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Abstract

We investigated Relations Among Green Functions defined in the context of an al-
ternative strategy for coping with the divergences, also called the Implicit Regularization
Method (IREG). This procedure does not use specific rules for the context being in-
vestigated: the mathematical content (divergent and finite) will remain intact until the
calculations end. The divergent part will be organized through standardized objects free
of physical quantities. In contrast, the finite part is projected in a class of well-behaved
functions that carry all the amplitudes’ physical content. That relations arise in fermi-
onic amplitudes in even space-time dimensions, where anomalous tensors connect to finite
amplitudes as in the bubbles and triangles in two and four dimensions. Those tensors de-
pend on surface terms, whose non-zero values arise from finite amplitudes as requirements
of consistency with the linearity of integration and uniqueness. Maintaining these terms
implies breaking momentum-space homogeneity and, in a later step, the Ward identit-
ies. Meanwhile, eliminating them allows more than one mathematical expression for the
same amplitude. That is a consequence of choices related to the involved Dirac traces.
Independently of divergences, it is impossible to satisfy all symmetry implications by sim-
ultaneously requiring vanishing surface terms and linearity. Then we approach the 1-loop
level fermionic correction for the propagation of the graviton in a space-time D =1+ 1
through the action of a Weyl fermion in curved space-time. In this context, gravitational
anomalies arise, and the amplitudes investigated have the highest degree of divergence
quadratic. That imposes a substantial algebraic effort; however, the conclusions are in
agreement with the non-gravitational amplitudes. At the end of the calculations, we show
how it is possible to fix the value of the divergent part through the relations imposed for
amplitudes.

Keywords: Anomalies, Gravitational Anomalies, Divergences, Implicit Regularization.



Resumo

Investigamos Relagoes entre Fungoes de Green definidas no contexto de uma estratégia
alternativa para lidar com as divergéncias, também conhecida como Método de Regular-
izagao Implicita (IREG). Este procedimento nao utiliza regras especificas para o contexto
que estd sendo investigado: o conteido matematico (divergente e finito) permanecera
intacto até o final dos célculos. A parte divergente serd organizada através de objetos
padronizados livres de grandezas fisicas. Em contraste, a parte finita é projetada em uma
classe de fungoes bem comportadas que carregam todo o conteido fisico das amplitudes.
Essas relacoes surgem em amplitudes fermionicas em dimensoes espago-temporais pares,
onde tensores anémalos se conectam a amplitudes finitas como nas bolhas e tridngulos em
duas e quatro dimensoes. Esses tensores dependem de termos de superficie, cujos valores
diferentes de zero surgem de amplitudes finitas como requisitos de consisténcia com a lin-
earidade de integracao e unicidade. Manter esses termos implica quebrar a homogeneidade
do espaco-momento e, em uma etapa posterior, as Identidades de Ward. Entretanto,
elimind-los permite mais de uma expressao matemadtica para a mesma amplitude. Isso é
consequéncia de escolhas relacionadas aos tracos de Dirac envolvidos. Independentemente
das divergéncias, é impossivel satisfazer todas as implicacoes de simetria exigindo simul-
taneamente termos de superficie nulos e linearidade. Em seguida, abordamos a correcao
fermionica ao nivel 1-loop para a propagacao do graviton em um espaco-tempo D =1+ 1
através da acao de um férmion de Weyl em um espaco-tempo curvo. Nesse contexto,
surgem as anomalias gravitacionais, sendo que as amplitudes investigadas apresentam o
maior grau de divergéncia quadritica. Isso impoe um esforco algébrico substancial; no
entanto, as conclusoes estao de acordo com as amplitudes sem acoplamento derivativo.
Ao final dos cédlculos, mostramos como é possivel fixar o valor da parte divergente através
das relacoes impostas para as amplitudes.

Palavras-chave: Anomalias, Anomalias Gravitacionais, Divergéncias, Regularizagao

Implicita.
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Chapter 1

Introduction

Since their inception, anomalies have played an important role in Quantum Field
Theories (QFTs). The authors [I} 2, B, 4] first met the subject in the forties and fifties.
Then, it was rediscovered in two dimensions (2D) by Johnson [5]; through the non-
conservation of the axial current in the two-point functions. And in four dimensions (4D)
in the context of the ABJ anomaly of the triangle’s graph [6}[7,8]. In this case, it manifests
when two vector currents couple to an axial current via a fermionic propagator loop. The
anomalous term (i.e., not expected from the canonical equations) in the divergence of the
axial current that violates the PCAC (partial conservation of the axial current) would
be responsible for the decay rate of some mesons, including the electromagnetic decay

of the neutral pion, 7°

— 77, observed experimentally. Later, many studies considered
perturbative and non-perturbative approaches to investigate these phenomena. Among
them, the Fujikawa interpretation of the path-integral measure [9], heat kernel [10], and
cohomological methods [I1].

It is well-known that anomalies prevent the quantum counterparts of Noether cur-
rents from satisfying their classical conservation laws, which break Ward Identities (WI).
Meanwhile, these constraints are necessary to ensure the perturbative renormalizability
of gauge models. That also applies to theories with spontaneous symmetry breaking as
the Standard Model [12, 13]. The anomaly cancellation mechanism corroborates with the
number of quark generations that ultimately implies the prediction of the top quark, for
example, see the book [I1], and the maintenance of the renormalizability of the standard
model ensures internal consistency of the theory.

Similarly, there are anomalies present when fermionic fields couple to gravitational
fields. Delbourgo and Salam in [I4] and Kimura in [I5] established that in the physical
dimension, D = 1 + 3, two gravitons contribute to the axial anomaly from a triangle dia-
gram. Two energy-momentum tensors couple to an axial current via a fermionic propag-
ator loop. This anomaly would indicate [16] the impossibility of obtaining a gauge theory
in a gravitational context unless there is an anomaly cancellation mechanism.

Alvarez-Gaumé and Witten also show in [I6] that the violation of the diffeomorphism



invariance (Einstein anomalies) at D = 4k + 2 occurs in "purely gravitational" anomalies,
without gauge coupling, in curved spacetime for Weyl fermions with spin 1/2 or 3/2
coupled to the gravitational field via energy-momentum tensor. When there is a violation
of the conformal symmetry as we have the Weyl anomaly (or trace anomaly). Capper
and Duff in [I7, 18] studied such anomalies in the graviton propagation by interaction
with photons and Weyl fermions at the 1-loop level, and more recently, the contribution
of the Pontryagin density to the Weyl anomalies has been revisited by Bonara et al., [19],
[20], and [2I]. Furthermore, for gravitation, we have Lorentz anomalies: They signify
an antisymmetric part in the energy-momentum tensor, in even dimensions, in particular
2D, they can be traded by the Einstein anomalies [I1] using the local Bardeen-Zummino
polynomial [22]. The same polynomial transforms the consistency into the covariant form
for anomalies.

Among the places where anomalies manifest, we have the perturbative scenario for
correlators of axial and vector currents that are divergent odd tensors. Some of them
AV™ amplitudes in d = 2n dimensions, which cannot satisfy all WIs, (see [23]). These are
(n + 1)th-rank tensors of odd-parity and functions of n momenta variables. Consequently,
they have a set of low-energy theorems obtained through momenta contractions. In one
loop, they contain Dirac traces having two more gamma matrices than the number of
dimensions. These traces are linear combinations of monomials in Levi-Civita tensor and
metric, displaying equivalent expressions that differ regarding index arrangement, signs,
and the number of monomials. In addition, the power counting of the integrals indicates
the presence of surface terms, making these structures depend on the graph’s momenta
routing (outside the amplitude AV in d = 2). Since perturbative solutions admit arbitrary
choices for routings and Dirac traces, the final results show many possibilities.

This last proposition is inseparable from the fact that divergences are the rule to
get model predictions of QFT in perturbation theory. Regularization methods are ad-
opted to obtain information about the amplitudes’ kinematic dependence and symmetry
consequences. Some examples of these techniques are Cut-off, Pauli-Villars, Analytic
Regularization, Dimensional Regularization (DR) [24] 25], High Covariant Regularization
[26], 27], Differential Renormalization ([28]). However, these regularization methods can
compromise the theory’s predictive power by modifying amplitudes and making the di-
vergent structures finite. Beyond its limits of applicability in theories involving the chiral
matrix, manipulations not guaranteed to the original expressions take effect as shifts in
the integration variableﬂ Furthermore, new methods to deal with multi-loop calculations
aiming for algorithmic implementation of precision numerical predictions [29], [30]. The
prescription also may prescribe rules, not inherent to Feynman’s ones, for which properties
of the algebras are valid or not [31, 32], B3], 34, 35, 36].

!Take the DR as an example; it eliminates surface terms as a condition to achieve symmetry preser-
vation.



On the other hand, tensor Feynman integrals exhibiting diverging power counting have
surface terms. For the linearly diverging ones, a shift in the integration variable requires
compensation through non-zero surface terms [37], [38], and [I1]. They cannot be free-
shifted and need arbitrary labels for internal momenta. Energy-momentum conservation
sets differences in the routings as functions of the physical momenta; however, internal
momenta are arbitrary (by themselves and their sums) and may assume non-covariant ex-
pressions [39]. Since non-zero surface terms imply the breaking of translational symmetry
in the momentum space and this operation is needed to prove WIs, other symmetries vi-
olations also occur. By exploring tensor properties, we investigate symmetry maintenance
and its relation with the mathematical content of the diagrams. That materializes into a
discussion about the linearity of integration and choices for perturbative solutions related
to their uniquenessﬂ.

For one of our purposes, we use a general model coupling spin-1/2 fermions (through
their bilinear and without derivatives, eventually with fermions of distinct masses) with
boson fields of even and odd parity (spins 0 and 1). The n-vertex polygon graphs of
spin-1/2 internal propagators are one part of the analysis, specifically the 2D-AV and
V' A bubbles, 4D-AVV, VAV, VV A, and AAA. In the e-print [40], the extension to
the 6D-AVV'V box is also explored with the same conclusions. In two dimensions, the
AV-V A amplitudes worked with arbitrary masses; the author has the publication [41].

The amplitudes are obtained within a procedure to handle divergent and finite integrals
introduced in the Ph.D. thesis of O.A. Battistel [42]. Several investigations applied this
strategy in 2D, 4D, 6D, and 5D. This method has no limit of applicability; without
specific rules to the context being investigated. We can use it for theories in even and odd
dimensions simultaneously, in addition to careful investigation into chiral theories [43] [44]
[45], 46] [47] [48] [49]. Other investigations use the name Implicit Regularization (IREG),
having a similar approach [50, 5], 52 53].

This procedure uses a general identity to isolate divergences that do not interfere
with Feynman’s rules. Since we do not evaluate divergent integrals explicitly, amplitudes
are not modified at any stage of calculations. Also, we use arbitrary routings for the
momenta of internal lines. In this strategy, we devise a notational scheme to systematize
finite integrals and their divergent parts based on previous works on the subject [54], [55],
and [56]. Three relevant ingredients to our discussion are irreducible divergent objects,
tensor surface terms, and finite functions. The only assumption is linearity applies to the
Feynman integrals, which manifests through Relations Among Green Functions (RAGF's).
This aspect is one of the main points of this investigation.

In this way, having studied, in the last instance, chiral anomalies in two and four

dimensions, we proceed to see how the conclusions extend for the two-dimensional grav-

2To uniqueness, which needs a particular definition to work its consequences, we provide it along the
thesis.



itational anomalies [16, 57, [68, 59, [60]. To that end, we explore couplings with currents
involving derivatives in the fermion field. The physical scenario is described by a model
from a Weyl fermion coupled to a background gravitational field using the same model
as the references [61, [62]. In an expansion around the Minkowski metric, the matter field
induces corrections through the two-point function of its (linearized) stress tensor. Taking
advantage of the strategy, we write all the expressions similar to the case without deriv-
ative coupling, which point to many similarities for the elements in the root of symmetry
violations.

By carrying intact the divergent content, until the end of all computations, our stance
on the perturbative amplitudes enables a detailed view of the elements that yield differ-
ent results. It also clarifies the connection among the surface terms in amplitudes with
ambiguities of routings, traces, and symmetry violations. Any interpretation of diver-
gences that sets surface terms as zero for even amplitudes makes their results symmetric
concerning the symmetries related to momenta contractions but not metric contractions.
Nevertheless, these prescriptions break integration linearity for odd amplitudes since equal
integrands give rise to different integrals. Hence, an uncountable number of tensors follows
from the same expression.

On the other hand, by adopting the value of the surface term that preserves linearity,
all manipulation on the traces provides one and only one tensor of the routing variables.
Therefore the physical interpretation requires arbitrary parameters to fix the symmetries.
The freedom allows us to improve the known and desired content of the results (for non-
derivative couplings). However, the consequence is that even amplitudes will more often
violate their Wls if they ask universality to play a role.

We organized the work as follows. In Chapter , we have the general model, defin-
itions, and a preliminary discussion. Chapter discusses the strategy to handle the
amplitudes, where we define irreducible objects, tensor surface terms, and finite parts.
The compilation of the effects of traces and surface terms in 2D appears in the Chapters
@; through complete and independent computation of all the quantities related to
RAGFs. The consequences of the results preserving linearity or saving translational sym-
metry are presented and interpreted in light of low-energy theorems. Chapter (@ deals
with all odd triangles in 4D, their RAGFs, and the concept of uniqueness. The Sections
and deal with general properties of low-energy theorems and offer a proposi-
tion that connects linearity, low-energy behavior of finite amplitudes and surface terms.
Chapter @ a,nd extend the propositions to a gravitational scenario. In the last Chapter

@D, we discuss some points implied by the investigation for other scenarios.



Chapter 2

Notation, Definitions, Model and
Preliminaries

Feynman rules, vertices, and propagators employed in this investigation come from a
model where fermionic currents couple to bosonic fields of even and odd parity {® (x), V), (x)

JI(x), A, (x)} through the general interacting action
S = /d2”:c lesS (x) @ (z) + enP (z) I (x) + ey J" (2) V), (x) + eaJt (x) A, (x)]. (2.1)

The currents {S, P, J,, J.,} are bilinears in the fermionic fields Jiu (z) = (¢,I'i¢,) (2).
They deliver the vertices proportionaﬂ to

Ly e (S, PV, A) = (1,7, 7,0 YY) (2.2)

where v, are the generators of the Clifford algebra of Dirac matrices satisfying {7/1,7#2} =
2g#1#2 . The chiral matrix, which is the algebra’s highest-weight element, satisfies {~,, v+ } =
0 and assumes the explicit form

Z‘n—l

=1 o _ V1-Van
Ve =1 Yo1 Yon—1 (2n)!6V1"'V2n7 . (23)
We often adopt a merging notation to products of matrices "1""2n = A¥1q¥2 ... ~¥2n,
adapting to Lorentz indexes fi; i« * - fty = [l1...s When convenient. The behavior under the

permutation of the indexes is determined by the objects: g, ., = 94, = Gy, OF Epypgeropiy, =
0123-2n—1 _ |

Eltyy.mn = —Epiyy iy, - FOr the 2n-dimensional, follow the normalization e
The algebra elements are the antisymmetrized products of gamma matrices
1 .
V] = Z sign () Y b1y~ by (2.4)
TESy

They satisfy general identities as seen in the appendix of the reference [63]:

Z'n—1+7“(r+1)
Vpt1V2n

VsV g o] = 2n —r)! ST Vwri1--van]- (2.5)

!The proportionality comes from the coupling constants {eg,em,e,ea}, taken as the unit for our
purposes.



These identities are needed when taking traces with the chiral matrix. For products of

tensors, we adopted the antisymmetrization notation

1 .
Aoy ar By yreay] = o Z S10. () Aa, (1)0n (o) B 1) m (2.6)
TES,
where the normalization factor does not interfere with the used identities.
The spinorial Feynman propagators come from the standard kinetic term of Dirac

fermions

i 1 _(Ki+mi)
SF(Ki)—<Ki_mi+Z.O+>— D (2.7)

where D; = K? — m? with K; = k + k; and m; corresponding the mass of the i-particle.
The momentum £ is the unrestricted loop momentum while k; are routings that keep track
of the flux of external momenta through the graph, see [59]El They cannot be written as
a function of the kinematical data in divergent integrals. In our approach, they codify
conditions of the satisfaction of symmetries or lack thereof. Nonetheless, their differences

relate to external momenta through the definition
pij = ki — kj, (2.8)

using momenta conservation in the vertices of the diagram in figure (2.1)).

q2 = P21

Tz Ty

q3 = P32

Figure 2.1: General diagram for the one-loop amplitudes of this work.
The integrand of these amplitudes follows from Feynman rules
tFlFQ.nFnl (]{;17 C ,k’nl) = tr[FlSF(Kl)FgSF(Kg) s FnlsF(Kn1>] (29)

That is a well-defined function of the external momenta and sums undetermined by mo-
mentum conservation
P; = ki + k;. (2.10)

2Consult section (4.1) for a comment on the arbitrariness of these routings.



2.1 Relation Among Green Functions (RAGF) 7

Often we adopt the simplification S (i) = Sr(K;), where the numerical index ¢ represents
all parameters of the corresponding line. The total amplitude comes from integration in

the loop momenta

2n
d="k I'1To---Ts

712 Ts (1,---,5) = / (27r)2nt (1,---,s). (2.11)

When replacing the specific vertex operators I'; from (2.2)), the notation accompanies the
Lorentz indexes in order with the operators. In addition, we set aside the minus signs for

closed loops.

2.1 Relation Among Green Functions (RAGF)

As a part of the investigation, we establish identities among Green functions that
display Lorentz indices of vector and axial currents. These are commonly called Relations
Among Green Functions (RAGFs) and have been used in investigations in the IREG
scenario [43][45][49]. They can be considered conditions on the linearity of integration
even before Wls are asked to play some role in perturbation amplitudes.

Let us take the amplitude AV"! to introduce these relations since they are part of

our analysis,
oy, = t[7.7,, 5 (1) 7,5 (2) -7, S (r)]. (2.12)

r

When contracted with ph? in the vector vertex Yy, W€ remove one propagator using
K;=k+k; and S (i) = K, — m through the standard manipulation

W =Ko=Ky =57 (a) = 77 (b) + (mq — ma) (2.13)

This result leads to the vector RAGF, a difference between two amplitudes built out of

the same rules

Pty = (i, (1 2 ) = G50 (120 )] o (ma — ma) 15750 (2.14)

The "hats" mean the omission of the propagator corresponding to that routing and the
vertices corresponding to the Lorentz indexes. In other words, the RHS contains lower-
point functions that are in general more singular under integration (but not always). Now,

observe the contraction of the axial vertex with pi}

piatV o = S (r) ST (r) S (1)7,,5(2) v, Sr—=1)7,]  (215)
—tr[7,7,,5 (2) -+ -y, S ()]

Using the commutation of the chiral and Dirac matrices that implies in the identity

S(r) 7S (1) = (=7, —2mS (1) 7,) (2.16)
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leading to the axial RAGF

AVV AV AVV (3
Pri Hip ke [ /‘7-1&1/‘2'”/‘7'—1(1 2,00, F) = by, (1,2, ,7)] (2.17)
— (my +my) tffv Hv

After integration, the relations achieved above become

paT Y = T (1,2, 7)) = TV (A2, )] (2.18)
_(mr+m1)TPv-};v

pRTaY oy = [T (1,2, ) — T;‘IZQV (1,2,---,7)] (2.19)
+ (ms — >T£§i¥

These equations embody assumptions of linearity of integration in perturbative computa-
tions; however, this characteristic is not guaranteed for divergent amplitudes. We expose
this scenario through complete calculations of amplitudes and their relations. Although
these equations are a structural property of the operations, they are not a priori linked
to the particularities of the model and its symmetries. However, after summing up all
contributions from the crossed diagrams (if applicable), the properties for the total sum
of lower-point Green functions coming from the momenta contraction should make the
expression correspond to the Wis.

The WIs are equations satisfied by Green functions as a consequence of continuous
symmetries of the action. They are valid in perturbative approximations built on Feynman
rules unless they are inevitably anomalous. They arise from the joint application of the

algebra of quantized currents and equations of motion to these currents: 9,J" = 0 and

OuJt = —2miP. Their expressions in the position space for axial and vector WIs are
Ot (T (1) Ty (w2) -+ Ty, (@) = =2mi (P (1) Iy, (22) -+ Ty, (27)), (2:20)
022 (Juy (@1) I (23) -+ Iy, (3,)) = 0, (2.21)
where (---) = (0|T[---]| 0) is an abbreviation for the time ordering of the currents. In

our notation for perturbative amplitudes, we would have analogous equations

MlTA—>V Vo 2mTP—>V V7 #QTA—>V -V 07 .

A=VoV
G Lpyyep, Bz Hy T =0. (2'22)

Hop
ar Hag: oy

The arrow means the mentioned sum of contributions. The connection involving RAGF's
and WIs is straightforward, so that violations of RAGFs imply violations of WIs. This
way, maintaining all WIs depends on satisfying all RAGFs while having translational
invariance in the momentum space. We show how this requirement is impossible for a
class of amplitudes as those introduced in the sequence. These objects share similar tensor
structures, contain diverging surface terms, and produce the same consequences regards
anomalies in their specific dimensions. All of them are divergent odd tensors: they have

logarithmic power counting in 2D and linear power counting in 4D.
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e The 2D Bubbles: T,V T,/ ;

2 i)

e The 4D Triangles: TAVY, TVAV. TVVA. AAA,
H123 H123 H123 H123

In the second part starting in the Chapter @, we explore the consequences in a
gravitational scenario, we will also consider the perturbative amplitudes with derivative
coupling in 2D (defined in the same chapter). They have linear and quadratic power
counting and appear in associated with the study of Einstein and Weyl anomalies.

ot : . VYV VYV pAA L AA
e The Gravitational Amplitudes Even: Tﬂm;al, Tulz;am’ Tﬂlz;al’ Tulz;am?

e The Gravitational Amplitudes Odd: TV, ; TtV

2,017 T Hyg,(12”)

To compute these amplitudes, we have to take the Dirac traces. After that, any

amplitude is expressed as linear combinations of bare Feynman integrals following the

definition’|[]

H(2n) 1 oy (1 AR n2) — / d*k KZMI e K@“m (2 23)
7 ) Y ( *

Ina om)*" D1Dy -+ Dy,
These integrals have power counting w = 2n + n; — 2n,, where n; is the tensor rank
and ns is the number of denominators. A set of five types of integrals arise within each
amplitude, which is the subject of subsection (3.2]). But first, we develop a procedure to

deal with divergent quantities in the sequence.

$We simplify the dependence of the functions on their arguments f (ki, ko, -+ ) = f(1,2,---), omitting
them if it is clear.

*Changing from a reference routing k; to another k; is a matter of recognizing the definition of p;; in
and writing K; = K; + p;;.



Chapter 3

Procedure to Handle the
Divergences and the Finite Integrals

Before presenting the strategy to solve the divergent amplitudes, let us digress into the
divergent-integrals issue in QFT. It is well-known that the products of propagators that
are not regular distribution are ill-defined in general. A good example is the equation

d*k

/Wtr[sp (k) Sk (k—p)] = /d4xtr[gp (z) Sp (—)]e™™. (3.1)

The LHS displays a divergent convolution of two Feynman propagators in momentum
space. The RHS is the Fourier transform of a product of propagators in position space. So
both sides do not define distributions because when the point-wise product of distributions
does not exist, the convolution product of their Fourier transform does not also.

These short-distance UV singularities manifest in divergences of loop momentum in-
tegrals. Their origins trace back to multiplications of distributions by discontinuous step
function in the chronological ordering of operators in the interaction picture. That leads,
through the Wick theorem, to the Feynman rules; see [64] 65], originally in Epstein and
Glaser [66]. Although the undefined Feynman diagrams can be circumvented by carefully
studying the splitting of distributions with causal support in the setting of causal per-
turbation theory [67, 68, [69] (where no divergent integral appears at all), we work with
Feynman rules in the context of regularizations.

We use the systematic procedure known as Implicit Regularization (IREG) to handle
the divergences. Its development dates back to the late 1990s in the Ph.D. thesis of O.A.
Battistel [42], having its first investigations in the references [70, [7T]. Its objective is to
keep the connection at all times with the expression of the "bare" Feynman rules while
removing physical parameters (i.e., routings and masses) from divergent integrals and
putting them in strictly finite integrals. The divergent ones do not suffer any modification
besides an organization through surface terms and irreducible scalar integrals.

This objective is realized by noticing that all Feynman integrals depend on the propagators-
like structures D; = [(k + k;)> — m?] defined in equation (2.7). Thus, by introducing a
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parameter \?, it is possible to construct an identity to separate quantities depending on

physical parameters
1 1 1 1

D~ Dat+ A~ Da[l—(=4/Dy)]
where Dy = (k> — \*) and A4; = 2k - k; + (k2 + A\* — m?). Now, we use the sum of the

geometric progression of order N and ratio (—A;/D,) to write

(3.2)

=) (=A/Dy)" + (=A/ DY)V

r=0

1 1
[1 = (=A:/Dy)] [1— (=A4:/DA)]

Immediately it is possible to determine the asymptotic behavior at infinity of the powers

(3.3)

(—A;/Dy)" as ||k|]|”". Observe that those terms in the summation sign depend on the

routings only in the numerator through a polynomial.
With the help of equations (3.3)) and (3.2)), we get

1 ZN AT
Il 1 T 7 1 N+1
D; r:o( ) Dyt (=)

N+1
Ai

DiVJrlDi'

(3.4)

As this identity is valid for arbitrary IV, choosing N as equal to or greater than the power
counting is possible. The integration of the last term is finite under these circumstances,
exhibiting dependence on the external momenta p;; = k; — k; when treating a product
of propagators. The parameters A\* generate a connection between divergent and finite
parts of integrals. That implies specific behavior to the divergent scalar integrals that is
straightforwardly satisfied. We adopt the mass of the propagator A?> = m? as the scal

To modularize the analysis, we organize divergences without modifications in the first
subsection. After that, we introduce the finite functions necessary to express the amp-

litudes. Lastly, we introduce integrals pertinent to this work, discussing some examples.

3.1 Divergent Terms

After applying the identity , we express the Feynman integrals through surface
terms, irreducible divergent objects, and finite functions. Divergent terms follow the
structure of the summation part of the identity and appear as a set of pure integration-
momentum integrals

/ d2nk i / dan, k#lkﬂz / dan kmklb ...klMQbflkMQb (3 5)
(27T)2n D§7 (271-)271 Di+1 ) (271_)211 Di-ﬁ-b ’ :

with n > a. Since they have the same power counting, combining them into surface terms

is always possible

o k, -k k., k., -k kM3 ... kHan )
~ 1o o Pon _ QaW _ guﬂup—g\ — permutations. (3.6)

IThe identity is independent of the parameter A\?, which is clear when taking the derivative with this
parameter.
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Observing the equation above, note that a surface term combines into lower-order
surface terms. That produces a chain of associations, leading to scalar integrals that
encode the divergent content of the original expression. They preserve the possibility or
not of shifting the integration variable, which means we are trading the freedom of the
operation of translation in the momentum space for the arbitrary choice of the routings
in these perturbative corrections. These surface terms are always present for linear and
higher divergent or logarithmic-divergent tensor integrals. Although their coefficients
depend on ambiguous momenta in the first case, only external momenta ({2.8)
appear in the second.

We define combinations that arise for this investigation for the abelian chiral anomalies

as follows
2n 2n
(2n) o A"k (2nk, k,, I d*"k 0 kK,
Aty uluz(/\ )= / (2m)2" ( Dy - g.U'IMQD_§ == (2m) Ok D_ﬁ’ (3.7)
where the superscript n = 1,2 indicates respectively two and four dimensions. The

corresponding irreducible scalar comes from the definition
d>k 1
12 (\?) = / — 3.8
log ( ) (27T)2n Dg ( )

The separation highlights diverging structures and organizes them without perform-
ing any analytic operation. Moreover, it makes evident that the divergent content is a
local polynomial in the ambiguous and physical momenta obtained without expansions
or limits.

For the gravitational case, the integrals show superior power counting; the iterative
use of this systematization from the first tensor term allows to recombine of all the tensor
integrals in terms of surface plus scalar integrals, whose coefficients are symmetrical com-

binations of the metric tensor,

A’k [2k 1 &2k 0 k
A(2) :/ Hi2 | = _/ K2 .
2p12 (277_)2 Dg\ g#lz D)\ (271')2 8/€“1 D/\ (3 9)
The 4th-rank surface term
d?k [8k g 2k 0 k
D(Q) — / Hi234 (H12 Mlz) / oy g py 1
s~ | (om)? [T D Z 2n Ok D2 (3.10)

and the longest one, the 6th-rank surface term

6
2(2) _ d*k 48kﬂ123456 _ §g(ﬂ12kﬂ1234 _ 4 Z dzk d klh i e
fazmse [ 9my2 | DY 3 D3 - 2 okni DY

(3.11)

For the symmetrization of indices, we use

Afreo Boy o) = > Aa 1) arn iy Bonyin) avn ey (3.12)

reSpon
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In our notation, S7°" C S; is a subgroup of the permutation group of s elements that does
not count terms that are already symmetric. It means the total sum has all terms that
make the tensor completely antisymmetric without repetition of terms with a coefficient
equal to the unit. We are using the convention of condensing the indices k,, ---k, =

k

being explicitly completely symmetric, a handy property in computations. Beyond the

4, and the same for vector k. These surface terms, therefore, have the character of

logarithmic objects defined above also appear quadratically divergent integrals organized

in the objects:

2 2 2
(2) . d°k 2/{2# (k —m )
Al = / (1)’ {—D;Q = G 108 g (3.13)
A’k [4k Ju, k
D(2) _ / pazsa (1o ™Vpzy) . 14
2111934 (271')2 Di D, (3 )
And the quadratic scalar
d?k (k? —m?)
= [ Gples g (3.15)

Important note: the complete symmetrization of the indices that appear as the
product of the metrics can cause the expressions for the surface terms to have dozens of

terms. For the sake of clarity, let us define the combinations,

EENC) 2) 1 )
W4'“123456 - 411123456 + gg(“m D3M3456) T gg(“12g“34A2M56) (316)
_o® 1 2)
W3M1234 - D3u1234 §g(u12A2H34) (317)

2 1 2
Wapsyy = 08 I A (3.18)

2p1234 5 H12 = 1pgy)"

The first row has sixty-one terms, while the second and third rows have seven terms.

They allow us to write the integrals often present in the separation of divergent terms as

/(;1:;2 48kll;1§3456 - W4“123456+g(ﬂ129M349u56)[1(<)2g) (3.19)
/ ((21:;28%—1534 = Wasnsss + 9a0000 g
[t — W s
[ - g
/(;1:;222% - Agi)m—i_gulz]c(li)ad'

For the trace of Wy, ... and W3, ., we begin with

10 1 8 1
W‘fﬂﬂ1234 - EZP#1234 + 3[13#1234 + gg(N12D§u34)p + gg(M12A2M34) + gg(ulzgﬂu)Agp (320)
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we =00

Pl 8oy T 32y, + 19#12Ap (3.21)
They arise from a simple combinatorial analysis: For g,,,[s,,,.) there are fifteen terms
where only in one of the indices p5; appears in the metric and six terms where both
indices appear in U3, ., the remaining ones have the indices p5 or 4 in the metric and
the other in the surface term. In the first and last set of permutations, we get a factor of
ten for U, ,.,, and the other six generate a complete symmetric combination of the trace

and metric, namely

9#569(,“12 D3M3456) = 10D3#1234 + g(mz[jp (322)

3uza)p’

As for the term g(,, , gu,, Do), they are forty-five terms, in eighteen of them the 1154 indices
are in the metric and twenty-four the metric and the surface term share them. These terms
generate a factor of eight multiplied by the symmetric combinations of g(,,,As,,,), the

remaining three yield the total result

gussg(M129M34A2M56) = 89(#12A2N34) + g(#1zgﬂ34)A§p7 (323)

where A , 1s the trace of the divergent object.
As a last observation, two essential combinations appear in the verification process of
RAGEF, resulting from traces with the metric. It is possible to immediately express the

features of W-tensors defined above in the following ways

2 2)p 2 2 2
2W3PH12 - 8Agﬂ) - [2(DéﬁL12 - Agﬂ)lz) B gﬂmAgp)p] + 29#12A§P)p (324)
3WL — 18W. = [Bx@r ol AL (3.25)
4ppi1a3g 3H1234 4pp1234 3pnass  J(129us4) .

(2)p (2)

1 @ @)
+g(#12[D3py34) B A2,u34) B 59#34)A20 P] + 39(#129H34)A2 .

Its determination follows from the combinatorial analysis of the terms symmetrized in
their definitions. The term g(,,a,9..,,)A%, inside the parentheses is equal t0 2g(,,a,91,) A5,
due to metric degeneracy. The term

1
Ty [D(2)P . A(2) - )A(Q)P] (3.26)

3puas) 2p34) 9734 2p

represents the six permutations for it to be completely symmetric. When one splits it into
three terms, the last one is symmetric with just three terms of the type g, ,9,,,. Hence
we get a factor of one instead of a half, which is identical to the combination we have
begun. This arrangement makes the expression similar to the one shown for the trace of
Wi.

