M ] in increments of0:2M ; inside the horizon, we sampled�r � 2 [� 14M; � 0:1M ]

with the same step size. For future convenience, these sets of values ofr � will be referred to

as r � and �r � , respectively. This computational e�ort generates approximately720million

data points, spanning the parameter space of! , `, and r � .

4.1.1 Ingoing modes

Applying the decomposition from Equation (4.1) to ~f in ;R
!`m yields

~f in ;R
!`m (x) = e � i!t  in ;R

!` (r ); (4.4)

where in ;R
!` is de�ned by asymptotic boundary conditions near the horizon (r � ! �1 )

and at in�nity ( r � ! 1 )

 in ;R
!` �

8
><

>:

T!` e� i!r � ; r � ! �1

e� i!r � + � in
!` ei!r � ; r � ! 1 :

(4.5)
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For computational convenience, we de�ne re-scaled modes satisfying

� in ;R
!` =

 in ;R
!`

T!`
�

8
><

>:

e� i!r � ; r � ! �1

�I !` e� i!r � + �� in
!` ei!r � ; r � ! 1 ;

(4.6)

where �I !` = T!`
� 1 and �� in

!` = T!`
� 1� in

!` . Throughout this text any mode re-scaled byT!`
� 1

will be classi�ed as transmission-normalized; for example,� in ;R
!` is transmission-normalized.

For r > r s, the � in ;R
!` (r ) solution to Equation (4.2) is expressed via the Ja�é series [53,

Section IV.A]

� in ;R
!` (r ) = e i!r

� r
r s

� 1
� � i!r s

� r
r s

� 2i!r s 1X

n=0

an!`

�

1 �
r s

r

� n

; (4.7)

where the coe�cients an!` obey the recurrence relation

an!` = �

 
� (n� 1)!` a(n� 1)!` + 
 (n� 1)! a(n� 2)!`

� (n� 1)!

!

; (4.8)

with initial conditions a0!` = e � 2i!r s , an!` = 0 for n < 0, and coe�cients

� n! = ( n + 1)( n + 1 � 2i!r s);

� n!` = 8( !r s)2 + 8i n!r s + 4i ! � `(` + 1) � 2n(n + 1) � 1;


 n! = ( n � 2i!r s)2:

(4.9)

The choicea0!` = e � 2i!r s ensures that

� in ;R
!` (r ) � e� i!r � ; r � ! �1 : (4.10)

Had we chosena0!` = 1, the solution would instead behave ase� i! (r � � 2r s ) in that limit.

The series is absolutely convergent forr 2 [r s; 1 ), and the convergence becomes slower

as r increases. A series representation for the derivative� in ;R
!`

0(r ) of � in ;R
!` (r ) is readily

obtained by di�erentiating Equation (4.7) with respect to r .

In practice, a numerical implementation truncates the series atn = ncut which intro-

duces a relative error in the real (� J
Re) and imaginary (� J

Im ) parts of � in ;R
!` (r ) estimated

by

� J
Re=Im =

�
�
�
�Re=Im

�

a(ncut +1) !`

�
1 � r s

r

� ncut +1
� �
�
�
�

�
�
�
�Re=Im

� ncutP

n=0
an!`

�
1 � r s

r

� n
� �
�
�
�

: (4.11)

An analogous error estimation is applied to the series representation of� in ;R
!`

0(r ).

To determine ncut for r � 2 [� 4M; 13M ], we evaluated the slowest-converging case

r � = 13M with ` = 0 and M! = 10, dynamically increasingncut until � J
Re < 10� 22

and � J
Im < 10� 22 for both � in ;R

!` and � in ;R
!`

0. A safety margin of two orders of magnitude

was applied to the convergence criteria (targeting 20 signi�cant digits, enforcing 22).

The same procedure establishedncut for r � 2 [13:2M; 24:4M ], with stricter thresholds of

� J
Re=Im < 10� 66 to safeguard 64-digit precision. Results are presented in Table 6.
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r � ncut  in ;R
10M � 1 ;0(r � ) Execution time (s)

13M 2298 � 0:3784442763432927 + 0:9256281869513429 i 0:05 s

24:4M 10183 0:4918333004999262 + 0:8706900301763171 i 0:25 s

Table 6 � Dynamically determined cuto� ncut and computed modes in ;R
!` (r � ) at the slowest-

converging points in each interval. Tabulated values are truncated to 8 signi�cant
digits; full precision was retained in calculations.

For the actual computation, we implemented these series in Mathematica using a

�xed ncut = 5000 to ensure at least20 signi�cant digits for r � 2 [� 4M; 13M ] and a �xed

ncut = 11000 for 64 signi�cant digits for r � 2 [13:2M; 24:4M ]. These distinct precision

levels re�ect computational priorities at di�erent stages of the project. The �xed number

of terms in the series reduces the small computational overhead caused by computing� J
Re

and � J
Im , which would be necessary to dynamically updatencut .

4.1.2 Upgoing modes

Similar to the treatment of the ingoing modes, applying the decomposition from Equa-

tion (4.1) to ~f up;R
!`m yields

~f up;R
!`m (x) = e � i!t  up;R

!` (r ); (4.12)

where up;R
!` is de�ned by asymptotic boundary conditions near the horizon (r � ! �1 )

and at in�nity ( r � ! 1 )

 up;R
!` �

8
><

>:

ei!r � + � up
!` e� i!r � ; r � ! �1

T!` ei!r � ; r � ! 1 :
(4.13)

For computational convenience we de�ne the transmission-normalized version of these

modes which satisfy

� up;R
!` �

8
><

>:

�I !` ei!r � + �� up
!` e� i!r � ; r � ! �1

ei!r � ; r � ! 1 ;
(4.14)

where �I !` = T!`
� 1 and �� up

!` = T!`
� 1� up

!` .

To compute � up;R
!` and � up;R

!`
0 numerically, we employed theNDSolve-based method

implemented in the ReggeWheeler Mathematica package from the Black Hole Perturbation

Toolkit (BHPToolkit)[ 26]. Speci�cally, the ReggeWheelerRadialcommand was executed

with 23 signi�cant digits for ! and r � in the interval r � 2 [� 4M; 13M ], and 32 signi�cant

digits for these parameters in the intervalr � 2 [13:2M; 24:4M ].

Unlike the Ja�é series method used for the ingoing modes�where truncation errors are

explicitly controlled via the cuto� ncut �the NDSolve-based approach relies on adaptive
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algorithms. Consequently, the precision in the resulting solutions and its derivatives can

only be coarsely estimated before evaluation. Therefore, post-testing is necessary to verify

the number of consistent signi�cant digits. A summary of these tests and their results is

presented in Section 4.3.

4.1.3 Inside modes

Similar to the treatment of the ingoing and upgoing modes, applying the decomposition

from Equation (4.1) to ~f R
!`m and ~f L

!`m yields

~f R
!`m (x) = e � i!t  ins

!` (r ) and ~f L
!`m (x) = e i!t  ins

!` (r ); (4.15)

where ins
!` is de�ned by the asymptotic boundary condition near the horizon (from inside,

�r � ! �1 )

 ins
!` (r ) � e� i! �r � ; �r � ! �1 : (4.16)

Unlike the ingoing ~f in ;R
!`m and upgoing ~f up;R

!`m modes, ~f R
!`m and ~f L

!`m share the same radial

dependence through ins
!` . This arises from the timelike nature of the interior tortoise

coordinate �r � , which causes hypersurfaces of constant�r � to become spacelike. Speci�cally,

the limit �r � ! �1 de�nes a hypersurface whose future domain of dependence is regionII

(black hole interior). Therefore, data on it uniquely determines ins
!` inside the black hole.

