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“The meaning of life is just to be
alive. It is so plain and so obvious
and so simple. And yet, everybody
rushes around in a great panic as if it
were necessary to achieve something

beyond themselves.”

—Alan W. Watts
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Abstract

Part I of this thesis is devoted to a brief introduction of vortices in the paradigmatic
scenario of the 3 - dimensional Abelian-Maxwell-Higgs model, followed by a short presen-
tation of the Chern-Simons term and some of its relevant features.

In Part II starts our contribution, where we propose a parity invariant Maxwell-Chern-
Simons U(1) x U(1) model coupled with scalar fields in 2+ 1 dimensions, and show that it
admits finite-energy topological vortices. We describe the main features of the model and
find explicit numerical solutions for the equations of motion, considering different sets of
parameters and analyzing some interesting particular regimes.

In Part III, we present the self-dual extension of the model. In this case, we show that
the energy functional admits a Bogomol'nyi-type lower bound, whose saturation gives
rise to first order self-duality equations. We perform a detailed analysis of this system,
discussing its main features and exhibiting explicit numerical solutions corresponding to
finite-energy topological vortices and non-topological solitons.

We remark that the structure of the theories follows naturally from the requirement
of P- and 7- invariance, a symmetry that is rarely envisaged in the context of Chern-
Simons theories. In particular, the mixed Chern-Simons term plays an interesting role
here, ensuring the main properties of the models and suggesting possible applications in
condensed matter. Another distinctive aspect is that the topological vortices found here
are characterized by two integer numbers.

Finally, in Part IV, we demonstrate that the self-dual model corresponds to the bosonic
sector of an N = 2 supersymmetric theory, we also indicate how the Bogomol'nyi bound

and self-duality conditions arise naturally from supersymmetry.

Key Words: Field Theory, Gauge Theories, Chern-Simons Theories, Solitons in Field
Theory, Vortices, Self-dual Vortices, Supersymmetry.
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Resumo

A Parte I desta tese se dedica a uma breve introducao aos vortices no cenéario paradigmatico
do modelo Maxwell-Higgs abeliano em 3 dimensoes, seguido de uma curta apresentagao
do termo de Chern-Simons e algumas de suas propriedades relevantes.

Na Parte II inicia-se nossa contribuicao, onde propomos um modelo Maxwell-Chern-
Simons U(1) x U(1) em 2 + 1 dimensoes, invariante sob paridade e reversdo tempo-
ral, acoplado a campos escalares e mostramos que este admite solucoes do tipo vortices
topoldgicos de energia finita. Descrevemos as principais propriedades do modelo e en-
contramos solugoes numeéricas explicitas para as equacoes de movimento, considerando
diferentes conjuntos de parametros e, também, analisando alguns regimes particulares de
interesse.

Na parte III, apresentamos a extensao auto-dual do modelo. Neste caso, nés mostramos
que o funcional de energia admite um limite inferior do tipo Bogomol'nyi, cuja saturacao
leva a equagoes auto-duais de primeira ordem. Realizamos uma anélise detalhada deste
sistema, discutindo suas principais caracteristicas e exibindo solu¢oes numéricas explicitas
que correspondem a configuracoes de energia finita do tipo vortices topolégicos e solitons
nao-topolégicos.

Ressaltamos que a estrutura das teorias segue naturalmente do requerimento de in-
variancia sob P- e T-, uma simetria que raramente é considerada no contexto de teorias
de Chern-Simons. Em particular, o termo de Chern-Simons misto desempenha um pa-
pel interessante, garantindo as principais propriedades dos modelos e sugerindo possiveis
aplicacoes na fisica da matéria condensada. Outro aspecto distintivo do modelo é que os
vortices topoldgicos que aqui aparecem sao caracterizados por 2 nimeros inteiros.

Finalmente, na Parte IV, nés demostramos que o modelo auto-dual corresponde ao
setor bosonico de uma teoria supersimétrica N’ = 2, também indicamos como o bound de

Bogomol'nyi e as condigoes de auto-dualidade surgem naturalmente da supersimetria.

Palavras-Chave: Teoria de Campos, Teorias de Calibre, Teorias de Chern-Simons,

Solitons em Teoria de Campos, Vortices, Vértices Auto-Duais, Supersimetria.
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ply consisted of constructing a parity-preserving Maxwell-Chern-Simons electrodynamics
with scalar matter and investigate the existence of topological vortex configurations. The
complexity of a general approach led us to first consider the simplest scalar potential that
would allow for the existence of vortices. The results led to the work (1).

The next step would be to consider a more general potential, instead we took an in-
termediary step in this regard, by considering a potential leading to self-dual vortices,
which, on the other hand, led us to a class of theories that deserve investigation on their
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tions satisfy a set of first-order equations, much easier to hadle numerically. However, the
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simply to provide easier numerical computation. The results led to the published paper
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collaboration of J. P. S. Melo, and here we present some of the results obtained so far.
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Presentation and General Framework

Ever since the work of Nielsen and Olesen[10], vortex solutions became of much interest
in the context of relativistic field theories. In that case, it consisted of a relativistic
generalization of the Ginzburg-Landau theory for type II supercondutors, to which vortex
solutions were first studied by Abrikosov [9]. The model proposed by [10] is the Abelian-
Higgs model:

1 . A
San = [ B |~ 1EuP 410, + ied,) o - 5 (107 = )| 1)

In general, the existence of non-trivial topological solutions in a field theory depend
on the dimension of the spacetime and the gauge group. Vortices, in particular, are static
topological configurations that might arise whenever the gauge (Lie) group has a non-
trivial first homotopy group} that is, if you consider closed paths in the group space, not
all of them can be continuously shrunk to a point. The simplest example of such a group
is the abelian group U(1).

A special feature of U(1) gauge theories in 2+1 spacetime dimensions is that they also

admit the Chern-Simons topological mass term [14] [15] 16}, [17]:

Ses = / &z {ge’“’pAu&,Ap} , 2)

In fact, it can also be generalized to non-abelian gauge theories. Theories with such
a term are known as Chern-Simons theories and are full of interesting and distinctive
properties [21]. Among other things, it changes under gauge transformations by a total
derivative, therefore keeping the action S¢g and the equations of motion gauge invariant;
together with a Maxwell term, it gives the vector gauge boson a mass p while preserving
the gauge invariance (a special feature of this spacetime dimension); being a topological
term, it doesn’t contribute directly to the energy-momentum tensor as can be seen from
the fact that no metric tensor appears in Scg [

In [21] and refereces therein, one can see how Chern-Simons theories (abelian and
non-abelian) with or without a Maxwell term can also support vortex solutions. The
distinctive characteristic of vortices in Chern-Simons theories is that, firstly, they are
charged, and secondly, their charge is proportional to the magnetic flux. Since, as we will
see, the magnetic flux for vortex solutions is necessarily quantized, so are their charge.

Another property of is that it changes sign under parity and time reversal transfor-
mations. Interestingly, but not unrelated fact about 2+1 dimensions is that, if you take

a simple mass term for a Dirac spinor ma, it also changes sign under parity transfor-

!To be more accurate, actually we need a theory with spontaneous symmetry breaking such that the
vaccum remains invariant under a subgroup H of the Lie group G, and the first homotopy group of the
coset G/H must be non-trivial

2In Appendix [B| we show explictly how it cancels from the canonical energy-momentum tensor.



mation and time reversal. How these facts are related can be seen in [16] [2I]. This does
not mean though that parity conservation is lost in a Chern-Simons theory. The way to
recover parity symmetry was indeed pointed out in [I6] and later implemented by [60].
One simply doubles the degrees of freedom taking into account the relative sign change,

having as result the parity preserving Chern-Simons action:

o B oyp a— e A—
Sppos = / dz {5 aro,AL — L aio AL L (3)

Such that, under parity A/f — Py AF. What we will study in this work, which hasn’t
yet been done, are the vortices solutions in this parity preserving scenario of (Maxwell-)
Chern-Simons theories. Before we get to that, we will first revise some essential aspects of
vortices solutions in the simpler and more familiar scenario of the Abelian-Higgs model.

In the particular regime of the AH model where A = 2¢? interesting things occur:

e my; = m,: The mass of the gauge boson (\/iev) becomes equal to the scalar mass
(v/Av), which also implies that the vortices cease to interact. In contrast to m, >

mg(ms < mg,) where the vortices were numerically shown to attract (repel).

o Euy > ev?|®| (Bogomol'nyi bound)[35]: The static energy functional becomes
bounded by the flux.

e Self-duality equations, E y = ev?|®| =
(Dy£iD3) ¢ =0; B = e (|6 =v*); (4)

The saturation of the bound leads to a set of first-order coupled differential equa-

tions.

e The model admits an N' = 2 SUSY extension;

As we will see, all these properties will also hold for our parity-invariant Maxwell-
Chern-Simons self-dual model. The main lesson of this work is to show that one does
not need to abandon parity conservation to work with Chern-Simons theories. More than
that, we can then explore the imposition of such a symmetry to completely determine our
model, one more time demonstrating the power and elegance of being guided by symmetry
principles in physics. May beauty be our method...

Speaking of symmetry, the relationship between self-duality and extended supersym-
metry was first exhibited in a model by Witten and Olive in 1978 [46], and after many
other instances Hlousek and Spector [127, 128] 129] were able to elaborate a general ar-
gument as to why this should always be the case, at least in 2+1 and 3+1 dimensions.
This alone was sufficient to motivate the search for a supersymetric extension of our self-
dual model, but as we will also see, condensed matter physics can already provide some

interesting examples where supersymmetry emerges.
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Chapter 1

Introduction

Vortices are ubiquitous in nature, appearing from the rotating water in a sink to
the winds surrounding a tornado. Such configurations can also be found throughout the
physics literature, as illustrated in Refs [II, 2 B, 4, Bl 6 [7]. In field theory, vortices are
defined as solitons and can appear whenever we have a continuous symmetry that is
spontaneously broken and a vacuum manifold with a circular structure, as for example,
in a (2+1)-dimensional abelian gauge theory in the Higgs phase [8].

In this sense, the first appearance of vortices in the literature was in the context
of superconductivity, through the work of Abrikosov in 1957 [9]. In 1973, Nielsen and
Olesen showed [10] that the Abelian-Higgs (AH) model in 241 dimensions (the relativistic
generalization of the Ginzburg-Landau model [I1]) admits finite-energy vortex solutions
with a quantized magnetic flux. An exact vortex solution was found by de Vega and
Schaposnik in 1976 [12], considering the particular relation between the couplings for
which scalar and vector bosons have the same mass. The Abrikosov-Nielsen-Olesen (ANO)
vortex described above is electrically neutral and, in fact, it was shown later by Julia and
Zee in 1975 [13] that charged vortices with finite-energy cannot exist in the AH model.

A very interesting and subtle class of 2+1 topologically massive gauge theories was
introduced in the early 80’s [I5] [16} [I7], called nowadays Chern-Simons (CS) theories,
after the pioneering work [14] (see also Refs. [I8] [19, 20} 21]). The CS term is exclusive of
odd-dimensions, typically P- and 7- odd, and topological in nature. In 2+1 dimensions,
it gives a gauge invariant mass to the gauge field, providing a mass gap that cures the
infrared divergences of these theories, changing drastically their physical content and
leading to a quantization of the ratio between the CS parameter and the gauge coupling.
Over the years, CS theories have found applications all around physics, but the most
famous breakthrough came with the work of Witten [22], about the relationship between
CS theories and the Jones polynomial. For an introduction to CS physics, see Ref. [21];
for a review of vortices in this context, see Ref. [23].

It is well-known that a CS term has the property of flux attachment when coupled
to matter fields, that is, it relates the electric charge with the magnetic flux. In 1986,

it was shown that finite-energy charged vortices solutions exist in Abelian [24] and non-



abelian |27, 25, 26] Higgs models in the presence of a CS term (see also Ref. [28]); the
existence of quantum charged vortices has been shown in Ref. [29]. Interestingly enough,
charged vortices can play an important role in condensed matter, for example, in the
fractional quantum Hall effect [30], high-7. superconductors [31], and superfluids [32].

In the pure CS limit, when the Maxwell kinetic term is absent, peculiar charged
vortices were shown to exist [33], with magnetic field vanishing at the origin, instead
of taking a finite value as usual. An interesting work studying vortices in a Maxwell-
Chern-Simons-Higgs model, interpolating between AH model and pure CS-Higgs case
was done in Ref. [34]. Self-dual vortices (and also non-topological solitons) satisfying
first order equations, coming from the saturation of a Bogomol'nyi-type [35] lower bound
for the energy, were found both in the pure CS limit [36], 37, [38] and in the Maxwell-
CS model [39, 40, 41]. Tt is well-known that self-duality is closely related with N = 2
supersymmetry [46, 47], and vortices were also studied in this scenario [50] 133, 53|, 54].
For interesting reviews, see Refs. [55] 23]. This kind of soliton solutions can also be found
in non-relativistic theories, as one can see for instance in Refs. [506] 57, 58, 59].

It is usually said that the presence of a CS term necessarily causes the violation of
P and T symmetries. Although usually correct, this is not always true. In fact, it was
already pointed out in [16, [17] and later shown by Hagen [60](see also Ref. [61]), that
a gauge and parity-invariant CS theory can be constructed by essentially doubling the
gauge degrees of freedom and adopting their respective CS terms with opposite signs.
This discussion had as a background experiments suggesting parity-invariance in high-
T. superconductors[62, 63, 64], motivating the development of theoretical models for
superconductivity agreeing with these results [65, 66, 67, [68]. A recent approach was
proposed by Del Cima and Miranda [71] in the context of graphene physics (see also
Ref. [69]). The authors considered a parity-preserving U(1) x U(1) massive quantum
electrodynamics (QED) with two gauge fields having different behaviors under parity,
and a CS term mixing them. Its massless version was studied in Ref. [73], and it was
shown that it exhibits quantum parity conservation at all orders in perturbation the-
ory [72]. Recently, it was shown in Ref. [74], that the massive version is ultraviolet finite,
that is, exhibits vanishing [-functions associated to the gauge coupling constants and
CS parameter, and also vanishing anomalous dimensions. Furthermore, it was shown
that the model is parity and gauge anomaly free at all orders in perturbation theory.
Interestingly, similar models with a mixed CS term find many applications in condensed
matter [75], [76, [77, [78], [79] [80, 81, [82], B3], [84! [85, 86, 87].

Vortices in this context were already discussed in the literature before [88] 89, 90, 0T,
92], but without Maxwell terms. In Ref. [88], the authors studied vortices in a U(1) x
U(1) CS model coupled with scalar matter exhibiting fractional and mutual statistics.
Following this work, the low energy dynamics of vortices was investigated in Ref. [89]
(see also Ref. [92]) and hybrid anyons in Ref. [00]. Vortices in a CS theory coupled



with fermions were studied in Ref. [91]. Finally, this subject is also investigated in the
mathematical physics literature, as one can see for example in Refs. [93], 04 [05].

In the last few years, there have been several contributions to the literature of vor-
tices, and here we briefly mention some of them. In Ref. [96], the authors reported a
new topological vortex solution in a U(1) x U(1) Maxwell-Chern-Simons theory. Consid-
ering the situation in which one of the U(1)’s was spontaneously broken, they obtained
a long-range force, protected at the quantum level by the Coleman-Hill theorem [97].
Another interesting development was achieved in Refs. [98], [99], where the authors used
a systematic expansion in inverse powers of n to study giant vortices with large topo-
logical charge, observed experimentally in condensed matter systems [100, 101, [102].
In Ref. [103], the authors considered a U(1) x U(1), N' = 2 supersymmetric model in
2 + 1 dimensions, investigating magnetic vortex formation and discussing applications
of it. For some recent developments on vortex solutions within the gravitational con-
text, see for instance Refs. [104, [105]. Other interesting recent works can be found in
Refs. [106, 107, 108, 109, 110, 111].

In this work, we fill an important gap in the physics literature about vortices by
considering them in a P- and T- preserving Maxwell-CS scenario. More specifically, we
propose a P- and T - invariant Maxwell-CS U (1) x U(1) scalar QED in 2+1 dimensions, in
analogy with the fermionic matter model studied in Ref. [71] and investigate the existence
of topological vortices in the Higgs phase of this model. We also introduce an extension
of this theory which allows for the existence of static self-dual soliton configurations. It
is an endeavor that we deem interesting in its own sake, but not without any possibility
of connection to recent investigations [112| [1T3], 114, 115, 116l 117].

Parts I is a warm-up to provide some more detailed background on what we are going
to discuss, where Chapter 2 provides a brief overview of a vortex configuration using the
simple Abelian-Higgs model, while in Chapter [3| we introduce the Chern-Simons term
and some features of it. In Part II, Chapter is devoted to the simplified model,
where in Sec. we introduce it and build the theoretical setup; in Sec. we discuss
general properties of the topological configurations considered; we present explicit vortex
solutions in Sec. and discuss its main features; the analysis of limiting cases is done in
Sec. [1.5 Proceeding to Part III, in Chapter [6] we introduce and investigate the self-dual
model; we present the self-duality equations in Sec. the numerical topological and non-
topological soliton solutions are shown and discussed in Sec.[6.4 We end our contribution
in Part IV, where Ch. [§|provides some background of SUSY in 2+1 dimension, sections[8.3
and provide two different derivations for the A= 2 SUSY extension of the self-dual,
while Ch. [J briefly discuss the relationship between self-duality and extended SUSY, in
general. Finally, in Cap. , we state our final remarks. We use natural units (¢ = h = 1),
the Minkowski metrid]] n* = diag(+, —, —) ; and the Levi-Civita tensor ¢"? = —1.

'Except in part IV, where we chose to follow [145] and use n*¥ = diag(—, +, +).
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Chapter 2

The Abelian Maxwell-Higgs model

in (2+ 1) dimensions

2.1 Introduction

Let us consider the Abelian Higgs model in (2+1) dimensions. This theory describes
a U(1) gauge field with charged scalar matter and is an excellent laboratory to study
the different phases of a gauge theory, topological solutions and dualities. In particular,
there are peculiar solitong| called vortices, that typically appear in field theories with
spontaneously broken symmetries where the vacuum manifold has a circular structure,

and the Abelian Higgs model provides a simple and instructive example.

2.2 Presenting the model

2.2.1 Theoretical setup

The Abelian Higgs (AH) model can described by the lagrangian:

1 A
5= [ @ [-1Rup + Do = 3 (0 -], 2.1)

where we defined the covariant derivative as D,¢ = 0,¢ + ieA,¢, being e the coupling
constant. As usual, the field strength tensor is defined as F},, = 9,4, — 0, A,. We remark
that in 2+ 1 dimensions with this parametrization, the gauge field and the coupling have
dimension of y/mass, that is, [A,] = [e] = MY/2. It will be sometimes useful to redefine
the gauge field absorbing the coupling inside of it, 4, — %AM. In this case, notice that

the mass dimension of the gauge field changes giving us [4,] = M.

'Nonsingular solution of the classical equations of motion in Minkowski spacetime with finite energy.



The action above has a U(1) gauge symmetry, with transformations given by

w(x 1
6= ¢(@) = Do), A, - (@) = A,(1) — Z0(a). (2.2
The gauge field transformation above can be easily obtained here imposing that the
covariant derivative transforms in the same way as the scalar field, that is (D,¢) =

e D,¢. The equations of motion associated with this system are given by:

DD = =3 (6 =) 6, QuF™ = ie (5°(Du) — (D)) (23)

The scalar potential of this model induces a non-trivial vacuum expectation value for
the scalar field (|¢|?) = v?. Expanding around the non-trivial vacuum, we will see the
Higgs mechanism taking place. In fact, as we choose a particular field configuration to
be the vacuum, we observe that this object is not invariant under gauge transformations,
even though the dynamics of the theory still is. This, by definition, means that the gauge
symmetry is spontaneously broken, or to put it differently, that the theory enters into the
Higgs phase, giving mass to the gauge field as well as to the scalar, having only massive

particles in the spectrum and therefore being gapped.

2.2.2 Perturbative spectrum

Let us take a closer look at the spectrum of the system. From the canonical energy-
momentum tensor, if we sum the total derivative 0, (F*?A”) and use the equations of

motion, we can obtain the following symmetric energy-momentum tensor:
™ =FWE" + D' D¢ + D"¢" D' — " L. (2.4)
From this expression, we can immediately obtain the Hamiltonian of the system,

1 1 A
H= [ o= [ @a |30+ () 4 |Duol + 1D + 3 (07 - )| (29
The classical vacuum of the theory corresponds to the field configurations that minimize
the energy. Looking at the above expression we can see that this can be achieved taking
any field configuration such that (|¢|*) = v* and such that A, is a pure gauge. In

particular, one can choose for simplicity the vacuum configurations as (giving zero-energy):
¢p=v; A,=0. (2.6)

Expanding the scalar field around this non-trivial vacuum expectation value and using



the exponential parametrization for it,

ﬂ(@) i0(x)

r)=|v+—= )", 2.7
o) = (v+ 2% 27
we can perform a gauge transformation with w(z) = —6(x) to gauge away the angular
degree of freedom in the exponential and consider the so-called unitary gauge, where we
keep only the physical degrees of freedom explicit, being a better setup to understand the
spectrum of the theory.

In fact, with the above parametrization, we can rewrite the initial Lagrangian as:

1 1 A2
L= = FuwF™ + 50,p0"p + P A A - %fﬂ
2 2 A
+V2e2upA, A — %)\v,o?’ + %pQAMA“ - Ep4' (2.8)

Through the Higgs mechanism, we se that the vector boson acquires a mass m?, = 2¢v?
and the scalar boson acquires a mass m% = v

The energy functional can be rewritten as
E =FEg+ Ejs, (2.9)

where we defined the “kinetic” part of the energy as

1
Ex = /dQI {5 (Foi)? + |D0¢|2] ; (2.10)
and the “static” part of the energy as
2, |1 2 2 A 2 2\ 2
Es= [ d |3 (Fy)* +1Diol + 2 (19 %) (211)

Let us consider the gauge Ag = 0. Notice that this condition does not fix completely
the gauge, and we still have freedom to perform time-independent gauge transformations.
With this choice, we have the following simplifications: Fy; = 0pA; = AZ and Dy¢ =
dop = ¢. We remember here the definitions E? = F® and B = ¢79,A;.

Consider now the static limit, that is, consider Jy = 0. In this case, the kinetic energy
will vanish and the energy functional will be given exclusively by the static one. The
absolute minimum of this functional (corresponding to zero-energy solutions) will give us

the classical vacuum of the theory. In this case, we have:

Fij=0; Dip=0; [¢]*=72" (2.12)



A particular solution to the above conditions can be chosen as (remember that Ay = 0):
Ai=0; ¢o=w. (2.13)

We remark that we could have chosen any gauge transformation of the above configuration.

2.3 Topological configurations

2.3.1 Asymptotic conditions

Let us search for static soliton solutions in this model. That is, we are interested here
in finite energy, static, regular solutions to the classical equations of motion. Looking at
the static energy functional, we can immediately understand that in order to have a finite
energy solution, we need to satisfy the vacuum conditions asymptotically. In fact, this is
a necessary condition to guarantee the finiteness of the energy integral. Each term has
to go to zero fast enough to compensate the integration measure (d*z =~ rdrdf). That is,
each term has to go to zero faster than 1/r% to guarantee finiteness.

Therefore, imposing the finite-energy condition, we obtain the following asymptotic

conditions:
F; =0, Dip—0; |p—wv. (2.14)

From the scalar field condition, we immediately see that, the boundary condition fixes
the radial part but still allows a non-trivial angular degree of freedom. In fact, we can

write
D(r — 00,0) — Poo(6) = vel=®) (2.15)

where the function a,, depends only on 6, the angular variable parametrizing the direction
in which we take the asymptotic limit. In fact, in two spatial dimensions, we can easily see
that we can take the limit » — oo in any direction we wish, parametrizing it by this angle 6.
This amounts to the fact that, in the asymptotic limit, we have the equivalence OR? = S |
that is the asymptotic boundary of the plane can be considered as an asymptotic “1-
sphere” (circle) described in terms of an angle 6.

Now, to allow this angular dependence on the scalar field and accomplish the asymp-
totic condition D;¢p — 0, the gauge field must somehow compensate the scalar field

asymptotic behavior. That is, D;¢ = 0;¢ + ieA;¢0 — 0 can be satisfied if we impose:

A — —Loa. (2.16)
(&



Notice that in this case the condition Fj; — 0 is automatically satisfied.

Therefore, since in the asymptotic limit the scalar field takes a direction parametrized
by an angle 0 (that is, a point in S.)) and attributes a phase to it through the function
'@ (that is, an element of U(1)), we have the following map:

Goo s SL — U(1) ~ S}

int-*

(2.17)

As is well known, such maps can be grouped into equivalence classes according to whether
they can be continuously deformed into one another or not. A map that describes this
continuous deformation is called an homotopy, and the classes are called homotopy classes.
With a suitable definition of product, one can show that the homotopy classes form
a group, the homotopy group. This group provides a powerful way of characterizing
topological spaces. In this particular example, the first homotopy group is isomorphic
to the integers (II;(S') = Z) and, therefore, the homotopy classes (consequently the
maps therein) can be labeled by an integer number. The integer number labeling a given
homotopy class is the so-called winding number W, and it says essentially the number

of times we wrap around the circle S1, when we cover the circle S! once. We can thus

int
define:

27
W (o) = i/0 dp 2% (2.18)

2 do
It is possible to show that the W (¢ ) defined above is in fact an integer number.

The classical vacuum is the configuration ¢ = v = cte, giving us an asymptotic ¢
that goes to the same point in any direction, being represented by a..(6) = 0, V6. On
the other hand, we could consider the map that attributes at each asymptotic direction 6
a phase equal to this angle. In this case we have a.(0) = 6 and <b§>) = ve?. In fact, it is
possible to show that we can write representative mappings for each homotopy class with
winding n given by ¢ = ve. That is, any map with winding n can be continuously
deformed in a representative map of the type written above for a given n, and mappings
with different n cannot be deformed in each other by a continuous deformation.

Let us try to see this from a different perspective. Define the classical configuration
space as the set of regular fields with finite static energy. As discussed above, such con-
figurations can be classified by winding number, and a member of one class cannot be
continuously deformed in a member of another class while keeping the energy finite (some-
times we say that there is an infinite energy barrier between them). Therefore, we can
say that the configuration space consists of infinitely (but countable) many disconnected
sets (the homotopy classes) labeled by the winding number. Since there is no continuous
transformation taking a configuration of one homotopy class to another in this space, it is

not possible to change the winding number by time evolution. It would not be suprising



then to have somehow a conserved current associated with this quantity. Our tentative
reasoning here for the existence of this conserved current has been topological rather then
through Noether’s theorem. We are searching for a topological conservation law.

In fact, defining ¢ = ¢/|¢|, consider the topological current defined by:
i v %k 1
Jy = o "’ 0,070, 0. (2.19)

This current is identically conserved, without the need of using the equations of motion.

The topological charge associated with this current can be written as:

QT = /dZCL’ ng = QL /d2l' GOijﬁigg* jgf;
™

=5 A ) [ Z(qg* ]¢A5> - é*a,.ajqé}

7 W ii%sn 2
% dS?”fL EJ(b j¢ (220)

But, in the asymptotic limit we have ¢ — €@ with au, = oo (0), then we have:

l

Qr = —/ dS 7; et (10;0000) giave

r df 21 do

=5 [ [ (=0 ) e = 5 [an o

=W (o) (2.21)

1d 1 d
= ___ /rd@rZ g HJ—& =—— [ df [rz(—: (—:jkrk} Qoo

Therefore, we can see that the topological charge is the winding number! Moreover, using

the asymptotic behavior of the gauge field, A; — —%&-aw, and Stokes theorem, we have:

Qr = —— dSrl € gt (05000) gl — ~5- dSt; €7 (—eA;)
T 1

= —/dzxewaA —/d%B (2.22)

Defining the dimensionless magnetic flux as ® = e [d*z B and remembering that the
topological charge is the winding number (and therefore an integer), we can conclude
that the magnetic flux is quantized! The configurations with finite energy will be classified

according to their quanta of magnetic flux.
O =2rQr=2mn, nec. (2.23)

These are very general results, based on the topological properties obtained imposing

10



the finite energy condition. Now, we need to take into account the dynamics of the
system and search for solutions to the classical equations of motion. In the next section,

we will investigate the original Nielsen-Olesen vortex solution in the Abelian Higgs model.

Finally, we want to call attention to an interesting point. In U(1) gauge theories in
(2+1) dimensions, there is in general a global U(1) symmetry usually called U(1),. That
is, we can define a topological current, given by

e
me T HYp
top — 477'6 Fl/p7

(2.24)

such that in the absence of a “monopole operator”, we have that this current is immedi-
ately conserved d,.J{,, = 0 thanks to the Bianchi identity €70, F,, = 0. Considering the

topological charge associated with it,

~ e ii
Qtop = /dQIB Jtoop = E /dZ.ﬁEE]Fij
| Prig A = % / &z B = Qr. (2.25)

:27'('

We see agian that the conserved quantity associated with this topological current is the

magnetic flux!

2.3.2 Vortex solutions

Let us consider the following radially symmetric ansatz:
inb 1
¢ =vF(r)e™, A;=—I[A(r)—nlb,. (2.26)

Remember that we are adopting Ag = 0 and considering the static limit dy = 0.
From the equations of motion ([2.3) we see that the v = 0 equation is trivial. As for
the other equations, using the ansatz, we obtain:
Al F A2 \v?
A" — — =2e"*F?A, F'+— - SF="—"(F"-1)F (2.27)
T T r 2
The prime denotes derivative w.r.t. the r variable. Defining the dimensionless param-

eter £ = \/er, we can rewrite:

. A 22 . F A2 1
A——=""F?A F+——-—"F==-(F>-1)F 2.2

With the dot denoting derivative w.r.t £&. The appropriate boundary conditions are:
F(0) = 0; A(0) = n; F(c0) = 1 and A(co) = 0. No analytical solution to these equations

11



has been foundﬂ, so one must resort to numerical solutions. Figure ([2.1]) exhibits one such

a solution.

—F
—A
—B

Figure 2.1: The scalar profile (solid black), the potential (solid red), and magnetic field
(B = —A/¢) (solid blue) for an AH vortex of winding n = 1 and taking A = 2¢2.

One can prove that all the profiles approach their asymptotic values exponentially fast
with a characteristic length given by the inverse mass (\/XU)*I for the scalar field and
(ﬂev)_l for the gauge field. Simple inspection of the solution show us how, in this case,
the magnetic field is concentrated at the core of the vortex. As was already mentioned, the
AH vortex is necessarily neutral [13] and it takes a Chern-Simons term for one to obtain
charged vortices. Another consequence of this addition is the lowering of the magnetic
field at the center of the vortex, so that in the pure CS limit it actually vanishes at the
center[34], as we will see; in this scenario, for spherically symmetric vortices, the magnetic
field is concentrated at a ring surrounding the core of the vortex. Now is an opportune

moment for us to introduce the abelian Chern-Simons term.

2Some analytical results exist for the particular self-dual case A = 2¢2. See [21] for a brief discussion
on this.

12



Chapter 3

(Briefly) Introducing the

Chern-Simons term

The requirement of gauge invariance in 2+1 dimensions allows one to construct the

following quadratic action, besides the familiar Maxwell term:

k
ch = /dglL’ﬁcg = /d3$ {56“'0'/%1#8,014,, — AMJM} (31)

Where ¥ is the completely anti-symmetric Levi-Civita symbol. Under gauge transfor-

mations 0A, = J,A, we obtain:

S = / &2, @EWA@,A,, - AJ“) (3.2)

Extremizing action ([3.1)) leads to the equation of motion:

k
¢ Fow =" (3.3)

The first immediate consequence of the above equation is the non-propagation of
degrees of freedom when J* = 0, that is, a pure abelian Chern-Simons theory is non-
propagating. The second, and distinctive, feature is evidenced by taking the u = 0
component of equation (3.3, considering J* = (p, J )E

p=kB= Q=ko (3-4)

which is known as the flux attachment property. Every charged field configuration carries
with it a magnetic flux and vice-versa. Several interesting phenomena can occur because
of this [2I], but the most direct for our purposes is to permit the existence of charged
vortices. Moreover, due to the topological quantization of the flux of vortices, their charge

is also quantized, classically!

13



3.1 Maxwell-Chern-Simons (MCS) electrodynamics

Another distinctive property of a CS term is to give mass to the photon without
destroying gauge invariance, an exclusivity of 241 dimensions. As a consequence, contrary
to 3+1 D that whereas a massless photon possesses 2 degrees of freedom (d.f.) and a
massive one carries 3, both massless and massive carry only 1 d.f. in this lower dimensional

case, unless a Higgs mechanism takes place, as we will see, in which case we get 2 d.f..

3.1.1 Massive photon without breaking gauge-invariance

Starting from the quadratic MCS action

1 k
SMCS = /d3l’ {_@F#VF;LV + 56'“’)1/14#8/)141/} (35)
we derive the following equation of motion:

k? 2
a9, F"r 1 %e“p”Fp,, ~0 (3.6)

From 1' and defining the dual of F,,, Fr o= %E“VPFVP = F,, = E,WPFP, it is not
difficult to verify that:

[T+ (ke?)’]| F7 =0 (3.7)

Where O = 0,0”. We recognize as the Proca equation with mass given by
mycs = ke?.

A less straightforward way of obtaining this result is from the propagator of the theory.
We need only to write (3.5) as £ = ®,07(9)®;, with 0%(9) a differential operator. The
propagator is simply (O‘l)ij (x — y). The physical poles of this operator in momentum
space provide the mass spectrum of the theory, that is, the squared mass of the excitations.

The development of the necessary steps are left to the appendix and here we only
exhibit the final result:

—1\ o (B — 0,0, — kePe,,0° 0,0,
(O )/1,1/ —° < O (O + k2e?) T (3:8)
Now switching to momentum space through the definition
(07) -y =- / OB AL () (3.9)
puv (271')3 v

we obtain

2 _ — ik 2 0
A (p) = € {p o~ Py — K€ Cugh” | Puby (3.10)

p? (p? — k?e) (r?)’

14



The parameter ¢ is due to gauge fixing, as explained at appendix[A.T} The most direct
way of reading the physical pole is from the coefficient that accompanies 7, from which
we identify a pole at p* = k?e? = m3,,4, as expected.

The paradigmatic way of giving mass to a gauge field without breaking gauge invari-
ance is through the Higgs mechanism, where a complex scalar field minimally coupled
to the gauge boson acquires a non-null vacuum expectation value (v.e.v.), providing in
this way a mass term to the vector boson. Nothing prevents us from using the same

mechanism in the presence of both Maxwell and CS terms. Let’s then consider:

1 k x
Laesi = =35 P Fou + 5 A,0,4, + (D"0)" (D)~ V(Io))  (3:11)

Where ¢ is the Higgs field and D, ¢ = 0,¢ + 1A, ¢ is its covariant derivative. V'(|¢|)
is a potential with spontaneous symmetry breaking, that is, it induces a non-trivial v.e.v.
(|¢]) = v. From (B.11]), we see that the term (D" ¢)* (D, ¢) contains A*A,¢*¢ which, in
its turn, produces v2A" A, after the expansion of the fields around the configuration of
minimum energy. We must investigate the effect of this term on the spectrum by, for
example, studying the propagator of the theory
L A) = ! FrF, K HPY A,0,A ZAMA 12
mes( )——@ W-I—§€ wOpAy +v " (3.12)
Again, the details are left to Appendix [A.2] Here it suffices to remember that we are

interested in the coefficient with accompanies 7,,,, which reads

9 O + 2v2%e?
(O + 21}262)2 + k2et0

The poles can be read off from equation in momentum space (O = —p?):

(—p* + 20%e2)" — kK2e'p* =0 (3.13)

It gives us p* = m%, where

2
/{72 4 k 2 2 4 2
m3 = 2v%e* + T4 T k2t 1 Su2e? = e 1+ gnH +1 (3.14)
2 T2 1 m2,g

Being mycs = ke? the already familiar CS mass and m?, = 2v%e? the Higgs mass

scale. It is now evident the existence of 2 distinct massive d.f..

We close this subsection by pointing out that the Higgs mechanism can also take place
in the pure CS limit of the theory. It can be achieved if we simply take the limit e? — oo
keeping k fixed.

Note that from the a coefficient in momentums space we obtain:

15



9 O + 2v%e? 9 p*—m¥

(& = e
(O + 202e?)® + k2et0 (p2 — m?2)(p* — m?2)

2 2 2 2 2 2
o2 pm—my _ 2 (M=—"u 1 L (M My 1
2 2y 2 2 2 2 2 ) 2 —m?

(p? —m?2)(p?> —m2 m2 —m?2 ) p? —mZ m2 —mi mi
2 2
e 1 1 e 1 1
= S |1- + =1+
2 _ 2 2 _ 2
2 1+ 5;622 p m2 2 1+ :;; p m4

Now taking the limit e? — oo:

2 2,2
lim m_ = limki< 1—1—@—1)

e2—00 e2—o00

While m, — oo in this limit, effectively decoupling from the theory. We are left with
only 1 d.f. after the spontaneous symmetry breaking. This is no surprise, since in the
pure CS limit, the gauge boson was non-propagating before the symmetry breaking. It
became propagating after it ate up the would-be Goldstone boson.