These relations were exposed here because the expansion on the basic surface terms
becomes excessively long and unnecessary. The surface terms in the leading integrals
(highest rank-tensor) do not need expansion. The RAGF conditions of satisfaction only
require these terms to be ranked by their indices and the number of contractions, as we

will see in the Chapter on gravitational two-point functions.
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3.2 Finite Functions

3.2.1 Two Dimensions

After separating the finite part, we solve the integrals through techniques of perturb-
ative calculations and project their results into a family of functions. Two-point basic

functions assume the form

ni

1
Zo) = / dal—. (3.27)
0 Q

' Q
70 = /0 dza™ log e (3.28)
with n; € N, and the @ is a polynomial given by

Q (¢, ma,my) = ¢z (1 —z) + (M} —m3) x — mj. (3.29)

An important point that will be explored is ¢ = 0 for equal masses m; = ms, where

1
-1 — . 0 —
Z(-D(0) = T ) zZ(0) = 0. (3.30)

And the combination between Zf_l) and Zé_l) given by
2

1 2 2
2 _ 02y 7D 2Z(—1)} - / d (mi —ma)x — mj =1; 3.31
[(ml mQ) 1 120 72=0 0 ! Q (0,ma, my) ( )

It has a nice limit that will appear in investigating the AV of different masses.

Reductions: ng) in both parameters and the ones required for this work are

2
m _ _
70 = log A—g +2¢° 20 — (2 +m? —m2) Z27Y (3.32)
1 1 m2
227" = (¢ +m?—m2) 25 +log — (3.33)
my
B _ . 1
P = (w20 - - s B30

with ny > 0. In the gravitational setting (where only equal masses integrals will are

explored), we have the function

1
Q
Z\M = / dzQlog —5. (3.35)
0 _
Adopting m; = ms = A, the reductions needed for that scenario are
Z —m? =22 25" — 2 (3.36)
279 = 7\ (3.37)

(n +3) 285 = (1 +2)¢ 21, — (ny + 1)m?Z{0) — 0 (339

(m + 2)(711 + 3
with n; > 0.
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3.2.2 Four Dimensions

For the three-point amplitudesﬂ, we have the polynomial

Q (p, q,ma, m37m1) = p2x1 (1 - 551) + q2$2 (1 - $2) -2 (p : CI) T1T2 (3-39)

+ (m} —m3) z1 + (m] — m3) zo — mi.

And the corresponding basic functions,

1 11—z ni ,.n2
760 = / day / day 22 (3.40)
0 0 Q@
1 1—x1 Q
Zfl?)m = / dxy / dzea zy? log —. (3.41)
0 0 —A
At the point where all bilinears are zero, and for equal masses m; = my = mg, they satisfy
17,
ZED (0) = — fume . ZO) (0)=0. 3.42
ning ( ) m2 [(nl + n2 + 2)']’ ning ( ) ( )

Writing the parameters in terms of derivatives of the polynomials and using partial
integration follows relations among these functions. More precisely, they are reductions
of involved parameter powers n; + ng for equation (3.40) (see Appendices ??7). They
were approached in the papers [54][55][56]. This resource is necessary for the operations
performed throughout this investigation.

Let us start by making the derivative of the ) polynomial for equal masses concerning

the parameter x; and multiplying by 1/Q); we construct the result

n n 8 n V3 n n 1 xnlxn2
x11x22_6m1 logQ = —2 [p2x11+1x22 +(p-q) x11x22+1} 0 + p2—1Q2 (3.43)

0 1 nino
x’flm?a—@ logQ = —2[¢*2 2> + (p-q) 7 ah?) 0 + ¢ lexQ (3.44)

When integrating folfxl dx,, in some cases, we need to commute the integral and a deriv-
ative. The upper limit of the integral is not a constant; in that situation, we applied it

to the Leibnitz formula

b(x bz
/a (;) dz(%p (z,2) = (% / (;)sz (z,2) — [F (z,b(z)) a%ff) — F(z,a(z)) agf)
(3.45)
For our purposes V' () = —1 and a’ () = 0, hence
bz) g o [
/0 Qs F(r,2) = o /O d2F (z,2) + F (2,b (). (3.46)

The limits of integration will bring a binomial expansion as well

(1—21)™ = i (—1)° (ZQ> 8. (3.47)

s=0

2These polynomials can be written in terms of Symanzik polynomials constructed using the spanning
trees and two-forests of the graph.
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Through the application of these elements, it is derived the formulae

2?2 s + (0 0) Zgmia] = P20 + (1= Gn0) M2, (3.48)
+0n0Z0) (¢) = Y (—1)° ( . )Zﬁ?ls (¢ —p)
s=0
1 0
2[ 2Z(1 TL)2+1 + (p q) ZT(Ll—l-)l TLQ] = 2Z7(11 }’L)z + (]‘ - 5”20) nQZ(l)TLQ 1 (3'49)
n2
s [ N2 0
#0020 0) - 3 (-1 (") 2% - .
s=0

They represent a reduction in n; from a situation of n; + ny + 1 — ny + no appearing in

the RAGFs and WI verifications. It is also necessary to use another reduction
228 = |[P*24 " + 25| - 2?2V = 14220 (g - p). (3.50)
That comes from the previous ones and the use of
= " 24" = 25" =2 - P2V 20 @) 25 - w2 (351

from integrating the identity % = 1. This set of mathematical results is enough to develop

any computation concerning the finite parts in this thesis.

3.3 Basis of Feynman Integrals

At the end of Section (2)), we introduced a set of (n 4 1)-point amplitudes in 2n di-
mensions. In the same context, equation (2.23]) presented a general definition for integrals
that appear after taking Dirac traces. We describe in a nutshell those that arise within

the amplitudes. At two dimensions, the needed integrals are defined by

ko 1: K/h K#lz K#lzs
( 20 222 ) (352)

[j1(2) (ki) ; j1(2)ﬂ1 (ki) ; j1(2)M12 (ki) ; j1(2)ﬂ123 (kz)] — /

(2m)? D;
|:J J(2 My, J 2)p2. J 2) 1123 J(2 #1234] — / de (1; K{Ll; Kfll127 Kflllw; Kﬁlf?l) (3 53)
2 392 ) Y2 (27‘(‘)2 D12 . .
And at four dimensions, we define the functions with two and three propagators
—4) = d*k (1; Ki")
J@. J<4)u1] _ / ; K 3.54
[ 2 Y2 (271_)4 Dij ) ( )
— _ _ d4/£ (1. K/h. K/h K#z)
J(4).J(4)M1.J(4)M12] — / ) 1> 1 1 ) 3.55
[ BT 0T (2m)* D23 (3.59)

We use the conventions D1s..; = D1Ds - - - D;, and K; = k+k; with K, Lo = Kot - Koo,
where a; € {1,--- ,n}. For the case of integrals with fewer propagators of each dimension,

it is necessary to specify the momenta.
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3.3.1 Two Dimensions

The power counting of n-point integrals associated with the chiral anomaly from odd

amplitudes in two dimensions are

w(D) = —2 )
w(;7)=0
W(J2(2)'u12) =0 1

: (3.56)

The power counting for integrals associated with derivative coupling for n-point integrals

{ W(J2(2)M123) -1 ‘ { W(J1(2)M12)
-9’

=2
; 3.57
w(J2(2)N1234> W(Jl(Z)Hms) —3 ( )

Some integrals contain finite and divergent parts, so we adopt the overbar to indicate
such a feature. For instance, in 2n dimensions, the integral JP contains a diverging
object and finite contributions labeled as J2 . The presence of the overbar distinguishes
the complete integral from its finite content. That also means they coincide for strictly
finite integrals, namely J* = J2%M and J&) = g,

The one-point integrals in , are obtained using the identity with N =1

Lol AL A (3.58)
D; D, D? DiD; ‘

When Integrating the finite parts and identifying the divergent objects as (3.8) and (3.9)

2

#2) @) (2 i m;
N7 (ki) = Ly (A)—Elog7 (3.59)
Jff)l (k) = _k;IAg)M (3?). (3.60)

The two integrals show logarithmic divergence. The last one corresponds to a pure surface

term. The argument of [jog ()\2) object may be transformed by

1 1 (m? — \?)

- - . 3.61
(K2 =X (2=m?) (k2= X?) (k> —m2) (3.61)
This identification implies a scale relation between the divergent and finite part
; 2
@) (y2) — 7 (,,2 ¢ my
Tiog (V) = Tiog (m?) + (4m) log 2 (3.62)

The scalar one be written as jl(Q) (ki) = ]1(02g) (m?). For more details, see Appendix 1)

For the two-point integrals with the power counting given by (3.56]), we have

l

A = L o) 363

T

J2(2)u1 — f[_qﬂlZf_l)] (3.64)
s
: 1 -

JPranz - ——grr2 gl 4 g gre 7 (=D (3.65)
4 | 2

J—2(2),u1/1,2 _ J2(2)M1#2+% |:A52)N1#2 +g“1#2jl(fg?:| . (366)
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Arguments were omitted since they are the same for all integrals. The two-point divergent
integral is obtained by applying the identity (3.4)) with N = 0; its complete calculation is

performed in the Appendix (B.2).
Reductions 2D: For Chapters and , we will need the reductions listed above

2%Am”:-4f+ﬁ—mgﬁm—£ym%w&V) (3.67)
= (g mtaf?) = o (m ) (3.68)
20, 0 =~ (g =) D 4 log (3 /) (3.60)
PRI+ 4 ) =, (m} = m2) I — g log (mi/m3) . (370)

In Chapter @, in addition to the functions introduced above, it is necessary to the

single mass of 3rd-rank integral, obtained by applying the identity with N = 1:

-2 _ o _ln 1 1
J2u123 N J2'u123 B ZP 1W3M123V1 * Z (P N q)(lh A2N23) - Zq(/hgli%)]log (371)
2 __t |1 (0) (-1)
J2#123 - _E _iq(/hgﬂz‘s)zl + qH123ZS : (372)
And 4th-rank integral, using N = 2 in (3.4)):
7(2) 2 1 1
J2#12a12 = JZ(u)12a12 + ZW2M120412 + - 4 (,ulzoqz)l uad (373)

1
_ﬂ [QZQ(leam) - 4(](#1290412)} [log

1 .y y
+48 (3P 12+ q 12) W4,u120412V12

T (P2 ) W3ﬂ120‘12 - Pul (P - q) W3M2a12

16 8
1

5 [(P =), (P = 0y Baawy, + (P =), (P =) o, Doy |
1 1

+g (P - q>a1 (P - q)ag A2M12 + g (P - q)ul (P - q>#2 A20&12

A (4
We use index condensation notation for momentum, q,,...q, = qu,. 4, , as well as for
n 1--Hp

2 i 1 1 1 0 -1
Jz(ﬂ)uam = - {_g(N12gal2) [Z(() ) - TTL2] - 59(#12%112)22( ) + QM12QO41224£ )} : (374)

metric g, ., = gu,,- Remembering that g, ,9a,,) is the symmetric combination.

Using the reduction of the last section, we derive the identities

2 2)
2¢" J2(u)123 - J2(N2M3 375)
2
2(]#1 J2(H)1234 - _q2J2(#)234' (376)
And the contraction with the metric tensor given by
wmﬁM%=2wﬁM—ﬁw (3.77)
1
20, 3 = 2P I (B — 0 (g)] (3.78)
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3.3.2 Four Dimensions

As to the four-dimensional integral, we have the following power counting

J Wy = 2

w(J! ) gy (3.79)
(J(4)M2):O w( 2 )_

The scalar and vector three-point functions are finite: j§4) = J§4)and j§4)” 1= J§4)“ '
We compute the case with the highest power counting to illustrate some features of our

treatment. The four-dimensional vector two-point integral,

4 M1
7(4)n A’k K;
Jy T = 3.80

? / (2m)* Dy (3.80)
has linear power counting, which requires using the identity (3.4) with N = 1, as (3.58).

Its replacement allows rewriting the integrand

B2 Kz - <A"+A§)Kfl (3.81)
D;; D3 Dy
Aidy A Al AA A AA]

+ - - +
DY T D3D, " DD, DD; DiD, D4D

th

After applying the integration sign, we gather the purely divergent integrals and integrate
the remaining finite integrals.
This result exhibits all elements presented before. We organize the local divergences

through surface terms and irreducible scalars,
_ 1 y
J2(4)M1 _ J2(4)M1 (pﬁ) Q[P lAz(;ilMl _‘_pj1]1(;1g)] (3.82)

while integrating the finite part without restrictions,

J2(4)H1 (pjz‘) _ p;{il Zfo) (p?j’ mQ)’ (383)

)

(4m)°

where p;; = k; — k; and Pj; = k; + k; (2.842.10). For completeness, the scalar integral,
B =150+ 1Y (psi). (3.84)

Following our organization, its finite part is given by
i 0
25" (v}, m?).

(4m)°

Three-Point: We need scalar, vector, and tensor integrals.

J2(4) (pij) = -

IV = i (@4m) 21257 (0,q)] (3.85)
Je = i (4m) P pn 25" — 4., 257 (3.86)

4 . -2 -1 1 1 0
J( ) = 1 (47T) p#12Z§0 : + q#122(§2 ) +p(M1qM2)Z( ) 29#122(()0) (387)
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_ 1
T =I5+ (AL 4 g, I, (3.88)

Buipe T “Buipe Ty log
Of these, only the tensor integral is divergent, where we used N = 0, in . It is worth
mentioning that the arguments p and ¢ are only general variables that tag the entries of
the functions; they must be carefully substituted for the ones that appear in a particular
part of the investigation. In four dimensions, we will adopt p = po; and ¢ = ps;.
Reductions 4D: The three points obey the reductions of the previous section as the

two-point functions. Therefore it is possible to show that the tensors J satisfy

o gl = —p B+ [ (@) — I (- p)] (3.89)
201 J5) = —@IY + 15 (p) — K (a - p))- (3.90)

And for the tensor integrals

o Il = —pdi) A U () + IS (a—p) F a4t (a—p)] (3.9
201 J5) = —qP IS + IS () + ) (0= p) + 4 (a—p). (3.92)

In addition to the trace contraction

@ 244 i (4)
g”lpg J3#1P‘2 =m J3 + 2 (47r)2 + J2 (q - p) . (3-93)

In sections where a specific dimension is handled, we drop the super-index in J(® integrals.

We will also need the reductions of the Z-functions for the case of different masses

2
S T B e I PR
20,270  _ (2+ 2 _ 2} 7(0) 2] ﬁ%_ 2 ﬁ 2 2 3.05
g4y = \g Ty mz) o tmaylog \2 my 10g \2 + (ml m2) (3.95)
2,0 _ (n 2 2 _ 2\ 7O _ 2 7(0) 3.96
q n+2 <n+3) (q +m1 m2) n+1 <n+3)m1 n ( )

mj 1 (n+1) , 2 2
N (m+3)(n+2) [n+3)! + (my —m) | (397)

All the results of this Session also will be used to determine under what conditions
the Einstein and Weyl anomalies manifest themselves in the gravitational amplitudes.
However, in the following two Chapters, we will verify the explicit form of the odd two-
dimensional and four-dimensional abelian chiral amplitudes. After doing this, we will

extend the results to the two-dimensional gravitational case.



Chapter 4

Two-Dimensional AV-V A Functions

In this section, we compute amplitudes of two Lorentz indices to establish the con-
nection between linearity, symmetries, and low-energy implications, which materialize
through Relations Among Green Functions (RAGFs) and Ward Identities (WIs). It is also
defined what we mean by uniqueness, exploring examples that evoke this concept. Since
the involved amplitudes exhibit logarithmic power counting, they depend only on the dif-
ference between routings and not on the arbitrary sums; then, we adopt ¢ = po; = ko — k7.

Our first step, therefore, is to clarify the mentioned connection. After introducing
the model |2, we showed how to establish identities among the amplitudes integrands
—. The integration should produce RAGFs for the vector and axial vertexes

¢TIy = TR (1) -T7 (2) (4.1)

VA A A

Ty = T (1) -T(2). (4.2)
T = T (1) =T (2) —2mT))Y (4.3)
¢TIy = T (1) =T (2)+2mT) " (4.4)

These contractions are direct implications of the integral linearity, and conditions to their
validity are the subject of the first subsection. Meanwhile, WIs require vanishing the
axial one-point functions above. That occurs because the formal current-conservation
equations require it and .

Moreover, if these symmetry constraints are valid, the general structure of these amp-
litudes as odd tensors implies kinematic properties to the scalar invariants F; as,

TAV

o = Enan 1+ €000 Gy Fo + €40007 4, B (4.5)

Contracting with the external momenta in the respective indexes yields

@27, = e,,0"(¢*F + F), (4.6)
T = e’ (¢PFs — ). (4.7)
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The vector conservation in the first equation implies F; = —¢?F},, whose replacement

in the second equation produces

q“lel‘; = €,,,0° ¢ (F3 + F). (4.8)

Hence, if invariants do not have poles in ¢*> = 0, we have a low-energy implication for

axial contraction. If axial WI is satisfied, this implication falls on the PV amplitude

g T ™ 0= —2mT}" = Erd” QY (¢? = 0), (4.9)

being QOFV is the form factor associated with PV. The deduction of this last behavior
requires the validity of both WIs, so it has the same status as a symmetry property. The
reciprocal form of this statement appears by exchanging the order of the arguments. If
the axial WI is selected first, it implies F; = ¢?F3 — QFV in ([4.7). Its replacement in
the vector contraction gives the low-energy implication for the contraction with the

index of the vector current

pa AV
q Tﬂlz

— Q7 (¢ = 0). (4.10)

q>=0

With this scenario in hand, our objective is their analysis in the light of explicit

integration (2.11)). From definition (2.9), the general integrand of two-point amplitudes is

1 1
trlr2 = Ki/212tr|:1117”1r2”}/y2] _D _'_ m2tr[F1F2] D Y
12 12

1 1
+mKijltI‘[F1’yV1F2]D—l2 +mK§1tI‘[F1F2’7V1]D—12. (411)

Specific versions emerge after choosing the vertices and keeping the non-zero traces:

1 1

AV v 2

tMlQ - K1212tr(7*7N1V1N2V2)D_12 +m tr(7*7ylu2)mv (412)
1 1

VA v 2

by = Klé%r(%vmyww)l)—w —m tr(vmm)D—m. (4.13)

As the trace of four gamma matrices is a linear combination of the metric and the Levi-
Civita tensor, various expressions emerge through substitutions involving the following
versions of the identity (2.5):

2y, = e, (4.14)
VTVu, = ~EunV’ (4.15)
ViVl = ~Epppipe (4.16)

They lead to expressions that are not automatically equal after integration. To unfold

this rationale, let us apply the chiral matrix definition in form 2v, = %/, 7 to write

1
tr(/}/*’Yabcd) = 586ftr(/yefabcd) (417)
= 2[_gab€cd + GacEbd — Gad€bc — Gbc€ad + 9vd€ac — gcdeab]- (418)
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We explore two equivalent sorting of indices (a,b,c,d) = (py, V1, ig, v2) and (a,b, ¢, d) =
(g, Vo, 1y, V1), corresponding to the substitution of the chiral matrix definition around
the first and second vertices. The traces differ by signs of terms but are equivalent. To

study them, we perform the contractions with K73?> = K{* KJ* and write the equations

Kleztr(Vﬂm%ﬂuz%z) = _2€M1V1 (K1M2KV1 + K2p,2KV1) - 25u2u1 (KlulKgl - KQ,ulKill)
+2€M1M2 ( KQ) + 29M1M2€V1V2K1V%2’ (4]‘9)
Kf%ztr(’y*’yHQ'yyzfyM’ym) = +25u11/1 (Kluz - K2u2K1V ) - 25#2!/1 (Kluleyl + KZMKlyl)
_2€M1H2 (Kl K2> - 2g#1ﬂ2€V1V2K1V212' (420)
The general form (4.11]) shows that combining the bilinears with mass terms associated
with tr(vy,v, ) = —2¢,,, leads to scalar two-point amplitudes identified as
1 1 1
th? = fP— — — — — 4.21
Dy Dy Dy (4.21)
t95 = (4m? — q2)L + 1 + i (4.22)
Dy Dy Dy

The following reduction was used for these integrands
1

It is possible to express all other contributions in terms of the same object, a standard
tensor present similarly in all explored dimensions

1

O = (K, K5+ 51K, K1) — Do (4.24)
where the s; = +. The tensors that arise from the expression above are given by
Ky, K
) — Lpg 2 1p =
t:U‘IQ = 2 512 >+ 4y Klﬂz)Du (425)
_ 1
tEle) - q[MQKlﬂl]D_IQ‘ (426)

Nevertheless, anticipating a connection with higher dimensions, we opt to write the last

term as a pseudo-scalar function

V1 V2
PS __ (—)V11/2 o €V1V2K1 K2
—tPS = ¢, .t —g el 72

D12

using €,,,, K7 K5? = €,,,,p51 K7* and then the definition of the vector integral for equal

tSP _

masses, proportional to py; Z;, results in
T = 2e,,,,q"2J¥ = 0.

Therefore, given both versions for the four-matrix trace, we have the corresponding

versions for the AV amplitude
A v —v
(tﬂl‘;)l = —25M1V1tfj2r) - 5M1M2tpp — 25M2V1tL1) '+ 2gulu2tsp, (4.27)

)y = =28, ti = £t + 28,0, 7 = 29, ,,t57 (4.28)
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The same happens to the VA amplitude

A v SS —)v S

(t;‘:u)l = _2€ﬂ1V1thJ2r) '+ €M1M2t o 28#2V1t§h) '+ g#lﬂQt r (429)
A v v

(txm)z = —2&?#21,1155:) '+ eﬂlwtpp + 25%,,125&2) t— gMMtSP. (4.30)

As mentioned at the beginning of the section, integrated amplitudes depend exclusively
on the external momentum ¢. That precludes the construction of some 2nd-order tensors,
which cancels out terms like t(-) and SP. Further examination of the general form (4.11)

allows the identification of even amplitudes

Vv PP
t#lﬂz - (2255:;2 + g#l#zt ) (431)
AA SS
t#1#2 - (2t.fj1_zbg - gM1M2t ) (432)

Hence, the integration provides the relations among odd and even amplitudes

T = —e, MINL) (TAT) = e, (TAL) (4.3
(T/Zf)l = &, Vl(Tzﬁ/éz); (T/Zf)Qz_guz Vl(T/Z‘Vfl)' (4'34)

Although we did not detail, following the same steps produced both V' A versions. These
associations are directly achieved at the integrand level using , the identity 7,7, =
—€,, "7, in the adequate position. We need a clear distinction among versions since their
comparison is not automatic for integrated amplitudes due to their diverging character.
We also use the last identity 7,7}, ,.,] = —€upu, to introduce the third version for
the discussed amplitudes. Replacing the form 7,7, 7,, = —€u01 + gu 0,7, In the traces

produces the results

1
AV v1(4VV v1(+AA v v
(tﬂm)?’ - _§[€N1 1(tV1M2) + Spa l(tlh”l)] o €“2V1tl(t1) Lt 8“1”1151(12) b (435)
1
VA v1 ($AA v1(VV —)v —)v
(t.)s = —5[6#1 Nt ) e )] — 5#2V1t21) 14 5H1V1tL2) L (4.36)

Since t,(f)” tensors vanish after integration, different versions with each other as follows

(V) = ST+ (TV)o)s (TVN = STV + (TR, (437)

Hi2 2 Hi2 Hi2 H12 2 H12 K12

This particular aspect receives further attention in the section @ The investigation
developed by the article [72] uses this version in equation (85). It illustrates how any
possible expression follows from versions one and two.

Before proceeding, we need integrated expressions. Their obtainment occurs by repla-
cing the results of appendix in the integrated versions of structures ,, and

(4.24). The scalar two-point functions assume the forms

TP = ¢Jy— 21, (4.38)
T = (4m? = p*) Jo + 2. (4.39)
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And the symmetric sign tensor is
T = 2(Ju, + qu, Jou,) (4.40)

Hi12
i 1
2 () <m2‘]2 * E) = 3@ T2+ Doy + Gy o), (441)

where 0, (¢) = (gar@® — ¢aqr) /¢* is the transversal projector. We put these pieces to-

gether to compound 2nd-order even tensors
7
Tl:/l‘/; - 2A2M1N2 + 40#1#2 (m2‘]2 + E) ) (442)

i
T, = 20, +40,,,, (m2J2 + E) — Gy, (AM*J5) (4.43)
which lead to the versions for the AV amplitude

v v Z
(T/fl‘;)l = _2€M1 A2M2V - 46#1’/0#2 (m2J2 + E) 5 (444)

14 v 7/
(TA)y = —2e, Aoy, —Ae,,00, <m2J2 + E) — Cpn, (4m2 ). (4.45)
Two-point functions within axial RAGFs are finite and related through the expressions

TV = =T/" =¢cunq [-2mJ2(q)], (4.46)
TV = =T = ¢, (T"V)". (4.47)

Whereas one-point functions are pure surface terms proportional to the routing k; ,
T (i) = —e, "Iy (i) = 2e, "k/*Doyy,. (4.48)

Even though the integrands are equivalent, the same does not apply to integrated
functions. In the case of even amplitudes (VV and AA), expressions depend on the
prescription adopted for evaluating divergences. That also occurs for odd amplitudes (AV
and V' A), but they rely on the version for the trace. Using the chiral matrix definition
around the first or the second vertexes brings implications for the index arrangement in
finite and divergent parts. This perspective produced identities originally, but now the

connection is not automatic. That becomes clear when we subtract the AV expressions
AV AV
(T — (T )2 = —2(6u,0A3,, — €uuy,) (4.49)

Hi12
(gul,,lﬁ” 5#2'/19;111) <m2J2 +

1
E) + 45“1#Qm2J2.

We use Schouten identities in 2D to rearrange indexes in the finite part and in surface

terms. Through the antisymmetry of the Levi-Civita tensor, we have explicitly

v
8MVA?M

Eullpy t Eug 0y + 0,0, = 0=r¢p,.0, (4.51)

+ Ay, T v, ANy, = 0=

v
2p 2p0]>
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So, the difference reduces to

1
(B = (T = = (288,41, (4.52

The integration linearity requires this difference to vanish identically, constraining the
value of Aj . That represents a link between linearity and the uniqueness of perturbative

solutions. Now, we analyze the role the surface terms play regarding the RAGFs.

4.1 Verification and Consequences of the RAGF's

We perform contractions with momentum for the integrated amplitudes to analyze
the RAGFs, starting with even functions because they relate to the odd ones. These
operations produce the difference between vector one-point functions , and that
occurs identically. After contracting the integrated V'V, finite parts cancel out due to
qt2 GZZ = 0, and only a surface term remains. The comparison with the V' function (4.48)

leads directly to the expected relation

T Y = 207 Agy, = [T (1) =T, (2)] (4.53)
T+ 2mTEd = 20 Ay, = [T, (1) = Ty (2)]. (4.54)

The same occurs with the AA. In this case, finite function PA and surface term appear.
Now, we turn our attention to relations for odd amplitudes (4.1)-(4.4). Taking first
version of AV (4.44)), the contraction with vector vertex yields

¢ (T = =26,,,0 Ay, = [T (1) = T (2)]. (4.55)

Again, identifying the axial amplitude (4.48]) is straightforward and does not require

conditions. That differs from the axial contraction, which needs the rearranging of indexes,

?
¢ (T = =2¢"e,,, Ay, — 44,0, (m2<]2 + E) : (4.56)
After employing (4.50)-(4.51)), reminding that 6! = 1, we have
Vi (0% Z
¢ (T = [Ty (ka) — T (ko)) — 2mT Y + €,,00q (2A2a + 7?) , (4.57)

where PV has the form (4.46). The last term prevents automatic satisfaction of this
relation, conditioning the value assumed by the surface term. This situation also occurs
for the second version (4.45)); however, the additional term is on the vector contraction

i
(T )y = [To (kv) = Tpr (k)] + €p,04” (2Aga + ;) (4.58)

¢ (T )y = [T (ky) =T (ko)) — 2T (4.59)

Hi2
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This pattern repeats for the VA amplitude: additional terms arise in the same contractions
14 (0% Z
PED = (2854 1) + TR0 - T @ (4.60)

Hi2

(TN = €pmq” <2A§‘a + %) + T2 (1) =T (2) +2mT) ", (4.61)

RAGFs, deduced as identities for integrands, represent integration linearity within this
context. Even amplitudes automatically satisfy the relations since they do not depend on

the surface term value. On the other hand, odd amplitudes require the conditiorﬂ
AS = —i(2m) ", (4.62)

This term emerges for the contraction with the vertex that defines the amplitude version
(the position of use of the chiral matrix definition). Besides, choosing this finite value
for surface terms ensures that the AV’s are equal , clarifying the relation between
linearity and uniqueness. Any formula to the Dirac traces leads to one unique answer that
respects the linearity of integration. Nevertheless, this condition sets non-zero values for
one-point functions , affecting symmetry implications through WIs. That occurs for
all relations in this subsection since amplitudes depend on the surface term. This subject

receives attention in the sequence.

4.2 Ward Identities

In the model, we discussed the divergence of axial and vector currents —,
indicating implications through WIs for perturbative amplitudes. The adopted strategy
translates these implications as restrictions over RAGF's, which link linearity and symmet-
ries. This subsection analyses such connection with particular attention to the anomalous
amplitudes, known for the impossibility of satisfying all WIs simultaneously.

Adopting a prescription that eliminates surface terms reduces all RAGFs for even
amplitudes to the corresponding WIs. For odd amplitudes, this condition satisfies those
WIs corresponding to automatic RAGFs while violating the others. Observe the first
version of AV to clarify this statement. Identifying the relations was automatic to the
vector RAGF; however, the axial RAGF gets an additional term. Hence, the zero value
for the surface term satisfies the vector WI while violating the axial WI. We see the
opposite for the second version, which breaks vector WI. Both identities are disregarded
for the third version since it is a composition of the first two. See all the results in the
Table 1.1} The same arguments are applied to the VVA. Under this perspective, selecting
an amplitude version would choose the vertex for symmetry violation. Furthermore, this

value for surface terms breaks the integration linearity (in anomalous case).

!Since the third version is a combination, see (4.37)), all vertices have potentially violated terms.
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Table 4.1: Violations for vanishing surface term in each version.

¢ (T2 )1 = =2mTy " + (i/7) €400 | ¢2(T0)1 =
qul(T;:l‘Z‘j)g = —2mTé;“j | g2 (T/J;’:I‘Z‘j)Q — (Z/W) Ern @
q'ul (Tﬂlz ) - _2mTM2 + (Z/27T) g#zlflqy1 q'uQ (Tﬂlz )3 — <Z/27T) g#l’jlqy1
q“lTVV =0 q“2TVV =0

m %1124 _ PA o 12124 _ AP
q T/ﬂz — 2mT#2 q T#u — zmTﬂz

In contrast, by choosing the value that preserves linearity (4.62)), different amplitude
versions collapse into one unique fomﬂ (4.52). However, that violates all Wls for odd and

even amplitudes since they depend on the value of the surface term; see Table [£.2]

Table 4.2: Violations for unique amplitudes
q“lTﬁg = —2mT£V + (1/27) €,1,09" q"?T;‘l‘Z/ = (1/27) €40 q”
¢ T, " =—(i/27) qp, ¢"T, ) = —(i/27) q,,
q“lTlﬁ‘;‘ = —ZmTIZA — (i/27) qu, q“QTlﬁ;1 = ZmTlf;P — (i/27) qu,

Low-energy properties of finite functions are fundamental to this analysis. Under the
hypothesis that both WIs for the AV amplitude apply, we established the kinematical
behavior in zero of QY as being zero . Nevertheless, employing the PV expression
(4.46|) and the limit , we have

QY (0) = 4m?J,

i g i
o= —m*Zy Y (0)=——. (4.63)

™

That means the hypothesis is false. Hence, when satisfying the vector WI, the axial WI
violation is the value corresponding to the negative of QFV(0). The other expectation
(4.10) leads to the reciprocal: satisfying the axial WI implies violating the vector WI.

The scenario can be understood by noting a general 2nd-order odd tensor
FM1M2 = 6#1#2 F1 + €M1VqVqM2F2 + €M2quqﬂl F3’ (464)

exhibits a feature when contracted with the momentum: we get two equations that are

strict consequences of its tensor properties

qul Fﬂlﬂz = gﬂzl’qy‘/l (q2) - gﬂzl’qy (q2F3 B Fl) (465)
¢2F, ., = 00" Vo () =€pd” (CF+ F1). (4.66)

If form factors are free of kinematic singularities observed in the explicit forms of the

amplitudes, we have the implication at zero

Vi (0) + V2 (0) = 0. (4.67)

2The version (AV), happens to be independent of value of the surface term. Parametrizing Ay, =
ag,, in its equation, we get an expression independent of coeflicient a and equal to the unique form.
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If one of the terms vanishes, the other must do so. Otherwise, if one of the V; (¢?) relates to
a finite function (PV or V P), an additional constant must appear as compensation within
the last equation. Nevertheless, these statements are inconsistent with the satisfaction
of both WIs, which only occurs if linearity of integration holds with null surface terms.
Thus, the low-energy behavior of these finite functions is the source of anomalous terms
in amplitudes (AV-V A) and not their perturbative ambiguity.

But ambiguities relate to the low-energy implications. Under the condition of linearity
and considering surface terms in the general tensor, this limit implies the constraint
2A%, = QFY(0). Such an aspect will be fully explored in the section considering odd
triangles in the physical dimension. Conclusions similar to those drawn here anticipate
the presence of anomalies and linearity breaking in this new circumstances. However, now
we will explore the same two-dimensional scenario but consider a model where different

species of massive fermions interact and what generalities we can obtain from this context.