For r 2 (0; r s), the solution  ins
!` to Equation 4.2 is expressed via the Frobenius series:

 ins
!` (r ) = e � i! �r �

1X

n=0

bn!` (r � r s)n ; (4.17)

where the coe�cients bn!` obey the recurrence relation

bn!` =
2i(n � 3)!

n(n � 2i!r s)(r s)2
a(n� 3)!`

+
`(` + 1) � (n � 2)(n � 3 � 6i!r s)

n(n � 2i!r s)(r s)2
a(n� 2)!`

+
`(` + 1) � 5 � (2n + 1)( n � 3) + ( n � 1)6i!r s

n(n � 2i!r s)r s
a(n� 1)!` ;

(4.18)

with initial conditions a0!` = 1 and an!` = 0 for all n < 0. A series representation of

 ins
!`

0(r ) is straightforwardly obtained by taking the r -derivative of Equation (4.17).

While the Frobenius series can, in principle, be extended beyond the horizon, its radius

of convergence restricts its validity to0 < r < 2r s. The full derivation of the series is

presented in great detail in [54, Section 4.3].

Similarly to the Ja�é series for the ingoing modes, the Frobenius series is truncated

at n = ncut in numerical computations, introducing a relative error in the real (� F
Re) and

imaginary (� F
Im ) parts of the solution. These are estimated by

� F
Re=Im =

�
�
�Re=Im

h
b(ncut +1) !` (r � r s)

ncut +1
i �
�
�

�
�
�
�Re=Im

� ncutP

n=0
bn!` (r � r s)

n
� �
�
�
�

: (4.19)
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r � ! �1 Wronskian r � ! 1

2i! W
h

� in ;R
!` ; � in ;R�

!`

i
i2!

� �
�
� �I !`

�
�
�
2

� j �� in
!` j2

�

2i! �I !` W
h

� in ;R
!` ;  up;R

!`

i
2i! �I !`

� 2i!
� �

�
� �I !`

�
�
�
2

� j �� up
!` j2

�

W
h

� up;R
!` ; � up;R�

!`

i
� 2i!

2i! �� up
!` W

h
� up;R

!` ; � in ;R�
!`

i
� 2i! �� in �

!`

Table 7 � The Wronskian between combinations of� in ;R
!` , � up;R

!` and their complex conju-
gates in the limits r � ! �1 are presented.

An analogous approach was adopted for the error estimate in ins
!`

0(r ).

We implemented this series in Mathematica, dynamically increasingncut until � Re <

10� 18 and � Im < 10� 18 for all computations. A safety margin of two orders of magnitude

was applied to the convergence criteria (targeting 16 signi�cant digits, enforcing 18).

4.2 The Wronskian relations

The Wronskian of two solutions 1 and  2 to the Schrödinger-like equation (4.2) is

W [ 1;  2] =  1
d 2

dr �
�  2

d 1

dr �
: (4.20)

Since that equation has no �rst derivative term, Abel's theorem [55, Theorem 3.2.7]

guarantees thatW [ 1;  2] is independent ofr � . Leveraging this r � -independence, we

evaluate the Wronskians

W[ � in ;R
!` ; � in ;R�

!` ]; W[ � in ;R
!` ; � up;R

!` ]; W[ � up;R
!` ; � up;R�

!` ] and W[ � up;R
!` ; � in ;R�

!` ]

at the asymptotic boundariesr � ! 1 and r � ! �1 , using the boundary conditions

of the modes from Equations(4.6) and (4.14). The results are summarized in Table 7.

Additionally, we evaluated W[ � ins
!` ; � ins�

!` ] at �r � ! �1 using its boundary condition from

Equation (4.16) to obtain

W[ � ins
!` ; � ins�

!` ] = 2i !: (4.21)

The so-called Wronskian relations are derived by equating the Wronskian atr � ! �1

and r � ! 1 . These are summarized below:

1 =
�
�
� �I !`

�
�
�
2

�
�
�
� �� in

!`

�
�
�
2
; (4.22)

1 =
�
�
� �I !`

�
�
�
2

� j �� up
!` j2; (4.23)

�� up
!` = � �� in �

!` : (4.24)
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4.3 Reliability of the numerical solutions to the Schrödinger-like

equation

In this section the results obtained through the numerical procedures outlined in Section 4.1

are presented. For a matter of organization, we divided this exposition in four subsections,

each dedicated to a single group of results.

4.3.1 The ingoing modes

The � in ;R
!` modes and their derivatives were evaluated through a numerical implementation

of the Ja�é series with convergence controlled by an estimate of its remainder. To test

these results we computed the left-hand side (l.h.s.) of (see the �rst line of Table 7)

W
h

� in ;R
!` ; � in ;R�

!`

i
= 2i ! (4.25)

and compared with the right-hand side (r.h.s.). The largest relative error obtained in this

test was10� 20, hence, these modes and derivatives are consistent to20 digits, as originally

targeted.

4.3.2 The inside modes

Similarly to the � in ;R
!` modes analyzed in the previous subsection, the� ins

!` modes and their

derivatives were computed by a numerical implementation of the Frobenius series from

Equation (4.17) with precision controlled by an estimate of its remainder. To verify the

outcome of these numerical computations, we evaluated the l.h.s. of (see Equation(4.21))

W
h

� ins
!` ; � ins�

!`

i
= 2i ! (4.26)

and compared with its r.h.s. . The largest relative error obtained in this test was10� 16,

hence, the computed modes and derivatives are consistent to16 digits, as originally

targeted.

4.3.3 The upgoing modes

In contrast to the ingoing and inside modes, the� up;R
!` modes and their derivatives were not

computed via series expansions. Instead, they were obtained by solving Equation(4.2) using

the ReggeWheelerRadialcommand, which employs anNDSolve-based algorithm from the

ReggeWheelerMathematica package of the BHPToolkit [26]. This method introduces a

challenge in controlling output precision, as the number of correct signi�cant digits in the

results can only be estimated after the computation is complete. More precisely, the number

of signi�cant digits in the output as given by the commandPrecision[] is generally larger

than the number of correct signi�cant digits as estimated by the self-consistency tests that
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Figure 5 � The number of upgoing modes with a relative error larger than� in the
Wronskian test is plotted as a function of� .

will be described. Consequently, achieving the upgoing modes at a target precision while

ensuring self-consistency necessitates an iterative re�nement process.

In the �rst step, we computed the upgoing modes and their derivatives using23

signi�cant digits for the input to ReggeWheelerRadialover the ranger � 2 [� 4M; 13M ],

and 32 signi�cant digits for r � 2 [13:2M; 24:4M ]. In both cases, our intention was to obtain

approximately 16 correct signi�cant digits in the results. To test them, we evaluated the

left-hand side (l.h.s.) of (see the third line of Table 7)

W
h

� up;R
!` ; � up;R�

!`

i
= � 2i!

and compared it with the right-hand side (r.h.s.).

For r � 2 [13:2M; 24:4M ], the largest relative error in the Wronskians up tò = 88

was � 10� 12. For ` > 88, the largest relative error reached100. However, as will be argued

in Section 5.1.1, modes with̀ > 12 are exponentially damped by the smoothing function

adopted to regulate the`-sum.

For r � 2 [13:2M; 24:4M ], an initial analysis is illustrated in Figure 5, which shows

the number of Wronskians with a relative error greater than� , plotted as a function of� .

Speci�cally, we found that � 39%of the Wronskians had a relative error exceeding10� 11,

whereas only� 3% exceeded10� 9. The values of! and ` for these cases are shown in

Figure 6, where we see that the number of such cases increases with! and `, rising more

rapidly for ` & 70.
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Figure 6 � The values of! and ` of the upgoing modes with a relative error greater than
10� 9 in the Wronskian test are represented by small black rectangles.

To reduce the relative error of a given mode� up;R
!` (r ) and its derivative in the Wronskian

test, it is crucial to estimate the minimum number of signi�cant digits required in these

quantities to ensure a Wronskian with at leastn signi�cant digits. This can be reasoned

as follows:

Let � up;R
!` (r ) and its derivative be of order10� and 10� , respectively. The Wronskian

involves subtracting two terms, each formed by the product of the mode and its derivative

(i.e., of order 10� + � ). Considering the exact expression for the Wronskian (see Table 7)

and the frequency rangeM! 2 [10� 3; 10] in our dataset, the smallest Wronskian across all

frequencies is of order10� 3. To obtain a result of this magnitude from the subtraction

of two terms of order10� + � , a cancellation of� + � + 3 digits is expected. Therefore,

ensuring that � up;R
!` (r ) and its derivative have more than� + � + 3 signi�cant digits would

yield a Wronskian with at least one signi�cant digit across allr � , ! , and ` in our dataset.

