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Abstract

A single field matter bounce with an exponential potential is numerically studied.

The quantum bounce prescribed when the kinetic term dominates the evolution

of the background was already demonstrated in the literature. To form a com-

plete background, the quantum bounce is matched with the classical exponential-

potential-driven evolution, which presents a past matter repeller. This configura-

tion allows two possible mutually excluding scenarios: case A, in which a Dark

Energy (DE) epoch is present in the contraction phase and case B, in which DE

is present in the expansion phase. The latter is used as the background to study

cosmological perturbations. The evolution of the primordial scalar and tensor

modes from vacuum initial conditions shows a consistent power spectra with the

right amplitudes, tensor-to-scalar ratio and spectral index.

Since bounce cosmologies may suffer from the growth of anisotropies during

the contracting phase, a matter bounce driven by a Galileon scalar field with an

ekpyrotic potential is studied. Previous studies with this model claims that the

final background dynamics suppresses the anisotropy growth. In the last part of

this work, numerical solutions are obtained and they reveal a richer dynamics for

the background, which contains one, two or even three bounces depending on the

initial conditions and in the amount of anisotropy.

Keywords: bounce, matter bounce, dark energy, primordial perturbations, quan-

tum gravity, quantum bounce.
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Resumo

No presente trabalho são abordados dois problemas ligados a cosmologia de

ricochete: as perturbações primordiais em modelos contendo uma fase de energia

escura e o crescimento instável de anisotropias na fase de contração.

Na primeira parte é estudado numericamente um modelo de ricochete constituído

de um campo escalar com potencial exponencial. O ricochete é produzido por

correções quânticas quando o termo cinético domina a dinâmica do campo. Essa

configuração permite dois cenário mutuamente excludentes: no primeiro, a energia

escura está presente na contração, e no segundo, a energia escura está presente na

expansão. O último caso constitui o fundo usado para se estudar as perturbações

cosmológicas primordiais, cujo espectro obtido numericamente é coerente com

os limites observacionais no que diz respeito à amplitude, razão tensor-escalar e

índice espectral.

No entanto, modelos de ricochete podem apresentar crescimento instável de

anisotropia. Na segunda parte do trabalho são estudados modelos de fundo

contendo um, dois ou mais ricochetes no contexto dos chamados “New Ekpy-

rotic scenarios”, todos contendo inicialmente uma anitropia não nula, porém

convergindo em uma fase de expansão final isotrópica. Esses cenários ainda não

vistos na literatura ajudam a vincular o espaço de parâmetros do modelo, e são

cruciais para um estudo futuro das perturbações cosmologicas.

Palavras-chave: ricochete, ricochete de matéria, energia escura, perturbações

primordiais, gravidade quântica, ricochete quântico.
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1Introduction

Non-singular bounce models have been extensively studied as an alternative to

the Big Bang paradigm, since they avoid the initial singularity and address other

puzzles of ever-expanding cosmologies, which are approached by the inflation-

ary epoch in the standard cosmological model. A typical bouncing Universe is

characterized by one or many contraction/expansion sequences connected by the

bounce period that is trigged by corrections of gravity at high energy scales or

non-canonical scalar fields [1, 2, 3, 4].

Despite the fact that inflation has not yet a fundamental physics behind it, a

simple slow-roll prescription for the “inflaton” scalar field is enough to amplify

the quantum vacuum fluctuations after the Big Bang, thus giving rise to an almost

scale invariant adiabatic power spectrum in high agreement with the CMB [5]. It

is a challenge for bounce cosmologies to reproduce such results, and many models

have been scrutinized over the years in order to provide a competitive scenario

to be confronted with observations, thereby discarding or constraining bouncing

cosmologies.

That goal has not been accomplished so far, and many questions remain to be

answered in order to have a realistic model. The present work addresses two

key aspects for a viable scenario: the primordial power spectrum in a matter

bounce model containing a DE epoch at late times, and the claimed solution

of the anisotropy problem by means of an ekpyrotic contraction, aspects whose

motivations will be clarified in the next lines. The results presented here were

published under Refs. [6] and [7], which will be the guide lines for the further

developments.

The expansion history probed by current observations presents an accelerated

expansion credited to the existence of a DE component, only relevant when the

scale factor has increased about 7 e-folds from the last scattering surface. Whether
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DE is a cosmological constant or a quintessence field, it should be present during

the contraction phase in a bouncing Universe, in which it would be also relevant

at a certain energy scale maybe impacting in the final power spectra. The role of

DE in the contraction phase has previously been discussed in Refs. [8, 9, 10, 11,

12, 13].

In particular, the scalar and tensor perturbations were analyzed in Ref. [11] for

the case of a cosmological constant and a non-negligible dependence of the scalar

spectral index with the wave-number was observed. However, the cosmological

constant spoils the past Minkowski vacuum. In the Ref. [11], the initial condition

are set in a transient matter domination epoch, which is not a robust solution.

The aforementioned result motivates the search for a DE model with a transient

equation of state. This is the case, for instance, when the exponential potential

is prescribed for a canonical scalar field. The final phase space in spatially flat,

homogeneous and isotropic Universe contains critical points, that can be set to

produce a matter epoch in the far past of the contraction phase, and also presents

a transient DE epoch [14, 15, 16, 17]. This is the starting point for the background

model studied in Ref. [7] and discussed in the Chapters 2 and 3.

The past matter dominated epoch, which provides the necessary Minkowsky

vacuum fluctuations as the origin of the primordial perturbation, also produces

scale invariant perturbations if the modes enter the Hubble radius during the

matter domination epoch [18, 19, 20, 21].

Bounce models with an epoch of matter domination during the contraction phase

are often called “matter bounce” models [22, 23, 3], and they have been extensively

studied in the literature in the past 15 years as a promising alternative to the Big

Bang/Inflation scenario, as they provide scale-invariant spectrum of cosmological

perturbations. However, it was claimed that they may present a “non-go” theorem

in what concerns primordial perturbations: small non-Gaussianities and a small

scalar-to-tensor ratio are incompatible features if GR is valid during the bounce

[24, 25, 26].
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In Chapter 4, the dependencies of the primordial power spectra will be carefully

studied in the context of a matter bounce driven by a canonical scalar field with an

exponential potential, which contains a transient DE epoch. The calculations will

be performed without any approximations, since the single scalar field model can

drive the bounce if quantum corrections of gravity are considered. Therefore, the

main difference with respect to the previous approaches is the quantum bounce.

Known cosmological solutions obtained with the use of the De Broglie-Bohm

formulation of quantum mechanics [27] can be applied to the studied system,

since the classical contraction and expansion phases happens when the kinetic

term dominates the scalar field dynamics. Those results are valid for scales above

102 - 103 Planck lengths, for which the canonical quantization of GR may be an

effective limit of more fundamental theories of quantum gravity.

Due to the quantum bounce, two scenarios come up when using the exponential

potential: in one, the DE epoch happens during the contraction phase, in the

other, the DE epoch happens during the expansion phase. Since they are mutually

excluding scenarios, only the last one is a viable model. Therefore, the final

scenario is a matter bounce with a future DE epoch and the results obtained in

Chapter 4 are even more general than initially expected.

The rigorous numerical calculations performed showed that the quantum bounce

boosts the scalar modes, hence providing a tensor-to-scalar ration within the

observational limit, which is a scenario not yet envisaged in the literature for a

bounce model containing a DE epoch. Also, the strong influence of the matter

epoch duration in the amplitudes had not yet been explored numerically, as

performed in Chapter 4. Those are new findings and correspond to the main

contribution of the present work.

Even though they provide a tempting scenario for the growth of the primordial per-

turbation, small anisotropy fluctuations may tend to grow and even dominate over

the other regular matter components, leading to the so-called Belinsky, Khalatnikov

and Lifshitz (BKL) instability [28, 29, 30, 31].
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The current mechanism studied in the literature to suppress the growth of anisotropies

is inspired in the Ekpyrotic model, which is an effective 4 dimensional model from

multi-dimensional brane theory of gravity [32]. The induced 4 dimensional dy-

namics is consistent with the domination of a scalar field with a negative potential,

which dynamically overcomes the anisotropy contribution, avoiding the instability

[33, 3].

In Chapter 5 the model proposed in [33] is studied. The proposed scenario

consists of a matter field with a non-canonical scalar field, which possess an

ekpyrotic potential and a Galileon coupling with gravity. In that so-called “New

ekpyrotic” model the possible outcomes from a variety of initial conditions are

found numerically and present still unforeseen multiple bounce solutions [6]. The

high non-linearity of the equations together with the presence of a small amount of

initial anisotropy allows for rich dynamics and for all cases the final ever expanding

isotropic phase may be indistinguishable. Those findings are crucial to discuss the

viability of the ekpyrotic mechanism in suppressing the anisotropic stress.

In the following developments ~ = c = 1, the reduced Planck mass MPl ≡ 1/κ ≡

1/
√

8πG and the metric with signature is (+,−,−,−).
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2Standard cosmology and

bounce models

In the year of 2015, Einstein’s theory of gravity, General Relativity (GR), completed

100 years. One year later, LIGO and VIRGO collaborations made history when they

finally detected GR’s ultimate prediction: the gravitational waves [34]. The many

successes of GR in the face of observations makes it the ground of Cosmology

allowing scientists to build models that describe the Universe and to confront those

models with the available cosmic data.

Observables of large scale distances, such as supernovae type Ia (SNIa) [35, 36],

baryon acoustic oscillations (BAO) [37], and the background cosmic microwave

radiation (CMB) [38, 39] point to a Universe highly homogeneous and isotropic.

Particularly, SNIa data shows a recent accelerated expansion that cosmologist

attribute to the existence of an exotic energy component, named Dark Energy (DE).

The DE is responsible for approximately 70% of the nowadays energy density and

it has an equation of state estimated to be around −1. The standard cosmological

model assumes that DE is the cosmological constant, named Λ, a constant term up

to which GR’s equations remain intact.

Observables as galaxies distributions [40], gravitational lensing [41, 42], dispersion

velocities in clusters, rotation velocity of galaxies [43, 44] and, again, the CMB

point to another important discovery from the modern cosmology, the Dark Matter

(DM). It seems that DM only interacts gravitationally, or very weakly with other

particles, and it is the key ingredient for the structure formation of the Universe,

contributing up to 25% to the total energy density. The DM indirectly detected in

gravitational systems presents low velocities compared to the speed of light, hence

they are named Cold Dark Matter (CDM).
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The aforementioned discoveries compose the standard model of Cosmology known

as ΛCDM. As we will see in the next section, GR applied to Cosmology leads to

equations that describe the space-time dynamics at each epoch of the expanding

Universe: radiation epoch, matter epoch and the current dark energy epoch.

Moving backwards in the expansion history, classical GR predicts an initial singular-

ity, the Big Bang, assumed as the origin of space-time in the standard cosmological

model. However, the Big Bang scenario demands space-time to have a period of

exponential growth in order to accommodate the current observations without

extreme fine tuning on initial conditions. That period is called Inflation.

Alternatively, space-time could be eternal. Two categories of models provide

eternal Universes: the pre-Big Bang models and the bouncing models. The last

one is the subject of the present work, and in the last decades have been shown

to be a viable alternative to the Big Bang paradigm [3, 45, 22, 31, 29] . Many

issues regarding the initial singularity are addressed by bouncing models, hence

an inflationary epoch is no longer needed1.

The most common bouncing models consist of a huge and rarefied Universe that

contracts from the infinite far past until the scale factor reaches a minimum value.

Then, some new physics takes place and drives the Universe through a bounce ans

a subsequent expanding phase. In some cyclic models, the Universe undergoes

infinite expansions and contractions.

The basics of the standard cosmological model with the Big Bang conundrums and

how inflation addresses them are discussed in Sec. 2.1. Section 2.2 is dedicated to

bouncing models: how can they provide an alternative to the Big Bang scenario,

its current limitations and challenges.

1Some bouncing models with an inflationary period can be found in the literature, but they
motivation lies beyond the scope of the present work.
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2.1 Standard cosmology

The core of GR are the Einstein’s field equations (EFE)

Rµ
ν −

1
2δ

µ
νR = 8πGT µν (2.1)

which relates the geometry of space-time to the energy-momentum tensor, Tµν .

The geometry is described by the Ricci tensor, Rµ
ν , and the Ricci scalar, R, both

containing the metric and its derivatives. The cosmological principle states that

space-time is homogeneous and isotropic. However, the cosmological principle is

more than just a simplifying assumption, it is also in high agreement with large

scales observations, which also indicates a flat Universe. The metric satisfying

those requirements is the Friedmann-Lemaître-Robertson-Walker (FLRW) metric

for null spatial curvature, namely

ds2 = dt2 − a(t)dxidxi, (2.2)

where t is the cosmic time. Because of its diagonal symmetry, the FLRW metric

results in a Ricci tensor for which the only non vanishing components are the

diagonal terms.

The energy-momentum tensor should also satisfy the cosmological principle and

the non-vanishing components are T00 = ρ(t) and Tii = p(t), the energy density

and the pressure, respectively. In the case of a canonical scalar field with potential

V (φ), the Lagrangian density reads

L = φ̇2

2 − V (φ)

2.1 Standard cosmology 7



and from the variational principle we can associate to the scalar field an effective

energy density and pressure, which read:

ρ = φ̇2

2 + V (φ), , (2.3)

p = φ̇2

2 − V (φ), (2.4)

where ˙ = d
dt is the derivative with respect to the cosmic time.

Replacing the metric (2.2), in EFE, Eq. (2.1), the 0
0 component and the trace

component read

H2 = κ2

3 ρ, (2.5)

Ḣ = −κ
2

2 (p+ ρ), (2.6)

where H ≡ ȧ
a

is the Hubble function. Eq. (2.5) is known as Friedmann equation

and combined with Eq. (2.6) gives the continuity equation2

ρ̇+ 3H(p+ ρ) = 0. (2.7)

The continuity equation together with Eq. (2.6) gives the background evolution,

whose solutions are constrained by Eq. (2.5). Equation (2.5) allows for solutions

with H > 0, space-time expansion, and H < 0, space-time contraction.

For a perfect fluid with equation of state (EoS) p = wρ, Eq. (2.7) gives ρ ∝ a−3(1+w).

Different EoS will implicate in different rates of decaying and growing. For instance,

the energy density of radiation (w = 1/3) goes with a−4, dust (w = 0) with a−3

and the cosmological constant (w = −1) , as the name suggests, have a constant

energy density.

During a expanding phase, while the scale factor is small, radiation dominates and

we have the aforementioned radiation epoch. Because radiation decays faster then

2The deduction can also be made by evaluating T 0µ
;µ = 0, where ; is the covariant derivative.

2.1 Standard cosmology 8



dust, a matter epoch emerge. Finally matter decays until it becomes negligible

with respect to the DE, and the dark energy epoch begins.

Singularity problem

Classical GR when applied to expanding models such as ΛCDM implies in the

existence of a primordial singularity from which space-time would inexplicably

emerges in what’s called the Big Bang [46]. Based on the singularity theorems of

Hawking and Penrose [47], such models are past-incomplete and an important

scientific question, which is “what trigged the Big Bang?” can not be addressed.

One way to get rid of this “singularity problem”, as often named in the literature,

is to suppose that at high energies GR may not be the correct theory when the

Universe reaches a high-energy regime, since quantum mechanics corrections

should start to be relevant.

Horizon problem

An issue when adopting the Big Bang paradigm is the so called “horizon problem”.

There are many “horizons” in cosmology and it is worth to clarify their meanings

[48].

A very useful time parameter in cosmology is the conformal time η(t) defined as

dη ≡ 1
a

dt, (2.8)

in which the metric (2.2) reads

ds2 = a2(η)(dη2 − δijdxidxj). (2.9)

The conformal time is the comoving distance traveled by light from the Big Bang

to a time t. No information could have propagate further then η in the interval

between the Big Bang and t, so the distance limited by η is usually referred as

2.1 Standard cosmology 9



“conformal horizon”. Setting t0 = η0 = 0 the initial time at the Big Bang, Eq. (2.8)

reads

η =
∫ t

0

1
a(t̄)dt̄. (2.10)

A particle is causally connected to regions within the radius

dH(t) ≡ aη(t), (2.11)

which is called the particle horizon. If Eq. (2.10) converges, then the particle

horizon is limited and there are regions in the Universe that have never been in

contact. There is no a priori reason why regions outside the particle horizon would

share any physical resemblance with regions within it. This is the case with the

CMB.

The CMB is black body radiation, which means that the photons emitted by the last

scattering surface (LSS) were in thermal equilibrium. This would only be possible

if they were in causal contact in the past.

At the LSS the particle horizon is roughly [49]

dH ≈
1

(1 + zLSS) 3
2
, (2.12)

where zLSS is the redshift at which radiation decouples from matter. (As usual the

redshift is defined by the relation a = 1
1+z .) To estimate what this distance means

we can compare to the angular diameter distance from the LSS to us, which reads

[49, 29]

dA ≈
1

1 + zLSS
(2.13)

in radians. The LSS happen with z = 1100 and

dH

dA
≈ 1.6. (2.14)

This estimate means that the CMB signals received from regions separated by more

then 1.6 radians were not in causal contact and there is no explanation why they

2.1 Standard cosmology 10



were in thermal equilibrium. This is the horizon problem. In other words, the

horizon size by the time of the LSS in the Big Bang model is not enough to explain

the CMB thermalization.

In order to address this inconsistency, the standard model assumes that after the

Big Bang an epoch of fast accelerated expansion took place, inflation. During

inflation H is nearly constant, and the scale factor goes with a ∝ eHt implicating

in a particle horizon that grows exponentially:

dH ∝ eH∆t, (2.15)

where ∆t is the total duration of the inflationary phase. Clearly, one can make

H∆t as larger as it is necessary so the particle horizon is consistent with the CMB

measurements. In fact, an inflation that lasts approximately 60 e-folds is enough

to solve the horizon problem [29].