Chapter 5

The AV of Two Distinct Masses

To show that the behavior of amplitudes is independent of masses, let us explore the
universe where different species of massive fermions interact. At the end of this Chapter,
we answer the question: Can amplitudes be obtained as consistent with their expected
symmetry properties? The generalization of this work is published in the paper [41].

The n-point fermionic functions with different masses follow , where the mass
indexes follow the momentum; In this scenario, the argument of the propagator i accounts
for the routing and the mass running in the internal lines, viz., S (i) = S (K;,m;) =

(K, —m;)~". The expansion in terms of traces is given by

14 1 1
iz = K1212tf[F1’YV1F27u2]D—12 + m1m2tr[F1F2]D—l2 (5.1)
1 , 1
Fma K rlyy, Dol 5 - my K5 Dl | 35—

The first relevant point concerns versions one and two as independent equations for

odd amplitudes, just as for equal masses. The expressions established in (4.33)) also apply,

AV _ Vv AV _ AA
(T#1N2)1 o _gﬂlulTVllQ <TN1#2>2 o _€N2V1TM1V1' (52)

That happens to two masses since the T function and tensor T£‘32 are identically zero.

They are proportional to the vector integral J5* = —i (47r)_1 q"* Z1 (q, my1, mg). Explicitly,

Tlg;) = q[ﬂ2 J2M1] (Q7 maq, m2) (53)

=0
TP = 2e,,,¢"2J%" (¢, my, ma) = 0. (5.4)

Effectively amounts to the validity for different masses regarding the general expression

obtainable through v, definition, as (4.27)) and (4.28).

Expressions to 2nd-order tensors are written through scalar sub-amplitudes I'1I'y = 5SS

and I'y/T'y = PP. To obtain these structures, we use the identity for the distinct fermions,

2Ky - K1 = D1+ Dy + (mi +mj — ¢°). (5.5)
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Employing to one-point integralsﬂ, we have
TP = [+¢% — (my — my)*]Jy — [2105(A?)] + ﬁ [log (m3/A?) +log (m3/A?*)] (5.6)
T = [—q® + (1 + ma)) o+ [2Leg(N2)] — ﬁ llog (m2/A2) + log (m3/A%)] (5.7)
From the equations above, a relation that connects the sub-amplitudes is
TPP £ 79 = dmymaJs.
While the tensorial part is compiled in the sign tensor ,

T = 201y + Uiy J2112) = 2T20015 + 200, Jopsy (5.8)

Evoking ([3.66]), we get the functional structure to equal masses,
QTlEirz) - 4(J2N1H2 + Gy J2M2) + 2A2,u12()‘2) + 2gu12llog()\2)- (59)

However, differences emerge in reducing the basic functions of two masses.
With these tools in hand, it is straightforward to express 2nd-order tensor amplitudes:

The first one is the Double-Vector (V'V'), given by
vV PP
Ty = 2050, + 9, T (5.10)
= 2[Ay, (/\2)] + 4 Jopy iy + Gy T2, + Gupold® — (11— ms)’] Js

]

+47rg“12 [log (m%/)?) + log (mg/)\Qﬂ .

To show the elegance of the method, we also can write the amplitude in terms of fol),

i -1 -1
TV = 2y, )+ 20,00+ i — (i — md) 2

1 _ _
5= (my —ma) [(ma +mg) 25 — my 2],

It used reductions for Z,i") that are complementary to using J-integrals. They occur

when we perform contractions to investigate symmetry relations. The expression for the
Double-Axial Green Function (AA) is

AA 7% Ss PP
TM1H2 - Tthz = s (T +T ) (5-11)
= 2004, + 4oy + Gy Souy) + Guny % — (m1 + m2)2]J2

+ﬁ9u12 [log (mf/)\Z) + log (mg/)\Z)] )

From even amplitudes can be to express the odd ones: the first version and the second

version for distinct masses are

(T )1 = =28, A5 — ey, (5 + QuyJ3Y) = a7 — (M1 — mo)’]

5 0D)

ey, log (/) + 10 (/)] (512

!See Dy and Dy in the expression (5.5); when we substitute this identity, these terms always cancel
one of the propagators, reducing the function from two to one-point.




5.1 Relations Among Green Functions 33

(AV

v v v 2
)2 = =26, A — e (T3 G J5) + e ld” — (ma +ma)7]

]

+4778“1“2 [log (m3/A?) +log (m3/2?)] . (5.13)

One-index two-point amplitudes coming from RAGFs for odd amplitudes: Performing
the traces and writing K = K + ¢ to get the integrand for I''I's = AS and I''['y = PV.
Thus, by our defintions, we get the finite amplitudes

T = 2, [(ma—m) Jy —maug”Jo) = =T, " (5.14)
T = =2, [(my+ms) J5 +mag"Jo] = T (5.15)
The same procedure applies to the two amplitudes coming from RAGF's for even ones
T = 2[(my+ma) Joy, + g, ho] =T,7 (5.16)
Tt = =2 [(ma —m1) Joy, —migy, ho] = —T5F. (5.17)

A last point is the ubiquitous presence of the one-point differences; to them, we adopt
one more notation to simplify the expressions. They are the same as the equal mass case

because they are proportional to .J; u (k1) that remain a pure surface-term

TL,, = To(k) =T (ko) = 22,4 A5, (5.18)
T, = T (k) = Ty (k2) = 20" Aoy, (5.19)

Where we first time define the difference between axial one-point functions as T, (fi oo =

T /ﬁ (k1) — Tlﬁ (ko). The other one-point function that appears is the scalar one
T (k;) = 2myJy (ki) = 2miLiog (M) = 2my [Log (A?) — (i/4m)log (m?/A*)] . (5.20)

Following this, we will study RAGFs to odd and even amplitudes and the effects over
these relations due to two species of massive fermions in the currents; since the divergent
of the vector current is connected to the scalar density, it is not strictly conserved now.
Later, an expansion of the discussion of the low-energy theorem to the AV amplitude and

its relation to WI and integration linearity is exposed.

5.1 Relations Among Green Functions

RAFGs will be used as fundamental mathematical tools to provide essential insights
into the behavior of the amplitudes in question and how their properties relate.

Odd amplitudes: To explore the mechanism, take the definition

ton = tr1,7,5 (1) 7,5 (2)] (5.21)

and contract with ¢2. Next, is it possible to apply the identity

q=(Ky—ma) — (K, —mi) + (ma —m). (5.22)
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We yield a relation between one- and two-point amplitudes

¢'2th" = trly,y,, S (D] = trly.y,, S (2)] + (my — ma) tr[y,7,, S (1) S (2)] (5.23)

= t(l*)lh + (TTL2 — ml) tﬁls (524)

The procedure to obtain the vector contraction is similar, namely

q“ltl’:‘g = 7524_)112 — (my + mg) tf;v. (5.25)

With further exploration, let us introduce the second contractions for amplitudes,
q”zq”ltﬁl‘: = q“%f{)lb — (myq +my) 7 (5.26)
q”lq"Qtﬁl‘: = q“lté)ul + (my — my) 5%, (5.27)
In parallel to the equal mass scenario, we have RAGFs for even tensors. Regarding

these RAGFs, we have two-point functions that are not present for equal masses since

they are proportional to the mass difference,

P, =t ma— )Y 52
q”%}fl‘:;z = tz/—)ul + (mg —my) t}fls. (5.29)

We have an additional term proportional to the contraction with SV for two contractions
@2, = Ty + (M2 —ma) 2 (5-30)

For the double-axial one, the simple and double contraction with the momentum obeys

P, =t Ot )
g2t =t + (ma+my)t," (5.32)
q“Qq“Itﬁl"LZ = q’”t}/_)#2 — (mq + ms) q’”tff. (5.33)

RAGTF Verification: The axial amplitudes exhibit a nontrivial behavior, as is ex-
pected, since equal masses are a particular case. Here, the vector and the axial currents

are not conserved and are proportional to a difference and the sum of the masses,

Ol = i (may —my) Dy, (5.34)
Tt = =i (ma+my) Ty, (5.35)

So, in these amplitudes, we will focus our attention now.
Version one: Contracting the expression ([5.12)), terms proportional to the vector
integral vanishes by the symmetry of indices ¢,,,,¢"2J5* = 0, so we have

v v vy TV v 2
T N = 2¢7%e,,, A8 +4e0,,0 T8 + €u,uq”1q° — (my —my)*] )y (5.36)

+ (i/4m) €4,0q" [log (m%/)\Q) + log (mg/)\z)].
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V1

o, (in the first line) employing Schouten identity as

We need to exchange the indices in
EVIVQQV2 5/12 + EMQquV 21/2 + EV2M2q 21/1 - 0 (537)
Two types of contractions arise from equations (3.67))-(3.68) introduced in Section ([3.3)),

20Ty, = —(¢*+mi—m3)J3" — (i/47) ¢ log (m3/\?) (5.38)
gl/12‘]u12 = 2/47‘- + ml (2/47T) lOg (m2/)‘2)

Using the results above, we lead to the expression:

v v Z‘ v
g (Ti‘;ﬁ = 2q 25V1V2A2L2 + ;5'“21,1(] 1 (539)
ey (205" + ") + (i/47) €,1,00" log (m3 /m3)
ey 12(mf — m3)J5 + ¢ [4mi — (mq — mo)?] Ta}.

The identity 8[,,1V2A = = 0 allows adjusting indices and recognizing one-point func-

tions together with relation for finite vectors and scalar two-point integrals of two masses
¢ (203 + ¢"J2) = —q" (mi —m3) Jo — (i/47) ¢" log (m7/m3) . (5.40)
Doing it some more algebraic operations, we produce the result for this contraction,

“1(TAV) = —2,,,¢"AY

ey pho 2v2

+ €p,0q" (205, +1i/T) (5.41)
+2 (my + ma) €0, [(M1 — ma) J5* + ¢" iy Js).

Recalling the PV functions of two masses and one-point differences means

g (T,;“l‘,jQ)l — T(é iy — (M1 + m2)T£V + e (208} + /7). (5.42)

The contraction with the second vertex in the same version starts with

N2 (T/ﬁ‘;;) = _26/1411/1 qVQAZ;Q 26#1'/1 (2q1’2 21/2 + 2q ng) (543)
—eun @’ [d* — (my —ma)?) T

— (i/47) €4,4,4"* [log (mf/)\Q) + log (mg/)\Q)] :
here, the reductions occur directly, see ¢*2.J,,,. Using (3.67)), we get

uz (TAV ) _2€M1V1qu2 AXL

ot by = 26,00 (Mo —my) [(my +ma) J5 +mag™Jy),  (5.44)

where all the elements of the RAGF can be identified in the final result,
M2 <T;‘41‘/i2)1 = T({)lh + (mg - ml) T:‘ls (545)

Note that RAGF is automatically satisfied and does not have an additional term as ([5.42)).
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Version two: To the second one apply the same considerations: Starting with g1,

(" (Th,)2 = =20, ¢" A3, — (i/47) e4,00" [log (mi/A?) +log (m3/N%)]
— 46,10, ("1 T3+ @ T5Y) = €y’ @ — (M + ma)’] . (5.46)

Reducing the integrals in a direct way as ¢ J;ﬁl and recognizing the terms follows

¢ (T =T, — (ma+ma) TV (5.47)

Mo (=)o

The relation in the second vertex (vectorial) appears to have the same behavior as the

equation ([5.36)). The terms can not be identified directly; see the equation below

g (Tlﬁ‘ljz)Q = —2qV25V1,/2A5;1 + 4€V1V2(J5ﬁ1 + quljgl) + 8N1qu[q2 _ (ml + m2)2]J2
+ (i/47) £,,0q" [log (m3/N?) + log (m3/A\?)] (5.48)

Again, we have to switch the indices of place what will amount to the apperance of a

conditioning factor in its RAGF's, namely,

¢ (T )y = T(fi)ul + (mg —my) T;‘ls + e @ (245, +i/T). (5.49)

M kg

Equivalence: To be complete, we must evaluate the difference between the versions
(5.12) and (5.13]). Taking their full expression and subtracting one from another

(T = (Ti)2 = 20eum Db — i B3),] = 264, [0° — (m + m3)] /o

+4[5u2V1(JV1 + quljgl) - 5u1V1(JV1 + quzjgl)]

2uy 29

—(1/27)e 1, [log (i} /A?) + log(m3/A°)]; (5.50)
thereby employing the Schouten identity in the second line above, we have

46#21’1 (‘]gﬁl + q#1 J;1> - 46\M1V1 (‘]éj;iQ + q#g ng) = 48#2#1 (‘]51/11 + ql/l ‘]éjl)

With the help of reductions, it is relatively easy to show exactly

(T2 1= (T Vo = 2[epm ASL — 1 A5 ]+ (0/7) €y, - (5.51)
Apllying g[ﬂz”lAg;h] = (, this result naturally also may be expressed as
(T = (Ti,)2 = € (283, + /). (5.52)

Another way to systematize the RAGFs that will be used in Chapter @ is to notice
that every time the index is contracted with the one remaining in the even amplitude,
the relation is satisfied. Therefore we can use the above relation to exchange the versions
when contracting with the index in the vertex used to define the version

q'ul (T:‘lZ2)1 - qul <Tlﬁ‘;2)2 + 6#2#1 qM1 (2Agl/ + Z/ﬂ-)

= TH,, —2(mi+me) TV + e,q" (285, +i/7) (5.53)
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qu2 <Tl:41‘;2)2 - q“2 <T/fl1‘/ig)1 ~ Cuay un (2Aga + Z/ﬂ-)

= T8, —2(my —ma) T +e,,,6" (A3, +i/7). (5.54)

These features are notable in two dimensions. In four dimensions, we also establish
relations among versions (three of them). However, in that scenario, the odd amplitudes
do not collapse in a direct connection to even ones. We have to check the RAGF's explicitly.

Even Amplitudes: The relations to the even amplitudes are easy to check,

q”lT/YlZZ = 2¢" Ay, + (i/47) qu, [log (m7/N?) + log (m3/A\?)] (5.55)
+4 (qylt]ZulVl + q;@qyl J21/1> + Gy [QQ - (ml - m2)2]J2-

Using the same operations in Jo-integrals as applied to the odd amplitudes follows

q“lT;/l‘;; = T(‘im —2(my —mg) [(ml +my) Jou, + Mgy, J2] (5.56)
= T, + (ma—ma) ToF
¢y = T, + (my—my) T, (5.57)

For the AA-amplitude (5.11]), the two relations follows by

AA v PA
qHITH1N2 o T(*)N2 - (ml + m2) TH2
¢ = T, + (ma+my) T2, (5.58)

See PA in ([5.17)); we could have expressed only in term of one since they differ by a sign.
The double-contraction for the even amplitudes (5.30) and ([5.33)) is associated with

finite one-rank amplitudes. By themselves their relations are

¢t = 4 (my —my) t%% + [t (1) — 7 (2)] (5.59)
q“ltﬁlp = — (my+m)tPP — 7 (1) + 17 (2)]. (5.60)

The LHS is finite, but the RHS shows a log-divergent object Ij,,. Nonetheless, in our
strategy, it is an exact and straightforward algebraic step to verify them. Using as an

example the following equation
q"lTIZS = 2(my 4+ ma) ¢" o, + 2mi1q2 Js. (5.61)
Applying Eq. in order to reduce the two-masses vector integral, we have
q“lTXlS = — (my —ma) [¢* — (my + my)°)Ja + (i/47) (my 4+ my) log (m3/m3). (5.62)
The last term can be manipulated by the scale relation , viz.,

(i/4m) log (m3/m3) = Log (m}) — Liog (M3) , (5.63)
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which through an organization of the terms produces the following expression

¢ Ty = (mg—m) {[=¢* + (my+m2)) s + [log(mi) + hog(m3)]}  (5.64)

+2my Liog (M) — 2maliog (m3) .
We can rewrite the first term as the SS amplitude (5.7) and organize the result
¢ Ty = (my—my) T (5.65)
+2m [Log(A?) — (i/4) log (m7 /)]
—2mg[log(A\?) — (i/47) log (m%/)ﬁ)].
The scalar one-point function is given in ([5.20). Hence we verify that the two last lines
correspond to the difference between them, representing the satisfaction of its RAGF,

¢ Ty = (my —my) T+ T% (1) = T° (2). (5.66)

Note that in these case, the difference between scalar one-point functions does not cancel
and depends on the individual masses.

The q“Tlf‘P works under the same manipulations used in V'S, starting with
q“lTlﬁP =2(mg —mq) ¢" Jop, — 2mq1q2Js. (5.67)
Through of the relation estabilish in , the equation above results in
q“lelP = (my + my) [(m1 —ma)? — ¢*]Js + (i/47) (my — my) log (m3/m3).  (5.68)
Rewriten the first term by and organize the result
qHITlﬁP = —(m1i+m) T (5.69)
—2my[Liog(A?) — (i/47) log (m3 /\?)] (5.70)
—2mg[Log(A?) — (i/47) log (m3/2?)].
The two last lines now appear as the sum of scalar one-point functions, namely
¢ TR = — (my 4+ ma) TPP — [T° (1) + T (2))]. (5.71)

For equal masses, the term to one-point functions is proportional to the masses’ sum.

As explored in the chapter for equal masses, it is possible to obtain properties for the
amplitudes by combining their general tensor structures with their symmetry relations or
Ward’s identities. These results are not restricted to perturbative solutions and should
remain valid even for exact solutions. The V S function is constructed from a vector with
an external vector, T X S = q,F1(¢%), where Fi(¢?) is an invariant function. This form
allows us to state a low-energy limit for this amplitude contracting the equation, viz,
¢"TY® = ¢*Fy(¢*). Then, QHT;YS‘(Zz:O = 0, since F;(q?) does not poles at ¢* = 0.
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In this way, to obtain an interpretation relation from RHS of relations (5.66) and
(5.71)), let us analyze the SV and AP-amplitudes in the limit in kinematical point. We
have that limg_o(¢" T, ;Yl $) = 0 is satisfied, since the J, =i/ 47TZ(()_1) where the function

Zé_l) in this point is given by

Z5 (0, mg,my) = log —2. (5.72)

(m} —m3) my
From Eq (5.66)) and the explicit result ((5.7]), follows

(mg — ml)TSS|q2:O = 2(my — m1)L1eg(N?) + (i/27) [my log(m3 /A%) — my log(m3(37)3)
= —[T9(1)-T%(2)], (5.74)

therefore ¢7T))%

L= 0. The low-energy theorem for Tlf‘lp is also fulfilled because the
q<=0
same operations leads us to

(my +me) TT| o = — [T (1) +T°(2)]. (5.75)

We saw that the one-point functions were indispensable for satisfying the deduced kin-
ematical implication based on the tensor structure for amplitude with one Lorentz index.
That is the opposite of the situation for amplitudes with two indices. The reason for the
need for scalar one-point functions can be understood by analyzing the canonical structure

of WIs for multiple masses. There, the meaning of these terms finds a justification.

5.2 Ward Identities: Two Masses

Here we will argue why the scalar one-point functions are part of WIs from one-index
two-point functions. We take free fields that generate our amplitudes, of particular interest

to our purposes, obeying the equal-time anticommutation relation

{8 (v) o (1)} = 6,675 (x —y), (5.76)

where i and j refer to different species of fermions (¢, and 1),), all other anticommutators

are null. Fermionic densities, defined as a set of bilinear in the fermions, are
J' = ,py,  and Jrt = @1(’7011370)1%, (5.77)
where I'; belong to set of the vertices given by . Explicitly we have
VH = (&27“"#1) , Al = (7_#2%/7#1?1) , S= (77121#1) , P= (&27*1?1) .

The adjoints yield the same matrices %Fho = I'; with the exception of pseudo-scalar one
YoY«Yo = —7.- We adopted a different notation here to avoid confusion with J-integrals.

Two-point functions can be seen in position space as

T2 (3 —y) = tr 1Sk (. — i, my) oSk (y — ,ms)] = — <JF1 (z) T2 (y)> . (5.78)
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The minus sign occurs because Wick contraction yields ¢ times our propagator definition,
and (-) = (0|7 {-}|0) is an abbreviation for a time-ordered product. We recovered the
letter for the Feynman propagator to not mistake it for scalar density.

To clarify the WIs for two-point functions with one-index, we use Dirac equations,
YOuby = —imythy; (au{%) W= Z'mgiij. (5.79)
Through them, we obtain that the vector and axial currents satisfy

DV = +i(mg—my)S () =i (mg —my)hythy (5.80)
A" = —i(my+my) P (z) = —i(ma+my) ey, (5.81)

The next step is to notice that when we perform space-time derivatives in the time ordering
for densities carrying Lorentz indices, equal-time commutators will appear; to them, we

will use the identity
[AB,CD] =—-AC{B,D}+ A{B,C}D —-C{D,A} B+ {C,A} DB. (5.82)
Necessary formal commutators arise to time components, but in general, we will have

[T (@) T )] oo = [W2 (@) Dby (2) 0 (1) T2 ()] (5.83)
= [&2 (z) F170F2¢2 (y) — {ﬂl () FQ’YOFl@Dl (@] &2 (x—y).

The commutators necessary to point out the differences between symmetry relations

of two and one indices two-point functions (satisfied for V.S and AP amplitudes) are

Vo (2), V()] = [y (€)% (y) — 1 () 7"y (2)] 6° (2 — v) (5.84)
[Ao (2), VT ()] = [0z (@) 7.7 Y2 (y) — 1 () 77" ()] 6% (x —y)  (5.85)
[Vo (), St (y)} = mz (z) ¥y (y) — 1_?1 (y) 1 (m)} 52 (z—y) (5.86)
[Ao (), Pt (y)} = [—"@2 () Yy (y) — 1_?1 (y) 1y (x)} 52 (r—y), (5.87)

all evaluated in xg = yy. Observe that densities in LHS carry two distinct masses, and the
RHS bilinears appear with only one mass, though the two terms carry a distinct mass.

Taking the derivative of V'V, using the motion’s equation to the currents, and ob-
serving the commutator at equal times , we get the formal result

IV, () VI(y)) = i(ma—m1)(S(z) V] () (5.88)
+ [(y (@) 7,105 () — (1 () 100 (2))] 8 (z — ),

where 0/ = 0/0x,. The Ward identity for equal masses came from cancellation in the
last line since the terms become equal, and we are ignoring Schwinger’s terms. As for

two masses, it arises from Lorentz symmetry that implies the vanishing of one-point
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vector function individually, e.g., (0 }{pl (x) v, (y)‘ 0) = 0. It is understood by using

the generator of translations in a vector operator O* (z),
(010" ()] 0) = (0]e~""*O" (0) e""*| 0) = (0|O* (0)| 0) = 0. (5.89)

Furthermore, because o Lorentz symmetry, such a constant vector must vanish. Note that

this constraint may not be valid perturbatively. Putting aside that, the proposed WI is
O (Vi () VI (y)) = i (ma — ) (S (2) V] (1)) . (5.90)

In it, only the contribution of motion’s equations plays a part; additionally, if the correl-
ator involves one axial and one vector current, the argument for vanishing the one-point
amplitudes in ([5.85)) is the same.

The situation is quite different for V.S and AP functions; symmetry constraints pass

O (V¥ () ST (y)) = i(mg—mn) (S (x) ST (y)) (5.91)
+ @)2 () s (y) — Q_ﬁl (y) ¥y ($)> &2 (x—y),

where the commutator [Vp (z), ST (y)] = (5.86) generates one-point scalar functions that
formally cancel each other for equal masses, but in that case, the V.S-amplitude is null.

Nonetheless, in AP (or PA), they appear in a non-canceling way

9L (A" (z) PT(y)) = —i(ma+my) (P (z) P (y)) (5.92)
- @)2 () ¥y (y) + by (y) ¥y ($)> 8 (z—y).

The commutator yields a sum, not a cancellation, for equal masses. So the canonical
commutator terms appear and may not be zero due to other symmetry arguments.

As in the two masses scenario, the scalar one-point functions are not removed from ex-
pression to Ward identities and are an integral part of them. For one species of fermions,
the commutator of vector (and axial) densities being zero is a particular phenomenon; this
term comes from canonical algebra. Their eliminations are to be accounted for by addi-
tional arguments, e.g., Lorentz invariance. Such statements are not present against scalar
densities that, in turn, guarantee a low-energy theorem to the V.S and AP amplitudes.

To visualize consequences of this reasoning line and connect it with calculated expres-

sion, let us remind that Wick contractions yield ¢ times our definition of the propagator,
(0|Ty (2) 9" (y)| 0) = iSE" (x — y,m;) . (5.93)

Therefore, Fourier transforming the two-point functions ,
™2 (q) = /d2ze_iq'2 [T (2)] = — /dQZe_iq’z (J' (2) I (y))  (5.94)

d%k
= / th’ [FlsF (k + kl, ml) FQSF (k + kg, mg)] s (595)
T
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where z = x —y and ko — k1 = ¢. In the case of double-vector V'V (5.10) and V'S, we may

write the motion’s equation, and the commutation relations furnish the formal equations

OTYV (2) = i(my—my) TS

z & pv

(2) (5.96)
+itr [y, Sp (2,m1)] 8% (2) — itr [y, S (—2,ms)] 8% (2)
a‘;TIYS (2) = i(my—my) T (2) (5.97)
+itr [Sp (2,m1)] 6% (2) — itr [Sp (—2,my)] 6% (2),

whose Fourier transform returns an expression where we do not neglect any term,

Ty (ki ko) = (ma—my)T.Y (5.98)
SR )
+f e 071 (60 m)) 43S (1 )
T, (k1 ka) = (mg—mq) T (5.99)
&2k
+/W (e [Sp (K1, ma)] — tr [Sp (Ko, ma)]}

Recapitulating the facts, the parts from the time component of the commutator of
currents with vector and axial currents formally cancel for one species of massive fermions.
We got a WI whose contribution comes only from motion equations. On the other hand,
for two masses, formal Lorentz invariance requires the vector and axial one-point functions
to vanish as well, and thus they are not part of the WI. Indeed using our strategy, we
saw in momentum space that they become pure surface-term that can be made zero.
Additionally, the anomalies of the odd amplitudes are related to the impossibility of the
formal /canonical WI being realized, which we establish as a consequence of a Low energy
implication from a finite function; see the next section where that point is discussed and
the relation with the linearity of integration.

In contrast, the commutator of the time component of the currents with scalar dens-
ities, or pseudo-scalar ones, giving rise to scalar one-point functions, besides the term
coming from the motion’s equations, is not necessarily zero. The point is that when the
masses are equal, that difference of amplitudes vanishes in pairs for SV and sum for AP.
They do not cancel in any situation for distinct masses and can not be zero because they
are not a constant function of their mass parameters.

One way to see the difference between the two situations is to take into account that
for even dimension, there is a matrix such that C’fy”C’_1 = —fyf, the charge conjugation

matrix. This matrix implies a behavior to the vertexes, viz.,

C (1,7 %077 €71 =1L, =77, =72, = () - (5.100)

It is direct to see that the propagator obeys CSp(K;, m;)C~! = SL(—K;, m;). Applying

it to the definition of one-point function, we have

tFl = tr[FlSF (KZ, m,)] = tr[C’I‘lC_lCSF (KZ, ml) C_l]. (5101)
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Using the trace properties and as well the relation for matrices
tr (B] -~ BY) =tr (B, B1)" =tr (B, Bi), (5.102)
we may write from general considerations established above
" = te[(CTCN) " Sp (— K, my)).

At this point, note that there is a sign change to the pseudo-scalar, vector, and axial

vertices. Then integrating the result above, we have

d?k
T = — / ——tr[[1Sk (=k — ki, my)]. (5.103)
(2)
Reflecting on the integration variable and shifting, as the hypothesis, we get
r d?k r
s

That implies that axial and vector one-point functions must vanish identically, as 77 = 0
already in the trace level. As trivial as it may appear, this is not a direct consequence of
Feynman’s rules; the possibility of shifting is coded in the intrinsic surface term present
in the amplitudes, which is why the TV, T4 are only surface terms. Nevertheless, it does
not mean these parts in the amplitudes could not be non-zero and violate WIs.

For instance, the scalar function may have surface terms in 4D, but it is not obliged
to be identically zero by translational invariance. In that case, the above equation picks
up a positive sign. Those T (k;, m;) amplitudes show a masse dependence through a

logarithm. Since they are proportional to the basic divergent object, taking its derivative,

6[10g (mf) . 7 1

(5.105)

om? 4t m?’

The integration picks up an arbitrary constant T,y (m?) = (id7) " log (m?/A3) that could

help with cancellations; however, in combinations, this is not possible, see

m2

i
Tiog(m7) = g (m3) = —7—log —. (5.106)
J

However, the scalar-one cancels each other for equal masses when they arise from a com-
mutator of vector currents. When the masses are unequal, there is no reason for them to
disappear in the perturbative expression. They are integral parts of WI and necessary for

their consistency. The low-energy theorem derived for them requires that part to occur
¢'T,” = ¢F (¢°) = 0. (5.107)

Next, in addition to the paper [41], we will have to present the construction of a low-
energy theorem, ultimately responsible for violations associated with the chiral anomaly

in the odd amplitude where the vector current as the axial are not classically conserved.



5.3 Low-Energy Theorem and RAGFs 44

5.3 Low-Energy Theorem and RAGFs

As observed, WIs to AV -versions can not both simultaneously hold. Firstly, vanishing
the surface term eliminates the one-point functions; however, it implies linearity breaking,
and an additional constant can not get rid of by any other choice. On the other hand,
if the non-zero value corresponding to the maintenance of RAGFs (linearity) is chosen,
axial one-point functions violate WIs in any case. In the scenario where the surface term
could be arbitrary through some device or interpretation, the violation does not give
up. To understand this state of affairs, we have resorted to an explanation only utilizing
properties that are immune to choices and do not privilege one symmetry over another:
the kinematical behavior of PV function.

We return to the last claims of the Chapter (4)), assuming the general tensor for odd
amplitudes . In 2D, the amplitude has Feynman integrals of power counting zero,
one of which is a tensor integral. These types of integrals, in any dimension, indeed own
surface terms, notwithstanding the coefficient of them only depending on the difference
of routings; they are intrinsic to Feynman diagrams, not only when the power counting is
linear. These features must be considered when stating general theorems about kinemat-
ical properties and their relations to the symmetry content of amplitudes coming from
Feynman’s rules. In 4D, we will have a more complex scenario: the surface terms appear
with ambiguous combinations of routing sums, see Sections and .

Only external momenta imply that preserving divergent content intact follows an
expression to general tensor structure that accounts for the presence of surface terms

because, in the last instance, they contribute a coefficient proportional to the metric,

F/hﬂz = €M1M2F1 + gﬂquVq#2F2 + €N2quqN1F3' (5108)

The path often trailed to study symmetry violations is to perform contractions and use
some symmetry constraints to derive implications over others. Nonetheless, we shall derive
a device that prescinds from the choice of some, a priori, selected symmetry. Performing

contractions and identifying two invariant functions constructed with form factors F;, viz.,

"Fuy = und”Vi (6 (5.109)
¢"2F, . = Vo (¢7). (5.110)

We got two equations that are strict and intrinsic consequences of tensor properties. If

we sum them, F) drops, and an independent equation emerges
Vi(®)+Va(?) = (F3+ Fa). (5.111)
For F, and Fjsufficiently regular in the point ¢?> = 0 this equation becomes

V1 (0) 4 V4 (0) = 0. (5.112)
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From it, being aware of its generality, we establish some computational-free conclusions.
First, suppose the general tensor is chosen to correspond with the axial-vector amplitude
and function of two masses, i.e., F),, = Tlfyv. In that case, we may inquire about expected
amplitudes related to the hypothesis of Wls.

The systematization of 2pt, 1st-rank amplitude arising from contraction ¢*: starts with

(@ T2) P = 2 q ™ {i kY ={1,3}, k#i. (5.113)

Hi2 ?

That is a form to compare standard identifications with consequences of tensor structure
in the LHS. It denotes the 2pt functions (finite) coming from the i-th contraction. They
can be zero to some contractions, e.g., vector contraction for equal masses. Particularly,
e’ Q" = —(m1+ma) T, (5.114)
Eun " QY =+ (my—ma) T, (5.115)

given by (5.14)), (5.15). The vector and scalar integrals (3.63))-(3.64]) enable to write

?