Adopting a more conservative approach, we consider2max [�; � ]+3 instead of� + � +3

as the estimated number of signi�cant digits in � up;R
!` (r ) and its derivative, such that

it produces a Wronskian with at least one signi�cant digit across allr � , ! , and ` in

our dataset. This results in a higher estimate whenever� 6= � . This adjustment serves

the practical purpose of mitigating precision degradation, as theReggeWheelerRadial

command typically outputs solutions with fewer signi�cant digits than the input. By

overestimating the required input precision (through2max [�; � ] + 3), we create a safety

margin to help counteract this loss of precision. Furthermore, to guarantee at leastn

signi�cant digits in the Wronskian test we add n to this conservative estimate.
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Finally, to ensure that a given � up;R
!` (r ) and its derivative produce a Wronskian with

a relative error of at most 10� n � which is ensured to happen, provided that this

Wronskian have at leastn signi�cant digits� we estimate, based on the arguments

presented in the previous paragraph, the required number of signi�cant digits for the input

to ReggeWheelerRadialas

prec(!; `; r; n ) =
l
2 max

h
log10

�
�
� � up;R

!` (r )
�
�
�; log10

�
�
� � up;R

!`
0(r )

�
�
�
i

+ 3 + n
m

; (4.27)

where the ceiling function guarantees that the estimated number of signi�cant digits is an

integer value.

With this estimate at hand, consider the set of upgoing modes and their derivatives

n
� up;R

!` (r ) ; � up;R
!`

0(r ) j r � (r ) 2 [� 4M; 13M ] � r � ; ! 2 w ; ` 2 l
o

(4.28)

previously evaluated withm = 23 signi�cant digits in the input to ReggeWheelerRadial.

The re�nement process to ensure these modes pass the Wronskian test with a relative

error of order10� n proceeds as follows:

1. Let `0 2 l be a given value of̀ .

2. For each ! , let A(! ) = supf prec(!; ` 0; r; n ) j r � (r ) 2 r � g be the largest estimated

number of signi�cant digits across allr .

3. Since the current set of modes was produced by providingm signi�cant digits in

the input to ReggeWheelerRadial, only modes whereprec(!; `; r; n ) > m need

re�nement. The set of such modes for̀0 is

B (`0) =
n

� up;R
!` 0

(r ) j prec(!; ` 0; r; n ) > m ; r � (r ) 2 [� 4M; 13M ] � r � ; ! 2 w
o

:

4. For each � up;R
!` 0

(r ) 2 B(`0), recompute the mode and its derivative usingA(! )

signi�cant digits for ! and prec(!; ` 0; r; n ) digits for r .

5. Repeat for all other values of̀ 0 2 l.

In principle, we could select any value ofn and re�ne the existing results (initially

computed with m = 23 signi�cant digits in the input to ReggeWheelerRadial). However,

this is impractical due to two constraints: The number of modes that should be re-evaluated

(i.e., the size ofB) and the time required to re-evaluate each mode and its derivative

increase withn. On top of that, re�ning the modes with ` & 12 o�ers a diminishing return,

since these are exponentially suppressed by the smoothing function introduced in the

`-sum (See 5.1.1). A pragmatic choice based on the Wronskian test results isn = 9 as this

would require re-evaluating at most� 3% of the modes. To incorporate a safety margin, we

added 6 additional orders of magnitude, resulting inn = 15. However, re�ning all modes

up to ` = 100 would demand a prohibitively long computational time. Consequently, we
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restricted the re�nement process to modes with̀ � 29, the highest feasible value given

our computational resources and time constraints.

Prior to re�nement, 2; 481; 065(� 3%) Wronskians exhibited a relative error greater

than 10� 9. Among these,9; 489 corresponded to modes with̀ � 29. By executing the

re�nement process withn = 15, a total of 4; 864; 549modes with ` � 29 were re-evaluated

using input precisions ranging from24 to 280signi�cant digits. While the primary goal was

to correct the 9; 489modes, the conservative error margin of6 additional digits (n = 9 + 6 )

necessitated re�ning4; 864; 549 modes. After this process, all re�ned modes and their

derivatives produced Wronskians with relative errors below10� 9.

In the next step, we re-ran the Wronskian test exclusively for thè � 29 upgoing

modes and their derivatives of the complete dataset. We observed that3; 364Wronskians

still exhibited a relative error greater than10� 9. These modes were not addressed during

the re�nement process because their estimated required input precision (� 23 signi�cant

digits) fell within the original 23-digit precision already used. We �xed these3; 364modes

by re-evaluating them with 64 signi�cant digits in the input � despite the estimated

requirementprec(2:001M � 1; 7; � 0:6M; 15) = 23 � which reduced their relative error in

the Wronskian's relative error to below10� 30 for them.

Summarizing, all the radial upgoing modes and their derivatives yield a relative error

of at most 10� 9 within ` 2 f 0; 29g and 8! 2 w (the relevant regime for the numerical

method that will be presented in Section 5.1.1).

4.3.4 Scattering amplitudes

To evaluate the incidence amplitudes�I !` we used data from [27] which was produced

through an implementation of the Mano-Suzuki-Takasugi (MST) method [56], where the

EF modes obey a normalization di�erent from the ones we used up to now. Speci�cally, in

Section 3.3.1 we de�ned the incidence-normalized modes and in Sections 4.1.1 and 4.1.2

we introduced the transmission-normalized modes. The radial part of the EF modes in [27]

obeys the following boundary conditions

�� in ;R
!` �

8
><

>:

��T in
!` e� i!r � ; r � ! �1

��I in
!` e� i!r � + ��� in

!` ei!r � ; r � ! 1 ;
(4.29)

and

�� up;R
!` �

8
><

>:

��I up
!` ei!r � + ��� up

!` e� i!r � ; r � ! �1
��Tup

!` ei!r � ; r � ! 1 :
(4.30)

From the modes in this data, the transmission-normalized incidence amplitude�I !` was

calculated in two independent ways:

�I in
!` =

��I in
!`

��T in
!`

(4.31)
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and

�I up
!` =

��I up
!`

��Tup
!`

; (4.32)

which ideally produces equal results since the transmission-normalized modes share the

same incidence amplitude, i.e.,�I !` = �I in
!` = �I up

!` . For clarity, throughout this (and only

this) sub-subsection, the labels "in" and "up" will be included as superscripts in the

transmission-normalized incidence amplitudes to indicate whether they were evaluated

using Equation(4.31) or (4.32). Everywhere else in this text, these amplitudes will continue

to be denoted as�I !` .

The dataset from [27] did not include the values of�� up
!` or �� in

!` . Therefore, we evaluated

�� up
!` using the fourth line of Table 7, expressing it as

�� up
!` =

W
h

� up;R
!` ; � in ;R�

!`

i

2i!
: (4.33)

We computed this using the� in ;R
!` and � up;R

!` modes (and their derivatives) from our data

at r � = 13M as this is the farthest point from the horizon covered by our data1,2.

Finally, the �� in
!` amplitudes were derived from�� up

!` via the Wronskian relation in

Equation (4.24):

�� in
!` = � �� up�

!` : (4.34)

Consequently, we expect�� in
!` and �� up

!` to share the same number of correct signi�cant digits.

To test �I in
!` and �I up

!` we used the fact that they should be equal:

�I in
!` = �I up

!` : (4.35)

Hence, the relative di�erence between the l.h.s. and the r.h.s. of this equation provides an

estimate of the number of correct signi�cant digits in these amplitudes. For the re�ection

amplitudes, we performed two tests based on the Wronskian relations in Equations(4.22)

and (4.23). These tests consisted in evaluating the relative di�erence between the l.h.s.

and r.h.s. of
�
�
� �I up

!`

�
�
�
2

= 1 + j �� up
!` j2 (4.36)

and
�
�
� �I in

!`

�
�
�
2

= 1 +
�
�
� �� in

!`

�
�
�
2
: (4.37)

Across all ! and ` values in our dataset, the largest relative di�erences obtained when

testing �I in
!` and �I up

!` were � 10� 9. For �� up
!` and �� in

!` , the largest relative di�erences were
1 Unfortunately, it was only after evaluating these amplitudes that we extended our data up tor � = 24:4M .