Flatness problem

Two other topologies that satisfy the cosmological principle are the spherical and

the hyperbolic ones. The Friedman equations accounting for a curvature term

read

H2 = κ2

3 ρ−
K

a2 , (2.16)

Ḣ = K

a2 −
κ2

2 (p+ ρ), (2.17)

where K = −1, 0, 1 for negative, flat and positive curvature space-times, respec-

tively. The critical density is defined as

ρc = 3H2

κ
(2.18)

and replaced in Eq. (2.16) gives

1 = Ω + ΩK (2.19)

2.1 Standard cosmology 11



with Ω ≡ ρ
ρc

and

|ΩK | =
|K|
a2H2 . (2.20)

The current observations estimates Ω = 1, which implies a flat Universe. In order

to study how the curvature may had evolved, we can differentiate Eq. (2.20) with

respect to t to find
d|ΩK |

dt = −2|K| ä
ȧ3 . (2.21)

The curvature contribution grows if w > −1
3 , which means that after the Big Bang

any small deviation from flatness (|ΩK | = 0), would have increased during the

radiation (w = 1/3) and and matter epochs (w = 0). To be negligible by the time

of the LSS and also consistent with the element abundances, the curvature should

have a maximum |ΩK | ≈ 10−16 by the time of the electron-positron annihilation

and even smaller before [49, 29]. Either the curvature is strictly null since the

beginning, or it suffers from a fine tunning in initial conditions. This is called the

flatness problem.

Again the inflationary phase can solve the puzzle. The scale factor goes like eHt

and Eq. (2.21) gives

|ΩK | =
|K|
H2 e−2Ht, (2.22)

the exponential decaying is a natural mechanism to control the curvature growth.

Observational constraints point to a sufficiently value of 60 e-folds [49, 29] so a

unitary curvature term would be negligible by the end of inflation. This limit is

also suitable for the horizon problem and inflation seems to be the answer for all

Big Bang’s conundrums.

The inflationary scenario was proposed by Guth and Linde in the early 80’s [50,

51] to solve the aforementioned problems 3.But the most astonishing feature of

3 Another problem also addressed by Linde’s paper of 1982 was the monopole problem [51, 29,
31]. High energy unification theories predict the existence of a relevant amount of objects that
we do not detect observationally such as topological defects, exotic particles or primordial black
holes. An inflationary phase dissolves the energy density associate with those Big Bang relics
and solves this issue. In bounce models it is not yet understood whether those relics are present
or not.
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inflation was first demonstrated by Mukhanov and Chibisov [52], which is the

mechanism for the growth of perturbations.

Their assumption was that, just after the Big Bang, quantum vacuum fluctuations

with a Gaussian distribution were amplified due to the accelerated stretch of

space-time caused by inflation, yielding a specific predictable spectrum of scalar

and tensor perturbations [52].

The simple and most successful inflationary models are based on the slow-roll

hypothesis, in which the scalar field responsible for driving inflation slowly rolls

down its potential. The origin of primordial perturbation as proposed by [52]

together with the slow-roll inflation fits the CMB spectrum and this agreement

makes the inflationary scenario a key ingredient of the standard model [38].

Nevertheless, potential-driven inflationary models (at least the ones studied so far)

faces some problems [53]. For instance, they need a fine tunning in the potential

parameters in order to keep the amplitudes of the primordial fluctuation from

growing larger then the values constrained by CMB. Another interesting aspect is

the so called “trans-Planckian problem”. Due to the long inflationary phase, large

scale comoving distances should have been smaller than the Planck scale during

inflation. To assume any known mechanism for the initial fluctuations would imply

an extrapolation of the physics for those scales at which we have no current well

established theory. It is argued that, when considering high energy models, the

predicted spectrum would be very different from the observed one [53, 54, 55].

Finally inflation does not address the singularity problem. One can argue that

the singularity theorems are no longer valid because of the violation of the strong

energy conditions (SEC) required for the accelerated expansion. Still, inflation is

not past-eternal as argued by [46] and the standard cosmological model remains

incomplete [29, 53, 21].

2.1 Standard cosmology 13



2.2 Bouncing models

Bouncing models are characterized by an initially contracting background (H < 0)

that transits to an expanding phase (H > 0). The transition period is called the

“bounce phase” and it can be singular4 or non-singular. In the last case, the scale

factor has a inferior limiting value and from now on we will consider only those

models. Also, there is no a priori reason why the Universe would experience

only one bounce. Many bounces or eternal cycles of contraction/expansion are a

possibility in certain models.

To produce a non-singular bounce in GR it is necessary that the null energy

condition (NEC), p+ ρ ≥ 0, is violated in order to provide Ḣ > 0 for sufficiently

long time that the Hubble function goes positive.

Equations (2.16) and (2.17) show that such dynamics can be accomplished by an

Universe with positive curvature, K = 1. A suitable adjustment of the other energy

components allows the curvature to dominate for small scale factors driving the

bounce. Those scenarios where investigated and are not so interesting, since the

amount of curvature in the expanding phase would have be above the observational

limit and would demand an inflationary phase to dissolve it [29, 57, 58, 59, 60].

For a flat Universe, a classical bounce, can be achieved through the introduction

of an exotic fluid with a negative energy density, named the ghost scalar fields,

as previously studied by [61, 3, 62], or by modifications of GR, for instance

Horava-Lifshitz [63] and F (R) [64] gravity.

A very interesting model first studied by refs. [32, 65] is the Ekpyrotic scenario. In

this string theory based model, five-dimensional branes collide inducing, in the

four dimensional space-time, an effective dynamic in which the Universe bounces,

one or even infinite times (cyclic model). Those models were extensively studied

4Singular bouncing models present a more involved discussion in what concern the matching
conditions for the cosmological perturbations [56], which is outside the scope of the present
work.
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in the literature [66, 33, 67, 68, 69, 9, 70, 71, 72] and chapter 5 is dedicated to

the specific aspect of the growth of anisotropy in this class of models.

Bouncing universes are also found as the cosmological solutions of unification

theory models such as string theory [73]. In that context, they present not only an

interesting alternative to the inflation paradigm, but also a manner to test those

theories at an energy scale impossible to be reached in the laboratory.

As unification theories, quantum gravity models intend to address the behavior of

GR when high-energy scales are reached. They also provide consistent cosmological

scenarios with one or many bounces. Those are called quantum bounces and they

are studied in the context of quantum cosmology. It is the case when loop quantum

gravity (LQG) [74] or the canonical quantization for gravity (CQG) [75] are

applied to cosmology. The latter is a more conservative approach, which it is

believed to describe effective regimes around 103`Pl or more without making use

of a more involved quantum gravity theory. This is the one we use in this work.

Whether the bounce is a consequence of an exotic fluid, modification of classical

gravity or high energy corrections, the contraction/expansion history is enough

to address the problems of the Big Bang scenario discussed previously. Hence,

bouncing models are an alternative to inflation that should be well understood:

either they are viable scenarios and a realistic model will pass the observational

tests, or they can be absolutely discarded. Both outcomes enlighten the path for a

consistent theory for the primordial Universe.

In what concerns the Big Bang problems, the singularity is avoided by construction

in bouncing models with a minimum scale factor.

The horizon problem is addressed as follows.

For a Universe dominated by a perfect fluid with a constant EoS w, the background

evolves as

a ∝ t
2

3(1+w) ∝ η
1

3(1+w) . (2.23)
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Hence, particle horizon Eq. (2.11) reads

dH(t) = ±3(1 + w)
1 + 3w |t|

(
1−

∣∣∣∣t0t
∣∣∣∣

1+3w
3(1+w)

)
(2.24)

for w > −1
3 , t0 the initial time and ± holding for expansion and contraction,

respectively. As mentioned before, Eq. (2.24) is limited by the value of t0 in the

BB scenario. If a previous contracting phase is considered, then the horizon is as

big as far t0 is set in the past. There is no a priori reason why t0 is limited in the

past and most of the studied models adopts t0 → −∞ resulting in dH →∞, which

naturally solves the horizon problem.

The flatness problem in bouncing scenarios is solved by considering a contracting

phase longer than the expansion. In Eq. (2.21), it is clear that a contracting

(ȧ3 < 0) and decelerated (ä < 0) phase suppress the curvature growth. Since the

Universe have been contracting from t→ −∞, the curvature is sufficiently diluted

by the time of the bounce. For a sufficiently symmetric bounce, the expanding

phase will start with the same negligible amount of curvature it had by the end of

the contracting phase. Hence, the expanding Universe will be sufficiently flat.

Finally, bouncing models have to provide a scenario for the growth of pertur-

bations. They have to be able to produce the main features of the large-scale

perturbations constrained by CMB: a scale invariant spectrum, amplitudes of order

10−10 and a tensor-to-scalar ratio of order r . 0.1 [38].

As in inflation, the origin of the perturbations are the quantum vacuum fluctuations,

but in the context of bouncing cosmologies the initial conditions are set in the far

past of the contracting phase. Results in [19, 2, 25], and references therein, points

to the following. In the far past, if the Universe is dominated by a matter-like

energy component then long-wavelength modes entering the horizon during a

matter dominated contraction will be scale invariant. The tensor-to-scalar ratio,

r, is greater than the CMB estimate for single fluid models when GR is valid

during the bounce. The theoretical attempts to decrease r seems to increase the

non-Gaussianities in those kinds of models, suggesting a “no-go” theorem for
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bouncing cosmologies [26, 25]. However, as we will discuss in Chapter 4, even

in the simplest single-field matter contraction one can obtain r < 0.1 without any

particular fine tuning on the parameters. This last result is published in Ref. [7].

The aforementioned discoveries suggest that the matter bounce, i.e., models in

which the contracting phase has a matter epoch, is the most tempting scenario.

However, one may ask what is the role of DE in the contracting phase. A previous

work considering the cosmological constant, shows that its presence may severely

change the primordial power spectra by introducing a a kind of running in the

spectral index [11]. Considering DE as a cosmological constant is problematic

in what concerns the prescription of initial vacuum conditions due to the past

DeSitter space. Scenarios in which DE is a transient epoch may properly address

both the “DE problem” and the primordial fluctuations in bouncing models. This is

a very recent and interesting new bound of bounce cosmology and many efforts

are currently been done in that direction, for instance, Refs. [13, 76, 9, 12, 8, 11]

including the present work published in Ref. [7].

The anisotropy problem

One can always argue that the initial conditions for the contracting phase are of a

perfectly isotropic space-time. However, the robustness of the model can be tested

by assuming deviations from isotropy. In that sense bouncing scenarios are not

stable. In the literature this is often named as the anisotropy problem.

For the purpose of briefly discussing the anisotropy problem, and to prepare the

ground for Chapter 5, we will consider a flat and homogeneous Universe with

Bianchi-I metric,

ds2 = dt2 − a2(t)
∑
i

e2θi(t)dxidxi. (2.25)
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The mean scale factor is a and in the i-th direction the scale factor reads ae2θi,

where θi holds the anisotropic correction to the background. We can always

parametrize those correction to have the relation

∑
i

θi = 0. (2.26)

Using the Bianchi-I metric in the EFE, Eq. (2.1), the Friedmann equations reads

H2 = κ2

3 ρT + κ2

6 σ
2 and (2.27)

Ḣ = −κ
2

2 (ρT + pT)− κ2

2 σ
2, (2.28)

where σ2 is the shear defined as

σ2 =
∑
i

θ̇2
i . (2.29)

The anisotropy behaves effectively as a stiff-matter component in the Friedmann

equations, and we can identify its energy density with

ρσ = pσ = σ2

2 . (2.30)

That identification shows that the shear density has an EoS w = 1, which means

it goes as a−6. Considering the regular matter components, dust (a−3), radiation

(a−4) and dark energy (a0), the shear will always dominate for smaller scale factors.

It is argued in the literature that the dominance of the shear would imply the BKL

instability [28]

For a contracting phase, the growth of anisotropy can have two outcomes: if the

regular matter is considered, the anisotropy dominates before the bounce phase

leading the Universe to the BKL instability; if other matter components with a

constant a EoS w > 1 are present they will overcome the anisotropy, but still

they have to sufficiently suppress the shear in order to make the expanding phase

isotropic.
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Ekpyrotic models are tempting in that sense. During the ekpyrotic phase the

scalar field behaves effectively as a fluid with EoS w > 1, and may suppress the

anisotropy [33]. However, the complex dynamics of the previous studied models,

may spoil out the ekpyrotic solution for the anisotropy problem. This is the subject

of Chapter 5 and is published in [6].
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3Homogeneous Background

For the purpose of this work we consider a canonical scalar field φ whose La-

grangian density is given by

L =
√
−g(∇νφ∇νφ− V (φ)) (3.1)

and the potential V (φ) is chosen to be the exponential potential

V (φ) = V0e−λκφ, (3.2)

where V0 is a constant of units mass4 and λ a positive dimensionless constant.

From alternative models of dark energy and dark matter to modifications of

gravity and inflationary scenarios, the exponential potential has vastly assisted

cosmologists to address puzzles of the standard model because of its rich dynamics

[14, 17, 16, 77]. References [78, 79, 80, 81, 82, 83, 84] are some miscellaneous

examples of what was published with exponential potential in the last year.

For instance, a largely explored DE model is a quintessence with an exponential

potential. The phase space dynamics presents a future attractor in which the

quintessence and, for instance, a second fluid like DM, have scaling solutions. That

scenario avoids the so called Big Rip and also addresses the “coincidence problem”

[17, 15, 16]. Another application of the exponential potential is in matter bounce

scenarios [23, 3, 7]. The contracting phase dominated by the scalar field with

exponential potential contains an unstable critical point from where all solutions

emerge. By a suitable choice of the parameter λ, the effective EoS of the scalar

field in the vicinity of the unstable critical point is that of a matter-fluid. Because it

is a critical point, the system can be placed as close as necessary to generate longer

or shorter contracting phases.
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In previously studied matter bounce models, the bounce was driven by a ghost

scalar field that dominates only close to the classical singularity at the end of

the contracting phase. In the present work we have a quantum bounce driven

by corrections to the background due to the Bohmian quantum potential in the

context of the canonical quantization of gravity. Section 3.1 will be dedicated to

the formulation of the classical background, based on the implicit analytic solutions

of Eqs. (2.6) and (2.7) for the potential (3.2). Section 3.2 discusses the canonical

quantization of gravity and the use of the DeBroglie-Bohm (dBB) formulation of

quantum mechanics to obtain bounce solutions. In Sec. 3.3 and Sec. 3.4, the full

background is constrained and calculated.

3.1 Classical background dynamics

In the case of a single scalar field, λ is the relevant parameter when discussing the

global behavior of the background. To determine the asymptotic behavior of the

system we perform a dynamical system analysis for which the main technicalities

are summarized in appendix A.

The background dynamics is given by the equations

Ḣ = −κ
2

2 φ̇
2, (3.3)

φ̈ = −3Hφ̇− dV
dφ , (3.4)

where Eqs. (3.3) and (3.4) are Eq. (2.6) and (2.7) with ρ and p given by Eqs.

(2.3) and (2.4). Equation (3.4) is the so called Klein-Gordon equation. The above

system is more treatable through a choice of dimensionless variables that allows us

to rewrite the coupled second order equations (3.3) and (3.4) as a planar system

[85]. The new variables are

x = κφ̇√
6H

, (3.5)

y = κ
√
V√

3H
. (3.6)
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x y w

−1 0 1

1 0 1

λ√
6 −

√
1− λ2

6
1
3 (λ2 − 3)

λ√
6

√
1− λ2

6
1
3 (λ2 − 3)

Table 3.1.: Critical points of the planar system Eqs. (3.8) and (3.9).

In those new variables the Friedmann constraint, Eq. (2.5), reads:

x2 + y2 = 1 (3.7)

and the effective EoS reads

w = 2x2 − 1.

The above definitions applied to the systems of Eqs. (3.3) and (3.4) lead to the

planar system:

dx
dα = −3x(1− x2) + λ

√
3
2y

2, (3.8)

dy
dα = xy

3x− λ
√

3
2

 , (3.9)

where α ≡ ln(a). The critical points are listed in Tab. 3.1.

From the definition (3.6), the contracting phase, H < 0, are trajectories with

y < 0 and the expanding phase, H > 0, trajectories with y > 0, lower and upper

quadrants of Figs. 3.1, 3.3 and 3.4. At the critical points where w = 1, the

background evolves as a−6, i.e., the scalar field behaves like a stiff-matter fluid.

They are space-time singularities and the semi-circles of Fig. 3.1 are disconnected.

Those critical points will be further referred to as S±, the plus sign for x = 1 and

the minus sign for x = −1. For those where the effective EoS is w = 1
3 (λ2 − 3), the

background evolves as a−λ2 .
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The qualitative behavior of the system can be studied with the tools described in

[85, 86, 87], for a detailed analysis see [77, 17, 16, 23]. For λ <
√

6, the first two

critical points, x = ±1 and y = 0, are unstable (repellers) during expansion and

stable (attractors) during contraction; for λ > 0, x = λ√
6 and y =

√
1− λ2

6 is an

attractor and x = λ√
6 and y = −

√
1− λ2

6 a repeller.

Ir order to produce a matter bounce model, which is the most appropriate for

generating adiabatic scale invariant spectra, we choose λ =
√

3. The two last

critical points now read:

xc =
√

2
2 and yc = ±

√
2

2 .

As a consequence the scalar field behaves as a matter-fluid, w = 0, close to the

repeller (
√

2
2 ,−

√
2

2 ), further on referred to as M−. Since the critical points are

symmetric, the choice of λ implies that in the future attractor, (
√

2
2 ,
√

2
2 ), the scalar

field also behaves as matter-like fluid. From here on this critical point will be

referred to as M+. In Fig. 3.1 we have the phase space for the planar system of

Eqs. (3.8) and (3.9).