We now turn the some aspects of fermions in 241 dimensions which will prove useful
not only for our discussion of the CS term, but also to introduce the discrete Lorentz

transformations of parity and time-reversal.

3.2 Fermions in 2+1 dimensions

We start from the Clifford algebra:

{7 =n"1 (3.15)
where p,v = 0,1,2 and n* = diag(+ — —). One possible representation (rep.) satis-
fying (3.15) is the Dirac rep.:

1 0 0 2 0 1
0:0'3: s 1:7/0'1: s 2:7/0'2:
! 0o -1) io) ~1 0

One can check that they satisfy:
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P =1 i ey, () =400 (3.16)
Tr(y#y"yf) = 2iet? (3.17)

Where, €12 = —1. At least, two points should be highlighted. In 4 dimensions
is trivial, and its result in one lower dimension is what allows the appearance of a CS
term from quantum corrections involving fermionic loops, unless some symmetry prevents
it so. Secondly, chirality or handedness is not fundamental property, in the usual sense,

in this dimension since i7%y!'y? = 1.

3.2.1 Parity (P) and Time-Reversal (7))

Starting from P transformations, we see that it must invert only one spatial compo-
nent. If it inverts two, its determinant is 1, being therefore equivalent to a rotation. We
shall take:

Or, simply P* = diag(+ — +). Let’s see what this implies for the Dirac equation:
(70, —m)¥(x) =0 D> (ir"00 — m)¥"(a") = 0 (3.18)

Where U (z”) is the parity transformed Dirac spinor. Let’s take WP (2f) = PU(z)

where P acts on spinor space. Using 85 = P, 0,, we obtain:
(iP~'4"PPy8, —m)¥(z) =0 (3.19)
If P*W“PPZ = ", we recover the original equation, but this implies:

PP =9"= [ P] =0
P P=—"= {4 P}=0
PP =+*= [y*,P] =0

No 2x2 matrix satisfy these relations. One way out is to take m = 0
(iP~'4"PPO,)¥(z) =0 (3.20)

so that we can impose P~'7#PP! = —”, implying

17



PP =—"= {4 P} =0
P P=+y"= [y, P] =0
PINP =42 = {72,P} =0

Now, any P = ny! will do the job, provided 7 is a complex phase. We shall take
P = —i~'. This leads to

Wiy (3.21)

and, therefore, a mass term like W transforms under parity as a pseudo-scalar!

VU D Uin! (—in )T = —TW

This suggests that if we want to construct a theory with fermions in 241 dimensions
invariant under parity transformations, either the fermions are massless or both signs of
the mass term appear, with the positive- (negative-) sign mass fermion transforming into
negative (positive) one.

Considering now time-reversal, we start by remembering that it is a anti-linear and
anti-unitary transformation, and as a consequence any complex number must be trans-
formed into its complex conjugate. A quick way to see this is by combining special
relativity and quantum mechanics. It is natural to expect that reversing time should
reverse momentum, p’ N —p, but £ = \/m remains then unaffected. Well, if the
quantum mechanical relation E <+ i% is to hold and, simultaneously, the energy should
not change under ¢ Ty —ttheni L —1, leaving the combination i% invariant. Applying
all this to the Dirac equation and considering 83 = T7,0,, with T} = diag(— + +), we

obtain
(70 — m)W(x) = 0 L5 (iT740T — m)¥” (27) = 0 (3.22)
Time-reversal in spinor space will be represented by T, that is, U7 (z7) = T (x)

("4 —m)¥T (") = 0
(=T (") TT;0, —m] ¥(z) = 0 (3.23)
Analogously to the case of parity transformation, imposing —T~! (y#)" TT; =19"in
order to reobtain the original equation leads to an impossibility. The way out is to set

m = 0 and impose —T~" (y#)"TT} = —7", instead. In this way, working with the Dirac

rep. of the gamma matrices we obtain:
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T7'YT =-"={7°,T} =0
T'9T=—'= {4, T} =0
TVT =~ [72,T] =0

that can be solved by taking T' = ~?2, for instance. That is,

084

v
0 U2 (3.24)

U = Ply

U

As a consequence, the mass term is also a pseudo-scalar under time-reversal transf.:

TV L §2420 = —TT

An important fact is that the CS term is also a pseudo-scalar under P and T
14 P’T v,
A 0,A, —— —€"PA,0,A,. (3.25)

and that is not a mere coincidence. In fact, in section we indicate how the quantum
corrections naturally produce the CS term if one starts with a QED-like classical action.
To check 1} one needs only to remember that Aff = P;A, and AZ = —T,/A,. The
reason for this last minus sign can be seen, for example, from the fact the components of
the electric field E' = —0yA* — 9; A? are scalars under time-reversal, therefore the A;’s (as

opposed to Ag) should transform to compensate the transformation of 9.

3.3 Poincaré algebra in 2+1 dimensions
The generators of the Poincaré group in 3 dimensions satisfy [144]:
i[JE T = P,
i[JH, P = PP,
[P*,P'] = 0; (3.26)
Where J#* = %e“”prp are the generators of the proper-orthochronous Lorentz sub-
group. Under an infinitesimal transformation, the objects living in a finite dimensional

representation of J# will transform as: ¢, — ¢, = [5ab + %wW(J’””)ab} oy, a,b=1,2,...,N.

A field belonging to a finite dimensional rep. will transform, in general, as:

Gul(x) = |78 o(Ax)
(3.27)
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Such that infinitesimally, to first order in w,, = —w,,, we get

?

6ule) > L) = [ Gl )| e+ ot
— {0+ o Bita?0 = 9%) = ()} ento)
And, therefore,
(7)o = B0 — 209 — () (3.29

The first contribution is the orbital component while the second is the spin component.

With the Poincaré generators, we can construct the following Casimir invariants:
P?=P'P,, W = J'P, (3.29)
We can easily check that W is invariant, in fact:

[J* W] = [J*, J"B,] = [J*, J"|P, + J"n,,[J*, P*]
= —ie"?J,P, — i, P, =0

0
[P, W] = [P¥, JVP)] = [P*, J'|B, + Jn, [PPT

= —’L.E'u'l/pPpPV = O (330)

We can now use these invariant operators to define the one-particle states ®, such that

P2® = m?®, Wd = —sm, (3.31)

thus defining the mass m and spin s of particles. Note that, in the rest frame p* = (m, 0, 0),
the invariant W acting on a one-particle state is simply W = mJ% = mJ'?, where J'? is
the generator of rotations on the plane. Defining the one-particle state as J!2 eigenstate
with eigenvalue —s, we obtain . It should be stressed that: 1- W is a pseudo-scalar,
then so is the eigenvalue s, therefore a particle with spin s is intrinsically different from a
particle with spin —s, but they are related through P or 7 transformations; and 2- there
is no reason, a priori, for s to be quantized like in the 341 dimensional case.
1

3.3.1 The spin 5 rep.

The fundamental rep. of the Lorentz group is provided by the gamma matrices v*
through «¥X#* = %[7“,7"]. In the dimension that we are working with X, = %Ew,)\’}//\,

hence from (3.28)) we can construct J* :
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1 1
JU = S, = 0,0, — oo (3.32)

Now, to construct W we will also need P, which we will represent by P, = 19,

1
W=JrE, = (ie"2,9, - 59")i),
04

y i
= —Y28,0, = 570 = =570, (3:33)

Acting with W on the previously defined one-particle state, we shall obtain:
WU = —-ms¥ = —%y“au\ll =—ms¥ = (i7"0, —m2s) ¥ =0 (3.34)

Which is nothing other then Dirac equation if s = % As we saw, the Dirac mass term
changes sign under parity or time-reversal transformations, now it becomes clear that
this change of sign comes from the change on the spin of the particle. Note that even the
orbital angular momentum operator I, = i(x105 — 220;) is odd under P (z! L —x') and

T (i 7 —1), so it is reasonable that the same happens to spin (s AR —s).

3.3.2 The spin 1 rep.

Let’s now repeat the previous procedure considering the vector representation. We
will ignore the orbital component since it does not contribute to the final answer. In the

vector representation V'* = A" V" infinitesimally, we get:

VI = (S W)V

= {or o+ Junn [-itresz - o) v

Implying then

(£°9),0 = —i(008] — 5705) = (T3 = 5 (E%),, = —ic  (3.35)

spin 2

Therefore W8 = (J#)*PP, = (J*)*2 P, = e*%9,. Applying it to the one-particle

spin

state:
WPV = —smV = "9,V = —smV* (3.36)

Which is exactly the Maxwell-Chern-Simons equation (3.6), written in terms of the
duall F*, that is ewﬁauﬁ’ﬁ — —ke*F®. Hence, one more time we have identified the
mass myrcs = ke? with the surplus of knowing that particle’s spin is s = 1 (or s = —1,

depending on the sign of k).
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3.4 Chern-Simons term induced by quantum correc-
tions: A sketch

In this section, we briefly go over some steps to show how a CS term can be generated

by quantum corrections.

3.4.1 The quantum action in 10 seconds

The starting point is the object from which any quantum field theory extracts its

information, the generating functional of the connected Green functions W[J]:

AW /Dq)eé{s[@]—',—deIJ‘I’} (3.37)

Here & collectively denotes all fields of the theory, S[®] is the classical action in D
spacetime dimensions and J(z) is an arbitrary external source. From it, one can define

the quantum field

= O, (z;J) (3.38)

and assuming that we are able to invert the above relation to obtain J(z) = J(x; ®,(z)),

we can then proceed to define the quantum action I'[®,]:

L@, = W[J] - / dPxJ(2)®, ; = —J() (3.39)

We are going to use an approximation to evaluate (3.37)). The strategy is to expand

the fields ® = &, + §® around a classical configuration ®., that is, one that satisfies
55[®]
[5¢’(~"3)]q>=<1>c

called a semi-classical approximation. We obtain:

= —J(x), keeping only the quadratic terms of the fluctuations §®. This is

; 525[®
;{;fdzdy&p(x) {qu@} e 6®(y)}

W ~ o (1@ +[ dut ) /Dacpe (3.40)

This approximation becomes exact in the limit A — 0. The main reason for this
strategy being that a functional integral with a Gaussian-like integrand can be calculated.

In fact, one can show that:

L8 1 [ dadyé®a(z) {%} 6<I>b(y)} 525«[(1)] o
Dé'q)ef{ arre  e—a. =C (det —> 3.41
/ s wody) O

Where C has been introduced simply to absorb some irrelevant constant parameters,
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while o = i%, +1 is a parameter that depends on the nature of ®,: —% (—{—%) if it’s a real

bosonic (fermionic) field and —1(+1) if it’s a complex bosonic (fermionic) field. The final

trick is to use the identity det A = e™™ 4 and rewrite

0%5[2] )U ( TanﬁQSW)” oTrim S50
det I S — e 5<I>a(z)5<1>b(y) —e 5<I>a(z)5<l>b(y) 342
( 5, ()00, (1) (3.42)

With all this, we have thus obtained:

W[J] ~ S[®,] +/deJ<I> ihoTrLn — 0901 (3.43)
‘ ‘ 0P, ()P (y) '
Which, substituting back on (3.39)), gives:
. 525[®] }
r[®,] ~ S[®,] —iho TrLn | ————c— + O(R? 3.44
@] ~ 5[, S Cosa) L O (3.44)

3.4.2 CS from QED

From the result (3.44) we can now evaluate the leading quantum correction to the
QFED; action:

1 —
S[A, U] = / P {—ZF‘“’FW + T (i7" D, —m) \Ifﬁ} (3.45)

With D, = 0, + ieA,. Being a bit more explicit with the indices, (iv*D,, — m)aﬁ

denotes:

(17" Dy — m)aﬁ = [1(7")ap0u — €Au(V*)as — Mbag] (3.46)

Let us now focus on the corrections due to the fermion field:

52S[A, ]
0o ()0 s(y)

= [i(7")as0 — €Au(x)(¥")as — Mmap] 6°(x — y) = Oaplx,y)  (3.47)

We need to evaluate
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Tr Ln [(ié’ —m) — eA] = TrLn [(i@ —m) —e(i —m)(if — m)_lA]
— TrLn { (i — m) [1 — e(id — m) " 4]}
= TrLn(id —m) + Trln [1 — e(if) - m)_l’A]

_TanZ(ﬂ m) TZ z@ m) A]"

Slashed quantities have the usual definition A = v*A,. We have also made use of the
expansion In(1—z) = — > £-. The steps above are all formal operations that (sometimes)
=1

can be made proper sensg, for example, in Fourier space. Actually, all we want to see is
how the Chern-Simons term will arise. It will come from the term of order €. Let us first

give some sense to the objects defined. Starting from the inverse of the Dirac operator:

[(id —m)7'] ,, (z,9) = / T vt M (3.48)

(2m)? p? —m?
While

d3p

[(ia—m)—lA]a@(m,y) = /dz(27r)3 —Ipac z)<

p+m)

2 “?%4>ﬁ@—y> (3.49)

The indicated trace operation that we need to evaluate is both in physical space and
spinor space, that is TrOup(z,y) = [ d®2O040(z, ). With all this considered, one can
obtain from the calculation of the leading quantum correction to order e?, now
taking 0 = —1 and h = 1:

z% Te[(id — m) " AGid — m) " A] =
_ 26_2 T dgp d3p, e—ip(:c—y)—ip’y 1 / d3q dgq/ e—iq(y—z)—iq’z 1 /
5™ [ s (p—m)A@N%wmmz (g—m)A“’

Where we have denoted p‘f =

Z”_ After performing the trace in physical space,
one obtains:

e? . 1 1 e? dp &k 1 1
i Tr[(id — m) " AGd — m) ' A] = i Tr/ ) 2n) = mA(—p)M—_mA(p)

,62 d3p "
:z;/WAN(—p)F (p,m)Au(p)

(3.50)
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With

W [ &Pk F+m kF+p+m
r (p,m)—/(%r)?) Tr [k’z—m ol i p)? — 37 (3.51)

Well, given its index structure and momentum dependence, the most general form for
I#(p,m) is

™ (p,m) = fn"" + gp"p” + hp,e"™ (3.52)

We shall now show that h does not vanish. Indeed,

Tr(f+m)y (F+prm)y” = Te(Fy" By” +Eypy” +mbayty” ma fy” +may gy +m?yy")

while

Tr(my"y” +my"ky” + my'py”) = —2imp,e?”

Therefore, what we have shown is that

Z—/ 2m)8 Au(=p)I* (p,m)A,(p) D z’% Tr/(;ZTP;BA#(—p)(—%meW”pp)F@)(m,p)A,,(p)
(3.53)

where

A3k 1 1
2 _
A )(m,p) - / (2m)3 k2 —m? (k + p)? — m?

is essentially the Chern-Simons term in momentum space. Note the crucial
dependence of the result on the fermion mass m. Actually, one can show that it depends
only on the sign of the fermion mass. Therefore, in the presence of both positive and
negative mass terms, one should not expect the arising of a Chern-Simons term from
quantum correctionsﬂ Moreover, care should be taken in the case of massless fermions,

because the incorrect regularization of the infrared divergences might induce the CS term.

'Except if a parity-invariant Chern-Simons term exists, which it does in the presence of 2 gauge fields
with appropriate transformations, as we will see.
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Part 11

Abelian vortices in a parity-invariant

Maxwell-Chern-Simons-Higgs model
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Chapter 4

The parity-invariant (Maxwell-)

Chern-Simons model

4.1 Introduction

As pointed out in Chapter [ one way to implement a parity preserving Chern-Simons
theory is to suitably double the degrees of freedom, and the first of such implementation

was given by Hagen [60], which we now present:

S = / da {5 Aro,AT — L Ao, A L (4.1)

Where, in order to preserve parity symmetry, one must impose Aff (x) i Afj t(2P) =
P,V AF(x). Another way to construct a parity preserving Chern-Simons theories, which

can be found in [70, [71, [72], (73] [74] for example, is to have a mixed Chern-Simons term:

S = /d% {ne"?A,0,a,}, (4.2)
Such that under parity transformation: A,(z) = Al (z?) =P, " A,(x) and a,(x) i
afj(xp) =-P, Ya,(x)

As was said, to couple these fields with fermions while maintaining parity symmetry,
one must also have both s = i% fermions, each of which appears in the lagragian with
mass terms Fmi) 1. and also transform into each other under parity transformation.
Actually, as far as the Chern-Simons terms are concerned and are equivalent

and can be mapped into each other through the transformations:
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A, +a A, —a
At =20 e An =
: V2 : V2

We will be working with the A,,, a, variables. In |71} [72], [73] a U4(1) x U,(1) gauge

theory for both vector fields coupled to fermions is considered as follows:

(4.3)

1 1
S = / & {_Z P = 2 f o+ e A, Dy,

+ith Py +ip P —m(P g — )} (4.4)
With conventions and definitions:

F,=0,A,—0,A,, fuw=0,a, —0a,
Dy = (P +ied Ligh)hs, X =7"X,
,YM = (037 _iala 7:0-2)’ E:ﬁ: = ¢Ti/yo (45)

The mass dimensions of the fields and parameters are : [A] = [a] = [e] = [9] = 5 ;
[Yy] = [m] = [p] = 1. Taking, without loss of generality, m > 0 the fermions ¢, and ¢ _
correspond to massive representations of the 2+1 Poincaré group of spins —i—% and —%,
respectively. Analogously, considering p > 0 , taken together with the corresponding
Maxwell terms for Alf defines them as the spin 41 representations of the Poincaré group.
Since spin is a pseudoscalar in 2+1 dimensions, no rotation or boost can change the spin
of a particle, which makes it more analogous to the helicity of massless particles in 341

dimensions. The action (4.4)) is invariant under the following transformations:

o Ua(1) x Uy(1):

vy — YL = el P@)EE@))q)

Dy T = i@y
(4.6)
Ay — A=A, —10.p(x),

a = a,=a, - ﬁ@uﬁ(x) .
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e Parity:

l‘.u i xfj - PHVIV ; Where P,LLV = dza/g(_lr_ _ +)
An = AT=PlA, (4.7)
a,U« i} aﬁ = —Pﬂyalj
P P_ .1
wi — wi ==y %

— p =P —
1/& — wi:“/}q:fyl

4.2 Presenting the model

Let us pose the following question: What would be the equivalent system with scalar
fields instead of fermionic matter? That is, can we construct a parity-invariant U(1)x U (1)
gauge theory with a Chern-Simons term and charged scalar matter in analogy with the
model described before? In the following, we will construct such a model and analyze its

main properties.

4.2.1 Theoretical setup

Let us now propose our model, inspired by the model proposed in (4.4)), aiming to
construct a parity-preserving U(1) x U(1) gauge theory in (2+1) dimensions with charged

scalar matter and a Chern-Simons term. The lagrangian is:

1 v 1 v v
L=— ZFWF“ — Zf‘“’f“ + pet?A,0,a,

+ (0 + ieA, + igay) ¢+ * + | (9 +ieA, —iga,) o-|* = V(oo o), (4.9)

where we naturally defined the field strength tensors as usual F,, = 9,4, — d,A, and

fuw = Oua, — Oya,. Also defining the covariant derivatives acting on the scalar fields as,
Du¢i = au¢i + ieA,u¢i + z'ga#@[. (410)

From the above expression we immediately understand that the fields ¢, ,¢_ have equal
charge under the first U(1) 4 and opposite charges with respect to the second U(1),. Here
as usual, e denotes the coupling associated with the gauge group U(1)4 and g the coupling
associated with the U(1),, where the subscript immediately tell us which gauge field is
associated with each gauge group. We are taking charges £1 here for convenience.

We highlight the importance of Chern-Simons term pe”?A,0,a, to preserve parity
and induce a topological gauge invariant mass term. The canonical mass dimensions of

the fields and couplings here are given by: [A] = [a] = [¢o] = 5 ; [¢*] = [¢*] = [1] = 1.
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We can rewrite the above Lagrangian in another fashion if we define the following:

_ 9+
o () "

Therefore the Lagrangian can be rewritten as

1 1
L= = Fuk" = 2 fu f* + pe' A0,
+ (0, +ieA, +iga,T3) ®]* — V(|®]). (4.12)

The matrix 7; being the i** standard Pauli matrix. The Lagrangian is by con-
struction invariant under Ua(1) x U,(1) gauge transformations. This implies that the
potential V (¢, ¢_) itself is gauge invariant and this requirement restricts its possible
form. Furthermore, if we are constructing a parity-invariant model, we need to find what
are the transformations of all its objects such that we can achieve this goal. We already
discussed what are the parity transformations in the pure gauge sector that do the job,
and we need to ask ourselves what are the parity transformations that we need to impose
on the scalar sector to accomplish this goal.

We will find in the following that the scalar fields must swap their role realizing a Z,
transformation in the space of fields and extending the parity-transformation concept to
realize this symmetry. From a practical point of view, the swapping of the scalar fields
¢, and ¢_ under parity is forced upon us by the requirement of parity invariancﬂ and
this behavior is reasonable if we remember the parity transformations of the matter fields
in the fermionic version studied before, relating ¢, and 1 _.

In fact, choosing an adequate potential V (¢, ¢_), the Lagrangian (4.9) is invariant
(by construction) under U4 (1) x U, (1) gauge transformations and under parity transfor-
mations.

The explicit form of these transformations can be read below:

o Us(l) x Uy(1):

(6 = F, =@, or & — P = @@
oL — ¢’; — efi(p(w)if(w))gb*i,

(4.13)
Ay — A=A, - %@p(z) ,

L o e, =a— é@uﬁ(x)

!Modulo an overall arbitrary complex phase.

30



e Parity:

I.U‘ i mfj - ,PuVIy 5 where P#V = dla/g(_lr_ _ +)
A, L AP =pra,
A S (4.14)
a, — a,=-Prla,
b = P =C(or cor d D of = (@

The complex scalar fields ¢, and ¢_ transform under the gauge group as usual and
in the quantum theory they will create particles of definite Ua(1) x U,(1) charges. On
the other hand, even relying on the analogy with the fermionic matter case and with the
understanding that these are the transformations needed to ensure parity invariance in
this model, the swapping of ¢, and ¢_ might seem somewhat artificial, since it does not
follow solely from spacetime “rules”, but it includes an extension of the parity concept
in the space of fields. We remark that this is a consequence of our particular choice
of variables, being possible to construct from them fields that transform under parity
transformations as scalars or pseudo-scalars, a more familiar behavior if we are dealing
with fields without spin.

In fact, we can propose the following definitions:

T S Tk (4.15)

V2ol 2

It is immediate to see, using the parity transformations defined before, that ¢ transforms

as a scalar and 7 transforms as a pseudo-scalar EL that is,
R (4.16)

It is important to notice here that both ¢ and 7 are complex scalars, since ¢, and ¢_ are
totally independent complex scalars fields, that are not related by complex conjugation.
Rewriting (4.9)) in terms of these fields, we obtain:

1 v 1 v v
L=— ZFM,,F“ — Zf“”fﬂ + pet?A,0,a,

+ | (0, + ieA, + iga,T) A|2 — V(|A)]), (4.17)

where we agglutinate both fields in the form

A= <0> (4.18)

Writing in this different fashion, the gauge and parity transformations will be:

2 Assuming we fix ¢ =1
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o Ui(l) x Uy(1):

e Parity:
{ AL AP =7 (4.20)

Particularly illuminating is the transformation (4.19) restricted to p(x) = 0, which

reads:
<m> _ e <0'> _ ( co§g(x) sin{(m)) (0) (4.21)
' T —siné(x) cosé(z)) \ 7

Infinitesimally, this means:

do =¢&(x)m
om = —¢(x)o (4.22)

The meaning of the U,(1) now becomes clear as a SO(2) rotation in the internal
space consisting of a scalar a and pseudoscalar. Consistency with parity transformations
in imediately implies that &(x) is pseudoscalar and it becomes natural that the
gauging of such a symmetry introduces a pseudovectorﬂ, that is exactly what we need in

order to contruct a parity invariant mixed Chern-Simons term.

The model (4.9) leads to the equations of motion:

OuF* 4 ey = e (JY + 7).
uf™ + pe P05 A5 = g (JV — J"),
dv

DuD”Qﬁi = —wa
+

(4.23)

where we defined the currents as J{ =1 [(bj[D”d)i — D”cﬁ’;@[].

3Gauge fields are actually 1-forms, that is, they live on the space dual to that of vectors, but since
we are working in flat Minkowski spacetime, we may use both names interchangeably having in mind the
the metric allows us to go uniquely from one to the other.
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Now, we can perform the previously mentioned field redefinition, this time in the gauge

sector. We can propose the following objects:

A, +a A, —a
+ _ “p p - _ A 1
AN_—\/§ A= (4.24)

Doing so, we can rewrite the Lagrangian (4.9) using these variables as

1 1 W ol _ _
o + 4 pr v v + + 4
L= F P — SF F W DAL, AL — S AL 0,A

+ (8, + i AL+ iQ2A;) o P +1(8,+ gAY + iQ1A;) o_> =V (loi],lo-]). (4.25)

Looking at the above Lagrangian we note the appearance of an object similar to a covariant

derivative acting on the scalar fields,

Dyos = Oy + i Al by + g A, b4
Dy = 0ud- + i Al o_ +iq A, ¢, (4.26)

built with the redefined vector fields A and A;, that are not the fundamental gauge
fields associated with the gauge group U(1)4 x U(1),, but can be easily obtained from

them by a unitary transformation U = U~! given by:

A\ 1 (11 Ay
(2)-a( )0 o

It is interesting to notice that written in this fashion, the scalar fields would have swapped
effective charges, if we had been working with U(1)4+ x U(1)4-, that is, ¢, would have
effective charges (q1,¢2) while ¢_ would have (gs, ¢1), where we defined

et+g e—g

quW’ q2 = \/5

Using the fields A:[ and A, we somehow diagonalize the gauge sector. The Chern-

(4.28)

Simons terms now are separated, with opposite signs, a characteristic of parity-preserving
Chern-Simons models, as already reported before. More than convenience, such a field
redefinition allows us to understand an important aspect of the model. The field equations

here are given by:

a,uF-Hw + MEV&B@QAE = (]1J_'V_ + g9 J”
3MF_”” o ,ue”aﬁaaAE = CI?Ji +qJ”
av

D/‘«Du(bi = _w7
+

(4.29)
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with JY =1 [gbiD”@[ — gbiD”Wi}. Therefore, looking at the above equations, it is possi-
ble to conclude that A:j and A are the vector representations of the three-dimensional
Poincaré group with spin equal to +1 and -1, respectively [I19, 21]. Therefore, a parity-
preserving Maxwell-Chern-Simons theory for a massive vector field is nothing but the
process of considering both spin “polarizations”. However, we shall stick to the field
variables A, and a, that we started with.

The energy-momentum tensor can be computed (Appendix with the help of the
equations of motion , resulting in:

4 1/1 « 14 I/]' (6% 14
TH = ph ZFQBF B _ b g 5_,_,7# Zfaﬂf B_fuﬁf p

+ D"¢% D" ¢y 4+ D¢ D¢y — | Datpy|?
+ D"¢* D'¢_ 4 D'¢_D"¢* — 1| Doip—|?
+ v (4.30)

In passing, we note the absence of a CS contribution to it. That is one of the reasons

as to why it is often called a topological term. This could have been anticipated from the

fact that no metric tensor g,, = 7, is present in a CS term and that 7" ~ 53—5, however
nv

an explicit cancellation without resorting to General Relativity can be seen at the Ap. [B]
From (4.30), considering the 00'" component one can obtain the Hamiltonian, given
by,

1 1 1 1
™= §F021 + ZFE + §f(i + fo] +V
+|Dod4 | + | Dod—* + | Dips|* + | Did—|*] . (4.31)

Defining the electromagnetic fields associated with A, and a,,

E'=F" B=¢€70;A;,
¢ = 0 b= g, (4.32)

we can finally write the energy functional:
2 |1 (0 2 L, 2
H= [ dux §(E +B)+§(e +b0°) +V
+H Do+ * + | Dog—|” + [ Do |* + [Dig—|*] (4.33)

For the discussion of the perturbative spectrum of the theory and its topological
configurations with are going to consider a generic interaction potential V (¢4, ¢_) whose

only pre-requisites we are going to impose, for now, are:
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e Gauge (8.112)) and parity (4.14]) invariance;

e The potential induces a non-trivial vacuum expectation value (VEV) for ¢, and

¢

The most general renormalizable potential compatible with these requirements is:

M
Vi=m? (|4 + [0-) + - (641" + |o-|") + Malo o

A
+5 (10410 +10-1%) + X2 (|04 Plo-|* + lo-[Plo+|") (434)

Because of its generality, the parameters must be chosen carefully to ensure that the
potential leads to stable vacua. It should be clear that, depending on the parameters,
different vacua structures might appear, which could in principle lead to the spontaneous
breaking of one, both, or none of the U(1) symmetries. As a first step, let us choose
the simplest scalar potential that leads to a spontaneously broken but parity-symmetric

vacuum. Thus, we will consider, with A > 0:

R

V(0462 = 5 (1622 =0?) 4 5 (1o —0?)”. (1.3)

This is the simplest extension of the Abelian-Higgs potential for the case under study.
Taking v # 0, it will clearly induce a non-trivial vacuum expectation value (VEV) for the
scalar fields, putting the theory into the Higgs phase, where we have (|¢|) = v. This
potential is not stable under quantum corrections, but this will not be an issue, since we
are focusing on classical solutions. It should also be stressed that, the point here is to
start with the minimum amount of ingredients necessary to obtain what we desire, which
are vortex solutions in our case. The consideration of more general “physical” potentials,
although desirable, should not drastically change the behavior of the topological vortex
solutions. Therefore, by considering Eq. , we already have enough to extract the
essential physical properties of the topological configurations we seek to investigate.

The equations of motion following from the Lagrangian are given by

0, F" + ue”o‘ﬁaaaﬁ =e (Ji + Jz) ;
Duf™ + ue"*Po,As = g (JY —J7),
av

DﬂDu(bi = _%7
+

(4.36)

where the currents are JY =1 [¢1D”¢i — ¢iD”¢jJ.
Let us take a look at the Gauss laws that this model presents. From the gauge fields
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equations of motion, and using py = JO:

—

+ub=e(ps +p-),
+uB=g(p+ —p-). (4.37)

<

™

<L

Defining the electric charge @ = e [d®z (p4 + p—) and the g-electric charge G =
g [d?x (p+ — p—), and defining also the magnetic flux as ® = [d?z B and the g-magnetic

flux as y = [d*z b, we obtain upon integration:

Q=px, G=pud (4.38)

That is, the electric charge associated with one gauge field is proportional to the magnetic
flux associated with the other. It is well-known that there is a flux attachment caused
by the CS term, but in our case this charge-flux relation happens between two different
gauge fields. This mutual statistics behavior [61] is a distinctive feature of this class of
models [88], but here we implement the flux attachment in a parity-invariant way. The
mutual statistics behavior is nothing but the fact that, for instance, when a ()-charged
particle revolves around a G-charged particle (equivalent to a double permutation), it
picks up a phase oc exp (z ¢ ffdf) =expi® = exp (z%)

The vacuum configuration of the system is given by the absolute minimum of the
energy functional , that can be achieved, for instance, considering ¢+ = v and
A, = a, = 0. In the unitary gauge we can write ¢ (z) = v + hy(z)/v/2. The quadratic

part of the Lagrangian here is given by

1 1 1 1
Lavad _ZFWFW — waf“” + 5(8Mh+)2 + §(auh—)2

A 2
+ 2% (€®A A, + gPaua,) — Tv(hi + h?)

+ ge“”pAMayap + geﬂyﬂaMaVAp. (4.39)

From the above expression we can immediately see that we have two degenerate massive

scalars with mg = v/ Av2. For the gauge quadratic part we can write

1 A
uad __ v v
cgnd =5 (A an)or ( . > , (4.40)
where we defined the gauge dynamical operator

(4.41)

v 2,2, uv v
o — OO" + 4e*v nt pet?r o, .
pettr o, DO + 4¢%v%n

After some manipulations (Appendix [C]), from the inverse of Eq. ({.41), one can find the
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dispersion relations p3 = m?, where:

1
mi = S[u* + 4v*(e + g°)

+ %\/[,uQ +4v2(e? + g2)]” — (Sv2eg)?. (4.42)

It should be stressed that the above relation is necessarily real and non-negative, which
ensures the absence of taquions and ghosts at tree-level in the model. We can see that the
gauge fields will acquire mass contributions coming from the Higgs mechanism and also
from the CS term. In particular, in the absence of a CS term (u = 0), we would have two
massive vector bosons with M, = 2ev and M, = 2gv. In the case without spontaneous
symmetry breaking (v = 0), the Higgs mechanism does not take place and we find only a
topological mass given by p. In the absence of a Maxwell term, we obtain two copies of

the dispersion relation p? = 16e%g%v?/u?, and we have degenerate gauge boson masses.

4.3 Topological Configurations

In order to have finite energy, each non-negative term in Eq. (4.33), from now on
restricted to the static regime (Jy = 0), must asymptote to zero as |¥| = r — oco. These
asymptotic conditions can be seen as boundary conditions for the fields at S!. = OR?. In
particular, the scalar fields must asymptote to the vacuum manifold, i.e., with a fixed
norm on the space of fields, but with phase freedom. In fact, since we have ¢, and
¢_, there are two phase degrees of freedom in the asymptotic limit. This give us a map
P, : SL — S x S =U(1) x U(1). Any such map can be classified by two integers
determined by the fundamental homotopy group m (S* x S') = Z x Z. Therefore we
conclude that the finite-energy condition implies an homotopy classification leading to a
labeling of the configurations by two integers.

In the asymptotic limit, we can take ¢ — ve™+(®) where # parametrizes the circle
Sl | together with A; — —0; (wy +w_) /2e and a; — —0; (wy — w_) /2g, to ensure that
the covariant derivatives vanish at spatial infinity. To satisfy the remaining asymptotic
conditions, we can take Ay, ag — 0 as well as 0;Aq, 0;ag — 0.

Let us define a (n,m)-vortex as a finite-energy static configuration obeying the bound-

ary conditions stated above with the particular structure:

¢i N vei(minw,
A — —2a.0,
(&
n
g

Where, in principle, we demand only that m = n € Z, allowing m and n to take
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simultaneously half-integer values. In the light of the natural doubling of degrees of
freedom necessary to ensure parity invariance, the possibility of half-integer numbers
should not be worrisome.

From the equations of motion, we already know that there is a relation between charges
and magnetic fluxes. But, by definition, ® = [d*z€70;A; = fsgods ;€7 A;. Upon using

the asymptotic behavior of the gauge field and the relations 6, = €ij7; = €;a?/r and

€ij€ji = —Oi, we have, ® = [dfr7; €7 (—2ejfy,) = Zm. Analogously for x. Thus:
2 2
o = —ﬂm, X = il (4.44)
€ g

Therefore, we can conclude that besides the magnetic flux associated with one gauge field
being proportional to the electric charge of the other, they are all topologically quantized,

and can be written as

2 2
Q:—Wun, G:—W,um. (4.45)
g e

We propose the following (n,m)-vortex ansatz:

QS:I: — v Fi(?“) ez‘(m:l:n)&7

A; = = [A(r) —m]0;,
1 A
a; = I la(r) —n]6;,
Ay = éa(r),
1
ag = p B(r). (4.46)

To satisfy the asymptotic conditions, the functions above must satisfy the following bound-

ary conditions:
Fi(o0) =1, A(o0) = a(o0) = 0. (4.47)

We impose Fi(0) = 0, A(0) = m, a(0) = n, and also a(0) = B(0) = 0 to avoid
a singularity at the origin, except when m = =+n, because in this case one of the
scalar profiles can take a non-zero value at the origin. Under a parity transforma-
tion in the vortex configuration, we have (m,n) — (—m,n), r — r,0 — —0 — 7 and
Fy = CunFs, A - —Aja — a,a = o, = —p. Where (,,,, is phase factor depending
on the numbers m,n. We are not concerning ourselves with time-reversal invariance, since

we will be interested only in static configurations.
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The energy density functional, considering this ansatz, can be written as

(-2

1 . o\ 2 1
¢ 2e2r2 [ @ r + 2g°%r?