We veri�ed that re-evaluating these amplitudes using these extended would potentially increase the
precision of the amplitudes up to three more orders of magnitude.

2 Due to the technique used when computing the� up ;R
!` modes and their derivatives, it is expected that

their number of correct signi�cant digits increases with r � because it results in solutions closer to
where the boundary conditions are set.
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� 101. In all cases, the smallest relative di�erence was� 10� 25. A detailed visualization of

the distribution of relative di�erences is shown in Figure 7.

The in�uence of ` on the frequency of relative errors� 10� 9 in these tests is shown

in Figure 8. From this �gure, we infer that most errors occur for̀ & 75, with a smaller

cluster near` � 20.

Finally, Figure 9 highlights the ! and ` values where the relative di�erence in the tests

exceeds10� 9. It reveals that the errors near` & 20 occur at largeM! � 10, while those

for ` & 75 are distributed across allM! values.

Summarizing, the ingoing and upgoing incidence amplitudes in our data are self-

consistent to a relative di�erence of at most10� 9 in the Wronskian test across the span of

! and ` in our data. The ingoing and upgoing re�ection amplitudes are self-consistent to

a relative di�erence of at most10� 9 in the Wronskian test for ` . 75 and M! . 9:3M ,

which covers more than enough the regime that is relevant for the numerical method that

will be presented in Section 5.1.1.
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Figure 7 � The number of relative di�erences larger than or equal to� in the tests of the
amplitudes is plotted as a function of� . The red dots refer to the ingoing and
upgoing incidence amplitudes; the green dots refer to the ingoing and re�ection
upgoing amplitudes; the blue dots refer to the incidence and re�ection ingoing
amplitudes. In order to provide a better visualization of overlapping data, we
plotted the points with di�erent sizes. Across the span of! and ` in our data,
the smallest relative di�erence for all amplitudes is� 10� 25. For the incidence
amplitudes, largest one is� 10� 9 and for the re�ection amplitudes it is � 101.
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Figure 8 � The number relative di�erences larger than or equal to10� 9 in the tests of
the amplitudes over all ! is plotted as a function of `. The red dots refer
to the ingoing and upgoing incidence amplitudes; the green dots refer to the
ingoing and re�ection upgoing amplitudes; the blue dots refer to the incidence
and re�ection ingoing amplitudes. In order to provide a better visualization of
overlapping data, we plotted the points with di�erent sizes. It can be seen that
most occurrences are localized in the region` & 75 with a smaller cluster near
` � 20.
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Figure 9 � The values of! and ` of the amplitudes that presented a relative di�erence
larger than or equal to10� 9 in the tests is presented. The red dots (mixed
with the green ones in the bottom right corner) refer to the ingoing and
upgoing incidence amplitudes; the green dots refer to the ingoing and re�ection
upgoing amplitudes; the purple dots refer to the incidence and re�ection ingoing
amplitudes. The color of overlapping dots is combined. This plot shows that
the occurrences around̀ � 20 happen only for largeM! � 10.
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5 Quantum correlations in a scalar �eld in the

Schwarzschild spacetime

In this chapter, we will apply the expressions of the Wightman function that were derived

for several setups in Section 3.4. Throughout, we will always considerx 2 S to be a �xed

point.

5.1 Outside the horizon

In this section, we consider both points to be outside the horizon, i.e.,x; x0 2 I .

5.1.1 The numerical method

To illustrate and justify the procedure we will use to compute the Wightman function in the

jB i (Boulware), jUi (Unruh) and jH i (Hartle-Hawking) states, we present a construction

of the computational method usingjB i as an example.

In terms of the radial modes de�ned in Section 4.1, the Wightman function from

Equation (3.74) is expressed as

W B (x; x0) =
1

(4� )2rr 0

1X

`=0

(2` + 1) P` (cos(
 ))
1Z

0

d!
!

e� i! � t

�
�
� �I !`

�
�
�
2

�
� in ;R

!` (r ) � in ;R�
!` (r 0)

+ � up;R
!` (r ) � up;R�

!` (r 0)
�
;

(5.1)

where� t = t � t0.

To evaluate this expression we split it in two parts: One involving ingoing modes,

W B
in (x; x0) =

1
(4� )2rr 0

1X

`=0

(2` + 1) P` (cos(
 ))
1Z

0

d!
!

e� i! � t

�
�
� �I !`

�
�
�
2

� in ;R
!` (r ) � in ;R�

!` (r 0); (5.2)

and another involving upgoing modes,

W B
up (x; x0) =

1
(4� )2rr 0

1X

`=0

(2` + 1) P` (cos(
 ))
1Z

0

d!
!

e� i! � t

�
�
� �I !`

�
�
�
2

� up;R
!` (r ) � up;R�

!` (r 0): (5.3)

The full Wightman function is obtained by evaluating and summing these contributions:

W B (x; x0) = W B
in (x; x0) + W B

up (x; x0) : (5.4)

To simplify the description of the numerical implementation we de�ne the auxiliary

functions:

Gin ;R;in ;R�
` (r; r 0; ! ) =

1

!
�
�
� �I !`

�
�
�
2

� in ;R
!` (r ) � in ;R�

!` (r 0) (5.5)
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and

Gup;R;up ;R�
` (r; r 0; ! ) =

1

!
�
�
� �I !`

�
�
�
2

� up;R
!` (r ) � up;R�

!` (r 0): (5.6)

For given values of̀ , r and r 0, these functions are evaluated for all! 2 w. Then, the

results are interpolated to obtain smooth functions over the domainM! 2 [10� 3; 10].

Throughout this process we use the Mathematica optionInterpolationOrder ! 8.

When selecting the interpolation order, it is critical to avoid extremes. Too small an

order fails to capture smooth variations between data points, while too large an order

introduces spurious oscillations near the interpolation limits due to Runge's phenomenon

because our data points are evenly spaced in! . Both scenarios can propagate errors during

subsequent integration steps and should be carefully mitigated.

As a �rst example, Figure 10 shows the interpolation results forr = r 0 � 6:009M and

` = 2 using interpolation orders8 and 45. Spurious oscillations are evident near the lower

limit M! = 10� 3 for the larger interpolation order. The reader might argue that this case

is special because bothGin ;R;in ;R�
` (r; r 0; ! ) and Gup;R;up ;R�

` (r; r 0; ! ) are real-valued due to

r = r 0. For this reason we present a second example withr � 6:009M; r 0 � 3:9M , and

` = 2 in Figure 11. In this example we observe that for the larger interpolation order the

spurious oscillations nearM! = 10� 3 persist even forr 6= r 0.

In addition to illustrating Runge's phenomenon, these �gures provide insight into

the convergence properties of the! -integral. As the low-frequency regimeM! ! 0 is

approached, we verify that both terms decay at least linearly with! for all cases in

Figures 10 and 11. At the other end, in the high-frequency regimeM! ! 1 , we con�rm

that the magnitude of both Gin ;R;in ;R�
` (r; r 0; ! ) and Gup;R;up ;R�

` (r; r 0; ! ) decays as! � 1, as

expected: In this limit, the e�ective potential in Equation (4.2) becomes negligible for

all r > r s implying that the � in ;R=up;R
!` (r ) modes behave as free waves and the decay of

the integrands is dictated by their oscillatory behavior with amplitude decaying as! � 1.

These two properties ensure the convergence of the! -integrals in Equations(5.2) and (5.3)

whenever� t 6= 0 or � t = 0 with r 6= r 0. The case� t = 0 with r = r 0 is more pathological

because in the high-frequency limit, the integrand scales as! � 1 without the oscillations

from e� i� t , causing the integral to diverge asln(! ) and some regularization technique

should be employed.