The contraction history goes as follows. The Universe starts close to the critical

point M− with xini =
√

2
2 ± ε for 0 < ε� 1. The plus sign and the minus sign lead

the contraction to the stable point S+ or S−, respectively. Close to S± the final

EoS is w = 1, hence the background goes as a−6 and the contraction finishes in

a singularity. Classically, there is no possible bounce solution when the system

arrives at the critical points S±.

The DE epoch is characterized by w < −1
3 , which happens when

−
√

2
3 < x <

√
2

3 .

In the contracting phase, the DE belongs to the trajectory M− −→ S− and in

expanding phase to the trajectory S− −→M+.
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−1 0 1
√
2/2

x

−1

0

1

y

M+

M−

S− S+

Figure 3.1.: Phase space for the planar system of Eqs. (3.8) and (3.9). The critical points
are indicated by M±, for a scalar field with a matter-type effective EoS and
S± for a stiff-matter-like one. For y < 0 he have the contracting phase and
for y > 0 the expanding phase. The lower and upper quadrants are not
physically connected, because there is no classical mechanism that could
drive a bounce between the contraction and expanding phases.

At the critical points M±, Eq. (3.5) gives

H = κφ̇√
3
,

represented as a straight line in the qualitative phase space in Fig. 3.2. Close to

S± one has

φ ∝ α, φ̇ ∝ H and H ∝ exp−3α,

deduced from Eqs. (2.5), (3.5) and from the fact that H = α̇. Close to the

singularity α→ −∞, for the contracting phase

lim
x→±1


H → −∞,

φ → ±
√

6
κ
α → ∓∞,

φ̇ → ±
√

6
κ
H → ∓∞,

(3.10)

and for the expanding phase

lim
x→±1


H →∞,

φ → ±
√

6
κ
α → ∓∞,

φ̇ → ±
√

6
κ
H → ±∞.

(3.11)
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To understand the schemes (3.10) and (3.11) let’s consider the contracting phase

ending at the critical point S+, which happens for x → +1 (upper signs in the

previous expressions). When α → −∞ in the end of contracting phase, then

φ̇→∞. However, when α→ −∞ in the beginning of expanding phase φ̇→ −∞.

Any possible trajectory in the phase space of H and φ̇ that connects φ → −∞

with φ→∞ would necessarily cross the other solutions, for instance, the straight

line representing the solution at the critical point M±. The same analysis can be

performed for a contracting phase ending at S−. The existence and uniqueness

theorem for differential equation guarantees that trajectories do not cross in phase

space. Figure (3.2) qualitatively depicts these arguments. Hence, there is no way

a bounce could connect a contraction ending in the same critical point from which

the expansion begins, i.e., there is no solution in the complete phase space where

the Universe contracts in the direction of S− (S+) and expands from S− (S+).

H

φ̇

M+

M−

S−

S+ S−

S+

Figure 3.2.: Illustration of the solutions forH and φ̇ close to the critical points S± andM±.
In a full quantized system in which the Universe bounces due to quantum
corrections close to the Planck scale, the allowed phase space connect the
contraction finishing at S± with the expansion starting at S∓.

The bounce is still possible, though. A solution in the phase space of H and φ̇

that satisfies the uniqueness and existence criteria would be the one connecting

the contracting phase ending at S+ (S−) with the expansion from S− (S+). For

the model in consideration, we have then two possible histories of the Universe

showed in Figs. 3.3 and 3.4.
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In the case of Fig. 3.3, a contracting phase starts close to M−, xini =
√

2
2 − ε,

passes through a DE epoch and approaches S−. Around S− a new physics takes

place performing a bounce and the Universe starts expanding from S+ and ends in

matter-like expansion at M+. In the trajectory S+ → M+ one has x >
√

2
3 , which

means that there is not a DE epoch in the expanding phase.

−1 0 1
√
2/2

x

−1

0

1

y

M+

M−

S− S+

Figure 3.3.: Case A: the scale field has a DE-type EoS during the contracting phase. By
means of the quantum bounce, this system can not address the DE in the
future, since the matter attractor is reached after the stiff-matter expansion.

The case of Fig. 3.4 is the opposite. The contracting phase starts close to M− with

xini =
√

2
2 + ε and goes to S+. Since x >

√
2

3 all along the trajectory M− → S+,

there is no DE epoch during the contraction. Around S+ a new physics avoids the

singularity and transits the Universe to an expansion that starts in S−. From S−

the Universe passes by a DE epoch and ends finally in the matter expansion, the

attractor M+.

The two above mentioned scenarios are very interesting. From here on we name

case A the one with DE in the contracting phase and case B the one the DE epoch

in the expanding phase, Figs 3.4 and 3.3, respectively.

Case A is an academic exercise of how a scalar field could perform both the matter

contraction and the DE epoch. It could be used as a toy model to study how a

transient DE epoch affects the primordial power spectra, but it cannot be a realistic

scenario since there is no DE epoch in the expanding phase.
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−1 0 1
√
2/2

x

−1

0

1

y

M+

M−

S− S+

Figure 3.4.: Case B: the contracting phase begins close to the instable point M−, in
which the scalar field has a matter-type EoS. After the quantum bounce, the
expanding phase starts in S− and has a DE epoch before it reaches the future
attractor M+.

Case B is a more realistic one and is a very interesting scenario: the same scalar

field that drives the matter contraction accomplishes for the bounce and for the

DE epoch in the expanding phase. This is the one we will focus in this work.

As we mentioned earlier, there is no classical bounce in the previous described

backgrounds. Close to the attractor of the contracting phase ( S+ in case A and

S− in case B) H ∝ − exp−3 and when a→ 0 the Universe approaches a singularity.

This happens precisely because the kinetic term dominates the Lagrangian of the

scalar field. However, in the case the kinetic term dominates it has already been

demonstrated a quantum bounce solution. In the next section, we develop the

results from [27] and show how they can be applied to our cases avoiding the

singularity and connecting S± with S∓.

3.2 The quantum bounce

Quantum cosmology is the field of research in which quantum theory is applied to

the Universe and should have the standard cosmological models as its classical limit.

This interesting and challenging topic, not only enlightens fundamental problems of
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cosmology, such as the singularity problem, but also allows fundamental quantum

mechanics to be tested at the cosmological level [88, 89, 90, 91, 92].

A quantum description of gravity, besides facing mathematical problem because of

the non-renormalizable aspect of GR [93], also suffers from fundamental issues in

what concerns the application of a quantum theory of gravity to the description

of the Universe. In order to accomplish a quantum theory of the Universe, the

traditional Copenhagen interpretation of quantum mechanics has to be replaced.

The main limitation of the Copenhagen interpretation is the postulate of the

collapse of the wave function, i.e., the need of an external classical system that

performs the collapse. Since quantum gravity is applied to the Universe, by

definition, there is no such external observer.

Any alternative to the Copenhagen interpretation applicable to Cosmology should

agree with the results from experimental particle physics, but should also dispense

the need of an exterior classical world. There are many proposals of quantum

gravity that satisfy those criteria and were already applied to Cosmology such as:

the consistent histories [94, 95], collapse model of the wave-function [96, 91, 92],

many worlds interpretation [97, 98] and the DeBroglie-Bohm (dBB) interpretation

[99, 100], which is the one we will adopt here.

The canonical quantization of gravity by means of the ADM formalism, which

would be an effective limit of more fundamental unification theories, can be

interpreted using the de Broglie-Bohm (dBB) formulation of quantum mechanics.

The solution for the Wheeler-de Witt equation are Bohmian trajectories with an

objective reality, hence there is no problem of collapse of the wave-function [99,

101].

A flat, homogeneous and isotropic space-time in the presence of a scalar-field with

a dominant kinetic term, have already been quantized in the literature [27]. The

superposition of the Bohmian trajectories for the system lead to bounce solutions.

Both models described in the previous section, cases A and B have in common
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the stiff-matter domination phase before and after the bounce. A stiff-matter like

EoS means that the kinetic term dominates the exponential potential V (φ) in the

previously discussed scenarios and, in the vicinity of S±, our model has the same

physical conditions as the one quantized in [27].

To perform Dirac’s canonical quantization procedure, a Hamiltonian formulation

of GR is needed. The simplest and most common approach is the ADM (Arnowitt-

Misner-Deser) formalism. For a recent republication see Ref. [102]. In the ADM

decomposition, the four dimensional space-time manifold is foliated in three-

dimensional hypersurfaces of constant time and the usual Einstein-Hilbert action

S =
∫ √
−gRd4x

is rewritten in terms of the ADM canonical variables, N , N i and hij. They are

related to the original four-dimensional metric, gij, as follows:

gij = hij (3.12)

g0i = Ni (3.13)

g00 = −N2 +N iNi. (3.14)

In the above equations N is the lapse function, N i the shift function and hij the

three-metric of the hypersurfaces. For closed spatial sections1, the decomposed

action reads

S =
∫

dtd3xN
√
h
(

(3)R + KijKij −K2
)
, (3.15)

where

Kij = 1
2N

(
2D(iNj) −

∂hij
∂t

)
(3.16)

1On close spatial section the calculations for the ADM formalism are more straightforward, since
surface terms are eliminated all along the construction of GR’s Hamiltonian. For open spatial
section, surface terms have to be evaluated, but this discussion is not relevant for the further
developments of this thesis.
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is the extrinsic curvature, Di the covariant derivative and (3)R the Ricci scalar, both

calculated using the three-metric hij. The conjugate momenta read

Π ≡ ∂L
∂Ṅ
≈ 0, (3.17)

Πi ≡
∂L
∂Ṅi

≈ 0, (3.18)

Πij ≡
∂L
∂tḣij

= −
√
h (Kij − hijK) , (3.19)

where L is the Lagrangian density in (3.15), revealing that the only dynamical

variable is the metric hij. Equations (3.17) and (3.18) are first order constraints

and Dirac formalism for constrained Hamiltonian systems has to be applied [103].

In Dirac’s terminology, "weakly zero" in Eqs. (3.17) and (3.18), means that those

constraints are null only for a subset of the phase-space.

When checking the conservation in time of the constraints in Eqs. (3.17) and

(3.18), two second order constraints are identified

H = GijklΠijΠij −(3) R
√
h ≈ 0, (3.20)

Hj = −2DiΠij ≈ 0, (3.21)

named the superhamiltonian and the supermomenta, respectively. In Eq. (3.20),

Gijkl is called the DeWitt metric and it is defined as

Gijkl = 1
2
√
h

(hikhjl + hilhjk − hijhkl) . (3.22)

One can verify that N and N i are merely Lagrange multipliers for the superhamil-

tonian and the supermomenta and also that (3.29), (3.30), (3.20) and (3.21) are

first class constraints, which means they are related to the gauge freedom of the

theory. The final Hamiltonian of GR reads

HGR =
∫

d3x
(
NH +NjHj

)
, (3.23)
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Dirac’s quantization procedure considers the canonical variables as operators acting

in the wave functional Ψ[hij, t], and when composed in the total Hamiltonian gives

the Schrödinger equation

i~
∂Ψ
∂t

= ĤGRΨ. (3.24)

However, ĤGR is a function of first class constraints and the above equation leads to

no dynamics. For constrained Hamiltonians systems, Dirac prescribes the following

relations to the wave functional:

ĤΨ[hij, t] = 0, (3.25)

ĤiΨ[hij, t] = 0, (3.26)

which implies that Eq. (3.24) is null and, therefore, the wave-functional doesn’t

depend on time. This is the so-called time issue in quantum gravity. For a

homogeneous Universe, Hi is identically zero and Einstein’s equation can still be

recovered if one sets Ni = 0. Hence, the relevant equation for the wave functional,

from here on referred to as the Wheeler-De Witt equation (WdW), reads

ĤΨ[hij, t] = 0. (3.27)

The above equation is a very complicated set of functional differential equations

not well-defined mathematically. Therefore, in order to solve Eq. (3.27) in the

cosmological context, the degrees of freedom of the metric and of the scalar field

are reduced. This simplification is done by selecting amongst the superspace of

all equivalent metrics hij those that satisfy the required symmetries, for instance

isotropy and homogeneity, which in the present case reduces the infinite degrees

of freedom to only two, the scalar factor and the scalar field amplitude [99, 104].

This is the so-called minisuperspace model. Even though it is a working hypothesis,

most of the important and relevant issues of quantum cosmology can be addressed

by the minisuperspace models, such as the time issue and the avoidance of the

singularity by quantum corrections of the background.
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Avoiding the technicalities, which can be found in Refs. [105, 99, 104], the

specialization of the total Hamiltonian (GR + matter field with V = 0 ) in the

minisuperspace model for the metric FLRW (2.2) reads:

H = NH = Nκ2

12Vle3α

(
−Π2

α + Π2
φ

)
, (3.28)

with the associated momenta

Πα = − 6Vl
Nκ2 e3αα̇, (3.29)

Πφ = 6Vl
Nκ2 e3αφ̇. (3.30)

In the above equations, and from here on, we will adopt

φ = φ→ κφ√
6

and α = ln a as before. For a flat hypersurfaces, Vl, which is the total volume of

the hypersurfaces divided by a3, can have any value [27, 106] and we will choose

Vl = 4π`3Pl
3 in order to have a→ a/`Pl [7]. The WdW equation, Eq. (3.27), reads

[
− ∂2

∂α2 + ∂2

∂φ2

]
Ψ(α, φ) = 0, (3.31)

whose solution is

Ψ(α, φ) = F (φ+ α) +G(φ− α)

≡
∫

dk
{
f(k) exp [ik(φ+ α)] + g(k) exp [ik(φ− α)]

}
, (3.32)

where f , g are arbitrary functions.

In the context of minisuperspace models, the dBB formulation of quantum mechan-

ics eliminates the time issue [99], and cosmological solutions are the Bohmian

trajectories, which have an objective reality [107, 99, 100, 27].

3.2 The quantum bounce 32



In order to construct the Bohmian trajectories, one starts by rewriting the solution

(3.32) in the polar form

Ψ = R exp(iS),

which replaced in Eq. (3.28) yields

(
∂S

∂α

)2

−
(
∂S

∂φ

)2

− 1
R

(
∂2R

∂α2 −
∂2R

∂φ2

)
= 0. (3.33)

The last term on the LHS is the quantum potential,

Q = − 1
R

(
∂2R

∂α2 −
∂2R

∂φ2

)
, (3.34)

and when Q is negligible, the Bohmian trajectories coincide with the usual back-

ground solution from the Friedmann equations for a stiff-matter-like fluid.

The Bohmian trajectories α(t) and φ(t) are obtained by imposing the dBB guidance

relations

Π(α,φ) = ∂S

∂(α, φ) ,

which for Eqs. (3.29) and (3.30) are

Πα = ∂S

∂α
= −`Ple3αα̇, (3.35)

Πφ = ∂S

∂φ
= `Ple3αφ̇, (3.36)

The cosmic time was adopted by setting N = 1.

In Ref. [27], the authors use a Gaussian superposition of plane-waves by choosing

f(k) = g(k) = exp
[
−(k − d)2

σ2

]
. (3.37)
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Integrating Eq. (3.32) and writing Ψ in the polar form, one can express S = S(α, φ)

and replace it in the guidance relation to obtain

α̇ = RH

`Pl

φσ2 sin(2dα) + 2d sinh(σ2αφ)
2e3α [cos(2dα) + cosh(σ2αφ)] , (3.38)

φ̇ = RH

`Pl

−ασ2 sin(2dα) + 2d cos(2dα) + 2d cosh(σ2αφ)
2e3α [cos(2dα) + cosh(σ2αφ)] . (3.39)

The above equations determines the Bohmian trajectories for α and φ and the

constant RH
`Pl

, where RH = H−1
0 , is used so the time is measured in units of H−1

0 .

−1.0 −0.5 0.0 0.5 1.0

φ

2

3

4

5

α

Figure 3.5.: Phase space for the system of Eqs.(3.38) and (3.39) for d = −1 and σ = 1.
We can notice the bounce solutions and the cyclic solutions around the
centers.

In Fig. 3.5 we have the phase space for the Eqs. (3.38) and (3.39). We can notice

the presence of bounce solutions and cyclic solutions. It is easy to calculate the

nodes and centers, and they happen all along the line φ = 0 for dα = (2n+ 1)π/2,

nodes, and σ2α/2d = cot(dα), centers [27].

The classical limits of Eqs. (3.38) and (3.39) are obtained for large α, when the

hyperbolic function dominates. From the definition of x, (3.5), the following

relations are straightforward:

x ≈ coth (σ2αφ) , (3.40)
H

H0
≈ RH

`Pl

de−3α

x
, (3.41)

φ̇ ≈ RH
`Pl
de−3α. (3.42)
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These equations imply that φ and x have the same sign, and φ̇ the same sign as d in

the classical limit. This means that in case A, since its contraction ends in x→ −1,

Eq. (3.41) is satisfied only if d > 0. Similarly, case B requires d < 0. This result is

consistent with our discussion in Sec. 3.1. In case A, the quantum dynamics starts

with x ≈ −1 (φ� −1), ending in x ≈ 1 (φ� 1). The opposite happens in case B,

i.e., our bouncing dynamics always connects the classical critical points S− (S+)

with S+ (S−). In practice, the sign of d determines in which direction time evolves,

thereby selecting between cases A or B.

3.3 Matching of the background

Previously we exposed the quantum correction to the system when the kinetic

term of the scalar field dominates. In order to construct a complete background

we should be able to match the solutions from the classical evolution, described in

Sec. 3.1, with the quantum solution from the system of equations (3.38).