F AT 1 (2 1y

+ = [F2 (a+8)° + F2 (a - B
2| 2 F—%— 2 2 FE 2

One can also compute the angular momentum of these finite-energy static vortex-like

configurations, given by
J=- /d2$ EijT’iTOj. (449)

Such that, using the ansatz, boundary conditions and equations of motion, in the

static limit we can obtain (Appendix D) for the angular momentum of our (m,n)-vortices:

2T = QY

J = .
eq 2mp

(4.50)

We conclude that the angular momentum of these configurations is quantized, propor-
tional to the product of charges, and fractional, exhibiting an anyonic nature.
Inserting this ansatz in the equations of motion, we obtain differential equations that

must be solved in order to find an explicit solution. From the equations of motion, we

obtain:
L0« e. M?
OA—?—Fﬁ—f‘/L;a:T[aMi"‘ﬁAFE]; (451)
> ﬂ B g'_Mg? 2 2
BTG ps A= [BAF? + a AF?]. (4.52)
and,
. A e(. B M2
A2 - — ) = Ze TAAF? 2 4.
Cn <5 T) o= [AAFE +aAr?], (4.53)
. a g (. « _Mg2 2 2
i—+pd(a—2) = S [anF + AN, (4.54)

where we defined AF? = F? + F?. The first two equations correspond to the v = 0

components, and the last two to the v = ¢ components. From the scalar sector:

e Eefa s gy (4 o] =T (R2 - )P (4.5
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These are the differential equations that we need to solve considering the boundary
conditions given in Eq. and the initial conditions stated in sequence. We were not
able to find an analytical solution for these equations, and therefore, in the next section
we will present a few numerical solutions considering some particular cases that represent
different possible scenarios.

In the above differential equations, one can note the appearance of a few mass scales,
given by mg = V2, M, = 2ev, M, = 2gv, and finally, 1. We can introduce the di-
mensionless coefficients Ky = p/mg, Ko = M./M, = e/g, and K5 = M,./mg, writing the
equations above using the dimensionless distance x = mgr (the derivatives from now on

are with respect to z), in such a way that the differential equations can be written:

F++£+£ [(a+8)* = (A+a)]=
F_+%+% [(a=B)° = (A—a)’]=

A—%—kKlKg (B—é) _ K 3 [AAF2 +a AF?],

(F2 —1)F.,

[\3|H l\:)ln—

(F? —1)F_,

a Kl . « K 2 2
G_E+E< —;> 2K2[AF+AAF]
| 2
6 G K = 3 [0 AR 5 AF?)
.. : . 2
6—é+£+£A— K [BAF} +a AF?] . (4.56)

r x2 K, 2K2

Before diving headfirst in the numerical solutions for these differential equations, we
can briefly analyze the asymptotic behavior of the vortex configurations. In fact, consid-
ering the asymptotic behaviors for the profiles Fy — 1 and A, a,a, 5 — 0, we can write
F,=1-F,, A=04A4,a=0+a, a=0+aand 8 = 0+ 3, where all the quantities with
tilde are very small for large x. In this regime, we will consider only first order terms in
the quantities with tilde, neglecting higher orders.

In this approximation, the first two equations in Eq. ( - become F + F Jx—F =0,
where we already used the expansion described above and neglected higher order terms.
Notice that this is a modified Bessel equation, therefore we can write for the asymptotic
behavior of the scalar profiles, F'(r) ~ 1 — CKy(mg 1), and conclude that the scalar fields
will approach their asymptotic value exponentially with a characteristic decay length
given by the scalar mass. In the same way, we can consider the third and last equations
in Eq. (| - Usmg the same approximation dlscussed above, we obtain the following
equations: A — 4 A4+ KKy (6 ) — K2A and ﬁ 5+ KlA = KQB These differen-

tial equations lead to the following asymptotic behav1or in terms of the modified Bessel
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functions of the second kind:

A(r) = CLrKy(myr),
B(r) ~ D Ko(mxr). (4.57)

Therefore, the gauge profiles approach their asymptotic value exponentially, with a decay
length given by the gauge field masses my, given in Eq. (£.42)). The question of whether
both m, and m_ are equally valid is a subtle one (see Refs. [33], 120, [121]), and should
be investigated elsewhere. The same analysis can be done with the remaining equations

and naturally gives us similar results.

4.4 Explicit numerical vortex solutions

In this section we will exhibit explicit numerical solutions for the differential equations
presented in the last section. The general strategy adopted here is as follows. We propose
to expand the profile functions F,, F_, A, a,a, in powers of x around the origin, for
example, A(z) =Y, Arz®. Plugging these expansions in the above differential equations
and using the initial conditions, we can obtain constraints in the expansion coefficients.
With these expansions near the origin at hand, we can proceed to search the numerical
solutions that will also satisfy the boundary conditions at infinity using a shooting method.
It is important to note that, since we have A(0) = m, a(0) = n, we need first of all to
specify which (m, n)-vortex we are trying to find.

In general lines, for the equations and initial conditions considered here, there are six
coefficients to be adjusted; the others vanish or can be found in terms of these six and
of the mass quotients K;. Roughly speaking, near the origin we obtained the following

structure of expansions:

F (z)=f_amm 4+

()
()

A) = b At AP Al
(z) Antml+2 | o p2An-ml+2
()

()

cey

4o g2lemiat

ceey

B(z) = frx + Bpaintmi+l g g2in-mi+l (4.58)

where fi, f_, A, as, a1, (1 are free parameters that are determined for each set of (m, n, K7, Ks, K3),
in order to satisfy the asymptotic conditions at infinity.

In the following, we consider some examples representing distinctive classes of vortices.

41



For each case, we show explicit numerical solutions and analyze some aspects of them,
stating the relevant parameters for the solution. In Sec. we will analyze the situation
where one of the integers is zero, using the case (n = 1, m = 0) as an example; In Sec. m,
we investigate the situation where m and n are equal and non-zero, adopting the case
(n =m = 1) as illustration, and briefly commenting on (m =n = 1/2); In Sec. [4.4.3] we
study the case where n and m are non-zero and different, using the case (n =1, m = 2)
as an example, and commenting on the case (n = 3/2,m = 1/2); Finally, in Sec. [£.4.4]

we analyze solutions obtained with different coefficients K;.

4.4.1 n=1, m=0

Let us focus first on the solutions with n = 1 and m = 0, since this is the simplest
possible scenario. In this case, we obtain ® = 0, implying G = 0 and J = 0, but x = 27/g,
giving @ = 27u/g. Thus, we would be dealing with configurations without magnetic flux,
g-electric charge and angular momentum, but with non-trivial g-magnetic flux and electric
charge.

Following the procedure described in the beginning of this section, we found a nu-
merical solution for the full set of differential equations that has the property of giving
equal profiles F, = F_ and identically zero solutions for A = § = 0. This means that,
for this simple (n = 1,m = 0) case, we found a posteriori that only half of the differential
equations are non-trivial, and therefore in the numerical analysis we only considered these
ones to simplify the analysis. The non-trivial profiles for the vortex solution are exhibited
in Fig.

Given this explicit solution, we can immediately plot the g-magnetic and electric fields
related with this vortex solution, as one can see in Fig. [£.1 Notice that the g-magnetic
field is finite, non-vanishing, and acquires its maximum value at the origin. The electric
field is zero at the origin, maximum at a finite distance and vanishes asymptotically.
This is exactly the situation reported in Ref. [24], where the authors considered an AH
model in the presence of a CS term, and obtained a charged vortex solution. This is
not a coincidence, because, although physically different, mathematically speaking we
are in a similar situation, since we have exactly the same differential equations to be
solved. But it should be stressed that, besides the parity-invariance of the model and
different field content (for instance, we have two gauge fields instead of only one), our
vortex solution has zero angular momentum, instead of a non-zero and fractional value
as reported in Ref. [24]. The charge and g-current densities display a similar behavior,
vanishing at the origin, attaining their maximum value at a finite distance and decaying
asymptotically to zero. We remark that an equivalent situation occurs when we consider
the case n =0,m = 1.

We were not able to find numerical solutions for m = 0 or n = 0 with F, # F_ and
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Figure 4.1: Topological vortex solution for n = 1, m = 0 and its physical fields in units as
functions of x = myr. Left figure:Vortex solution for n = 1, m = 0. The scalar profile F' is
shown in black, and the gauge profiles a and « in red and blue, respectively, as functions
of x = mgr. The other profiles are identically zero. The relevant parameters here are:
Fy = 0.58939309, ay = —0.16046967, a; = —0.36281397. Right figure: The g-magnetic
(in red) and electric (in blue) fields as functions of © = mgr for the n = 1, m = 0 solution,
in units of g/m% and e/m?%, respectively.

A#0,8#0. It seems that, at least in this simple scenario with vanishing m or n, there
is a natural trivialization of a sector. One might wonder if this trivialization is somehow
a consequence of taking the K; parameters all equal to 1, since they represent quotients
between mass scales appearing in our physical system, but it does not seems to be so. In
fact, in Sec. [4.4.4] we will consider a few numerical solutions for different values of K,
and in all cases we obtained similar scalar and gauge profiles, exhibiting the trivialization

property reported above.

4.4.2 n=m=1

Now, let us search for solutions with n = m = 1. In this case, looking to Eq. (4.45))

2”7“. This vortex has a non-trivial angular

we immediately see that ) = 2”7“ and G =
momentum given by J = 2;—9“, differently from the previous solution. We report this
vortex in Fig. [1.2]

Notice that we obtained a posteriori a simplified solution where A = a, a = (3, and
F_ = 1. For the scalar profiles, it is important to remember that the exponential part of
the scalar fields ¢4 involves m 4+ n. Therefore, the fact that F_ gives us a constant and
F, displays a typical 2-vortex behavior (~ r? near the origin) is an indication that the
true winding numbers are given by m + n and m — n, instead of m and n separately.

One can wonder again whether the trivial behavior of the gauge profiles is due to
the choice of coefficients. Unlike the previous case, the answer is affirmative, at least
with respect to the variation of K, governing the relationship between different gauge

couplings. In fact, starting from the degenerate case and varying K, the solutions for
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Figure 4.2: Topological vortex solution for n = m = 1 and its physical fields in units as
functions of x = myr. Left figure: Vortex solution for m = n = 1. The scalar profile F,
is shown in solid black, F_ in dashed black, and the gauge profiles a and « in red and
blue respectively, as functions of x = mgr. Notice that here we have A = a and a = (5.
The relevant parameters here are F o = 0.28684863, F_o = 1, Ay = ay = —0.10644717,
a; = f1 = —0.36047370. Right figure: The magnetic (in red) and electric (in blue) fields
as functions of x = mgr for the n = m = 1 solution, in units of e/m?%. Notice that here
we have B =0b and E, = e,.

profiles A and a as well as avand  are not degenerate anymore; however, the scalar profiles
do not present any appreciable qualitative change. Varying K; and K3, we will find a
behavior similar to the ones described in the last case, as depicted in Sec. [4.4.4]

Given the solution, we can plot its electric and magnetic fields in Fig. 4.2 The case
n = m = 1/2 does not present any appreciable qualitative change in comparison with
the solution presented here, except by the scalar profile near the origin, that displays
a typical 1-vortex behavior, and by its lowest value of energy and angular momentum
(J = mu/2eg). The energy hierarchy of our solutions will be shortly discussed in the next

subsection.

4.4.3 n=1, m=2

Finally, we will consider the case n = 1 and m = 2. Here, we readily obtain @) = 2”7“

and G = 4“7“. Notice that we also have a non-vanishing angular momentum given by J =
4?7;“. In this case, we expect to see a totally novel result, since there are no simplifications
in consequence of the choice of m and n.

The numerical solution obtained in this case is given in Fig. [.3] As one can see, this
time there is no degeneracy in the profiles, being all of them non-trivial. In the scalar
profiles, notice that F_ displays a behavior near the origin characteristic of a 1-vortex,
and F of a 3-vortex.

The magnetic and electric fields (as well as the g-magnetic and g-electric) are shown

in Fig. 4.3 For the first time, we observe an oscillating behavior in the electric and
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g-magnetic fields, and in particular, we see that there is a finite distance where they
vanish. Since it is not clear which of the gauge fields (or which combination of them)
describes observable electromagnetic phenomena, one should be careful before drawing
any conclusion.

The case n = 3/2,m = 1/2 does not present any appreciable qualitative change in
comparison with the solution presented here, except by the scalar profiles near the origin,

since F'y and F_ display a behavior typical of 2-vortex and 1-vortex solutions, respectively.

D B R R
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—————————
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msr mgr

Figure 4.3: Topological vortex solution for n = 1, m = 2 and its physical fields in units as
functions of x = myr. Left figure: Vortex solution for n = 1, m = 2. The scalar profile F,
is shown in solid black, F_ in dashed black; the gauge profile A is shown in solid red, a
in dashed red; the profile « is shown in solid blue, 5 in dashed blue; all of them are given
as functions of x = mgr. The relevant parameters here are F 3 = 0.07723697, F_| =
0.66377069, as = 0.07718614, Ay = —0.22754617, a; = —0.27824800, B; = —0.68551826.
Right figure: The magnetic (solid red) and electric (solid blue) fields in units of e/m?%;
the g-magnetic (dashed red) and g-electric (dashed blue) fields in units of g/m%. All of
them as functions of x = mgr for the n = 1, m = 2 solution.

At this point, equipped with all these vortex solutions, we can discuss their energy
densities and highlight the mass hierarchy between them. Let us first call attention to
the fact that we have been successful in finding finite-energy configurations, as one can
immediately see in Fig. 4.4, From these energy densities, defining My, ,) as the mass
associated with the (m,n)-vortex, we obtained the following mass hierarchy in units of v?
D M) = 1.31 < Mgy = 2.27 < M1y = 2.92 < Mg /23/2) =~ 3.87 < M1y ~ 5.70.
Interestingly enough, one can observe that M /21/2) + M(_1/2.1/2) = 2M(1/2,1/2) > M(0,1).-
Remember that in the (£1/2,1/2)-vortex, Fy is 1-vortex scalar profile, while F% lies in
the vacuum, whereas in the (0, 1)-vortex both of them are typical 1-vortex scalar profiles.
This suggests that there might be an attraction between these vortices. However, to truly
understand the interactions between these vortices and conclusively assert this, a more
thorough analysis should be done elsewhere, along the lines presented in Ref. [122], for

example.
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Figure 4.4: The energy density for the (m,n)-vortex solutions in units of 1/v?m%. In red,
(1/2,1/2); in orange, (1,0); in green, (1,1); in blue, (3/2,1/2); in purple, (1,2).

4.4.4 Vortex solutions for different K;’s

In this section, we investigate the existence of vortex solutions and their main proper-
ties upon varying the coefficients K;. In the following, we will use as a reference the case
K, = Ky = K3 =1, already studied in the last sections, and change each K; by a factor
of two keeping the others fixed, to find different vortex solutions and compare their main
features.

Focusing first in the case n = 1, m = 0, the variation of K; led to qualitatively similar
scalar and gauge profiles, and the trivialization property already highlighted before. As
one can see from Fig. 4.5 the electric field qualitative behavior is the same for all the
values considered: zero at the origin, attaining a finite non-zero maximum value at some
distance and decaying to zero at large distances. Notice that by varying K, there are
only small changes in the profile. By lowering K5, we can observe a more pronounced
decay and an improvement in its maximum value. On the other hand, by increasing K3
we observe a sensible increase at the absolute value of the maximum electric field value,
accompanied by a more pronounced decay and a small shift in the position where this
maximum occur. For the g-magnetic field, the qualitative behavior is also the same as we
vary K;: attains a finite non-zero maximum value at the origin and decays monotonically
as we increase the distance going to zero in the asymptotic limit. By increasing K, we see
that the maximum value of the g-magnetic field diminishes, and this is compatible with
the behavior observed in Ref. [34]. Lowering K, or increasing K3, we observe a strong
change in the maximum value of the g-magnetic field as well as a more pronounced decay
as we go far from the origin. Lowering K7, increasing K5, or lowering K3, as before, has
the opposite effect, cf. Fig. [4.6]

Proceeding to the n = m = 1 solution, as already highlighted in the main text, the
degeneracy that we have found is due to the equality of the couplings when K, = 1.
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Figure 4.5: The electric fields associated with n = 1,m = 0 solution in units of e/m% for
different values of (K, Ky, K3). In solid green, (1,1, 1); in solid red, (1/2,1,1); in solid
blue, (2,1,1); in dashed red, (1,1/2,1); in dashed blue, (1,2, 1); in dotted red, (1,1,1/2);
in dotted blue, (1,1,2).

Ki=1, K>=1, K3=1
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Figure 4.6: The g-magnetic fields associated with n = 1,m = 0 solution in units of g/m?%
for different values of (K7, Ko, K3). In solid green, (1, 1,1); in solid red, (1/2,1, 1); in solid
blue, (2,1,1); in dashed red, (1,1/2,1); in dashed blue, (1,2, 1); in dotted red, (1,1,1/2);
in dotted blue, (1,1,2).

When we depart from this simpler case, we find vortex solutions with A # a and « # 3,
naturally leading to different magnetic and g-magnetic (as well as electric and g-electric)
fields, as one can see in Fig.[4.7 Upon varying K; and K3, we observed the same behavior

as described in the previous case.

Finally, we remark that in the case n = 1, m = 2 the variation of the coefficients Kj;
did not lead to any substantial difference from the cases already discussed here.

For completeness, it would be interesting to analyze what happens in some limiting
cases of this model, for instance, when the CS terms or the Maxwell terms are absent.

This analysis is done in the next section.

47



Up B, Down E, (Ky=1)

Up b, Down e, (K=1)

Up B, Down E; (Ky=1/2)

----- Up b, Down e, (K;=1/2)

Up B, Down E; (K,=2)

----- Up b, Down e, (K;=2)

msr

Figure 4.7: The magnetic (B), g-magnetic (b), electric (E,) and g-electric (e,) fields
associated with the m = n = 1 solutions, for different values of K5. The solid lines refer
to B and E,; the dashed lines refer to b and e,. B and b are shown in the upper part; E,
and e, are shown in the lower part. In green, Ky = 1; in red, Ky = 1/2; in blue, Ky = 2.

4.5 Vortices in limiting cases

In this section, we study two particular limits of our model. First, we will briefly
address the simpler case in which we do not have a CS term, that is, y = 0. From a
practical point of view, this can be achieved by setting K; = 0, and the conclusions in
this part will come straightforwardly. Notice that this scenario bears resemblance to the
usual ANO vortex, since this is nothing but a scalar QED with two gauge fields and two
scalars with different charges.

Second, we will analyze our model in the absence of Maxwell terms, with the gauge
kinetic part given solely by the CS term. This allows us to solve the Gauss laws and write
the time components of the gauge fields as functions of other quantities. This scenario,
where the CS term dominates and the Maxwell terms can be neglected, could be seen as
the low-energy regime of our model.

We remark that the results obtained in this section could be inferred by looking at
the behavior of magnetic and electric fields when we changed the coefficient K; while
keeping the others coefficients fixed, since this increases (or decreases) the importance of
CS parameter with respect to the other scales of the system. Although it can give us a
hint of what would happen in the limits considered here, it is important to remark that
the passage from the model considered to the pure CS limit is a subtle one, as one can
see for instance in Ref. [34], which justifies a separate investigation of the latter.

Now, we briefly state the results for K1 = pu/mg = 0. We will consider the case m = 0
and n = 1 with Ky = K3 = 1 for definiteness, but we would have similar results in the
other examples. The vortex solution per se does not exhibit any appreciable change in
the profiles F' and a as one can see in Fig. [4.8. But now we have o = 0, and this fact

is the most striking difference that appears in this regime. Since we do not have the CS
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Figure 4.8: Vortex solution for n = 1,m = 0 in the pure Maxwell limit. and its physical
fields in units as functions of x = myr. Left figure: The scalar profile F' is shown in
black and the gauge profile a in red, respectively, as functions of x = mgr. The other
profiles are identically zero. Right figure: The g-magnetic field in the pure Maxwell limit,
in units of g/m%, as a function of x = mgr. The magnetic field as well as the electric and
g-electric fields are zero here.

Gauss law constraint anymore, the electric field vanishes and we conclude that the vortex
is neutral, as expected. The g-magnetic field in this regime is stronger in magnitude, but
exhibit the usual profile, attaining a maximum at the origin and decaying as we increase
x, as one can see in Fig. 4.8 This is in accordance with the already known results (see
for example Ref. [34]).

Proceeding to the more interesting scenario in which we can neglect the Maxwell terms,

the Gauss laws constraints become much simpler,

pb=e(py +p-),
uB =g(p+ —p-). (4.59)

Without Maxwell terms, we are able to obtain Ay and ag directly from the other fields.

In fact, we can find:

eAo=A[eB(16+ [ = [9-1?) —gb(1l? + |62
gao=A[gb(6+ 2 — [ ?) —eB(|64 2 + o )] . (4.60)

where we defined A = 1/8¢eg|¢|?|¢_|* for convenience. Plugging the ansatz, and writing

in dimensionless variables using x = mg r and the coefficients K; as before, we obtain the
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Figure 4.9: Vortex solution for n = 1, m = 0 in the pure CS limit and its physical fields
in units as functions of x = myr. Left figure:Vortex solution for n = 1,m = 0 in the pure
CS limit. The scalar profile F' is shown in black; the gauge profiles a and a are shown
in red and blue, respectively, as functions of x = mgr. The other profiles are identically
zero. Right figure: The g-magnetic (in red) and electric (in blue) fields as functions of
x = mgr for the n = 1,m = 0 solution in the pure CS limit, in units of g/m% and e/m%,
respectively.

following expressions for « and f:

KKy, 10, .
_ 21K§2 Fi [a (F2 + F2) — A(F? - Fg)] ’
KK, 107, '
b= 21K§2 F2F? [A (FE+F2) —a(F - Ff)] : (4.61)

Now, we need only to plug these analytic expressions for a and g in the differential
equations , ignoring the contributions coming from the Maxwell terms, and solve
them for given m and n. Notice that we need only to care about the first four equations,
since the last two are already satisfied when we write o and 3 as above.

Although this is a legitimate path to be followed, we simply solved the full set of
differential equations in the absence of Maxwell contributions, without using explicitly
the CS constraint, stated here only for completeness. In the following, we will exhibit the
solution profiles and also the electric and magnetic (as well as g-electric and g-magnetic)
fields associated with them. For all of them, we considered K; = Ky = K3 = 1 for
simplicity.

The solution for the equations of motion in the pure CS regime for the case n = 1,m =
0 is given in Fig. the electric and g-magnetic fields are shown in Fig. [4.9] Notice that
they are zero at the origin, attains their maximum value at a finite distance and decays
asymptotically, exactly as reported in Ref. [37], for example.

The m = n = 1 case gives very similar results, see Fig. [£.10] Remember that we are

considering here the particular case in which Ky = 1 and therefore we have degenerate
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Figure 4.10: Vortex solution for n = 1,m = 1 in the pure CS limit and its physical fields in
units as functions of x = myr. Left figure:The scalar profile F; is shown in solid black and
F_ in dashed black; the gauge profiles A and « are shown in red and blue, respectively,
as functions of x = mgr. Notice that here we have A = a and o = . Right figure: The
magnetic (in red) and electric (in blue) fields as functions of x = mgr for then =m =1
solution in the pure CS limit, in units of e/m¥%. Notice that here we have B = b and
E. =e,.
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Figure 4.11: Vortex solution for n = 1,m = 2 in the pure CS limit and its physical fields
in units as functions of x = myr. Left figure: The scalar profile F', is shown in solid black,
F_ in dashed black; the gauge profile A is shown in solid red, a in dashed red; the profile
« is shown in solid blue, 8 in dashed blue; all of them are given as functions of x = mgr.
Right figure: The magnetic (solid red) and electric (solid blue) fields in units of e/m?%;
the g-magnetic (dashed red) and g-electric (dashed blue) fields in units of g/m%. All of
them as functions of x = mgr for the n = 1, m = 2 solution in the pure CS limit.

solutions, as we already discussed before.

The case n = 1, m = 2 presents a more complicated behavior, but it is reminiscent of
the solution presented in the main text, as expected. In fact, the solutions are shown in
Fig. and the electric and magnetic (as well as g-electric and g-magnetic) fields are
shown in Fig. In particular, we still have non-trivial solutions for all profiles and an
oscillating behavior for the fields.
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Part 111

Self-Dual Maxwell-Chern-Simons

vortices in a parity-invariant scenario

52



Chapter 5
Introduction

The vortex configurations that we considered in Part II consisted of static solutions of
the second order equations of motion, and their boundary conditions were derived from
the requirement of having finite energy. There exists, however, an alternative approach. In
a particular regime of a theory, called the self-dual Bogomol’'nyi point [35], one can obtain
an inequality between the energy of an arbitrary configuration and its magnetic flux. The
idea then is to find those solutions whose energy is directly proportional to their magnetic
flux, that is, those who exactly saturate Bogomol’nyi bound. In this way, the finiteness of
energy follows immediately from finiteness of flux. In order for this energy-flux relation
to hold, these solutions need to satisfy a set of first order differential equations known as
self-duality equations, and the solutions are generically called self-dual solitons.

As already pointed out in the introduction, self-dual vortices (and also non-topological
solitons) were found in pure Maxwell case [12], in the pure CS limit [36, 37, B8] and in
the Maxwell-CS model [39, 40}, 41]. What all these theories have in common is a specific
relationship among the coupling constants (the self-dual point), which generally leads to
mass degeneracies of their excitations. This is related to supersymmetry, but we shall
have more to say about this later in the work. More about self-dual theories in this
context can be found, for example, in [55].

While in the pure Maxwell case one needs a particular quartic potential to obtain the
self-dual solutions, and in the pure CS case on needs a particular sixth order potential,
in the presence of both Maxwell and CS an additional neutral scalar field is required to
reach the self-dual point [39]. Due to the symmetries of our model, we will need two of

them as we shall see.
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Chapter 6

The self-dual model

6.1 Presenting the model

Let us then consider the following P- and 7 - invariant lagrangian:

1 v 1 v v
L=— ZFWF“ — Zf‘“’f# + pet?A,0,a,

1 1
+ ’Du¢+’2 + |Du¢f|2 + 9 (auN)2 + 9 (8MM)2
_V(‘¢+‘7‘¢*‘7N7M>7 (61)

where the definitions are the same as before.
The full set of symmetry transformations of (6.1)) is:

o U(L)a x U(1)y:

# =g, o =,
\ A;t = dp — %&MO(%) ) A, = AN ) (6 2)
\ a, =a; \ a, =a, é@ué’(x)

e Parity (P) and Time-reversal (7):

P v _ v
AP =PrA, AT = TV A,
P _ v T _ v
a, =-P/ay, a, =T, a,
Qsi :C¢¥7 ¢£ :n¢$7'

where P = diag(+ — +), T,” = diag(— + +) and (,n are arbitrary complex phases.
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The parity and time-reversal transformations of the neutral fields introduced are:

NPT = N, MPT = — ). (6.3)

It should be mentioned that the action (4.9) is also invariant under time-reversal, but
this symmetry played no particular role in what we have discussed so far. The same will
be true in this case, mainly because we are interested in static configurations. However,
the breaking of time-reversal symmetry is an active topic of discussion in some condensed
matter systems and, as we will see, this is a phenomenon that is also present in our model.

To the purpose of investigating the existence of self-dual solitons, let us propose the

following potential:
V = (eN + gM)*|61]* + (eN — gM)?|6_|”
1 2
5 [e (04— 16-) — ]
1
2

+ = [g (16417 + |- > — 20%) — uN]*. (6.4)

+

This potential is consistent with all the symmetries of the model, and despite not being the
most general possibility, it arises naturally from the requirement of a Bogomol’nyi bound
for the energy (Appendix [E). Setting |¢.| = |¢_| , M = 0, e = g, and appropriately
rescaling the remaining parameters, it exactly reproduces the potential proposed in [39],
which is known to contain both pure Maxwell and pure CS self-dual vortices as limiting
cases. Instead, if N = M = 0 and e = g, we can recover a particular instance of the
potential used in Part II.

The equations of motion for this model are given by

O™ + pe"*Pdsa5 = e (JV + J"),
DI 1 e, Ay = g (2~ ),
av
D Dty — — 2 6.5
K + d(bjt ( )

supplemented by the equations for N and M
(O + p?)N ==2¢ [(eN + gM)|p|* + (eN — gM)|¢_[*]
+ 1[99+ ” + [o-] — 207)]
(O + 4 )M =—=2g [(eN + gM)|¢4[* = (eN — gM)|6_|’]
T [ellos 2 = o). (6.6)

The currents above are JY = i [¢1 D¢, — ¢ D¢%1]. As before, B = F, ¢ = fi0
B = Ei‘ja@'Aj, and b = eij@-aj.
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The theory (/6.1]) has the following energy functional:

1 /= 1
H= /d%c [5 <E2 + BQ> +3 (& +b°) + V(dy, ¢, M,N)
+|Dod+|* + | Do¢—|* + | Dig1|* + | Diop—|?

1 1 1 1
+ 5(80M)2 + 5(80]\[)2 + 5(81M)2 + 5(8ZN)2 (67)

With the definition (6.4]), after some integrations by parts and making use of the equations
of motion (Appendix , can be put in a very suggestive form:

2. |1 (7 v >l s 2 2 2 1 2 1 2
0= [ da|; (E+9N) + 5 (VM) + D16, +|Dzo | + S(@M)? + 5(3N)

1 2
F LB [e (0, ~ 6-P) — ]
1 2

+5 {0 £ 9 (164" + [0 = 20°) — uN]}
+ Do+ Fi(eN + gM)¢.* + | Dod— Fi(eN — gM)o_|?
+2¢bv?] (6.8)

What clearly demonstrates is that the energy of the system satisfies the bound:

H > 2v*|gx/; X = /deb (6.9)

That is, the theory naturally leads to a Bogomol’'nyi-type bound to the energy func-
tional, in fact, it was constructed to be so. Our main interest is to investigate the field
configurations that saturate these bounds by satisfying the self-dual equations implied
by . As we said at the introduction of this part, vortex solutions have been stud-
ied in various scenarios similar to the one we are considering, however none maintaining
parity symmetry in the presence of a CS term. Vortices in a pure CS parity-preserving
theory [91] have been considered, but in the presence of only fermionic matter. So what
we are investigating here is the possibility of self-dual vortex solutions in a parity and
time-reversal symmetric Maxwell-Chern-Simons theory in the presence of scalar matter,
which is the most typical scenario for finding topological solutions, but which hadn’t yet
been considered by the literature.

First, we will investigate the spectrum around the possible vacua of the theory.
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6.2 Perturbative Spectrum

Let us consider the vacuum configurations of the system, that is, the absolute minima
of the energy functional. Looking at the Hamiltonian (6.7)), we can see that the energy

minimum can be achieved, for instance, with the following field configurations

¢y, 0, M, N = constants,
A, =a, =0, (6.10)

provided that the constant fields ¢, ¢_, M, N also minimize the potential (6.4)), which in
this case means V' = 0. Inspection of (6.4]) indicates the V' = 0 if, and only if:

eN +gM)?|6, > = 0 (6.11)
eN — gMP|p_> = 0 (6.12)
(lo4* = o-) =M =0 (6.13)
(Ip+* +lo-* = 20*) = uN =0 (6.14)

(
(

)

9

Out of which only four possibilities arise:

1) (0,0) - Vacuum: ¢, > =[¢_|*=0= M =0;N = _2qv?

w
2) (1,1) - Vacuum: [64[%,[6-[° # 0 = ¢4 [2 = |p_|> = 0% M = N =0,

3) (1,0) - Vacuum:|g,|> # 0; |¢_[2 = 0 = |, > = v} M = 22, N = — 2

I
2

£) (0.1) - Vacuum: ¢ = 0:6_[? # 0 = [6_ = v% M =~ N = o2

7
Expanding around these configurations and considering the quadratic part in the fluctu-
ations, we can read the perturbative spectrum of the theory. It should be noted that the
first two vacua will preserve the P and 7T, but in principle the last two cases can give
us the spontaneous breaking of them. Let us investigate in the following the spectrum

around these vacua, considering each case separately.

(0,0)-Vacuum: ((J6.[2) = (Jo[2) = (M) =0, (N) = ~2gv*/u)

This is the unbroken vacuum. In this case, the charged scalar fields do not have non-
trivial VEVs, and therefore the Higgs mechanism does not takes place. We are in the
unbroken phase, with both U(1) gauge symmetries intact. This last fact can be made
explicit, for example, by noting that under an infinitesimal gauge transformation the

scalar fields transform like:

0y = i(p+ &)t =iwi gy
0p— =i(p—&)P- =iw_¢_
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Where w, denote the general phase change that the fields ¢4 undergo. We can ask

what infinitesimal gauge transformation annihilateﬂ the vacuum, that is:

8¢ =iw_¢° =0

Now, since in this case the vacuum can be parametrized by ¢ = ¢° = 0, one can see
that for any infinitesimal w4 the above relation is trivially satisfied. This shows how both
U(1)’s remain unbroken.

The only field acquiring non-trivial VEV is the neutral scalar field N that we can write
as N = —2gv?/p + N. All the other fields can be thought as fluctuations around zero.

The Lagrangian in this case becomes:

1 1
,C = —Z MVFMV - Z.f;u/fuy + geupVAMaﬂaV + geupyauaﬂAV

+ |8u¢+|2 —1 (eAu + gau) (¢*+8u¢+ - ¢+8u¢j-> + (eAu + gau)z |¢+|2
+ |8M¢,]2 —i(ed, — ga,) (qb*_ﬁuqﬁ, - ¢*8u¢*—) + (eA, — 9%)2 ‘¢7’2
45 M)+ 5 QNP ~V (9,6, M, N), (6.15)

where the potential can be written here as

—2equv? —2eqv?

1
45 [ (104 ~10-P) =)+ 2 [g (6P + 16-1?) — 8] (6.26)

2 2
V<¢+,¢_,M,N>:( +eN+gM) |¢+|2+( +eN—gM) 6|

Considering only the quadratic part of the above Lagrangian, we can write:

1 1
Lavad _ _ZF/WFW — z_lf’“’fw + gG“pVAuapau + gﬁupuauapAV
1 1
10,0+ + 10,0-P + 5 (0.M)° + 5 (9N

2eqv? > 02 N
= (BO5) (ol 10-P) - 5 (324 ) (617)

The scalar sector exhibits two massive complex scalar fields with degenerate masses
mg, = my_ = 2egv?/p (coming from the interaction with N that acquired a non-trivial
VEV), a real scalar and a real pseudoscalar fields with degenerate masses my = my; = p.
In the (0,0)-Vacuum, the gauge symmetry is unbroken. It is important therefore to
introduce gauge-fixing terms to have well-defined gauge-field propagators that will allow

us to use the usual perturbative reasoning. For this reason, we supplement the above

IBorrowing a bit of quantum jargon.
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Lagrangian with Lg; = —5-(0"A,,)? — %(8“%)2.

The gauge sector of the quadratic part (including gauge-fixing terms) can be written:

(AM%Jow<f>, 6.15)

where we defined the gauge dynamical operator as

AW BHY
0W=< ), (6.19)
Cw D

ﬁquad o
gauge

N | —

with

O
AW = OOHY 4 — QW
o

Bt = CM = ;,SH

O
DM = 0O + EQW (6.20)
The operators here are defined as usual
oro”
QW = = M =t — QM SH = ¢e'"0, (6.21)

We want to analyze the poles of the gauge field propagators. For this purpose it
is sufficient to study the diagonal part of the inverse gauge dynamical operator O*.

Schematically we have,

( A B )1 ( (A— BD'C)! . )
= o (6.22)
C D ; (D —CA'B)!

The step-by-step computation is presented in the appendix [C| Here we report the results:

1 Q
_ -1 -1_ - had
1
(D - CA_lB)_l = mQ#V + éQuy. (623)

For instance, we can take the Landau gauge o, f — 0 to understand the spectrum since
this is a physical information and therefore it is independent of a gauge choice. What
we see is that we have two massive gauge bosons, with degenerate masses equal to pu.
The only contribution to the gauge field masses is topological, coming from the Chern-
Simons term, since there is no Higgs mechanism taking place. Despite the gauge fields
being massive, considering the origin of this mass, there is still gauge symmetry. We

remark that the gauge fields have degenerate masses with the two spinless excitations N
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and M. It is important to stress here that the counting of the gauge degrees of freedom
that we are preseting is more of a heurist argument, rather than a rigorous proof, for at
least two reasons: 1) A more precise approach would be to couple the full propagator,
off-diagonal parts included, with conserved currents, and evaluate the imaginary part of
the residue of this amplitude at each of its poles. If this procedure results in zero, that
means that no degrees of freedom are propagated. If it results in a positive number,
then degrees of freedom are propagated and their number is given by the number of
independent parameters present in the final result. If it results in a negative number,
it means that the theory contains ghosts and unitarity is violated already at tree level.
The reason we haven’t done this here yet is, firstly because the result for the Maxwell-
Chern-Simons propagators is already known[71], and second because in this work
we will concentrate on classical solutions of the theory, although the correct approach
will be indispensable the moment we concern ourselves with the quantum theory. 2)
The diagonal elements of the propagator can count as independent degrees of freedom
only as long as no degrees of freedom are propagated by the off-diagonal elements (mixed
propagators); when the latter happens, the correct approach would reveal the correct
number of degrees of freedom propagated by the number of independent parameters in
the result. For the vaccum that we are considering here, indeed no degrees of freedom are

propagated by the mixed propagators, as is also already known|[71].

(1,1) - Vacuum: ({|é ) = {jo_ ) = v*, (M) = (N) =0)

Now, with the vacuum configuration parametrized by ¢ = —¢? = v E| it is clear that

the only way to satisfy

5@51 =1wsv =0

8¢ = —iw_v =0

is by setting wy = w_ = 0. This is the totally broken vacuum. In this case both
charged scalar fields have non-trivial VEVs and the Higgs mechanism takes place, the
two U(1) gauge symmetries are spontaneously broken and the gauge fields will acquire
another contribution to their masses, besides the topological one.