From a numerical perspective, there is a critical caveat regarding the convergence of

these integrals: accurate results require the cuto� frequencyM! cut (set to 10 in this work)

up to which the ! -integral ranges to be su�ciently large for the integrand to reach the

high-frequency asymptotic regime. The reason is that this regime marks the onset of the

oscillatory decay of the integrand (in the aforementioned cases). Once it is reached, the

integral presents residual oscillations that slowly diminishes towards its true value asM! cut

increases. This behavior is illustrated in Figure 12, where we integrateGin ;R;in ;R�
` (r; r 0; ! )

and Gup;R;up ;R�
` (r; r 0; ! ) for � t = 0; ` = 5; r � 6:009M; r 0 � 3:9M up to varying values of
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Figure 10 � The interpolated functions Gin ;R;in ;R�
` (r; r 0; ! ) (left) and Gup;R;up ;R�

` (r; r 0; ! )
(right) for r = r 0 � 6:009M and ` = 2, with interpolation orders 8 (blue)
and 45 (red-dashed). Oscillations nearM! = 10� 3 in the high-order (45)
interpolation are a classic manifestation of Runge's phenomenon.

M! cut .

In this �gure, we observe that the integrals begin to converge � oscillating around their

correct values � only after the high-frequency regime is reached. This regime initiates

once(M! )2 exceeds the peak value of the e�ective potential de�ned in Equation(4.2).

Since this peak is always located near3r s=2, a coarse estimate for the frequencyM! 1

marking the onset of the high-frequency regime is

M! 1 �
q

V e�
` (3r s=2) =

q
8 + 12`(` + 1)

9r s
: (5.7)

For ` = 5, used to produce Figure 12, this estimate yieldsM! 1 � 1, consistent with the

plots in this �gure.

It is important to remark that for ` � 52 the onset of the high-frequency regime

happens at frequencies larger than our cuto� frequency (M! 1 > M! cut = 10). As a

consequence, the! -integrals are not expected to converge accurately for` � 52. This issue

will be addressed during thè -summation and we defer its resolution until the summation

process is discussed. Conversely, Figure 12 reveals another important issue: The! -integral

converges visually very slowly even whenM! 1 (in this �gure, M! 1 � 1) is an order

of magnitude smaller thanM! cut . This is quanti�ed in Table 8, where the values of the

! -integrals are tabulated againstM! cut . The convergence is so sluggish that no consistent

signi�cant �gure can be reliably determined from the results.

To address the slow convergence, we multiply the integrands of Equations(5.2) and (5.3)

by a frequency-smoothing function� (!; ! 0) during the numerical integration process. While

these integrals are formally convergent without it, the frequency smoothing makes it faster
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Figure 11 � Real (top row) and imaginary (bottom row) parts of the interpolated functions
Gin ;R;in ;R�

` (r; r 0; ! )(left column) and Gup;R;up ;R�
` (r; r 0; ! ) (right column) for r �

6:009M; r 0 � 3:9M and ` = 2. Blue solid and red dashed lines correspond to
interpolation orders 8 and 45, respectively. Spurious oscillations nearM! =
10� 3 persist in both components when using an interpolation order of 45.

by suppressing high-frequency (! > ! 0) contributions, e�ectively acting as a window

function to accelerate numerical convergence.

While introducing � (!; ! 0) may appear ad-hoc, its use is physically motivated: the

Wightman function is a bi-distribution and must be smeared with a test function to yield

a physically meaningful quantity. This smearing re�ects the �nite resolution of measurable

quantities in realistic setups. For example, in models of point-like two-level quantum

systems (known as Unruh-DeWitt detectors), the temporal and spatial pro�le of the

interaction with the background quantum �eld inherently de�nes a test function � (!; ! 0),

which ensures faster integral convergence. A concrete example is seen in [1], which we will

analyze in detail in the next chapter.

To maximize the �delity (i.e., how much of the original bi-distribution behavior is

preserved) of the Wightman function evaluation acrossM! 2 [10� 3; 10], the frequency-
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Figure 12 � First row: Auxiliary functions Gin ;R;in ;R�
` (r; r 0; ! ) (left) and Gup;R;up ;R�

` (r; r 0; ! )
(right) for r � 6:009M; r 0 � 3:9M and ` = 5, plotted as functions ofM! .
Second row: Their! -integrals as functions of the cuto� frequencyM! cut .
Oscillations around the value towards which the integrals converge begin for
M! cut &

q
V e�

` (3r s=2) � 1, coinciding with the onset of the high-frequency
asymptotic regime as predicted by Equation (5.7).
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M! cut
R! cut

10� 3 Gin ;R;in ;R�
` (r; r 0; ! ) d!

R! cut
10� 3 Gup;R;up ;R�

` (r; r 0; ! ) d!

10� 2 4:14� 10� 26 3:44� 10� 13

10� 1 7:03� 10� 14 4:07� 10� 11

1 0:580� 0:009i � 0:001 + 0:009i

2 0:308 + 0:238i � 0:227� 0:238i

3 0:231 + 0:039i � 0:304� 0:039i

4 0:366 + 0:112i � 0:169� 0:112i

5 0:247: + 0:123i � 0:289� 0:123i

6 0:326 + 0:065i � 0:209� 0:065i

7 0:295 + 0:141i � 0:244� 0:0141i

8 0:287 + 0:069i � 0:249� 0:069i

9 0:320 + 0:123i � 0:215� 0:123i

10 0:271 + 0:094i � 0:264� 0:094i

Table 8 � Numerical values of the! -integrals of Gin ;R;in ;R�
` (r; r 0; ! ) and Gup;R;up ;R�

` (r; r 0; ! )
from M! = 10� 3 to M! cut for r � 6:009M ,r 0 � 3:9M and ` = 5. Despite the
early (compared toM! cut = 10) onset of the high-frequency regimeM! 1 = 1,
convergence is extremely slow, with no consistent signi�cant �gures obtainable.

smoothing function � (!; ! 0) should suppress high-frequency contributions while retaining

lower frequencies. Following [27], we adopt

� (!; ! 0) =
1 � erf(2(M! � M! 0))

2
; (5.8)

whereerf is the error function [48, Equation 7.2.1], and setM! 0 = 8:5. This smoothing

pro�le is illustrated in Figure 13. This choice suppresses frequenciesM! & 8:5, e�ectively

acting as a soft cuto� for larger frequencies. Consequently, the! -integrals for ` � 44 (where

M! 1 > 8:5) are not expected to converge accurately. This is because up toM! = 8:5

their integrands have not yet entered the asymptoticM! & M! 1 regime, where the

magnitude of the oscillatory integrand decays as! � 1 and the integral begins to converge

by oscillating around its correct value.

For completeness, Figure 14 replicates the analysis of Figure 12 but incorporates

the frequency-smoothing function from Equation(5.8). Notably, the amplitude of the

oscillations around the value towards which the integral is converging decays rapidly for

M! cut & 8:5. As summarized in Table 9, this allows us to extract results with three

signi�cant �gures for ` = 5.

We further veri�ed that for ` = 44, the integrals converge to at least one signi�cant

�gure within the current settings. Since the convergence of the! -integrals slows down
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Figure 13 � Pro�le of the smoothing function de�ned in Equation (5.8). For M! . 8, the
function is nearly unity (� � 1), making it transparent to lower frequencies. For
M! & 8:5, contributions are sharply suppressed. The transition region (8 <
M! < 8:5) is governed by the steepness of the error function in Equation(5.8).

with increasing ` (due to delayed onset of the! � 1 decay regime), we conservatively assert

that all integrals for ` � 44 converge to at least one signi�cant �gure, with up to three

achievable for lower̀ .

It is important to emphasize the inherent trade-o� of the frequency-smoothing technique

we are using: loweringM! 0 improves the precision (more signi�cant �gures) of the! -

integrals for the`-modes whereM! 1 < M! 0, but reduces the maximum̀ for which results

remain correct to at least one signi�cant �gure, asM! 1 increases with`. Conversely,

increasingM! 0 extends the range of̀ -modes that converge to at least one signi�cant �gure,

but sacri�ces precision (fewer signi�cant �gures) for lower`. For our choiceM! 0 = 8:5,

we balance these competing e�ects: ensuring integrals for` � 42 converge to at least one

signi�cant �gure while retaining up to three �gures for lower `.