QN = [(m3 —mi) 277 — (my — ma)m 25 (5.116)
oV — i[(mg —m?) Z5Y 4 (my + ma) mi 25V, (5.117)

Summing them, we have from combination (3.31]), a result independent of masses,

(@5 07) () = —L [} — ) 2 —mdzZ{ )

- =——. (5.118)

q%2=0 ™

A moment of reflection shows that anomalous amplitudes share this combination. As it
is incompatible with the low-energy theorem, we derived a general parity-odd second-rank
tensor of mass dimension zero. That is an inviolable property if it is free of kinematical

singularities. We have anomalies in the vertices, which themselves can be arbitrary,
Vi (0) + V2 (0) =0 # —= = (2% + Q7V) (0). (5.119)
T

Hence, we at least can write V; (¢*) = Q; (¢*) + A;, where the additional parameter will

be constrained by the equation above
A+ Ay = % (5.120)

That represents the restriction of arbitrary anomalies in the axial and vector vertices.
This kinematical implication has an important consequence over the RAGFs as well.
5.3.1 RAGFs: Linearity and Low-Energy Implications

The surface terms appear in explicit computations and are the only type of non-finite

structures for the 2nd-rank amplitudes. Also, we have observed that they conditioned the



5.3 Low-Energy Theorem and RAGFs 46

RAGFs. Nonetheless, we needed to establish in the absolute how they do it. Besides the
exciting fact that versions one and two are the only independent possibilities, the answer
to how this appears to be so must be constructed. Therefore, we explicit this intrinsic
part of perturbative amplitudes; first, we split the general representation in

EFupy=F2, +F, (5.121)

Hit2 HaHo

where Fm 4, encodes the finite parts. The term Flﬁ i, Stands for the most general combin-

ation of surface terms, given by the equation
A o v v v
Fo., = aasulyA%2 + bEW,A%l + cepypu, A,

Since there is a linear relation in such tensor due to the vanishing of 3rd-rank complete
antisymmetric tensor in 2D, [, ,,A;, = 0, we have a redefinition a; = (a+¢) and

as = (b — c) of the coefficients. Henceforth, the general structure assumes the form

Fup, = a€uAy, + asgy,, A (5.122)

241
+€M1#2F1 + gﬂll’quﬂzFQ + 8#21’qu#1 F3'
The equation that represents the satisfaction of RAGFs can be systematized through
pn;gli2 _ A
q ZT#12 = T(—)Mk + 8,u,kVQz'~ (5123)

Remember the notation for the one-point differences (5.18). The condition of linearity of

integration is embodied in the following equations when performing the contractions,

¢ Fu,., = alq“lg#ll,Agu2 + (ZQ&TMQl,qulAng + 5#2yq”(q2ﬁ’3 — Fl) (5.124)
q¢"F, ., = alg#ll,q“?Agu2 + agq“quzyAgul + 6#11,q”(q2ﬁ2 + Fl) (5.125)

We rearrange their indices and recognize the one-point functions

1 A .

qﬂlFﬂlﬂz = _5 (al + a2) T(Ai)‘% + 5,uzuqy(q2F3 —F - GIASO) (5126)
1 . .

q¢"F, ., = —3 (a1 + as) T(é)ul + e’ (P Fs + Fy — azAy). (5.127)

The RAGFs require for the first terms a; + as = —2, and the other part must comply

with the 2pt functions, QY and Q4°, which means

QY = @B — B —aAS, (5.128)
QY = PB4+ F) —ayAS,. (5.129)
Eliminating Fl and considering the first condition a; + a; = —2, we obtain

2AS, = QFV 4+ O — 21y — ¢*Fs. (5.130)
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In the point ¢> = 0 follows the low-energy implication of the finite amplitudes over the
integration linearity (RAGFs)
2AL = QFV (0) + Q45 (0) = — . (5.131)

™

Consequences: The coefficients a; and a; may be arbitrary, but once one is selected
to satisfy one RAGF in automatic form, the other must be zero. This unique solution
signifies that most RAGFs found without conditions are achieved by the basic versions
we have defined. This fact is independent of explicit computations through the traces of
four Dirac matrices and continues to happen in four dimensions. Another consequence is
that the satisfaction of all RAGFSs is conditioned through kinematical features of finite
functions that require a non-zero and specific amount value to the surface terms, implying
that shifts in the integration variable and linearity of integration are incompatible. The
Tlf‘ functions depend on the routings, and their subtraction is zero if shifts are possible;
only their difference is a function of the external momentum. This aspect is peculiar to
this dimension; nonetheless, the restrictions from low-energy implications are precisely
mirrored in four dimensions. Simultaneously satisfaction of RAGFs and translational

invariance in momentum space is prohibited by the low-energy behavior of finite functions.



Chapter 6

Four-Dimensional Three-Point
Functions

The analysis developed in the physical dimension focuses on odd amplitudes that are
rank-3 tensors, namely AVV, VAV VV A and AAA. Their mathematical structures
follow the same features seen in two dimensions. They depend on the trace involving
six Dirac matrices plus the chiral one, whose computation yields products between the
Levi-Civita symbol and metric tensor. After the integration, that generates expressions
that differ in their dependence on surface terms and finite parts. We want to verify these
prospects by evaluating the triangles’ basic versionsﬂ. Once these resources are clear, we
study how symmetries, linearity of integration, and uniqueness manifest.

From Egs. and , integrated three-point amplitudes are denoted through

capital letters 771121 and exhibit the integrand
thels — p 115 (1) TS (2) T3S (3)]. (6.1)

Thus, after replacing vertex operators and disregarding vanishing traces, 3rd-order amp-

litudes assume the forms

14 v y 5 1

t;}:;;/ _ [K121§3tr(7*u11/1u21/2u3113) + m2tr<7*M1H2M3V1)(K11 _ Kgl + Kgl)] D123 (62)
14 v v 5 1

tl‘i/ljj?f/ = [K121§3tr(7*u11/1/$21/2u3113) + m2tr(7*#1#2#3u1)(K11 + l(21 - K31)] D123 (63)
14 v v 2 1

tl‘l/l‘:?:4 = [K121§3tr(7*u11/1,u21/2u31/3) o m2tr(7*#1#2#31’1)(K11 N K21 B K31)] D123 (64)

$AAA . [ ) — m2tx( (K{* + K3 + K3 (6.5)

H123 [ 123 UF 7*#11’1#2”2!‘31’3 motr 7*“1“2“3”) 1 2 3 )]D123’ .

where we recall the conventions K733* = K" K52 K5* and Disg = D1 D5 Ds.
Although the trace involving four Dirac matrices plus the chiral one is univocal, dif-

ferent expressions are attributed to the leading trace when considering identities (2.5)).

1To this aim, we compute twenty-four triangles of rank-one. Twelve parity-even triangles: VPP, ASP,
V'S8, and their permutations. Twelve parity-odd tensors: ASS, APP, VPS, and their permutations.
Besides, we identify three standard tensors in a similar fashion for two dimensions.
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Since Appendix (A.1]) shows that forms achieved through definition v, = ie,,,,, 7?3 /4!

are enough to compound any other, our starting point is on their structure

(4i)~ T (Vaabedef) = TYab€edes + Jadoces + JafEoede (6.6)
FGbc€adef T Ged€abef + JefEabde
FGve€acdf + Gde€abef + JefEabed
—Gbd€acef — Jdf€abce — GbfEacde
—YGac€vdef — Yee€abdf — JaeCbedf -

There are three basic versions, each corresponding to replacing the chiral matrix near a

specific vertex operator. We introduce a numeric label to distinguish them:

[tr(v*ulljlﬂgungllg)]l = [tr(fy*,uquglugl/g,ullll )]2 = [tr(fy*p?,ljg,ull/lpy/g)]?)' (6'7)

They arise when setting the index configuration in the trace above , differing in the
signs of terms. We cast their contraction with K733* in the sequence. Their integration

leads to three not (automatically) equivalent expressions for each triangle.

B3 (Vv pgwangra 1 = =40y [ K1, K3® — Kooy, K137 4 K K757 (6.8)
— e [ K1y K532 + Koy K132 — K3, K13°]
A o [ K1, K332 — Koy K132 — K, K137
iy KT (K2 - K) — Ky (Ko - K) + Kyt (K - Ks))]
F44[ = Gy Egrins = oy Epyvizs T JuysCrgraos | K 125"

B3 (Vapguapgraprn 2 = F40€ 00 [ K10, Ko3® — Koy K137 4 Ky, K757 (6.9)
4 1y [ K1y K53 + Koy K13 + K, K137
481 [ K1, K53+ Koy K13 — K, K132
iy K (K2 - K) + K (K - K3) — Kyt (K- K))]
F4i[Gu1,E pgnas = JinsCrovizs — GugsEayvans] K125°

K i3 = —4imal K K5 — Koy K33 + Koy K1) (6.10)

[
Ay (K10, K337 — Ko, K137 — K3, K757
_42'8“131’12 [K1N2K5§2 + K2N2Kyl2 + K3N2K11212]
gy 0 (KT (Ky - K3) — Ky (K - K3) — K3 (K - K)))
F4U[ =G, E 50105 — JunsCripnas + JpingEpyvias] K123
Analogously to two-dimensional calculations, our next task consists of organizing and

integrating the complete expressions. As the three first rows of the above equations are
similar to the object (4.24)), we define the tensors

vi2(si1s2) __ V12 V12 V12

6“(11)1’12 He

6.11
Dias ( )
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where s; = £1. We rewrite this equation using K; = K; + p;; and 5uabV12Kz‘j12 =
Epgprizlii K to achieve the structures introduced in Section (3.3):

)

v 818 v 1% 12 1
a2 = Sl 508 = (1= s Ky, (012
v 1% v 1% v 1
+E gz (D1 P35 K1y, + (S1D21,, D57 + S2p31,,, 057 ) K1 Digs’

Hence, final expressions arise directly by replacing vector and tensor Feynman integrals
from Subsection (3.3.2]). Although four sign configurations are available, the expression
taking s; = —1 and sy = 1 cancels out. That is straightforward for the first row, but a

closer look at the composition of the following integral is necessary to analyze the second:
Ty =T =i(4n) " [0 Zio” (o, psr) = 51 Zsr 7 (P )] (6.13)

Since it is proportional to external momenta, it leads to symmetric tensors that vanish

when contracted with Levi-Civita symbol. We cast all sign configurations in the sequence:

26, T2 = 22, PSP T, + (—P21u 3 + Pa ) T3] =0, (6.14)

26, T2 = ey L DT+ pan YY) — PSS+ pa Je)] (6.15)
H(E PO+ Eyyn D Tiog),

25uabV12T:cl2(ii) = —dey,Dai( §ﬁc+p31ch§1) (6.16)
_(5%171/12]75% AgLC + €uabcy1p5i Tiog),

26, T2 = ey DB (5] + P, 5 (6.17)

14

2 Vi Vi
+(Epgalsi Asuc + €11 P31 llog)-

Different tensor contributions appear for each trace version from -. Thus,

after disregarding the vanishing contribution, we identify the corresponding combinations

Cuiggy = —Empra 207 + 40, T2 (6.18)
02/"'123 = _8H12V12T:312(++) - 5#23V12T:112(+7) (6.19)
C’3,Uu123 = _8H23V12T:112(__) - 5u13V12T:212(++)- (620)

The sampling of indexes reflects the absence of the index p,; of the vertex I'; in the sign
enabling the anticipation of violations of either WIs or RAGFs. That

occurs because this specific index appears in the tensor e, ,,,,T) 205 which is finite and

i

tensors of the Cy,, .,

identically zero, present in each of the above expressions before integration.

Let us return to the last row of Eqgs. —, which corresponds to 1st-order odd
triangles. The precise identifications among the possibilities occur when replacing the
vertex configurations in the general integrand ; however, all of them are proportional
to ASS amplitude:

- 14 1% v 1
= 42‘5#1;1/123172%}733[( = (6'21)

ASS . V123
t = die K73 .
i Hiv123 1541

123 D123
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We already performed some simplifications through the same resources from the tensor
discussion (beginning of the previous paragraph). After integration, this function depends
on the Feynman integral J5*. Since this object is a finite tensor proportional to external

momenta p;;, the contraction with the Levi-Civita symbol necessarily vanishes

T;:SS = 4i5HiV123pgipg%J§1 = 0. (6.22)

For this reason, we omit this class of amplitudes from the final triangles.
We left the fourth line of (6.8)-(6.10) for last since bilinears get summed with mass
terms from the remaining trace. Each investigated case leads to a subamplitude identified

after comparing vertex arrangements in (6.1)). This result is general: besides C;,, ,. tensors,

H123
different rank-1 even subamplitudes appear inside each version of rank-3 odd amplitudes.
Table accounts for all of these possibilities, while Appendix (]ED presents explicit
expressions for subamplitudes. Let us consider the first version of AVV to illustrate.
After combining mass terms from Eq. with bilinears from Eq. , we find the

V PP subamplitude

sub(taV V)1 = gy, (E777). (6.23)
The integrand of this correlator has the structure
1
() = tr[y8 (1) 7.9 (2) 1.5 (3)] = 4(— K7 Sa3 + Ky S13 — K3'S)p—, (6.24)
123

where the combination S;; = K; - K; — m? comes from definition (4.23)). After reducing

the denominator, we perform the integration
(TVFP)yr = 2[Pp AL, + (D5} — D) Tiog) — 4 (21 - p32) T3 (6.25)

+2[(P51pa1 — Phipa1) T + phiJa (pa1) — pisJa (p32)].

Table 6.1: Even sub-amplitudes related to each version of 3rd-order odd amplitudes.

Version/Type | AVV | VAV | VVA | AAA
1 +V PP | +ASP | —APS | =V 5SS
2 —SAP | +PVP | +PAS | =SV S
3 +SPA | —PSA | +PPV | =SSV

Since all pieces are known, compounding triangle amplitudes is possible. For instance,
the i-th version of the AV'V arises as a combination involving the Cj-tensor and the

corresponding vector subamplitude. Thus, consulting Table leads to the following

associations
( lfl‘;:"sv)l = 4Z.O1M23 + i8#123’/1 <TVPP)V17
( :‘1‘2/3‘/) 4iC0p,55 = 1€y500 (TSAP)V17
( /igfgv) = 4Z‘C(3N123 + Z.6#123V1 (TSPA>V1'
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The generalization for VAV, VV A, and AAA is straightforward:

(T, 1121%); = 4iC;

123 ¥H123

+ icy, ., (Corresponding sub-amplitude)” . (6.29)

We still want to detail some important points about these amplitudes. To illustrate

this subject, we use tools developed in this section to build up the first version of AVV,

AVV
( H123 )1

- Sllhza - 8i€ﬂ12”12p5%(J§//i3 + p31u3 ng) (630)
_8i8“13V12 [pgf(‘]gliz + P21y, ‘]?ljl) - p;i (‘]322 + D31y, ‘]gl)]
— iy 00 (D21 - P32) I8 + 20,00, (D505, — P05 s

204,30 (P31 )2 (P21) — P53 J2 (P32)]-
The divergent part of the tensor (6.18]) comes from Egs. (6.15]) and (6.16) as
4iClﬂ123 = _2i[8#13V12p§§A§/112 + 8#12V12pg%Ag/113 + 8#123V1 (pgi - pgé)Il()g]'

When combined with the V PP subamplitude, we acknowledge the exact cancellation of
the object I,z as it occurs for all investigated versions. Thus, surface terms compound

the whole structure of divergences
Slﬂ123 = _2i(6M13V12p§§A§,L1L2 + 6#12”12p5%A§;3) + 2i6M123V1P§/12 Aglljg (631)

Moreover, contributions from vector subamplitudes exhibit arbitrary momenta P;; = k; +
k; as coefficients. We stress that the divergent content is shared; the first version of
amplitudes AVV, VAV, VV A, and AAA contains the same structure . That is a
feature of the specific version and not on the vertex content of the diagram. For later use,

we define the other sets of surface terms

_ ; V2 A V1 V2 A V1 ; V2 A V1

52M123 - _22(5M12V12p31A3,u3 + 5#23”12p32A3,u1) + 225#1231’1 P21 A3zx27 (632)
_ ; V2 A V1 V2 A V1 ; V2 A V1

S3u123 = _22(5u13V12p31A3u2 - 5u23V12p21A3u1> + 225u123u1P32 A3u2- (6.33)

That concludes the preliminary discussion on rank-3 triangles, so investigating RAGFs is

possible. That is the subject of the following sections.

6.1 Relations Among Green Functions and Unique-
ness

The next step is to perform momenta contractions that lead to RAGF's following the
recipes in ([2.14]) and (2.17)). Although they are algebraic identities at the integrand level,
their satisfaction is not automatic after integration. In parallel to what we saw in the two-

dimensional case, possibilities for Dirac traces and values of surface terms have important
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implications for this analysis.
Phitn) = Y (1,2) =2 (2,3) — 2mt;," " (6.34)
A A A
pggtﬂl‘;;/ - tul‘; (1,2) - tul‘: (1,3)
A A
By =tV (2,1) =t (2,3) (6.35)
ity = Ty (3 1) = (2,3) 4 2mty
sy = Ty (21— (3,1)
A A A
phity it =ty (1,2) — Y (3,2) (6.36)
A A A
pgft/‘ﬁ; - t#r}f <3’ 1> o t#:'}f (3’ 2)
Pisly = Ty (12) =10 (3, 1) + 2my 0
Pty = 0V (2,1) =t (3,2) — 2mt), A4 (6.37)
Phityat =tV (1,3) =t (3,2) + 2mt ;!
AAA A A AA
pggt/h% - tﬂ;i (2’ 1> o t“l‘: (1’ 3) + 2mt#12p

Let us introduce the structures that emerged within the relations above. First, the

RHS’s three-point functions are finite tensors external momenta dependent.

That is

transparent due to their connection with finite Feynman integrals introduced in Subsection

(3.2.2)), so we only remove the overbar notation from corresponding tensors J3' = J3* and

Js = J3. We have for single axial triangles

PVV Vi ovslos 2
B QmTﬂzs = Chugsr12P21P32 (8im*J3),
VPV Vi valon 2
2mTM13 - g,111311121)21]332(81771 Jg),
vveP v v o
QmTﬂlz - 5#12111219211)32(_8@”1 J3),

while momenta contractions for the triple axial triangle lead to

= 2T = e P8I (25 + P Js))
2T = e, LD [-8imA (205" + psi )],
2T = e, ., P53(8im” (2J5" + phiJs)].

(6.38)
(6.39)
(6.40)

(6.41)
(6.42)
(6.43)

These amplitudes have a low-energy behavior that we aim to explore in connection with
RAGFs in Sections 1} and 1} Since they depend on functions Z,({ég (i through
the scalar three-point integral J; = i(47r)’2Z(()a Y and the vector one 1D We use (3.42))

to determine the behavior of these tensors when all bilinears in their momenta are zero:

1 1
PVV _ . VPV| __ . VV P
—2771,7_‘N23 0 = (271')27 2mTM13 0 = W’ 277171#12 0
1 1
PAA _ . APA| __ . AAP
—QmTM3 . = 3(27)" QmTH13 .= 3(27)" 2mT;”

(6.44)

(6.45)
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Each term above is multiplied by the corresponding tensor ¢, ,,,,p51 P55 With k <.

Second, the other structures that appeared in the RAGFs are AV functions, which
are proportional to two-point vector integrals. Using the result (3.82)), we achieve

AV . . Vo TU1 . . Vo DV3 V1
T,uij <a7 b) - _4Z€Niﬂjyll’2pba J2 (CL, b) - 2Z€Ni#j1/11/2pbapab A31/3'

(6.46)

As contributions (exclusively) on the external momentum cancel out in the contraction,
they are pure surface terms proportional to arbitrary label combinations. After replacing

the adequate labels (k, and k;), combinations seen in the RAGF's above arise:

Ty (1,2) =TV (2,3) = —2ieu,,, (01 P13 + pi3 Pi3) A3, (6.47)
Ty (1,3) =T (2,3) = —2ieu,0, (03555 — pii P57) A3, (6.48)
To (1,2) =T (1,3) = =2iey,,0, (05 P — p5i PF) A5, (6.49)

We stress that these forms depend only on the vertex contraction and not specific amp-
litude (AVV, VAV, VV A, and AAA). That occurs because there is a sign change in the
AV when permuting the position of free indexes (see 5%%-1/11/2) or changing the role of

routings (see p,2FP.?).

K

K, K,
B - — A ~ - A ~
D31 | VeV Ko — x m;;<> Tna — V¥ T2 <> Tus
K: p »
3 Ky K3

Kl /\/"// 2
—2m | K
K3

Figure 6.1: The RAGF established for the contraction with momenta ¢5; T4VV.

H123

To verify RAGFs, we must contract external momenta with the explicit forms of amp-
litudes. Observe the finite contributions displayed in the example to clarify opera-
tions involving finite contributions. These results use well-defined relations involving finite
quantities. After contracting with momenta, some terms vanish due to the Levi-Civita
symbol. Then, we manipulate the remaining terms using tools developed in Subsection
. The procedure involves reducing .J-tensors to identify finite 2nd-order amplitudes

or achieve some cancellations. The referred reductions are for tensor integrals

205 50, = —Pa s 5 (pa) + Iy (Ps2) + D5 (pa2) (6.50)
205 50, = —Pa s S (Do) + Ty (Ds2) + P52 (p32) (6.51)
2J5 = 2mPJs + 2J5 (pa2) + i (4m) 2, (6.52)
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and vector integrals

20910, J5" = —p§1J3 + J2 (ps1) — J2 (ps2) (6.53)
2031, J5" = —p§1J3 + J2 (pa1) — J2 (ps2) - (6.54)

Although some reductions arise directly, other occurrences require further algebraic
manipulations. This circumstance manifests in cases where a J-tensor couples to the Levi-
Civita symbol so that rearranging indexes is necessary to find momenta contractions. For

vector integrals, we consider the identity €[, ., 110.Pv5J3" = 0 to achieve the formulaﬂ

2€#abV12 [pgi (pij 'p31) - pgi (pij 'p21)] ng = _gﬂabwspg%pgi [2pijl/1 Jil’:l] : (655)

o o . . . .
Similarly, we use €, _,,50, JSMC] = 0 to reorganize terms involving the tensor integral

Vo V3 TV1 v2, V3 JV1
26 10123021031 I3, — 2€p,0123P21 P31 I3,
I V3 v JUV1 V2 V3 JVi1 v, V3 V1
= EpgyrisP3l [2]721 31/2] — Epgpr12P21 [2]731 31/3] — EpgyrasP21P31 [2(]31/1} . (6.56)

In the amplitudes, we have two structures: standard tensors Cj, ,. — and
subamplitudes. The tensors are common to the amplitudes versions and are comprised of
the sign tensors —. To illustrate the operations necessary for the RAGFs, let
us take the case

Cﬁnite _ _26M13V12 [Pgi(J?EQ +p21u2<]§1) _pg%((]l’l +p31M2J§/1)] (657)

1pio3 3pg

_25M12V12pg%<‘]§ﬁ3 +p31u3 ng) (658)

The first term in parenthesis cancels when contracting with p5i, the remaining terms are
H1 ~finite vo V3 TV1 Vo U3 TU1
D31 Olu123 = —2[€10125P51 P51 3y Suovi23P21P31 3u3]- (6.59)

Then, we employ the identity to permute indexes and perform reductions. That
accomplishes our objective; furthermore, this rearrangement implies the presence of Eq.
, and that brings two additional contributions: one proportional to squared mass
and a numeric factor. That differs from contractions ph? and p53, where reductions of
tensor integrals are immediate, and it is only necessary to use (6.55)). The behavior of

different contractions is not associated with vertex content but with amplitude version.

PROT = € { (P5ip5 — Dyipa)Js" (6.60)
+p P [2m? s + i(47) 72 + Ja(ps2)]}
ni 1 12 v v v
p?fCﬂl';f;’, = §€M13y12p3§ [ngl (J5" + phiJs) — poi (p31)} (6.61)
nite 1 v v v
PiCine = §5u12u1u2p25[—2p§2J31 — p5iJ2 (pa1)] (6.62)

2Two terms like paepvi123psipss J5* cancel due to triple contraction.
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: 1
finite v v v v
pgllCQMZS = Q‘guzgmzp?,; 203, (J5* + phiJs) — ot Ja (par))] (6.63)
PiCante = epn, {(P5305, — Pip3:) 5" (6.64)
+phipsi[2m® s + i(4m) "% + Ja(psa)]}

ni 1 v v vy, UV
pggogmzi = §5u12u12 [2p3%p§2<]31 + P5ipsiJ2 (pa1)] (6.65)

nite 1 v v v
phiCoe = §€u23u12pzf[2p§1J31 + P51 J2(p32)] (6.66)

nite 1 v v v

Phi C?{jul; = 5’3#131/12]73% [_2]731J31 — PoiJa(p32)] (6.67)
pCE = e vl (PP5 — Pips) J5 (6.68)

—poipsi [2m® T + i(4m) 72 4 Ja(psa)] }-

We have to sum contributions from the subamplitudes to complete finite-parts results.
That requires the same resources discussed above, but only vector integrals remain, and
again we use Eq. to reduce these integrals to scalar ones. Terms proportional to
the squared mass arise from a part of the common tensors and subamplitudes. They
cancel in all vector-vertex contractions and combine into the expected finite functions for
all axial-vertex contractions —. Lastly, regardless of the specific amplitude, the
additional term i (4%)_2 arises when the contracted index p; matches the i-th version.

To complete the RAGFs analysis, we recall Egs. —. In the set of surface
terms S;,,,., the index 1, appears only in the Levi-Civita tensor and not in Ag,,. Hence,
contracting other indexes leads to the expected differences —. Regardless of the
particular triangle amplitude, identifications are automatic whenever contractions with

S 123
corresponds to the vertex that defines the version (i = j), the contraction between p4i and

consider the index p; with ¢ # j. On the other hand, when the contracted index

S1u,,, does not produce the required index configuration since we do not find momenta
contractions with surface terms required to identify AV functions. Thus, in parallel to

the procedure for 2nd-order J-tensors, indexes are reorganized through the identity
gulugml@Ag;Q - 5#1u2V1V2A§L3 = €H2H3V1V2A§,l1141 t Euypppsin Ag;g - 5#1#2#3V2A§;1‘ (6.69)
After organizing the momenta by p;; = P,, — P}, these operations yield (6.70)). Besides

the expected contributions, note the presence of an additional term on the trace Af,

resembling what occurred for the finite part.

PiiS1,s = 205, (D51 P15 + Paa P33 ) Al + 200,100 051053 A5y, (6.70)
ngslum = =200, (P§§P§,’2‘°’ - pgfpgf’)Agzl/g, (6.71)
P53y = —20Cu,0, (P51 P53 — Dot Paft) AL, (6.72)
P51 Sy = —20E 00, (P51 PI5 + D3 Pas ) Agl, (6.73)
Phi Sy = —20Ep0 (D53 P35 — D31 Pat) Dby 4 2084, 1gvavs DD Ay, (6.74)

P53 oy = —2i€p,0, (DEIPSY — PRIEST) AL, (6.75)
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pgl1 S3N123 = _2i€#23V12 (pgipllj; + pgspég’) Aglig (676)
PoiSsunyy = —20Eu,0 (P3P — PRI PST) AL, (6.77)
P33 S8y = —20Eu,00. (PETPSY — PRYPST) AL, — 2080, y000aP5iP5 A, (6.78)

With these properties in hands, we establish RAGFs for the explicit (T:‘I‘Q/?)V)l, see (6.26)
to illustrate how to proceed in any case. The axial contraction comes from reducing the
common tensor in Eq. plus the nonzero terms from subamplitude ((6.25))

i€M123V1p§]1_ (TVPP)Vl = 2Z’8N23V12p§i {2(p21 ' p32)‘]§1 +pgi [p?ﬂ']g - Jg(p21> - J2<p32)]} *
At this stage, we have when summing both contributions
P (T 1 = D5 Sty + 480t 5 (2> 5 + i (47) ) (6.79)

i€ g1z (P57 (P21 - 31) — PHTD5,] T3
+2i8 1,105 D5 P31 S5 + 2 (P32) — o (pax)]-

To find reductions in terms like the second row, we use (6.55) to identify the needed

contraction and obtain a cancellation

pgl1 (T:‘l‘;sv)l = pgl1 51#123 + 4i€#23”12p51p§i [2m2j3 +1 (47T)_2]' (680)

After contracting surface terms using (6.70)) and identifying the PVV (6.38)), we write

P (T )y =T (1,2) =T (2,3)=2mT) Y 4 2ie 1,0, P51 P [AG,, + 2i (47)7%]. (6.81)

H123

Similarly, RAGFs coming from vector vertices use ([6.61])-(6.62) for the common tensor
and identity (6.55). They imply the vanishing of finite parts, while the remaining parts

correspond to AV differences:

Pr(TA V) = phiSiu,, = TY (1,3) = T2V (2,3) (6.82)
PE(TAV ) = ph3Siu,, =Ty (1,2) = TV (1,3). (6.83)

This pattern repeats for the first version of the other amplitudes (VAV, VV A, and
AAA). Whereas the contraction with first vertex exhibits the additional term, the other
RAGFs are satisfied without conditions. The pattern changes to the second and third
versions, for they show the violating term in the second and third vertex independent of
its nature: axial or vector vertex.

Following the developed steps, equations below subsume all potentially offending
terms, which emerge in momentum contractions where the version is defined. We ad-
opt the notation to the routing differences ¢; = ps31, @2 = p21, and ¢z = p32 to mark a
convention for first, second, and third vertices. The notation has already appeared in Fig-

ure for the general diagram. In addition, the symbol I'j53 = I'1T'5I'5 is an abbreviation
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for all combinations of vertices I'; € {A, V'} we are investigating.

QTN = 42ie,,0,,05 g5 [AS, + 2i (4m) %) (6.84)
> (T2l = 42ie,, 0,05 457 [AS, + 20 (47) %)
G (TS = —2iey, 0,05 452 [AG, + 20 (47) 7).

The other vertices (to each version) have their RAGF's identically satisfied. To visualize

this violation pattern, we offer the schematic graph in Figure [6.2]

. o, viol
’ - ~ V1,V K -2
¢ |1y, 2 = 200, i PHPE] [ A + 20 (47) 7]
3 .
F3H3 J

Figure 6.2: The violation factor of the RAGF established for the contraction with mo-
menta ¢

RAGFs are not automatic as they require further explorations regarding values ac-

cessible to surface terms, meaning they only apply under the constraint

Ag = —MQTSQ- (6.85)
From another perspective, if these relations apply identically, we could satisfy all Ward
identities by nullifying surface terms (this works channel by channel). That is not the case
because it requires conflicting interpretations of surface terms: zero for the momentum-
space translational invariance and nonzero for the linearity of integration. Thence, these
properties do not hold simultaneously. General tensor properties and the low-energy be-
havior of PVV-PAA and permutations show these conclusions are inescapable in Section
(6.3)). That is independent of any possible trace.

Once the RAGFs are clear, we would like to deepen the discussion about different
versions of amplitudes. The investigated integrands are well-defined tensors and obey
(tzgg)l = (t}:gg) ;. Even if we separate expressions in finite and divergent sectors without
commitment to the divergences, after integration, the sampling of indexes makes the
results of finite parts and tensor surface terms different. We highlight differences among

the three main versions to elucidate this point:

<Tl£112233)1 o (7—‘5112233)2 = +2i€/ﬁ1231’1p§§ [Aga + 2i (4’”)72]? (686)
<Tl§112233)1 B (lel;;)?’ = _Qigﬂlstlpgi [Aga + 20 (47T)_2]7 (6'87)
(Tiz)e = (T2)s = —2iep,n Pt [A5, +2i (47) 7. (6.88)

After subtracting two versions, we reorganized indexes to identify reductions of finite

functions and recognize the same potentially violating term acknowledged in . At
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this point, we define the meaning of uniqueness adopted within this investigation: any
possible form to compute the same expression returns the same result. Canceling the RHS
of these equations would be required to achieve this property. That only happens when
adopting the same prescription seen above A§, = —2i (477)_2. This notion of uniqueness
implies that an amplitude does not depend on Dirac traces. Nevertheless, unlike in
the two-dimensional context, the nonzero surface terms required by this notion allow
dependence on ambiguous combinations of arbitrary internal momenta. In this sense,
there is no unique expression in the external momenta.

The trace of six matrices is the unique place where the amplitude versions differ.
Achieving traces different from those starting this argumentation is possible through other
identities involving the chiral matrix, Eq. . Nonetheless, as detailed in Appendix
, versions that are linear combinations of them arise. Observe the form

(T2 = [(Tu22)i + (To,20)51/2, (6.89)

H123 H123 Hi23

which manifests potentially violating terms in RAGFs for both vertices I'; and I';. The
three independent combinations (setting i and j) are enough to reproduce any expressions
achieved through the referred identities. That justifies taking (T&;; ); as the basic versions;
moreover, they have the mazimum number of RAGFs identically satisfied, see Section

(6.3]). For instance, the expression associated with the substitution

ViV pvinser = CnvininrY T VelGvinin Vus = Gpapesr Yo + Guivi Vs, ) (6.90)

has an integrand differing from [Tif;:]mﬂﬂ in terms that have finite and identically van-

ishing integrals (6.14]) and (6.22)). Using this identity or combining traces of basic versions

before integration makes expressions exhibit the same terms when integrated, divergent
and finite parts. As another example, employing the identity 7,7, = €57 /3!
expresses the trace through ten monomials. Even without some index configurations,
the integrated expression coincides with the i-th version. That means the chiral matrix
definition has no special role compared to other identities.

With these facts in mind, we define linear combinations that reproduce any possible

expression with the building-block versions

3
1
r _ (TT123).
[T#f;;]{”mm} = 7"1‘1‘7“—2+7"3 Zzl rz(T%l;;)“ (6.91)
where 7 + 79 + 73 # 0. They have equivalent integrands as it occurs for combinations
(6.89). This general form compiles all involved arbitrariness, accounting for any choices
regarding routings or Dirac traces. From this formula, assuming zero surface terms after
the integration, we identify an infinity set of amplitudes that violate RAGFs by arbitrary

amounts. That is useful for obtaining different violation values in the literature, e.g., [73].

3Note that when i = 3 the notation means [Tifff]&lv or 7y, in the identity used.

Vuzvap
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We have shown how traces and surface terms interfere with the investigated tensors’
linearity of integration and uniqueness. In the subsequent subsections, we demonstrate
that these properties are unavoidable since conditions for RAGFs arise without explicit

computations of the primary amplitudes.