The nomenclature in what follows may be confusing and we will adopt “quantum/

classical solutions” to name the dynamics described by Eqs. (3.38) and (3.39)

and the one described by Eqs. (3.8) and (3.9) respectively. To make reference

to the period at which the quantum potential is relevant we will adopt quantum

phase in opposition to the classical phase, in which the quantum potential is

irrelevant. This nomenclature should not be taken strictly since, in the complete

dBB formulation, we have the Bohmian trajectories that account for the complete

background regimes, which would be the case if the Hamiltonian in (3.28) had the

exponential potential, Eq. (3.2). The full quantum description of this system can

be found in Ref. [108] showing the phase space that contains bounce solutions.

The present approach by means of a matching between the classical and quantum

solutions leads to the same results as their rigorous approach, but avoids the

technical difficulties in explicitly calculating the background evolution, allowing

us to address the problem of the primordial perturbations directly with no loss of

relevant information.
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The complete background solution has three branches. The first one is the classical

contraction that starts with x ≈ 1/
√

2 and ends at x→ ±1. The second branch is

the quantum background that starts at x ≈ ±1 and bounces to x ≈ ∓1. The third

branch, the classical expansion, starts with x→ ∓1 and ends with x→ 1/
√

2. The

lower signs holding for the case A and the upper signs for the case B.

The match is performed guaranteeing the continuity of the solutions at the time

they transit from one regime to another, which happens when the quantum solution

reaches its classical limit, Eqs. (3.40) and (3.41).

However, the classical limit of the quantum regime happes when x = ±1, which

is a critical point of the classical equations, Eqs. (3.8) and (3.9). To start the

classical phase at a critical point means that the Universe would be stuck in the

stiff-matter epoch. We will parametrize x in the vicinity of the stiff critical points

by x± = ±(1 − ε±). At the matching point, ε± should be small enough to justify

the classical limit of the quantum regime, the plus sign holds for the vicinity of the

S+ and the minus sign for the vicinity of S−.

If the background was obtained by the Bohmian trajectories in the full quantized

system, the initial conditions would be given in the far past of the contraction

phase. For instance, the system would evolve from a xini close to the unstable

point M−. The proximity between xini and M− dictating the duration of the matter

epoch and selecting between cases A and B if xini / xc or xini ' xc, respectively.

The choice of the parameter d should be in agreement with the choice between

the cases: d > 0 demands xini / xc, and d < 0, xini ' xc . Also, one would have

to choose an initial scale factor, aini, and a Hubble constant, Hini (φini and φ̇ini are

constrained by the value of xini and V0 through the Friedmann equation). With

that all set, the Bohmian trajectories would describe the whole evolution until the

expanding phase. Therefore, the main characteristics of the background as the

minimum scale factor of the bounce, the energy scale of the DE epoch and the

duration of the quantum bounce, would be a consequence of the model parameter

V0, the wave-function and the initial conditions.
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Because of our matching procedure, things are a little more subtle. We not only

have the choice of initial conditions, rather of the quantum bounce parameters,

d and σ, but also contracting and expanding matching parameters, respectively

εc and εe. In what follows we will rewrite the system in terms of new parameters

that will assist us with writing the full background solution. The new parameters

will also control the physical aspects of the background that are relevant to the

discussion on the cosmological perturbations, such as, the duration of the matter

epoch, the energy scale of the DE phase and the depth of the bounce.

Using Eq. (3.5) to integrate Eq. (3.3) in x we have:

dH
dα = −3x2H. (3.43)

Using Eqs. (3.8) and (3.7) we can integrate the above expression in x to find:

log(H) =
√

2 tanh−1(x) + log
 1√

2 − x
1− x2

+ C1 (3.44)

Because, H = α̇, from (3.44) we have the evolution of the scale factor with x:

3 log(a) = −
√

2 tanh−1(x)− log


(

1√
2 − x

)2

1− x2

+ C2. (3.45)

In the above equations C1,2 are integration constants and we can combine them to

write:

a6H2 = C̄1(
1√
2 − x

)2 and (3.46)

a3 = C̄2(1− x)γ+(1 + x)γ−
1√
2 − x

, (3.47)
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where C̄1 and C̄1 are constants. We will use H in units of H0, the Hubble parameter

today, and parametrize a by an a0, which for now is just a meaningless number

not necessarily connected to H0. The above equation becomes

(
a

a0

)6 ( H
H0

)2
= C1(

1√
2 − x

)2 and (3.48)

(
a

a0

)3
= C2 (1− x)γ+ (1 + x)γ−(

1√
2 − x

)2 , (3.49)

where γ± ≡ 1± 1√
2 The introduction of H0 and a0 can be absorbed in to C1 and C2

preserving the degrees of freedom.

The numerical calculation was performed as follows: initial conditions were chosen

in the bounce and the expansion and contracting phases were evolved from it until

the classical regime of the quantum equations was reached. During the period at

which x ≈ ±1 quantum and classical background were matched guaranteeing the

continuity of the solutions. Due to some particularities, the matching procedure

will be presented in the two following subsections: the first one will consider the

energy scale of the matter epoch and the second one the energy scale of the DE

epoch. In the diagram of Fig. 3.6 we show the epochs in each case A and B, and

the different regimes, classical and quantum.

Matching with the matter domination scale

The matching between the quantum and the classical solutions have to take place

close to the critical points S±, i.e., for a x(a±) = ±(1 − ε(a±)) with a± the scale

factor at which the classical equations start to be evolved. The parameter ε±

controls the quality of the matching, 0 < ε � 1. In Eqs. (3.48) and (3.49), we

will consider a0 the scale factor at which the Universe is at the matter epoch.

Since it happens at a critical point, we have an infinite set of a0 that satisfies

x(a0) =
√

2
2 + εc(a0), with 0 < εc � 1.
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negligible Q matchingw → 1
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Figure 3.6.: The epochs of the Universe in case A and B. The cosmic time runs in the
direction of the black full lines from the matter contraction to the matter
expansion. The numerical integration is performed in the direction of the red
lines: from the bounce to the expansion and contracting phases.

The Hubble parameter around x± reads

(
H±
H0

)2
≈ C1

γ2
∓

(
ā0

a±

)6

. (3.50)

The continuity condition implies that H± = Hqt, where Hqt is the classical limit of

the quantum solutions, Eq. (3.41). This equality gives

C1 = R2
H

`2
Pl

d2γ2
∓

Xba6
b
. (3.51)
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All the above parameters are model parameters, with exception of a0, which is

arbitrary. For future proposes, it is convenient to set a0 in term of the variable Xb,

defined as

Xb ≡
a0

ab
. (3.52)

This new parameter controls the number of e-folds between the matter epoch and

the bounce and will be a key parameter to discuss the influence of that duration in

the spectrum of the primordial perturbations.

Expanding the Eq. (3.49) around x± one obtains

C2 = γ2
∓

2γ∓εγ±±

(
a±
ā0

)3
. (3.53)

Now, C1 and C2 are fixed in terms of the model parameters, d and σ, the matching

parameters a± and ε± and a sort of initial condition a0 through the parameter

Xb.

However, the matching point is still arbitrary and any value of a± and ε± is accepted

as long as w = 1 and the classical regime of the quantum solution is valid. In order

to constrain the matching point, we will introduce another parameter, Ωm with a

very neat physical meaning. Close to the matter epoch the zeroth order Hubble

parameter reads, from Eq. (3.46),

(
H

H0

)2
≈ C1

C2γ
γ+
− γ

γ−
+

(
ā0

a

)3
. (3.54)

The last expression motivates the definition of the parameter Ωd as

Ωd = C1

C2γ
γ+
− γ

γ−
+

= R2
H

`2
Pl

d2γ2
∓

C2γ
γ+
− γ

γ−
+ a6

0
. (3.55)

Hence, for a = a0 one has

H2(a = a0) ≈ H2
0 Ωd
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To choose Ωd is to choose the energy scale of the matter epoch. For instance,

Ωd = 1 means that the matter epoch happens at the same energy scale as the

current Universe.

In terms of the physical variables Ωd and Xb, the constant C2 reads,

C2 = R2
H

`2
Pl

d2γ2
∓

Ωdγ
γ+
− γ

γ−
+ a6

bX 6
b
. (3.56)

This expression is completely determined by our choices of the quantum initial

condition ab and the constants Ωd and Xb. Plugging it into Eq. (3.53), we obtain

our matching time
a±

ε
γ±/3
±

≈ 1
Xbab

(
R2
Hd

22γ∓
`2

Pl
γ
γ+
− γ

γ−
+ Ωd

)1/3

. (3.57)

The above equation is a consistency relation between the initially arbitrary pa-

rameters a± and ε± and the given parameters d, σ, Xb and Ωd. It will be used as

the criterium to stop the quantum evolution and switch to the classical equations.

It should be noticed that the consistency relation depends on the product ΩdXb,

so one can fix Ωd = 1 without loss of generality leaving the control of the matter

duration with the parameter Xb. The constants C1 and C2 are already determined

in Eqs. (3.51) and (3.56) and with Eqs. (3.48) and (3.49) allow us to calculate

the classical background.

Matching in the DE branch

For the classical branch with a DE epoch we can set, alternatively, a0 and the scale

factor at which DE takes place. It happens for x = 0 and w = −1 and Eqs. (3.48)

and (3.49) read

[
H(a = ā0)

H0

]2

= 2C1 ≡ ΩΛ, 2C2 = 1, (3.58)

where the parameter ΩΛ is introduced and has the same meaning as Ωd, i.e., it

gives the energy scale of the DE epoch. If ΩΛ = 1, then H(a0) = H0 by the time
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w = −1. When choosing the DE scale to do the matching there is no ambiguity,

since it happens for a specific time, contrarily to the matter epoch, which happens

for the infinite time that the system can remain at the critical point. By fixing ΩΛ,

the values of C1 and C2 in Eqs. (3.58) determine completely the classical solution

in Eqs. (3.48) and (3.49). The consistency relation for that case can be calculated

with Eqs. (3.51) and (3.56):

a−

ε
γ−/3
−

≈
(
RH |d|2γ+

`Pl

√
2ΩΛγ+

)1/3

. (3.59)

The above equation gives the value of a− at which the quantum evolution stops

and the classical solution starts. The minus sign is justified by the fact that the

trajectories containing a DE epoch are those connected S−, i.e., x− = −(1− ε−).

Initial conditions at the bounce

In Sec. 3.2 we have the equations of motion for the quantum branch, Eqs. (3.38)

and (3.39). The bounce happens when αb and φ = 0, which is a node of the planar

system. We are obliged to give initial conditions close to the node in order to have

non-trivial solutions. From now on we will consider the following time variable:

α = αb + τ 2

2 , (3.60)

which leads to dτ/dt = H/τ and dα = τdτ . The above parametrization accounts

for the existence of a minimum scale factor, αb, setting the bounce to happen

when τ = 0. Also, from Fig. 3.5, Eq. (3.60) is coherent with the fact that α

does not change sign, which means that α attains its smallest value in the bounce.

Expanding Eqs. (3.38) and (3.39) around the bounce, we get the leading order

approximations

dτ
dtQ

= φ

τ
D1, (3.61)

dφ
dtQ

= D2, (3.62)
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where we rewrote the equation in terms of τ and the convenient dimensionless

time variable e3α`PldtQ = dt. The two constants D1 and D2 are

D1 = σ2 [sin(2dαb) + 2dαb]
2 [2 cos(2dαb) + 1] ,

D2 = −αbσ
2 sin(2dαb) + 2d cos(2dαb) + 2d

2 [2 cos(2dαb) + 1] .

These equations can be easily integrated to give

τ = tQ
√
D1D2, φ = tQD2, (3.63)

where the sign of τ was chosen to coincide with the sign of tQ. To start the

calculations we have to chose a tQ very small in order for the approximations Eq.

(3.63) to be valid, for instance, tini
Q ∝ ±O(10−50). For a plus sign we are integrating

the expansion and for the minus sign the contracting phase.

After choosing αb, d, σ, Xb and ΩΛ Eq. (3.63) gives the initial conditions for Eqs.

(3.38) and (3.39). If d > 0 we have case A in which the DE epoch happens for the

contracting phase and the matching can be performed using the DE domination

scale. Hence, from tini
Q > 0 the quantum solutions evolve from the bounce until

the consistency condition Eq. (3.59) is satisfied and from there on the classical

solutions are built with Eqs. (3.48) and (3.49). For tini
Q > 0 the system enters

the expanding phase, which can be matched using the matter domination scale.

Again, the quantum solutions takes place until the consistency relation is satisfied,

now, Eq. (3.57). From there on the classical solutions are used to complete the

background.

If d < 0 we are in case B, i.e, DE in the expanding phase. The numerical integration

goes much in the same way as described before, but now the contracting phase

is matched with the matter domination scale, and the expansion, with the DE

domination scale.
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d σ αb Xb ΩΛ

10−5 5× 10−2 10−40 1010 1

10−1 5× 10−1 10−5 1020 1020

10 5 1 1030 1040

Table 3.2.: The parameters of the numerical solutions, Figs. 3.7 to 3.12. The bold values
in the table are fixated when one parameter is varied. For example, in Fig.
3.7, d assumes the three different values, but the other parameters were the
one in bold letters, i.e., σ = 0.5, αb = 10−40, Xb = 1030 and ΩΛ = 1.

3.4 Numerical solutions for the background

In this section we will explore the parameters space and see its influence on the

complete background that will be used in the perturbative study. The bold values

in Table 3.2 were fixed when just one parameter was varied. For instance, the

variation of d for the case B, Fig. 3.7, was calculated with σ = 0.5, αb = 10−40,

Xb = 1030 and ΩΛ = 1.
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d = 10−5

d = 10−1

d = 10

Figure 3.7.: Case A: the dependence of the background dynamics with the parameter d.
Bigger values of d implies longer stiff-matter domination phase, which results
in shorter matter contraction/expansion when Xb is fixed..
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In what concerns the study of the cosmological perturbations, the background

dynamics can be fully understood by the plot of H with α, Figs. 3.7 to 3.11. We

show the bounce asymmetry by choosing the horizontal axis to be

sign(τ)(α− αb).

The contracting phase is τ < 0 and the expanding phase τ > 0.

For a perfect fluid with p = wρ, the evolution of H is:

ln |H| ∝ ±3
2(w + 1)α, (3.64)

with the minus sign for contraction and the plus sign for expansion. In the matter

epoch, the effective EoS of the scalar field is w = 0, and in the stiff matter one it is

w = 1, implying different slopes in Figs. 3.7 to 3.12. The duration of the epochs is

connected with the size of the Universe at which we see the transition from one

slope to another. The closer to the bounce the transition happens, the longer is

the matter epoch. This is very important since we are interested in controlling the

matter contraction duration to confirm its influence on the relevant modes.

The DE epoch happens when x = 0 corresponding to a short plateau between the

matter and stiff-matter phases, for example, in Fig. 3.7 around α = 20.

Except for Fig. 3.8, all the scenarios are solutions for case B, since we will focus

on its property to discuss the primordial perturbations. Case A can be obtained

from it by choosing

sign(τ)(α− αb)→ −sign(τ)(α− αb).

As we’ve mentioned before, it makes no sense to change ΩΛ in case B, since it

is a observational constraint. On the other hand, in case A, this is exactly the

parameter we are interested in order to study perturbations during a DE epoch.

Therefore, Fig. 3.8 is a plot for case A. This scenario is subject for further studies.
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Figure 3.8.: For case A: the dependence of the DE epoch with the parameter ΩΛ. Smaller
values leads to earlier and less energetic DE epochs. For case B, ΩΛ is an
observational constraint, but if it could be changed, smaller ΩΛ would imply
in latter and less energetic DE epoch.

The bounce happens at τ = 0 and the two peaks, better noticed in Figs. 3.9, 3.10

and 3.11, represent the maximum values of H reached by the system, further on

referred to as Hext. The peaks are at Ḣ = 0 and we can use them to define the

duration of the bounce, δb. The closer the peaks are in the plots, the smaller is δb

(faster bounce). For instance, in Fig. 3.10, the red curve presents a faster bounce

than the blue curve.

In what concerns the quantum solutions, the variation of the parameters d, σ and

αb directly changes the time and energy scales of the bounce. When increasing d,

the frequency in the trigonometric functions of Eqs. (3.38) and (3.39) is higher

and it is possible that the background oscillates close to the bounce, Fig. 3.9.

Another important influence of d is in the duration of the matter domination phase.

For the branch matched with the matter domination scale, in case B of Fig. 3.7

its the contracting phase, Eq. (3.57) shows that, after fixing all the parameters,

we have a± ∝ d
2
3 . For bigger values of d, longer it will be the stiff-matter phase

between the bounce and the matter domination. For a fixed value of Xb, it implies

in shorter matter epochs. For the branch matched with the DE domination scale,

in case B the expanding phase, Eq. (3.59) gives a− ∝ |d|
1
3 , and again a longer
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Figure 3.9.: For case B, the dependence of Hext with the parameter d: faster bounces
happens for bigger values of d, which leads to more energetic transitions.
This behavior is also noticed in case A.

stiff-matter phase is expected when increasing d, consequently a later DE epoch

and a later matter phase.

The parameter σ is relevant only in the quantum phase. Fig. 3.10 shows that

bigger σ implies higher energy and in shorter time scales in the bounce. This can

be easily understood looking again at Eqs. (3.38) and (3.39). The hyperbolic

functions have the argument σ2αφ, and they saturate when the argument is of

the order of 11 (for instance, tanh(11) ≈ 1− 10−10). For this value to be achieved,

a bigger σ would demand a smaller α, which means that the classical regime of

the quantum solution still holds very close to the bounce. As a consequence, the

Universe contracts for a longer time and a higher value of |Hext| is reached by

the system. Also, since the classical regimes happens very close to the minimum

scale factor, the window for the quantum solution to drive the background to the

expanding phase is very small and faster bounces are observed when σ is bigger.