We can parametrize the charged scalar fields as

¢+(v) =+ (v + pi—\;?) e+ (6.24)

Using the gauge transformation (8.112)) with p(x) £&(x) = —60+(x), we can go to the uni-

tary gauge where we gauge away the would-be Goldstone bosons and write the covariant

2The reason for this parametrization will be clear when we consider supersymmetry.
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derivative on the charged scalar fields:
1 A P+
Dyoy = /2 Oup+ +i(eAy +gay) v+ 2

1 p—
Do = s~ iled, —ga,) (v+ 22 ). (6.25)

The Lagrangian in this case can be written as

1 1
E = —ZF;LVF“V - Zf/»tl/f“y + gEMPVA#apay + %Eupya/—"apAV

2
+ (8up+)2 + (eA4, + gau)2 (v + p_+)

V2
@upf)z + (eA, — gaﬂ)2 (U N %)
S OuM)* + 5 @uN) =V (61,0~ M,N), (6.20)

+

N | ,_.[\3“_. DN | —

where the potental here can be written as

Ve 0 = i (14 55 ) e (o )

+% e <v+%) —(v+p—\/§)2]—qu

2

Sl (o) o]

Considering only the quadratic part on the fluctuations in the unitary gauge, we can write

1 1
Lavad — _ZF‘“’FW — wa,f‘“’ + pe'? A,0,a, + 202 (ezA#A“ + gzaua“)

1 1 1
+5(0up1)* + 5(0up- ) + 5(0uM) + 5(9uN)?

1

2 2
1

— 5 [20%( + ) (0% + p2) + (1 + 40°g")M? + (1° + 407 N?

+40*(g* — ) prp- — 2V 2vep(py — p-)M — 2V 2vgu(ps + p_)N } (6.28)
The quadratic scalar sector can be rewritten in a compact form

P+
quad 1 o N\T 1 T A 42
L 25(3 ©) 8Mg0—§g0 M=p, where ¢ =

scalar

=z g 7P
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And we have defined the squared mass matrix M?2:

202(e? +¢%) 20%(g? —e?)  —V2weu  —2ugu

Mo |2 =) 2% g7 Voven  —V2ugu
B —V2vep V2vep w2+ 4t g? 0
—V2ugp =V 2vgp 0 (1 + dve?

The mass spectrum of the scalar sector is then given by the eigenvalues of M? which are:

1
md = 5 (2 M2+ M2\ f + M2+ M2)2 — AMEME) (6.2)

Each one with multiplicity 2. The mass parameters are M? = 4v°e* and M} = 4v*g>.
The gauge quadratic part can be written as before in eq. (6.18)), but now we have:

AW — (D + MeQ) oM 1 Me2 Q/Ll/,
B = W — MSHV’
D" = (34 M7) O + M7 Q™ (6.30)

Thus, we have in the gauge quadratic sector (in the unitary gauge o, f — 00):

B O+ M? 1
A—BD'0) ' = 9 —Q

_ O+ M? 1
D—CA'B) ' = : O, + —0 6.31
( ) (O+M2)(O+M2)+p20 " M2 (6:31)

The poles of the propagators, in momentum space (0 — —p?), are exactly at p*> = mi
of . In summary, around the (1,1)-Vacuum we have 4 massive gauge and 4 massive
scalar degrees of freedom with mass squared m?2 distributed equally.

It is important to notice that here we chose the unitary gauge for simplicity. There
are contributions to the gauge fields masses coming from the Chern-Simons terms as well
as the Higgs mechanism. The gauge symmetry is totally spontaneously broken and all

the excitations are massive.

(1,0)-Vacuum: ({|o-[*) = o2, {|o-[2) =0, (M) = ev?/p, (N) = ~gv*/u)

In this vacuum parity and time-reversal are broken and gauge symmetry seems to be
only partially broken. The first way to confirm this and following the steps suggested
before is to start by parametrizing the vacuum as ¢, = v and ¢_ = 0 and ask how can

we make
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565 = iwiv =0

§¢° =iw_0=0

It becomes clear that we must have w; = p+ & = 0 while w_ = p — £ = 2p remains
arbitrary. Thus, we can see that the U(1) symmetry that survives is, in its infinitesimal

form:

5¢+ — 0
0p_ = 1i2pp_
1
0A, = e
1
da, = p P (6.32)

The ¢, scalar field acquires a non-trivial VEV and we will expand around it using the
exponential parametrization but again we use the gauge freedom to eliminate its phase,
effectively gauging away the would-be Goldstone boson. Since (|¢_|?) = 0, we don’t need
to perfom any special parametrization for it .

So, in this scenario, we parametrize as follows:

2 ~ 2 _

V2’ 1 7

Such that the quadratic scalar sector will read:

Equad ) 2 269’02 2 2
scalar _l M¢*| - |¢*|
I
1 S D I
+ 5(8up+) + 5((9#]\/[) + 5(8HN)

1 ~ -
-3 [21}2(62+g2)pi—|—(,u2+21}292)M2+(u2+2v262)]\72

—2v2vepp, M — 2v/2vgpups N + dvegM N (6.33)

Or, rewritting conveniently:

quad 2 269’02 2 2
Escalar: ’aﬂ¢*| - 1 |¢*|

1 1 3 P+
+3 (0"p)" 9, — §¢TM2 5 ¢o=|M
N
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Being:

022+ ¢%)  —V2vepn  —V2vgu
M? = —V2vep  p?+ 20%¢? 2v%eg
—V2vgp ?eg  p?+ 20%e?

Again, the mass spectrum can be read off from the eigenvalues of the mass matrix. The
characteristic polynomial reads:

N = 2(p2 4+ M, + M)A + (2 + M. + M)\ — 42N, M," =0 (6.34)

~ 2 ~ 2
Where M, = 20%e? = %Mf and M, = 2v%¢g* = %Mf Since the characteristic polynomial
that determines them is of degree 3, the analysis is a little less straightforward (Appendix
and the scalar mass spectrum is:

3
3/ ~ 2.~ 2
2 ~ 2 ~ 2 1 PJZMe Mg 2rk
m,%:§<,u2—|-Me +Mg> 1+ cos garccos 2 m —1 —T ,
3
where k = 0,1, 2; (6.35)

The spectrum ((6.35]) takes a very informative form if we consider the particular scenario
~2 -2 .
where e? = g*> = M,” = M,", which reads:

2
9 H

"o { m3 =4 (k2 + 2M2 & /(7 + IM2)? — 4(M2)?)

(6.36)

This doesn’t come entirely as a suprise if one observes that, for instance, if e = g then

(6.33) can but written as:

quad | 5 2 2egv?\* 2 1 0.0)? TP
Escalar _l H¢—| - |¢—| +§( MQ) - 7@
1
1 2 1 2
+ 5(8u/)+) + 5(5’#1’3)
1
~ 3 [4U2€2p3_ + (i + 4v?e?) P? — 4vepp P (6.37)

After the redefinitions P = N\%M and ) = N’TM That is, it’s now obvious that

the p? mass comes from the scalar field () whose quadratic part is diagonal after the

symmetry breaking and the other two arise as eigenvalues of the squared mass matrix of
the fields p. and P. Note that Q and P, unlinke N and M are not parity eigenstates but
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transform into each other, this will become more apparent when we consider the (0,1)—
vaccum. Finally, we observe the p? is precisely the squared mass of the gauge bosons in
the unbroken scenario. The meaning of this last fact will become clear after we analize
the gauge sector of this vacuum, which we now turn to.

The expansion of ¢, around its non-trivial VEV results in the following quadratic

sector for the gauge fields:

1 1
Lo, = =2 FuF" = Jfuf™ + gew’muapay + geﬂpyauapAy
+ (eA, + ga,)’ v (6.38)

We, again, write it as:

1 Arv BHY A
uad v
i (£ 2) () e

Now with

AR — <E| + Me2> o 4+ Mez Q/—LI/’
BH = OM — m2nuy + MSMV7
D — (O M) O 4 ATz o (6.40)

With the definitons as before, that is M, = 20%? = 1 M2 M92 = 20°¢> = { M7 and

also m? = 2veg. Note that, because MeQMgQ = (m?)? we have:

(D —+ M;) OHY | Me2 QHv m2,'7,u1/ + [LS‘“V MgQauf<x) 0 (6 41)
mAnt + pSH (D + M92> oM + Mg2 Qv —m?d, f(z) N ‘

Where f(x) is any fuction whose derivatives are well defined and we have made use
of the facts: ©*70, = S*0, = 0 and Q*0, = n*9, = O*. What tells us is that
that operator has a null eigenvalue, which in turn means that it is not invertible, because
its determinant must be zero. This is good news, since it consistently demonstrates
in another way that there still remains a gauge symmetry. We must then supplement
the gauge quadratic sector with gauge fixing terms so that we can invert the dynamical

operator and find the propagator. We have to find the inverse of:
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Arv - Brv
O — < o pus ) (6.42)

with

~ 2 ~2 O
AW — (l:l +Me )@uu+ (Me + _) QHY
(0%
BW = OW = m27],u1/ + MS,uV

~ ~ O
D™ = (O + M,")om + (Mg2 + 5) Q- (6.43)
The calculation is peformed in detail in Appendix [C]and here we present only the final

answer for the diagonal elements of the inverse:

<D+M2+M62+M92> <D+M92>
(A—-BD'0);! = 0
pv ~ 2 ~ 2\ 2 ~ 2 ~ 2 K
0 (0 g2+ 087+ M,") + 420 M,

~ 2
2pm? <III + M, )

Sy
O

~ 2 ~ 2\ 2 ~ 2 ~ 2
D<D+M2+Me +Mg> +4p2 M, Mg]
a(D+,BM92>
D—l—od\;[:—i—ﬁMgQ

(D 2 M Mf) (D + Mf)
(D—-CA™'B),) = — 3 —— %
D(D—l—,u2+Me +Mg> +4p2M. M,

nuv

2pm? (D + M:)

Sy
O

) ~ 2 ~ 2\ 2 g7 227 2
D(D—i—,u 4L +Mg> + 420, M,

_|_

B <D + aMf)
) — D (6.44)
O+ oM, + BM,
It should be stressed that our use of the gauge fixing terms with parameters a and 3

is not so arbitrary, since they should be compatible with the partially fixed gauge that we

already chose by making ¢ rea]EL however we will not worry ourselves with the details

3We could circumvent this problem by working in the t’Hooft gauge, but the analysis of the spectrum
would have to be a little more cautious since gauge dependend poles would show up both in the scalar
and gauge sector, and only a quantum analysis is able to show that they actually cancel each other out.
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here, since it won’t have any effect on the physical spectrum. The reader can consider
them here simply as tools that allow us to invert the dynamical operator. The physical

poles of the propagator, in momentum space, are the solutions for p? of the equation:
2 2 2 2 ~ 2\ 2 247 217 2
—p (—p + o+ Mo + M, ) +4p"Me My, =0
(P2)* — 2012 + M.* + MY (D)2 + (2 + M. + M, 2p? — 42 MM, =0 (6.45)

Which is exactly (6.34) with A = p?, whose solutions are given by (6.35)).

Once again, we can see more clearly what happens in the particular case when e = g.
From (6.38) we can already see the simplification, but let’s rewrite it as:

1 W 1
uad _ + v v A+ + 2 A+ A+
£gauge - _ZLF‘LWF H+ §€HP A,u apAy + §Me AHA ®
1 - — v /’L v —_ —_
— S F T = L A0, A (6.46)

Where we have re-used the field redefinitions already presented before:

P T TR C . The) (6.47)
V2 V2

We can see that, in this particular instance of e = g, AZ is the one who receives

a Proca mass term due to the spontanous breaking of the symmetry, which with the

technology developed in Appendix [C| one can see that will lead to the same poles mZ in

(6.36). The responsible for the remaining gauge symmetry is the, now obvious, A field

because its mass comes only from the gauge invariant Chern-Simons term. In general,

from the unbroken U(1) transformation (6.32)), we can write:

eAy—ga,\ 1

By noticing that the U(1) remaining is essentially the phase freedom for ¢_ (e™“-¢_)
with w_ = 2p, the point of the above equation is simply to show that it is the particular
combination appearing on its l.h.s. which transforms accordingly to what is to be expected
from an abelian gauge field, i.e. , with a derivative of the phase argument. The scaling
factor is just to get the dimensions straight and to reproduce what we obtained when
setting e = ¢, for instance, it is not difficult to convince oneself that in this particular
case, the charge of the field is actually v/2e.

Summarizing, in the (1,0)-Vacuum we have 2 scalar degrees of freedom coming from
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¢_ with mass mg_ = 2egv?/p just as in the unbroken case, another 3 from the other
scalars with masses given by , and since the symmetry was only partially broken,
instead of the gauge fields aquiring 2 more degrees of freedom like in the (1, 1)-Vacuum,
they get only one more giving a total of 3 with masses also given by .

(0,1)-Vacuum: ({|o[*) =0, (|- [) = v*, (M) = —ev? /i, (N) = —gv* /1)

Here, we remark that the situation goes exactly as in the (1,0)-Vacuum as far the
mass spectrum is concerned, that is, we also have: 2 scalar degrees of freedom with
masses 2eqv®/p, 3 with masses given by and 3 vector degrees of freedom with
masses also given by . The only difference is the role of each field in generating
each mass but they coincide, not surprisingly, with the “parity trasformed” fields of the
(1,0)-Vacuum as we now will see.

The appropriate field expansions around this vacuum is:

o2 ~ 2 -
¢_:—<v+p—); M=—"24; N=-L4N

Again, we removed the phase of the ¢_ field making of the gauge freedom that we

have. Substituing these into the lagragian, we get for the quadratic scalar sector:

ua 269’02 2
Egcaljr :|aﬂ¢+|2 - ( ) |¢+|2
"
1

1 ~ 1 ~

+ 5(3;“0,)2 + 5((9“]\4)2 + 5((%]\7)2
1 ~ .

-3 [%2(62 + 022+ (1 + 206" ) M? + (1 + 20%e*) N?

+2v2vepp_ M — 2v/2vgup- N — dv?egM N (6.49)

Or, again, rewritting conveniently:

ua 26g1;2 2
Egcaljr = ’aﬂ¢+|2 - ( L ) |¢+|2

R T
+§(5’“¢)T8u<p—§wTM2, @ =

2T
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Being:

) 20%(® +g°)  V2vep  —V2ugpu
M? = V2vep 420297 —2v%eg
—V2vgp —20%eqg  p? + 20v%e?

Which is nothing but the same squared mass matrix of the (1,0)-Vacuum with the
replacement e — —e, but note that in that case, the eigenvalues determining the mass

spectrum depended only of €2, therefore they remain the same here and are given by
(6.35)). Consistenly, the special case e = g here takes the form:

ua 2691}2 2 1 ,u2
e —0,. = (290) JouP + J(0ur2 - i

+ SO + 50,07

— = [P0 + (1 + 40°e?)Q — dvepp_Q)] (6.50)

— DN

[\

As we already suggested, the roles of P and ) have been reversed, but the spectrum
in this special case remains as in . With respect to the spectrum of the gauge
sector, the analysis is exactly the same as before but with m? = 2veg — —m? = —2veg,
but note that the mass spectrum has no business with m?, since it depends only on
(m?)? = dv?e?g? = MGQMQQ. So the masses of the gauge sector also remain as given in
. With regards to the special case e = g, the only difference is that the roles of the
fields A:[ and A, is swapped, reasonably so, but with no alteration with respect to the
mass spectrum.

Regarding the partial breaking of the symmetry, the same reasoning follows. The
vaccum configuration being parametrized by ¢% = 0 and ¢° = —v implies that in order

to satisfy

0¢Y =iw, 0=10
§¢° = —iw_v =0

we must have w_ = p— & =0 and wy = p + £ = 2p remains arbitrary. The unbroken

U(1) symmetry is in this case, infinitesimally:
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04 = i2ppy

dp_ =0
1
0A, = P
da, = —}] e (6.51)

5 (M) — _;%M (6.52)

which reduces to A when e = g.

One might have observed that around any of the vacua there exists several mass
degeneracies. This is typically the case in supersymmetric theories. In fact, because the
mass degeneracies are among particles whose spin differ by one integer instead of only
half integer, it would be reasonable to suspect the presence of a SUSY N = 2 behind the
scenes here. Indeed, the model considered here there are topological solutions (vortices)
that obey a set of Bogomol'nyi-type equations, the self-dual vortices; and they have a
topologically conserved charge. Whenever that happens, it is possible to construct an N’ =
2 supersymmetric version of the model with central charge equal to the topological charge
and whose bosonic sector matches perfectly the self-dual theory [21], [55] 46, 127, [128], 129].
Later in this work we will show exactly how this is done. But if that is really the case, and
at this point it is only a suspicion, we can conjecture that the scalar potential proposed
here, although not being the most general allowed by renormalizability, doesn’t get any
quantum corrections, because supersymmetry prevents it from happening. This is a rather

strong statement, but hopefully we will also be able to prove this in the future.
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6.3 Topological configurations

Let us consider the 0*® component of the equations of motion ([4.23) which gives us

the Gauss laws:

<L

+ ub = e(p+ + p-)
€4 puB = g(py —p-). (6.53)

<

Where py = JU. Integrating in space, we can use Gauss theorem and discard the first

term since we have vanishing electric fields in the asymptotic limit. We obtain,
,u/deb:Q, ,u/dza:B:G (6.54)

where we naturally defined the electric and g-electric charges as Q = e [d*z (p4 + p-),
and G = g [d*z (p+ — p—). We remember here that the canonical mass dimension of the
objects here is given by [A] = [a] = [e] = [g] = 1/2 and [u] = 1. Notice that on the Lh.s
of this equation we have a magnetic flux and a g-magnetic flux, respectively defined by

[d?x B =® and [d?xb = x, and we conclude that the v = 0 equations give us,

px=Q, p®=a. (6.55)

Therefore from the equations of motion, we immediately see that the g-magnetic flux
is proportional to the electric charge and the magnetic flux is proportional to the g-
electric charge. This is the parity symmetric version of the distinctive feature of flux
attachment of Chern-Simons theories. It plays an interesting role when we consider vortex

configurations, so let’s finally investigate them.

6.3.1 Asymptotic Conditions

What we are looking for are the static (Jy = 0) classical solutions that lead to a finite

energy:

1/ 1
H Do |* + [ Dod—|* + | Doy [* + [ Digp |
1 1
+ 5(8iM)2 + 5(az-N)2 + V} — /d%fH = /r dr df H (6.56)
To achieve finite energy, each term in H must have an asymptotic behavior sufficient

to compensate the divergence of rdr in the measure an make the integral convergent.

Therefore, each term must go to zero faster than O(1/r?) in order to guarantee the
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finiteness of the energy. It is clear that if the fields aproach one the 4 vacua that we
studied on the last section at spatial infinity, then the contribution of the potential to the
total energy will be finite. Nonetheless, for the sake of clarity we will restrict ourselves
to the (1,1)-Vaccum, which is the most natural choice if one wishes to study topological
vortices. However, it should be stressed that configurations whose asymptotic behavior
tends to the other vacua might also lead to finite energy, for instance, non-topolgical
vortices for the (0,0) -Vaccum and domain walls connecting the (1,0) and (0,1) vacua.
These other configurations will be investigated in the future. Henceforth, we will be

considering the configurations with asymptotic behavior as |Z| = r — oo given by,

‘¢i|2 — U27
|Dig+ |, |Dogps|* — 0,

E, & B,b,M,N — 0,
(0;M)*, (O;N)?* — 0. (6.57)

These conditions can be seen as boundary conditions for the fields in the boundary of
space, that we can see as an asymptotic sphere SI. = 9R?. From the first condition, even
if the modulus of the scalar field is fixed at infinity, we still have angular freedom given
by the angle 6 that parametrizes the sphere at infinity (it can be seen as the direction in

which you are going to the asymptotic limit r — o), that is,
O = () = ve=) (6.58)
Therefore, the asymptotic limit of the covariant derivatives is given by,
D¢y — iv(Ows + eA; £ ga;)e™* (6.59)

Since |D;¢+|*> — 0, we can obtain the asymptotic behavior of the gauge fields summing

and subtracting these expressions, and given by the following pure gauge configurations:

1
Ai — —2—681‘(014_ + w_)

1
a; — ——81 Wy —wW_). 6.60
o0y =) (6.60
With this asymptotic behavior, the condition in the magnetic fields will be immediately
satisfied, and to accomplish the remaining conditions, it is sufficient to impose Ag, ag — 0.
Let us discuss briefly what we have obtained here. Considering the static limit, the
finite energy condition imposes an asymptotic behavior for the fields (6.57)). In particular,

the scalar fields have to obey the condition (6.58)). For each direction in which we take
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the asymptotic limit, that is, for each angle 6 parametrizing the sphere at infinity S! | the
asymptotic fields will give essentially two U(1) elements given by e+ and ¢*~. Therefore,
the asymptotic behavior of the scalar fields determines a function from the circle at infinity
Sl = OR? to the gauge group U(1) x U(1), that is,

(¢5°(0),9(0)) : Si = U(1) x U(1) = 5" x 5, (6.61)

since topologically speaking U(1) and S* are equivalents. These maps can be classified by
homotopy classes, and in particular, the maps from the circle S* to the torus S x St can
be classified using two integers, since we have m; (S* x S1) = Z x Z. Mappings of different
homotopy classes cannot be deformed in each other by a continuous transformation, and
therefore give rise to inequivalent configurations. This is the topological origin of the
stability of vortex solutions. Summarizing, we conclude that the finite energy condition
imposes an asymptotic behavior for the fields, these asymptotic fields fall in different
homotopy classes of configurations that cannot be deformed continuously in each other,
and they can be classified here using 2 integer numbers, since we have ¢ : SI., — S x §1
and we know that m; (S' x S') =27 x Z.

6.3.2 Topological Vortices

Let us define a (n, m)- topological vortex as a finite energy static configuration obeying

(6.57) with the following structure:

¢:i: N ,Uei(m:tn)e
e er
g gr

where 6 parametrizes the sphere at infinity as before, and we have V= fag + é%%.

Considering now the magnetic flux, we have,

b = /dZ.TB = /d2£L' eijﬁiAj = / dS TAZ Eij A]’. (663)

sy
Now, taking into account the asymptotic behavior of the gauge fields since this integral
is in the sphere at infinity and using the relation between spherical coordinates 0; = €T

and the relation €7¢;;, = —d; we have,

-

g 2
rdb ,,21 € <—g€jk7§k> = ?ﬂ-m (664)

1
oo
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Performing the same steps, we find,
X = —n. (6.65)
g

Therefore, as expected from vortex solutions, their flux is quantized. And because of
(6.55)), their charges is also quantized:

27T,u

2
= Z“n G="F (6.66)

e

6.3.3 Self-dual vortices

So far, we haven’t used the fact that, with the help of the Gauss laws, the energy

functional can be expressed as:

1 . 2
H= /d2 { EiVN) +§<€iVM) +|Didi 2+ |Drd_|?

b5 {B e (1607 ~10-1) — uM] Y + (@

5 b [o (94 +10-1 —20%) — uN]} + S@NY

§ Dods F (e + M), [? + |Dob_ F i(eN — gM)o_P
+2gbv?] (6.67)

M)?

Which in turn implies the inequality:
H >2%gx|; x= /d%b (6.68)

From (6.67) and (6.68) we have a straightforward way of making the energy finite by
saturating the inequality (6.68)) imposing the self-dual conditions:

Di¢p =0 (6.69)
FO- = (6.70)
Doy Fi(eN + gM)p, =0 (6.71)
Dop— Fi(eN —gM)p_ =0 (6.72)
doM =N =0 (6.73)
E+VN =0 (6.74)
g+ VM =0 (6.75)
£ [e (| = [o—|*) — uM] =0 (6.76)
£ [g (Io+]” + o-|* = 20%) — uN] =0 (6.77)

74



A configuration satisfying these conditions has energy H = 2v?|gx|. The upper (lower)
sign corresponds to positive (negative) x flux. Let us work out the implications of such
equations for static (Jy = 0) configurations. Equations are now trivially satisfied.
Equations (6.71),(6.72]),(6.74) and(6.75) are satified by taking:

AO - :i:N,
=+M (6.78)

Equations and (6.70) can be rewritten as:

Di¢+ == iiEiij¢+

D6 = FieyDyor- (6.79)
Taking ¢, = |¢,|e™+ and ¢_ = |¢_|e™~, their combined effect results in:
_ 1
eA; = 4= eua In |¢+| ”a In |¢U—| — 50w +w.)
_ 1
qga; = iﬁéijajl ‘¢+| :l: - ”0 In @ — 5 Z‘(W+ — CL)_) (680)

Where we have inserted, without any physical effect, the expectation value v inside
the logarithms in order to make their argument dimensionless. Equations then
allow us define the spatial components of the vector potentials everywhere away from the
zeroes of ¢, and ¢_. Now acting on (6.80)) with €*/9; and remember that the magnetic

and g-magnetic fields are defined by B = €9, A; and b = €*'0ya;, we get:

1 |¢+| 1 |¢ |
eB = 2] + —V?1
T3V QV
1 1
2 ) 2

Substitution of these into (6.76) and (6.77)) then results in:

:F%VQ |¢+|I‘:;V2 |¢ |_:Fe[ (|¢+‘2_|¢7|2)_MM}
1 1
Fivml 2l ly - Ol 29 g (16,12 + 10— — 20%) — V]

After a bit of rearrangement:
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v 2] [<e2+gz>|¢+|2— (@~ A6 — 1 (eM+gN+

v? mM
v

202g }
L

)
m

These need to be satisfied for the self-dual topological solutions together with the

_ [@2 + )bl = (= P)losl? — 1 (—eM N+

(6.81)

Gauss laws, which we have made use of in order to put the energy functional in the form

(6.7). Remembering:

<l

E+pb=e(py +p-)
€+ uB=g(py —p-)

<

Where py = J{ =i [¢7. D%, — D°" ¢, |. Therefore, from (6.71),(6.72),(6.74),(6.75).(6.76)
and (6.77)), we get:

VAN — 1N = —p [g (|4 + o-* — 20%)] + 2¢ [(eN + gM) |61 [* + (eN — gM)|¢-|?]
VM — 12M = —p[e (|o4* = [9-°)] + 29 [(eN + gM)|¢4 [ = (eN — gM)|¢_|?]

®

Which is nothing other than exactly the static limit of the equations of motion
for M and N. For future use, it is helpful to write explicity the charge densities:

e(ps + p-) = F2e [(eN + gM)|p4|* + (eN — gM)|p_|?]
9(p+ — p=) = F29 [(eN + gM)|p4|* — (eN — gM)|p_|*] (6.82)

Now that the dust has settled, the set of equations we actually need to solve turns out

to be these four:

2
vl @ 4 o - (- lo-P - (edr g+ 20

ln@
v

2
v 0 [<e2 L6 — (@ = P)bsl — s (—eM N+ 229)]
VAN — 1N = —p [g (|04 + o-* — 20%)] + 2¢ [(eN + gM) |61 |* + (eN — gM)|¢_|*]

VEIM — M = —p [e (04" — [0-1%)] + 29 [(eN + gM)|¢+[* — (eN — gM)|o_[]

)

(6.83)
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6.3.4 Vortex Ansatz

Let us consider here the following radially symmetric ansatz for the scalar fields:

M(r,0) =vM(r), (6.84)

where m +n € Z, and the profiles F, N , and M are dimensionless. Plugging the ansatz
above in Egs. (6.80), we can obtain the gauge structure (here 6; = ¢;;a7 /7):

1 .

Ai(r,0) = — [A(r) — m] 6;
i(r,0) 67”[ (r) —m] 0,
1 .
i(r,0) = — —nlo;, 6.85
a;(r, 0) = [a(r) —n] (6.85)
where we defined the gauge profiles as:
1 (rF, rF’
Alr) = £= + =
(r) =3 <F+ F )
1 (rF, rF’
=+— | ==+ = :
a(r) 5 ( F. t ) , (6.86)
or, equivalently:
F/ — :I: F+ (A + a)
r )
F_ (A-
pro— g L - ) (6.87)

It should be stressed that, although the gauge field structure above is the same of
the last chapter, here it does not appear as an independent ansatz for the gauge fields, but
it has its structure totally determined by the scalar fields ansatz, and as a consequence of
the self-dual equations obtained by saturating the Bogomol’nyi bound.

Let us first discuss the profiles behavior at the origin. Looking at the gauge struc-
ture , in order to avoid a singularity at the origin, we must have A(0) = m and
a(0) = n. Using Eq.(6.87) we see that they need to satisfy

(6.88)
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These considerations imply the following behavior:

F g pE(ntm)
{ +Hr) ~r as 7 — 0. (6.89)

F_(r) m rtn=m)

Therefore, to ensure that the fields have a regular behavior at the origin, we must have
+n > |m|. Notice that if we take n = 0, we cannot ensure a regular behavior at the origin
for both fields simultaneously, unless we also set m = 0, in which case F';(0) and F_(0)
remain undetermined. Finally, if we consider n = —m # 0, then F(0) is undetermined
while F_(0) = 0; if we consider n = m # 0, then F_(0) is undetermined while £, (0) = 0.
It should be noted that the behavior of N and M near the origin will follow from their
equations of motion, once the behavior of F'; and F_ for small r are determined.

Now, we proceed to the discussion of the asymptotic conditions. The energy contri-
bution coming from the potential implies that for any finite-energy configurations, we
must have F, (00) and F_(00) equal to 0 or 1. Furthermore, the covariant derivatives

contribution to the energy functional include the following terms:

F?(A+a) N F?2(A—a)

T r

E> 27?112/d7’ (6.90)

Therefore, from the finite-energy condition, we find the following asymptotic conditions:

(6.91)

First of all, let us consider the case in which the scalar profiles asymptote to the (1, 1)-
vacuum, that is, when F, (co0) = F_(00) = 1. In this case, we are dealing with topological
vortices, and we must have A(co) = a(oo) = 0. These configurations have quantized
magnetic fluxes (¢ = 2Zm and x = 2?’Tn), charges (Q = %”/Ln and G = Zpum) and
energy (E = 2gv?|x| = 4mv?|n]).

Furthermore, we consider the case in which we asymptote to the (0, 0)-vacuum, that

is, when we have F';(00) = F_(00) = 0. In this case, we can generically assume:

) as 7 — oo and with + a > |f|; (6.92)
F_(T> ~ m

{ Fi(r) & i

Which in its turn implies a(oc0) = —a and A(oo) = —/f. In this case, we get for the

fluxes:
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N |
N

(3:3) (1,0) (5:3) | (0,0)
NT | T | NT| T |NT| T | NT
E(1/4mv?) | 5.38 | 0.50 | 5.76 | 1.00 | 8.53 | 1.50 | 3.25
J(eg/2mp) | -4.78 1 0.25| 0.81 [ 0.00 [ 0.75 | 0.75 | 0.75

d(e/2m) | 1.53 | 0.50|-0.17 [ 0.00 | 0.50 | 0.50 | -0.23
x(g/2m) | 5.38 | 0.50 | 5.76 | 1.00 | 8.53 | 1.50 | 3.25

(n,m)

Table 6.1: Physical properties of topological vortices (T) and non-topological solitons
(NT) for different values of n and m.

X:/deb:%T(n—i—a);
P — / 2B — %(m 1 B); (6.93)

That is, they no longer need to be quantized. These are known as non-topological
vortices. The case a = 0 makes sense only if 5 = 0, and we fall back to the situation
with F, (00) = F_(o0) = 1. There is also the hybric case where, for example, F_(c0) =1
while F, (00) = 0, which we can consider by taking § = «, which is also a non-topological
vortex; the reversed situation being simply f = —a. These will not be detailed here,
because we are only concerned with the parity-preserving scenario.

This concludes all the acceptable asymptotic behaviors compatible with the require-
ment of the energy being finite for self-dual topological solutions. Any of them, being

self-dual, saturate the energy bound, meaning that their energy is equal to:

E = 41*n + o (6.94)

The angular momentum of these configurations is given by J = [d?z€“r;Ty;. In
Appendix [D| we found the following expression for the angular momentum of the finite-
energy, static, rotationally symmetric vortices: J = %ﬂ [A(0)a(0) — A(o0)a(o0)]. Noth-
ing’s changed here. We have A(0) = m,a(0) = n and also A(o0) = —f,a(0) = —a.
Thus, we can rewrite this expression in the following way:

G Q, G

o (nm—aﬂ)zﬂ—zﬁ—ga. (6.95)

= 2

This is in agreement with the result found in Ref.[8§].
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Figure 6.1: Topological vortex solution for n = m = 1/2 and its physical fields in units of
gv? as functions of x = gvr. Left figure: F, and F_ are shown in solid and dashed black,
N = M in blue, and A = a in red, respectively. Right figure: In red, the magnetic field;
in blue, the electric field. Notice that in this case we have B = b and FE, = e,.

6.4 Explicit solutions and discussion

In this section, we exhibit explicit numerical solutions for the self-duality equations.
First of all, we rewrite the differential equations using dimensionless quantities given by
xr =gur, v = p/gu and K = e/g. After the dust has settled, the differential equations

are:

V2InF? = (14 k) F2 + (1 — k) F? —yM — ysN — 2,
V2InF? = (14 k*)F? + (1 — &} F? +7/€M—7/{N—2,
@ +
V2N = —y (F2 + F? — 2) + 262N (F2 + F?)
+2kM (F? — F?) +4°N,
VIM = —vyk (F2 — F2) +2M (F2 + F?)
+ 26N (F2 — F2) + 4 M, (6.96)

The general strategy adopted here is the following: we expand the profile func-
tions F', F_, N , M in powers of z around the origin, using the generic notation A(x) =
S Ara®. Applying these expansions in the differential equations and using the initial
conditions, we can find constraints in the expansion coefficients. With these expressions
at hand, we can search for numerical solutions that also satisfy the asymptotic bound-
ary conditions using a shooting method. In general lines, for the differential equations
and initial conditions considered here, there are only 4 free parameters to be numerically
determined by demanding the appropriate boundary conditions at infinity.

In the following, we consider some examples with the lowest possible values for n and

m that represent each possible class of solutions. The topological vortices (asymptoting
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Figure 6.2: Non-topological soliton for n = 1/2,m = 1/2 and its physical fields in units of
gv?, as functions of x = gur. Left figure: F and F_ are shown in solid and dashed black,
N and M in solid and dashed blue, A and 0.4a in solid and dashed red, respectively
(a was rescaled to facilitate the visualization). Here we have § ~ 1.03 and o ~ 4.88.
Right figure: The magnetic (solid red), g-magnetic (dashed red), electric (solid blue) and
g-electric (dashed blue) fields.

to the (1,1)-vacuum) and non-topological solitons (asymptoting to the (0,0)-vacuum),
with its physical fields (i.e., electric, magnetic, g-electric and g-magnetic), for the cases
(n,m) = (%, %), (1,0), (%, %) and (0,0) are shown in Figs. , , , , , , ,
respectively. Their relevant physical properties are shown in Table The charges are
not shown there, but can immediately be found remembering that () = pux and G = u®.
Here we adopt v = k = 1 for simplicity, but in the end of this section we comment about
the relevant changes in the solutions when we vary these coefficients.

The topological vortices have quantized physical properties while non-topological soli-
tons do not, and the later have energy bigger than the former. The angular momentum
for topological vortices is quantized, proportional to the product of the charges and frac-
tional, exhibiting an anyonic nature. For n = m = 0, the only solution asymptoting to
the (1, 1)-vacuum is the trivial one.

The multiplicity of zeroes of the scalar field is related to the winding number of the
vortex. Therefore, the power-law behavior of F'; and F_ in Eq. clearly indicates
that the true winding numbers are given by n + m and n — m, instead of m and n
separately, as is clearly illustrated in the explicit solutions that we found.

The most distinctive signature of a symmetry in a system is the presence of a degen-
eracy in the spectrum, hence it is reasonable to expect that the parity invariance of our
model should reproduce this effect. To this end, we state how the vortex solutions change
under parity transformations: (n,m) — (n,—m), r - r, - —0 — 7, Fy — Fz, M —
—M,N — N, — —f,a — «, being all the others directly inferred from the self-duality
equations.