6.2 A Low-Energy Theorem and its Relation with
Ward Identities

This section proposes a structure depending only on external momenta to formulate
a low-energy implication for a tensor representing three-point amplitudes. That does not
mean we ignore the possible presence of ambiguous routing combinations because these
terms can be transformed into linear covariant combinations of physical momenta. The

structure is a general 3rd-order tensor having odd parity:

FM123 = 5#123’/(ng1 + ngQ) + €M12V12ql2/1 Q§2 (q2,u3G1 + C]3H3G2) (692)
Fepuggrn s 657 (G2, G3 + 030, Ga) + Epggrn @' 657 (G2, G's + 43, Gs)-

That is a function of two variables: the incoming external momenta ¢y and g3 associated
with vertices I'y and I's. Conservation sets the relation ¢; = ¢ + g3 with the outcoming
momentum of the vertex I';.

After performing the momenta contractions, one identifies the arrangements ¢ F,, =

vy V2

Epprials q3° Vi with & <[ # i. These operations lead to three functions written regarding

form factors of the general tensor

Vi = —Fi+ 54+ (q-q) G+ (¢ q3) Gs, (6.93)
Vo = —Fo+¢Gs+ (g2 q3) Ga, (6.94)
Vi = —F+ @Gy + (g2 q3) Gr. (6.95)

At the kinematical point where all bilinears are zero ¢; - ¢; = 0, if G; are regular or at

most discontinuous, we have the relations
Vi(0)=F—F, V(0)=-F, V;3(0)=-h.
From the steps above, we derive the following equation among invariants
V1 (0) + V5 (0) — V5 (0) = 0. (6.96)

This relation contains information about symmetries or their violations at the zero limit,
even if no particular symmetry is needed for its deduction. That occurs because it rep-
resents a constraint over three-point structures arising in the RHS of proposed Wls.

To illustrate this resource, suppose that the axial contraction with the AV'V connects

to the amplitude coming from the pseudo-scalar density

5#23”12(]2”1(]%/2‘/1 (0) = _QmTPVV (O) = Eunglzqglquvav (0) ’ (697)

Ha3
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with the behavior leading to the value for the first invariant V; (0) = 1/(2m)%.
Since the constraint above prevents the simultaneous vanishing of both other invariants
V5 (0) = V5 (0) = 0, at least one vector W1 is violated. On the other hand, supposing that
both vector WIs apply implies violating the axial one. That occurs because parameters
defining the considered tensor and regularity require the existence of an additional term
Vi (0) = 1/(27)2+ A, the anomaly. Thus, A = —QFVV (0), relating a property of the finite
amplitude and the symmetry content of a rank-3 amplitude. Satisfying the symmetry at
this point does not guarantee invariance for all points; however, its violation at zero
implies symmetry violation.

That is the starting point of the violation pattern in anomalous amplitudes. Numerical
values presented above for invariants V; at zero represent the preservation of correspond-
ing WIs. Nevertheless, their co-occurrence implies a violation of the linear-algebra type
solution . No tensor, independent of its origin, can connect to the PVV and sim-
ultaneously have vanishing contractions with momenta ¢y and ¢4*. Whenever an axial-
vertex contraction is connected to an amplitude coming from the pseudo-scalar density
(anomalously or not), there will be an anomaly in at least one of the vertices; the same
conclusion stands for other diagrams. These facts are known; however, the form we raise
is general. The low-energy theorem invoking vector WIs is only one of the solutions, as
in Section (4.2) of [37]. The built equation is an exclusive and inviolable consequence
of properties assumed to the 3rd-order tensor, and symmetry violations occur when the
RHS terms of WIs do not behave accordingly.

The explicit computation of perturbative expressions corroborates these assertions.
Moreover, the RAGF's furnish an exact connection among ultraviolet and infrared features
of amplitudes, namely Q'Y (0) = 2iAg,. That is the requirement for linearity seen after
evaluating the RAGF's, and it will be derived in the next subsection. There, we assume

the form V; = Q; + A; and demonstrate the implication
Q1 (0) + Q2 (0) — Q3 (0) = (27) 2, (6.98)

where we suppress superindexes in §2; coming from finite functions (e.g., PVV-PAA), see
(6.100). The equation above holds even to classically non-conserved vector currents or
amplitudes with three arbitrary masses running in the loop. Albeit rank-2 amplitudes of
multiple masses are complicated functions of these masses, the relation at the point zero
is ever the finite constant above.

Independently of divergent aspects, the last equation is incompatible with ;
therefore, characterizing violations for rank-3 triangles under the form . Hence,

anomalous terms coming from different vertices A; obey the general constraint
Ap + Ay — Az = —(27) 72, (6.99)

This equation shows that the value of axial anomaly is unique by preserving two vector
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WIs. Likewise, any explicit tensorﬂ having WIs violated by any quantity obeys this
equation if A; relates to finite amplitudes from Feynman’s rules. The crossed channel of
finite amplitudes brings a multiplicative factor 2 in the last couple of equations.

It is possible to anticipate restrictions over surface terms based on the general de-
pendence that 3rd-order tensors have on such terms and preserving the independence and
arbitrariness of internal momenta sums. That is achieved through the connection with

AV functions via integration linearity. In the next section, this reasoning leads to the
proposition QY (0) = 2iAg, and Eq. (6.98).

6.3 RAGTFs and Kinematical Behavior of Amplitudes

In Section , we performed explicit calculations related to different amplitude ver-
sions. When satisfying all RAGFs, a condition connecting the surface term with a finite
contribution emerged in at least one of the relations . This condition appeared
without explicitly calculating surface terms, inferring it from potentially violating terms.
Furthermore, these additional terms arise in RAGFs associated with the vertex that
defines the version . Here, we will show generality how the constraints based on
linearity are obtained by carefully analyzing the most general tensor structure of 3pt-
amplitudes without using any specific traces. The meaning of the basic version emerges
as the one that automatically satisfies the most possible RAGF's but not all. Also, we will
consider that when the contractions are done, a set of results is generated that can only be
restricted by linearity for arbitrary and independent internal momenta. Such a condition
shows how the finite amplitudes in the RHS of the RAGF's determine the surface terms.

From the explicit calculation, we can write the general equation for linearity as
il _ mAV
qzu Tu112233 - 71i(—)ukl + 5%1/12(151(]?9@', (6100)

the ordering of indexes is always by k < [ # i. The first term of the RHS is the differences
(6.47)-(6.49)). The second one has the invariants corresponding to the rank-2 amplitudes
in RAGFs. Note that some are zero to vertices of specific diagrams. Expressing the three

independent differences of AV functions in terms of P,;, we have

T = 2y, [F PP Piy + Pi7 (P — P3f) + Py PP AL, (6.101)
T3y = 20, [FP57 (Psf — P33) + Pip Py — PR PR AG, (6.102)
T, = —20Cuw [~ PP + PP + Py (P — P3f)] Ay, (6.103)

4This tensor can be obtained via regularization or not. See the approach of G. Scharf ([65]) in Section
5.1, using causal perturbation theory. The analogous to PV'V is not computed until the very end. Instead,
the authors study analogous differences between the contraction of AVV and the PVV without Feynman
diagrams.
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The notation Tf(ll/) is used to remember it came from the RAGF where we contracted with
g" in the integrand. These equations preserve the arbitrary label for the internal lines
and the value of the surface term and do not depend on the traces used because there is
no ambiguity in expressing the trace of four Dirac matrices and a chiral one.

Due to the tensor integral of power counting zero e vector with power counting one,
it must be expected from the expression to depend on surface term with physical as well
ambiguous momenta. On the other hand, the routings present are not obliged to be
written as external momenta, as we assumed in the previous section. The general tensor
must consider that the perturbative amplitudes are a function of the six variables: the
sums and differences of routings; the last ones are restricted by momentum conservation,
notwithstanding the sums are arbitrary, reducing for five variables. In turn, with the
sums, we generate the differences; thereby, the number of variables is three. Nevertheless,
the summation of routings appears multiplied necessarily and only by surface terms.

Since central amplitudes are linear-diverging tensors, they have mass one and depend
on the arbitrary momenta and surface terms, as ¢; vectors are differences of the routings k;
(but not the opposite), we replace the former with the latter. Then using the combinations

P;; = k; + k;, the most general tensor of these variables under the stated conditions is

A
K123

= +€upuiy (@11 P21 + @12 P31 + a13P32)" A:’;}Ll (6.104)
FEpupprin (31 P21 + aza P31 + a3 P32)” Agbg

F€pypsrn (01 Po1 + b2 Py + b Psp)™? A

37/2 °

(

+€p, 010 (A21 Po1 + 22 P31 + az3 P32)”? A§;2
(
(

Finite parts are handled separately. The a;; and b; are twelve arbitrary constants that
summarize all the freedom of such tensor: Function of three variables of the diagram
routings, rank, parity, and power counting. The j captures the P momenta in the order
(Ps1, P31, P33), and the index i links to the index p, associated with the vertex in the
amplitudes Tlfll;;. Contracting with the routing differences, for this tensor to be
related to the AV tensors, we used the identityﬂ €[ty papigiy Agiﬂ = 0 to cast the tensor.
That reduces, without losing information, the number of arbitrary parameters.

Now the question is: Performing the three contractions with the vertices momenta,
is it possible to identify all of them with the two-point functions without additional
conditions? That means they must be simultaneously valid for any value of the surface
term. The answer is no, as we show that requiring two RAGF satisfied without conditions
over surface term determines all coefficients a;; and b;. The other relation belongs to an
incompatible solution for these coefficients. We will see as the finite amplitudes condition
the satisfaction of all RAGFs.

>These structures have indices of surface terms contracted with the coefficient and the epsilon tensor

and no trace of the surface term, by example, q52Tfl‘;V = Tfly (1,3) — Tlf‘l‘; (2,3).
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Beginning by contracting F#A123 with ¢}"* = p4}, we have the expression

PiiFu,, = Tl (a2 + axn) Py Py + anPip (P — Pi3))Az, (6.105)
FEpgins [~ (@31 + a33) Pof Pig + azo Pyf (P — P33 )| A,
FEpgquna [~ (@11 — b1) P57 B3 + (arz — b3) Py3 P33’ | Ay,

FE gz (a1 + 03) PF Py3 — anaPyf (P — Pi)|Ag)
FEpuggria[— (13 + b1) P33 Py + ba(Pof — Py3 ) PEY]AG,, .

From the first two rows, as = (—as3,0,a23) and a3 = (—ass, 0, ass), the remaining com-
pared with Tféy)#%, we have ay; + b3 = 2i; a;o = —2i; a3 + by = 2i; by = 0; and

bz = 2i — b;. In vector notation, the full solution is

b by 0 20—
a; bl —22 27, — b1

— . 6.106
a —az3 0 23 ( )
az /| —azz 0 ass

Note the reduction from twelve parameters to just three {ass3,ass, b1} by requiring just
one of the relations to be satisfied. Repeating the analysis to g2 F lﬁ% with ¢4* = ph? and

forming the system of linear equation by comparing with (6.48)), follows the solution

b 0 by 2i—by

a; 10 —aiz a3

(45} 2 —b2 bg -2’ (6107)
as 0 —azs ass

2

for the RAGF in the second vertex. The conditions for ¢4° F lfm = T?;?Y) 1y, With q3° = ph3,

follows that the solution to the automatic satisfaction of the RAGF is

b by 20—b; O
a; a3 —an 0

= 6.108
as a1 —as 0 ( )
as 3 bl 21 — bl —2

The intersection of (|6.106)) and (6.107)), the ones that automatically satisfy the RAGFs
coming from the contraction with ¢* and ¢4?, leads to a unique solution with b; = 0,
by = 0, bg = 21, and all the other coefficients are also determined. Replacing in the tensor,

(Fiipy )12 = = 2ilE . (Pss — Pit) A

H123 3

+8H13V12 (P2V12 _P§22)A§L2+8H123V1P;22AV1 ], (6109)

3vg

where p;; = P; — Pj;. Sub-index ij in (F uAug)ij stands for the vertices where the RAGFs
are satisfied without further assumptions. As the relations above depend on three para-
meters and are compatible in pairs, the coeflicients solution is unique once one pair of two
RAGFs is determined. Complementary contraction is always an incompatible solution;

coefficients are different for each solution (F ,ﬁ%)ij. The pair solutions for at most two
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RAGFs identically satisfied correspond to the amplitudes versions computed explicitly.

See ((6.31)-(6.33), namely

(Flﬁ23)23 - Slums; <FMA123>13 - 32#123; (FMA123)12 - 83#123’

the trace of the surface term separates from the difference of AV in one of the contractions.
Consequences: With this derivation in hand, we draw a similar conclusion to the
one stated in the Subsection . The value at zero of PVV had consequences over
symmetries. Here this amplitude will establish a connection between linearity in the
RAGFs and the low-energy behavior of the same PVV.
For this, we have to read this result in light of form factors in , taken as the
finite parts. Choosing the solution satisfying the RAGF's in vertices two and three
Ti» = F,

H123 H123

+(F2 )23 = Fupyy + Sty (6.110)

H123

to any vertices combination. Let €); represent the finite scalar invariants of 2nd-order
tensors from RAGFs; writing the equations of the hypothesis of satisfaction, ((6.100)),

qllllTlil;; o Tﬁy)lt% - 6#23V12q51qg291 - 5#23”12(]51(];&/2 (‘/1 + 2iA§a) (6'111)

A vy U vy Vv

quT/f;;:ss - Tz(y)lhs - 5#13'/12(]21(13292 = ‘C:M13V12q;q32Vv2 (6'112)
A v Vv vy Vv

q53T5112233 o T3(Y)M12 - 6#12V12q21q3293 = 8#12'/12q21q32%' (6113)

Using the previous results, we see that the trace of the surface term must be put
together with the finite part of the first contraction due to the Eq. (6.70)),

qill Slﬂms - Tf?y)#23 + 8#23V23q2y2qg3 (22A§;1> (6114)

We wrote the AV structures on LHS to focus on the non-trivial part of the relations. We
get the final condition: V; + 2:AS§,, = €115 Vo = (y; and V5 = (3. Observing the formulas

Vi = —Fi+EB+¢GGs+ Gs+ (q2 @) (Gs + Ge) (6.115)
Vé = —Fg + C]SG;}, -+ <QQ . Q3) G4 (6116)
Vi = —F+ @Gy + (g2 ¢3) Gh. (6.117)

It is possible to eliminate the F; form factors to reach at

2Z'Aga + Q3 — QQ - Ql = —qg (G3 + G5) + q?% (G2 - GG) (6118)
+ (g2 - @3) (G1 — G4 — G5 — G) .

Under the condition that G; functions are regular at zerd?] follows

2iAS, = O (0) + Qs (0) — Q3 (0) . (6.119)

6The functions Zr(g%, Z,(l;ql), Zéo) that comprise the finite part of any of these amplitudes do not have

kinematical singularities at the point ¢; - g; = 0.
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The equation is true irrespective of the choice of which relation is satisfied without
restriction. Suppose one starts with a version with Sy, . that satisfies the RAGFs in the
first and third vertex. To this tensor, the term A§, will appear in ¢42S5,,.,., see Eq. .
From Vi = Q; and V3 = Q3, and trading the F; and F» by G; plus finite functions, again
in zero, we retrieve the previous result. That is a proper relation between a low-energy
property and surface terms stated in the former section in . The hypotheses were
a tensor with two RAGFs satisfied without restriction, connected to AV differences and
PVV /PAA-like amplitudes. From that, the zero value of rank-2 amplitudes bound the
third RAGF. It is always possible to achieve these hypotheses in explicit computations.

When assessing 2;(0), see (6.44), Q7YY = QVPYV = —QVVF = (27)72, we find out

Q1 (0) + Q5 (0) — Q3 (0) = (27) 2, (6.120)

Notice that for the AVV, VAV, and VV A, two of the ; are zero to each amplitude,
which means the result above represents three situations. The same happens to the AAA

triangle. In this case, the three contractions of the same amplitude relate to PAA, APA,
and AAP. Combining the constants cast in Eq. (6.45)), we have

QPA4(0) + Q974 (0) — Q447 (0) = (2m) 2 (6.121)

Since the AV differences depend only on the contractions with the momenta, but the
correlators with the P density are distinct, it could be that distinct diagrams would

require different numerical values to the surface term, despite that one always find
RAGF & 2A%, = —i(27) 2. (6.122)

Constraint remains for amplitudes where three distinct masses run in the internal lines.
Let us consider an example of this scenario for the AV V. The propagator’s indexes

now account for the masses too, S(a) = (K, — my)~!. Using the standard identity

[pij =S (i) — ST (j) + (mi — m;)] to derive the RAGFs expressed in Eqgs. (6.34)), the

terms associated with the three-point functions are now

TPVV_

AV S
M3 ) T,

(mg — ml)T}f‘liV; and  (mz —mg)T, 7,

—(m1 + mg)

coming from verteces I'1, I's, and I'3 respectively. In this scenario, vector currents are not
classically conserved. However, ASV, AV'S, and PVV will not comply the Eq. (6.96)),
and their relations are identical to the ones (6.98]). For the three-point rank-2 amplitudes,

2% _1 1 1
TAZZV = Epugr1aP5iP3a| (1 — M2) Z§0 ) 4 (my —ms3) Zél ) _ mlzéo )]

IZBR% -1 1 1
T Epngr1aPoiPas (1 + ma) ZGY + (my +ma) ZY — my 28]

v,V 1 1 1
Tov® = upunabsipssl(me —m) ZY = (mg +my) 250 + my 285,
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it is possible to identify the form factor through the relation

vi, vaPVV PVV
€ piggr12P21 P33l = —(mi+ mS)Tuzg
v, V2 OASV ASV
EpysraaPa1 P33 8L = +(ma — ml)TMS
vi, v2)AVS AVS
€ a2 P21 P35S = +(mz — m2)TM12 .

By combining them as done in the other cases, we have
- -1 -1 -1
QY+ 0% — 3V = 2(2m) (i} — m3) Zi ¥ + (mi —mi) Zgy ) — miZg ).

Since in the definition, the Q@ polynomial for distinct massed’, hence the relation is

(i —m) 2V 4 (md —md) 2" —miZig| =120 (6128)

i°qd5=

Finally, in the limit studied follows (QFVV + Qv — Q4V5)|y = (27)72. The integrals
with various masses are laborious, but integrating all these functions explicitly in the limit
under consideration follows the result.

The kinematical limits of all rank-2 amplitudes are incompatible with the satisfaction
of all Ward identities since they ask for additional constants to be compatible with the
tensor structure of rank-3 amplitudes, as already established in the 2D. Although these
claims are implicit in the discussion of these tensors, often, the focus is the regularization

properties. In this way, when we write the internal momenta as covariant combinations

(non-covariant combinations amount to Lorentz violations), we must have

[VlAVV (mb ma, m3) - QAVV (ml, ma, m3) - V}gAvv (mb ma, m3)] (0)
= (QFVV £ QASV _ QAVS)|) + (A,lwv AV A?VV) —0.
That means we can not simultaneously make all 4; = 0 by reasons unrelated to di-
vergences. Utilizing this equation to study the symmetries, we have the scenario. If

eventually is not found symmetry violation in that point, it does not mean they could not

be in other points. However, finding a problem in zero implies a violation.

6.4 General Parameters to the Violationsy

Summarizing the last sections: (i) Integration linearity holds if and only if the surface

terms are nonzero (6.122)). Simultaneously the results are independent of Dirac traces

"To arbitrary masses, the Feynman polynomial for the function involved in this derivation reads
Q= Q%xl (1—z1)+ q%xg (1 —22) —2q1 - ez 122 + (m% - m%) 1+ (m% - m%) T2 — m%

And the function is given by

1 1—x; T .8
_ 't
Z,(‘s 1) :/ d$1/ d.TQ 2 12 2 2 N -
0 0 Q (g7, mi, m3,m3)

In the kinematical point the the polynomial assumes the form Q (0) = (m} — m3) 1+ (m} — m3) z2—mi.
8Throughout this section, we factored out three-point rank-two finite amplitudes from the discussion.
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for the same value, which saves linearity. (ii) Since some surface-terms coefficients are
ambiguous combinations of the routings, we must make choices for them. iii) From (ii), if
a procedure nullifies that terms, the linearity is violated by ~ 4(27)72; see these results
in . There is an equilibrium between routing and trace ambiguities organized by
the surface term’s value. Let us see the parameter space for this competition.

Combining versions that save the most RAGFs with no condition on the surface ternﬂ,
2] rrary = a5 o522+ (522, (6.124)
where R = ry + ro + r3 # 0. As discussed at the end of Section , they are identical
before integration. However, when Ajg,, = 0, they become an infinity set of different
tensors. In particular, they reproduce any tensor through our strategy using any identity
for the chiral matrix. For zero surface terms, their symmetry violations are in the i-th
vertex and get a factor of r;/ R, satisfying the equation determined to its anomalies
due to kinematic properties of finite amplitudes.
If we have considered the surface term as an arbitrary parameter given by a constant ¢y,
equal to one for the satisfaction of RAGFs or zero for the momentum-space translational
invariance. Parametrizing internal lines by choosing any of the sums P;; = k; + k;, we

have P31 = c2ga + ¢c3q3 — Po1 = caqa + (c3 — 1) g3, and Psy = (c2 + 1) ¢ + ¢3¢3, with
20y, = —ic1(47) g, (6.125)

the AV functions, see Section , Eqgs. —, are written as function of ¢y, cp,and
c3, and also violations of RAGFs, Egs. .Those parameters express any possible
values to the contractions of basic versions. With the caveat that only in the contraction
of i-th version with ¢!, both the two-point functions and the linearity-breaking term
contributes. For this version, the contraction with g;, j # ¢, only AV’s contribute.
Modulus finite amplitudes, the combination defined in Eq. has the properties

QT arars) = Epggna @y @52 {[AR (27m)*) " [4ry (e1 — 1) + Rey (c3 — c2 — 2)]}

= Eugraly ¢5° A1 (6.126)
G T2 rars) = Eprgnnds a5* {[AR (2m)"] ' [4r2 (¢1 — 1) = Rey (e3 + 1)]}

= Cupns 52 As (6.127)
G T2 rirarsy = Eugnnty @5 {AR (21)°] 7 [475 (1 = 1) = Rea (e = 1)]}

= Euly 05 As. (6.128)

Parameters combination implies A; = A3 — Ay — (27) 2, decreasing the number of in-
dependent variables for two. So when we have numerical amounts of two violations, no
matter the path leading them, the third arises without ambiguity. Derived in the previ-
ous sections based only on finite functions and when the internal momenta as covariant

functions of external ones.

10This claim is independent of explicit computations performed in the previous section.
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If ¢; = 1, there is no dependence in r;, we have the unique solution that satisfies
linearity but is not a function of the external momenta. If ¢; = 0, there will be no
dependence in ¢y and c3, and the tensors are functions of the external momenta but
not unique. These parameters are the full range of possibilities. The crossed diagrams
add more parameters to the discussion but have the same behavior: linearity break,
ambiguities, and symmetries violation. The crucial factor is the kinematic behavior of
finite functions that code amplitudes for pseudo-scalar density. In the massless limit, this
aspect falls in the values to the residue of poles of form factors, which are regular in the
massive case. Breaking linearity has a function in divergent amplitudes that corroborates
with the low-energy value of finite amplitude PV"™ in dimension d = 2n. If it does not
occur, shifts in the integration variable are allowed by removing surface terms. Hence the
AV functions through relate the V;, and the finite amplitudes would have to be
zero at the point where the bilinears vanish.

The situation happens when integrating an identically zero tensor; it is obtained a

nonzero result. Take the identity for the integrand of the Feynman integral J3,,,,

1 1
2
[K{% <€N5123 K1#4 + 5N4512[(1#3 + 8#3451[(1#2 + 8#2345K1N1) + €H1234m ] = _6#1234
D123 D23
the equation comes from e, ,. Ki,) = 0, multiplying by K}?/Djs3, and using K} =

D; +m?. When integrated, the identity is only valid for just one surface-term value. The

critical step arises when we separate the finite and divergent parts, explicitly

Jo (2,3
J5(1,2,3
J3 (1,2,3

= Jo(p32) + liog

= J3(pa1,p31)

= Jau (p21,p31) + (Asuw + g liog) /4,

= m2J3 (Pa1, 1) + o (P32) +[2 (4m)*] .

A§Z5} =0 and Elu1235 J;z,]

gets transformed in a condition to the linearity breaking ¢, ., [A§Z5 + 24/ (47)?] = 0.

~— ~— ~— ~—

‘]ga <p21; P31

This step is performed using ¢ = 0. Then, the initial identity

F1235
Now, the identity for the surface term is consistent to any value, constrained only by
A3 = [9°° Asap] /4, however the same is not true to the bare integral Js,,. The identity
is respected if and only if A, = —2i/(4m)?, derived without explicitly manipulating
divergent integrals. As a part of the Feynman integrals, the satisfaction of the Schouten
identity to any surface-term value is not enough to make it valid for the entire integrals.
We used the results of Section ([3.3.2)).

We must mention that the violation by an evanescent term that occurs in dimensional
methodsE| does not affect linearity breaking. The finite value we demonstrate to be
necessary is not a function of the dimension, and it corresponds to the low-energy limit
of the integral J3. No limiting process can change that value and, if not adopted, violates

the linearity and uniqueness of these perturbative amplitudes.

12See [74][75] for this type of view.



Chapter 7

Gravitational Perturbative
Amplitudes

The quantization of fermionic fields is according to the canonical rules of Quantum
Field Theory. To introduce these fields in a curved space, we associate to space-time a
Lorentz manifold, in which each point has a plane space tangent to it. The connection

between the two spaces is through vielbein fields defined by

gw/ (37) = nabez (27) el; (33) (71)
N = diag(l,—1—-1-1) (7.2)
ched = 6 elet = ok, (7.3)

These fields work in such a way as to transform the coordinate basis into an orthonormal
basis. Through that basis, it is possible to introduce locally the Clifford algebra whose

representations the spinor field can be defined. The algebra acquires a local character,

V(x) + =e(x)y (
{(ra@),7 @} = 29 (2) (
{,ya’ ,yb} — 277ab (

Yab) = 5 [Vas Vol3 (

the last term 7, /2 corresponds to the spinor generator to the Lorentz group.

In this way, we will introduce a covariant generalization of the equations formulated
in flat spacetime to introduce fermions coupled to a spacetime with arbitrary metrics.
The action S must be invariant by Lorentz transformations and general transformations

of coordinates. We start by considering the flat-space real Lagrangian
Lo.- Sl TN Lo- = t
L= Sl 0 — i (00) v'¢] = Sl 0 + (7" 9,) ], (7.8)

and replace the covariant for the flat-spacetime metric in coordinate and orthonormal

frame 0, (cartesian one) by the spinor covariant derivative in an arbitrary coordinate
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frame (but still flat geometry), we have

_ _ 1-
V=0 + W,u 7[ab]¢ and V=0, — Z¢Wu ab’Y[ab}- (7.9)

ab

We used ”yofy?ab]fyo = —7[a) In defining last equation; w,*” are components of metric-

compatible spin connection

wabu = w! c;ﬂ?dj (7.10)

w? = € 0., "+e \m (7.11)

cp v-p-e c uvo

being F/’\W the components of the connection in the coordinate basis. Then, we allow
the metric to correspond to a curved background geometry, and thereby, the fermion

propagation will be classically given by

S= [ dre@) [958 = (T,0) 7] (7.12)
where we introduced the scalar density e (z) = /|g(z)| in the volume 2-form dV =
Vg (x)|dxidzs, g = det g,,,, and modulus is due to the Lorentz signature.

The extremization of action yields the motion’s equations: V, i = 0 and VM_D = 0.

Additionally, in 2D, the term coupling to the spin-connection drops out from the action

1 a 7 c
79 P a1 =0, (7.13)

due to the in this dimension v(,;) = —i7v,eq and {7°,7,} = 0. Therefore, we adopt Weyl
fermions henceforth, and the action simplifies to
1

=1 /M Lae (x) 497" T W Pat], (7.14)

where the chiral projectors are given by P = (1 ++,) /2, being that the chiral matrix
(2.3) is v, = eay*y® and the 'flat’ Levi-Cevita symbol is normalized by %' = 1 (it is a
tensor density with world indices).

The gravitational field appears only as a background field, without being necessar-
ily quantized and without associated dynamics. Then, we consider the approximation

expanding in powers of h,, around the Minkowski metric

G = N + Khpw (7.15)

9" = " —kh, + O (k). (7.16)
1 1 1

e, o + §/ihz; el = ot — §/<ah§; e=1+ 5/4&]15. (7.17)

We may expand in e (x) and inverse vielbein e/ independently; in this way, we would get

Ze(x) [Py D ] = %@v“?#w - %h’” %{m 8 ot — nw To|+0(h?), (7.18)
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— “—
where ¢J =" 0 ,. The energy-momentum tensor, in this linearized approximation, reads

’ 1 ,— = B 7 _—
Tuy = Z(w’YV a #1/1 + va a Vw) - §nuljw (7 w (719)
Alternatively, we can absorb the e = 1/|g| into a redefinition of e!/2)) = ¥ see Bonara et
al. ([76]) in Appendix B of that reference. Therefore, we have

l

5=

Lt (G7° D 0) = - [ @l D 0 + Lo (b, W) + O (1 20
vey (09" 0, 0) = 5 | P[P 0,0 + Lin (b, ¥) + O ()] (7.20)
In this way, the interaction Lagrangian L;, is still defined as
1 v 1, = PRy = P 1 v
£int (h, \I]) = _ih# |:Z(\Ij€a#’}/ 3 Z,P:E\I] + \Ijeav’}/ 3 #Pﬂ:\p) = —§h'u T‘u/l/. (721)

Then the linearized approximation of the energy-momentum tensor definition follows as

<~

i_
T = 707, 0 ) PuV. (7.22)

From interaction Lagrangian follows the Feynman rules that will be used in this work.

The two-point gravitational amplitude is

Tvas (@) = i / d*ze" (0] T [T () , Tap (0)]0) (7.23)

Moreover, the vertices of the perturbative amplitudes relative to the interaction between

the graviton and a fermion-antifermion pair are

i
r¢ — _1[7“ (K1 + Ks), + 7, (K +K2)M]Pj:- (7.24)

pv

At the trace level, the gravitational amplitude of our interest is, see the figure [7.1]

tG 05 = tr[['5,S (1) T555 (2)). (7.25)
After integration, we will call Tﬁlaﬂ. The total amplitude with massive propagators is
. a d?k
(Z64) T,ul/aﬁ (Q) = (27T)2tr[(1 + 7*)7(M(K1 + K2>V)S (1) (726)

X(LE£7,)70 (K1 + K2)5 S (2)].

We recall that the fermionic propagator is given by (2.7)).

We will offer some layers of notations to devise an organizational scheme to deal with
this amplitude, as our approach presents multiple characteristics and complexities. For
the first one, let us break it down into four basic permutations, given by
a e nel G G
bivap = 61 (fias + Evpa + touap + 1husa) - (7.27)

The structures presented above can be identified as

t (K + Koy (K1 + Kop)tr[(1 £ 74,)7,5 (1) (1 £7.)7,5 (2)]- (7.28)

paf —
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K,

F//,z/ — _éﬁ)’/(ﬂ(l(l + [(2)1/)

Figure 7.1: The diagram for two-point function of the the linearized energy momentum
tensor.

The other three tensors come from the permutation i < «, followed by v < j.
Any computational element developed to this permutation can be mirrored in the
others. Second step: expanding the products like (14 ,)y,, we identify the integrand of

typical fermionic amplitudes as the one explored in the previous chapters. Explicitly

~,

trap = (K1, + Ko, ) (K1 + Kag) [t}g + t;‘;‘ + t;‘aV + tlfgj] . (7.29)

When integrated, we recognize another element in this decomposition layer, allowing us

to write the basic permutation for the structure below

d?k
Ti281 = [ g (0 ), (4 K 7 ), (7.30

where the vertices are I'; € {1,7,,7,,7.7,}, see . This last equation will be construc-

ted explicitly in the next chapter since it comprises even more fundamental components.

To cast these components, we observe that Ko — K1 =q¢ — K1 + Ky = 2K, +¢.
Furthermore, expanding the Eq. we write this combination

T2y = AT, 2 0+ 20,7, + 2q5T, 22, + quqsT, 22 (7.31)
We must define what we mean by Ti;?uﬁ, T 5;?5, and T/folfy, which we call derivative amp-
litudes for the sake of simplicity. As an example, we have
d2k d?k
vV o vV _ 4%
Tua;llﬁ = / Wtuawﬁ - /WKlyKlﬁ (tua ) . (732)
Derivative two-point amplitudes are defined even to I'; that do not carry Lorentz indexes,
d2k d?k
T2 = / St = / ——— K1, tr[[15 (1) T25 (2)] (7.33)
- (2m)” — (2m)
d2k d?k
T2 = / —the = / ——— K10, K10, t[T15 (1) T9S (2)]. (7.34)
- (2m)” — (2m)



74

When vertices to the matrix I'; have Lorentz indices, the notation will carry such indices
in the position we left a blank space. Indexes «; attached to factor K, are derivative
indexes. The ’Z;Ll;lofﬁ contain only a subset of general amplitudes we have defined in our
last layer. Typical amplitudes associated with T2 are the ones investigated in Chapter
@). On the other hand, amplitudes as — carrying derivative indices are the
new ingredients to comprise two-point functions of the energy-momentum tensor.