We remark, however, that an increasing (�nite) number of̀ -modes does not guarantee

better results in the `-sum: Excessively manỳ-modes amplify the Gibbs phenomenon near

the singularities of the Wightman function, manifesting as spurious oscillations around

them. Examples of this behavior will be provided during the discussion of thè-sum

process.

When performing the numerical integration in Mathematica, we allow the software to

automatically select its integration strategy based on the integrand's structure. To optimize
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Figure 14 � First row: Functions Gin ;R;in ;R�
` (r; r 0; ! ) (left) and Gup;R;up ;R�

` (r; r 0; ! ) (right) for
r � 6:009M; r 0 � 3:9M and ` = 5, with frequency-smoothing (Equation(5.8)),
plotted as functions ofM! . Second row: Their! -integrals as a function of
the cuto� frequency M! cut . Due to the frequency-smoothing withM! 0 = 8:5,
the integrals converge rapidly forM! cut & 8:5.

computational speed, we setSymbolicProcessing to 0: generating Table 9 takes� 0:5s

with this setting versus � 11s without it. Furthermore, we con�gure PrecisionGoal to

10 andAccuracyGoal to 1 , instructing Mathematica to target a relative error of10� 10

during integrations.

However, Mathematica's internal error estimate does not re�ect the actual relative

error in the �nal result. As shown in Table 9, only three consistent signi�cant �gures are

achieved, despite the stringent precision settings. This discrepancy arises from unaccounted

systematic errors due to the residual oscillations in the integrand forM! & 8:5. As

previously commented, these could be ameliorated by reducingM! 0 (which also produces

the aforementioned side-e�ects). An alternative that would be free of these side-e�ects

would be to increase the values ofM! in our data which would allow for a largerM! cut .
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M! cut
R! cut

10� 3 Gin ;R;in ;R�
` (r; r 0; ! )d!

R! cut
10� 3 Gup;R;up ;R�

` (r; r 0; ! )d!

10� 2 4:14� 10� 26 3:44� 10� 13

10� 1 7:03� 10� 14 4:07� 10� 11

1 0:580� 0:009i � 0:001 + 0:009i

2 0:308 + 0:238i � 0:227� 0:238i

3 0:231 + 0:039i � 0:304� 0:039i

4 0:366 + 0:112i � 0:169� 0:112i

5 0:247: + 0:123i � 0:289� 0:123i

6 0:326 + 0:065i � 0:209� 0:065i

7 0:291 + 0:141i � 0:244� 0:0141i

8 0:288 + 0:069i � 0:247� 0:069i

9 0:285 + 0:110i � 0:250� 0:110i

10 0:285 + 0:109i � 0:250� 0:109i

Table 9 � Numerical values of the frequency-smoothed (Equation(5.8)) ! -integrals of
Gin ;R;in ;R�

` (r; r 0; ! ) and Gup;R;up ;R�
` (r; r 0; ! ) from M! = 10� 3 to M! cut = 10 for

r � 6:009M ,r 0 � 3:9M and ` = 5. With frequency-smoothing, the integrals
stabilize to three signi�cant �gures for M! cut > 8.

This integration protocol will be adopted throughout all calculations when both points

x and x0 are outside the black hole (r; r 0 > r s) and a very similar procedure will be used in

the other cases.

The �nal step involves performing the`-sum to evaluate both contributionsW B
in (x; x0)

and W B
up (x; x0), which are then combined to reconstruct the Wightman functionW B (x; x0).

As an initial test case, we evaluated thè-sum terms considering an angular separation of


 = �= 3 betweenx and x0. The results are plotted as a function of̀ in Figure 15. These

terms exhibit an oscillatory behavior with a slow decay in amplitude for̀ . 44, followed

by a much sharper decay for larger values of`.

This transition in the decay rate arises becauseM! 1 � the frequency scale marking

the onset of the asymptotic! � 1 decay of the amplitudes of the oscillations in the integrand

� exceeds the smoothing threshold M! 0 = 8:5 for ` & 44. Beyond this point, the ! -

integrals are systematically underestimated because they fail to resolve the local extreme

at M! � M! 1 that happens before the onset of the asymptotic! � 1 decaying regime.

Consequently, the frequency smoothing withM! 0 = 8:5 inherently imposes a corresponding

cuto� in the `-sum at ` � 44.

With that, we proceed to evaluate the`-sum up to `cut = 100 (the largest value of`

in our dataset). The results are tabulated in Table 10 and illustrated in Figure 16. The
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Figure 15 � Real part (blue), imaginary part (red), and magnitude (green) of thè -sum
terms for W B

in (x; x0) (left) and W B
up (x; x0) (right), computed for r � 6:009M ,

r 0 � 3:9M and angular separation
 = �= 3. The abrupt decay for ` & 44
re�ects the frequency smoothing withM! & M! 0 = 8:5 (Equation (5.8)). For
the `-modes with` & 44 the onset of the high-frequency decaying behavior
is not achieved becauseM! 1 > M! 0 = 8:5, resulting in systematically
underestimated! -integrals.

summation exhibits an oscillatory behavior, with amplitude decaying as̀cut increases. This

decay accelerates sharply beyond the soft cuto� (inherited from the frequency-smoothing)

at ` � 44, consistent with the behavior of the summand shown in Figure 15.

To estimate the relative error introduced by truncating the`-sum at `cut , we compute

the relative di�erence between successive partial sums (at`cut and `cut + 1). This error

oscillates around10� 1 for `cut . 44, then decays rapidly for larger̀ cut . However, this decay

is misleading: for`cut & 44 the ! -integrals themselves lose accuracy (they are accurate to

at least one signi�cant �gure for ` � 44), rendering the error estimates unreliable on this

interval. The relative error approaching zero at largècut re�ects numerical underestimation

of contributions from ` & 44 rather than true convergence.

Thus, with the current technique, the`-sum should be trusted only to one signi�cant

�gure, given the 10� 1 estimated relative error in the non-underestimated contributions to

the `-sum (̀ � 44).

Given these caveats, we proceed to evaluate the Wightman function. To optimize

e�ciency, we reverse the computational order: instead of �rst computing the! -integrals

and then performing the`-sums, we �rst perform the`-sum and subsequently compute

the ! -integral over the summed result. For the current example, this reordering yields

results identical to those in Table 10, validating the consistency of the approach.

This reordering provides a substantial computational speedup: for each pair of pointsx

and x0, evaluating the Wightman function now requires only a single! -integral over the



Chapter 5. Quantum correlations in a scalar �eld in the Schwarzschild spacetime 74

Figure 16 � First row: Real (blue) and imaginary (red) parts of the`-sums forW B
in (x; x0)

(left) and W B
up (x; x0) (right), computed for r � 6:009M , r 0 � 3:9M and


 = �= 3. Second row: Estimated relative errors in thè -sums (real part
in blue, imaginary part in red). As could be anticipated from Figure 15,
the relative errors decay rapidly for`cut & 44, aligning with the frequency-
smoothing with M! 0 = 8:5. Discontinuities in the error curves arise from
numerical cancellation of all signi�cant digits at large`cut . Crucially, the
! -integrals are accurate to at least a signi�cant �gure only for̀ . 44. Beyond
this, the apparent decay in relative error re�ects a systematic underestimation
of the ! -integrals, not true convergence. Thus, thè-sum for `cut = 100 should
be interpreted as accurate to a single signi�cant �gure, since the estimated
relative error in this sum oscillates around10� 1 up to `cut = 44, where the
! -integrals are accurate.
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W B
in (x; x0) W B

up (x; x0) W B (x; x0)

0:000390� 0:000283i 0:000398 + 0:000283i 0:000788

Table 10 � Numerical values ofW B
in (x; x0), W B

up (x; x0), and W B (x; x0) for r � 6:009M ,
r 0 � 3:9M and angular separation
 = �= 3. Results are truncated to three
signi�cant �gures � Although they should be trusted only to a single signi�cant
�gure, as the `-sum converges to a relative error of10� 1 when summing
up to ` = 44 (the largest value of` with at least a signi�cant �gure after
! -integration). The absolute error introduced by the integration process is
� 10� 13, corresponding to a relative error of� 10� 10. Despite the high internal
precision, systematic errors due to underestimation of the! -integrals for ` & 44
restrict the results a single signi�cant �gure.