Considering the self-dual topological vortices, that is, that satisfy £ o |n/, it is imme-
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Figure 6.3: Topological vortex for n = 1,m = 0 and its physical fields in units of gv?, as
functions of x = gvr. Left figure: Fy = F_ are shown in black, N and M in solid and
dashed blue, A and a in solid and dashed red, respectively. Here we have A = M = 0.
Right figure: In red, the g-magnetic field; in blue, the electric field. Here have B = e, = 0.
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Figure 6.4: Non-topological soliton for n = 1, m = 0 and its physical fields in units of gv?,
as functions of x = gvr. Left figure: F, and F_ are shown in solid and dashed black,
N and M in solid and dashed blue, A and 0.4a in solid and dashed red, respectively
(a was rescaled to facilitate the visualization). Here we have  ~ —0.17 and o ~ 4.76.
Right figure: The magnetic (solid red), g-magnetic (dashed red), electric (solid blue), and
g-electric (dashed blue) fields.

diate to conclude that a given solution and its parity-transformed version have the same
energy. But the complete independence of the energy from m suggests a much greater
degeneracy. In fact, from the condition of regularity of the solutions as r — 0, we ob-
served that £n > |m/|, which in turn implies that, for n > 0 (n < 0) there are 2n + 1
(2|n] 4+ 1) solutions of the same energy. Since the energy does not depend on the sign
of n, we obtain a 2(2|n| 4+ 1)-fold degeneracy. It is reasonable to speculate whether this
comes from a larger symmetry group. In the light of previous comments, a good candidate
would be supersymmetry or, given the structure of the degeneracy, an internal SU(2).

This investigation should be pursued elsewhere. The above discussion does not apply to
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Figure 6.5: Topological vortex for n = 3/2,m = 1/2 and its physical fields in units of
gv?, as functions of x = guvr. Left figure: F, and F_ are shown in solid and dashed
black, N and M in solid and dashed blue, A and a in solid and dashed red, respectively.
Right figure: The magnetic (solid red), g-magnetic (dashed red), electric (solid blue), and
g-electric (dashed blue) fields.

the non-topological solitons.

In Part II, we studied the energies of different vortices, obtaining the following result:
Ma2/2) + Maja,—172) = 2M 2,120 > M0y, where M, ., is the mass associated with
the (n,m)- topological vortex. The left-hand side of the inequality represents the static
energy of well-separated F, and F_ vortices of winding 1, while the right-hand side is their
energy when superimposed at the origin. Therefore, the inequality suggested a possible
attraction between these vortices. Now, in the self-dual model studied here, on the other
hand, 2M(y2,1/2) = M1 ,0), indicating that these vortices do not interact with each other,
allowing, for example, the existence of static multi-vortex configurations, as it is usually
the case for self-dual models.

In this section we considered v = xk = 1 for simplicity, but the existence of solitons
here is not conditioned to this assumption, and we were able to find solutions for different
values of these coefficients. Interestingly enough, keeping x fixed and increasing v, we see
that the magnetic field at the origin decreases; decreasing v, the magnetic field increases,
cf. Fig.[6.8 Since 7 o p, this suggests that it would reach a maximum value in the pure
Maxwell limit and go to zero in the pure CS limit, as it happens in the usual Maxwell-CS
case [34]. It is well-known that in the absence of a CS term, the vortices are electrically
neutral, therefore having zero electric field. In fact, we observed that in decreasing ~,
the maximum value of the electric field diminished, in accordance with what is expected.
Furthermore, keeping ~ fixed and considering x # 1, we can see that for n = m = 1/2,
the electric and magnetic fields will not be degenerate anymore, cf. Fig.[6.8 In the other
examples considered, taking x # 1 does not lead to significant qualitative changes.

Finally, we also found solitons asymptoting to the parity-breaking (1,0)- and (0, 1)-

vacua. Given the rich vacuum structure of this theory, in principle, one could also find
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Figure 6.6: Non-topological soliton for n = 3/2,m = 1/2 and its physical fields in units of
gv?, as functions of x = gur. Left figure: F and F_ are shown in solid and dashed black;
N and M in solid and dashed blue; A and 0.4a in solid and dashed red, respectively
(a was rescaled to facilitate the visualization). Here we have § ~ 0.00 and o ~ 7.03.
Right figure: The magnetic (solid red), g-magnetic (dashed red), electric (solid blue) and
g-electric (dashed blue) fields

domain walls connecting any pair of degenerate vacua. These last were not discussed
here for reasons of scope, but Fig. exhibits one solution asymptoting to the (1,0)-
vacuum. As one might have noticed, some of our solutions display an intriguing oscillating
behavior for the electric and magnetic fields. This is due to our choice to work with the
field variables A, and a,. In fact, in terms of the previously defined A: and A, the
electric and magnetic fields display a much more familiar behavior, as one can see for
example in Fig. [6.10, This “improvement” consistently happened to every solution, at
least when k = e/g = 1, which is reasonable in the light of the interpretation we have

already given to AF and A7
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Figure 6.7: Non-topological soliton for n = m = 0 and its physical fields in units of gv?,
as functions of © = gvr. Left figure: Fy and F_ are shown in solid and dashed black; N
and M in solid and dashed blue; A and 0.4a in solid and dashed red, respectively (a was
rescaled to facilitate the visualization). Here we have 8 ~ —0.23 e a ~ 3.25. Right figure:
The magnetic (solid red), g-magnetic (dashed red), electric (solid blue) and g-electric
(dashed blue) fields.

Figure 6.8: Physical fields associated with the n = m = 1/2 topological vortex. Left
figure: The electric (lower half-plane) and magnetic (upper half-plane) fields for k = 1
and 7 = 1 (green), 0.5 (red), 2 (blue). Right figure: The magnetic, g-magnetic, electric
and g-electric fields, for v =1 and k = 1 (green), 0.5 (red), 2 (blue). The solid lines refer
to B and FE,; the dashed lines to b and e,. B and b are shown in the upper half-plane; E,
and e, in the lower half-plane.
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Figure 6.9: Non-topological soliton asymptoting to (1,0)-vacuum for n = m = 1/2 and
its physical fields in units of gv?, as functions of x = gvr. Left figure: F, and F_ are
shown in solid and dashed black; N and M in solid and dashed blue; A and a in solid
and dashed red, respectively . Here we have f ~ —1.79 e a ~ 1.76. Right figure: The
magnetic (solid red), g-magnetic (dashed red), electric (solid blue) and g-electric (dashed
blue) fields.

Figure 6.10: Non-topological soliton asymptoting to (1,0)-vacuum for n = m = 1/2 and
its physical fields in units of gv?, as functions of x = gvr. Left figure: F, and F_ are
shown in solid and dashed black; N + M and M — N in solid and dashed blue; A 4+ a and
0.4(a — A) (rescaled to facilitate the visualization) in solid and dashed red, respectively .
Right figure: B + b (solid red), b — B (dashed red), E' + e (solid blue) and e — E (dashed
blue) fields.
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Part 1V

N = 2 supersymmetric
Maxwell-Chern-Simons model with

parity conservation
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Chapter 7
Introduction

So far, we have only flirted with the idea of a supersymmetric origin for our self-
dual model. Some clues to this were the fact that the only parameters appearing in
the potential were the gauge couplings e, g, and the expectation value v; the strict
positivity of the potential; and, more evidently, the several mass degeneracies both in the
spectrum around the vacua as well as for the masses of the topological vortices. This part
of the thesis is dedicated to proving that, indeed, our self-dual model corresponds to the
bosonic sector of an AN/ = 2 supersymmetric model. As we will briefly discuss, although
an interesting and beautiful result, this is hardly a surprise.

In 1977, Di Vecchia and Ferrara [45], followed by Witten and Olive in 1978 [46],
considered a number of 1+1 and 341 dimensional theories exploring the relationship
between supersymmetry and self-dual first order equations. In particular, [46] evidenced
the extended nature of this supersymmetry as well as the presence of a central charge equal
to the topological charge in the models considered. As a consequence, a Bogomol'nyi-like
bound for the static energy (mass) was found. The classical configurations saturating
such bound were precisely the self-dual solitons.

This topic would return in the early 90’s, now in 241 dimensions. In 1990, the self-
dual Higgs-Chern-Simons [36, 37, 38] model with its particular sixth order potential and
the Maxwell-Chern-Simons [39] self-dual model were first derived from the requirement
of a Bogolmol'nyi bound. Soon after, supersymmetry was brought into the scene demon-
strating that both pure CS [47, 48] [49] and Maxwell-CS [50] self-dual models were part of
a larger extended supersymmetric theory. As highlighted in [47], the imposition of N' = 2
extended supersymmetry is sufficient to completely determine the potential. The elegant
derivation in [49] using N/ = 2 superspace makes it even more evident. Another approach
was used in [47], where a second set of supersymmetry transformations was imposed on
a manifest A/ = 1 SUSY invariant theory, one more time completely determining the
potential. We shall make use of both these approaches.

The success of all this derivations was then proved to be no coincidence. From 1992 to

1993, Hlousek and Spector demonstrated why N = 1 supersymmetry plus a topologically
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conserved current implies N' = 2 supersymmetry with central charge equal to topological
charge, together with a derivation of the Bogomol'nyi bound and self-dual equations from
the extended SUSY algebra. [127, 128 129].

The successful derivation of self-dual models from supersymmetry, now appropriately
justified, kept happening. In 1994, it was the familiar self-dual Maxwell-Higgs model that
was shown to be part of a bigger supersymmetric puzzle [130]. Starting from an N = 1
invariant theory, it was shown that a particular relation between the coupling constants
should hold in order to extend it to /' = 2, the same relation needed for the existence of
a Bogomol'nyi bound.

One last interesting example, and evidently not exhausting the list, is the Maxwell CS
theory with magnetic moment interaction |42} 43, 44], which was shown to admit self-dual
topological configurations when the couplings were appropriately chosen. Then, it was
given a supersymmetric framework in two different ways. First, in 1996 [I31], imposing the
appropriate relations for the couplings in an N’ = 1 Susy invariant theory, thus allowing
it to be extended to N = 2. Secondly, in 1999 via dimensional reduction[132} 133] from
N=1D=3+1toN=2,D=2+1.

It becomes clear that seeking an supersymmetric extension to our model is nothing but
natural. Moreover, the importance of such investigation lies beyond the simple (and neces-
sary) exploration of the known relationship between supersymmetry and self-duality. In-
deed, condensed-matter physics can already provide several instances where supersymme-
try, for example, it is known to have applications in graphene physics [134] [135] 136, [137]
and to dynamically emerge in condensed matter systems [138], [139] 140} 141]. Within this
context, one can easily investigate, for example, the propagation of fermionic degrees of
freedom around a vortex background, something that can be readily obtained from the
supersymmetric transformation of the vortex solution. Investigations along these lines
have already been considered in the context of cosmic strings [142] 143], for instance.

In the next chapters, we follow closely the definitions and conventions of [145], includ-

ing the Minkowski metric 7, = diag(— + +).
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Chapter 8

Supersymmetry in 2+1 dimensions

8.1 Why supersymmetry?

Let’s consider the Poincaré algebra:

(M*, PP = i (P — 5" PP (52)
[MH M) = i (0 M7 4 MM — g MY — g M) (53)

Where P* are the generators of translations, M* of boosts and rotations.

Now, any theoretical particle physicist who takes symmetry as valuable principle would
at some point consider if this is the most general algebra possible for spacetime symmetries
within the context of quantum field theory. The Coleman-Mandula theorem was proved
exactly to answer such inquiry, and the response can be stated in the following way
[146]: “The most general Lie-algebra of symmetries of the S-matrixz contains the energy-
momentum operator P,, the Lorentz rotation generators M,,, and a finite number of
Lorentz scalar operators By, 1. e.

[Py, Bil = [M

ns

Bl] - O,
where the B;’s constitute a Lie-algebra
[B1, B,] = iC,,, "By,

and C, % are the structure constants of a Lie-algebra of a compact internal symmetry
group (e.g. SU(2)).” Provided that some other reasonable physical assumptions are made.
Supersymmetry arises formally as natural extension of this theorem in the form of the
Haag-Lopusanski-Sohnius theorem by relaxing one of the conditions: to allow the Lie-

algebra to become a Graded (or Super)-Lie-algebra, that is, by including anticommutators.
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Therefore, making use of the gamma matrices {y*,7"} = —2n"” and the spinor rep-
resentation of the Lorentz generators (M")* 5 = 1 i (X)% 5, we include in

the Poincaré algebra:

[P/n Qal = 0; (8.4)
(M, Q% =i (Z") , Q° (8.5)
{Qa, Qs} =2(CY") 45 P (8.6)

Where Q¢ is a Majorana spinor, generator of supersymmetry transformations, as we
will see in more detail soon.

In fact, we are also allowed to consider N-extended supersymmetry:
{Qa. Q) = 26" (CV") 5 Pu (8.7)

With I,J =1,2,...,N. That is, to include N different generators.

The set of all these commutators and anti-commutators constitutes the algebra of the
so-called Super-Poincaré group. As a matter of fact, this is actually not the most general
set of possible symmetries of Minkowski spacetime. Indeed, the Lorentz group is born
out of the invariance of ds? = ds? = Nuwdxtdz”, and if we also relax this condition by de-
manding only the invariance of the light-cone ds? = 0, we would get the conformal group,
which has the Lorentz group as a sub-group. Had we started with the conformal group to
begin with, we would have arrived at the (Super-Conformal)x(Internal Symmetry) group
as the most general possible group for a reasonable field theory in Minkowski spacetime.

The Super-Poincaré shall suffice for our purposes.

8.2 N =1 Supersymmetry in 241 dimensions

The symmetries of Minkowski spacetime in 2+1 dimensions, equipped with the metric
Nw = diag(—,+,+), include Lorentz transformations © — Az such that A'nA = 7.
Among them, there are discrete transformations (parity and time reversal). The set of
transformations that are connected with the identity form a subgroup, having detA = +1
and A% > 0. This is the so-called proper-orthocronous Lorentz sub-group, SO(1,2). Such
group has a double cover called Spin(1,2), (that is, SO(1,2) ~ Spin(1,2)/Z5) and this
group happens to be isomorphic to SL(2,R), the set of 2 x 2 real matrices with unit
determinant. Therefore, if one wants to understand the Lorentz group representations
in 241 dimensions, one should study the SL(2,R) representations. The fundamental

representation of this group acts on real two-component spinorsE] v = (T,47), and

1Strictly speaking, the group SO(1,2) does not have any spinor representations, but its double cover,
Spin(1, 2), has.
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these will be the fundamental objects used to construct Supersymmetry representations

in what follows.

8.2.1 Spinor representation of the Lorentz group

The SL(2,R) is a connected non-compact simple real Lie group of dimension 3 whose
Lie algebra (denoted as sl (2,R)) is the algebra of all real, traceless 2 x 2 matrices. The
Lorentz spinors ¢® transform under the action of an element A € SL(2,R), that can

Lo, mmv

be written as the exponential of the algebra as A = e~ 2 , where w,, = —w,, are

3 coeflicients characterizing the specific transformation, and >*" provide a basis for the

sl (2,R) algebra in the spinorial representation, that is:
o> o = [erton T 2 5)

Let us introduce the Dirac matrices in the Majorana representation

V' =0y A =ion, =i, (8.9)

and satisfying

Wy = = Loy + i€, (8.10)
where o; are the usual Pauli matrices, and remembering that we have fixed "2 = —1.

Note that all the Dirac matrices here are imaginary and obey the Clifford algebra:
{777} = =20 1oy (8.11)
Now, we can construct a basis for the sl (2,R), with 3 linearly independent traceless

2 x 2 real matrices, using the Dirac matrices as:

) .
=10l = %6“””% (8.12)

Explicitly:

1 i 1{ 0 1
12ty 1
=20 =50y 2(_1 0)’
1 1 1{01
Y20 _ (42 401 = 2, = 1
7 [ =50 =3 - (8.13)
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SO(1,2) and its double cover Spin(1,2) share the same algebra, denoted so(1,2).
Since there is an isomorphism between Spin(1,2) and SL(2,R), one can conclude that
the Lie algebras so(1,2) and sl(2,R) are isomorphic. The Lie algebra so(1,2) is given by

3 antisymmetric generators M, such that:
[M,u,l/’ Mpo'] — (Tlp,lela + nVUM/J,p _ ,,,/;LaMl/p _ 77l/p]\4,u,0') , (814)

which comes to be satisfied by M* = i¥# | see Appendix [F}
Following [145], we will take as the invariant tensor of SL(2,R), the hermitian and

antisymmetric matrixﬂ C, responsible for the raising and lowering of spinorial indices,
defined as:

]

0 _i
Cap = < : OZ ) = —Cpa = —C*". (8.15)
The conventions for raising and lowering spinorial indices are:

1
V= C%s, Yo =9 Cha, VP = SV a (8.16)

And it should be stressed that all our spinors are anticommuting (Grassmann). Some-
times, symmetrization and anti-symmetrization of spinorial indices will be implicitly de-
noted by A(aBﬁ) = AaBﬁ + AﬁBa and A[aBﬁ] = AaBB — AﬁBa

Some useful identities are:
CaﬂCV‘s = 5;555 - (5575& A Bg = _CaﬁA)\B)\ (8.17)

In particular, the first identity implies C,,sC?Y = —§,7, therefore (C"l)aﬁ = OB,
The matrix C' is precisely the charge-conjugation matrix of Dirac’s theory, which here

we take to satisfy:

A = —Cy*C ! (8.18)

It implies in the following definition for charge conjugate spinors:

Ve = —C71Y" e e = o, (8.19)

where ) = 114 is the Dirac conjugate, as usual. It is not difficult to verify the in our
conventions 1¢ = ¢*, that is, the charge conjugate spinor is simply the complex conjugate

spinor, therefore, any Majorana spinor ¢ = ¢ will have real components.

ZNote that, for C as defined we have: A € SL(2,R) = ACA! = det(A)C = C, exactly as an
invariant tensor should behave.
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One of the many properties derived from (8.18) is that Cvy* (as well as y*C~!) is a
symmetric matrix. Now, note that any symmetric bispinor P,g has only 3 independent
components, the same as a three-vector P,, and indeed, one can construct a map from

three-vectors to symmetric bi-spinors via:

Pog = —(Cy")apPy & P = (4#C)* P, & PY = ()% P, < P’ = (+*) /P,
(8.20)
In fact, one can verify that the Lorentz transformation of P,s induces the correct

Lorentz transformation P,i =A M”Pﬂ. In terms of P,5, we can rewrite

{Qa,Qp} = —2P,5 (8.21)

8.2.2 Superspace and Superfields

A group theoretical way of constructing the Euclidean plane is to take the Euclidean
group, consisting of rotations (R € SO(2)) on the plane and translations (@ = (a',a?) €
R?) such that the composition of two arbitrary group elements (R' ,o?’) and (R,d) is
given by (R/,d).(R,d@) = (R'R,R'@+ '), and establish the following equivalence rela-
tion: (R’,a’) ~ (R, @) whenever there exists an (R,0) in the Euclidean group such that
(R, a ) = (R, 6).(7%, 6) The equivalence classes constructed in this way are in one-to-one
correspondence to points in the Euclidean plane. Roughly speaking, this idea can be ex-
pressed as Euclidean Plane= Euclidean Group/Rotations. Similarly, Minkowski spacetime
can be constructed as Poincaré Group/ Lorentz transformations. As a natural extension
of this idea, the superspace is what one obtains formally as the elements of the Super-
Poincaré group after identifying those related by Lorentz transformations, that is, Super-
space = Super-Poincaré Group/ SO(1,2). We shall take a more intuitive approach by
analogy with the fact that one can represent the Lorentz generators M, using the coordi-
nates and derivatives of Minkowski spacetime, more specifically M, = —i(x,0, — x,0,).
Our task is to find a similar representation for the two-component spinor charges QQ%,

and for that purpose we now introduce the two-component anticommuting (Grassmann)

coordinates and derivatives 6%, 0, = &%:
{ea,eﬁ} = {00, 05} =0, {07,035} = 64" (8.22)

The coordinates 6 are taken to be Majorana spinors implying, in our case, that they
have 2 independent real components (6% = §%). On the other hand, because of our choice

of C, 0, =06° Cgq satisfies 07, = —0,. Our conventions also imply the following properties:

Dubp = Cap, 0°0° =CP, 0,0°=0,, 0%°=—1, 0,05 =—C,s0°. (8.23)

3Spinor indices will be indicated by letters from the beginning of the greek alphabet «, 3,7, 4... while
Lorentz indices will be from the middle on pu, v, &, p...
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The Superspace, in 2+1 dimensions, is the space parametrized by the coordinates

(7,0) = (x5, «9"‘)E|.
A Superfield is defined as a function ® (x, #) depending on the superspace coordinates,

behaving under an infinitesimal Susy transformation with spinorial parameter € as:
0P = —ie®Q,P. (8.24)

Let us investigate what could be the Susy generator representation as a differential
operator acting on superfields. First of all, we know that they must close the Susy algebra,
{Qa,Qp} = —2P,5. Inspired by the momentum operator representation as a differential
operator, P,3 = —10,3, we can intuit that the supercharge will include something like 0,.

In fact, we can represent it as
Qa =1 (aa - ieﬁaaﬁ) (825)

What are the consequences of a Susy transformation on the superspace? Let us per-

form a (pure) Susy transformation with parameter ¢, we obtain:
(2 + 02,0 + 60) = e "D (1, 0). (8.26)
On the one hand, we have:
(2 + 0x,0 + 60) = O(x,0) + 627 0,5P (2, 0) + 0°0,P(x, ). (8.27)
On the other hand, since @), =1 (6a — ’L'Qﬁaa[g), we have:

e RP(g,0) =D(x,0) — ie“Qa®(x,0) = O(x,0) + 0 P(x,0) — 107 0p5P(, 6).
(8.28)

Remembering that d,s is symmetric in its indices, and comparing both last expressions,
we can immediately obtain what is the consequence in superspace after performing a Susy

transformation:

/ 7
r 0 = b 5 (6“95 + 6690‘) ,
0% = 0% + €. (8.29)
Therefore, a Susy transformation can be seen as a translation in superspace. It is remark-

able that it affects the spacetime even if there is no translation generator acting here,

and this is an immediate consequence of the fact that the anti-commutator of two Susy

“Most often, we shall refer to the bosonic coordinates and derivatives as % and 0,4 instead of z*
and 0, having in mind the natural map between bi-spinors and three-vectors.
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generators is proportional to the momentum operator, i.e., we have {Q., Qs} = —2P,5.
In fact, one can verify that the commutation of two Susy transformations gives a

translation. Notice that, due to the Grassmanian nature of the objects:

0:0,P = 1" Qq (inﬁQﬂ(b) = +€a77/BQaQﬂ(I>v
5,0.® = in°Qp (1€*Qu®) = —€*n°QsQu P,

Then,
(6.0, — 6,0.) @ = €*n°{Qu, Qp}® = —2¢"7° P, ®. (8.30)
Therefore,
[0c, 0] = 2i€°0" D (8.31)

Suppose we have a superfield @, that is, a function of superspace ® = ®(z,0) that

transforms as 6.® = —ie*Q,P under a SUSY transformation with an infinitesimal spino-
rial parameter €*. Since we have [Qa, Ps,] = 0, and we can represent the momentum
operator as P,z = —i0,3, we can see that d,sP is also a superfield. However, the same

is not true for d,P, because of the anti-commutation relation {Q,, Qs} = —2P,3. Thus,
one can ask: How can I define a derivative that is covariant under SUSY transformations?

If there is one, it should satisfy:

5. (Da®) = D, (5.9). (8.32)

The answer turns out to be:

Do = 0o +10° 0,5 (8.33)

Using the Susy algebra, one can show that [D,, Ps,] = {D.,Qs} = 0. The covariant

derivative satisfies the following properties:

DoDg = i0a5 + CsaD?, D’DoDg =0, 905, =630,
D?D, = —D,D? = id,3D°, (D*)*=n0. (8.34)

These will be useful when constructing SUSY invariant actions.

A generic superfield can be written in a Taylor series in the Grassmann coordinate as:
‘Ifaﬁm(l', (9) = Aa/gm(l') + 9"Bw5_,,(x) — 92Ca5m<l‘). (835)

The anti-commutativity of the 6%’s automatically forbids any power of 8 greater than 2.
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In the above expression, the functions of spacetime A, B, and C are called the components
of the superfield U. The SUSY transformation of ¥ can naturally be expressed by the
transformation of its components, that will also tell us about the degrees of freedom that
are carried by each Susy representation in each kind of superfield. When we propose Susy
invariant actions, after the integration over the Grassman coordinates, what will remain
is an usual action for the component fields.

The definition of integration over Grassmann coordinates is taken to be:

/ d*0 = / %d&adﬁa =0’ = %aaaa (8.36)

The motivation for this definition is the usual one, that is, it has the same 2 properties
of a definite bosonic integral from —oo to 0o, namely 1) independence of the variable of
integration after the integration is carried out, and 2) translation invariance § — 6 + 0.

The superspace integration of a generic superfield ¥,z (,6) gives us:

/ PBrd0 Uy (2,0) / Br PV (2,0) / &z Coy () (8.37)

The simplest N' = 1 Susy representation is given by the scalar superfield. Its Taylor

expansion in @ is:
®(z,0) = ¢(x) + 0*Yo(z) — O*F(2). (8.38)

Imposing a Susy transformation of the form 6.® = —ie*Q,P and remembering that
Qo = 1(0y — 10°0p,) implies:

0p = €%y,
(51/10( = Eﬁ (i8a3¢ + OagF) s
§F = i€*d, s (8.39)

There is another extremely useful technique to perform computations in SUSY theo-
ries, the projection technique. In principle, one can always take any expression involving
superfields and expand in #, but this can become cumbersome pretty fast. A more ef-

ficient procedure is to use the following component projections for the components of

O(x,0) = ¢(x) + 0%, (z) — 02 F(x):

¢(z) = @(x,0)]o=o,
¢a(x) (P(:L‘, 0)|¢9:0’
F(z) = D*®(z,0)|p—0. (8.40)

a

From now on, the vertical bar will always implicitly mean evaluation at 8 = 0.
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We now remark that, since iQ, + Do = 2i0°95,, we can write
—iQa| = Dy (8.41)

and use this expression together with the various properties obeyed by D,, (8.34) to obtain

the component fields transformations. As an example, let’s check the SUSY variation of

(%

6o = —i?QpDo®|
=¢’DsD,®|
= ¢’ (03P + CapD®) |
= " (10ap0 + CupF) (8.42)

Finally, we remark that by means of the projection |, we are able to write:

/ P d20 B (x,0) — / 1 0D (x,0) — / &2 D(z, 0)], (8.43)

and this will greatly facilitate our task of constructing SUSY invariant actions.

8.2.3 Susy invariant actions

One possible utility of the superspace formalism comes from the following fact: An
action S constructed as the integral in full superspace of a scalar superfield is invariant
under SUSY transformations. Indeed, take the scalar superfield f (®, D,®,...). Whatever
it is its dependence on other superfields, by definition, it deserves the expansion f(x,0) =
dp(x) + 0% so(x) — 02 F4(x), so that starting from the action

S = /d3xd29 f(®, D9, ...), (8.44)

we have that
S:/d3xD2f ((I),Datb,...)|:/d3fo(:v). (8.45)

But, as we saw, the SUSY variation of an F' component is a total divergence, 9,°(¢t;3),
therefore leaving the action invariant under such transformation.

Therefore, to write a SUSY invariant action all we need is to write the integral in full
superspace of a scalar function of superfields and its covariant derivatives. Furthermore,
we need to pay attention to the mass dimension of the terms in order to achieve a renor-
malizable action. Of course, the superfields must be chosen in such a way to describe the

desired dynamics, and typically will involve fields and their supersymmetric partners.
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In the following subsections, we investigate the superfields that are used to describe the
different supermultiplets and the action that governs their dynamics. We will concentrate
on: i) scalar multiplet: it consists of a real scalar and a two-component Majorana spinor,
and it is described by a real scalar superfield (superhelicity 0). This is the representation
where matter sits; ii) vector multiplet : it consists of a real vector and a real two-component
Majorana spinor, and it is described by a real spinor superfield (superhelicity 1/2). This

is the representation where gauge particles sit.

Scalar multiplet

The simplest SUSY representation is the scalar multiplet, described by the real scalar
superfield ®(z,0) = ¢(x) + 0% (x) — 6?F(z), consisting of a real scalar ¢ and a two-
component Majorana spinor ¢ (F' is an auxiliary scalar field and does not propagate
degrees of freedom).

By analogy with the ordinary field theory case, we propose the following kinetic term

for the real scalar superfield:

o _% / BPxd?0 (Do D). (8.46)

In the above expression, one should remember the convention for spinors 1)? = %z/;"‘wa.
The mass dimension of these objects, to have a dimensionless action in our units, must
be: [¢] = 2 and [¢] = 1, since we kno that [f] = —1. Integrating D by parts in the
expression above, we can rewrite it in an equivalent form,
@ 1 3,. 12 2
Skin = 3 d’x d“0 ®D*®. (8.47)
To obtain the component expression, we can expand each superfield in 0, act with the

derivatives and integrate over the Grassmann coordinates. Alternatively, we can use the

more practical procedure described previously, which we now exhibit:

Sy = % / d*x d*0 ®D*® = % / d*zD? (PD*®) |
_ ;1 / dxD (Dy®D*® + & D, D*®) |
_ % /d% (D*BD?® + D*®D,D*® + &(D?)*D) |
= % /d% (0P + iD*®9,’ Ds® + D*®D*®) |

— % / Pz [¢0¢ + i, s + F?] . (8.48)

5Consistency demands that the mass dimension of d,, appearing in @Q, for example, should equal the
that of 0°9,4. Since [0np] = 1, that implies [0] = —1/2.
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Therefore, the action SP,

describes the dynamics of a free massless real scalar field ¢ and
a free massless Majorana fermion 1. Notice that the field F' is in fact non-propagating,
however it is what allows for the linear representation of supersymmetry transformations
as in (8.39)). It is possible to eliminate the auxiliar field F' through its equation of motion,
however supersymmetry can only be achieved after that if one also imposes the equations
of motion on the other fields, thus realizing on-shell supersymmetry.

The action gives only the kinetic term for the degrees of freedom present in
the scalar multiplet, but the world cannot be described only by free massless fields. How
could we include interactions and mass for these objects? We can achieve part of this by

including a superpotential term in the Lagrangian, that is,

Sp. = / d*x d®0 f(®). (8.49)

Performing the same trick as before:

S = / Prd*0f(®) = / d*xD?f(D)|

1
-1 / #D° D, f(®)|

2

— 5 [ E @@ )D.2) + £(@)D* D3|

_ 1 / BrD* [f'(®) D] |

2
~ [ @l @@.er + r@)0a)|

_ / @ [ (O)F + ()7 (8.50)

Where f(¢) denotes f(®)|, and the same for f'(¢) and f”(¢). The derivatives are
taken with respect to ®. In a renormalizable model, f(®) can be at most quartic. Consid-
1

ering a particular case, f(®) = §m<I>2 + %)@3, one can obtain for the component action,

Sp = /d3:1: {m (V* + oF) + A (wz + %&F)} . (8.51)

Upon using the equations of motion for the auxiliary field, F' + m¢ + %/\csz =0, we
can find the complete action S* = S+ S2, that is:

wmnt?
1 ; 2 A 22
§* = / d* [§¢D¢> 5000, s — o i — SR60 + At gaﬂ . (852)
Looking at the above expression, even if SUSY is not explicit, it manifests itself through

special relations between masses and couplings. Thus, even if we did not know the origin
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of the model, this degeneracy would suggest the existence of some symmetry behind it.
Of course one can generalize the model present above by introducing more superfields,

a different superpotential, or a more complicated kinetic term. We will not consider these

cases here by reasons of scope, but after introducing the gauge superfield, we will study

the situation where these different superfields are minimally coupled.

Vector Multiplet

Another simple SUSY representation is given by the vector multiplet, described by
the real spinor superfield I',(z, 0) = i0° A,p(z) — 20°\,(2), consisting of a massless vector
field Ayp = —(Cy")apA, and a Majorana two-component spinor A* (here we are already
writing I',, in the so-called Wess-Zumino gauge, as will be discussed below). It should
be stressed that, in 2+1 dimensions, a gauge field propagates only 1 physical degree of
freedom, and so does a Majorana spinor. We will only discuss Abelian gauge theories
in this work, and with the purpose of introducing the spinor gauge superfield, we now
consider the gauge symmetry group is U(1).

To introduce the real spinor superfield, let us first introduce the complex scalar super-
field as a doublet of real scalar superfields ®(®*) = &; + iDy(P; — iPy) that transforms

under a constant phase rotation as:

P =,
P = pre (8.53)

One can write the free kinetic term for the complex scalar superfield in total analogy with
the real case, using S = % [d®z d*0 D*®*D,® = [d3z d*0 |D,®|?. Notice that this kinetic
action is naturally invariant under these constant phase transformations described above.

We now extend this idea to a local invariance in superspace, where K is promoted
to a real scalar superfield K(x,0) = w(z) + 0%0,(z) — 6°7(z). Analogously to the usual
case, we need covariantize the spinor derivative D, to include a superfield that will play
the role of a gauge field, transforming in a specific way as to compensate the matter field
transformation. That is, we extend the notion of derivative upon including a spinor gauge

connection as:
D,—+V,=D,—1il,. (8.54)

To be gauge covariant in the usual sense, we need to have the following transformation

property under a local phase transformation with a real scalar superfield K:

' (x,0) = E@ND(1,0) = (V,0) = K@ (V,0). (8.55)
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Thus,
B DL® 4 i(Do K)ed — il Ko = K D, & — il ,® (8.56)
From which we can obtain immediately, since we are considering only the abelian case:
oy =T, —-T, = D,K. (8.57)
The supergauge transformations are thus summarized as

'(z,0) = K@D (2, 0),
I (z,0) =Ty(x,0) + Do K(z,0). (8.58)

We can perform a rescaling I', — el to introduce the coupling constant. The action of
V. will be given as D, Fil',, with - or + as we are acting on ® or ®*, respectively.
Therefore, to write the kinetic term invariant under local phase transformations, we

can perform a minimal coupling by simply substituting D, — V,, and thus writing:

1 *
&%W;:—§/d%d%YW¢Y@@zui/d%ﬂ%|V¢ﬁ (8.59)

The general form of the real spinor superfield ', (x,#) can be written as
Lo(2,0) = Xa(z) + 07 [CopB(z) + iAag(z)] — 67 [20a(z) — 10, xs(2)] . (8.60)

From the above expression, we can find the components by projection as

1 : 1
XQ:FJ,AB:§D%}L<&M:—5D@%$ Mo = 5D°Dals). (8.61)

First of all, we need to understand what is the precise supergauge transformation that
transforms this general I',, in the one presented at the beginning of this subsection. The
Wess-Zumino (WZ) gauge is the choice that explicitly exhibits the physical degrees of
freedom described of this superfield. It is important to keep in mind that this supergauge
choice is not invariant under SUSY transformations.

Performing a supergauge transformation with parameter K = w + 0o — 6%, we have:

I', =Ty + DK
= Xa + 07 [CogB + idag] — 07 200 — 10,7 x4]
+ 0o + 07 [CopT + i045w) — 6% [0 — i0,05] . (8.62)
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That is, if we write 6I'y, = D, K for the second line, we find:
Na =00, O0B=7, 0Aus=0npw, O0Xy=0. (8.63)

From the above expressions, we see that performing a supergauge transformation, we can
perform arbitrary shifts on y and B, that is, we can choose o, and 7 to set them as we
wish. In particular, we can choose 0, = —x, and 7 = —B to set them to zero. The gauge

in which we take y = B = 0 is the WZ gauge, where we have:
T, = 0% A, — 072X, (8.64)

This gauge reveals the physical content of the vector multiplet, and we still have a residual

gauge freedom that allows us to perform a gauge transformation A} ;3 = Asp + Jupw.

Now, we need to give dynamics to the gauge superfield. Usually, this is done by the
Maxwell term, through the field strength, that can be defined using the gauge covariant
derivative, and we need to figure out what is the analogous object here. Let us introduce
the superfield strength W, that will do the job:

1
W, = 5Dﬂparﬁ. (8.65)

A few comments are in order. First, note that W, is gauge-invariant. Indeed, one can
gauge transform I'y — I'y, + DK and remember that DﬁDaDg = 0. Using the last
identity, we can also show that D*W, = 0.

By its very definition, we can obtain the component expansion of the superfield
strength W,,, noting that we can use the WZ gauge for I', to facilitate the computa-

tions since W, is a gauge-invariant object. We obtain:

W = Ao + 0°F5, — i6%9.° X5 (8.66)

Having defined Fag = Fga = —% ((9(1%475 + 857Am) = —(CE")opF = —%EMVP(Cvp)agFW.
Therefore, the super-field-strength (also called sometimes as gaugino superfield) de-
scribes the degrees of freedom of one real vector and one real two-component spinor. We

can define its components by projection as

A

Ao = Wol, Fap = D Ws| = DsgW,]|. (8.67)
It is important to keep in mind the constraint given by the Bianchi identity, D*W, = 0,

and its consequence, D*W,, = id,"Wj.