To illustrate the notation, let us take a derivative amplitude that is not part of the

permutations ’Z;fylofﬁ, by example selecting I'y = S and I'y = V', we have

thY, = Kyt = Ky tr[S (1) v, (1)]. (7.35)

Note that the index v appearing after the semicolon is a derivative index. It may happen
that integration, through our technique, returns an expression symmetric in the indices,
being this amplitude an example THS‘V/ = TVSL/ as we will see. Besides these comments, in-
troducing these general definitions is crucial because they are all related through RAGFs.

Relations relevant to this chapter arise from two types of momentum contraction and

(4%

traces, e.g., g'“t mtf}é + tl‘,/; s (k2). The one-point functions are part of the set:

pvieB
th = tr[0uS (k)]s (7.36)
tlil;al - Klaltr[rl (kz>]7 (7.37)
ey = Kia Kia,tr 1S (k)] (7.38)

Amplitudes #'* and their integrals are the ones used for RAGF investigations, fully de-
veloped in Chapter @ When integrated, they get a capital letter also.
To systematically analyze tfmﬁ,

two vector vertices, called V'V, and two axial vertices, called AA, are even, and amplitudes

we split it in even and odd tensors: amplitudes with

with composite vertices, AV and V' A, are odd. For this permutation of indices, we get

e .
Tuuaﬁ - Tuuaﬁ + Tuuaﬁ’ (739)

where each of the sectors above has the following combination of amplitudes,

e VYV AA

Tuljaﬁ - %auﬁ + %auﬁ (740)

HA A A

Tovas = F (Titws + Tuavs) - (7.41)
The disposition of indices can be a trick to avoid confusion. Observe the indexes in T ;X/ozﬁ’
we chose the sequence praf3 since they come from T¢, however in ’]2;‘,//5 the disposition

emphasizes that the last two indices correspond to derivative type, what is quite helpful

in the calculations. The basic permutations above (’];Lfg) are shown here to make clear
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the expansion in terms of derivatives structures

7% 4%
Tows = 22T, V,B + @ Tgais) + 45 (2 ey + 0T ) (7.42)
Tiws = 2(2Ta VB + @ 5) + a5 (2Tt + 0 Ty (7.43)
Tiavs = 2(2Ts + 0 Thas) + s (2Tha + 0. Ti) (7.44)
VA VA VA
Toons = 221,05 + 0Ty ﬁ) + a5 (20500 + o Ts) - (7.45)
Summing the four permutations, we get
1% 1% 1%
ZLVO{B = T nvaf + Tcw,uﬂ + T,uﬁoa/ + T afuv (746)
A PA HA
I];l/aﬁ = T uvaf + TOU/,UB + Tuﬂal/ + T afuv: (747)
Finally inserting in the definition it was given above ([7.27)), we have
G i A% A
TM1M20'10'2 = _6_4 [7;1120'12] + [7;120'12]}' (748)

From these elaborations, we can identify that we have already exposed the amplitudes
with two Lorentz indices T),}"> in the Chapter . So our task boils down to calculating
only typical fermionic amplitudes with three and four indices as the following sequence.

Ward Identities: The symmetries role is crucial for understanding a QFT because
we have an anomaly in quantum theory when there is a symmetry violation of the action
or the classical conservation law. However, in some cases, we can avoid these anomalies
by imposing severe restrictions on the physical content of the approach. In this section,
we will establish symmetries and general restrictions that will guide the consistency of
the method and the interpretation of the presence of anomalies.

(Classically, the energy-momentum tensor defined in has symmetry properties,
T = T,u, current conservation, V*T,, = 0, and null trace, T = 0, see [61]. These

would lead us to the identities for the green function defined in ([7.23))

Tuua@ (Q) - Tupaﬁ() (749)
¢"Taos (@) = 0; (7.50)
§TC 5 (@) = 0. (7.51)

However, the literature shows gravitation as a gauge theory. Therefore these canonical
identities are not necessarily satisfied. We will have an Einstein anomaly in the violation of
general coordinate transformations (diffeomorphisms) and Lorentz anomalies that imply
an antisymmetric part in the first equation above. In the case of conformal transformations
(Weyl transformations) violations, we will have a Weyl anomaly.

In the context of Einstein and Weyl invariances, we obtain consistency tests before the
symmetry analysis. They arise when we perform q“TMGm 5 and g“”T Lo b0 their integrands

and obtain relations (based on integration linearity) among the set of structures defined
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above, i.e., through RAGFs. Since decomposition ([7.39) can be done, writing a basic
permutation of gravitational amplitude, in terms of amplitudes with vertices analogous to
those of vector and axial currents, these can be studied individually, as they will present

well-defined relations among them. Their complete introduction and detailed verification
occur in the Section to even amplitudes (7.3)) and (7.4)).

7.1 VV-AA: Even Amplitudes

We aim to determine all components that integrate gravitational amplitudes while
assuming no choice in intermediate steps. In this way, it is possible to systematize all odd
amplitudes in terms of even amplitudes V' V’s: their divergent properties are functions
of divergent parts from VV-amplitudes, and their finite parts gain an additional term
proportional to the mass squared. So, we will focus on this amplitude, finding a set of
definitions that makes their discussion viable. Otherwise, it would be too long due to
the number of surface terms within the IReg strategy. From here on, all the time, metric
symbol g, means flat metric g,, =7,

As we saw in , the expression for the amplitude V'V is given by

T/"L/IZQ = 2801, Oy, <4m2‘]2 + Z/W) .

That also can be written in closed form by Feynman integrals basis, see Section (3.3),

4% vv 2
TM1M2 - DM1N2 + 4‘]2N1N2 + 2q(#1 J2#2) + gu1ﬂ2q ‘]2‘ (752)

Finite parts come from definitions .J;, J5,. and Jy, ,, as combinations of Z,g”). As for the
divergent part, we collect all divergent terms and combine them in the definition

DYV =20y, 4, (7.53)

M1t

Amplitudes with additional factors K;,, follow the operations of those without de-
rivative indices. The effect of this factor is to produce an algebraic structure similar to

J-integrals but with higher tensor degrees. From previous definitions,

Vv _ vV

tugpgior = ot (7.54)
4% _ \7a%

tul,uQ;alaz - K1a1 Klagt#1“2' (755)

Therefore, amplitudes will have a greater degree of divergence, implying that finite and
divergent parts are more complex and lengthier. These are expressed in Section (|3.3]).
Expressions appear as a standard tensor plus a PP amplitude; see (4.31)), thus

v o= 2tH thr (7.56)

H12501 My Mg + pipo [e51

Vv — + PP
tu12§ala2 - 2t1(11;)12;a1a2 + gﬂlugtalaz' (757)
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Tensors tf:}tg;al and tff;)@m% appearing above are particular cases of general tensors:
() = Ky (K, K Ky, Ko, ) —
t#12§041 - log ( 1pg £3 209 + 51 1py 2#1) D_12 (758)
tl(ilz);oélz = Klo‘lt;(fl;);al; (759)

where s; = £, see (4.24)). For example, in the tensor of 3rd-order, two cases assume are

KlalKllh K1M2 q(py KlﬂQ)Klal

e = 2 7.60
Hazia Dy * Dqs ( )
(=) _ q[N2K1ﬂ1]K10¢1
Hig;01 D12 : (761)

Moreover, 4th-rank ones naturally get one more Kj,, factor. To PP amplitude (4.21)),

we add a K;,, according to our definitions

1 1 1
thl =Ko, (= — 5 — 5 | = Kia,t"™" 7.62
aq lag (q D12 D1 DQ) log Y ( )
and with two indices t57 = Kyo,t5F.

Integrating (7.56)) using (7.60)) and (7.62), derivative V'V with three indices become

TIZ;/;M = 4‘72N120‘1 + 26](#1 qug)Oq + gu1u2q2j2a1 (7.63)
Gy [J10n (k2) + Jiay (k1)) + Gupplon J1 (F2) -

For V'V with four indices 1) we have when integrating the tensor 1} and Ki,,tEP

agp )

lelgam = 4‘72#120‘12 + 2q(ﬂ1 j2,u2)0é12 + g,ulngj?ozm (764)

+g#12 [jlam <k2) - jlalz (kl)} — Guqsy [Q(m jlocz) <k2) — Qoo jl (k2)} .

Additional terms in the ko that appear in the J’s (with only one propagator) come from
the translations K; = K3 — ¢q used to define functions in Section ([3.1). Remember that
barred J’s have finite and divergent parts.

To simplify the exposition of finite and divergent parts from equations , ,

(3-71)), and (3.73)), it is possible to write the results as

TIZZ;OH - 4‘]2#12041 + 2q(u1 Jng)oq + g,u12q2j2a1 + D/‘l/1‘2/;041 (765)
Ty = Aounyans + 200 Joup)ars + Guns@Joars + Dt oy (7.66)

In these cases, all divergent terms of integrals and define the 3rd-order tensor

DVV = —PV1W3“12,11V1 + P(lhA?MzOél) + gMzPVlAgalyl — qOélAQMlz? (767)

Hi2501
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and the 4th-order tensor

Dl‘jl‘;am = +(Waua12 = Gy Dions) + Gy (an Joz) s Lquad + 921;;12 Loy (7.68)
P BP0 Wi — 1 (P 4 0) 00, Wi
_%Pm (PM1W3u2a12V1 + Pu2W3u1a12V1) + %ngmz (P - Q)(al AZaz)ul
—i(lﬂ + ¢ ) Wapyyar, — %P”l (P = @) (ay Waa)puigon
1200+ Pa) 0 (P @By + 5 (P~ @) (P~ @) B,

1 1
+§P#2 (P B Q)(al AQO@)M + §Pﬂ1 <P - q>(0¢1A2a2)N2’

We use definition of projectors 0, , and €, ,q,, as
0/1412 = gﬂ1ﬂ2q2 - Q,I—Ll Q,Uzg (7'69)
Q#lzau (Q) = 20#12‘90112 - (9u1a19,u2a2 + 6p1a29u2a1) ; (770)

both are transverse; additionally, €2 is traceless in all its indices. Note that here the
projector 6, is not dimensionless as in Chapter ; it has mass dimension two.

The finite part also can be expressed from explicit functions plus D-tensor

vy _ 0 (-1) _ ,(-1) vy
T/‘LIQ;al — %qa18#12(22 - Zl ) + D/‘LIQ;al. (7.71)
The four-index amplitude is more complicated but can be written in the projectors
i1 0 0 0 0
V.. = e [—Qulzam(QZé V= 7Y 120, 0,,(37 —22)  (7.72)

7 -1 -1
__qll12‘9/L12(Z2( ) - Z§ )> + DVV

At Hio5012°

It is possible to maintain closed form in J’s, as we will see in RAGF, through reductions
as in Section 1} In this way, we find leading amplitudes as a substructure of T;Yl ;/,

1 1
Vv o 4% 1%4% vV
T#12§0¢1 T _iqalTﬂm + ,DN12;041 + §q0‘1DM12' (773)
Moreover, the same is true for the 4th-order amplitude
1 1
%% _ %% 1% 1%4%
Tum;alz - anuTﬂm +Du12;a12 B anupﬂm (7.74)

7 1 0 0 0 0

R —ann (228 — Z0) 420, 0,32 —22)] .

The next amplitude to be calculated is the AA. Like V'V, this amplitude will contrib-
ute to the even sector of the gravitational amplitude in ([7.40)). From the chapter on equal
masses, after traces, we have expressed it exactly as . However, writing this result
in terms of amplitude t:{l‘g plus a scalar function proportional to the metric, is feasible

1
AA _ JVV 2
tlhz = tlhz —4m gumD—m. (775)
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This form allows us to write equations directly from definitions for derivative amplitudes

K
AA Vv la
Hy2501 = Hioion 4m gum D 21 (776)
K, K
AA 1747 la la
pgan . Vhigsoaz dm g/ﬁm#, (7.77)
and their integrals
AA 4% 2
TN12 = T/hz - 4m g/hz‘]? (778)
AA 4%
Tu12;a1 = Tu12;a1 - 4m29u12J2a1 (779)
AA \7a% 7
TM12§0412 = T/hz;au o 4m2gﬂ12 J2a12' (780)

Additional contributions of massive terms present in this amplitude are worth noting. For
the divergent part, only the amplitude with four indices has a non-zero term in .Jo,,,, see
. Integrals appearing in the amplitudes of fewer indices contribute only to the finite
part. However, the 4th-rank amplitude has an additional contribution as a surface term

and Ij,g. The final result is identical to that obtained from the first form presented.

7.2 AV-VA: Odd amplitudes

We will calculate all odd parts of gravitational amplitude. As seen in (4.33]), we wrote
two-index functions in terms of even ones using general identity for 2D, 7,7, = —€,,,, 7",
present in (4.15). For higher-rank amplitudes, traces operate in the same way but add

indices to the integrals:

(Tlﬁ‘;m)l - _6#1 VlTlZl‘jz;Oél; (Tfl‘;al)Q = _gﬂz VlTlﬁ’éléal (781)
AV _ vv o AV _ AA
(Tum;alz)l = u VlTVWz;oqz’ <Tu12;a12>2 I VlTuwl;alz' (7.82)

To complete odd amplitudes, we cast the analogous VA equations:

(Tlxﬁa1)1 = - VlTl;Alﬁz,al <Tle§a1)2 = _€M2V1T;Z‘1f1;a1; (783)
VA AA VA Vv
(Tuw;alz)l - = VlTl/l#z,Oém (Tﬂw;alz)? - zle#1V1’0‘12 (7.84)

The same considerations can be made when using the chiral matrix definition (4.14)
directly in the Dirac traces. By considering expressions for amplitudes with additional
terms, as in (4.27)) and (4.28)), for amplitudes with derivative vertices, we have

AV Vv SP
(t#m;al)l - - Vl tl’lﬂz fea ! + 2 zyltflll)fl Heg ! + gM12t (785)
AV v14AA v SP
(0 0)2 = =€, 00 26, 0 = gt (7.86)
AV vi4VV v SP
(t#w%aw)l - = 1t1’1#2 ;012 + 28 ltELll)fl ;0012 + gMztam (7'87)
AV v14AA v SP
(tﬂlz§a12)2 - = .Uz 175#11/1 12 + 26 ltl(/ll)w 12 glhztam' (788)
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Additional terms combine and cancel out when integrated, so the equations above
reduce to those given in ([7.81)-(7.82)). Let us demonstrate this fact, using the definition
(7.58) to t7) at the beginning of the last section. Thus we have

26, "T) o+ G To = 260G, ot — 2600000 Topyon + 200, 1y Eina @ Tt . (7.89)

H2 HiV1501

We applied our definitions of J; integrals, and employed the identity below in the las term

€V1V29M2M1 + €M2V19V2u1 + 6V2M29V1,U,1 - O (790)

It is direct to observe the exact cancellation of the first two terms

2e, " T0) o+ 90, TS = 0. (7.91)

Ha2 Hi1V1501

That occurs independently of divergent content of Jy,,. It is easy to see that the same

happens to the analogous terms in the 4th-rank amplitude’s version,

2e, T o+ 0, TEE = 0. (7.92)

Mo Hi1V1;0e12 o2

Definitions for the VA computed with the definition of the chiral matrix were not
present because the logic and result are the same. As for the relation between V'V and

AA amplitudes, we write from the integrand level

( VA )1 o vimAA - #u1<TVV

2
H12;01 - _6#1 TV1H2§0¢1 - Vipgion 4m gu1u2J2a1)

= (TAV )1 + 4m €M1M2J2061'

HiH2;01

This relation is satisfied without any conditions. In general, we have

(T,Ylf)i = (T;ﬁ‘;)l + 4m25u1u2 Ja (7.93)
(TlZial)i = (T;ﬁ‘;al)i + 4m2€,u1u2 J2a1 (794)
( ;Zia12>i = (Tlﬁ‘;au)i + 4m25u1u2 Joarss (7.95)

where the index ¢ = 1,2 is associated with versions, and the Eqs — will often
be used to reduce manipulations required for the gravitational anomaly.

On the other hand, basic and independent versions one and two are only strictly
equivalent with conditions. This fact was worked in Chapters @ and , where a single
mass and two masses in odd amplitudes were handled. Let us retrieve the explicitly

computed result to establish general results to be used in the sequel

(T2 = (T )s = —2(e,,08,, — aMQVA;M (7.96)

Hi2 H12

—(€pynth, = €upnth, ) (4m>Jo + /) + dey uym® .

We rearrange the finite part using e[, ; = 0 and surface terms €y, , Ay ) = 0,
€Dy, T Epupu Asy, + €, Ay, = 0=¢,, A7, 1, 7.97)

Eullpy gm0y + 0,0, = 0=r¢p,.0,; (7.98)
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hence, the difference between the two versions reduces to

(T2)y = (T2V)y = —e,, ., (208, +i/7) . (7.99)

Hi2 Hi2

Here we clarify how this result can be written systematically. It boils down to using

the definitions and caveat that each term present represents complete amplitudes,

9 12 .

Tlx‘l; - 2A2M1H2 + !:]2# (4m2J2 + Z/ﬂ-) ’ (7100)
9 .

T;ﬁi = 209, + % (4m2J2 + Z/?T) — Gy (4m2J2) . (7.101)

Using (4.33)), the versions for AV-amplitudes arise

€ 1”‘91} .

(TA) = —2¢, "Dy — ”q2 Y2 (4m2Jy +i/7) (7.102)
S

(T2V), = —2¢, "Aguy — % (4m?Jy +i/7) = epppy, (4m>15) . (7.103)

After writing the difference between them

(TA) = (T2 )y = e, " Toy 46, " Tiks (7.104)

K12 Hi2 Vifg Z%

we take into account identity among AA and V'V (7.78):

(T = (T)e = =&, Lo, + &,

VT —AmPep,,, o, (7.105)

H1V1

Lastly, employ

Sl (T7) L =0 =2, T, + e, T = Enapy (97°T000) 5

ol Vipa I22] MV viva

to reach an expression equivalent to work term by term on the amplitude,

(T = (T2) = e, (972 T0), — AmPds) =: T (7.106)

Hi12 H12 viv2

With the help of explicit expression, follows
T =275 + (4m®Jo + i/m) — 4m?Jy = 20 + i /. (7.107)

As it must be, this condition is equal to that deduced to the equivalence of basic (4.52]).
For these amplitudes, the equality among independent expressions is obtained through
any possible way to employ the trace of four gamma matrices and a chiral one.

It is a direct task to identify this condition to higher-rank amplitudes, namely,

(T2 = (T2 )2 = €y, T (7.108)
(T;ﬁ‘;al)l_(T:‘l‘;al)Q = €M2M1T0¢1 (7109)
(T2 ot — (T )2 = €y Tans- (7.110)



7.2 AV-V A: Odd amplitudes 82

Due to the relevance of these terms, we present the following definition

T = (¢"T)), —4m>J) (7.111)
To‘l - (9V12Tx‘l//2;a1 - 4m2‘]2a1) (7112)
Yoo = (972100 00 — 4M*J20s,) - (7.113)

At the end of calculations, identities of this type must be used in surface terms and
finite parts of amplitudes. This approach simplifies the conclusions that can be given by
exposing hundreds of terms that build up some of these amplitudes, making that path
prohibitively long to be exposed. The identities only express the vanishing of a complete
antisymmetric tensor of degree three in two dimensions.

The last section exposed detailed results for finite and divergent parts of core compon-
ent V'V amplitudes that appear in RHS of (7.112)) and (|7.113)). Thus, we take expressions

(7.65)) and (7.66|) into account to write

PT e = A0 Fapes + 220" Faar + o)+ 9DYY, (T1L4)
gylsz;/;Cle = 491/12 ‘]211120412 + 2(2q1j1 ‘]21116!12 + q2<]2a12) + gV12DI‘j/;‘2/;a12‘ (7115)

Observe that J-functions comprise the entire finite part while D"V-tensor accounts for

divergent terms. Therefore, these calculations require the traces

49"2 Joy e, = 4m*Jon, — =—(Qay (7.116)
2m
V1 Z
49" J2v1n01s = 4m2‘]2a12 - E[emaz (Q) - 3(]041(]012]7 (7117)

and relations coming from momentum contractions

2qV1J2V1a1 +q2J2a1 =0 (7118)
2qV1J2ula1a2+q2J2a1a2 = O; (7119)

results derived in Sections (3.2)) and (3.3). Substituting in (7.114)) and (7.115)) yields

i
g Ty Y, = AmPaa, — 5 den + gDV (7.120)
v i .

g x;imz = 4m2J2a12 - 1_27'(' (9a1a2 — 3qa1qa2) +g 12D1‘f1‘2/;a12‘ (7121)

The trace of DVV-tensor, their explicit forms from (7.67) and (7.68). For the one

derivative index, the divergent terms have only logarithmic divergent surface terms

1
g'2DvV = Py — 80sa11,) + Pay NS, — qa, AS,. (7.122)

Vi2;01 2 3paivi

As for the trace of the two-derivative indices tensor, its divergent part is more complex.

It presents a relation involving the trace of quadratically divergent objects, as seen in the
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first line of the following equation

1
- 2A1a12) + 2gala2‘[quad + 6—}929“1252#12@12]108; (7'123)

- 18W30412V12)

gI/12 DVV — (Wﬁ

vi2;012 2pai2

1 v v
+%(3P " +q 12)(3W‘fpa12’/12

1 14
_ZP 1(Pa2 - qa2>(2Wp - 8A2a11’1>

3paivi

1
— 7P (Pay = 40) W4

4 3paavy

1
_g(P2 + q2)(2W3€pa12
1

+§(Pa1 - qoél)(Paz - qOéQ)Agp'

o . . . P 14
Identities involving Wy, .010 Wipas,

- 8A2azu1 )

- 8A20¢12)

and Af, are a valuable way to write the results.
They arise from taking the trace of W’s and applying combinatorial analysis in their

definition as linear expansions of surface terms, which was performed in Section (3.1)),
Eas (520)-(B:23). They are

2W3, - 8A2M12 = [Z(Dgpll]_g - A2M12) - gﬂ12A/2)p] + 29%12Agﬁ’ (7'124)

3pp2

3W4PPH1234 o 18VV3“1234 - [Szzf’ﬂmu B 8D3H1234 B g(M129M34)Agp] (7125)

1
915 [Dgpu34) - A2#34) - §gM34)ASP] + 3g(ﬂ1ng34)Agp'

The use of these relations will become apparent in the course of the investigation.

To get an explicit expression for terms that make versions of amplitudes distinct,

see ([7.112) and (7.113), we join the results g">D}V  ~and g">D}Y  — with finite part
previously calculated, which allow us to write:

Yo, = (¢"2T)), —4m?Js,) (7.126)

vi2;an

1, .
= 3P 20, — Boain) = Jarn A5,) = dai (A3, +1/27)

Tala2 = (gV12Ty‘i;/;o¢12 - 4m2j2a12) (7127)
1 .
= _6 (0041042 - 3Qa1 qaz) (Agp + Z/2W>

1 14 v
+%(3P 2 + q 12)[322;)0(121112 - 8|:|30612V12 - 9(0129V12)Agp]

1
—i—i(?)P”” + ¢"%) (a1, 2005

3v12)p

- 2A21/12) - gV12)Agp]

1 v
_ZP ' (Paz - qa2) [Q(Dg)palyl - A20411/1> - galVlAgp]

1

_leyl (Pa1 - qu) [2(D§pa21/1 - A2azl/1) - ga2V1A§p]

1
_g(P2 + qz)[Q(Dgpalz - A2a12) - ga12A§p]
+(Wy

2pai2

- 2A1a12) + anlocz]quad - 2m2 (A2a12 + goqz-[log) .



7.3 Even Amplitudes: RAGFs 84

For the last relation, we defined the complete two-point tensor integral

- 1
J2a12 = 5 (AQam + .goc12110g) + Jo.

We already have all expressions that make up gravitational amplitude. However, we
also need to know how they manifest in RAGF's, a subject we will address next. In a second
step, we will analyze its consequences for symmetries of keeping these relations preserved

and whether it is possible to determine them independently of amplitudes context.

7.3 Even Amplitudes: RAGFs

Now, we will explore RAGFs for even amplitudes. In Chapters @) and , relations
served as a bridge to establish how they operate in odd amplitudes since contractions

related to vertex indices (called internal indices) are trivially satisfied. Beyond the relation

gyt =t (k) =ty (ko) =t (7.128)

12 (=)o

already verified in (4.53)), we need relations for amplitudes derivative:

4% 1% %4 %4

qultulz;al = tu2;a1 (kl) - tuz;al (k2) = t(—);@;al (7129)
4% %4 1% Vv

qﬂltﬂlz?‘xw = luyon (1) — Lyigions () = TS (7.130)

where ") . and ¢ . (k1) denotes the difference of vectorial one-point functions.
In addition to relations for internal indices, the contractions with derivative indices mo-
mentum (called external indices) also produce relations for the gravitational amplitudes.

They are obtained using the following identity inside the Dirac trace
20" K1, = [S7" (K2) ¢+ ¢S™" (K1) + 2mg — ¢°], (7.131)

in two distinct positions: around the first or second vertex. For example, we apply it in

front of the first vertex and split terms in the sum as

1
e = 5@ty T M 07,8 (K1)7,,S (Ks)] (7.132)
1
—|—§tr [(fS_l (Kl) fyﬂls(Kl)/ylle (KQ)}
1 _
5t [T () ¢, S (K1) 7,5 (Ka)]

Substituting in the second line of the relation above

Sil (K1)7#15<K1> = 2K1#13<K1) - L 2m"}/H1S(K1),

o

the mass term was canceled. Applying ¢ = [S™! (K3) —S™! (K})] leads to the difference of

the one-point functions with derivative indices, t}/_) sy Ve use the (anti)-commutations
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among 7, and ¢ matrices,
T

2/}/#1 7#2 = {’y/h ) ,yltz} + [’7;“ ) 7;12} (7133)
[7/;1 ) 7;;2] = _25u1u2’7* (7134)
leimq/ = Cj’y“gv,ul + 7“27/114' (7135)

The systematic procedure gives back the identity given by

tr [7M247M1S <K1>] —tr [(/’YIH/YNQS <K2)} - qﬂltz/;)ﬂz + qﬂ2t¥+)u1 - gul2qyté/+)l’ <7136)

\%

where the notation ¢ is associated with the sum of vectorial one-point functions

(H)pgs0n”
oypgion = o (K1) 10 0n (K2) (7.137)
similarly to t};)ul. The operations described above leads the relation for ¢® contraction,
Y = =0+t + 30+ Gty — 5 i (1139)

Starting with the initial identity close to the right of vertex v, , the relation
obtained is equal to the previous one after interchanging 1, <+ 5, on the RHS. The relation
is the same for four indices amplitude, just adding a derived index on the amplitudes.
Amplitudes with derivative indices also account for trace identities, which will later
be necessary to characterize Weyl anomalies. The result emerges directly by using K, =

S~ (k1) + m, so relations for the two amplitudes are given by

g, o=ty (ko) +mth) (7.139)
g = b (k2) it (7.140)

These relations are symmetric for p, < 1, exchanges.
To finalize the exposure of RAGFSs for even amplitudes, we extend the procedure

adopted for the Vs to AA. For the momentum contraction ¢ (internal contractions):

AA _ \% 1% PA PA

¢ pyar = g (1) — bpigion (k) — 2 ion = U ugion — 20 (7.141)
AA \%4 1% PA \% PA

qylt#m;am = tlL2§0412 (kl) - tuz;am (kQ) - thug;au = t(*)#z;alz - 2mt#2;al2‘ (7142)

For the momentum contraction ¢ (external contractions):

1 1 1 1
a1 AA o 2,AA | LV v % a1,V
i = —iq i S T o 5%175(—)#2 + §qﬂ2t(+)u1 — §9u1gq 1t(+)a1(7.143)

gy, [t (k) — t° (k)] + me,,, [t7 (ko) + 7 (ky)).

The last line has two additional terms compared to ([7.138]). These terms do not contribute
for three-index amplitudes; however, those with four indices have [t5 (ko) —t5 (k1)] # 0

when integrated. And for the trace Contractions:
a1 AA 1% PA
gt e = by, (k) +mt (7.144)

ghenAl = tﬁ‘;m (ky) +mttA (7.145)

H1250012 Hos2”
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The following subsections pursue links between the finite and divergent parts that will
guide us in studying even and odd parts of Einstein and Weyl anomalies. Some passages
are detailed to explain that all mathematical operations carried out follow rigorously.