`-summed integrand, rather than100separate integrals (one per̀-mode). This reduces

both runtime and numerical complexity while preserving accuracy within the established

error bounds.

Following the outlined method, we proceed to evaluateW B (x; x0) for the points

x = ( t = � 7:4M; r � = 7:4M; � = 0; ' = 0) (5.9)

and

x0 = ( t0; r 0
� = 3:8M; � 0 = 0; ' 0 = �= 3); (5.10)

wheret0 varies from� 147:4M up to 132:6M , resulting in a time separation� t = t � t0

spanning � 140M � � t � 140M . The parameter t0 is sampled in increments of0:1M ,

yielding 2,801 data points.

These points are visualized in Figure 17, shown in both Eddington-Finkelstein and

Penrose diagrams.

The computation required 2 minutes to perform the interpolations and approximately

48 minutes to evaluate all 2,801 distinct! -integrals. The results, shown in Figure 18, reveal

several key features. First, the magnitude of the Wightman function exhibits an overall

decaying trend asj� t=M j increases, re�ecting the intuitive expectation that correlations

diminish with increasing spacetime separation betweenx and x0. Superimposed on this

decay are localized structures: sharp peaks and valleys (zeroes in the Wightman function,

emphasized by the logarithmic scale), surrounded by an oscillatory behavior.

The localized structures in the Wightman function likely arise from its singularities,

which are smeared by the combined e�ect of the frequency-smoothing and the hard

cuto�s ( M! cut = 10 for the ! -integral and `cut = 100 for the `-sum) procedures. These

singularities occur when� (x; x0) = 0 1, i.e., whenx and x0 are connected by a null geodesic

(See Subsection 3.4.1). To con�rm this, we computed the null geodesics connectingx and
1 Here we refer to an extension of Synge's world function beyond a normal neighborhoodN (x) of x, as

constructed in [47].
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Figure 17 � Spacetime points used to evaluateW B (x; x0) in the �rst numerical example.
Left: Eddington-Finkelstein diagram. Right: Penrose diagram. Purple dot:
Fixed point x = ( t = � 7:4M; r � = 7:4M; � = 0; ' = 0) . Orange dots:
x0 = ( t0; r 0

� = 3:8M; � 0 = 0; ' 0 = �= 3), where t0 varies from � 147:4M to
132:6M in steps of0:1M . The points x and x0 lie on distinct azimuthal planes
(' = 0 vs. ' 0 = �= 3), hence, no radial null geodesic connects them.

x0 at an angular separation
 = 3� after N 2 N half-orbits (with N = 0; 1; : : : ; 8) by

numerically solving the geodesic equations(2.24). The �rst �ve of these null geodesics are

depicted in Figure 20 and connectx and x0 at di�erent values of coordinate time separation

� t = t � t0.

By overlaying these� t values as vertical lines on the Wightman function we produced

Figure 19, where we observe alignment between� t on the computed null geodesics and

the localized structures (except zeroes). This o�ers an evidence that these structures are

the smeared singularities ofW B (x; x0), predicted to happen whenx and x0 are light-like

connected (See 3.4.1).

If the aforementioned sharply localized structures in the Wightman function correspond

to its singularities, then the oscillatory behavior around them is expected: these singularities

cause discontinuities in the unsmeared Wightman function (and steep variations in the

smeared version). Such features are encoded in arbitrarily high-` modes of the spherical

harmonics expansion of the unsmeared Wightman function (or modes with large-but-�nite

` in the smeared version). However, the soft cuto� in thè -sum at ` = 42, induced by the

! -smoothing procedure, e�ectively dampens the contribution from arbitrarily high-̀ modes,

preventing these features near the singularities to be resolved. This introduces spurious

oscillations around the smoothed singularities, analogous to the Gibbs phenomenon in

Fourier analysis.

While the results remain mathematically consistent, these oscillations obscure the

precise nature of the singularities (and the behavior of the Wightman function around

them). For example, it becomes challenging to distinguish whether a sharp peak corresponds

to a delta-function singularity (� (� )), a principal value distribution (P:V:
�

1
�

�
) or another
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functional form.

These spurious oscillations can be mitigated by introducing an explicit soft cuto� in

the `-sum. Speci�cally, we dampen high-̀ modes by multiplying the summand with a

Gaussian window function:

�(`; ` 0) = e � `2=(2`2
0 ) ; (5.11)

where`0 = 12, following the methodology of [27]. This suppresses such oscillations while

preserving the localized structures associated with singularities. The results, shown in

Figure 21, clearly demonstrate reduced noise and clearer resolution of the behavior near

the smoothed singularities.

However, this approach introduces another trade-o�: the overall magnitude ofW B (x; x0)

is slightly reduced, and its localized structures are blurred over broader intervals. This

loss of sharpness re�ects the inherent tension between numerical stability and resolving

singular features in truncated mode sums. In short, increasing`0 improves the sharpness

of the singularities at the cost of including spurious oscillations due to Gibbs phenomena.

On the other hand, the onset frequency of the asymptotic decay of the integrand is

M! 1 � 2:4M for ` = 12, implying that the most relevant contributions to the `-sum will

come from more accurate! -integrals when using̀ 0 = 12. That is, decreasing̀ 0 improves

the overall convergence, increasing the number of consistent signi�cant digits available

after the `-sum. Speci�cally, for ` = 12, the ! -integrals converge to two signi�cant �gures

in the case where� t = 0 (this takes x and x0 closer to coincidence and is likely to converge

slower). Therefore, in this approach it is reasonable to conservatively assume that the

results for the `-sum are correct to two signi�cant �gures.

While the logarithmic scale in Figure 21 enhances the visibility of localized structures

after `-smoothing, it obscures the sign of the real and imaginary parts ofW B (x; x0) ��

crucial information for verifying whether these structures correspond to the light-crossing.

To address this issue, we generated linear-scale plots with adjusted ranges to resolve

behavior near each localized structure. The results for the real and imaginary parts of

W B (x; x0) are shown in Figures 22 and 23, respectively. These plots reveal a behavior

consistent with the predicted singularity structures in Equations(3.55)and (3.56). Both the

location and functional form of the structures align with expectations, strongly suggesting

that they represent the smoothed singularities of the Wightman function. Given these

evidences, we �nd it reasonable to assume that this is the case from now on.

It is interesting to notice the distinct behaviors (away from the singularities) in the

Real and Imaginary parts of the Wightman, which become clear for� t=M & 110: The

imaginary part is linearly decreasing with� t=M (and its magnitude is also decreasing, as

it asymptotes to zero) while the real part linearly increases with� t=M (and its magnitude

also decreases, since it is a negative number that is asymptoting to zero).