A similar argument for the higher values of |Hext| can be used when analyzing the

influence of αb, Fig. (3.11). Deeper bounces implicate a longer contraction, hence

more time for |H| to grow.
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Figure 3.10.: For case B, the dependence of the Hext with σ. Hext is an important param-
eter in order to determine the validity of the canonical quantization, since
we should maintain the energy scale of the bounce below Planck scale.

The parameter that influences the most the matter phase is Xb. In Fig. 3.12 we can

see that longer matter epochs are attained by bigger values of Xb, which is to be

expected due to the definition in Eq. (3.52). Amongst the parameters presented in

this section, Xb influences the classical background the most, and it will be a key

ingredient to generate scenarios with consistent primordial power spectra.
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Figure 3.11.: The scale factor at the bounce, αb, changes the maximum value of H
achieved by the system. Smaller αb, implies contractions before the bounce
and, consequently, |H| has more time to increase, as depicted in the plot for
case B.
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Figure 3.12.: The duration of the matter contraction is mostly sensible to the parameter
Xb. Longer matter contractions are obtained using bigger values of Xb, as
depicted in the plot for case B.
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4Primordial Perturbations

When the cosmological principle is invoked to assist us in the study of the back-

ground dynamics, it is not only a working hypothesis, but actually a reliable picture

of the Universe for scales larger than a hundred megaparsec. In order to study the

smaller scales we have to consider the deviations from homogeneity and isotropy.

As we look deeper and deeper into the redshift space, those deviations becomes

smaller and to study their evolution we can make use of the first order perturbed

Einstein’s equations.

In the standard cosmological model those deviations are seeded by the quantum

fluctuations of the Minkowsky vacuum at some time very early in the beginning of

inflationary phase. They evolve throughout the primordial Universe leaving a very

specific fingerprint in the temperature fluctuations of the CMB.

From the temperature fluctuations of CMB, the primordial power spectra can be

recovered, i.e., the distribution of amplitudes per characteristic wave-numbers

of perturbations. The own nature of gravity implies the coupling between the

metric and the energy-tensor fluctuations. That said, there are many ways to cast

together those two components, but attention should be made to the existence

of non physical modes that appear due to the gauge dependence of GR. Linear

perturbation theory addresses those issues and offers a clean approach to study

primordial perturbation.

In what follows we will develop the necessary tools to study the spectra that

arise after the bounce. In those scenarios, the seeds of the perturbations are the

quantum vacuum fluctuations in the far past history of the contracting phase.
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4.1 Linear Perturbation Theory

Perturbing Einstein’s equations, Eq. (2.1), and linearizing up to first order leads to

the following relations:

δGµ
ν = 8πGδT µν . (4.1)

The Einstein tensor contains the metric and its derivatives. The flat FLRW metric

expanded to linear order about the background reads

ds2 = a(η)2
{
−(1 + φ)dη2 + 2(B,i + Si)dηdxi+ (4.2)

+
[
(1− 2ψ)δij + 2E,ij + 2F(i,j) + 2hij

]
dxidxj

}
,

where η is the conformal time satisfying

dη ≡ 1
a

dt

and from here on ′ ≡ d
dη .

Here the decomposition theorem is invoked to write the perturbed metric into its

scalar (S), vector (V) and tensor (T) components. The scalars are A, B, ψ and E;

the vectors Si and Fi, both with zero divergence; and the tensor hij satisfying

hii = 0, hij,i = 0. (4.3)

The perturbation in the space-time manifold can be understood as the devia-

tion between the physical manifold and the homogeneous one, identified by the

superscript 0:

gµν = g0
µν + δgµν . (4.4)

To evaluate that deviation one should build an identification one-to-one between

the points in the manifolds, note that such identification is arbitrary. The arbi-

trariness of that local correspondence introduces non physical degrees of freedom.

This is known as the gauge problem: gauge transformations, i.e., the change in the
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local correspondence between the manifolds, may produce non-physical (gauge)

modes, disabling us from studying the physical perturbations[109, 110].

To overcome this problem, the most common approach is to express the perturbed

quantities in term of gauge-invariant variables. We can deduce the gauge transfor-

mations from each of the STV components and combine them in a gauge invariant

manner [111, 109, 110]:

Φ ≡ φ− 1
a

[a(B − E ′)]′ , (4.5)

Ψ ≡ ψ +H(B − E ′), (4.6)

Vi ≡ Si − F ′i and (4.7)

hij = hij (4.8)

In Eq. (4.3) we had 10 degrees of freedom, φ, Ψ, B, E, Si, Fi and hij. Their

gauge-invariant composition reduces the system to 6 degrees of freedom, Φ, Ψ, Vi

and hij. By rewriting the perturbation in a gauge-invariant manner, 4 fictitious,

non-physical modes were excluded.

To study the evolution of the fluctuations, the metric and its derivative have to be

replaced in the gauge-invariant version of Eq. (4.1). Linearizing up to the first

order, the (0
0),

(
0
j

)
and

(
i
j

)
components give the equations for the perturbations for

a given energy-momentum tensor [49, 111, 112]. The set of equations relevant

for the scalar modes is:

∆Ψ− 3H(Ψ′ +HΦ) = 4πGa2δT0
0, (4.9)

(Ψ′ +HΦ),i = 4πGa2δT0
i , (4.10)[

Ψ′′ +H(2Ψ + Φ)′ + (2H′ +H2)Φ+

+ 1
2∆(Φ−Ψ)

]
δij −

1
2(Φ−Ψ),ij = −4πGa2δTj

i, (4.11)

where δTµν is the gauge-invariant version of the energy-momentum tensor. For a

perfect fluid and, analogously, for canonical scalar fields, δTij = 0 for i 6= j, and

Ψ = Φ.
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For the tensor modes the equation reads

h′′ij + 2Hh′ij −∆hij = 16πGa2δTT
ij (4.12)

in which δTT
ij is the component of δTij with the same symmetries as hij, which

means that for a matter content with no anisotropic pressure (as the perfect fluid

and the scalar field)1, δTT
ij = 0 [110].

The vector mode decays as 1/a2 and is not relevant when the Universe is isotropic.

Tensor modes

Because of the translation symmetry of the perturbations, it is useful to study their

dynamics in the Fourier space. The final equation for the tensor perturbations

reads

h′′k + 2z
′
h

zh
h′k − k2hk = 0, (4.13)

where hk is the amplitude of any of the two polarization modes and, for further

use, the quantity zh is defined as

zh = a.

Another useful way to recast the tensor perturbation is by making use of Mukhanov-

Sasaki variable µ = ha, which implies

µ′′k + (k2 − z′′h
zh

)µk = 0. (4.14)

When discussing the initial conditions, this is the interesting variable to quantize

the tensor perturbations in the far past.

1The same STV decomposition made for the metric tensor can be applied to Tµν . The tensorial
components are called anisotropic pressure, πµν with πµµ = 0 and πνµ,ν = 0 [110].
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Scalar modes

In the following developments we will choose the longitudinal gauge,

E = B = 0 (4.15)

which simply gives Φ = φ, Ψ = ψ and δTµν = δTµν . For the the canonical

scalar field ϕ with a potential V (ϕ), δTµν , the perturbed energy-momentum tensor

reads:

δT 0
0 = ρ+ p

c2
s

[(
δϕ

ϕ′0

)′
+Hδϕ

ϕ′0
−Ψ

]
− 3H(ρ+ p)δϕ

ϕ′0
(4.16)

δT 0
i = (ρ+ p)

(
δϕ

ϕ′0

)
,i

, (4.17)

where

ρ = ϕ2
0

2 + V (ϕ0) (4.18)

pρ = ϕ2
0

2 + V (ϕ0). (4.19)

In the above equations, the scalar metric perturbation is Ψ (Ψ = Φ ) and ϕ is the

scalar field: ϕ0 the its background value and δϕ the deviation from homogeneity.

Equations (4.9), (4.10), (4.11), (4.16) and (4.17) can be recast in a very sim-

ple and objective manner by combining the scalar perturbation Ψ and the field

perturbation δφ by means of the Mukhanov-Sasaki variable, v [111, 112]:

v = a

(
δϕ+ ϕ′0

H
Ψ
)
. (4.20)

The final equation of motion in terms of v in Fourier space reads

v′′k +
(
c2
sk

2 − z′′

z

)
vk = 0, (4.21)
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where

z2 = a2ϕ2
0

H2 . (4.22)

From the definition (3.5), z2 can be written as

z2 = 3a2x2

κ2 . (4.23)

Since vk and µk are guided by the same wave-equation, Eqs. (4.21) and (4.14)

have the same long-wave limit solution

vk(η) ≈ Ck
1 z + Ck

2 z
∫ dη
z2 , (4.24)

with the tensor modes recovered by changing vk → µk and z → zh. One should

notice that the dynamics of the tensor and scalar modes will differ essentially by a

factor of x due to the definitions of z and zh.

Initial vacuum perturbations

The most natural proposal for the origin of the inhomogeneities in the current

Universe is the primordial vacuum quantum fluctuations. In the inflationary

scenario, the exponential growth of the scale factor is responsible for amplifying

those quantum fluctuations. They become classical fluctuations [113] and after a

60 e-fold expansion they have enough amplitude to fit the CMB observations.

Bounce models assume the same mechanism for the origin of inhomogeneities, but

placed in the far past of the contracting phase. Some scenarios may find difficulty

in providing the Minkowsky vacuum as initial conditions. This is the case when

the cosmological constant is considered [11]. In the present model, the choice

of λ =
√

3 guarantees a past matter domination epoch and the standard vacuum

initial conditions can be assumed.

4.1 Linear Perturbation Theory 55



The action that gives the dynamics for the perturbations comes from the first order

perturbed Einstein-Hilbert action and reads:

S = 1
2

∫ (
v′ + v∆v + z′′

v2

)
dηdx3. (4.25)

The equation of motion for v, Eq. (4.21), is obtained through the variational

principle.

In the present case the scalar field behaves like a matter fluid and the usual

quantization of the adiabatic vacuum fluctuations in a Minkowsky space-time

coincides with the WKB solution with positive energy [111, 112]. Equation (4.21)

can be written

v′′k + w2
kvk = 0, (4.26)

where,

w2
k(η, k) ≡ k2 − z′′

z
. (4.27)

A solution to the above equation can be expressed in terms of the WKB approxima-

tion [110], which has a certain limiting validity. Let us define,

QWKB = 3
4

(
w′k
wk

)2

− 1
2
w′′k
wk
. (4.28)

In the regime for which. ∣∣∣∣∣QWKB

w2
k

∣∣∣∣∣� 1, (4.29)

the solution is

ṽWKB
k (η) = 1√

2wk
exp±i

∫ η
η0
wk(k,η̄)dη̄

. (4.30)

The matter contraction satisfies Eq. (4.29) and Eq. (4.30) not only gives the initial

conditions, but also a good approximation for the solution of Eq. (4.21) while

condition (4.29) is satisfied.
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For k2 >> z′′

z
the initial vacuum conditions are reduced to :

vini = 1√
2k

and (4.31)

v′ini = i
√

2k, (4.32)

where the phase factor was set equal to zero.

The tensor modes h can be quantized in terms of the variable µ, which satisfies

the same action (4.25), but with z → zh = a. The same treatment given to the

quantization of v can be performed for µ, and the initial conditions are equivalent

for the tensor modes.

In the adiabatic limit, the perturbations are in a highly oscillatory regime and the

numerical calculations have a hard time pursuing the solutions. A very common

approach to numerically solve the perturbations is to consider the WKB solution

until k2 ≈ z′′

z
and to switch to the numerical calculation just before k2 = z′′

z
.

However, if the calculation starts very deep in the adiabatic regime, the high

oscillatory behavior will demand a long computational time and the accumulated

error when condition (4.29) begins to break may spoil important estimations in

the final spectra [114]. To circumvent those problems, in the the next section, the

action angular variable will be used to solve numerically the perturbations.

Besides the linearity condition, i.e, small fluctuations, isotropy is another key

ingredient to the validity of the perturbation theory presented here. As mentioned

in the chapter 3, bouncing models suffer from a significantly growth of anisotropies

during the contracting phase if the background is not Friedmann. In the case the

background is homogeneous and isotropic, there is no such problem, see Ref.

[115]. In what concerns the perturbations, the authors in Ref. [116] made a very

rigorous calculation of the equations describing the evolution of the perturbations

in a Bianchi space-time. They show that even at first order the STV modes are

coupled, which means that the theory presented in this section would be no longer

valid, if the background is not homogeneous and isotropic.
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4.2 Numerical Results

The relevant quantities to be constrained by observations are related to the curva-

ture scalar, defined as

ζk = vk
z
,

and the amplitude of the tensor modes, hk. Also, to make use of the background

developed in Chapter 3, the adopted time parameter to solve the perturbations

will be τ . The lapse function is

N ≡ τ

H
= dt

dτ , (4.33)

from now on ′ → d
dτ , and k is measured in units of the Hubble radius, RH .

The equations of motion for ζk and hk in terms of τ can be easily deduced from

Eqs. (4.21) and (4.13) and read

ζ ′′k + 2z
′

z
ζ ′k + ν2ζk = 0, (4.34)

h′′k + 2z
′
h

zh
h′k + ν2hk = 0, (4.35)

with

z2 → z2 = 3a3x2

κ2N
, (4.36)

z2
h → z2

h = a3

4κ2N
, (4.37)

and

ν2 = N2k2

R2
Ha

2 . (4.38)
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The initial conditions for Eqs. (4.34) and (4.35) can be obtained from Eqs. (4.31)

and (4.32) with respect to τ . For the scalar mode they are

vini = 1√
2k

√
aRH

N
, (4.39)

dv
dτ

∣∣∣∣∣
ini

= i
√

2k
√

N

aRH

. (4.40)

The constrained quantities are the power spectra

∆ζk ≡
k3|ζk|2

R3
H2π2 =

`2
Pl

R2
H

4k3|ζ̃k|2

3π , (4.41)

∆hk ≡
k3|hk|2

R3
H2π2 =

`2
Pl

R2
H

16k3|h̃k|2

π
, (4.42)

the scalar and tensor spectral index, respectively

ns − 1 ≡ d log(∆ζk)
d log k

∣∣∣∣∣
k=k∗

, (4.43)

nT ≡ d log(∆hk)
d log k

∣∣∣∣∣
k=k∗

, (4.44)

and the tensor-to-scalar ratio,

r ≡ 2 ∆hk

∆ζ

∣∣∣∣∣
k=k∗

. (4.45)

In the above equations the dimensionless mode functions were introduced,

ζk ≡
√
κ2RH

3 ζ̃k, hk ≡
√

4κ2RH h̃k, (4.46)

and k∗ = 0.05RHMpc−1 is the pivotal scale as in [38]. The latest Planck Collabora-

tion release, estimates for long-wave-lengths ∆ζk ≈ 10−10, ns ≈ 0.96 and r < 0.1

[38]. Those are the estimations that the present model should be confronted

with.

The numerical solutions of Eqs. (4.34) and (4.35) will be calculated using the

action angle variables (AA variables), which are a set of variables suitable to
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integrate highly oscillatory systems [117, 118, 119]. In analogy with the harmonic

oscillator, the new set of variables are obtained by identifying the mass term m,

and the frequency ν of the system. The full development of the set of equations

solved numerically can be found in Appendix B. For instance, the frequency and

the mass term for the scalar modes are, respectively, Eq. (4.38) and

m = κ2RHz
2

3 .

The calculations were performed using the library NumCosmo [120]. The object

NcHICosmoVexp solves the background described in Chapter 3 and by means of

the objects NcHIPertAdiab and NcHIPertGW (scalar and tensor modes, respectively)

furnishes the mass m and the frequency ν in order for the object NcmHOAA [121]

to implement the AA variables and to calculate the spectra.

The focus of the present results is on case B, which is a complete background that

addresses the problem of DE in bounce models by means of a single scalar field.

Hence, for the numerical solutions, ΩΛ = 1 and Ωd = 1.

The present model belongs to the category of “matter bounce models” and, as

discussed in chapters 1 and 2, the current results regarding the primordial pertur-

bations can be summarized as follows: the power spectrum is scale invariant; the

tensor-to-scalar ratio is larger than measured in CMB if the scalar field is canonical

and the bounce is symmetric; attempts to solve this problem, assuming the validity

of GR all along, result in the increase of non-Gaussianities, which seems to suggest

a no-go theorem for bounce cosmologies [25, 122, 26, 23, 123, 61, 3, 19, 124, 125,

20]. In previous works the bounce phase was obtained by means of a second scalar

field with a ghost-type Lagrangian. Choosing wisely the parameters of the ghost

scalar field, it takes place only very close to the singularity and the perturbations

are studied without taking it into account.

In the model presented in this work, the matter contraction is followed by a quan-

tum bounce and the numerical calculations take into account all the background
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without any simplification until the expanding phase. Four sets of parameters

listed in Table 4.1 are used to discuss the main features of the perturbations.

As mentioned before, the parameter choices are implicit determinations of the

background model initial conditions (including the wave function parameters).

d σ αb Xb

set1 −9× 10−4 9 8.3163× 10−2 2× 1036

set2 −9× 10−4 100 7.4847× 10−3 4× 1036

set3 −0.1 4 10−5 6× 1037

set4 −0.1 4 10−7 6× 1037

Table 4.1.: Model parameters for four different cases in which the present model produces
∆ζ close to 10−10, and scale invariant spectra. The relevant background
quantities are presented in Fig. (4.2) through (4.5), while the modes evolution
can be seen in Fig. (4.1). The DE scale is fixed at ΩΛ = 1.

The numerical results for the power spectra at the pivotal mode k∗ are:

set1 : ∆ζk |k=k∗ = 1.4× 10−10, r = 1.9× 10−7,

set2 : ∆ζk |k=k∗ = 4.6× 10−11, r = 1.3× 10−5,

set3 : ∆ζk |k=k∗ = 1.2× 10−14, r = 56,

set4 : ∆ζk |k=k∗ = 1.7× 10−14, r = 59,

and the time evolution is plotted in Fig. 4.1, where the superscripts a and b holds

for the real and the imaginary part of ζk and hk.