In possession of this object, we can now build an action that will give rise to the
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supersymmetric dynamics of gauge fields. We propose the following action:
ga — L / d>x d*0 W? (8.68)
kin 22 :
Using the projection technique we obtain,

1 1 1
A 3 2172 3 a2 ayr7B
S,m_2—€2 deW|—2—€2/dx {W D Wa—é(D WP) (DaWs)]| | (8.69)

The first term can be rewritten in components using the property D?W,, = id,/Wj
and the projection A\, = W,|. The second term can be written remembering that Fi,s =
D,Wj|. Therefore, we have for the kinetic gauge action a Maxwell term for the gauge

field and the usual kinetic term for the gaugino:

1 1ooge '
SA — > / d3x [—ZF‘“ﬁFaﬁ + %Aaajxg} (8.70)

kin
Translating the Maxwell term to vector-index notation, we find

FFy = [(5 0 Fu| [ (€597) 5, | = = Tr (97C7109°) BB (871)

o PO

But we know that Tr (X#3F7) = —5 (nPn¥? — nkonP), thus

1
2

o 1 vo o,V v
FFog = o (0707 = 1"0"") B Fpg = F* F, (8.72)

giving us the usual Maxwell term, now with vector indices instead of spinorial ones.
There is room for an extra term in 2+1 dimensions, a gauge-invariant mass term that
will give rise to the famous Chern-Simons term. In fact, with I'* and W, in hands, we

can write:
A 1 3 2 1 o
SM = 6_2 d’x d°0 §/JJF Wa (873)

Performing a gauge transformation I'*W,, — I'*W,+(D*K)W,. Integrating D by parts,
we can use D*W, = 0 and see that S ;:‘ is gauge-invariant up to a total spinor derivative.

After using the projection technique and the WZ gauge, one obtains:

Iz i o £
sS4 = i /d% [ABAB — 54 P Fos (8.74)

I

The second term is the Chern-Simons, giving a gauge-invariant mass for the gauge field.
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Let us write the Chern-Simons term in the usual form. We can rewrite,

A9 Fy = (107 4] [~ (€S0, By| = = Tr (yrCICT) ALF,,  (8.75)

But from Tr (y#X"7) = —ie"?, we have
' - 1
—%AaﬁFaﬁ = SPALE,, = 0 A0, 4, (8.76)

Therefore, the Chern-Simons term takes the expected form £ O pue*”?A,0,A,.

Matter 4+ Gauge

In this subsection, we explore the minimal coupling in a supersymmetric scenario.
The action for a complex scalar superfield ® minimally coupled to the real spinor gauge

superfield I',, is given by

P o 1 3 2 o F*
st = —§/d vd20 (Vo0*) (V)
_ _% / &x D?[(D* +iT®) ] (Do — iT) @] (8.77)

To obtain the component Lagrangian, we can simply expand all the terms above, or
we can proceed by projection. However, there is a more efficient procedure that we
can perform here, the so-called covariant projection. The components defined by the
covariant projection are physically equivalent to the ordinary ones, only differing by a
gauge dependent field redefinition. Nonetheless, they provide an equally valid description
of the theory.

Defining the components by covariant projection means to assign:
¢=®|, ,=V,0|, F=V3|. (8.78)

Also, when acting on a gauge invariant quantity, we are allowed to write

/d3xd20:/d3xD2|:/d3xV2|. (8.79)

As before, we can integrate by parts the covariant derivative to write the action in a

different form:

gauge

S ige = / Pz d*0 [@*V>D] (8.80)
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Using the Leibnitz rule for the gauge covariant derivative, we obtain:
1
V2 [0 V2] = §vﬂ (V50 V2P 4 &*V V0]
1
=3 [VIV30 V20 — V@ VIV2P 4 VIO V3 V20 + &* VIV, V0]

= [V2*'V?® + V/O*'V; V2P + ©*V°V29] . (8.81)
There are important properties satisfied by the gauge covariant derivative, given by,

Vo V? =iV Vs +iW,,

ViV, = —iV 'V, - 2iW,,

(V?)? =0 —iwev,. (8.82)
where O = VPV 5 is the covariant d’Alembertian, also defining V5 = 0,5 — il'ss, with
Los = —£D(I's). Note, for example, that Vas| = —(Cy*)ap(9, — i4,).

The first term is immediate, since F' = V?®|. From the second term, we have:
VeV, V20| = V0" (iV V5d + i, D) |
= —iVeO*'V, s VI + (VD" )W, D
= VoD 0,5VID + %va@*(D(arﬁ))v% (VD) W, D)
= i(")*0 s + (W) ALY +i(17) " Nad (8.83)

Since by projection, we have ¢* = V*®|, 2iAd,3 = D g |, A* = W*|,¢ = ®|. Finally,

from the last term we can obtain:

P*VAVED| = * 0P — id* WV, 9|

_ %cp* (VoY) D] — ™A%
= %gb* (07 — i A") (Oap — 1Aap) @ — i* APy (8.84)

Therefore, putting all together, we can write the action in components as:
1 * Ty . *\ Qv - *\ o RN *
S e = /d% [§¢ D’ Do 4 i(p*)*D abg 4 i(*) Nadp — i* Nt + F*F |, (8.85)

where we defined the usual gauge covariant derivative as Dyg = Oap—iAas = —(CY")ap Dy
Notice that this gives us the kinetic term for the scalar and fermion fields, minimally cou-
pled with the gauge field, plus an Yukawa-like term . A more complete picture can be given
by the sum of all the actions discussed here, paying attention to adopt a superpotential

that is invariant under gauge transformations.
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The scalar kinetic term can be rewritten using vector indices. Indeed, using Tr (y#4") =

—2n* we have
D Dy = (y°C)* (=Cy*) 4, DDy = = Tx (v*9") DDy, = 2D"D,,.  (8.86)

To restore the coupling constant, remember that we need to rescale I', — el',, what can

be equivalently done by rescaling its components A,s — €A, A\ — €\q. Therefore,

gauge

ST / P 20 VoDV D] = / & d20 [0°20)]

_ / Px [¢* D" Dyt + i (%) D P bg + ie(1*) Aot — ied™ Ao + F*F] . (8.87)

8.3 The N =2 model

The supersymmetric technology developed so far is not new and is based on [145]. The
point is that we now have all the necessary ingredients to answer the question we previ-
ously posed. Is the our self-dual model the bosonic sector of an N/ = 2 supersymmetric
theory? The answer is yes and we shall show how to construct the full theory.

As was pointed out earlier, by writing the action as an integral in full superspace of
a scalar superfield, the theory is automatically invariant under A/ = 1 supersymmetry.

Therefore, we begin the construction from

5= / PBrd?0 L(x,0), (8.88)
such that the lagrangian above contains:
1

1
1 1
— VIRV, — SVORL VO + g@A)awg 4 f(®,,®_,S,R).  (8.89)

1 1

L(z,0) = ~(WHYW4), + %l(W“)O‘(W“)a — ;D"SDaS = 7D*RDaR

Where VEP, = (Da — el F igFg) O, and f(P,,P_, S, R) is an arbitrary superpo-

tential, for now. The superfields are defined as:
Dy = g +0%(¢s)a — O Fy (8.90)
It =i A — 20°A, (WZ) (8.91)
I =i0a,5 — 20°X\, (WZ) (8.92)
S = N+ 0%, — 6*°G (8.93)
R=M+6°¢, —0*H (8.94)

Or, using projections:
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01 =Ou|, (Vi) =VaPi|, Fp=V>d.| (8.95)
N =5|, & =D.S|, G=DS| (8.96)
M =R|, (,=D.R|, H= D*R)| (8.97)
_ i oA _ls pa
Anp = —§D(army, Ay = 5D D, T'5| (8.98)
i 1
_ a _ B a
o = —§D(arﬁ)|, Ao = 5D D,T'%] (8.99)

The fermions A%, A%, £“ and (¢ are Majorana. As for the super field-strengths:
1

WA = §D5DQFA = Ay +0°F, 5 — 020 A4 (8.100)
1 .

W = 5Dﬁparg = X + 0% fop — 020 N5 (8.101)

Ao =W2|, Fus=D,W;| = DsWZ (8.102)

Xa = W2, fap = DaWi| = DsWe| (8.103)

And the analogues of (8.82)) in this case are (considering e = +):

(V) (V)ag] = —3eWj' — e3gW5, (8.104)

(V)2 (VE)ﬁ + (V)p(V)? = —ieWj' — eigWy, (8.105)
( Vp(VINV)? = ieWs + eigW§, (8.106)
(V)s(V)? =i(V) 5" (V)a + ieWs' + eigW (8.107)

(V)2(V)s = —i(V) (V) — 2ieW5 — e2igW§ (8.108)

Considering our discussion in the last subsection, the choice of terms in (8.89)) should

now be clear. They are necessary to reproduce the correct kinetic termsﬁ

1 L1 } , 1 1
L5 = TEWF™ = L+ e 4,00, 5 (O,N) = 5 (0,M1)°

— (0, —ieA, — iga#)¢+]2 — (0, —ieA, + igaﬂ)¢,|2

Before proceeding, let us now try to understand the action of parity on superspace. In

2+1 dimensions, the matrix P acting as parity in spinor space must satisfy P‘W“PPZ =

—~* and we have set P = —iy!. We shall now impose that the grassmann coordinate
of superspace transforms as 6 LooP = —i7'0; making the indices explicit (0F)* =
—i(7")?0°. Let’s work out some consequences of this. For example, that (#)> = —6°.

SUp to the modification of the metric which now is 7,, = diag(— + +) and the sign of the gauge
couplings appearing inside the covariant derivative, however it is clear that (6.1)) and (8.89) are physically
equivalent, as far as the kinetic terms are concerned.
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The reason why we care about this is that, as a consequence [ d?6 = §° L. [ d?6.
That is to say, the fermionic integration measure of superspace is parity-odd. Therefore,
in order to construct a parity-even action we need £(x,6) L —L(x,0). With this in mind
and also to obtain the correct parity transformations of the familiar fields ¢4, M, N, A,

and a, we set:

o, - -, S—S5 R—-R (8.109)
Together with:
r* 4oiyird, e D e (8.110)
These sets of transformations imply:
(¢ =—pr, L =iz

Af = PZAV, af =—-PLa,

NP =N, MP =—-M

XP = —iy1X, YP=iyly
\ X = {A7€}7 Y = {)‘76}

We also expect the Abelian group U(1) 4 xU(1), to be a gauge symmetry of our theory,

and here we implement it in a supersymmetric way via:

(I);: = €iK(D:|:, (I)/i = eiiL(IDi, 111
o4 =1pD.K. or% = 1D,L. (8.111)

e

Throughout this section we are using this symmetry to fix the Wess-Zumino gauge.

After which, the only remaining gauge symmetry is, taking their combined effect:

(¢, = i@

+ +-

U, = ei(p(x)iﬁ(w))wi_
(8.112)
6Au = laup(l') )

e

da, =10,&(x).

\ g

The super-action constructed from (8.89) is invariant under parity and gauge trans-
formations (after fixing WZ gauge) and generates the desired kinetic terms; it was con-

structed to be so. The only remaining piece of the puzzle is the superpotential, f(®,,P_, S, R),
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which we demand to satisfy the same symmetries. Not only that, but we also require
N = 2 Supersymmetry, here implemented as the following set of transformation with a

constant Majorana fermion parameter 7:

6O, = £V, oy, T4 =—-21,8, oI%=—-2,R, 6S=n"W2 6R=n"W
(8.113)

These transformations were obtained in analogy with [50, 51]|Z| and their are originated
from a known method of obtaining N’ =2 SUSY in 3 D from N'=1 SUSY in 4 D [52].

These transformations are sufficient to determine the potential:
f(®4,®_,S,R) = uSR — @19, (eS + gR) + ®* &_(eS — gR) + 2gv°R. (8.114)
Hence, the N = 2 supersymmetric parity-invariant Maxwell-Chern-Simons model is:
3,72 1 Ao A 1 a\« a 1 a 1 a
S = | d’zd°6 Z(W )XW )“+Z(W) (W )Q—ZD SDQS—ZD RD,R
1 a g 1 a gk K Avatrra
— §V IV, P, — iv "V, P_ + §(F )W
+uSR — &5 @y (eS + gR) + ©* D_(eS — gR) + 2gv° R} (8.115)

Now, making extensive use of the projection technique we can obtain it in terms of
the component ﬁeldsﬁ

1 1 1 1
S = /d?’x{ — ZFWF‘“’ - waf“” + pe?A,0,a, + §NDN + EMEIM

+ ¢ D" Dy + ¢ D' Dyg— — ¢ 61 (eN + gM)* — ¢" ¢_(eN — gM)?
1 1
=5 [ellos P = 16-1) = M) = 5 [9(164 " + |o- —20%) = uNT’
FEAD Ay + N0 N A N LE0, 065 L0702+ i
+i(Y5) D (W4 )5 + (1) Dy (¥-)s
+ (7)Y (eAa + gha) o4 — 107 (eA” 4+ gAY) (Y )a
( ) (eAq — gha) O— — i~ (eAa - g/\a> <¢—)a
— [or (i)™ + ¢+(¢+>a] (o + 9Ca) + [O- (V)™ + 6" ()] (e — 9Ca)

) (s )aleN + M) + () (1) (e — gM>}. (8.116)

The first three lines correspond to the parity-preserving Maxwell-Chern-Simons self-

"In our case, ensuring that these transformations are consistent with parity transformations.
8 After eliminating the auxiliary fields F., G, and H using their equations of motion.
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dual model, while the remaining has been given to us by supersymmetry. We shall have
more to say about the fermionic sector later.

Let us rewrite the above action using the more familiar Dirac notation. Remember that
we are working in the Majorana representation of the gamma matrices, which implies,
as a consequence, that ¢ = ¢* for any spinor 1. Also remembering our definition of

charge-conjugate spinor:

Y= —C7Y & (1°) = 0P,y = () (8.117)

We now take the indices of the Dirac conjugate to be raised and lowered as usual, that
is to say, 1" = C’O‘BEB and ¢, = E’BCBQ. Finally, we also need to consider ¢} = (¢,)* =
(VPCsa)* = —(¢*)PChq, which means to say that, because the matrix C' is imaginary,
the complex conjugate spinor gains a sign when lowering its index. All this leads to the

following identifications:
(") = Ea, v = —Ea, for complex Dirac spinors

T

L for Majorana spinors (8.118)

Recalling the fact that, for Majorana spinors in our definitions (¢)*)* = ¢* while

Y = —1,. One last step is to define the fermionic bilinears:

X = VX"
VYx = 9o (1")%X°

All this allows us to write:

S = / d%{ - iF‘“’FW - i T* f + ue"? A, 0,a, + %NDN - %MDM
+ ¢ D" Dy + ¢° DFDud — ¢ (eN + gM)? — 66 (eN — gM)?
= S [e0104 = 16-P) — aM]* = 5 [g164 P + o — 20%) — V)’
+ SRIA+ TN — uBA 4 € + LTHC — G
+ih Py +ip P
— by (eA+ g\) pr +ih (eA+ gX\) ¥y —ith_ (eA — g\) o +ip” (eA — g)) -
+ 0, (€€ +9C) o + ¢ (e€ 4 gC) vy — P (e€ = gQ) p— — @~ (e€ — gC) ¥

+ 1,y (eN + gM) —p_1_(eN — gM)}. (8.119)

Where X =X, as usual. Now defining
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we can state our final result, after some partial integrations,

Q

1 1 1 1
S = / d%{ — SFMEy = 1+ i A0, = S (9N = S (0,M)°

— | (8u - ieAu - igau) §b—f—|2 - | (au - ieAu + igau) ¢—|2

(6 P(eN + gM)? — 6 P(eN — gM)* — 2 [e(l6. ~o-7) -

— 5 9016, + 16 = 2%) — uV?

+iQdIQ + iAJA — 1 (QA + AQ)

+ith A" (0, — ieA, —iga,) b +i_ (0, —ieA, + iga,) Y
— V20, (eQ+gA) ¢y + V247 (eQ+ gA) by

— V2 (e — gA°) p_ + i 20" (eQc — gA°) p_

+ i (eN +gM) —¢_tp_(eN — gM)}-

(8.120)

M|

(8.121)

We have thus demonstrated, by construction, that the self-dual model corresponds to

the bosonic sector of an NV = 2 supersymmetric model [

In terms of the component fields, the original supersymmetry transformation 60X =

—i€*QoX (X being any superfield) and the second set supersymmetry of transformations

(8.113]) can be expressed as:

dpr =€y dpr = Fimhs
Sy = —iy"D,pre+ eFy 0y = EVD,prn FinFy
SN =¢ SN = —7A
8¢ = —iy*d,Ne + G 66 = —Lte"PFLm
M =¥ oM = -7\
6¢C = —iytd,Me+ cH 0C = =5 fuom
SAF = jeyrA oAr =g
6N = —Le"PF e N =iy*9,Nn—nG
dat =iyt dat  =amytC
| 0N = e e | 6N =iy, — i

9The correspondence can be made exact by taking e, g, N, M — —e, —g, —N, —M, but, as it was said,

they’re physically the same theory.

112



Where G = [e(|¢ |2 — [6:]2) — uM], H = [g(|¢ |2 + [6:]2 — 202) — puN], and F =
+(eN + gM)op.

We can use the two Majorana spinor parameters ¢ and 7 to define a single complex
Dirac spinor parameter 9 = € + i7, also implying ¥ = € — i , ¥¢ = € — in and U¢ = € + 7,

in terms of which we can express the transformations as:

( opy = EQM
dp_ =vaY_
0y = =il +9%(eN + gM)p,
- = —ilDp ¢ —9(eN — gM)p_
IAF = \/Li (04Q — Qy9)
dat = \/Li (DA — Ayr)
N = —\/% (90 — Q)
oM = _\/Lﬁ (9A — AY)
60 = F {1 Furp + IN +ilellos | — lp-[?) — uM)]} 9
[ 08 = L {52 fuurp + IM +i[gllp1 P + - | — 20%) — uN)]} 0

Finally, considering the newly defined {2 and A, the parity transformations are now

summarized to be:

0y = —ps, i =—iy'Pz
P _ pv P __ v
AM = PMAV, a, = —Pa,
NP =N, MP = —-M
OF = —iytX, AP =iyly

And we just complement it with the parity transformation of the Dirac parameter of
N =2 SUSY transformations 9 = —iy've.

As said previously, this method of derivation was inspired by references [50, 51].
Although successful, it suffers from the same minor drawback as the bosonic self-dual
Maxwell-Chern-Simons model, being the adhoc introduction of fields. In the self-dual
case, the introduction of N and M is necessary to obtain self-duality equations and a Bo-
gomol’nyi bound, while in the supersymmetric scenario, the introduction of the superfields
S and R is fundamental to achieve N'= 2 SUSY through (8.113).

Now, inspired by the work [49], we are going to derive the same model from a more
elegant approach, via manifest N’ = 2 supersymmetry in a N/ = 2 superspace formalism.
The subject of superspace for extended supersymmetry is a very intricate and delicate one,
however our task is greatly facilitated by the almost direct relationship of A/ = 1 SUSY
in 4 dimensions and N = 2 SUSY in 3 dimensions, so that the superspace formalism of

the former can be almost directly translated to the latter.
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8.4 N =2 Supersymmetry in 241 dimensions

As stated in section [8.1], the Haag-Lopusanski-Sohnius theorem, here considered in

2+1 dimensions, allows for the following extension of the Poincaré algebra:

{QL, Q)Y = —2P.36" + Aeqp,  [QL. Psy] =0, [QL. ATF] =0. (8.122)
with I, J =1,2,....\.

In the above expression, we have A’/ = —A7! and these objects are called central charges.
They were not discussed so far, because they were not relevant for our previous derivation,
but, in fact, the above form is now the most general extension of the Poincaré algebra, in
the context of the Coleman-Mandula and Haag-Lopusanski-Sohnius theorems.

The set of transformations which mix the supercharges QIO{ = RL,Q7 but leaves the
Susy algebra invariant forms a group, the so-called R-symmetry group. In 2+1 dimensions,
this is given by SO(N) (in contrast, the 3+1 dimensional analog would be SU(N)). It
is interesting to note at this point that for N' = 2 in 2+1 dimensions, the R-symmetry
group is SO(2) ~ U(1), giving the same result as the case N/ = 1 in 341 dimensions.

In the particular case in which N = 2, since any antisymmetric object with two indices
can be written using the invariant tensor ¢!/ = —€’!, we can write A’/ = iTe!’. In the
following, we will narrow our scope, and discuss the construction of N' = 2 extended

superspace in detail.

8.4.1 N =2 Superspace

The main idea here is to construct an N' = 2 version of superspace, to accomplish
in extended supersymmetry what we have already achieved in simple SUSY, that is, to
have a formalism that allow us to construct in a simple way an N = 2 supersymmetric
invariant action, namely, by writing the integral in full superspace of a scalar function of
superfields and their covariant derivatives, since their SUSY variation integrated in full
superspace will be a total derivative that can be safely ignored inside the action.

The extended superspace idea basically consists in associating Grassmann variables
0% with each Supersymmetry generator 1 in such a way that a SUSY transformation
generated by the supercharges Q! can be seen as a translation in the superspace, this
understood as the extended set of coordinates (z#,6¢). In 2+1 dimensions, considering
N =1, we have only one supercharge Q“ (a two-components Majorana spinor), and thus
we need only to add a two-component real spinorial coordinate 6. In the case N = 2,
there are two supercharges Q! and @2, and thus we need to add 2 two-component real
spinors 0 e 6%, obtaining 4 Grassmanian coordinates. This is very similar to what
occurs in N' = 1 SUSY in 3+1 dimensions, where we grade the Poincaré algebra by

introducing a pair of supercharges that are two-component complex spinors (Q, and Q%),
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that transforms under Lorentz according with the (1/2,0) and (0,1/2) representations,
respectively. Thus, we need introduce there 2 pair of Grassman coordinates that are two-
component complex spinors (6, and #) and transforms under Lorentz in a way analogous
to their respective supercharge, in a total of 4 Grassman coordinates as before. However,
notice that in the 3+1 dimensional case the dotted and undotted indices are different in
nature, and in the 241 dimensional case, as the relevant group is SL (2, R) admitting only
the fundamental real representation, these indices are of the same nature, and therefore
can be contracted.

The SUSY algebra can be realized by representing its generators as differential oper-

ators acting on functions of superspace, the superfields ®,5.(x,0), as:
QL =i (0, —i0"05.), Pag = —i0up. (8.123)
It is possible to define the SUSY covariant derivatives here by

DI = 9! 10703, (8.124)

These derivatives will commute (in the graded sense) with the SUSY generators (i.e.,
{D!.Q}} = [DL,Ps,] = 0) and satisfy an algebra similar to the one satisfied by the
supercharges (that is, they satisfy {DL, D]} = 2i0,36"7 and also [Dl,0,] = 0).

Let us rewrite the N’ = 2 superspace coordinates in a such a way that we can take
advantage of the similarity between this space and the 3+1 dimensional N' = 1 superspace,
in order to facilitate future developments.

Define complex anti-commuting coordinates as
0 = 0% —iby, 0% =0y +i05, (8.125)

Note here that, while (0*)* = 6%, 6% = —0, due to our definition of C,s and also
defining 0,, = #°Cj,. Barred objects are to be understood only in the sense just defined
and not to be confused with Dirac conjugate 1) = ¥T7°. Only at the very end, we shall

provide the relationship between them. The fermionic derivatives are defined as

1 ‘ = 1 .
Ou = 5 (O +i0P)), On= 5 (0 — o), (8.126)
in such a way that the following properties hold
0,0° =062, 0,0° =0, 0.,0° =6, 0.,0°=0. (8.127)

Therefore, the different coordinates and derivatives behave as expected.
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Let us define the supercharges in this framework as

Qo == QY +iQP), Qu=z(QV —iQ®). (8.128)

1
2

N —

Adopting a similar definition for the covariant derivatives, we can immediately find
]. ._6 — = 1 . IB
D, =0, + 526 O8a, Do =04+ 5@9 Jsa- (8.129)
The definitions made above are done in such a way that the SUSY algebra reads

{Qaa Qﬂ} = _Paﬁﬂ {Qa; Qﬁ} = {Qaa Qﬁ} =0. (8130)

and that the covariant derivatives satisfy

(Do, D} = i0us, {Da.Ds} = {Dy, Ds} = 0. (8.131)

The structure built above bears a close resemblance with the N = 1 SUSY algebra in
3+1 dimensions. Of course, here we don’t have dotted and undotted indices, because the
relevant group here is SL (2, R) that does not admit an anti-fundamental representation
inequivalent to the fundamental one, as the case in the 341 dimensional case where the
relevant group is SL (2,C), as it was already highlighted above. Interestingly, here we
can write contractions as 6%0,, what is not allowed in 341 dimensions, because upon
contracting dotted and undotted objects, we would not obtain an object invariant under
SL(2,C), therefore also not Lorentz invariant.

One can define the superspace integrals

_ 1 _
/d49 — /d20d20, /d29: §/d6’“d0a, /d20

These integrals act like derivatives, as is usual with Grassman integrals, and the usual pro-
jection trick can be applied, for instance: [d?6... = D?...|y_s_o and [d?0... = D?...|y_s_,.

% / do“do, (8.132)

8.4.2 N = 2 Superfields

The simplest superfields that we need to build in A/ = 2 SUSY invariant theories in
2+1 dimensions (corresponding to N' = 2 SUSY irreps), are the complex chiral superfield
®(x,0,0) and the real scalar superfield V (z, 6, ), representing the ' = 2 scalar and gauge

supermultiplets, respectively.
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Chiral Superfield

Let us define the chiral scalar superfield by the SUSY covariant condition
D,®(z,6,0) =0 (8.133)
In order to solve this constraint, we introduce the chiral variables x, r defined by
W = L (0 ) = (00 1 0%0°) (8.134)

A superfield that depends only on the chiral superspace ® = ®(z, ) will automatically

solve the chiral constraint, thus obtaining a chiral scalar superfield. In fact, one can find

_ ory _ i 5oL
0.P(zp,0) = W@x?@ + 0,0 = —50 8a5, (8.135)
and also
oz’ o .

g = = 9L, 8.136

thus one find at the end
_ = ) 7 7
D,® = 0, + -0°0,5P = —=0°0L,® + —0°9L, & = 0. 1

The superfield ® = ®(z,0) automatically solves the chiral constraint D,® = 0, and
analogously the superfield ® = ®(xp, f) satisfies the anti-chiral constraint D,® = 0. To
avoid any risk of confusion, we remark that although the chiral superfield ®(z,6) does
not have explicit dependence on 6, it has an implicit one on it through z.

Performing a Taylor expansion on the Grassman variable 6, we obtain
D(zr,0) = ¢p(xr) + 0*¢a(2r) — > F(zy). (8.138)

Therefore, the chiral superfield carry information of 1 complex scalar ¢, 1 two-component
complex fermion ¢ and 1 complex auxiliary scalar F, giving us a total of 2 bosonic and
2 fermionic degrees of freedom on-shell. This superfield represents the N = 2 scalar
supermultiplet, where matter will sit in our theories.

From the perspective of N' =1 SUSY representations, the scalar multiplet (superspin
0) is formed by 1 real scalar and 1 two-component real fermion, giving us 1 bosonic and
1 fermionic degrees of freedom on-shell. Thus, one can see that the degrees of freedom of
an N = 2 scalar multiplet is equivalent to the d.o.f. of two N = 1 real scalar multiplets.

The free action associated with the chiral scalar superfield can be found in analogy
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with the A =1 case in 3+1 dimensions, and by dimensional analysis is given by

free

Spealar / dxd*) ©P (8.139)

Let us expand the above expression in components. We will consider ;E‘ZB = 2P 5P,
where we defined §2%° = % (9"‘9—5 + Qﬁéa) and then expand ®(zp) around x, that is,
®(z + 6x) = O(x) + 02°°0,5P + £02*P627°0,30,5P, thus

. ) ) 1 ) ) ) )
®=¢+0y—60°F+ i (0°6° + 0°0%) O (¢ + O1) — = (0°6° + 0°0°) (676° + 0°07) DnpDysp
L - -
— 6+ 0 — 02F + %eaeﬁaaﬁqb - %929%&% + %606, (8.140)
In the same way, we can write
g _ _ - 1 _ _ _ _ _
®=¢+0)—0F - ;1 (0°6° + 0°0%) g (& + OU) — 5 (0°0° + 6°6) (076° + 0°07) Da30s50
R S g I R
— 400 — °F — %eaeﬁaaﬁqs - %0%“3&% + 10%6°0¢ (8.141)

In is instructive to observe how ® = ®* by noting for example that (61))* = (0%, )* =

VO = 0% (—1p*) = B, consistently with our previous definitions.

In the action, we have an integral over the full superspace, therefore the only possible

contributions will come from 6262. This includes,
1 . o
S5 / dBd'0 [Zeaeﬁmeé D056 056 + 020 F F
. %ew 0°0° 0,5 0 + %é& 0°0° 0,5 9¢] (8.142)

The part with F give us immediately F'F after integration. The part with fermions is as

follows:
i - 37 o Yaaps (peg )
A= =5006%0° 0ap 000 = +50°0” (670%) 2Oastly
= _%eaexéﬁéywxaaﬁzzy - _%CamCﬁyé292wwaaﬁ7J}y
=+ 067470,y (8143)
Thus, the fermionic part will give us [d*0(A+...) = +%¢aaaﬂ&ﬁ + %@Eaaaﬁwﬁ' For the
scalar part we have 0%0°0,50 070°0.5¢ = —02020,560°*$, but we know that 0,500°*¢ =

(7“0_1)aﬁ (=CY) ga 0,00, = — Tr(y*4*)0,00,¢ = 20,60*$. Therefore, we have from

this term a contribution —%augb@“@.
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We also have from the scalar contribution:
190 (7 " 4202 1, -
B = ZQ 0 (nggb + ngqu) = 60 —§8ugb8"¢ . (8.144)

Therefore, putting all together, we find that the free action for the chiral superfield in

components is given by
e = / &’z [—3“953;@ +itha (1) 0ut” + FF} : (8.145)

In order to introduce interactions, we can add an integral in the half-superspace of
a function that only depends on ® (in this case we say that it is holomorphic), together

with its hermitian conjugate. This function W (®) is usually called a superpotential.
Sint = / d*x d*0 W(®) + h.c. (8.146)

Joining this two pieces, we obtain an interacting theory in 2+1 dimensions for the N/ = 2
scalar supermultiplet. In the following we will introduce the superfield representing the
gauge supermultiplet, and then we will be able to study also the interaction between

gauge and matter.

Gauge Superfield

The N = 2 gauge supermultiplet is formed by 1 real scalar, 1 two-component complex
fermion and 1 gauge field. On-shell, this gives us 2 bosonic and 2 fermionic degrees of
freedom.

Let us define the real scalar superfield V (z, 0, 6) representing this A" = 2 SUSY irrep,
defined as a real superfield without any other constraint. In principle, this superfield
would have 16 degrees of freedom, but after imposing gauge transformations, some will

be eliminated. The unconstrained real scalar superfield can be written aqd '}
V =C+0x+0x+i0°M —i0*M + 04"0A,, + 000
v : ) , ) 1
+ 020 ()\a . %ajxﬁ) + 020 <>\a - %aj;zﬁ) + 0202 <D + 150) (8.147)

The above choice of components was only done to simplify what comes next, but without

loss of generality. Let us define the following Abelian supergauge transformation:

V=V +4+i(A-A), (8.148)

10As in N = 1 superspace: 62 = 16%0,,6% = 16*0,. While 00 = 60, and 6+"0 = 9a(7“)aﬁéﬁ.

119



where A = (¢,1), F) is a chiral scalar superfield, such that we have the real superfield

(0°0° + 0°0°) Op (¢ + §)

| =

i(A=A) =i (6= @) +i (00— 00) —i (6°F — 6°F) —

+ %0%“%%6 — %(529%&%5 + %92525 (0 —¢

~—

(8.149)
Thus, performing the supergauge transformation described above, we find

C—C+i(p—9),

X — X + i,

M — M —F,

A=A,

D — D, (8.150)

Notice that we have A and D invariants under such transformation, thanks to the conve-
nient parametrization that we have adopted for the real superfield. Looking at the above
transformations, it is easy to see that we can conveniently choose the chiral superfield
components in such a way that we eliminate C', y and M. This is a supergauge choice
called Wess-Zumino (WZ) gauge. In fact, we must choose Im(¢) = C/2, ¢ = ix and
F = M. There is still freedom to choose Re(¢), and this freedom is associated with the

U(1) gauge symmetry. In the gauge sector, we have the following transformation:
_ _ 1 _ _ _
070, — 0704, — 5 (0°60° + 0°0%) Oog (6 + @) (8.151)

Notice that 07“9_14“ =0, (’y“)aﬂ 9_514“ = QQAaﬁéﬁ = —0*A,50°. Thus, the above transfor-
mation can be written as: —0*A,560° — —0*A,560° — 1 (0%6° + 6°0*) D.5Re(¢), giving us

precisely the transformation of an Abelian gauge field, that is,
Aup — Aap + Oapw, where w = Re(¢) (8.152)
Adopting the WZ supergauge described above, we can write the real scalar superfield as:
Vavz (2,0,0) = 0%0q 0(z) — 0°0° Aug + 020 Mo () + 020* \o(2) + 6°0° D(z).  (8.153)

In the above expression, we have 2 bosonic and 2 fermionic degrees of freedom on-shell,
since D is only an auxiliary field. Therefore, the WZ gauge allows us to see the physical
degrees of freedom of the N' = 2 gauge supermultiplet represented here by the N = 2 real
scalar superfield V (ZL‘, 6, é).

From the point of view of ' = 1 representations, the gauge supermultiplet (superspin

1/2), formed by 1 gauge boson A,s, 1 two-component complex fermion A\, and 1 real
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scalar o, can be seen as an N' = 1 gauge multiplet (containing 1 gauge boson and 1
two-component real fermion) together with an N' = 1 scalar multiplet (containing 1
real scalar and 1 two-component real fermion). We can also understand the ' = 2 gauge
supermultiplet in 3 dimensions as the dimensional reduction of the A' = 1 gauge multipiet
in 4 dimensions, where the real scalar ¢ plays the role of the As component of the gauge
field.

In the WZ gauge, there is a huge simplification. In fact, we can find

Vivz = (00) (00) 0® + 6°0°070° Aapg Ars — 2 (00) 6°0° Aopo
= —20°0°0" — 0°0* Ao A*° + 20°0°0 A
= —20%0°0° — 20707 A, A", (8.154)

because we have A“PA,; = (yrC—1)*’ (=CV")gq ApAy = =Tr (") ALA, = 24, A,
and also A’Bﬁ = (’y“)ﬂﬁ A, =tr(y*)A, = 0. Furthermore, we see that Vj},,, = 0 for any n >
2. Therefore, in the WZ gauge, we can expand the exponential as ¥ = 1+ Vi + %VV%,Z,

which will be useful when considering the gauge interaction with matter.

e Maxwell

Now, we need to understand what is the action describing the dynamics of this real
scalar superfield V(z,6,0). The Super-Maxwell action can be written in two different
ways, using the scalar field strength ¥ = D (e_VDa eV) or the spinorial field strength
W, = D? (e*VDa ev), the latter being closer to the 4d N' = 1 case, as follows

free 4 62

1 1
geauge _ __~ /d3513d49 $2 _4_62 /d?’xdze Wew,,. (8.155)

In the Abelian case, since the real scalar objects do commute, we can simply write:
¥ = D*D,V and W, = D?D,V. To see that both options give the same result, we need
only to verify that we have [d*0¥* = D?%? = WW,,, but this is not hard to check, if
we are careful with the Leibniz rule and remember that ®? = —C*%9)? and also that
three or more D gives automatically zero. Let us focus a bit on the latter action. First of
all, we see that D®W, = 0, and thus the spinor field strength is a chiral superfield, since
D*D? = 0, following from {D, D} = 0. Second, W, is a gauge-invariant object. In fact,
using DA = DA =0,

Wo = Wi = D*Da [V +i (A= 8)] = W+ 5D°DDoA
1~ _
=W, — 5Dﬁ{Dﬁ, Do YA = W,,. (8.156)

Therefore, any action constructed using W, will be gauge-invariant. What are the com-

ponents of W, and X7 As we have already said, in the Abelian case, we can write

121



W, = D? (e‘vDa eV) = D?D,V, and since this object is gauge-invariant, we can use the

expression in the WZ gauge. Thus, we need to compute

DoV = 000 — 0P Aus + 0.0° N5 + 02Xg + 0,6°D — %é?eﬁaaﬁo + %6?2950&%55 + %é?e?afxﬁ
(8.157)

DyDV = Cra0 — Aay — Oadg + Ou)e — 0u0,D — %éxeﬁaaﬁa + %éxefsajAw + %éxezaa%

+ 500a0y0 = 50°0° Dy Ans + 5007 Oras + 50°0" O Do + 500200 D

1~ 1,
+ 10292@%50 — 19292@?0&‘31‘1@ (8.158)

From the above expression, we can compute ¥ = DD,V = C** (DxDaV) and find
Y = —20 + OX + 0\ + 00D + %926‘*8&% + %é2eaajAB
(AN, 1 .-
- 5070 (0.7 Ay + 0.0 Aga) + 5929250 (8.159)
From the above expression, one can find

/ d*0¥? = —2000 — 2D? —iX“9,PNg — iN“D P Ns + FVE,,

Remembering the definition F,, = —3 (0,7 Agy + 0.7 Ag,). But this last part, as we
already saw, can be written as FO‘V}?’M = F"F,, with F,, = 0,A, — 0,A,.
Putting all together, we obtain

1 1 1 1 - 1
Maxwell __ 3 4 2 3 v a B 2
Syeg e = —@/d rd 0¥ = ?/d x [_4_1 L +§UDU+§)\Q8/3}\ +§D
(8.160)
Therefore, we have obtained precisely what was expected for the free action with the
degrees of freedom described by the NV = 2 gauge supermultiplet.