7.3.1 Internal contractions: ¢"7") and q“TN

uv;o VoA

From detailed results for amplitudes, we can proceed to the verification of RAGFs,
starting with those involving vertex-index contractions ([7.129) and (7.130). We expect

them to remain valid to ensure the linearity of integration operation:
14 1%
qulTﬂlz%al - T Hoja (k1) = Tu s (k2) = T( )Mz o1 (7.146)
4% v
qulTHm%alQ = T Ho30e12 (kl) 2 a12 (kQ) )'ul2 a12” (7147)

As they involve differences of vector one-point functions from ([7.37)) and (7.38)), we need to

calculate these values {7}, ., (ki); Ty.,,, (ki)}. These amphtudes are expressed in terms

of one-point integrals Jy,,, (k;), Ji,,, (ki) and Ji,,, (k;) in Eq’s (C.2)-(C.7) in Appendix
. For the amplitudes with the label k; as the reference momentum, expressions follow

directly from definitions used in the J-integrals, namely,

T/yl;oq (kl) = 2j1u1a1 (kl) (7148)
T;Z;oclz (k1) = 2j1u1a12 (k1) (7.149)

The amplitudes with the label £y momentum require the translation K7 — k + ky — q,

just for convenience because J’s functions were defined using this convention, so

Ty or (k2) = 2140, (k2) = 240, J1a, (K2) (7.150)
T;Z;am (k2) = 2j1M2012 (k2) — ZQ(mjlaz)ug (k2) + 2qay, jlug (K2) - (7.151)

Differences of one-point vectorial functions with one and two derivative indices are

T per = =GP Waay oy + (B¢ + P qu,) Asayn, (7.152)
+ (P : Q) A3,u2a1 + (Pa1 - Qa1> ql/1 A2u21/17

T(‘i)#z;oélz - qV1W2M204121/1 - quzAlam + Q(algag)uglquad (7.153)

1 12 1% v
+E[P( 12(] 3) +q 123]W4M2a12l/123

1 v v 14 v
_1[2‘] LP P, 4 (P72 4 q72) 4, Wsaism,

1
—~[2(P-q) P" + ¢ (P* + ¢*)] Wap,a10m

4
1 4 14
_éq *P 1(P_q)(a1w3a2)uzulz]
1 1
+Z [Z(P : Q)Puz + (P2 + qz)quz} Agayy + §(P q)(P — Q)(Q1A2 Q) pho
1 1
+§(Puqyl + qupyl)(P - q)(a1A2 ag)vy T E(P — @)y (P — q)aqu1A2M2V1~
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We will begin verifying relations obtained for even amplitudes. From the relation for
2nd-order VV amplitude in (4.53)), the verification for derivative amplitudes follows the
same procedure. We have for the 3rd and 4th-order V'V amplitude

TV = 220" oo + P Iopgan) + Quy (20" Jopan + €2 2ay) + q“lDXl‘;al (7.154)

Hi2;01

qlh TVV = 2(2qﬂ1 J2M120¢12 + q2J2M20£12) + qﬂz (2qM1 ‘]2#10612 + q2 J20612) + qM1 DVV (7155)

H12;12 Hyo5012°

from Section ({3.3]), which are of the same type used in establishing constraints over odd

amplitudes (by example 2¢"1.J2, 0, = —¢*J2u,0,), We have that finite part vanishes and
divergent factors ¢ Dl‘fl‘;a , and ¢ D/Yl‘;al , satisfy identically
1 A
q#1D#12;a1 = T(*)/JQ?CYI (7156)
4% _ gV
qulplﬁg;am = T(—),UQ;CYlQ‘ (7157)

Due to the definitions of tensors Wy, ... and Ws, ., see Section there are
hundreds of surface terms in the last relation. Although it seems complicated to verify
such equality, its satisfaction follows from the observation that each of the lines that
we arrange for tensor D}fl‘;am in will correspond to one of the lines expressed by
difference T(‘i) i in , when contracting with momentum. We facilitate these
identifications by classifying surface terms, following criteria regarding the divergence
degree, tensor rank, and contraction type. For example, it is necessary to note that index
{11 becomes a contracted index, 3¢"1 PY2Wy, 01p0, = PY2¢" Wi, 010010+ As the tensor
Wi, peuse 18 fully symmetric, terms are identical, and so on for all others. Expanding
W' combinations in primary surface terms is not necessary. In this way, relations for
amplitudes at the trace level incorporate integration linearity established in and

are satisfied without restriction on the divergent parts of expressions.

s . 40T VV o VV
7.3.2 External Contractions: ¢°7,/, and ¢°T;,

We have one more momentum contraction to check regarding amplitudes T!Yl ;/'041 and

TyY ., they are ¢ TV | and ¢ T,V from . It can be made by contracting the
amplitude and identifying the function of the RHS. Nevertheless, we proceed through an
alternative route, using manipulations to reorganize integrands of amplitudes. Effectively
these indices exchange from Dirac matrices p; with indices from derivative factors «;. In
this way, if previously verified relations are satisfied, they will also be satisfied
since they come from Dirac traces. We will detail calculations for relations involving
amplitude with a derivative index. At the end of the operations, we expect to obtain
(7.138) integrated. We will extend this result to amplitude with two derivatives, drawing
attention to their differences. These two amplitudes with exchange indexes will be the

basis for calculating the relations for the other even and odd amplitudes.
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From definition for the amplitude ¢, and ¢, ", , see Eqs (4.24) and (7.56)), we obtain

2

A (7.158)
vv PP
2t/("‘—"1_2);a1 - tﬂ12§0¢1 - gl"thal . (7.159)

It can be noted that the role of indexes position in the second tensor is

1

2tfj1r2);a1 = 2Kla1(K1u1K2u2+K2H1K1y2)D—12 (7.160)
1

2t = 2Ky, (KlalKgﬂﬁKzalK%)D—u, (7.161)

where the outside term in parentheses comes from derivative contribution. Manipulating
the expression for tf:g;al using Ky = K; + ¢ relate both tensors, changing the role of

indices p; < ;. We use the notation to represent the antisymmetry of indices | |:

1
1)+
t/(m);ou - tf(llL%Ml - q[alKlullKluzD_m'

(7.162)
The tensors t,(flr;al and t&tL2;M1 differ by an additional tensor from translation of K; mo-
mentum. Expressing t(*) parts in terms of VV and PP amplitudes leads to

VvV

1
PP PP
Hi2501 01 flo3fy + gﬂlztoq - galﬂztul - Qq[alKlﬂﬂKllﬁzD_u' (7163)

Furthermore, the last term with this equation also has a form in terms of V'V -amplitude

1 1 tVV tVV

1 P
ZQ[alKlyﬂKl;QD_u = §(Qa1 po alliz) - §q[alg#1]ﬂ2t

1
Y = Qi Ky 1y~ (7.164)
12

Starting from the definition of amplitude .27 ((7.62)) and using K; = K5 — ¢, the sum of

one-point vector functions appears straightforwardly

Kloc 1 1
e, = @5+ dan - 5l (k) + 8, (k). (7.165)

These observations, we obtain an identity representing the exchanging of indices that

facilitate the study of this relation coming from contractions involving derivatives indices

v _ L PV vV —i—l v L 2

% %
Hy2501 2qa1 H12 Q1figpy 2q’u1ta1l‘2 N 29'“12t(+)0‘1 T 29a1#2t(+)#1 + Tpag;0n - <7166)

Here, 7, ,.a, is a residual term anissymetric in p; and a;

1 5 1 1 1 1
Thig01 = §Q[a1g,u1],u2 (q D_12 + 32 — E) — 9u2[a1K1#1}D—12, (7167)
whose integration yields
1
Ryyar = _Q[a1gu1]u2q2j2 - nguQ[al Jouy] + @y Qs J20,) (7.168)

2

1 _ _
+§q[algﬂl]uzq2[<]1(k2) - Jl(kl)] :



7.3 Even Amplitudes: RAGFs 89

After substitutions of Jy,, J> and J (k;), this term is null, Ry .y = 0. It is essential
to mention that we carry out passive operations. Rearranging amplitude terms does not

represent any operations performed on the original amplitude. The full expression is

14 1 TVV 4 TVV 1 TVV _ 2 2

\% v
pizion 2q0‘1 Hi2 Q1 figiy + 2(]“1 aifig 29H12T(+)a1 + 290‘1“2T ) (7169)

(H)iq

Let us analyze ¢** contractions. We have already verified that RAGF is satisfied with

matrix indices. Thus, we have automatic satisfaction of contractions with a; index

1 1 1 1
VvV o 2VV 14 v 1% a1V
q 1Tu12;a1 - —§q Tulz + T(—)uz;ul + §qM1T(—)M2 + §qN2T(+)u1 B §gﬂlzq 1T(+)O¢1' (7.170)

Adding one more factor K., in ([7.166), the structure is the same as the previous one,

1 1
1%4% 1%4% 1%4% 174%
bppians = _§qa1tu12;a2 T larpymran T §qlt1ta1u2;a2 (7.171)
_59#12t(+)al§0¢2 + igalﬂzt(Jr)ul;az + Ty95002 -
However, we need to analyze the effect on the term 7, .0, = Kiay7p,,0, from (7.167)),
1 5 1 1 1 Ky,
Tpg012 = §Q[a1gu1]u2K1a2 (q D_12 + 32 — D_l) — ‘9M2[QIK1M1} D122 . (7172)
After being integrated, the residual terms can be organized as
1 -
RM12§0412 - §Q[algm}u2 [92J2a2 - :]1052 (kl) + J1a2 (kQ) - (]aQ Jl (k:Z):| - 6#2[‘)‘1 J2u1}042
1 5 -
= §Q[a1g#ﬂug (q2J2a2 —q 1A2a21/1 - qu2[10g> - 9u2[a1 JQul]az- (7173)

This term does not cancel itself when integrated; nonetheless, its contractions do not

contribute to the relations
20" Ryyyia1s = Oy (20° J2a1, + @*J20; — 67 Doagny — Gayliog) = 0. (7.174)
Furthermore, we find the same outcome for the trace
9 Ry o = 05 Joonan — 05 Ja0y0 = 0 (7.175)

Thus, it will not contribute to any of the contractions that remain to be verified.

qMIRMm;au =0 qM2RH12;0112 =0 qalRﬂlz;am =0 (7176)
gHQOQRMu;Olu = 0 gﬂ1a1RM12;a12 =0 QMMRMQ;OQQ = 0. (7177)
The complete expression is given by
1 1
/4% _ /4% 174% /4%
TN1250512 o _§qo‘1TH12§O‘2 + Tall@?#lo@ + qu‘lTa1H2§a2 <7178)

1 1

|4
29H12T(+)a1;a2 + 2ga1M2T(+)N1;0¢2 + RN12§0612'

Divergent parts are not restricted to any values. Contracting the equation and using
(7.174), we have the relation ([7.138)) satisfied for this amplitude.
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7.3.3 Metric Contractions: g“"T/yV‘; and gWT/YV‘;)\

Relations from metric contraction ([7.139)) and (7.140) can be rewritten as

gt o =t (k) = mty) (7.179)
a1 VV 1% _ 1%
g™ ltmug;alz T Vg <k2) - mtug;aQ' (7'180)

They can be reformulated based on what was discussed for contractions involving deriv-
ative indices—in this case, exchanging 11, <> a; to get the relation. That is also valid for
the permutation p, < a; since two matrix indices p’s are symmetric, and for the second
expression, the same is valid for indexes a’s. We have to the integrated

a;VV v 4% 4% 14 4%
29“1 177#125041 =49 12[2T’/12§M2 + q"‘?TVlQ ] + [T(+)#2 - qulTﬂlz ] <7181)

The argument follows the previous case: if the relation (4.53) is valid, then

2[g“1a1TVV _ T,LZ (1{52)] — guu [2TVV + (],QTVV]- (7.182)

H125001 V12;Hg vi2

Moreover, the contraction of (7.178]) is condionated by satisfaction of ([7.146)), therefore

2[gu1a1TVV _Tv (ko)] = g"** [QTVV + qMQTVV ]. (7.183)

H12;¢12 Ho50e2 V125102 v12;02

If we compare these expressions with the integrated ones ([7.179)) and ([7.180), showing

their equivalence is doable. In this way, the RHS can be written as

gr2RTyy, +q,T)Y ] = 2mTyY (7.184)
9 2R2T0 Yy Gy Toeey) = 2mT5Y,,. (7.185)

We need traces of the V'V to verify if these relations are satisfied since divergent terms
will be contained in traces of DVV-parts. Nonetheless, there is a path using exclusively
T,, and T,,,, that emerged in constraint of equivalence among odd amplitudes. Explicit

forms of SV-amplitudes regard .J5’s integrals; therefore, let us write the results
TV = 2m(2J5, + qu,J2) = 0. (7.186)

Even if it is identically zero due to relations among finite integrals of equal masses, we

will use its terms separately in the sequel. The other

Y., = Qm@j?ugocz +qu, Joay) = Qm(AQMQOCZ +9u2a2]10g) + 2m<2<]2u2a2 +qu, Joay). (7.187)

Ha;502
Beginning with Eq. (7.184]), we write
209" Ty, — 4mPJo,) + qu, (972 T, — 4m?Jp) = 0. (7.188)

It is a matter of recognizing Y-factors; consult their explicit expressions in Eqgs. (7.107)
and ([7.126)) to write 27, + ¢,,T = 0. That is a condition for compliance with RAGF
derived through the metric contraction. Extending this construction to Eq. (7.185)),

Q(QVIQTVV - 4m2j2u2a2) + u, (9V12TVV - 4m2J2a2> =0. (7.189)

V12;H202 Vi12;02
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That means 27, + ¢, Lo, = 0 due to the definition already given, see (7.127) for the

explicit expression of T Hence, metric RAGFs are not automatically satisfied also

Ho Q2+

for even amplitudes. Owing derivations until this point, we can lay down the equations:

g2RTy . + a4, = 2mTyY 427, +q, T (7.190)
9 2R2T s + Gy Do) = 2T 427 0y + Gy Y- (7.191)

Alternatively, we can express them in the way it was derived

20Ty ey = 2T, (ko) +2mT5Y + (27, +q,,7T) . (7.192)
29#10‘1’]11/1;/;0[12 - 2TlZ;a2 (kQ) + 2mT52‘;/a2 + (2Tﬂ20‘2 + qMTO‘?)' (7193)

The vanishing of individual violating terms YT is enough to satisfy these relations. This
constraint preserves all RAGFs in all amplitudes; however, in , combinations of
violating terms can be made zero without canceling each term. That is the only place
this happens; they always arise individually in other relations. Two-index combination

requires that terms cancel independently. Calling for the full results (7.107)) and ((7.126)),

it is clear that violating terms in three-indices relation
QT/J'Q + qlL2T =—-pP" [Z(Dgpp,Qzll - AZ,LLZUl) - gﬂzulAgp]. (7194)

It can be restricted to zero without each component being zero independently. As a last
comment, violating factors come from suitably complex functions of momenta, physical
q, or ambiguous P. Nonetheless, they are local polynomials in these variables, which can
be asserted from their expressions. The remaining appears in .

Discussing if violating terms are null and the consequences of this property is a crucial
point of this investigation and what perspective we can establish from conditions for
RAGTF satisfaction in odd amplitudes context.
TAA

uvio

TAA

and ¢" iy

7.3.4 Internal Contractions: ¢"

We must analyze RAGF for two-point amplitudes with two axial vertexes to complete
relations for even amplitudes; see ([7.141)) and (7.142)). These relations differ from those

associated with vector amplitudes by an additional term given by P A-amplitudes,

T4 = 2mg,,Js (7.195)
= 2mgy, T, (7.196)
Tlfz?am = 2mq#2j2a12- (7197)

As they exactly match the additional terms through connection with the V'V -amplitudes,
we have when contracting the expressions (7.78))

AA 1A% PA _ oV PA
q“lTH12 = q“lT#12 — QmTM2 = T(*)#z — QTHTH2 (7.198)
AA Vv PA _ mV PA
qulT#mm - qulTl‘w?al = 2mT e = T upian = 2MT 0, (7.199)
AA Vv PA |4 PA
qulTMm;am - qulTMm;am o ZmTuz%OnO@ - T(—)Mz%oqz - 2mTM2;a1a2‘ (7.200)
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We have unconditional RAGF, the satisfaction established for V'V -amplitudes, followed
by the satisfaction of these for AA-amplitudes.

O’TAA

uvio

O’TAA

and ¢ o

7.3.5 External Contractions: ¢

To extend the results obtained in (7.166) and (7.171) for AA-amplitudes, use the
relation connecting even amplitudes ((7.78)), (7.79)), and ([7.80)),

1 1 1 1
AA _ AA AA AA 1% 1%
Tuu;al - _iqalT;UqQ + Tawl;uz + §qH2Taw1 + 590‘1#1T(+)u2 o 59#12T(+)a1 (7.201)

+2m? [gulal (2J2#2 + qu2J2> — Guys (220, + Gay J2)} .

The combination 2.J5,, + qu,J2 = 0 cancels out the last two terms. Using ([7.198)) and
(7.199)) allows us to show that the relation with indices «; are also automatically satisfied:

1 1 1
a;AA _ 2mAA 14 v |4
q 1TM12%041 - —56] TM12 + T(—)M;M + §qM1T(—),u2 + §qN2T(+)u1 (7'202)
1

—§9u12qV1T(‘jr)y1 + mgu,, [T% (k) — T (k1))

We have two additional terms corresponding to PA-amplitudes from RAGF with ¢

contraction. Using ([7.195)) and (7.196)) is easy to see which combination

PA PA
2TN1§#2 + qﬂzTul = 2mqu2 (2°]2#1 + Ay J2) =0.

We have the cancelation T7 (k;) = 0, and the difference between one-point functions also
vanishes T (ky) — T (k) = 0, satisfying relation (7.143).

For the expression with four indices, we have

1 1
AA AA AA AA
T = 500 Tiies + Tiingan + 500 Ty (7.203)
1 14 1 \%

+§ga1#2T(+),u1;a2 - §g#12T(+)a1;Oé2 + RH21§0421
+2m2 [guzal (2j2#1a2 + Ay, J2a2) — Guys (2j2alz + qdl‘]?az)} )

where R, .q,, is defined in (7.173)). Eq. (7.174f) shows that contracting the form above
with q produces a null result. Considering the relations ([7.199))-([7.200)),

1 1 1 1
a1AA 2mAA v v 1% viV
q lTulz;am - —§q TM1230¢2 + T(—)uz;ulcm + §q“1T(—)u2;oc1 + §qﬂ2T(+)u1;a2 - §9u12q 1T(+)V1;a2
—-m |:(2T1Zﬁﬁ10<2 + qMTIZﬁXl) - quuz (2‘72#1042 + q/h ‘]2042)}
—2m° g, (Doagey + Gases Dog) — 23 gy, (2% Jaars + @20y - (7.204)
Using 2¢* Joa,, = —@*Joa,, last term is null. Still, identifying other null combinations

(2TNP;A3$1042 + qﬂlTlZI;laQ) = 2mqﬂ2 (2‘72#1012 + qlh J20l2) . (7205)
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The difference between one-point scalar functions, using (C.1f), (C.2)), and (C.3]),
T3 (ko) = T3 (k1) = 2m[J1a (K2) = Jia (k1) = gat (k2)] = —2mq" (Dsay + gawTiog)- (7.206)

The relation is satisfied directly, such that

1 1 1
a1 AA _ 2mAA \%4 \%4 \%
q 1T#12;a12 - _§C] T‘u‘lz;a2 + 7—’(_)#2;#1(;Y2 + iqﬂlT(—)#zﬂl -+ §qN2T(+)u1;a2 (7207)
1

5t Ty + MG T, (o) — T8, (k)

7.3.6 Metric Contractions: g“"T:‘V‘?J and gWT/fo‘M

The same conditions as V'V-amplitudes will constrain relations involving traces,

1

9 T = Ty (k) +mT% 45 (27, + g, T) (7.208)
1

gTA = T, (k) +mTL + 3 (271,00 + Gy Tas) - (7.209)

Requiring that tensors calculated on ((7.107)), (7.126)), and (7.127) being zero leads to its

satisfaction. All relations deduced for even amplitudes are symmetric by exchanges p; <

fy and ay <> ay. To make this part complete must be noticed that if we contract with
the second index p, and one derivative index, we get a superficially different expression;
however, two-point amplitudes in the RHS obey T4F = —TF4,

For instance, to obtain ([7.208) one may use ([7.79)),

2gM T = QT;YQ (k2) + Qm(T;iV —dAmJay,) + (274, + 4, T) - (7.210)

H12;01

Furthermore, notice that the identity (7" — 4m.Ja,,) = 2mq,,J; = T, * returns the first
equation we showed. The deduction steps for two derivative indices are unchanged. One
could also invoke Eq. for trading between one derivative and one matrix index;
thus, taking the trace, there will appear a RAGF to inner contractions (with matrix
indices), which in turn are identically satisfied as demonstrated previously. Therefore, we
employ that derivation in the equation below

2gu1a1 TAA Hial (QTAA _|_qM2TAA ) _ qﬂl T:‘lf +T(‘j-)u2 —|-4m2(2(]2”2 +q,u2 Jg) (7211)

H12501 =9 (AR5 5) [e5 23]

Reminding that 77" = 2m (2.J5, + u,J2), final expression assumes the form

20T oy = 972 (2T, + 4w Tny) + 2T, (ko) +2mT0 A+ 2mTY . (7.212)

Hi2;01 Vi2;itg vi2

After that, we transform AA into V'V on the LHS following (7.208).

We finished calculating all the amplitudes and RAGF of even amplitudes. The re-
lations involving momentum with matrix indices and derivatives are all automatically
satisfied. However, in the case of traces, we saw that two groups of amplitudes presented

violations by the same terms.
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7.4 0Odd Amplitudes: RAGFs

For odd amplitudes AV -V A, internal contractions are different by the vertex character;
specifying the contraction with the axial vertex is necessary. As we saw, these relations
are not satisfied without restriction, and the presence of an anomalous term is due to the

existence of a chiral anomaly at this vertex,

¢t = (g (k1) =t (k)] = 2mil Y, =t ., —2mthy, (7.213)

Yy = [ (R1) =ty (k)] = 2mth =t —2mt)" (7.214)
where t(‘_) . and t(‘_) igians AT€ associated with difference of axial one-point function,

pen = oy (k1) — 10 (ko) (7.215)

E pans = oy (B1) — 0o (R2). (7.216)

Relations for vectorial vertexes are given by

AV

qﬂQt/‘m?o‘l - lh a1 (kl) M1 a1 <k2> ( g0 (7'217)
AV N

unt“m?al? - M170412 (kl) B t# ;12 (kQ) = t( Yqseei2” (7218)

Two identities can be constructed in external contractions, as explored in the even
ones. If we insert the factor (7.131)) next to the first vertex we will obtain

1 1 1 1
a1 4 AV _ 2, AV A A A a13A
q ' Higion _2q tﬂ12 + t( st T 2qult( Mo + éq‘u2t(+)ﬂl N ig'qu 1t(+)041<7'219)

+me,, [t° (k) — % (k1)) + mg,,,, [t7 (k) + 7 (k1))
The notation t(AH i is associated with the sum of the axial one-point function, namely

o =ty (1) + 15, (F2). (7.220)

But if we use the same identity around the second vertex, the relations are

1 1 1 1
a1 AV _ 2 AV A A
0 rgian = 50ty + s + 30al Oy + 300 oy = 39mattCy (7:221)

The same to the four-indexes amplitudes, adding one index more. In addition to the
relations (|7.219) having additional terms when compared to (7.221)). The roles of indices
1y and p, are different. We will see its consequences in the course of this investigation.

In contractions with the metric, the indices 1, and pu, give us different relations:

gt o=t (k) +mt) (7.222)

gulalt;‘l‘;am = ti 0 (R2) + mtf;VaQ. (7.223)

gty o=t (k) +mit)? (7.224)
ag 1t AV AS

gtV o=t (k) mis, (7.225)
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The relations for VA amplitudes are analogous and complementary.

These relations, it is possible to establish all relations that come from the contractions
for the complete expression of Gravitational Amplitude, see . Their violations or
satisfactions are closely related to the symmetries to be determined. From the view of
our strategy, these relations establish a minimum consistency test of amplitudes after
integration. In other words, if they are satisfied, the linearity of the integration operation
is maintained. Since we expect that when we explicitly calculate an amplitude, whatever
calculation procedure is used, the contraction of the final result with the external mo-
mentum for each amplitude vertex should reproduce the expected RAGF. Otherwise, we
can establish some relations of amplitude violations.

As we have seen in sections for even amplitudes, relations with momenta contractions
are unconditionally satisfied. It was not necessary to impose any condition regarding
divergent content. However, the case is somewhat different for odd amplitudes. This

relation type is not trivially satisfied. Furthermore, we will show that presence of terms

(7.107), (7.126]), and (7.127)) violate different contractions depending on AV -versions.

7.4.1 Internal Contractions: ¢"T4Y and ¢"T4" yand V < A

uv;o wv;o
Derived in Chapter , we have that contraction with the axial vertex for the first
version of AV-amplitudes in (4.57)) is violated. The mechanism develops similarly for ¢#2
contraction; the index meets the index inside V'V-amplitude and, through its identities,

implies automatic preservation of RAGF,

¢ (T = TR, —2mTLY + e g T (7.226)
(T = T, (7.227)

The second version works oppositely and satisfies relations established for ¢*1. Just be-
cause the AA automatically satisfies its RAGF, the relation for index p, follows with an

additional term, as expected. To see this, we use the link connecting versions and obtain

H12

¢2(T2)y = T, +eund” Y. (7.229)

K12

¢ (T2)y = T¢,, —2mT," (7.228)

Hence, to this relation type and for amplitudes with derivative indices also, the RAGF
coming from ¢*i contraction is directly verified if a version is j = 7 and needs manipulation
in its indices given by relations among versions if « = j. In the second case arises
factors {Y, Yo, Ta,a, | that we developed as specific tensors connecting two basic versions.

Elements that we have elaborated on are enough to establish relations for both con-
tractions ¢ and both versions {(AV),, (V A).} and any number of derivative indices. To
do this, first, we call attention to specific results 714 = =T and TPV = —T}". This

result is valid irrespective of their finite character since they do not depend on the traces
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employed in their calculation. Therefore, they are also helpful for structures with more

indices. The required results are listed below

- 6,Lbzl/llrlf:l)A = T/ZV = _g,u;/l (2mQV1 J2) (7230)
~e0 Tion = Doy = =€, (2May, Jaay) (7.231)
—eu Tyios = Tt = =€, (20, Jaays)- (7.232)

General structures of RAGFs are obtained by explicitly calculating all amplitudes

(T, = T, —01:2mTLY) + 6 (€p00”Y) (7.233)
(T o) = T e — 01:2mTL )+ 6i (2wd” Tay) (7.234)
(TR )i = T — 01:2mT0 )+ 0i5 (200" Tas) » (7.235)

i,j,k = {1,2} with & # ¢, and §;; is Kronecker delta equal to one if i = j and zero
otherwise. The formulae encode when one contracts with ¢ the version j = i, i.e.,
with vertex index where the version was defined, there is a Y-factor, not if there is
no match ¢ # j, d;; encodes these behaviors; it also captures if contraction has a PV
function (see d1,). Note that when i # j, there is no constraint over surface terms; in
complementary cases, constraints are to be studied. They happen over the same Y-factors
as even amplitude traces; however, not in combination as in Subsection .

To complete, we ought to remind condition-less relations among VA and AV -tensors:

VA _ AV 2
Tl‘lz - TH12 + 4m 8#1#2‘]2 (7236)
VA _ AV 2
gior = Lupgiar T A€, Joon
VA _ AV 2 7
Migiaiz T H12;012 +4m Epypo J20612'

As they are valid for any version, we did not use indices. Despite this, we could also study
the unicity relations (T:fl ;4)2 — (T ;Z ‘24)1 = —€,,, T, and so on for higher rank. In parallel
to previous deductions, we can cast the pattern of contractions related to the RAGFs

explicitly and in a systematic form as AV versions:

(TN, = T, +02:2mTy ") + 05 (€4,00°T) (7.237)
¢“(T,, jm)j = T(i yson T+ 024(2mT 1) + 05 (€00” Ta) (7.238)
q'ui <T}Zf;0412>j = T(A*)Hk;am + (52’2‘(277112/;;12) + 5i,j (€#kyqual2) . (7239)

It is worth noticing that d,,; makes precise VP functions appear in g/2-relations. Once
more, this is a summary of the results; an important point is the appearance of condi-
tioning factors in relations corresponding to the vertices around those we used the chiral

matrix definition. As demonstrated in sections, that is equivalent to substituting (4.15]).



7.4 Odd Amplitudes: RAGFs 97

7.4.2 External Contractions: ¢°74" and q"T/ﬁXJ/\ and V < A

uv;o
Treating relations involving derivative indices as we did for the even case is possible.

The V'V amplitudes can be manipulated and written through the identities (7.166)) and
(7.171)); when we exchange any derivative index for a matrix index,

\%

1 1 1
vV o Vv A 1% (+)or T Thyzion -

Higien _5%1 M1z orpgiy T §q#1 o1 4y 29alﬂzt(+)u1 - §gﬂut
The exchange effect is equally valid for ay < p,, resulting 1y < p, in the equation above.
We can get relations for odd amplitudes obtained of V'V-amplitudes. Appropriately

exchanging indices and multiplying by tensor —¢,”* leads us to unconditional identities

1 1
(T = —50m (T2) + (T )+ §QM2(T£‘21)1 (7.240)
+§€H1ﬂ2T(+)a1 o 58#1041T(+)u2
TVA o 1 TVA TVA 1 TVA 4
( M12§061)2 - —5%1( e )2 +( 061#2?#1)2 + §qul( a1u2)2 (72 1)
1 \% 1 \%
~5Cmm T ha ~ 5Emar Ty,

It is necessary to remember the versions of amplitudes in terms of AA ([7.201)) and (|7.203]).
Follow the other identities satisfied by odd amplitudes,

1 1
(T!ﬁ‘;al)z = —§Qa1 (Tfl;/)Q + (TOﬁZZ;M)Q + §qu1(To‘iZQ)2 (7.242)

1 14 14
- §€M1H2T(+)a1 - §€N2041T(+)u1

1 1
(Ty 2 = —50m Ty M+ (T o + §qu2(T;Y1’31)1 (7.243)
1 1% 1 \%
+§€N1H2T(+)a1 - §€N1Q1T(+)/L2'

By construction, we will see that these identities will always be satisfied. Starting to

analyze this trajectory by the first version. From expression (|7.240)), we have

(TR = —592(T£‘;)1 + g (T )1 + 54ns14 HTow )il (7.244)
1
a 1% a 14
+§5u1uzq e, — §€u1a1q Ty

Identifying relations with internal indices that are satisfied for version one yields

1 1
lo' AV _ 2 AV A A
q I(Tum?al)l o _Eq (Tﬂm )1 + T(*)#l?/@ + éq/&T(*),ul (7245)
1
« 14 « 14
+ 5, 1T(—i—)cn — 58 1T(-|-)“2-

2 2
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As in the last line, there is no direct identification of one-point vectorial functions with

axial ones. We need to use the Schouten identity just like

v v v 1% A viA
[€U12q ? = q 16#1”16u2]T(+)V2 = Q,UqT(-}—)NQ — Guy,9 1T(+)V1- (7246)

Thus, replacing in equation above, we obtain

1 1
« AV _ 2 AV A A
q I(T,uu;al)l - _5(] (T#u )1 + T(—)l‘lmz + §q“2T(_)#l (7247)
1 viA 1 A
_§9uuq T, + §qu1T(+)u2-

That is the relation obtained around the second vertex (7.221]). The reason for sat-
isfaction is that index replaced by «; always appears as the one amplitude version, and
q* is always complimentary. In the case of ¢*' (T2, ., )1 and ¢** (T}, )1, the RAGF for

vectorial indices are automatically satisfied. The same happens contraction for (TX1 ;“;al)l:

contractions with axial indices are satisfied, and the additional finite part cancels out

—m(2T, ", + qu, T, ) = 2m’e 0, ¢ (202, + qu, J2) = 0. (7.248)

Ha5Hq

So, we have the RAGF satisfied around the second vertex.
Violations occur precisely in relations established around the vertex associated with
version: first vertex, thus first version, second vertex, second version. For example, the

same manipulations lead to

1 1
o1 (P AV _ 2 (P AV A A
0" (Thpa)2 = =50 (Th, )2 + T, + 50T, (7.249)
1 v vy U 14 PV PV
+§[€#21q - 8“2”1(5#?(1 1]T(+)V2 + m<2Tu2;u1 + qﬂlTuz )-

Applying Schouten identity in the last line and canceling out additional finite parts,

1 1
a AV _ 2 AV A A
q 1(Tr“m?O‘l)2 - _§q (Tﬂlz )2 + T(—)N2W1 + §q#1T(—),u2 (7250)
1 A 1 v A
58 LChm = 59m20 L

It satisfies the relation deduced around the first vertex but does not satisfy the
relation deduced around the second . Remembering that massive terms do not
contribute because they are null for these amplitudes.

Taking advantage of equations and incorporate uniqueness conditions

and invariably connect them, we will have the possible violating term:

viol 1

- __gﬂlzqal <2Ta1 + qho) .

qa1 ( AV 2

H12501 1

However, let us consider that the expression obtained around the second vertex is valid
(7.221]). The same type of violation will be present in the second version, and the first

will be automatically satisfied.
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For amplitude with two derivative factors, the calculation follows equation (|7.203)),

1 1
AV AV AV AV
(Tﬂ1z;a12)2 - _§Qa1 (TM12§Q2)2 + (Talﬂz;#1a2)2 + §ql‘1 (Talﬂ2§a2)2
1

|4 = |4 o V1
2€N2041T(+)u1;042 26#1N2T(+)a1;012 €y RN1V1§0412

—2m%€ 00 (290,00 T Quy J20s) — 2m%€, (220105 + Qo J2as),(7-251)

where R, ,,;a,, is defined in (7.173)) and null by contraction. It is simple to show that
version one, using ([7.110)), the possible violating term is given by

viol 1
= —2,,0" 2V a0 + ¢ as) - (7.252)

a1 AV
( 2

H12:¢012 1

The same analysis leads to similar conclusions for the second version of amplitudes if the

relation around the second vertex is the reference.

: : . AV AV
7.4.3 Metric Contractions: ¢"’T; ' and ¢""T;
Finally, the last relation we need to calculate. Once again, we will make use of relations

through a reorganization of terms that can be seen from

1 1
<Tl:41‘2/§041)1 = —§Qa1 (T:‘l‘;)l + (T:‘l‘;l;;@)l + 5%@ (Tfl‘;l)l (7253)
1 14 1 %
+§€N1N2T(+)a1 o §€N1‘XIT(+)M2'

Starting by contracting the expression above with gH1*1,

1 1
P T = S g (T + T+ 50" 2T )+ 4 (TR 1. (7.254)

Hi2;01 2 Hi2 2 1015012 141

At this point, it is straightforward to note that the AV amplitude can be written as

G 2T )1+ Gy (TR0 1) = = 2T Y+ qu, T, ] = 0. (7.255)

101512 101 V1iQ ;g viog

It is canceled because complete V'V -amplitudes are symmetric in its first indices, finite
and non-finite parts. Using ([7.226)) for ¢ (Tlﬁv)l, where appear T = (2A5 +i/7), follows

2

1
9N (Tt = mT Y + Ty (ka) — FCuq T (7.256)

For g“lal(T,ﬁ‘;al)g we also find this relation conditioned. Using the equation that

connects two versions ([7.108)) and ([7.109)), we obtain the desired relation

1
9N (T )2 = MY+ T (ko) = S (207 +¢7T). (7.257)

H12;01 2

An alternative way to extract this information, valid whenever the index of inner vertices

is not the one used to define the version, is to invoke the equation derived from V'V or
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AA functions and multiply them by an adequate tensor. Explicitly, we multiplied the

equation below by —¢, *,

2" TAL 9TV (ky) = 2mT P4 + (27, + ¢, 7). (7.258)

pivian

By definition, it follows
29" (T )2 =2mT " + 2T (ko) — €4, (277 +¢VY). (7.259)

H pigion

Contracting with g#2*1, the application of equation (|7.242)) leads to

202 (T, ) = =0 (TAY)a + Ty, + 9 2TV, )2 + 4 (T 2]

Hi2;01 H12 V123 V12
The last line drops out by index symmetry in the AA-amplitudes. Then using (??) and

finite piece Tlf‘ls = 0, follows

1
g (T/ﬁ‘;m)Q = mT:llS T T/ﬁ <k2> - Egull’qwr (7260)
For version one, we also find this relation violated
1
92 (Tia = MT + T (k) = 50 (207 +¢7T). (7.261)

The 4th-rank amplitudes with two external indices are easily obtained following the

same steps. Thus, we have the list of equations below,

G T )i = T (ko) + m(0a T + 62T (7.:262)
1 ) v
_§€#kl’ [q T + 2 (1 — (51'7]') T ]
PETY )y = Tk () £ mGaTeY, 0T (7269
1 ) v
_55;%1/ [q To, +2(1 - 51',1') Ta2] ’

where {i,7,k} = {1,2}, k # i. The Kronecker delta guarantees that only correct terms
appear in each equation; note that they reproduce all the previous equations. Additionally,

for the V A amplitude, we have

P = T (ko) +mBi T = 0,5T)7) (7.264)
_%6#kv [T +2(1—0d;;) 1]
guial(Tx;‘;am)j = T/im (ko) + m(5i,1Tf2?az - 52',2T;Z;P;1) (7.265)
e [0 e + 2= ) X2,
where Tlffal = —2m5ul”1(2j2a1y1 + Gy, Jon,) = Tlflf‘al.

We have seen in this chapter that terms that may violate the RAGF's are local poly-
nomials in P and ¢ momenta. These violating terms have values determined from the set
(7.107), (7.126)), and (7.127)). We will see that choosing to save the linearity of integra-

tion operation, manifested in the satisfaction of RAGF, will force us to establish finite

values for surface terms present in amplitudes. From now on, we will analyze the results’

consequences and their implications for Einstein and Weyl anomalies.