The scalar spectral index is close to scale invariant in the fours sets, hence the

main differences between them, as showed in the previous estimations, are the

amplitude and the tensor-to scalar ratio.
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To understand the influence of the model parameters in the spectra, the long

wave-length solution, Eq. (4.24), can be rewritten for ζk and hk. Using τ as the

time parameter and the definitions of ζk and hk one can easily obtain:

ζk ≈ Ak1 + Ak2
1
RH

∫ N

x2a3 dτ (4.47)

hk ≈ Bk
1 +Bk

2
1
RH

∫ N

a3 dτ. (4.48)

The integrands of the above equations are plotted in Figs. 4.2 and Figs. 4.3.

Tensor-to-scalar ratio

In the studied sets of parameters, set1 and set2 are the closest to the observational

constraints. In particular, they are examples of matter bounces in which the tensor-

to-scalar ratio is smaller than 0.1. That estimation had not yet been obtained by

single field matter bounces in the literature and the known multiple field models

that produce such result do not consider the influence of the bounce phase in the

final spectra. This original result is only possible because we are in the domain of

quantum cosmology.

During the classical contraction, the long wave-length solution of ζk, Eq. (4.47), is

essentially dominated by the scale factor contraction, since x ∈ (
√

2
2 , 1). However,

when the quantum potential starts to act, x is no longer restricted to those values

and it can contribute significantly to the growth of the scalar mode amplitude.

Indeed, that phenomenon can be observed by comparing Figs. 4.3 and 4.2. For the

scalar mode, both set1 and set2 present two peaks around the bounce (Fig. 4.3),

which are responsible for the “boost” in the amplitude during the quantum phase.

Those peaks are not present for the tensor mode, Fig. 4.2. Actually, for set1 and

set2, the integrands for the tensor modes are even “frozen” during the bounce.

It is precisely the peaks generated by the quantum bounce dynamics that boosts

the scalar modes and produce a scalar-to-tensor ratio smaller than unit. For set3
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and set4 the scalar modes have no significant contribution around the bounce, Fig.

4.3, and r assumes values completely out of the accepted range.

To understand how the model parameters influence r, one has to understand how

the quantum phase changes the value of x. From the equations developed in

Chapter 3, we obtain the following relation

1
x

= α̇

φ̇
= dα

dφ.

Whenever, φ̇ ≈ 0, 1/x will significantly contribute to the integral in Eq. (4.47).

Those are precisely the center solutions for the phase space for the Bohmian

trajectories, Fig. 3.5, which happens when

σ2α

2d = cot dα.

For the choices of the parameters d and σ in Tab. 4.1, rough estimates for the

αcenter that satisfies the previous condition are

set1 : αcenter ≈ 16× 10−2,

set2 : αcenter ≈ 14× 10−3,

set3 : αcenter ≈ 35,

set4 : αcenter ≈ 35.

One can notice that the chosen αb for set1 and set2, Tab. 4.1, are very close to the

αcenter for the fixed d and σ, while the chosen values for set3 and set4 are orders of

magnitude further. Hence, the Bohmian trajectories that allow smaller values of r

are those close to the centers solutions, Fig. 4.4.
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Amplitudes

The main contribution to the amplitudes comes from the classical contraction.

Since x has the order of unit, the scalar and tensor modes have a similar evolution.

During the matter domination, N/a3 ≈ τ/a3/2, while for stiff matter N/a3 ≈ τ ,

where we are using the definition of N and that H ∝ a−3/2 in the matter phase and

H ∝ a−3 in the stiff matter phase. Hence, the main contribution to the amplitude

growth comes from the matter epoch, whose duration is closely connected with

the parameters d and Xb, both also controlling the bounce depth2.

As discussed in Sec. 3.4, bigger values of Xb gives longer matter contractions.

However, even though Xb is bigger in set3 and set4 then in set1 and set2, this is not

the cause of the difference between the amplitudes. Actually, in those cases, the

parameter d was more relevant, since it varied about 3 orders of magnitude, Tab.

4.1. Smaller values of d allows longer matter contractions, and for that reason, the

amplitudes of sets 1 and 2 are larger.

In principle, one could choose the parameters in order to make the bounce deeper,

hoping to get the right amplitude. Nevertheless, we must take care to not go

beyond the scale of validity of these models. One should verify whether the energy

scale of the bounce is not dangerously close to the Planck energy scale, where our

simple approach would not be appropriate. The curvature scale at the bounce is

given by the Ricci scalar,

R = 12H2 + 6Ḣ, LR = 1/
√
R, (4.49)

and the Ricci scale LR should not be smaller than the Planck length in order for

the quantum canonical quantization of gravity to be a valid effective description.

Figure 4.5 displays the Ricci scale evolution for all parameter sets. This figure

shows that the absolute value of d controls the minimum scale LR attained around

2The bounce depth is connected to the energy scale of the bounce, Eq. (4.49).
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the bounce. This means that it’s not possible to increase the amplitudes of set3

and set4 by increasing |d| without violating the validity of our approach.
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Figure 4.1.: Evolution of the mode functions ζ̃k and h̃k for set1, set2, set3 and set4.
In the detail, we can see the result of the integration of the two peaks in
Fig. 4.3 for the scalar mode in the upper panels and the single peak of Fig. 4.2
integration for the tensor mode. For example, in the upper left figure, the
first peak around −0.1 increases the amplitude of ζ̃a and the second peak at
+0.1 double this value. In contrast, since the tensor perturbations amplitude
does not depend directly on the evolution of x, they are not modified by these
peaks. Nonetheless, the tensor amplitude is sensible to peaks in the lapse
function N . Hence, for set3 and set4 where these peaks are pronounced,
we have an increase in the amplitude of tensor perturbations at the bounce,
which is otherwise overcome by scalar perturbations in the cases where the
1
x2 term become relevant.
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Figure 4.2.: Integrand of the super Hubble approximation for the tensor modes, which
are sensitive to the peaks in N .
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Figure 4.3.: Integrand of the super Hubble approximation for the scalar modes . It is
worth noting the presence of the 1/x2 term in the scalar mode integrals,
which goes through zero during the bounce phase, overcoming any possible
additional contribution to the amplitude from the peak in the lapse function
N = τ/H.
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Figure 4.4.: Phase space evolution for the four sets of parameters appearing in Tab. 4.1.
Note that the set1 and set2 curves are almost vertical near the bounce. This
happens because they pass close to the periodic trajectories (see Fig. 3.5 for a
full picture of the phase space trajectories). At these points, x ∝ dφ/dα ≈ 0,
which results in the peaks seen in Fig. 4.3. Contrastingly, the set3 and set4
curves pass far from the center points of Fig. 3.5, resulting in a smoother
transition through the bounce phase. With all parameters fixed, we can
control how close one gets to the cyclic solutions by increasing the value of
αb. One can also see in the figure, by comparing set1 with set2, that a larger
σ induces a faster bounce.
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Figure 4.5.: Time evolution of the Ricci scale for all sets appearing in Tab. 4.1. The
parameter d controls how close the scale gets to the Planck length, and set3
and set4 are in the limit of validity of the present model. Thus, a large
value of |d| would violate this constraint. Note also that faster bounces (for
instance, set2) result in stronger oscillations of LR near the bounce. This
means that faster bounces must take place at even higher scales in order to
avoid a violation of LR/`Pl > 1 during the oscillations.
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5The anisotropy problem and

multiple bounce models

The present chapter is dedicated to the work developed in Ref. [6] in which the

anisotropy problem is explored in the context of the so-called “New Ekpyrotic”

models, i.e., matter bounce models with an ekpyrotic phase during contraction

and a ghost condensate performing the non-singular classical bounce [66, 3, 70,

33].

As showed in Chapter 2, bouncing models may suffer from the BKL instability

when approaching the end of the contraction phase. The reason for the “anisotropy

problem” that causes the instability is the growth of the initial shear with a−6,

implying an effective EoS w = 1 that eventually overcomes all the regular mat-

ter components, as dust (w = 0) and radiation (w = 1/3), when the Universe

approaches the singularity [3, 33, 6].

In this current version of the new ekpyrotic model, the ghost condensate is ob-

tained via a Galileon term that couples the scalar field with the metric [70]. By

means of two different functions of the scalar field, namely a negative potential

V (φ) controlling the ekpyrotic phase, and a non-standard kinetic coupling g(φ)

controlling the ghost condensate, it was then argued that the anisotropy growth is

suppressed and the non-singular bounce is achieved even in the presence of small

anisotropic deviation [3, 33], since in the ekpyrotic phase the effective EoS of the

scalar field is w > 1. In such models a curvaton mechanism [126, 127] is then

invoked to finally produce scale invariant perturbations in the expansion phase.

Present calculations of the perturbations in anisotropic bounce models have

been done assuming an FLRW perturbed metric, under the assumption that the

anisotropic stress can be made negligible at the relevant scales. On the other hand,

if this assumption is not strictly valid and the background space-time is in fact

70



Bianchi I, at least in some range of times, then it was shown [116] that the scalar,

vector and tensor modes evolve in a coupled way already at first order. Even for an

inflationary phase, this is known to yield possible effects in the resulting spectrum

[128], and one may expect a similar conclusion to hold in a contracting Universe

model. This could drastically modify any prediction for the final perturbation

spectrum produced in such a model.

However, due to the high non-linear dynamics presented by the existence of

the ekpyrotic and the ghost condensate phases, the cosmological scenario may

not reduce to the case previously discussed in the literature [3, 33], and before

properly addressing perturbation in those models, the phase space should be well

understood. These are the motivations for Ref. [6], which is discussed in this

chapter.

The present work aims at exploring the evolution stemming from the theory

proposed in [33]; as it happens, it is much richer than previously anticipated

preseting scenarios with one, two or even three bounces, which would significantly

change the predicted spectra.

In the next section the basic equations of the model described in [33] are reviewed.

Section 5.2 is dedicated to the numerical solution for the equations developed

in Sec. 5.1 and the main phenomenology behind the different scenarios will be

discussed. Section 5.3 contains the numerical solutions of Sec. 5.2, with the

analytical discussion of the dynamical equations of Sec. 5.1 and the role of the

anisotropy in the multiple bounce scenario is clarified.

To be coherent with Ref. [6], the reduced Planck mass MPl = 1/
√

8πG may be

occasionally invoked. The metric signature is still the same as in the previous

model (+,−,−,−) and from here on the scale factor will be normalized by the

scale factor in the bounce or in the first bounce for the cases in which there are

more then one. Through out this chapter all quantities should be considered only

in the context of the present “New Ekpyrotic” scenario. It is worth emphasizing

that the findings presented in this chapter enlighten interesting topics concerning
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how the current literature on matter bounce is treating the anisotropy problem

and bears no resemblance with the latter quantum bounce model, except for an

initially contracting matter epoch.

5.1 General equations

The ghost condensate, responsible for performing the bounce, is obtained via a

Galileon scalar field φ minimally coupled to gravity, i.e.

S =
∫

d4x
√
−g

(1
2M

2
Pl
R + L

)
, (5.1)

where the scalar field Lagrangian is taken to be

L [φ (x)] = K(φ,X) +G(φ,X)�φ, (5.2)

K and G are functions of the scalar field and its canonical kinetic term

X ≡ 1
2∂µφ∂

µφ, (5.3)

with �φ ≡ gµν∇µ∇νφ.

The energy momentum tensor is obtained from the variation of the Lagrangian

and reads

T φµν = (−K + 2XG,φ +G,X∇σX∇σφ)gµν

+(K,X +G,X�φ− 2G,φ)∇µφ∇νφ

−G,X(∇µX∇νφ+∇νX∇µφ), (5.4)

where the notations F,φ and F,X stand for derivatives of with respect to φ and X,

respectively.
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Following Ref. [33], function K is chosen to be

K(φ,X) = M2
Pl

[1− g(φ)]X + βX2 − V (φ), (5.5)

with the positive-definite parameter β ensuring the kinetic term to be bounded

from below at high energy scales and the scalar field φ dimensionless, hence the

Planck mass coefficient on the first term. The arbitrary functions in (5.5) must

be such as to render an ekpyrotic contraction phase together with a non singular

ghost condensate dominated bounce. As explained in [33], an acceptable choice is

provided by

g(φ) = 2g0

e
−
√

2
p
φ

+ e
bg

√
2
p
φ
, (5.6)

with g0 > 1, p > 0 and bg dimensionless constants, while the potential can be taken

as

V (φ) = − 2V0

e
−
√

2
q
φ

+ e
bv

√
2
q
φ
, (5.7)

where V0 > 0 is a constant with dimension of (mass)4 and there are two other

dimensionless constants q and bv. This negative-definite potential reduces to the

exponential form of the ekpyrotic scenario [20] for large values of φ. Finally, the

function G(φ,X) is of the Galileon type [129], again chosen in agreement with

[33] as G(X) = γX, where γ is a positive dimensionless constant.

The above described scalar field will evolve in a flat, homogeneous and anisotropic

Universe, whose metric is chosen to be Bianchi I, Eq. (2.25), and relations (2.26)

to (2.30) hold.

The equation of motion of the scalar field φ is derived from the Lagrangian (5.2)

and can be cast in the form of a modified Klein-Gordon equation

Pφ̈+Dφ̇+ V,φ = 0, (5.8)
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where the functions P and D are, respectively,

P = (1− g)M2
Pl

+ 6γHφ̇+ 3βφ̇2 + 3γ2

2M2
Pl

φ̇4, (5.9)

and

D =3(1− g)M2
Pl
H +

(
9γH2 − 1

2M
2
Pl
g,φ

)
φ̇+ 3βHφ̇2

− 3
2(1− g)γφ̇3 − 9γ2Hφ̇4

2M2
Pl

− 3βγφ̇5

2M2
Pl

− 3
2γ
∑
i

θ̇2
i φ̇. (5.10)

The parameters of the model are g0, V0, bg, bv, p, q, β, γ, all real, positive and

assumed to be non vanishing. Without lack of generality, MPl → 1 for the rest of

this chapter.

In (2.27) and (2.28) the total energy density and pressure are the ones of the

scalar field, pφ and ρφ, respectively, and in the present case they read

ρφ = 1
2(1− g)φ̇2 + 3

4βφ̇
4 + 3γHφ̇3 + V (φ), (5.11)

pφ = 1
2(1− g)φ̇2 + 1

4βφ̇
4 − γφ̇2φ̈− V (φ). (5.12)

Finally, as discussed in Chapter 2, the shear evolves as

σ2 = σ2
ini

(
aini

a

)6
, (5.13)

i.e., as a stiff-matter fluid, where the subscript “ini” denotes an arbitrary initial

time. For future convenience, the effective pressure and energy density of the

shear are

ρσ ≡
σ2

2 = pσ. (5.14)
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5.2 Numerical solutions

The system of first order differential equations to be solved numerically is

φ̇ = ϕ, (5.15)

ϕ̇ = −Dϕ
P
− V,φ
P
, (5.16)

Ḣ = −ρφ + pφ
2 − σ2

ini
2

(
aini

a

)6
, (5.17)

ȧ = aH, (5.18)

where a new variable ϕ was introduced to reduce the system order of Eqs. (5.8),

(2.28), (5.13), and the definition of the mean Hubble rate H was used. The model

parameters are chosen as in ref. [33], in which a single bounce model with a small

initial anisotropy has an isotropic expansion. Maintaining the model parameters

and changing the initial conditions reveal the rich dynamics of the models and

many interesting scenarios. The adopted parameters are

V0 = 10−7M4
Pl
, g0 = 1.1,

bv = 5, bg = 0.5,

p = 0.01, q = 0.1,

β = 5, γ = 10−3.

The initial conditions are chosen by the set

θ = (φini, ϕini) and σ2
ini = 5× 10−12, (5.19)

with ϕini chosen in such a way that the kinetic contribution ∝ ϕ2
ini be comparable

to the shear contribution at the initial time (aini is fixed, = 1), while H is given by

the constraint (2.27), namely

Hini = −
√
ρφini

3 + 1
6σ

2
ini, (5.20)
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where ρφini is obtained with Eq. (5.11) evaluated at φini and ϕini. The scale

factor was omitted since it enters explicitly only in the expression for the shear

in Eq. (5.13) through the combination σinia
3
ini: without loss of generality, one can

renormalize the initial shear to account for the initial value of the scale factor,

which can thus be chosen as aini = 1 for simplicity.

Reference [33] considers the presence of a matter component, p � ρ, assumed

to produce the initial scale-invariant spectrum. Here, the focus is on the bounce

itself, or the behavior of the scale factor in general when the Universe is dominated

by the scalar field. This means that the analysis begins at a time for which it is

assumed that the dust fluid contribution has already turned negligible, having

been overcome by the other components when the initial conditions are settled.

In other words, for a < aini (in the contraction and expansion phases), the matter

fluid is negligible and will be ignored in the calculations.

In the numerical solutions presented below in Figs. 5.1 through 5.9, the cosmic

time t is expressed in units of 104M−1
Pl

and the Hubble rate H in units of 10−4MPl.

In order to compare the solutions with the same reference point, the initial time is

tini = 0 for all scenarios. The estimated absolute error in the calculations shown

are of order O(10−10) during the contraction and expansion epochs, and O(10−7)

during the bounce phase.