After some computation, one can also find W, = D*D,V:

W = —Aa — 0aD + i0° 950 — %macfAm - %mafAﬁa — 620, %5 — %eﬂféyamyxa
- . 1, . 1,
+ %9295%1} — 500200 + 007040 — 16°070,50,5A" — J6°F°00, (8.161)

It would be instructive rewrite the super-Maxwell action now using the field strength W,,.

In principle, one can write W,, = W, (x,0) using chiral coordinates since it is a chiral
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superfield. In fact, W, can be written as:
Wo (21,0) = =Ao — 0o D + 0% 0,50 + 107 F,, — i6%9,° X5 (8.162)

Where it is understood that the components are functions of xy, and the full expression

can naturally be obtained by expanding around x to extract the 8 dependence. Thus,
Wew, = <2¢Aaajxﬁ 4 2D? — 95000 — FOPE,, — 2aaﬁaﬁa5) 0 (8.163)
Remember that [d?0 6% = —1. The last term gives us
0P F,, = (fy“C*l)aﬁ 0,0 (=CX") s Fp = =Tr (¥/'X7) 00 F,
But since Tr (y#¥?) = —ie’?, we have 0°%0 f,5 = ie"?0,0F,, = 0,(ie"*cF,,) —
ioce"P9,F,,, giving only a total derivative, because of Bianchi identity. Therefore,

1 2 e’ 1 v U< 1} 1 2 1
- /d OW W = 2 Fu "™ + JX605X + 5D = 20,00"0 —9,(..)  (8.164)

That gives us exactly the same expression as before if we discard the boundary term.

e Chern-Simons

In 2+1 dimensions a new possibility arises. We can contract D*V with D,V thanks to
the SL (2, R) structure, something that would not be possible in 341 dimensions because
SL(2,C) has 2 inequivalent representations, and the contraction of dotted and undotted

indices would not give rise to an invariant. Therefore, we can propose the following term:
cs _ _ M 3, 74 _ M 3,. 740 Do
SN:2——@/dId9VE—@/dQ?d¢9D VDaV (8165)

The action above is the N' = 2 incarnation of the Chern-Simons term. Performing a

gauge transformation,

D°VD,V — D* [V +i(A—A)| Dy [V +i(A—A)]
= D*VD,V —iD*AD,V +iD*V D,A + D*AD,A
= D*VD,V + D(...) + D(...), (8.166)
where we used integration by parts in the SUSY covariant derivatives and used the prop-
erty {D® D,} = 0, as well as the definition of chiral superfields D,A = D,A = 0.

Therefore, the Chern-Simons action is gauge invariant up to total SUSY covariant deriva-

tives.
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The component form of the above action can be obtained by using the explicit form

of V and ¥ and performing the integration over d*f. In fact, we have,
VYD — 40D 0%0* + 020°0.0°Ns + 0°0°N.0° N5 — 0°0° A,3070., D
i ap, ] w w
+ 50 0° Aag®6° (05° Aury + 0. Aus)
— 0%6° [—401) NN, + @'A"MFM] (8.167)

And we already saw in (8.76)) that the last term correctly reproduces the CS term. There-
fore, putting all together, we find for the A" = 2 Chern-Simons action:

1 _
SS, =L [ @rdovy = = / PPx [pe™? A0, Ay + p A Ao + p20D] . (8.168)

2e2

Notice that besides the usual terms already present in the N’ = 1 version of the CS term
and the complex nature of \,, we also have a term like ¢ D appearing. The presence of
this extra real scalar field o is somehow an imprint of the underlying AV = 2 SUSY.

We can briefly consider the mixed Chern-Simons term, because it will be useful later.
In this case, we consider V = %0, w — 0°0Pans + 620 C, + 0%0% (. + 626> d as another
gauge superfield, and try to compute the mixed object [ d*¢ VY.

VY D 0%0,0°05wD +i0°0,00° wFjs, — 007070, Da,s — i0°0°676° a3 Fy,
+ 020°Ca0° \g + 020°C,0° N5 — 20%0° od. (8.169)

Thus, after integration, we find
/d49 VY = +iaa5F6“ — (N — Xy — 2wD — 20d (8.170)
Therefore, we have for the mixed Chern-Simons term:

gmiz—Cs _ __H_ / Brdovs
N=2 2eq .
1 [ ) )
L [,ue‘“’pau&,Ap + gc%a + gxaca + pwD + pod (8.171)
eg

Notice that in the limit of equal gauge superfields, we recover the CS term obtained before.
Finally, we remark that nobody can forbid us to consider a term analogous to the

Fayet-Iliopoulos (FI) term in 3+1 SUSY, given simply by

1 1
Sy, = . / Brd 9V = . / d*réD (8.172)

Such a term is manifestly SUSY invariant since it is an integral in full superspace of a
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superfield, it is real, and can be shown to be invariant under supergauge transformations
(this is the reason why we can adopt the WZ gauge to write it in components). In fact, it
transforms like V- — V +1 (A — A), and the chiral A and anti-chiral A superfields are killed
by part of the Grassman integrals, [d?0 ~ D? and [ d?0 ~ D?, respectively. Moreover,
this term can play a role in the discussion of vortices, since it might allow the scalar field

to get a non-trivial expectation value, putting the system into the Higgs phase.

Matter 4+ Gauge

The natural next step is to investigate the action for matter superfields minimally
coupled with abelian gauge superfields. Inspired by the 3+1-dimensional case, this can

be achieved through the following action
S = / >z d*0 de¥ @ (8.173)

Under a supergauge transformation, the matter superfields transform like ® — e~*A® and

® — Pe, thus we can immediately check the gauge invariance of this term:
DV D — DeteV (AN e=i0p = eV . (8.174)
Being supergauge-invariant, we can choose the WZ gauge where e"W# = 1+ Vi z + %VV%, 7
/ Brd'9de’ & = / >z d*0 {<I><I> + OV + %(I)V%} (8.175)

The first contribution is the usual kinetic term for the chiral superfield. Since we have
Vi, = —620%0% — 620*A, A", already exhausting the Grassman coordinates, the last

term can only give us —gEgbAMA“ — ¢¢po? after integration. For the ®V ® term, we have:
PVP D (60,0 — 0°0° Ap) Beaéﬁ (00upd — $Dupd) + 9“%0‘%5]
+ 020° N0 D3 + 0207 X\00°450 + 60°0° Do (8.176)
Thus, integrating in the Grassman coordinates we obtain

JA08V® = 50+ £ 40 (50°% — 60796) = Gu Aty — X000 — N0 + Do
(8.177)
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We can rewrite the second term using vector indices:

1 - (4 1\« n
540000 = 2 (=C")os (17 C7)" A00,0

i _
=3 Tr (v*~") A0, ¢

= iA,p0"¢ (8.178)

Thus, %Aag (q?)(‘)”‘ﬁgb — gb@aﬁgi_)) = A, (Q_S(‘?“gb — gb@“qz_S). We also have already computed
1OV = —g9pA, A" — ¢¢o?, and the @ contribution is

/ d'0 0D = —0" 90,0 + ithe (V)5 0 + FF (8.179)

Defining D% = 9% + 1A% for the gauge covariant derivative acting on ¢, (with the
opposite sign for ¢, 1), we have —D,¢D ¢p = —0,0"¢ + iA, ((E(?“QS — qﬁ@“(ﬁ) — A ARG
Putting all together, we obtain:
SN=2 = / B [ — 01900 + ithe (V)5 00" + FF — oA, A" — §go?
+ 000 + 1A, (3076 — 6" D) — Pa AW — NP atd — Nah + DM (8.180)

Therefore, the matter superfield minimally coupled with a gauge superfield in N' = 2 is:

Sei = / B d40 Be¥ d = / ds| ~ DudD"6 — d60* + FF + Déo
+ 0o DY’ + a0 — Aat — AYad|  (8.181)

The most general action for one chiral superfield matter minimally coupled with an
Abelian gauge superfield in N/ = 2 superspace will be given by the sum of all the terms
discussed above: the kinetic term with minimal coupling, the Maxwell term, the CS term,

the FI term, and the superpotential for the chiral superfield. This can be written as

S = d%{/d‘*e[—iz?mmv@—§v2+5v] +/d29W(<I>)+/d29W(<1’)}
(8.182)

It is important to notice that when we have charged matter superfields, in order to
have gauge-invariance for the action, the superpotential must be gauge-invariant. But
the superpotential must also be holomorphic on the chiral superfield, thus, if we are con-
sidering a model with only one chiral superfield, a superpotential term is not allowed,
since this would not be gauge-invariant. We must have at least two chiral superfields with

opposite charges, in order to build an holomorphic superpotential that is gauge-invariant.
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e Adjusting gauge conventions

Here we briefly address how to deal with different gauge conventions. The first thing
to notice is that if we want to introduce the gauge coupling, we need only to perform the
substitution V' — eV. The same is true with respect to the sign convention. Therefore,
we propose to adopt the following redefinition: V' — —eV. In component language, this
amounts to redefine all V' components by the same quantity. That is: A,p — —eA,g,

A — —eX, 0 - —eo, and D — —eD. For the gauge transformations, we propose:

VsV 2 (A=RK), @D, & D (8.183)

In such a way that ®e=*Vd — BeiheV—i(AD)pih — BV is still gauge-invariant.

Therefore, performing his redefinition, we obtain for the main actions in components:

1 1 1 = 1
Spawell — -1 / drd*0¥? = / B {_Z " + 000 + %Aaaaﬁw + 5D2 (8.184)
S\E, = —g /d?’x doVy = /d3x [Me“”pAﬂa,,Ap + AN F LL20’D} : (8.185)

Notice that in the pure gauge sector, the only change was an overall factor in the action.

ngfj\% = /d3x d'0 de=Vd = /d?’x[ — D,¢D"¢ + FF — e*0°pp — eDopp — eaih®i,
+ i DY + eX*Pad + XY (8.186)

The gauge covariant derivative now reads: D% = 0% — ie A%.

Parity

In the context of A" = 2 superspace, we now define the parity transformation of the

Grassmann coordinates as
(07)* = —i(v")%0%,  (07)* = —i(v")%0° = (0")* = i(y")%0", (3")* =i(y")?%0”

And, as a consequence, the parity transformed of a chiral superfield D*® = 0 is

necessarily
D*® =05 (DP)*@" = i(4)%D°d" = 0 = D" =0

an anti-chiral superfield. Moreover, the integral in full superspace measure [ d*zd*0
becomes parity-even.

Now with all the necessary tools in hand, we can turn to the second derivation of our

N = 2 SUSY extension.
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8.5 The N =2 model (second derivation)

Let us consider here ®, and ®_, N' = 2 chiral and anti-chiral superfields, respectively,
to accommodate matter, and two N = 2 gauge superfields V4 and V, associated with an

Abelian U(1)4 x U(1), gauge symmetry. Explicitly, using chiral (anti-chiral) coordinates

O, (v1,0) = ¢y (wr) + 00y (x1) — O°F, (2r), (8.187)
d_ (l’R, é) = ¢,($R) + éw,(l'p) — éQF,(JjR). (8188)

For the gauge superfields, adopting the WZ supergauge, we have:
Va (2,0,0) = 0°0, N(x) — 0°0° Aug(z) + iv/20°0 Qu(2) — ivV/2070° Qo (z) + 6°0° G (),
(8.189)
Vo (2,0,0) = 0%0, M(x) — 0°0°aqs(z) + iV20%0% Ao () — iV/20%0% A () + 626> H(z).
(8.190)

In the above expressions, remember that V4 carries information about the N' = 1 super-

fields T2 and S, while V, carries information about I'* and R, where we defined:

D = ¢p +0°(Vi)o — O F ( )
T4 = i0° Ay — 20%A, (8.192)
I =0 a5 — 202\, (8.193)
S = N +6°¢, — 6*G (8.194)
R= M +6°, — 6°H, (8.195)

and where the complex two-component spinor {2 is constructed with the real two-component
spinors A and &; analogously, the complex spinor A is composed by real spinors A and (.

The N' = 2 SUSY transformations performed in the N' = 1 superfields are given by:

6O, = +in®Vod,, o4 =-21,5 05 =n"W2
00 = —in*V,d_, % =-2n,R, OR=n"WZ (8.196)

The Maxwell terms in the N' = 2 formalism will be given by
A 1 3 4 2 3 1 7% 1 - a OS5 1 2
Shreo = 1 Cxd 03y = | d’x —ZFWF + §NDN +i2,0%8" + EG (8.197)

1 1 1 1
S, = —Z/d% d'9y? = /d% {—Z—wa,f“” +5MOM + iNOGA + §H2] , (8.198)

where the scalar field strengths are naturally given by ¥4 = D*D,V,4 and ¥, = D*D,V,.
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The mixed Chern-Simons term is given by
cs _ M 3, 74
Sheo = _E/d xd OV,
= / &Px [pe"?a, 0,4, + pA*Q + pQ*Ay + p MG + n NH| (8.199)

For the minimal coupling between gauge and matter, we will propose to include

P eVa=9Vad, and ®_etV49%®_. The reason is that under parity, we have

A S VR VN VA 74

. Thus we will propose the following parity-invariant terms, when taken in combination:

5;512 = /d49 Oe VA IVed, = —D,¢p D'y +it)yq agd’i — 3o (eN + gM)

+ FyFy = ¢p¢4 (eN + gM)* — ¢ (eG + gH)
+ Z\/§¢+d—}i (eQa + gAa) — Z\/i(ﬁ+wi (eQa + gAa)
(8.200)

Sia = [d08_ VD < DG DR 4 i DY+ (eN — gM)

+F.F. —¢ ¢ (eN—gM)*+¢_¢_(eG—gH)
— V202 (e — gAa) + V2092 (e — gA,)
(8.201)

The covariant derivatives act as D% Xy = ((‘9% —ieA% F igaaﬁ) X1, with X = {¢,¢}.
In this model, &, has charges (+1,+1) and ®_ has charges (+1, —1) under the gauge
group U(1)4 x U(1),, implying that there is no combination of ®, and ®_ (without using
their conjugates) that is completely neutral. Therefore, it is not possible to write down a
holomorphic superpotential W (&, ®_) that preserves the gauge symmetry of the model.
In principle, it is possible to write down a Fayet-Iliopoulos term for each of them. But
to preserve parity, we will see that only one of them will be allowed (with V}), since its
behavior under parity transformations compensates the sign change that occurs in the
Grassman measure (in this case, none). That is, St2L, = [d*zd*0 &V, = [d*xEH.
Collecting all the terms with the auxiliary superfields G and H, we have:

1 1
Love = 5G° + SH* + pMG + pNH — G (|04 " = [0 ") — gH (64" +[0-") + €H
(8.202)
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Performing the variation with respect to each of them, we obtain:

G
H

e (|64 — |o— %) — M, (8.203)
9 (1042 +[6_7) = uN — (8.204)

Substituting the above equations back in L,,,, we obtain (considering ¢ = 2gv?):
1 2 1 2
Lo == [e (1042 = 16-P) = uM]* = 3 [g (161 + 16— 20%) = uN]* (3.205)
Therefore, putting all together, we have for the complete N/ = 2 action

1 1 _ ,
S = / P d49[ S e gvazA 42902V, + Bre Va9, 1 c1>_e+6VA*gVa<1>_}

4
(8.206)
In components, the above action reads:
1 v 1 v Krp A 1 1 A P b P
L= _Z_l ;wF - Zf,uuf + % uauap + ENDN + §MDM - D,u(bJrD ¢+ - Du¢7D (b*

+ i o DY + i oD%’ +iQ,0%0° +i00%A7 + pQ A, + pA°Q,

F V208 (€Qu + gAL) b — V20T (eQn + gAL) by

+iV20 (eQa — 9A) d- — iV20% (€90 — gAL) G-

— % sa (€N + gM) + 920 (eN — gM) — ¢4 [* (eN + gM)* — |¢_|* (eN — gM)*

S L (0u =16 1) — M) = 2 [g (10" + 16-* ~20%) —uN]*. (8.207)

Up to this point any barred object denoted simply complex conjugation, in the sense
of (X*)* = X® and X! = —X,. However, coincidentally, because of our conventions
and definitions, this is exactly the same map relating complex conjugation and Dirac
conjugation (8.118)). Hence, from now on, a barred spinor denotes a Dirac conjugate, that
is U = Wiy0,

And we will adopt the conventions:

VX = Pax® (8.208)
XV =XV = Xa(r")* sV’ (8.209)
where we have taken into consideration the natural map between Lorentz vectors and

bi-spinors YV = 4"V, < Vg = (") Vi

With all this in hand, we can finally write our model in the two equivalent foms:
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n
I

¥4 - 122 — —v YA +290°V, + & e VAo d, 4 P etVamIVap >

SY

w

8

SH

=

)
»hl»—‘/\\
»J>I»—

/
/d3x
— 5O — 5 (0,M) ~ Dy — D6

+ i, Py, + uijw_ + QP + i APA — pQA — pAQ

— V2, (eQ+ gA) ¢y + V29" (eQ + gA) Yy

— V20 (eQ° — gA®) ¢ + V29" (eQF — gA®) Y

+ Uy (eN + gM) = 0 (eN — gM) = ¢4 * (eN + gM)* — |6_|* (eN — gM)*

—% le (16 ? — |6-?) — pM]” - % g (Io4* + |- * = 20°) — uNf} (8:210)

=10

In some cases, we took the liberty of exploring the equality (X¢)* = (X*)* = X,
which is true in our conventions and definitions.

We have thus completed the second derivation of our N' = 2 supersymmetric parity-
preserving Maxwell-Chern-Simons model. This time without having to add any fields,
instead, everything follows naturally from the A/ = 2 superspace formalism. Hopefully,
this derivation will also aid others in deriving N' = 2 SUSY invariant theories in a more
direct way.

As a next step in this thesis, we will investigate the fermionic spectrum of the theory
and confirm one of the hallmarks of unbroken supersymmetry, namely the degeracy of

masses between fermions and bosons.

131



8.6 Fermionic spectrum

Considering then the model

1 1 1
S = / R { T B = 3 f - p P A, — S(0MN) = (0" M)

— | (0 — ieA, —iga,) o1 * — | (0, — ieA, +iga,) o
+ith, () —ieA —igh) vy + ip_ (@ —ieA +igd) ¥

+ QP+ iAJA — 1 (QA + AQ)

— V2, (eQ+ gA) ¢y + V297 (eQ + gA) Py
—iV2h_ (eQF — gA) p_ + iV 20" (eQ° — gA°) ¥

+ P, (eN + gM) — b _p_(eN — gM)

— |0+ [*(eN + gM)? — [6_[*(eN — gM)?

— % [e(l64 > = lo-[*) — uM]? —% [9(|6+* + |6-|* — 20%) — uN]? }

the corresponding energy functional is

H= /d2 { E2 + BQ> + % (&% + %) + %(GOM)Q - %(80]\[)2 + %(&M)Q + %(&N)Q

+|Do¢+* + |Dop—|* + | D |* + | Dy |?

— il a. (6 A — zga) by —ipta ( —ied + zga) v

— ¥l (edo + gao) ¥y —¥' (eAy — gag) v-

—iQfa@.VQ —iATG@.VA + 11 (QA + AQ)

V20, (eQ + gA) ¢y — iV20" (e + gA) vy

+ V2 (e — gA®) p_ — iV 20 (eQ° — gA) p_

— Y, (eN + gM) +¢_1h_(eN — gM)

+ ¢4 [P (eN + gM)* + [o-*(eN — gM)?

45 04~ 16-P) = uM]* + 5 [o(6: P + 16 — 207) — ]’ }

(8.211)

Even though it is not immediate to verify the strict positivity of this functional, the
underlying supersymmetry of the model guarantee us so, as we will see. The minimum of

the scalar potential is achieved if, and only if:
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(eN +gM)>*p.[* =0,

(eN — gM)?*[o_|* =0,

(|¢4” = [0-?) — uM =0,

9 (lo4* + - |* — 20%) — uN = 0. (8.212)

®

Out of which four possibilities arise:

 (0.0): 6= o =050 =0 N =222
o (11): |6, P=]o_P=0? M=N=0,
0 (0.1) 16,20 fo [Pmu M =20 N =9
u u
o (10): o =075 lo =050 = s N = 22 (5.213)

Together with these conditions, the energy minimum is achieved by setting all the
fermions to zero and the gauge fields to a pure gauge configuration A, = a, = 0, for
example.

Let us verify the spectrum of the perturbations around the configurations of minimum

energy, ® = ®yacuum + P, by retaining only the quadratic terms in the fields.

8.6.1 (0,0)-Vacuum

In this case, it suffices to take the expansion N = —2g: ‘4N
quad 1 % 1 uv 1Y A 9
L = _ZFMVF - quuf + pe nOply
1 1 <\ 2 2 ~
— 5 (@M = 5 (2.V) - % (a2 + N?)

+ QP+ iAJA — p (QA + AQ)

2eqv? 2
10,042 = By = (225 (o +16-P)
2eqv?

L

+ i, Py i P — (Vg = y) (8.214)

Immediately, one can see the existence of 4 bosonic degrees of freedom (d.o.f.) and 4

. . . 2
fermionic d.o.f. with mass 29"

. From the analysis already made for the bosonic case,
we are also aware of the existence of another 4 bosonic d.o.f. with mass p, 2 from the
scalars M, N and 2 from the gauge fields. We can expect that the two-component spinors

Q and A will carry the corresponding fermionic d.o.f. with mass . Indeed, the structure
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is identical to the decomposition of a Dirac spinor of mass p into two left and right Weyl
spinors in 4 dimensions, therefore in the same way that in this case the left and right

spinors carry mass 4, it also holds for 2 and A.

8.6.2 (1,1)-Vacuum

Here, using the unitary gauge, we can take the expansion:

¢x(r) ==+ (v + pf/(g)) (8.215)

In this situation, the quadratic terms are:

1 1
Lavad — _ZF‘“’FW — wa,f‘”’ + pe'?A,0,a, + 202 (ezA#A“ + gzaua“)

L~ Hu— B - o7

2 2

1
— 5 [20%( + ) (0 + p2) + (1 + 40°g")M? + (1° + 407 N?
+40%(g* — €*)pyp- — 2V2ven(py — p )M — 2V 2ugp(py + p—)N}
b, Jby D _FP° 4+ QP+ iAJA — p (QA +AQ)

— V2, (e + gA) v+ V20 (eQ + gA) Py — ivV2P°_ (eQ — gA) v + iV 2v (e — gA) 9

Conveniently, we have made use of the following properties valid for any two spinors

X1 X2 Xidxa = X§Px§ e Xixa = X5xi-
Around this vaccum, we previously found 8 bosonic d.o.f. with masses

1
mi = (,ﬁ M2+ M2 (2 M2+ M2)? - 4M3Mg2) (8.216)
equally distributed among the gauge field (which now have 2 d.o.f each, after symmetry
breaking) and the scalars. The mass scales are defined as M? = 4v*e® e M} = 4v°g”.
Considering now only the fermionic sector, let us define the following 8 component

spinor:

(o
e

[1]

E:@+ ) A) (8.217)
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In such a way that we can rewrite the quadratic part as:

i) 0 —iV2evllayxs  —iv2gulaxs
quad . = 0 if —iv2evlax  iV2001a00 | _
Lomed S E | , , = (8.218)
iv2evlayy iV 2evlayg i —ploxo
iV2gvlayge  —iv2gulaxs —ployo id)

The dispersion relation can be obtained from the poles of the propagator, defined as
the inverse of the dynamical operator above. In its turn, the poles of the propagator can

be directly obtained from the determinant of the dynamical operator. To that purpose,

we shall make use of the property

det ( A B ) = det(A — BD'C) det(D) (8.219)

We begin by noting that det D = (O — u2)2 and

1
D1 i —plaxo 1 i) plaxo
i) O —p? \plaxe i@

_M]12><2

From it, we obtain the operator:

—202(e? — ¢g*)i@

A_Bplc— L ([D — @? = 20%(¢* + ¢)] il + d0Pegp

O — p? —202(e? — ¢*)i@
(8.220)

One more time making use of (8.219)), but noting that in this case C' and D commute,
it allows us to simplify det(A — BD7'C) det D = det(AD — BC') and to obtain:

det(A — BDilc) = ﬁ {[D — /,62 — 2U2(€2 -+ g2>]2 O — 16w

1
N m [(D - 4U262)(D — = 41}292)D — 16@46292/12}2
Finally, we get:
2
— BD! _ [0 = p? = 42e?)(0 — p? — 40%¢%)0 — 160"’y
det(A— BD " C)det D = S
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Written in this way, it is easy to check that O = p? is a root of the numerator of the

above expression, which means that we can factor out a (O — p?) to be canceled with the

denominator. This is equivalent to performing the polinomial division indicated within

the brackets, considering O as the variable. The result of this division is:

det(A— BD7'C)det D = {07 — [1® + 40*(e* + ¢°)] O + 161}46292}2
={0% — [+ M2+ M2 0+ M2M2}

(8.221)

The roots of the determinant above, representing the poles of the propagator, are

precisely the O = m?2 in (8.216)).

8.6.3 (1,0)-Vacuum

In this last case that we will consider, the expansions can be given by:

2 2

¢+:U+p_+_ Mzﬂ—i—M; N:—ﬂ—i—N

V2’ 1 [
Which gives us the following bilinear sector:

quad 2 2697]2 2 2
£scalar - ‘aﬂ¢—| - 1 ’¢—|

1 1 ~ 1 ~
- §(aup+)2 - 5(8;1]\/02 - §(auN>2

2
—2\/§vep,p+]\~4 — 2\/§vg,up+N + 4U269MN}

2
T P+ %ZU e

+ ith Py +iQIQ + iAJA — 1 (QA + AQ)
— V2, (eQ+ gA) v +iv2v (eQ + gA) ¥y

1 . .
_ - [2v2(62+92)pi—|—(,u2+20292)M2+(u2+2v262)N2

Briefly recalling the spectrum in the bosonic sector of this case, we have two d.o.f with

mass m? = <2°%”2> and 6 (3 scalars + 3 gauge fields) with masses:

~ 9 ~ ¥ [L2Me Mg

2 1
mi:§<lu2+Me +M92> 1+ cos garccos 2| ————

where k = 0,1, 2;
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Which is just complicated way of stating the roots of the characteristic equation:

N = 2(p2 4 M.+ MY + (12 + M. + M, )2\ — 42N, M, = 0 (8.223)
Where Mg = 20%e? = %Mf and M92 = %¢% = %Mj We shall verify that the same
polynomial will also arise on the fermionic sector. The 2 fermionic d.o.f with squared

2
mass m? = (@) are already self evident. Analogously to the previous subsection, let

us define now:
, E= (% 0 Z) (8.224)

And we obtain the bilinear sector:

id) —iv2evlaxs  —iv2gvlaxs
L3939 5 = i/ 2evTgy9 i —ployo = (8.225)
iV2gulaxs —pllaxo i

One more time we will be using the property (8.219)), since it is not necessary that the
matrices A, B,C' and D be square matrices, it suffices that all necessary operations are
well defined. To this end, using the same definition of D from the previous subsection,

but now with A = i@, B and C mutatis mutandis. In this way, we obtain

1

A—-BD'C = 5
U—p

{[O— p? —20*(e* + ¢°)] i — W’egu}

Resorting again to our “utility belt”, let’s make use of the following property valid for
matrices Mayo: det M = 1 [(TrM)? — TrM?], because with it we can use Tr (y#) = 0 and
Tr(yH4") = —2n*. A bit of algebra gives us the determinant:

det (A —BD™'C)det D = {— [0 — p? —20%(e® + 92)]2 g+ 167}46292u2} (8.226)

9 ~ 2 ~ 2\ 2 ~ 2.~ 2
—(D—M ~ M, —Mg) O+ 4M, M, (8.227)
:_D3+2<HQ+M2+M2>52—<u2+M2+M2>2D+4M2M2u2
e g e g e g
(8.228)

The condition det (A — BD~'C') det D = 0 gives us exactly the characteristic equation
(8.223)) (with O = \) and, in this way, we have identified 6 more fermionic d.o.f with
masses . The parity invariance of the model ensures that the (0,1)-Vaccum will
not give nothing new with respect to the spectrum. This completes our verification of the

fermionic spectrum.
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Chapter 9

N =2 Supersymmetry and
Self-Duality

So far, the only relationship we explicitly saw between N' = 2 supersymmetry and self-
duality was from our derivations of the self-dual model from a SUSY invariant setting. In
this final chapter, we shall verify how in fact these two are deeply related. Starting with
how the extended supersymmetric algebra with central charge implies a Bogomol'nyi-like
bound.

Let’s consider again the N' = 2 SUSY algebra with central charge:

{Qi, Qg} = —2Pa551J + ’iTGIJCaﬁ. (91)

Considering (9.1)), we define the following combinations

_Loom 00y 6 2 Liom 00
Qu=5 QL +iQ®), Qu=75 (@Y -iQ). 92)
and observe that
_ T o
{Qa,Qp} = —Pop — 5 Cas {QaQs} = {Qa,Qp} =0 (9.3)
From these, we now define
1 1 _ _
0= o= (QUHQY) . al = o (QF i) (9.4)

So that
{a T}_L 1402 0" = i0?
sk} = {01 +iQ%Q FiQ?)
1 T T
- _Pll_P22 . _P12__ 12 +4 _P21__ 21
5 |- (orr o g (e - o)

We need the object P*¥ = P, (7“0*1)%. Since we are working with 7° = o,,7y! =

138



i0,7? =i0,, and C = 0, = —C*? from P, = (—E, P,, P,) we get:

PP — (_E B > (9.5)

Therefore,

{ai, ait} - é 2 F T (9.6)

The Lh.s of , when we take an expection value, is necessarily semi-positive, which

means then that:

E>+L op> !l (9.7)
2 2

which states that the energy of any representation of the algebra (particle or soliton)
is bounded by the central charge. Firstly, we note that the usual result of £ > 0 in
supersymmetric theories is recovered when 7' = 0. Sencondly, note the similarity of this
result with the bound . It becomes exactly a Bogomol'nyi bound the moment we
identify the central charge T with the topological charge. As we are going to argue, this

is always the case when we have N' =1 SUSY and a topologically conserved charge.
When the saturation of the bound occurs, that is, for configurations where T' = £2F,

then {ai, al} = 0 while {aqc, a;} = 1. This means that, in this case, the operators a,

and al should then realized to be zero. The functional expression for a, and al in terms

of the component fields leads exactly to the self-duality equations. That is to say
(Ql + iQ2) |1)) = 0 = Self-duality equations

We are not going to verify this explicitly for our model in this work, since it’s already
long enough, but in ([46], 47, 129, [130],) one can check how this goes.

As a final act, we argue (following [127, 128 [129]) that “a theory with N' = 1 su-
persymmetry and a topological conservation law automatically has N = 2 supersymmetry
with a central charge, with the topological charge of the theory appearing as the central
charge.”

As we saw in Chapter , a topologically conserved current can be expressed as Ji,, =
"0, A,, that is to say, it is conserved regardless of the equations of motion. Note that A,
and A}, = A,+0,w lead to the same topologically conserved current, therefore we are going
to use this freedom to fix the gauge to 9, A* = 0. Following the program of [127], assuming
N =1 SUSY with generator QS), let’s perform the transformation —iS# = [QS),A#].
The object S* obtained in this way is a conserved vector-spinor current. The possibilities

of such structure are limited by the Haag-Lopusanski-Sohnius theorem. First we observe
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top

that {QY, Skt = —iJ{,Cop + (ST)g therefore, if the theory possesses configurations

of non-trivial topological charge T' = [ d*x.J})

tops then SE cannot be realized to be trivial.

It also cannot be the current associated with the original supersymmetry, that is to say
that, it’s not true that QS) = [ d*xS?, because if it were, then {Q&l), S} should generate
the energy-momentum tensor EL which it does not. The only remaining option is that
S# is the conserved current associated with a second supersymmetry, Q&Q) = [d?xS0.
As a consequence, {QQ),Q/(BQ)} = —iT'C,p, which in comparison with confirms the
identification of the central charge of the algebra with topological charge, T = [ d*z.J}, .
To give some concreteness to some of the points just mentioned, let’s start by consid-

ering the following vector N = 1 superfield
YH =l St — 9" (9.8)

The supersymmetry transformations of the component fields read:

5t = e* St
65 = €7 (i0,55" + CupJ"),
5" =ie*d Sk, (9.9)

Alternatively, if we define the variation of any component ¢; as d¢; = —i [EQQS)7 ,} ,
the first two transformations above can be rewritten as:

QY. "] =ist . {QV,S4} = —iJ"Cap — Dapj” (9.10)

The last step is to accommodate the potential A, within >* in such a way that

D*yH| = JH = Jtop = €70, A,. The answer is provided by first observing that one can

construct a supersymmetric topologically conserved current J,, D*J, = 0, from a gauge

spinor superfield I'* via

1 1
Jo = §D’3Dafﬁ = —5 DIl = = (C1")as(Jiop)u
such that I, =T', + D, lead to the same current. And secondly, from I, one constructs

= —%Da(v“)o‘ﬁFB with the gauge choice D°T', =0 (9.11)

The X* thus constructed satisfies 9,5# = 0 and D?*¥#| = J,

top» and all the previous

reasoning follows from it.

1ST stands for a Schwinger term, which, for our purposes, it suffices to say that its integral in space
for p = 0 vanishes

2In order to correctly reproduce {Q((ll), QS)} = —2PFP,3
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One might wonder what does the conserved current j# = ¥#| corresponds to. Defining
the charge G = [ d*zj°, the algebra (9.10)) implies [Q&l), G] = iQP. Now, suppose that
in ([9.1) we define new charges Q7 = e“¢Q’e~¢ = R (w)Q’, where R € SO(2). Then

{Q), Q4 = R R {QK, QF}
= RIKRJL (—2Pa5(5KL + iTEKLCaﬁ)
= —2P.,56" +iTe’ C,p (9.12)

This proves the existence of an R-symmetry, here acting as an SO(2) ~ U(1) group.
By taking the parametrization R(w) = €72, we can express this symmetry infinitesimally
as [QL,G] = iQ? and [Q?%,G] = —iQ!. Now it becomes clear that j* is nothing other

than the current associated with the SO(2) ~ U(1) R-symmetry.
Note that, the R-symmetry algebra together with (9.1)), imply

|: ¢11’ G] = iQ(Q)zv {Q((xl)v Qg)} = —iTCaﬁ,

which essentially state that the R-symmetry charge G, the second SUSY charge 2, and
the central charge T' belong to same supermultiplet of the first supersymmetry QL. This

hint is what motivates the existence and construction of X* in the first place.
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Chapter 10

Final Remarks and Prospectives

In this work, we considered a parity and time-reversal invariant Maxwell-Chern-Simons
U(1) x U(1) model coupled with charged scalars in 241 dimensions, and investigated the
existence of topological vortices in this scenario. We described the main features of the
model and discussed general properties of topological configurations that could be present
in it. Using an appropriate ansatz and the equations of motion, we obtained the relevant
differential equations and solved them numerically. We explicitly analyzed three examples
that are representatives of the possible solutions and showed explicit vortex configurations
for each case, describing their main properties such as the electric and magnetic fields
related with each particular solution. We therefore conclude that there are vortex solutions
in this novel class of Maxwell-CS models. We also investigated a self-dual version of the
model. We obtained a Bogomol’nyi bound for the energy, whose saturation led us to
first-order self-duality equations. We exhibited explicit numerical solutions corresponding
to topological vortices and non-topological solitons, and discussed their main properties.
Next, we demonstrated, using N' = 1 and N/ = 2 superspace formalism, that the self-dual
model corresponds to the bosonic sector of an N' = 2 supersymmetric theory.

There are many directions to be explored, for example, it would be interesting to
analyze the quantization of the CS parameter, as well as studying these models in compact
manifolds; a torus, for example. A thorough investigation concerning the interaction
between these vortices, answering the question whether they attract or repel, would also be
enlightening, together with a deeper understanding of the phases of the theory (screening
or confining).

The presence of two complex scalars raises the question of whether there might be
a global symmetry in the model, which could possibilitate the existence of semi-local
vortices [149], or even if one can construct a parity-invariant model with this feature.

It is of utmost importance to improve the model introduced in Chapter allowing
the proper investigation of its quantum aspects, to study more general potentials leading
to different spontaneous breaking patterns. Another interesting aspect is to consider the

existence of dualities in this context.
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Furthermore, the product structure of the angular momentum and the presence of two
gauge potentials lead us to speculate about a relation between these charged vortices and
Dirac monopoles, in the spirit of Refs. [123] 124 125].

Interestingly enough, models similar to the ones considered here can find many appli-
cations in condensed matter [75], [76] 77, 78 [79], 80, 81, 82 83, 84 85, 86, 87|, and it would
be exciting to find a physical system accurately described by our model, allowing it to be
experimentally realized.