To �nish this exposition we remark that despite the complications related to caustics

for angular separations
 = 0 and 
 = � , where the numerical evaluation of the mode-sum
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Figure 18 � Absolute value of the real (top) and imaginary (middle) parts ofW B (x; x0)
for x = ( t = � 7:4M; r � = 7:4M; � = 0; ' = 0) and x0 = ( t0; r 0

� = 3:8M; � 0 =
0; ' 0 = �= 3), plotted as a function of � t = t � t0. Bottom: Magnitude of
W B (x; x0). The decay with increasingj� t=M j re�ects diminishing quantum
correlations with increasing spacetime separations. The sharp peaks align
with light-like connections betweenx and x0 (see Figure 19), as discussed in
Section 3.4.1.
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Figure 19 � The plots from Figure 18 overlapped with dashed vertical lines marking the
values of� t wherex and x0 are connected by null geodesics. These align with
the sharp structures in the Wightman function plots, re�ecting its singularity
structure (Section 3.4.1).
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Figure 20 � Orbiting null geodesics (colored curves) connectingx at r � 6:009M (solid
black circle) to x0 at r 0 � 3:9M (dashed black circle) at an angular separation
of 
 = �= 3. The black dots represent the pointsx and x0. Each geodesic
completesN 2 N half-orbits around the black hole before connectingx and
x0. Legend showsj� tj = jt � t0j for each geodesic. These values align with the
localized structures in Figure 19. Including larger values ofN would crowd
the plot without adding insight on the behavior of these null geodesics. For
this reason we decided not to include them (N = 5; 6; 7; 8) here.

expansion of the Wightman function is not expected to behave well due to enhanced

singularities (See [47]), we were able to reproduce the results for these angular separations

presented in Figure 13 of [57]. Our results are presented in Figure 24. Slight di�erences

between our results and those of [57] are expected because they user = 6M with a gaussian

source while we user � 6:009M with a delta source. Our method is not able to resolve

the behavior near� t=M = 0, which is expected since this implies that we are trying to

take the coincidence limitx0 ! x, where the mode-sum expression we use diverges.

Despite being done as an example of the method, this calculation is already interesting:

To the best of our knowledge, this is the �rst time that the two-fold singularity structure

of the real part of the Wightman function is exposed for points on caustics. In [57] only

the Retarded Green Function (which depends only on the imaginary part of the Wightman

function, see Equation(3.50)) was evaluated. The shape of the singularities in the real part

are mirrored images of the shape of the singularities in the imaginary part. For instance,

in the �rst singularity, the imaginary part presents a shallow minima followed by a larger
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Figure 21 � Absolute value of the real (top) and imaginary (middle) parts ofW B (x; x0)
for x = ( � 7:4M; 7:4M; 0; 0) and x0 = ( t0; 3:8M; 0; �= 3), plotted as a function
of � t = t � t0. Bottom: Magnitude of W B (x; x0). These plots were produced
using the `-sum smoothing function from Equation(5.11). Dashed vertical
lines mark the values of� t wherex and x0 are connected by null geodesics.
These align with sharp structures (except zeroes) in the Wightman function,
re�ecting its singularity structure (See Section 3.4.1). Compared to Figure 19,
we are now able to see the behavior of the singularities without spurious
oscillations contaminating its surroundings.
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Figure 22 � The Real part of the Wightman function is plotted as a function of� t=M
from � t=M = 0 to � t=M = 140. In each of the plots, vertical lines mark the
value of � t=M for which a null geodesic connectsx to x0 after N half-orbits
around the horizon. Notice how the singularities agree with the singularity
structure described in Equation(3.55). It is also interesting to notice the
roughly linear behavior for large� t=M (& 110) in our case.

maxima while the real part presents a deep maxima followed by a smaller minima. This

relation holds for the next singularities in the plots.

However, given the complications related to the singularities at caustics, further

investigation is necessary to tighten the mathematical background of this result. Such

study is relegated to future works.

The method developed in this section will be used, with minor adjustments(to be

mentioned as needed), throughout all calculations of the Wightman function and related

quantities.

5.1.2 Maps of the Wightman function for the Unruh, Boulware and Hartle-

Hawking states

The expression of the Wightman function for Boulware state in terms of the radial modes

de�ned in Section 4.1 was already presented in Equation(5.1). Performing a similar
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Figure 23 � The Imgarinary part of the Wightman function is plotted as a function of
� t=M from � t=M = 0 to � t=M = 140. In each of the plots, vertical lines
mark the value of � t=M for which a null geodesic connectsx to x0 after N
half-orbits around the horizon. Notice how the singularities agree with the
singularity structure described in Equation(3.55). It is also interesting to
notice the roughly linear behavior for large� t=M (& 110) in our case.

calculation for the Wightman function of the Unruh (Equation (3.77)) and Hartle-Hawking

(Equation (3.89)) states, we obtain

W U (x; x0) =
1

(4� )2rr 0

1X

`=0

(2` + 1) P` (cos(
 ))
1Z

0

d!
!

1
�
�
� �I !`

�
�
�
2

"

e� i! � t � in ;R
!` (r ) � in ;R�

!` (r 0)

+
1

2 sinh(2�!r s)

 

e� i! � te2�!r s � up;R
!` (r ) � up;R�

!` (r 0) + e i! � te� 2�!r s � up;R�
!` (r ) � up;R

!` (r 0)

!#

(5.12)
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Figure 24 � The Retarded Green Function on caustic points atr = r 0 on 
 = � . First
row: A log-scale plot of the absolute value of the RGF as a function of� t=M .
Second row: The �rst and second (N = 0 and N = 1) singularities. Third row:
The third and fourth ( N = 2 and N = 3) singularities. The plot in the �rst
row presents the same behavior of its equivalent in the �rst row of Figure 12
in [57]. The plots in the second row also match their equivalents, in the third
row of of Figure 12 in [57].
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Figure 25 � The Real part of the Wightman Function on caustic points atr = r 0 on 
 = � .
First row: A log-scale plot of the absolute value of the Wightman function as
a function of � t=M . Second row: The �rst and second caustic echoes. Third
row: The third and fourth caustic echoes. To the best of our knowledge, this
is the �rst time that these singularities on the Real part of the Wightman
function are exposed for caustic points.
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and

W H (x; x0) =
1

(4� )2rr 0

1X

`=0

(2` + 1) P` (cos(
 ))
1Z

0

d!
!

1
�
�
� �I !`

�
�
�
2

1
2 sinh(2�!r s)

�

" 

e2�!r s e� i! � t � in ;R
!` (r ) � in ;R�

!` (r 0) + e � 2�!r s ei! � t � in ;R
!` (r ) � in ;R�

!` (r 0)

!

+

 

e2�!r s e� i! � t � up;R
!` (r ) � up;R�

!` (r 0) + e � 2�!r s ei! � t � up;R�
!` (r ) � up;R

!` (r 0)

!#

:

(5.13)

All terms in these integrals are similar to the ones in the expression for the Boulware

state. Consequently, these integrals converge at least as fast as the ones for the Boulware

state in the large-frequency limit. To understand why, notice that

lim
! !1

e� 2�!r s

2 sinh(2�!r s)
= 0; (5.14)

which cause the terms it multiplies to decay faster than those of the Boulware state, and

lim
! !1

e2�!r s

2 sinh(2�!r s)
= 1; (5.15)

producing no e�ect with respect to the convergence of the integrals in the large-frequency

limit. Hence, the integrals for the Unruh and Hartle-Hawking states converge at least as

fast as those one of the Boulware state in this limit.

On the other end, in the low-frequency limit

e� 2�!r s

2 sinh(2�!r s)
=

1
4�r s!

+ O(! 0): (5.16)

At �rst sight it might seem to be a problem due to the diverging! � 1 behavior as! ! 0.

However, the integrals remain regular in this limit because they consist ofGin ;R;in ;R�
` (! )

and Gup;R;up ;R�
` (! ) (both of these scale at least as! 1 in the low-frequency limit, as can

be seen, for instance, in Figure 11) multiplied by this factor. Therefore, the integrals for

the Unruh and Hartle-Hawking states Wightman functions have the same convergence

properties as the one for the Boulware state. We remark that this convergence analysis

holds as long asx and x0 are not connected by a null geodesic (a case where a singularity

is known to appear) or at coincidence, where the large-frequency behavior is pathological.

With that, we proceed to evaluate the Wightman function for these states on several

surfaces of constantv0-coordinate to obtain a picture of the correlations across di�erent

regions of the spacetime. Speci�cally, we �x the base pointx = ( v = 0M ; u = � 14:8M; � =

0; ' = 0) and consider pointsx0 at an angular separation of
 = �= 3 with respect to x.

We vary the EF-coordinatesv0 and u0 of x0 from v0 = � 100M up to v0 = 100M in steps of

� v0 = 1M . For eachv0, we vary u0 = v0 � 2r 0
� using all values ofr 0

� in our dataset. The

result is the mesh of28; 743points, represented in both an Eddington-Finkelstein and a

Penrose diagram in Figure 26.
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