5.2.1 One bounce scenario

The single bounce scenario is the most widely discussed background evolution

for bouncing cosmologies. The background evolves dominated by the scalar field

during contraction, passes through the ghost condensate phase, makes a single

non singular bounce and enters an ever lasting expansion phase afterwards, as

exemplified in Fig. 5.1. These numerical solutions were obtained for φini,1 = −2.5

and φini,2 = −3.0, with ϕini = 8 × 10−6 in both cases. As noted earlier, the initial

shear value is close to the kinetic term ϕ2 ∼ ×10−11, and is subsequently diminished

(in comparison to ρ) during the ekpyrotic phase, Fig. 5.3.
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Figure 5.1.: Time evolution of the Hubble constant H (top left) and scale factor a (bottom
left) for ϕini = 8 × 10−6 and two different values of φini: φini = −3 (full
brown) and φini = −2.5 (dashed blue). The bounce times are marked as
tb. The discontinuity is only apparent and a mere consequence of the fact
that the relevant time scale is extremely short for the fast bounce that takes
place in this theory: the right panels show the details of this actually smooth
transition (shown only for φini = −3.5) over the much smaller time interval
of ∆t = 10−4 around the bounce time tb.

The ghost condensate and ekpyrotic phases are presented in Fig. 5.2 where the

time evolution of the kinetic term coefficient g and the potential V are presented.

Before the bounce takes place, the scalar field is driven by the potential which

becomes very negative throughout the ekpyrotic phase, until g takes over, at which

point the bounce occurs. Figure 5.3 shows, for this case and the following (with

more than one bounce taking place), the time evolution of the energy contained

in the scalar field and in the shear. The top panel is for the case at hand: the

difference between ρφ and ρσ is entirely due to V (φ) in this case, and as expected,

the shear contribution decreases with respect to that of the field.

As previously exposed, the ekpyrotic phase is present in order to reduce the shear.

Indeed, with the potential (5.7), there exists an attractor solution with EoS for the

scalar field wφ

wφ ≈ −2 + 2
3q , (5.21)

while on the other hand, Eq. (5.13) implies that the EoS of the shear is wσ = 1.

For small values of q, as the one chosen for the numerical calculations, the shear
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Figure 5.2.: Time development of the kinetic function g [φ (t)] (top left) and potential
V [φ (t)] /V0 (bottom left), with the same convention as Fig. 5.1. The ghost
condensate phase begins as soon as g(φ) ≥ 1. The right panel shows how
smooth the transition goes when looked at on shorter timescales.

can never dominate during contraction. The more negative φini, the longer the

contraction phase, because the scalar field begins farther away from the ghost

condensate state that allows the bounce. There is a degeneracy in the initial

condition space, since one could achieve a similar behavior by changing ϕini, an

initially small velocity for the field leading to a longer contraction phase as it takes

more time to reach the ghost condensate phase.

At first sight, one is tempted to conclude from the previous discussion that φini or

ϕini could be chosen as small as one wishes in order to yield a longer contraction

phase and varying the bounce characteristic features. However, this is not the

case at all: changing the initial conditions produces drastically different solutions

involving more than one bounce.

5.2.2 Two bounce case

The figure 5.4 illustrates what happens if one keeps decreasing φini, trying to

trigger a longer contraction phase: one reaches a region in parameter space in

which the Universe instead experiences two bounces. The Universe contracts,

bounces, expands again, passes through a maximum, starts contracting again and
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Figure 5.3.: Comparative evolution of the energy densities for the anisotropy, ρσ (red
dashed) and the scalar field, ρφ (blue full) for the initial conditions {φini =
−2.5, ϕini = 8 × 10−6} (top, single bounce), {φini = −3.5, ϕini = 8 ×
10−6} (middle, two bounces) and {φini = 1.9, ϕini = −10−6} (bottom, three
bounces). The initial anisotropic stress for all the plots is σ2

ini = 5 × 10−12.
The indicated tT are the turning points at which the scalar field goes through
the maximum of g(φ).

moves towards a second bounce, from which it finally expands forever. For that

to happen, the scalar field must go twice through the ghost condensate phase, a

possibility which was always assumed hard to achieve, whereas in fact, the system

goes through this phase three times (Fig. 5.5) even though only two bounces took

place.

This evolution is exemplified by ϕini = 8× 10−6 and the two initial field conditions

φini,1 = −3.49 and φini,2 = −3.50, whose subsequent time evolution is shown in

Figs. 5.4 and 5.5.

The behavior found here is due to the existence of a turning point for φ, marked

as tT in Fig. 5.3. At this point, the scalar field passes through the first ghost

condensate phase while still contracting. It eventually returns and goes back to

pass through the top of the potential g(φ) again. Then, the Universe bounces.
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Figure 5.4.: Evolution of the Hubble parameter H (top left) and the scale factor a (bottom
left) for the two different initial conditions: φini = −3.5 (full yellow) and
φini = −3.49 (blue dashed). The bounces are marked as tb. The first bounce
of the two solutions are indistinguishable on the figure (numerically extremely
close), but the solutions then drift away and bifurcate, yielding a second
bounce at very different times, first for φini = −3.5, then for φini = −3.49.
This indicates an extreme sensibility in the initial conditions that has never
been discussed in such a context. The plots on the right detail what happens
during the first time the system goes through the ghost condensate phase,
with time scales of the plot taken as ∆t ≈ 3 around tb.

In Fig. 5.5, one can notice that after the first bounce took place, the expansion

phase is again dominated by the ekpyrotic potential V (φ). As mentioned before,

during the ekpyrotic phase, the effective EoS of the scalar field is built to be larger

than that of the anisotropy. This means that, during contraction, the scalar field

dominates for small values of a, but conversely also that during expansion, the

anisotropy becomes more and more important. This is illustrated in Fig. 5.3 where

the shear domination after the first bounce is clearly visible.

With the expansion dominated by the anisotropy, φ reaches a second turning point,

while H became negative again. This is the beginning of the second contraction

phase that will eventually drive φ into the ekpyrotic phase again (third peak of Fig.

5.5), thereby reducing the shear contribution again. When the scalar field again

reaches the peak of g(φ), (third ghost condensate phase), this triggers the bounce

in an even more isotropic state.
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Figure 5.5.: Time developments of g(φ) (top) and the potential V (φ) (bottom). The two
solutions are for φini = −3.5 (full yellow), φini = −3.49 (blue dashed), both
with ϕini = 8× 10−6. As in Fig. 5.2 the peaks only appear discontinuous but
they are actuality smooth.

From that example, one can imagine two possible scenarios. Without the first

turning point, the Universe would have gone through a ghost condensate phase

without triggering a bounce and a singularity would have been achieved. It is often

stated that one of the most dangerous effect that can prevent a bounce from taking

place is the uncontrolled growth of anisotropy. The numerical examples shows

that the scalar field initial conditions are also important in order to ensure that

the bounce can occur. In the next section it is argued that, in fact, it is thanks to

the existing anisotropy that the Universe does not plunge straightforwardly into a

singularity. The second scenario is when conditions are such as to avoid the second

turning point altogether. In that case, the last expansion epoch begins anisotropic:

the ekpyrotic contraction, although controlling the relative shear decay, is not

sufficient as the multiple bounces subsequently spoil its effect. A phase of ekpyrotic

contraction is thus not necessarily enough to guarantee that the resulting Universe,

after the bounce, expands isotropically, the scalar field initial conditions playing a

crucial role in the overall evolution of the Universe.
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5.2.3 Three bounces

The final example is the most counter intuitive. It begins with an anisotropic con-

traction phase not leading to a BKL instability and resulting into a final expansion

phase even more isotropic than the previous cases, Fig. 5.3. To produce this sce-

nario, the value of φini is chosen positive, keeping the amount of initial anisotropy

as before, σ2
ini = 5 × 10−12, and ϕini = −10−6, together with the two field values

φini,1 = 1.9 and φini,2 = 1.9001, noting that since the initial field time derivative is

smaller, the anisotropy is initially larger than the kinetic term ϕ2 = 10−12.

The usual ekpyrotic approach consists in beginning with the ekpyrotic phase so

as to lower, dissolve really, the relative shear contribution immediately, during

the initial contraction, thereby solving the anisotropy problem. The case here is

completely different, as the system starts with φini > 0 and ϕini < 0 so that the

scalar field starts evolving from the right hand side of the potential V (φ) and of

g(φ). This means that, contrary to the cases discussed above, the evolution of the

Universe does not begin in the ekpyrotic phase: this phase only happens after the

first ghost condensate peak, as shown in Fig. 5.6.

As in the two bounces case of Sec. 5.2.2, the existence of a turning point is

mandatory for the observed behavior. Otherwise, the Universe merely collapses

into a singularity.

The presence of three ghost condensate phases, i.e., the peaks of g(φ) in Fig. 5.6,

leads to the three bounces of Fig. 5.7. The first contraction, containing no ekpyrotic

phase, is completely dominated by the anisotropy (Fig. 5.3). After the first bounce,

the Universe expands ekpyrotically as it reaches the first peak of V (φ), Fig. 5.6.

During this ekpyrotic expansion, φ reaches a turning point and H changes sign,

initiating the second contraction.

After the second contraction, the Universe once again goes through the ghost

condensate phase and another bounce occurs. The ensuing expansion is still

anisotropic, until the scalar field reaches another turning point, at which point
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Figure 5.6.: Time developments of g(φ) (top) and the potential V (φ) (bottom). The three
peaks leads to the three bounces of Fig. 5.7 with initial conditions given by
φini = 1.9001 (full yellow), and φini = 1.900 (blue dashed). The fine-tuning
required on φini reflects the fact that it is extremely difficult to obtain a
final isotropically expanding state when beginning with a shear dominated
contracting Universe. In fact, almost any other initial condition leads to a
singularity.

the Universe begins contracting for the third time while φ climbs back up in g(φ).

During this third contraction, which is not ekpyrotic-like, the scalar field energy

contribution appears to grow faster than the anisotropy, as shown in Fig. 5.3. The

scenario ends after φ crosses the last peak of g(φ), and the Universe bounces for

the third time.

As can be seen in Fig. 5.7, the third contraction is a very short phase with a

minimum Hubble scale of Hmin ≈ 10−2 before the third bounce. Because the

contraction was shorter than the expansion, the anisotropy is more diluted. At the

same time, φ starts to grow faster than the anisotropy. This is a very unexpected

behavior. As one can see in Fig. 5.6, there is no ekpyrotic potential contribution

before the third bounce to render the effective EoS of the scalar field larger than

that of the anisotropy.

The final stage of the process described above is the third bounce itself, at which

point the scalar field overcomes the anisotropy, leading the Universe to the required

isotropic expansion. Even though the expansion in dominated by the scalar field in
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Figure 5.7.: Evolution of the Hubble constant H (top left) and the scale factor a (bottom
left) for the same initial conditions as in Fig. 5.6. The other initial conditions
for both cases are ϕini = −10−6 and σ2

ini = 5× 10−12. The first two bounces
happen at roughly the same time for both initial conditions, and the solutions
then drift away as in the previous example before reaching the third bounce.
The top right panels emphasizes the smoothness of the evolution of H around
the third bounce in the case φini = 1.9001 (the other has a similar shape).
It turns out that the Hubble scale becomes slightly negative only, and for a
very limited amount of time, indicating a very short contraction phase. The
bottom left panel details the first two bounces for the case φini = 1.9001.
The time scale of the plots are ∆t ≈ 10−3 around the third bounce, tb (top
right panel) and ∆t ≈ 10−1 around the first two bounces, indicated by tb
(bottom right). Enlarging more the time scale on this latter plot shows that
the bounces are, again, smooth and only appear discontinuous because of
the time scales used to represent them.

the ekpyrotic phase (Fig. 5.6), the difference between the energy densities is large

enough that the anisotropy does not end up dominating.

5.2.4 Singular solutions

Despite the presence of an ekpyrotic phase and a ghost condensate regime, the

existence of a bouncing solution is not guaranteed. In Fig. 5.8, it is shown a

sequence of solutions for different values of φini, assuming in all cases ϕini = 8×10−6

and σ2
ini = 5× 10−12, some solutions being regular and bouncing, other contracting

to a singularity, for initial values of the scalar field not too far away from one

another. The list of initial conditions used here is φini,1 = −2.5, φini,1 = −3.5,

φini,1 = −4.0, and φini,1 = −4.5.

5.2 Numerical solutions 84



This last case leads us to conclude that the more negative φini, the longer the

contraction phase and the larger the anisotropy when the system reaches the ghost

condensate state. Fig. 5.8 shows the transitions from one bounce, two bounces

and no bounce solutions while decreasing φini. As it turns out, the singular solution

is not the limit of a single bounce case, but rather a two-bounce situation in which

the second bounce is failed, the Hubble rate suddenly increasing while the scalar

field passes through the ghost condensate phase, but not enough to render it

positive, so the ghost condensate epoch terminates in a still contracting phase, and

the Universe has subsequently no chance to return to expansion.

−7.5

−4.5

−1.5
0.0
1.5

H −4.0

−2.5

9.0 9.5 10.0
t

0.0

0.2

0.4

a

∆t

0.2

Figure 5.8.: Time evolution of the Hubble constant, H (top left), and the scale factor, a
(bottom left), for φ̇ini = −8× 10−6 and σ2

ini = 5× 10−12, with four different
initial conditions on φini leading respectively to one bounce (blue dot-dashed
line, φini = −2.5), two bounces (yellow small dashed line, φini = −3.5) and
singular solutions (red full line, φini = −4.0, and green long dashed line,
φini = −4.5). The right panel details what happens at the point where the
dynamics would lead to a bounce in a regular solution: the system goes
through the ghost condensate, but for an insufficient amount of time, and
even though H increases (top right), changing the slope of a (bottom right),
it remains negative, leading ultimately to an unavoidable singularity. The
time scale for the right panel plots is ∆t = 10−4 around t = 9.7.

5.3 Turning points and the role of the anisotropy

The main feature that generates the multiple bounce is the existence of one or

more turning points, making the scalar field climb the potentials more than one

time.
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A turning point at a time tT, is then characterized by ϕ(tT) = 0 and ϕ̇(tT) < 0, if

φ(tT) is a local maximum or ϕ̇(tT) > 0, if φ(tT) is a local minimum. This solution

should necessarily satisfy the Friedmann equation, Eq. (2.27). Substituting ϕ =

φ̇ = 0 in Eqs. (5.8) and defining

y ≡ e
√

2
q
φ
, (5.22)

the Friedmann constraint reads:

y−1 + ybV + 2
3

V0

H2 − 1
6σ

2 = 0 (5.23)

For y → 0, φ → −∞, and for y → ∞, φ → ∞. The existence of a turning point

means that there should be at least one root for the above equation.

From basics mathematics, it is known that: for a given continuous function f(x) in

the closed interval [a, b], if f(a)f(b) < 0, then exists a c ∈ (a, b) for which f(c) = 0.

If f is defined as the polynomial in the left hand side of Eq. (5.23), one can easily

check that:

lim
y→0

f(y) =∞ (5.24)

and

lim
y→∞

f(y) =∞ (5.25)

if there is a ȳ for which f(ȳ) < 0, then, it is guaranteed the existence of, at least,

two roots, y(φ∗1) ∈ (ȳ,∞) and y(φ∗2) ∈ (0, ȳ) in which the turning point could

happen. However, f(ȳ) < 0 if, and only if,

H2 <
1
6σ

2. (5.26)

This is exactly the role of the anisotropy in the existence of the turning point, it

allows Eq. (5.23) to possibly have a root. For a very small value of anisotropy, the

system goes through one bounce, H2 > 1
6σ

2. An intermediate value of it allows

that the system to go to one or two bounces H2 < 1
6σ

2. But if H2 << 1
6σ

2, the

singularity is unavoidable, Fig. 5.8. In Fig. 5.9 there is a comparison of anisotropic
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stress energy density in the cases of one and two bounces, previously studied in

Sections 5.2.1 and 5.2.2, respectively.

10 20 30
t

10−12

10−10

10−8

ρσ

10−8

∆t

10−8

Figure 5.9.: Evolution of the effective energy density for the anisotropic stress, ρσ (left)
for φ̇ini = 8 × 10−6 and σ2

ini = 1048 with φini = −2.5 (red dashed line) and
φini = −3.5 (full yellow line), both cases discussed in Sections 5.2.1 and 5.2.2
respectively. In top right the first peak of the anisotropy energy density for
the two bounces case is amplified. One can see the effect of the first turning
point and the ekpyrotic expansion in the increase of the anisotropy before
the first bounce in the two peaks in the top right plot. In the bottom right
the smoothness of one of the peaks is shown. The time scale in the plots are
∆t ≈ 10−1 around t = 9.6 for top right and ∆t ≈ 10−4 around t = 9.7.

From the modified Klein-Gordon equation, Eq. (5.8), in the turning point φ̇ satisfies

φ̇ = − V,φ
(1− g) (5.27)

Taking the derivative of V (φ), one can easily show that the sign of V,φ is minus the

sign of v, where

v ≡ 1− bV e
(bV +1)

√
2
q
φ
. (5.28)

and

V,φ = V

√
2
q

e
−
√

2
q
φ v

e
−
√

2
q
φ

+ e
bV

√
2
q
φ
. (5.29)

The straightforward result is:

• v > 0, if φ < 1
bV +1

√
q
2 ln

(
1
bV

)
, and

• v < 0, if φ > 1
bV +1

√
q
2 ln

(
1
bV

)
.
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From Eq. (5.8), sign(ϕ) = sign(v), since outside the ghost condensate phase,

(1− g) > 0. Defining

φlim ≡
1

bV + 1

√
q

2 ln
( 1
bV

)
, (5.30)

one has:

• ϕT < 0 if φT > φlim and

• ϕT > 0, if φT < φlim.

Evaluating Eq.(5.23) in ylim ≡ y(φlim) reads:

f(φlim) = b
1

bV +1
V + b

bV
bV +1
V + 2

3
V0

H2 − 1
6σ

2 (5.31)

For the model parameters chosen

b
1

bV +1
V + b

bV
bV +1
V ≈ 5.