It is also important to investigate the physics of the parity and time-reversal breaking
(1,0)- and (0, 1)-vacua, and in particular, to study solitons asymptoting to them, as well
as the existence of domain walls connecting the degenerate phases of this model. The
role of parity and time-reversal in superconductors is a topic that has been attracting
much interest recently [112| 113, [114], and hopefully our model could find some use in
this subject.

Regarding the supersymmetric extension, a lot remains to be investigated. For exam-
ple, to obtain the N' = 2 SUSY generators as functional of the fields in order to verify
that they satisfy the correct algebra, also allowing to precisely identify the identity of the
central charge with the topological charge, which we here conjecture to be the parity-
even flux xy = [d?x b. A quantum investigation of the model would be informative as
to the stability of the self-dual scalar potential, for instance. One can also investigate
the (non(?)) renormalizability of the physical parameters of the theory, which in its turn
illuminates on the quantum validity of the Bogomol'nyi bound M = Estatic) = 2v?|gx].
The zero-energy configurations existing as perturbations around a vortex-background,
known as zero-modes, are particularly interesting in the supersymmetric scenario [50], so
a study of the bosonic and fermionic zero-modes of our self-dual model is in order. Their
quantization provides information on the moduli-space of vortex solutions, in the case
of bosonic zero-modes, and on their degeneracy, for the fermionic ones. We mentioned
that A/ = 2 SUSY in 3 dimensions can be obtained through dimensional reduction from
N =1 SUSY in 4 d. Considering that a self-dual Maxwell-Chern-Simons model can be
obtained from dimensional reduction of the Lorentz violating Carrol-Field-Jackiw electro-
dynamics [I47] and that this theory has recently been given an interesting supersymmetric
extension [148], the dimensional reduction of a parity-preserving version of such a the-
ory should provide another derivation of our model. More interestingly, if the fermionic
bilinears associated with the Lorentz-symmetry violation present in [I48] somehow sur-
vive this reduction process, it raises the question of what effects it produces in the lower
dimensional theory.

Once fermions are introduced into the scenery, one might also consider their role when
studying the theory in manifolds with non-trivial topology. Specifically, how exotic spinors
[150} 151] emerge in such a supersymmetric scenario. This is an interesting direction of

investigation, even without the imposition of parity-symmetry, in a first moment.
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The appearance of supersymmetry in graphene and other low-dimensional condensed
matter systems [134), 136, 137, 138 139] 140}, 141], motivates the search for a concrete
applicability of our model in some physical system. Parity and/or time-reversal sym-
metric superconductors, or also with room for the spontaneous breaking of these discreet
symmetries, seem to be an ideal candidate for that purpose. Even maybe cosmological
applicability, along lines already investigated by our group in the context of cosmic strings
[142, 143], for instance.
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Appendix A

MCS propagator

A.1 Without Higgs

Putting the lagrangian in the form £ = ®;0%(0)®;:

Lrmes = —éFWF;w + gEWVAMaPAV
_ _é (0" A” — 8 A" (8, A, — 8,A,) + ge“p”AuapAu
_ _% (# A%, A, — D" AYD,A,) + ge“’”’AﬂapAl,
g
_i (—AYOHD, A, + AYD"D,A,) + SG“’“’A@AU - %a“ (A0 — A0, Ay)
_ % (AYDA, — AY0"9,A,) + ge“p”Aué,,Au
3

1 14 14 14
= 55 (Am"DA, — A0"A) + 5 ADA,
1 1
2 A
1

A, F (0 — 919") + /{Je“p"ap] 4=

e2

O oroY
24

O 1
— (5“ - %) + knyge“”"@p} A = %A#OLLA”

ez \\'V

Where O = 50! + kSY, being O = (# — 22) the transverse operator while
St = Nye€e??0,.
Before proceeding, we need to verify the “algebra” satisfied by these operators. The

known algebra satisfied by the transverse and longitudinal Q¥ = 8“.% is :

er0) =0, QO =) /0 =0/0) =0

Now evaluating the other products:
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. 00, €70,0,0,
— SUQY = o O =T = ——= T = 0 = QLS
NN Su@p S" (60 —QF) = SF = @,USP
s SSE = (100 70) (g0 00) = Npose P 0\Do = 6085 "7 €10 500"

— V6, 000% = (646 — 610)) 0,0 = 9"9” — 61O

<5ﬂ aDa > = —Do*

The results are summarized in Table 1.

0|0 S
©0]0 S
Q10]Q 0
S|S|0|-00

Table A.1: Product of operators

We cannot immediately invert the operator O% = 504 + kS¥. The reason being that
its determinant is zero. A quick way to see this is through the decomposition A* = O A"+
QrAY = AL+ A7 The longitudinal spurious gauge componentﬂ Al is an eigenvector of
O with null eigenvalue. In fact, from the Tab. ( , it is clear that

or Ay — (;@fj +RSY) QAT =0

One way to circumvent this problem is by adding the following gauge fixing term to
L pmes:
1
2e2¢
Where € is an arbitrary gauge parameter and any observable quantity must be inde-
pendent of it. Note that

Lof=— (auAM)Z (A1)

Lgf = —ﬁ ((?NA“)2 = ——58 ALO,AY = _§A 0,0, A" — 502 M !
= 26126141“8“8,,14” = 2§2§AMD8MD&’ V= —£A oQLAY (A.2)
Therefore,
Lpes + Lyp = ;A ( ! + kSY + —gQ“> A" %ANO”;A” (A.3)

'Because A%, is, in fact, gauge invariant.
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Let’s find the inverse of O’ that is, the operator (O/ 1) such that:

o (0/*1)" — o (A.4)

p

Motivated by the algebra of Tab. (A.1]), we can construct ((9’ 71) out of ©, and S.
We propose:

(07) = a0+ b0 + Sy (A5)
p

Our goal is to determine a, b, and ¢ such that (A.4) holds. So:

p

o (o) = @M + kS Q) (a© + 0 + eSY
6

= —a@”—i— cS"—i—kaS“ keOO, + ng“

_ <§a—ch> O+ b+ (et ka) S

e

Now using that ©F = 6, — Q)

ot (o) = (Ea — keD) g + b Sat ko) Qr+ (Ec + ka) St
Y p e? r e2¢ 2 2 p
Comparing with (A.4)), we must have:

e%a—k:cD:l

2eb— @a+ kD=0 (A.6)
e%c—l—ka:O
O 62
gc+ka:0:>c:—Ea
0 O O+ kZet e?
P A 22 L __°
ea ke 1:> a—l—k‘ea 1:>a< = ) 1=a 0 et
B ke? 2
€= O O+ k2et
Dy Piken=0= 2 - I S S S S
gl @tk =02 b g TN g e T 0T gt = 0= b =Eg
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Therefore,

=1 v _ € v 6_ I/_k_e2 € v
<O )p o D+k2€4@p+€DQp 0 D+k2e4sp

2 2 2 2 2
o T c__ ¢ L
(O >W B D—f—k:?e‘lmw—i_(g\j D+k264> Rz O |Z|—|—I<;264SW
e? e? e? 0,0, ke* €
o - o 14
O ket T (55 D+k264) o~ ootpard
o (w3 — 0,0, — ke*€,,,0° 9,0,

e ( SIGENED + & 0 (A7)

To give a mathematically more meaningful sense to (A.7)), let’s define the propagator

in momentum space:

3

(07) 8= == [ e, (A9

-1 300 _ o (w8 = 040, — ke?e,0° 9% / d3p_ —ip(z—y)
<C) )uyé (v=y) = e ( O (O + k2e4) T (27r)3e

(27)3 —p? (—p? + k2et) (—p?)’
_ / dgp e—ip(z—y)e2 (PQUW — PubPv — ik€2€uuppp + é-p/‘p”>

(2m)? p? (p? — k2et) (p2)°
Where we used 0, = —ip,e~P(@%) and the integral representation §°(z —y) =
[ &Ep_—ip(z—y)
@n)? :
We have finally obtained:
2 .2
pnu_ppu_2k661/pp Pubv

A (p) = e M " pp m A9
plp) = ( p? (p* — k2et) +g(p?f) (4.9)
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A.2 With Higgs

1 k
Lamesu(A) = —@F“”FMV + 56“””14“8,3141, +v2ArA,
1 [O 90,
= §A“ = <5l‘f — T) + knweup”ap] AY + U2A“AM

1 (O + 2v%e?) O ,
— A {Tag - S+ k:sg] A

= %A“ (6! + BOY + kSH] AV = %AH(’)"V‘A”

We must find ((’)’_1) = ad, + b§2y + ¢Sy such that (A.4) holds. We are now using 4,

P
instead of ©7 by means of the identity © 4+ 2 = 1. Carrying on,

o (o’*l)” — (adl + B + kSY) (ad” + b + ¢SY)

p

= aadl + abQl + acSh + BaQdl + BV + kaSh — keOO!
= (aa —kcO) oy + (ab + Ba+ Bb+ keD) Q) + (ac + ka) i

Comparing with (A.4), we must take

aa— ke =1
ab+ Ba+ b+ ke =0
ac+ka=0

ac+ka:0:>c:—@

k%a 2 + k20
aa—kcl=1=aa+ —0=1=ag| ——— | =1=a=
«

Remembering now that

then,

e2 (D+i;}262)2 + k20

9 O + 2v%e?
e
(O + 21}262)2 + k2etO

(A.10)

a? + k20

Since our only interest is in the denominator of the coefficient, let us focus on it
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(D + 21}262)2 + k2et0 = 0% + 40260 + e + k26D

=02+ (41}262 + k264) O + 4vte?

k2t 2 ke
= (IZ\ + 20%e? + _e) — 2%kl — Te

2
L2e4 2 k264
— (D + 20%e? + 26 > — 46 (k2e4+81)262)
k2e*  ke? 2et ke?
2

k
— (D + 20%e? + - 7\/ k2et + 81}262) (D + 20%e? + Te + vVEkZet + 81}262)

In momentum space ,0 = —p*:

= (P —ml) (p = ml)
Where,
m? = 2 4 ’“Te L ’%\/m
= my + m?\gcs + mz\;cs Mos T 4mE
= m% 4+ Mios + Mics 1+ 42”%{
2 2 Mires

2 4 2
— Mues 4 ;nH +1 (A.11)
4 Myrcs
4 2
= omy = MOS0 TR 4 (A.12)
2 Myrcs

150



Appendix B
The energy-momentum tensor

From Noether’s theorem, the symmetry under space-time translations imply the con-
servation law 9,7"" = 0, where:

oL
wo— T g, g 1
T 8(@(1),)8 e (B.1)

With ®; collectively denotes all the fields of the lagrangian £. Now, considering

c--1

by 1 v Mo B
1 w M — Zlf“”f# + Ee“ PA,O,a, + §€M Pa,0,4A,
+ ’Du¢+|2 + |D“¢,|2 - V7 (B'2)

we have:

From these we get:
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T = —F"0" Ag — f°0"ay
—I—gea’waa@”flg + geauﬂAaﬁ”aﬁ
FDAGLO b+ DP 0,
+Dp"0"p_ + D¢ _0"¢" — "L

Now we substitute 0”Ag = F'; + 9sA” and 0"ag = f*; + Opa” in the first line and
then integrate by parts.

TH — —F”BF’jﬂ _ f”ﬁfyﬁ
—F”B@;A” - f“ﬁﬁga”

—i—geo‘”ﬁaa@”flg + gea“ﬂAaﬁ”a[g

FDAGLO 6+ DI,

LDIE G+ DI — L

— —F“ﬁF”B _ fuBfVB

— (0pF7) A” = (95f™) a”

+geaﬂ5aaam5 + gewﬁAaavaﬁ

FDIGL G, + DFp, 0,

DG Db + DG — L
(B.3)

Making use of the equations of motion (4.23)) and the definition of the currents J*,

we get:

T — —F“ﬁF’jﬁ _ fub’fVB

+ (u&“aﬁaaag) AV + (,ue“o"gaaAﬁ) a’
—l—gea"ﬁaaal’flg + gea”ﬁAaa”ag
+D'L D ¢y + DF o D"

+D"¢~ D¢ + D*¢_D"¢* —n*L

Substituting again 0" Ag = F"; + dgA” and 0"ag = f*; + Oga”, but now on the third

line:
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TH — —F“'BF”[; _ f”ﬁf”ﬁ

+ (Meuaﬁaaaﬁ) AY + (,ue"aﬂaaAﬁ) a’
+geo‘“5aaF”B + geauﬁAaf”ﬂ
F aup v M oaps v

—|—§e a,0pA” + §€ A,0za
+D¢" DY + D6, D",
+D"¢” D¥¢_ + D"¢p_D¥¢* —nt"L

THY — _FHBFVﬁ _ f”ﬁfyﬁ

1€"8 (Dpag) A + pe? (0, Ag) a”
L0, P+ B AL
—gewﬁ (Onag) A — gewﬁ (OaAs) a”
+D"¢% D¥ 6, + D¢, D"6",

+DM¢" DYé_ + DPé_D'é* — L

In the last passage, after integrating by parts we also performed a relabelling of the

indexes for convenience.

T — —F“ﬁF”ﬁ _ f”ﬁfug

ILL (0% 14 v
—i—ze’“‘ P (fapA” =240 1" 5)

/'L (0% v v
+Z€N s (Faga — 2aaF 5)

+D!¢% D'y + D', D" ¢,
+D"¢ZD"¢_ + D¢ D"~ — "L

If we now consider explicitly the Chern-Simons terms that are inside £, we will end

up with the following structure for either A* and a*:

L[ (fasA” = 240" 5) =1 (€77 Aafsy)] (B.4)
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% (427 (Faga” — 2ao F" 5) — 0" (e*aaFg,)] (B.5)

We will now prove that these expressions vanishes identically. For that purpose, it is
convenient to work with the dual fields X* = %E“O‘BXaﬁ , XH = e“”pf(p, with X = F| f.
So (B.4)) can be rewritten as:

= (frar — Ageetery fr) — iAo
= JPAT = A+ Aa (0705 = Opn™) [
=0

The same holds for (B.5]).

This proves the well known fact that Chern-Simons terms do not contribute explictly

to the energy-momentum tensor and we are left with:

1
v o__ v af B v
THY — (77# ZFaﬁF — FHP R 5)

l/1 « 14
+ <7]“ Zfaﬁf - f“ﬂf ﬁ)
+D'¢ D¢y + D'y D" — 1| Doy |?
+D'¢* D"¢_ 4 D'¢_D"¢* — | Dagp|?

Y (B.6)

The energy-momentum tensor after the addition of the two neutral scalar fields M
and N reads simply:

1
v o__ v af B v
THY — (nﬂ ZFafBF _ FHP R /3)

+ <7]W%fa5faﬁ _ f#ﬁf” B)
+D"¢% DY 6 + D6, D', — 1| Docs |
+DF¢* D¥¢_ + D'ép_D'¢* — 0| Do |

+O" MO’ M — 77‘“’% (OaM)?

LONO'N — nﬂ”% (OaN)?

+nt'V (B.7)
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Appendix C

Broken phase propagator and Scalar
Mass Spectrum of (1,0) and (0,1)

Vacua

Given
Am g
om — ( ) )
cm o Dy
with
O
A" = (O + M2)Om + <M3 + —) o
(6%

B" = C" = m*n"™ + S

O
D" = (04 M})e" + (M; + E) Qm (C.2)

Q= =

oM — 77,ul/ _ Q,UV; SHY — e”pyﬁp (C?))

we want to determine:

(A B>_ :((A—BD—lc)—l « > c4)
C D « (D - CA'B)

Since A and D have a similar structure, we start by determining the inverse of a
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generic operator
o = A" + BQM + C'SH (C.5)

The task of finding o' is possible because the operators ©** QM and S* close an

“algebra”. It is straighforward to determine the algebra, which is the following:

Q] S
©0]0 S
Q10 |Q 0
S|S0 -06

Table C.1: Algebra of operators ©*, Q* and S*”

Proposing as an ansaz for the inverse o' = a©"" + bQM + ¢S, and imposing that

-1 _ :
the product 0o, = ¥, we find:

A 1 C
-1 _ — -

O = 3 T oce O + BQW e Sy (C.6)

Applying this to the operators A, and D, we get:

1 o

-1 _

AMV - 0O +M52 MV+ 0 —|-OKM62 pv (07)

1 s
D'!=—__"0,+—"---0, C.8
pv 0 +M92 H + D‘f‘ﬁMg I ( )

From these and the table [C.1] we can determine (D —CA™'B),, and (A— BD™'C),,:

(O +aM2) (0 + BA2) — af(m?)]

(A-BD7'0),, = Q

o (D + ﬁMg) m
O+ M2) (O+ M32) + 420 — (m?)? 2
|:( + 6) ( g) ’u (m ) :| @l“/ o Qlj’m S#y (09)
O+ M O+ M
a1 _ [(B+aM?) (B + M) — af(m?)?]
(D—-CA " B),, = 3@+ a2 Qu
[(O+ M2) (04 M2) 4 420 — (m?)?] 2pm?
SN Ow =g (C10)

Making use again of (C.5) and ((C.6]), we find the propagators:
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(D +322) (O + M) + 1?0 — (m?)’]
(O +M2) (B + M) + 20 — (m?)?]” + 4(m?)?20

(A=BD7'C),) = (O+ M) 6,

2um? 2
+ [(D+ M2) (O + M2) + 20 — (m2)?]* + d(m?)220 (0 + M2) S,
(04 90)
' [(D +aMg) (D + ﬁMg) — 045(m2)2] Qu
(C.11)
(D—CA'B)-! = (0 + M2) (O 4 M2) 4 420 — (m?)?] e,

(O 22) (O + M) + 420 = (m2)?]" + d(m2)220
n 2um?
[(O+ M2) (O + M2) + 20 — (m2)2]* + 4(m2)2p20
B (0 + aM?) 0
[(O+aM2) (B4 BM2) —aB(m?)?]

(O+M2) S,

+

(C.12)

As we saw, the characteristic polynomial determining the scalar mass spectrum around

the (1,0) vaccum is given by:

aX? + b\ +cA+d = 0;
a=1;, b= -2 —i—]\;[eZ—F]\Z/gZ);

~ ~ 2 ~ ~
e = (424 0"+ 01,") and d = —apM1, "1, (C.14)

Note that ¢ = %. First, we want to make sure that all roots are real. It is helpful to
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perform the redefinition A = \ — £ such that (C.13) takes the form of a depressed cubic:

AN+ b+ A+d=0= N +p \+q=0

3ac — b* . b2
= inourcase p= ——:
p 342 ) p 12’

20 — 9abe + 27ad g —(1/4)b* 4+ 27d
N 274 = 27 !

q (C.15)

To ensure that all roots are real, the discriminant (A) must be greater or equal to

zero, and it is given by:
A = —(4p® +27¢%)

Therefore, we must have:

4p* +27¢% <0

A (_b_2>3 o {—(1/4)193 + 2761}2 0

12 27
b 3
- <2d
- - 3
—o(u? + M, + M,
( (:u + 3 + g) §2<_4M2M62M92>
~ 2~ 2 2+M2+M2
\/ w2, M. K ¢ g (C.16)

That holds follow from the fact that the geometric mean (l.h.s.) is always less
or equal to the arithmetic mean (r.h.s.).

The next physical requirement is that the roots must all be non-negative to prevent
us from tachyons in the theory.

The three roots of the depressed cubic can be expressed, without the need of complex

Coeﬁcientsﬂ by the Francois Viete formula:

~ 1 2k
e =24/ —gcos lg arccos <2—Z —;) - %] . where k=0,1,2; (C.17)

Since we are looking for A\, = S\k — %, we need that:

IEven though the roots may be all real, they cannot be all be expressed algebraically with only real
numbers
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>
ol
v

Is)

I
S
Bl
v

w| o

(C.18)

gl

But from (C.17)), we have:

2, /- <} <2,/-2
3 3
2 R 2
-9 b_g/\kgg b_
36 36
| < bl
Py <2
3 = 7F="3
b - b
b<= =<\ < ——
3="F="3

Therefore, all the roots are safely real, non-negative and given by:

3
3 2~2~2
~ 2 ~ 92 1 M, M, 27k
(N2+Me +Mg) 1+ cos garccos 2 m —1 —? s
3

I
NN

where £ = 0,1, 2;
(C.19)
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Appendix D

Calculation of the vortex’s angular

momentum

In 2+1 dimensions the total angular momentum (here a pseudo-scalar) is given by:

J = —/d2$€ijl'iToj (Dl)

Since we are interested only in static configurations, that is, for which dy = 0, the

density of linear momentum of the fields, 7y, will be:

To; = —F, lel = fo lfjl
+ Do¢ Doy + Doy D;¢’,
+ Do¢* Dj¢_ + Doop_D;d*
= (FlOFﬂ + flosz)
+2%¢ (Do D4 + Do¢” Db )
=€ (ElB + elb)
+2%Re (Do¢y Djéy. + Do Dj¢-)

The contribution to the total angular momentum coming solely from the gauge fiels

is thus:

—Jy, = /deeijziejl (E'B + €'b)
— /d%xl (E'B +¢€'b) = /dzx [(FE) B+ (7.€) b}
Now focusing our attention on the contribution coming from the scalars, we start by
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observing that:

Djps = [0 +i(eA; £ gaj)] |p|e’*
= [a]’¢i| + 7 (eAj + gaj + @wi) |¢:|:” €iwi

Where we have adpted the polar form of the complex scalars. Taking into consideration

the static limit me have:

Do Dy = —i(eAg £ gag)|psle™™* [0;]dx| + i (eA; £ ga; + Djws) [pr]] €

Such that

Re (Do Djgr) = (eAg £ gao) (€A; £ ga; + Ojwy) |px|?
= (eAy £ gayp) (@Zj + 953‘) |p |

In the equation above, the barred gauge fields were defined as to include the contribu-
tion coming from the phases of the scalars, that is, eA; 4 ga; = eA; £ ga;+0;w. It is just
a gauge transformation. In terms of the ansatz they would be simply 4; = (1/er)A(r)0;

and @; = (1/gr)a(r)f;. Now we write:

2Re¢ (Do’ D¢ + Do D) =

= 2(eAo + gao) (eA; + ga;) ¢4 |* + 2(eAg — gao) (e4; — ga;) |¢- |
= Aj2e [(eAg + gao) |+ [” + (eAy — gao)|o-|*] +

+a,2g [(eAo + gao)|p|* — (eAo — gao)|o— ]

But the densities pi = i (¢7. Do — ¢ Do¢) = —2TJm (@1 Do) in the static limit

are exaclty pr = —2(eAy & gag)|¢+|? . This allows us to write:

2%Re (Do¢} Dy + Do¢™ D) = —Aze(py + p-) — a;g9(ps — p-)

From the Gauss laws, we have:
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V-E+pb=e(ps+p-)
V-é+uB=glps —po).

Therefore,

2%e (Dody Doy + Do Dy ) = ~4; (V- E+ ) —a; (V- &+ uB)

We are now ready to evaluate its contribution to angular momentum:

—J, = / d*xex;2Re (Dody Dy + Dod™ D;op-)
/d%e x; [_( E—l—,ub)—i—aj( e—i—,uBﬂ
= [ (¢ L) e [2 (9B ) @ (F-c45)]
e . .

And for b = €79;a;, in polar coordinates, we have:

b— 1 8(7’59) _ 8ar
oy or 00

Analagously for ¢ and B. Now we assume radial symmetry, that is, 0y = 0 for any
non-vanishing component. This allows us to write:
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—J, = / d*ze’2;2Re (Dody Didy + Dodp™ D)
_ /der [Ze (ﬁ B+ ub) + T (ﬁ 4 ,uB)]
= [ s, |22UE 4 gy |G

_ a d (rA,
+M/d2l’ {T‘Agl |:—d (TGG):| +T@91 —(T 9)
r dr r

dr

_J, = /dQ/dr {rzg {d(:lf’")} + ray [d(gf’”)”
+u/d0/dr{r29 {d(;f")] + d(fe) 7“69}
_ —/dﬁ/rdr{ %dt?) rE, + Ed(gf")} Ter}
i / a8 / ar- (o) (770)]
_ _/d2:c (7E) B+ (7o)
T o [ A
We obtain thus the total angular momentum:
T = Jy+ Jy = —2mp [P Aga,] ™ = 2:—9“ [A(0)a(0) — A(oo)a(oo)] (D.2)

For topological vortices, A(0) = m and a(0) = n while A(c0) = a(o0) = 0, therefore

we finally arrive at the desired result for the total angular momentum of the vortex:

2 G G
J:ﬂnngm:—n:Q— (D.3)

eg e g 2mp
For non-topological solitons, as we will see, A(co) = —f and a(c0) = —a, two real

numbers.
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Appendix E

Constructing the self-dual potential

In order to construct a model that naturally leads to Bogomol'nyi-type bounds for the
energy functional, we follow the strategy of [?] and introduce two neutral fields N (scalar)

and M (pseudoscalar), in the form:

B 1
4
+ (0, +ieA, + iga,) ¢+‘2 + [ (Op +ieA, —igay) ¢7‘2

1
L F,F" — quyf“” + pue?A,0,a,

1 1
+ 3O + 50N = V{14l o-] M. N), (B1)

The Lagrangian ([E.1|) leads to the energy functional:

1/- 1
H= /d% [5 <E2 + BQ> +3 (8 +b°) + V(dy, ¢, M,N)
+|Dog [ + |Dogp—* + | Di|* + | Digp—|?

1 1 1 1
- §(aoM)2 - 5(aoN)2 - 5(@M)? + 5(6ZN)2 (E.2)
Let’s take the definition of the currents J{ that appear in the equations of motion:
O " + pe”?o,a5 = e (Jf; + JZ) )
O + pe”Po, A5 = g (JJ”r — JZ) , (E.3)
With J! =1 [gbjED”QSi — D”gbjcgbi]. Then

0i(Jy); =i [0:05.D;ds + 1.0 (Djd1) — 0; (D;¢%) i — D% 0ip+] (E.4)
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From the definition of the covariant derivatives, we have: 0,04+ = D;p4 — ieA;p4 F

1ga; ¢+, so substituing back in ([E.4)):

0;(Jx); =1 [Di¢3 Djos + ¢30; (Do) — 0; (D;dh) ¢+ — D¢t D |
+i [(+iedid} £iga;¢h) Djgr — Dby (—ieAipy Figaidy))
=i [Di¢ . Djps + ¢1D; (Djds) — Di (D;¢h) s — D Dipe ] (E.5)

Contracting with the spatial anti-symmetric levi-civita symbol "9 = €7 — €2 =

—e?l = 1t

€10,(J1); = 2ie” (D;¢ . D;s) +ie” [¢4.D; (D;ds) — Dy (D) o) (E.6)

But note that:

EijDi(Dj(bi) = eij(&- + ZGAZ + Zgaz)(a] + ieAj + igaj)gbi
= (ieeijaiAj + igeij@-aj) O+
=i(eB £ gb)o+ (E.7)

Which means then:

€10,(J1); = 2i€” (D;¢ Dy ) — 2(eB =+ gb)|ds | (E.8)

|2 which appear in the energy func-

Now, we observe that the following terms |D;¢p4

tional can be rewritten as:

|Dig|* = D1¢" Dy + Da¢p”" Do
= [(Dy F1D2)@"| [(D1 £ iD3)p| FiD1¢" Dagp +iDyp" D1

In the result above either sign would work for both ¢, that’s why we did not specify
which field we were using during the derivation and also to prevent confusion. With the

last two results, we can write:
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. 1,
|Dz¢+|2 = |(D1 == ZD2)¢+’2 + §€]az‘<<]+)j + (eB + gb)|¢+|2

Dip_? = (D iD2)o_[? S0, (eB — gb)| 6. (E.10)

We want to substitute |D;¢.|*> + |D;¢_|* by the r.h.s. of (E.10), but there is an
ambiguity as to which sign should we use. The ambiguity is partially eliminated by the

requirement of parity symmetry, if we observe that:

(D1 4+ iD3)py = [(01 +ieA; +igar) + i (02 + ieAy + igas)] o4

i (=01 —ieA; +igay) + i (02 + ieAs —igas)| o =

= —[(01 +ieAy —igar) — i (02 + ieAy — igas)] G-
= —(D1 —iDy)o- (E.11)

This suggests that, in order to preserve the parity symmetry of (E.2|), we must take

the combinations with reversed sign, that is:

H= /d%: B (B2+B%) + % (& + %) + V(s 6, M, N)
+| Dot |? 4+ | Do |* + |(Dy £iD3)p 4 |* + |(Dy FiDo)o_|?
1 1 1 1
+ §(aOM)2 + 5(80N)2 + 5(@]\4)2 + 5(82-1\7)2

+(eB + gb)|¢+]> F (eB — gb)|¢—|*] (E.12)

Where we have dropped a surface term. We can now make use of the neutral fields

that we introduced earlier to write:

Loy Loy Lio ooy
SE (VNP =2 (E£VN) 5 BN
L L. . .0
:%(Ej:VN>2:I:NV.E$W
= % (Ei 6]\7)2 =N (—,ub—l— eJ) + eJE) (E.13)

Where we have made use of the Gauss law (v = 0 in [E.3]). Analogously,

(VM)? = (€j: 6M)2 + M (—uB + gJ% — gJ°) (E.14)

[\)
N | =
N | —
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Because the 1.h.s of the equation above is even under parity, so is the r.h.s.. That’s
precisely why we took M to be a pseudoscalar.

Plugging these results in the energy functional, we get:

H = /d2 [ Ei VN) + %B2 + % <€i 61\4)2 + %zﬂ +V(by, b, M, N)
+[Do¢+|* + [Dogp—|* + [(Dy £ iDa)p |* + |(Dy F iDs) [
+ S (@M + (BN
+ (eB + gb)|p+|> F (eB — gb)|p—|?

N (—pb+el) +eJ’) £ M (—uB +gJ) — gJ°)] (E.15)

Note the presence of the following terms:

|Dog4 > £ eNJY + gMJ] = [Dogp |* £ (eN + gM)i [¢, Dy — D°¢% ¢, ]
= [Do¢s Fi(eN + gM)py] [Dogy £i(eN + gM)o% |
— (eN + gM)?| ¢4 |?
= [Dody Fi(eN + gM)o, > — (eN + gM)?|¢,|”

And similarly:

Do £ eNJ® & (—g)M.J° = |Doo- F i(eN — gM)6_[* — (eN — gM)2|o_

Therefore:

1 1 - 2 1
H = /d2 [ EiVN) +5B+ <€j: VM) + 582+ V(é4,6-, M, N)
+ | Do+ Fi(eN + gM)py|* + |Dod- Fi(eN — gM)p_|?
+[(D1 £ iDs)d|* + [(D1 F iD2)¢- [
+5(OM) + L@NY — (N +gM)Io. ] — (eN — gM )6
+ (eB + gb)|¢.|> F (eB — gb)|o_|?
N (—pub) + M (—uB)] (E.16)

One last trick and we'’re ready to go. We are going to induce a non-trivial VEV for
the fields ¢.
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H= /d% B (Ei 61\/)2 + %B2 n % <€j: ﬁM)2 + %zﬂ +V(by, b, M,N)
+ |Do¢y Fi(eN + gM)p,|* + |Do¢— Fi(eN — gM)o_|?
+ (D1 £ iD2)p |* + |(D1 F iDs)op|?
+ LM+ LN — (eN + MUyt — (e — gM)Plo_f

+ (eB + gb) (|o4> —v%) F (eB —gb) (|o-* —*)
+N (—pb) £ M (—uB) £ v (eB + gb) F v (eB — gb)] (E.17)

At last, we observe that:

%BQ +eB (|¢+> —v3) FeB (J¢_|* —v*) £ M (—uB) =

B e (0 =) e (6 —o?) — ]}

1

=5 [e(loP =) —e (lo-? —v2) — ]’ (E.18)

And the same for the b:

S0 0D (16, — ) = gb (1617 —2) % N (~pab) =
— 5 0 g (104 = 02) g (Jo-F = 02) — V] f

1

5[99+ =22) + ¢ (jo- 2 = v2) = uN]’ (E-19)

So that we can finally write the energy functional in the very suggestive form:
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2 1 - \2 1 1
H= /d2 { E + VN) +5 <€i VM> + |Dari ! + (D62 + 5 (0M)? + S (BN’
3 B [e (62 —42) — e (l6-P —0?) - ub]}’
1
{0 E g (104 —03) +9 (I —0?) — N}
+ Doy Fi(eN + gM)p, * + [ Dod— Fi(eN — gM)¢_|?

+eB(v2 —v?) £ gb(v: +v2)

+V(dr, 90—, M,N) = (eN + gM)*|¢.[* — (eN — gM)*|¢_|*

Lo (0u P = 02) — e (j6F —2) — uM]?

2
1
3 [906:2 = 2) +g (o = ) = V]’ (.20)
The final touch is that if we want a parity symmetric energy functional, we must take
v3 =02 =v? and we arrive at the desired result:

H= /d2 { E + VN>2 + % <€i €M>2 4 |Diopy | + | D> + %(ébM)Q + %(QON)Q
b B [e (160 ~1o-1) - uM])’
b2 [g (104 +16-12 — 20%) — ]}’
T |Dos F i(eN + gM)os 2 + | Do F i(eN — gM)o_|?

+ 2gbv?
+V(dr, 90—, M,N) = (eN + gM)*|¢. [ — (eN — gM)*|¢_|*

5 e (6P~ 16-P) — )

L1 1o - 202) - V? (521

To cancel the last terms and obtain a Bogomol'nyi-like bound for the energy functional

H, one defines the potential:

V(éy,d, M,N) = (eN + gM)?|¢, > + (eN — gM)?|¢_|?
e (|94 ]2 — [o-[?) — pM]”

L1
i
5 [ (104 + 10— = 20%) — uN]* (E.22)
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Appendix F

Fundamental rep. of the Lorentz

algebra in 241 dimensions

The Lie algebra so(1,2) is given by 3 antisymmetric generators M, such thatﬂ:
[M* M) = i (" MY + 0" M*P — " MYP — 5P M"Y . (F.1)

We show below that this algebra is satisfied by M* = 3#*”. In fact, one can write

Y = }l [v*,~"] and use [y*,~"] = 2ie"*~,, finding X" = %e’“’p%, thus

1
2,57 = = e )

= S e (F.2)

But we see that %e“bcnmnyb% = Y,y and we know that

=TT = (T — ") — T (™ — ) + 0t (00T — n"n"?) .
(F.3)

Since X, is antisymmetric in z, y it gives zero when contracted with 7,,. Thus we have

[SHV 7] = pHPSe TSR — o SIYP  pP ke (F.4)
Thus,
[iSH i) = — [BF, 57] = — (P57 + g7 SHP — pPISvP — RS
= [P'PISYT 4 nPTiEHP — nHoisrP — PR (F.5)

There we are considering the metric 1, = diag (—,+,+)

170



Therefore, we see that M* = ¢3# = —%e“”p’yp closes the algebra, providing the spinorial
representation of the Lorentz generators.

Let us propose that the supercharge transforms under Lorentz according with

(M, Q%] = (2")% Q”

= 2 () @ (F.6)

Defining the rotation generator as J = M and the boost generators as K = MY, we

can see explicitly the effect of such Lorentz transformations by performing the following

i

O = s M . (F.7)

L (124

When ® are spinors, we have in particular ¥’ = ez V. For the angular momentum

and the boosts generators in this representation, we have

, 1 1
J = 2212 = —56120"}/0 = —§O'y,
1 .
K* = i201 = —5601272 = %O’Z,
1 .
KY =ix” = —5602171 = —%ax. (F.8)

Notice that the angular momentum above is Hermitian and the boosts generators are anti-
hermitian, as expected. In particular, we see that we have only one rotation generator,

thus two rotations in the plane always commute. For the boosts, we have
(K" K| = [M% MY] =i(n®M7) =—iM". (F.9)

We can rewrite the above expression using M% = —¢¥.J, since we have €'?2 = %2 = —1

and also J = M'2. In this case, we have [K*, K/] = ie”’.J. Analogously, we have

[J, K] = [M2, M%) = i (M0 — i M) = i (VK — 2K | (F.10)
By the same reasoning used above, we can write [J, K‘] = —ie¢” K7. Therefore we have:
[J,J]=0, [JK'|=-ie"K, [K' K'|=icl]. (F.11)

To implement a rotation in the plane, we can use the unitary operator (adopting the
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0 1
matrix notation € = ( 0 ) and defining the rotation parameter § = ws)
2 3
_ piwn2(iS1?) _ Li0] _ —ifoy/2 _ —0e/2 o g _ Q 1 Q 1 1 Q
R=c¢ e e e 25 AG + 6 |3 €+ ...

6 6
A oS <§> 1 —sin <§> g, (F.12)

that seems to realize a rotation of g on the plane.

The commutation between the angular momentum and the Susy generator will be

[1,Q%] = [M"™,Q°] = —% (0)% Q" = —%eaﬁQﬁ. (F.13)

In the above expresison we have —ie,3Q° = Q°Cj, = Q., thus we obtain

[‘]7 Qa] = %Qa' (F.14)
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