Because H2 < 1
6σ

2, taking σ2 as the dominant term around the turning points

(signed in Fig. 5.3) one has

2
3

V0

H2 − 1
6σ

2 ≈ −
10−7

10−10 ≈ −103,

and so f(φlim) < 0, implying what have already been found numerically, that

Eq. (5.23) has two roots: φ1
T ∈ (φlim,∞) and φ2

T ∈ (−∞, φlim), but only one of

them satisfying the necessary condition on the sign in ϕT to be a maximum or a

minimum.

In the present numerical solutions the value of φini were the mostly varied, but the

same scenarios could be found by changing ϕini and σ2
ini. Increasing σ2

ini for the

same choices of the other two will lead to a bigger value of anisotropy when the

system reaches the ghost condensate phase, facilitating the existence of turning

points and other bounces. By the other hand, the initial speed of the scalar field, ϕ,

has not a very obvious effect. Slowing the scalar field leads to the same contraction
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phase, in the sense of the variation of the scale factor, but a slower one, the system

takes longer to reach the ghost condensate phase. This does not change specially

the amount of anisotropy, but the final value of ϕ when leaving the potential

g(φ). There seems to be a minimum value of ϕ after the bounce that separates the

solutions with one bounce and two bounces. The present analysis was not able

to precise exactly which second order mechanism influences that limit, but the

numerical essays made during the development of the present work assure there

is no obvious effect when changing ϕini as to guarantee the existence of only one

bounce.

The other parameters, as the potential parameters, will influence as long as they

change the amount of anisotropy. The choices of (5.6) and (5.7) give the same role

for the parameters V0 and g0, q and p, bV and bg. Bigger potentials can be obtained

increasing V0 (g0) and q (p) and decreasing bV (bg). For a bigger ekpyrotic potential,

the anisotropy will be smaller when the system reaches the ghost condensate. For

a bigger ghost condensate potential, the bounce would happen earlier, meaning a

small contraction phase and consequently a smaller amount of anisotropy.

All those scenarios led to isotropic final expansions, which make them indistin-

guishable from the background point of view if confronted with observations.

However, one should expect severe changes in the primordial power spectrum

specially in the sense of spoiling out the scale-invariance of long wavelength modes

supported in previous approaches.

In order to finally understand the effect of such a rich background dynamics in the

primordial perturbation spectrum, a complete analysis considering the coupling

in the scalar, tensor and vector modes is necessary. Further developments should

consider choices of initial conditions and should describe the perturbation in

scenarios of multiple bounces to see the types of signals it would leave.
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6Conclusion

Matter bounces are appealing scenarios in what concerns the production of pri-

mordial perturbations, since a past adiabatic vacuum is naturally defined and

the modes entering the horizon during the matter domination are scale invari-

ant. However, previous studies on the subject pointed out that single canonical

field matter bounces were unable to produce a tensor-to-scalar ratio within the

observables limit, r < 0.1, if GR is maintained during the bounce. The attempts to

introduce a second scalar field were successful in diminishes the value of r, but

contributed to the increase of non-Gaussianities in the spectrum. Those previous

results suggest a “non-go” theorem for bounce cosmologies and they were the state

of the art before the findings presented in the present work [7].

Another important issue that has been receiving attention of researches in the field

is the role of the Dark Energy in bounce cosmologies. If DE is present nowadays,

were it present in a former contraction phase? In that case, would it influence

the primordial power spectra? The answers for those questions are different in

different bounce scenarios. For the model studied in chapters 3 and 4, DE exists

only in the expansion phase if a former matter bounce took place, and because of

that it does not influence the primordial perturbations.

Finally, the problem of anisotropy that plagues some matter bounces were discussed

in the context of the most studied mechanism that addressed it: the ekpyrotic con-

traction. This discussion in chapter 5 involves a matter bounce model completely

different from the one presented in chapters 3 and 4, named “New Ekpyrotic”

model, in which a matter contraction is followed by a an ekpyrotic phase, ending

up in a ghost condensate phase responsible to perform the bounce. The previ-

ous envisaged scenarios contained a single bounce, and the suppression of the

anisotropy by the ekpyrotic phase. The findings in Ref. [6], which are discussed in

chapter 5, reveals unforeseen and interesting outcomes for the background dynam-
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ics achieved only by means of changing the initial conditions in the contraction

phase. In those new scenarios, the Universe bounces once, twice or even a third

time before reaching an ever expanding isotropic phase. Those are key results if

one is interested in studying perturbations in the New Ekpyrotic scenario, since it

is claimed that even a small amount of anisotropy couples the STV modes, which

could be more severe in multiples bounces scenarios.

The aforementioned results will be summarized in the next sessions as well as their

future developments.

6.1 Consistent primordial power spectra in matter

bounce model with a future DE epoch

In chapter 3 a scalar field with an exponential potential evolving in a flat, homo-

geneous and isotropic eternal Universe were studied. Its effective EoS assumes

values in the interval (−1, 1), which produces matter-like, sitff-matter-like and DE

epochs. In Sec. 3.1, the determination of the critical points of the system showed

two possible scenarios for the background, refereed all along as cases A and B.

In case A, the past repeller is equivalent to a matter dominated phase, and the

contraction has three distinguished epochs: matter epoch, DE epoch and stiff

matter epoch. If a new physics is present, the final stiff-matter stage transits to

the expansion, which contains only an initial stiff-matter epoch and a final matter

epoch, which is an attractor solution for the background.

In case B, the opposite happens. The Universe starts with a matter contraction

followed by a stiff-matter phase, at which a new physics takes place and drives

a bounce. The expansion phase starts in a stiff-matter epoch followed by a DE

one and the background finally reaches the final attractor, which is equivalent to a

matter dominated phase. Consequently, case B is more realistic, as it contains a
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DE epoch in the expansion phase, and it is the background in which perturbations

should be evolved.

The new physics driving the bounce in both cases can be obtained by the canonical

quantization of gravity during the stiff-matter epoch, which the main developments

are summarized in Sec. 3.2. The studies developed in Ref. [27] shows that, when

adopting the dBB formulation of QM to solve and give meaning to the Wheeler-

deWitt equation for Universe’s wave-function, a Gaussian superposition of the

solutions leads to Bohmian trajectories in which the Universe bounces. Those

Gaussian superpositions introduce three parameters that characterize the quantum

phase of the Universe: d, σ and ab, i.e, the minimum scale factor.

Since the classical backgrounds of cases A and B are stiff-matter dominated in

the end of contraction and in the beginning of the expansion phase, the results

in Ref. [27] can be used to prescribe a quantum bounce. The matching between

the classical and quantum backgrounds, discussed in Sec. 3.3, is performed during

the classical phase of the quantum solutions, when x = ±(1− ε), with 0 < ε� 1.

In order to better constraint the matching and control relevant features of the

background, as the depth of the bounce, the duration of matter phase, and the DE

energy scale, the new parameters Xb, ΩΛ and Ωd were introduced.

The final set of model parameters that are used to determine the complete back-

ground is: d, σ, ab, Xb and ΩΛ ( Ωd = 1 without loss of generality). The numerical

solutions for the background are shown in Sec. 3.4, where the phase space is

explored and the role of the model parameters is discussed. Longer matter contrac-

tions and deeper bounces are obtained by changing Xb and d in case B. However,

one should take care not to transpose the validity limit of the canonical quan-

tization procedure adopted. The parameters ab and σ affect the bounce itself,

controlling its time and energy scale.

Chapter 4 was dedicated to the primordial perturbations. Using the library Num-

Cosmo [120] to implement the AA variables, the scalar and tensor power spectra

were studied for four different sets of model parameters, Tab. 4.1. The choice of
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d, σ and ab close to the cyclic solutions provides dα
dφ →∞ in the quantum phase,

thereby directly boosting the scalar modes around the bounce. Those are cases

for set1 and set2, in which the scalar-to-tensor ratios are found to be within the

observational limit.

The duration of the matter contraction, sensible to Xb and d, influences the

amplitudes and the spectral index, which is scale invariant for all the sets studied

in Sec. 4.2. The configuration named set1 has the right amplitude, spectral index

and scalar-to-tensor ratio, hence is one amongst many possible sets in which a

single field matter bounce model with a future DE epoch produces scalar and tensor

primordial power spectra consistent with the observational limits, a scenario not

yet envisaged by the literature [7].

The simplicity of the model can lead to the aforementioned finding only due to the

prescription of a quantum bounce, alerting to the need of solving the perturbation

all along the Universe’s evolution until the expansion phase, which is not always

the case in the previous studies on the subject, where matching conditions on the

power spectra are adopted to ignore the delicated bounce dynamics.

The fact that both a consistent power spectra and a DE epoch are accomplished by

the present bounce model, motivates a more realistic scenario containing other

fluid components, as radiation, although it is a more involved calculation due to

the entropy perturbations.

Also it is important to constraint the non-Gaussianities in the present scenario.

Since GR is modified during the bounce, the previous findings in the literature, for

instance Refs. [26, 24], can not be extended to the model in question.

Finally, the presented model provides a scenario, case A, which is a laboratory for

studying the presence of a transitional DE epoch during the contraction phase in

what concerns the primordial fluctuations. This study may lead to very interesting

results and perhaps motivate realistic scenarios.

6.1 Consistent primordial power spectra in matter bounce model with a future DE epoch 93



6.2 Anisotropy problem and multiples bounces in

the New Ekpyrotic scenario

Classical non singular bouncing models faces many intriguing issues [29] that

need be addressed before any realistic model can be constructed and seriously

compared with the available data. Among the challenges lies the question of the

shear, whose behavior during a contraction phase my lead to the BKL instability,

and consequently to the a singularity. The studies in the subject so far points to the

need of a long-enough ekpyrotic phase, in which the scalar field has an effective

EoS w > 1. Chapter 5 is dedicated to study this proposal and based in the previous

work developed by Ref. [33] and further developed in Ref. [6].

Assuming the same underlying microscopic parameters as in [33], numerical

solutions were found to present four different scenarios depending only on the

choice of the initial conditions, see Sec. 5.2. These are: a singular solution,

following a long contraction phase which increases the anisotropy despite the

presence of an ekpyrotic potential and failing to bounce because of a too fast ghost

condensate phase; a single-bounce solution, already encountered in the existing

literature, in which the Universes contracts, passes through a minimum scale factor

and expands again isotropically; two and three bounce solutions, in which the

Universe shows many turning points and consequently passes more than once

though the top of the potentials g(φ) and V (φ), presenting multiples ghost and

ekpyrotic phases.

There are many potentially observable consequences that such a rich background

dynamics may lead to, which should be derived and subsequently either confronted

with the data or constrained by them. In particular, since the shear is not necessarily

negligible at all times, and because there is a long and crucial contraction phase,

vector modes can be produced, which should be limited in order not to spoil the

bounce and the following isotropic expansion. Besides, couplings between the

scalar, vector and tensor modes could trigger new imprints and correlations [116],
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whose exact properties and characteristic features should be provided by a more

complete and thorough analysis.

As we have seen, the background dynamics seems very sensitive (chaotic?) to the

initial conditions on the scalar field, and it may well be that this sensitivity also

transfers to the perturbations. The negative side of this fact is that the models are

probably not as generic as one would have wanted them to be, but this also means

a positive side, namely, that some a priori unwanted consequences may induce

very easily identifiable effects, either in the perturbation spectra (e.g., specific

correlations between scalars or tensors going beyond the consistency relation), or

in higher order functions (non-Gaussianities) [130].
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AMain features of the

dynamical system analysis

A system of ordinary differential equations (ODEs) can be written in a matricial

form as:
dx
dε = F(x). (A.1)

The matrix x = (x1x2...xn)T contains the variables xi, whose dynamics in terms of

the “time” parameter ε is to be determined. The matrix F(x) = (F1(x)...Fn(x))T

contains the functions Fi, that couple the variables xi and are not explicitly depen-

dent of the parameter ε. The system represented by eq. (A.1) is linear if all Fi’s

are linear combinations of the variables and non-linear otherwise.

The critical points of a systems of ODE’s are x1,x2, ...xm that satisfies the equation

F(xi) = 0. (A.2)

The Hartman’s theorem states that in the vicinity of a hyperbolic critical point, the

phase space of the non-linear system of ODE’s is equivalent to the linearized one.

Evaluating the Jacobian matrix of the system (A.1) at one of the critical points

and calculating the eigenvalues, if they have non-zero real part the critical point

is called hyperbolic, otherwise, it is non-hyperbolic and the following depicted

procedure no longer works. For a two dimensional system, the Jacobian reads:

J(x1, x2) =

 ∂F1(x1,x2)
∂x1

∂F1(x1,x2)
∂x2

∂F2(x1,x2)
∂x1

∂F2(x1,x2)
∂x2

 , (A.3)

where Fi is the first order Taylor expansion of the non-linear Fi. The eigenvalues

γ(1,2) are determined by the characteristic equation

γ2 − Tr(J)γ + det(J) = 0, (A.4)
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in which J is evaluated in the critical point we want to study. In the case γ1γ2 < 0,

the critical point is a saddle point:it means that a region of the phase space is

attracted to the critical point and another region is repealed. In the case γ1γ2 > 0

it means that the eigenvalues have the same sign. If both are positive, the critical

point is an unstable point, and all solution diverge from it. If both are negative,

the critical point is an attractor, and all solutions converges to it.
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BAction Angle variables

The action angle variables are used to solve high oscillatory differential equations.

Physical system that presents this characteristic have a quadratic hamiltonian form:

H = Π2

2m + ζ̃2mν
2

2 , (B.1)

where m is the associated “mass” of the system and ν the frequency and Π is ζ̃ ’s

associated momentum. The quantity ζ̃ is defined in Eq. (4.46), but from here it

will be written without the tilde not to charge the notation. The Hamilton-Jacobi

equation are

ζ ′k = Πζ

m
(B.2)

Π′k = −mν2ζ. (B.3)

Let us introduce action angular variables, based on the adiabatic invariant of an

oscillatory system [131, 117, 121]. For the real part (superscript a) of the complex

solution ζ reads

ζa =
√

2I
mν

sin (θ) (B.4)

Πa =
√

2Imν cos (θ) . (B.5)

Differentiating the above equations, the equation of motion in terms of the new

variables θ e I can be obtained and read:

I ′ = −I (mν)′
mν

cos (2θ) (B.6)

θ′ = 1
2

(mν)′
mν

sin (2θ) + ν (B.7)
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The imaginary term of ζ (superscript b) can be written in a similar manner:

ζ im =
√

2J
mν

sin (ψ) (B.8)

Πim
ζ =

√
2Jmν cos (ψ) (B.9)

and they follow equivalent equations of motion:

J ′ = −J (mν)′
mν

cos (2ψ) , (B.10)

ψ′ = 1
2

(mν)′
mν

sin (2ψ) + ν. (B.11)

The complex solution is

ζ = ζre + ζ im

2i

with the imaginary and complex parts satisfying the normalization condition

imposed by the initial quantum vacuum perturbations:

√
IJ sin (ψ − θ) = 1. (B.12)

The above constraint should be maintained through the numerical calculation and

the new variables ε, θ̄ and ∆θ are defined in order to re-write de above equations

accounting for the constraint:

sinh (ε) = cot (∆θ) , (B.13)

∆θ = ψ − θ, (B.14)

θ̄ = ψ + θ

2 . (B.15)

The following relations can be easily demonstrated:

√
IJ = cosh (ε) , , (B.16)

sin (∆θ) = 1
cosh (ε) , (B.17)

cos (∆θ) = tanh (ε) . (B.18)
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Differentiating Eqs. (B.16) and (B.15), and using the above relations to rewrite ψ

and θ in terms of ε and θ̄ we find

θ̄′ = ν + (mν)′
mν

tanh (ε) sin
(
θ̄
)

cos
(
θ̄
)

(B.19)

ε′ = −(mν)′
mν

cos
(
2θ̄
)
. (B.20)

However, the system is not fully described since we have only the dynamics for a

composition of I and J through ε. Let’s define:

eγ =
√
J

I
, (B.21)

from which we easily obtain

γ′ = −2(mν)′
mν

sin
(
θ̄
)

cos
(
θ̄
)

cosh (ε) . (B.22)

The quantities I and J can be recovered using:

I = eγ cosh(ε), (B.23)

J = e−γ cosh(ε), (B.24)

where Eq. (B.16) was used. Finally, the complete set of equations that replaces

eqs. (B.6), (B.10), (B.7), (B.11) already accounting the constraint (B.12) is:

θ̄′ = ν + (mν)′
mν

tanh (ε) sin
(
θ̄
)

cos
(
θ̄
)

(B.25)

ε′ = −(mν)′
mν

cos
(
2θ̄
)
, (B.26)

γ′ = −2(mν)′
mν

sin
(
θ̄
)

cos
(
θ̄
)

cosh (ε) . (B.27)
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Now we have to rewrite the adiabatic vacuum initial conditions, which are obtained

when (mν)′
mν
→ 0. Expanding in the leading order in (mν)′/mν the set of equations

provides

ε ≈ ε0, (B.28)

γ ≈ γ0, (B.29)

θ̄ ≈ θ̄0 + kη. (B.30)

Using the above approximations to calculate the complex ζk, we have, as an initial

condition, that the following choice recovers the leading order WKB approximation,

Eqs. (4.31) and (4.32):

ε0 = γ0 = 0, (B.31)

which, naturally, satisfies the Eq. (B.12). The real solutions using this choice are

ζak =
√

2
mν

sin
(
θ̄ − π

4

)
,

ζbk =
√

2
mν

cos
(
θ̄ − π

4

)
,

then, consequently, the complex solution is

ζk = e−i(θ̄−π/4)√
2mν

.

Because it is just a phase, we can choose θ̄0 = π/4.

The same treatment follows through in the case of the dimensionless tensor

perturbation, with the only difference being the “mass” definition

mh = 4κ2RHz
2
h = a3RH

N
, νh = Nk

aRH

. (B.32)
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