Chapter 8

Gravitational Anomalies

This chapter will list the formulas and general results developed in the previous chapter
as a form of organization. They are used in the sequence to track the possible violating
terms of the RAGFs that appear when we combine the core elements in the permutations
contributing to the full two-point functions of the energy-momentum tensor. As we will
adopt the following set of indices (T}, ., () Taia, (0)) to the energy-momentum tensors
in the correlator, see Eq. , we will have

76— lgrv A (8.1)

pipge1az T ey [ Hip012 f12012

Hence, the formulas from the previous deductions have indices for even and odd amp-

litudes arranged according to the sequence below

1% _ 4% AA
Tulugmaz - %1(11#2@2 + ,];Aloqmozz
A _ AV VA
Tuluzalaz - 7;1041/12012 + 7;1041#2042'

The sum of permutations p; < i, and from the result ay < ay deliver the vector and

axial part of the gravitational amplitude.

\4 % % 3% %

[7;120412] = [Tu1u2a1a2] + [TMQ,uloqag] + [Tu1u2aga1] + [Tu2u1a2a1] (82)
A mA mA mA A

[7;1120412] = [Tu1u2a1a2] + [Tuz,ulalaz] + [Tul;AQagal] + [Tu2u1ago¢1]‘ (83)

Basic Permutations ’];Fal; ,- As elaborated at the beginning of the previous chapter,
the next task after computing all the equations satisfied to the amplitudes is to explore the
basic permutations. Through their definition, we expanded our definitions for derivative
amplitudes accordingly. We have

Trlrg — 4TF1F2 + 2qlu2TF1F2 + qa2 (2TP1F2 + qﬂQTrlr‘Q). (8.4)

M1l o2 My O3 Ho02 My o150e2 M1 Q152 M0

We must call attention to two features of the notation: The placement of indices in

% ; : G ; 4%
T}, a1, 1S chosen to mirror the ones from 7,7, ., howeverin 7,/ . ..

emphasizes that the last two indices correspond to derivative type. This attitude is

the disposition
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helpful in the calculations to distinguish their origin, either as the matrix or derivative

indices. Another point in the calligraphic letter ’2;1;13 , 18 to contrast the 4th-rank derivative

amplitude that comes with a semi-colon and the basic permutation involves four terms.
The basic permutations regarding derivatives structures were listed in —.

We resume them with the indexes:

menman = 2@T0 0+ @, T Wl sas) F oo 2T o+ 40, Ty o) (8.5)
e = 20T+ 4T, Wl, w) F00n QT+ 4, T (8.6)
s = 2(2 ﬂmw + G Do) T Qaa 2T + G T (8.7)
s = 22100+ 4T ) F 00 RT o + @, Tha). (8.8)

In the RAGFs, combinations of the basic derivative amplitudes from momenta and

metric contractions often arise:

ko V \%
Bal;ag = / (271_) (Kl + KZ) [ a1 (kl) + tal (k2):| (89)
I ko 'y 'y
SChin = gy (5 J), (K4 K 18 k) = 5 ), (510)

where I'y = {V, A}. By projecting Ky = K7 + ¢, we may decompose them in

v v
Bayar = 2T(+)a1 on T qa2T(+)a1 (8.11)

being careful to remind that T(Fil) stands for the difference or sum of one-point functions

Ty =T (k) £ T (ks) .

For contractions with metric, only B,,.., arises; for momentum contraction in matrix

indices, only S is present. In contrast, for derivatives indexes, there arises both.

(m)aispgaz

In the course of the previous chapter, we dealt with a set of finite functions that are
identically zero due to relations among the scalar and vector Js-integrals of for equal
masses ) coming from the reduction for Zf_l) 1) Here we list them to make it

easier to follow the next stages of derivations.

TSV = +2m(2Jy + quJ2) =0 (8.13)
T3 = —2meu (2J5 +¢"J2) =0 (8.14)
2TV + 4T, = —2meuwq” (2J2a + qat2) =0 (8.15)
2T + g T = +2mqy (2J20 + Ga2) =0 (8.16)

Amplitudes with non-negative power counting that we meet by studying the RHS of
RAGFs are combinations of the set {SV,SA, PV, PA} and contain one or two derivative
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indices. Among those amplitudes is a set of relevant identities fully used to systematize

the final results.

T, = Tho, =2m(2yu0, + QuyJ2a,) (8.17)
T/i‘;/ug = 2m(Dopypy + Gpuyp Lrog) — %6”’1#2 [2Z§_1) - Zf_l)] (8.18)
TS, = T = —2me,,(2J5, +q " Jo,) (8.19)
e =~ o, (8.20)
Toines + G Tation = Gou T, (8.21)
2T st G Tates = —€ann@ T 'a, (8.22)

All the 4th-order tensors corresponding to a VV-AA and AV-V A can be expressed as

40} Qi ) 1
TVV = 4 M1 Q1 pg Q2 {_( ¢ [2Z§0) _ Z%O)] + 6 log} (823)

M1 Q1 o2 q2 47T>

7 80# al Qu s (0) (0) Vv
+(47r) 1q2 =32y —27) ]+Du1awza2’

with attention to their finite parts.
To express the relations due to contractions with derivative indices we list the identities
needed for the exchange indices and reduce the verification to the contractions with the

matrix indices (coming from I';):

vv Vv _ vv vv \% . |4
QTulauug + qﬂ2Tu1a1 - 2Tu2a1;u1 + qMTuzm + gN2O‘1T(+)M1 gﬂlalT(+)uz
Vv vv _ Vv vv
2TM10¢1;M2042 + q#szOél;Oéz - 2TM20¢1;M1042 + q#lTuzal;az + 2RM1041§N2042

v 14
+g'u2alT(+)/"'1§a2 B glhOllT(-&-)Mz;az-

Multiplying by two the second identity and summing both, we have an expression of basic

permutation given by

4% VvV
7, =1, + Gugor Bugsan = Guyon Bugsan + 4Ry arsppas-

112 Ho Q13 Ce2

Double axial amplitudes follows ([7.78])-(7.80)).
Odd amplitudes: The AV-amplitudes:

AV AV AV AV \%4 \%4
Q(T,ulal;,uz)l + Gy (Tulal)l = 2<T,u1,u,2;a1)1 + Gy (Tul,u2)1 + 5,LL1CY17W(+),U,2 - €u1#2T(+)a1
AV AV AV AV \%4 \%
2(T#1al§#2)2 + Qus (jﬂjulal)2 = Z(T#2a1§ﬂl)2 + Qy (TllQal)Q - 60‘1“2T(+)#1 + go‘lulTH—)l@

2T o)1 G (T o)t = 2T )i+ o (T2 )1 — 26, " Rayvippas

M1 O30 M1 015,02 Hq o501 02 Hq Ho50e2
14 |4
+€M1a1T(+)u2;oz2 - 6#1N2T(+)041;012
AV AV _ AV AV v
2(Tu )2 + du, (T,u )2 - 2(T )2 + Ay, (Tu2a1;a2)2 - 28011 Rl’ql’l;ﬂQaz

1001502 o 1015002 Mol jply 2
14 1%
~Carps L (1yysan T Eorm T pyian

SV SV
_Zm[€a1N2 T;Ll oy Conpy Tag;uZ]

We have omitted the VV A formulas because, as was seen in the previous chapter, they are

perfectly retrievable from AV ones.
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8.1 Table of RAGFs

Even Amplitudes:

vV 1%

MlTﬂlal - T(+)a1 (824)

v
zqulj_juloq’a2 = 2T(+)Oc1;a2 (825)

VYV _ v
44T, arines = AT ans00m, (8.26)
29"2T) Y = 2[mINY + Ty (k)] + (270, + ¢a, 1) (8.27)
29u12T;ZZ1 o 2 [ T&glvm + To‘z/1 e (k2)] + (2Ta1az + qa1Ta2) (8'28)

The contractions with g2 have the same results.
Odd amplitudes:

( ulal)l = T(A) - QmTPV + €aqvy qle (829)
2¢M (T;‘lgl w1 = 200, —AmTeY 4 224,07 Y, (8.30)
4q™ (T/ﬁzl #2a2>1 = 4T( Jatspgae T SmTOZVu ay T 450‘1qule#20¢27 (8‘31)

remmember that T(‘f Yo = [T2 (k1) — T2 (k2)]. The other relations for ¢*'-contraction,

Oé1 AV _ A
(Taa = TE,, (8.32)
2qa1 (Tlﬁ‘él Mz)l - 2T( I (833)
aq AV —
4 (Tﬂlal M2042)1 o 4T( JH1iHgQ2 (834)

Organizing the trace relations in the form they appear in this part:

292 (T )1 = 2mTEY + 212 (ky) — €’ Y (8.35)
2912 (TAY o1 = 2mTat, + 275 (k2) — £ayuq” Y, (8.36)
quluz(Tfi‘;l u2>2 — QmTPV I QTA (k2) — €ayw (2TY + 4" 7T) (8.37)
g/ (TAY Vo = 2mTEV 4 2T2 (k) — oy (274, + ¢ Tay)  (8.38)
2g°° (T} e el = —Epy Y 4+ ¢'0) + 2mT % + 2T (k) (8.39)
29a1a2( ,U1041 Mzocz)l = _8#1’/(2T/’:2 + qVT# ) + QmTAS + QT:‘ K2 (k2> (840)
207 (T 0n)2 = —€uwd” T +2mT0% + 2T (kz) (8.41)
2ga1a2 (Tlﬁzl ﬂ2a2)2 _6#1VqVT.U«2 + 2mTl?SH + 2Tli41 ) (k2) (842)

8.1.1 Even amplitudes: (7)) and (727,

From now on, we will systematically explore all the results from the amplitude com-

binations that effectively appear in the relations for the gravitational amplitude. Starting

by (7-78)- (7-30) follows

TAA =7V — 2mGu, 00 (4205 + 2as Jop, ), (8.43)

MO o2 MOl o2
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The terms corresponding to the .J-vector and J-scalar functions do not appear because

their combination is null. The relation is given by

TAY L =T —Amga TS (8.44)

M1 Q1 a2 M1 1 g2 Hos02”
That amounts to replacing double axial structures for the double vector diminishing the
number of operations necessary to express the relevant results.
Internal Contractions
The contractions with internal indices for these amplitudes follow from the definition

VY o =2¢" 2TV + 0T o) T 0 (200, Ty o+ Qo Tyoiy)- (8.45)

B0 ppon B0 002 Byt

The index of gt hits only the matrix vertex of the amplitude, and the consequence is
that only the difference of one-point functions appears, see (7.129)), (7.146]) and (7.147).

Hence, employing our definition

1% 1% 1% v 1%
S yarsazns = 22T ) argaz T T )asa0] + Gea 2T 0y, + d0aT(“yan); (8.46)
the equation obtained reads

mpVv. =8 =8v (k) —SY (ko). (8.47)

4 2o ppan (m)at;azpy Qg0 at;pga

. . . . . . 1_‘1 o 1_‘1
Note the symmetry in the indices corresponding to derivatives, S,!., ., = Sala,u,-

For the 744, we could either use for its contraction the PA’s as in (7.198))-(7.200)),

T e = 2T 4200, T + 40, QT2 + 4 TEN] + S aras (8:48)

4 2 a1 ppan Q1o 02 o102 ai1;hig a1

which is their composition of RAGFs. Using the connection with 7"V (8.44)), we have

mrad =8V — 4mqe, T3, (8.49)

T ponpgan (—)aspg0r pojan”

The PA amplitudes did not appear since they are related to derivative SV through
(8.16) and (8.21)). In this amplitude, if the operation is done in «;, the RHS shows AP-
structures, however, with the opposite sign. As T;" = —TF4 and so on for more indices,

hence the results written in terms of T[Z‘;fa2 amplitude have the same functional form.

External Contractions

Terms from relations involving the derivative indices organize in the tensor B,,., besides

SV see Fgs. 1) and 1} To see this, we combine the identities used to trade

Q02 )
a derivative for a matrix index, as in ((7.166[) and (7.171)). We have,
vV _ VY
7;11011;#2042 - %2“1%”1042 + gﬂ2@18N1§042 - gM1alBM2;Oé2 + 2RM1011§M2042‘
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Note the presence of B,., and the residual term, which always vanishes under contraction.
Contracting with ¢#2, the first term in the RHS, we have pu, index in the position of a

matrix index, whose result we developed previously. Follows the compact result

4% Vv v
quzzhal;uzaz = S(—)auulaz + quul;az — 9,19 By.as,- (8.50)

For the 744, we substitute the equation (8.44)) into the last one, what implies in

Q2T on = S yarimian + GaaBuyias = Gunar @ Buas — 4 G100 T - (8.51)

M1 Q1 o2

remember that ¢"T0Y = T3 (ki) — T3 (ko) =T, (S; Jap- Lhere does not exist any condition

viaz

for the momentum RAGFs. A different scenario occurs to the metric RAGFs.

Metric Contractions

These relations combine the metric relations of the basic derivative amplitudes and
the momentum relations for the matrix indices. Make explicit this property by

9T e =202 2T 0y + QoD ) T @ T 0y + G0 Ty). (8.52)

H101 Ho 2 H1O1;po H1o1

The next stage is observing that momentum RAGF's in even amplitudes are automatically

satisfied. Replacing them and e summing with the equations for metric contractions

(17.192) and (|7.193)), we arrive at

gaTVV = HmTY + 2T s Gaa T )] (8.53)

q Q1 o 2 15002

+4Ta1a2 + 2q(11 Tag + 2qa2 Tal + thQqOélT?

where we used the pattern that appears in one-point functions, T(‘i)al +2T7 (ko) = T(‘fr
We dropped the T 51‘/ =0 term.

The conditioning factors {Y, T, , Ta,a, } Were combined in a fundamental tensor called

Jai®

uniqueness factor; it will encompass the conditions for satisfaction of all RAGF's as well

the equivalence of the odd-amplitude versions. Because of its importance, we define it as
Usias = 4T a10s + 2G0, Yoy + 240, Loy + as o, L (8.54)

The investigation of values assumed to this tensor and its connection to the finite part

and surface terms will be developed soon. Thus, we have the compact expression

g VY = 4mTEY 4 Bariay + Unyas- (8.55)

P11 proCen ag;az

The relations for g“'?-contraction are identical, changing the indices j5 < aq2.
Calculating directly or using the relation (8.44) between 744 and 7VV, follows

9“127;;?31#2(12 = BOZ]KXQ + U()t1(127 (8-56)
a AA
9T oapger = Bugus + Uiy (8.57)
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Uniqueness factor: The definitions follow in (7.107)), (7.126) and (7.127)), thus
1

Ua1a2 = _gealazT (858)
1 v v
+§(3P 2+ q 12) [322;)0(121/12 - 8|:|36¥12V12 - g(a12gV12)A§p]
1 V12 V12
+E(3P +4q )g(a12 [2|:|§1/12)p - 2A2V12) - gV12)A§p]
_PQZPV {2(D§po¢11/ - A20411/> - galVAgp]
_Palpy {2(D§pagy - A2C¥2V) - ga2VA§p]

1
_§(P2 + q2)[2(|:]§pa12 - A26!12) - ga12Agp]

+4[(W2ppalg - 2A10412) + 2ga1a2[quad - 2m2 (A2a12 + ga12[10g)]'

8.1.2 Odd Amplitudes: (T/ﬂ;p) and (7,7

In this part, a series of considerations are in order. The decomposition in derivatives
was taken to the most basic level; a set of possibilities from Dirac traces is fully exploited.
We came out with two independent forms, version one and two, as we called them. Now,
for any term of the basic permutation, an arbitrary version choice must be made because
the choice of traces employed is arbitrary. Nonetheless, even if the analysis can be per-
formed in the most general scenario, we will adopt the position of considering the uniform

version, where 7112 is an odd tensor. Then we will have the notation

poop
(T an)i = 212(T00 e )i+ 2, (Tt 0p)i] + (8.59)
s (2T )i + Gy (D))
(T en)i = 212(T) 0 e Gy (T )i + (8.60)
0, (20T )i + Gy (T 01,

with ¢ = 1,2. In this moment we may use the transition equations ([7.108)-(7.110|) to

derive the relations among what we call basic permutations

(TAV )2 = (TAV )1 - Ealllfl (4TM2012 + QqugTOéz + QQOAQTMQ + Qa2QM2T) . (861)

H1O1 a2 M1 o2

In the RHS appear, the U-factor, making it simpler to express the uniqueness relation as

(TAV )2 = (TAV )1 — Caqpy Uu2o¢2- (862)

MOl o2 MO o2
o . . VA .
Analogously the transition between AA-V'V, the amplitude 7,7, ., can be written

in term of 7Y . in a way independent of traces employed. See Eqgs. (7.93)-(7.95) to
derive the relation

(TVA )i = (TAV )i + 4m25u1a1 [4j2u2a2 + 200y J2p, + Gy (29205 + Ga, Jg)] , (8.63)

H1Q1pa2 Hy Q1 pio 2
using (8.13)-(8.17)) to identify the integrals as amplitudes, we obtain V' A-AV connection
VA _ (TAV SV
(/];,Llal,lj,Q()éQ)i - (%1041112062)7; + 4m€u1ﬂélTu2;a2‘ (864)

This enables us to study only the versions (74V);.
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8.1.3 Permutation’s versions: (’Z;fy‘;p)l and (T7))s

Momentum: Internal Contractions

To make apparent the notation’s use, let us explore the internal contraction with

¢"(Tfow,)i- We begin with the definition and the formulas generalized in (|7.233])-
(7.235]). Notice that those relations turn up with T factors; summing the contributions,

(T )1 = —2m[ATYY o +2q, T + 200, T8, + Gayqu, T ] (8.65)

B0 pp0n Q1502 al;az Q1ipo

+S&41 Q2 g (kl) - Sa1 Q2 g <k2) + galqu U,LLQCQ

We gathered the one-point functions in our definition of SZ ., .- The identities (8.22)
and (8.15)) involving the PV enables one to write the result
A v A v
q 1(7;151%0!2)1 - 4m5a11’q Tivaz + S(*)Oél;az#z + Carnq 1Uﬂzf’@' (8'66)

For the contraction with ¢!, the relations to the component amplitudes are identically

satisfied. Hence there are no T factors, namely

AV A A
(%10&1”20&2)1 = S(—)ul;u2a2 = SM1 joQr2 (kl) Spl iHoQr2 (kQ) : (867)

The other form of the basic permutation will readily comply with the equations

AV _ A v SV

(T apon)2 = SSonsanu, T 4MEarn @ T, (8.68)
AV A v

qal(,];lalﬂzoﬁh - S(—)M;#zaz + Epyvd U:“QO‘Q' (8'69)

Momentum: External contractions

We have one identity automatically satisfied and one with U-factor. Beginning by

q 2(7;;?24/1#2112)1 = 4 #2(Tl:41‘21 N2a2)1 +2q (Tfl‘;l’a?)l (870)
—|—2qa2q“2(T£‘;h#2)1 + Gasq (T:‘l‘él)

The equation below can be written in compact form through the use of formulae developed

before that do not require any new ingredient but careful application,

q" (%?gwwz)l - Sé)u1§ala2 + €pyan @ Brias = €4y Basae- (8.71)

Making one more manipulation by using €[, o, B,);a, = 0, follows the final form

AV A v
qﬂz (77116!1}12&2)1 - S(f),ul;alag — €ayvq 6#1;012' (872)
The version (7, AXI 1,02 also have a relation which is satisfied by construction, namely,
#2 (%?XUQO@)Z = Sé)al;azul - €H1Vq,/8041§0¢2 - 4m€M1061 [T(;CSQ (kl) - T(fz (k2)i| . (873)

For this, we have observed the combination of two-point functions (8.15]) and -
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Now, the relations where arises the T factors came from the use of the equation that
exists between the versions (8.62). They furnish

AV A v v S

qMQ (7;1041“20(2)1 - S(—)al;ag,ul — Epuyvd 6041;042 + €arp 4 UVO@ - 4m€M1OélT(—)a2 (874)
AV A v v

qMQ (7;1041;12@2)2 = S(—),ul;oqag — Cavq BM1§0¢2 —Coup q UVOéz‘ (875)

Two forms obtained for these relations are equivalent. As we saw, we always kept intact
all terms where the results could deviate. Therefore is straightforward to see that they
ought to be equal. Moreover, the ones with violating terms are obtained by employing
those free of U-term, using an identity again. Even so, if one desires to check such a
statement explicitly, the path is reasonably long but feasible. Here we give the directions;

start by using S4 = —¢“SY  then subtract the identities without U and with U,

oap T o~ vap)
AV AV |4 \%4
qluz[(lz;lal,uzozz)l - (%lal;@az)l] = &y VS(f)V;ag,ul - 6;1,1 VS(*)I/;OQQ - é\CYIM1qV(]l’Oé2 (876)

v v S
—€a1vq Bpuysas + €0 q Bayan — 4m5a1u1T(—)a27

\%4
vipla

employing the identities ¢g*” €sp) = 0 and €[q,,B,,);0, = 0, we obtain an expression

where everything is known and whose summation cancels without any conditions,
Carn19"°S Yipay — @ By —4mTY 0, — ¢ Uy} = 0. (8.77)

Metric Contractions

We use the form (74V); and perform the analysis for g"12 and ¢*2 . First, we have

gﬂlz (%?Zl,uzag)l - 49#12 (T;ﬁ‘c/;l;u2a2)1 + 2qul (T;ﬁ‘él;ag)l (878)
+q0é2 [2.9“12 (T/jll‘o/q;#2)1 + q'ul (T;qu‘o/q )1] )

then, recollecting the formulas for traces and gathering the contributions for momentum
contractions, the PV functions from both sectors cancel each other and the conditioning

T factors. The remaining 74 amplitudes arrange themselves as

g (TAV )1 = 2T(’i)m;a2 + qazT(f‘Ha1 = —¢, "By,

M1 o Ce2 a1 ’

These amplitudes are precisely related to TV ones.
The equation satisfied by ¢*12(7AY ), starts with

MOl po 2
ga12 (7;:?(‘1/1“2042)1 = 4ga12 (T;ﬁ‘él;uzag)l + QQMgga12 (T}ﬁ‘gl;az)l (879)
o' AV o' AV
+2q I(T,ulal;,uQ)l + du,q 1(T,u1a1>1'

The first line is the only one with conditioning factors; the momentum contraction is
identically satisfied because the relation appears for the second vertex (specifically a

vector one) and in the first version. Lumping together all these considerations, we get

12 AV _ AS
9 (7;41041112@2)1 - 4mTu1;u2 i

“Buiy — € UL, (8.80)
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U, is a term common to all relations with a constraint. For version two,

g/"l2 (7;1?(‘)1/1“2&2)2 - _80z1 VBWOQ - goq o UV10¢2 (881)
a AV AS v
9 12(7;11041/12042)2 = 4mT 5, — e By, (8.82)

Concerning V' A as it can be expressed in AV terms without conditions from ({8.64)),

g2(T) 8 et =AML — e, "By, (8.83)
gh2 (’];X;L‘WQQZ)Q = 4mTO‘?fa2 — €0, "Buias — €4, " Usras (8.84)
9 (T et =~ “Bug — €0 Uy,, (8.85)
9 (Ththppan)2 =~ "B (8.86)
Different from momentum relations, when an index is the one that defines the version, then
U-factor appears in the complementary contraction, g**(T2%, , )1 = =€l ¢ 2(T0Y . 00)
shows a possible violation, as opposed to qo‘l(T/fl‘gl #2(12)1 which is identically satisfied.

8.2 Summing all permutations: [7"] and [TA]U

In preparation for summing all contributions, that will constitute the two-point func-
tion of the stress tensor, it is necessary to establish a point of view about the odd part.
In the preceding expressions, we adopted a uniform version to {(Z2Y )i (7,2, . .,)i},
signifying the same version of derivatives amplitudes were chosen. For the permutation
[y < [ and subsequently oy < aw, it is entirely free which combinations to use in this

step. In this work, we will explore a subset of possibilities,

7 lii = (T )i T (T 8 )i (8.87)

1M1 02 M1 o2 M1 o2

with 7,7 = {1,2}, amounting to four combinations in principle. Permutations do not
change this choice as it could be done.

PV _ VYV AA
The even sector works as [T, . o100l = 7 orpgas T Lo pgern-

bution, it is necessary to sum the permutation p; < py and then oy < ay of that result.
In the even sector, we use (8.44]) and to have the systematic formula

To get the total contri-

14 _ 4% 4% 44 4%
[%120612] - 2[7;1M20610¢2 + 7;42111@1&2 + %1#2042041 + %2#1042041] (888)
SV SV SV SV
_4m[gM1Q1Tu2;a2 + guzalTul;az + 9M1Q2TM2§0¢1 + gﬂ2a2TM1§a1]'

For the odd sector, we go in search of a simplification in the operations; for that,

VA AV SV
(7;11041;12042)]' = (7;1041;1,20[2 )j + 4m€ll1041Tu2;042 (889)
(%?Xlu2a2)i = (,];L?le,zog)l - 574':2(%“051;‘41 UN2042’ (890)

where 0; 5. Its function is to capture only version two, given that the second term is zero

if it already has version one. The above equations allow us to write the result

(T4 Jij = 2(TAY i+ Ame, o T2V — (850 +0;9) €arpy Unyas- (8.91)

H1HoO1 02 11 o2 Ho30e2
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These arguments have the consequence that it is also possible to write

[7;?20412]73' = 2(7::?‘/ )1 + Z(TAV )1 + 2<TAV )1 + 2(TAV )1 (892)

Q1 o2 HoQqfby 2 K120 Ho @2ty 1

SV SV SV SV
+4m[5#1a1Tﬂ2;0¢2 + gﬂzalTﬂl;az + 5”10‘2TM2;041 + 8/'1'20‘2T/‘15041]

_(5i72 + 5j,2) [5041M1 U.U2042 + €y UMlOéz + Eaapy UMzoél + Eanpiy UM1061]'

In this way, we can sum the Eqgs. (8.88) and (8.92)) corresponding to the odd and the

even part to obtain the two-point correlator of the stress tensor reads

76 L7V 4T L) (8.93)

H1Ho2C102 _6_4 [ H12Ce12 H12012

Now it is easy to organize all the contractions obtained by sector from this tensor.

8.2.1 Even Part

We must observe from the permutations sum p,; < pu,; that the index p; occupies
the positions in such a way that contraction with ¢*t corresponds to the two types of

momentum relations (in the matrix and derivative index positions). Hence we get

% _ 4% AA _ \% SV
qul [TH1H2011Q2] - qﬂllz;llalNQQZ + qullz,:ﬂalﬂzfm - 28(—)011§042#2 - 4mqa1TH2§a2
T v S
g [T/.Z,ulalag] = 28(‘/—)a1;a2p2 + QQallgug;aQ - 29u2alq BV;az - 4m9u2a1T(—)a2- (8-94)

Summing the permutation a; < as of these contributions symmetrizdﬂ the final expression

in these last indices. The complete result of the vector part of gravitational amplitude is
1% SV SV s s

q:ul [7:1120412] = _4m[QO11T#2;a2 + qa2T‘u2;a1] — 4m[gu2alT(7)a2 + gu2a2T(7)a1] (895)

+4S(V—)(a1;a2)u2 + 2[%16#2?@2 + GosBpugion — Guzoan @ Buias — gm@q”lgy;al].

Notably, the distinction of derivative or matrix indices gets dissolved in the complete
expression. Due to this equation’s symmetries and unique form, we do not show the other
contractions, as they may be extracted simply by substituting the convenient indices.

The compilation of the identities involving the traces is given by

P AA s
gﬂ12 [TLZ,UQOQOQ] = guulz;)jxlﬂgag + g“12%1a1u2a2 = 4mTa1‘;/Oé2 + 28061%042 + 2Ua1a2‘ (896)
Noticing that the trace g“lZT/Z paras 18 €qual. The symmetrization brought about by

Q1 <> (o furnishes the complete result

9#12[’];‘;0[12] = SmT(iY;az) + 4B(a1;az) + 8Ua1a2 (897)
gam[']:“;am] = 8mT5Xm2) + 4B(M1§M2) + 8UM1M27 (898)

where identical arguments implies to the second equation.

'Our definition of symmetrization and unit coeffient: S, ..\ =S, 0o S 000,
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8.2.2 0Odd Part

To discuss the more intricate odd part in combinations seen in equation , we
only need results for the basic permutation of version one. Nonetheless, different from the
even sector, the odd part allows for an extensive set of possibilities whose contractions
with g1, ¢"2, ¢*', and ¢** may be, in principle, all unrelated. However, to our adopted
representatives, only independent contractions with momentum are with ¢#* and ¢*.

To express the first relation, we recall that version one has a U-term when index i,
is in the first position (Z2Y i, but in permutation (Z2Y ), it corresponds to an

M1 O o2 Mooy fhy 2

external contraction that has two forms. Selecting a convenient expression follows

qul [(7::?24/1/1,2042)1 + (ZL?Z:[}HOQ)I] - 4m[€a1VqVTiYa2 - E:;UJQOLIT(‘S;)CYQ:I (8'99)

A v
+2S(—)Oé1;a2u2 — Epyrq B, as
+8a1u2quya2 + gawquuzaz'

Finally, summing with the above equation the permutations in «;, we arrive at

2¢M" [(%?szaz)l + 3-perm] = 8m[5a1,,q”Tlf;a2 + gazvqu;i‘;/al] (8.100)
—8meuy00 T vy + ErpanT( you)
+4S(A;)(041;a2)u2 — 261,04" Blassan)
+2¢" (Sa1,Uvas + €aspyUvar )

+2¢" (501VUM20¢2 + gawUuzm) :
Remaining contributions are easy to be dealt with

g [4m€#1a1TSV — (0i2 +6;2) €arpy Upyas + 3-perm].

Hoj502
When added to the previous equation, it follows one of the important results of this section

T )i = Amleanwd T, + S Tt ] (8.101)

—4m[€u2o¢1T(5;)a2 + 8”2042T(5;)a1]

A v
FASC ) (ar0m)ny — 260200 Blassa)
—(2=0i2—0;2) qy<5u2a1 Uvas + Epyas Uvay)

+ (2 - 5i,2 - 5]’,2) qy(galle,uQag + EagyUyQal)'

The results to ¢"2 come from permuting u, by p,; because, among other things, they hit
the contracted indices that become dummy ones in an equivalent position.

As concerning g™ [’Z;fl‘z “12]1-]- contraction, we exploit the permutation

qal [(TAV )1 + (TAV )1] = ZSé)Ml;MQQQ - €a2VqVBM1;M2'

K101 o202 K102 a1

We are choosing formulas for the external contraction without U-term. The contraction in

the second vertex of version one has an automatically satisfied RAGF using an appropriate
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form of relation with the derivative index is suitable. Adding the permutation in p,, we

have a symmetrization of these indices. The last part of this derivation needs

q”‘l[4msula1TSV — (652 + 952) €arp, Upyas + 3-permy.

az;py

They organize the final expression as

qoa[TA ]Aj - +4m[€M1VqVTSV + €uy0q TO&27M1] (8.102)

pioev121? Q2o
—4m [anlT( s T 8O‘WZT( )m]
+4S(
—(0i2 + 6j2) ¢ [Easp, Uy + Eanpy Unp, |

+ (51'72 + 6j,2> qu [€H2VUN1042 + glllVUﬂzaz]'

—)(ppspe)az 250‘2'/(] B(Hl;#z)

The trace equation has interesting properties compared with momentum contraction:
through analysis of basic permutation, conditioning factors appear in a complementary
set of indexes. First, we have for the trace of the combination

29“12[(TAV )1+ (TAV )1] = 4gH=2 (TAV )1 = —4e,, "Buia,-

11 o2 Ho Q1 by 2 H1O1 o2 a1
Summing up all terms with the exchange of indices a; <+ as with the remaining compon-
ents leaves us with a final expression given by

9T i = 8mI ) —4e

H12012 a1;02

—2(0i2+052) (carUs, + €anUs).

a1 Buiay —4€,, "Buia (8.103)

We utilized the relation —¢, ”Tf}lg =T, (flAQZ So remember, version one is automatically
satisfied. However, U-contribution came from the equation between versions one and two.

Another trace independent is with ¢®'2; the conditioning factors coming from
202 (T onan + Tintapa 1] = 4972 (L0 et (8.104)

My o1 fa 2 M2 flgc My 01 flo 2

_ AS v v
= 16mT, ", —4e, "By, —4e,,U, . (8.105)
Thus, symmetrizing in p; and adding the remaining contributions, we arrive at

« A A v v
g 12 [T ]U = SmT(lLi/JQ) - 45#1 BV?Mz —4e B

H120012 Ko TViH1

—2[2 — (5@2 + 5]'72)](&:“1”(]” + SMQVUV )

(8.106)

The only difference is for the coefficients of violating terms. One immediate consequence
is the existence of operations with the Dirac traces and surface terms where such terms
do not arise. That is thoroughly argued in the next part, where the surface terms in these

expressions are investigated. After that, the Weyl and Einstein anomalies are discussed.
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To illustrate how they look like when everything is put together, see a trace relation

associated do the Weyl anomaly:

(640) g° (T )i = 8mIGY. . +8mI(7 o+ 4B ) — A€, "Buy, — 4, "By,

H12C12 M52 H1 Ha
—2{2 — (51 9 + 6]' 2)](€H1VU:2 -+ 5p2uU:1> + 8UH1#2 (8107)
(64Z) “12[T;ﬁ2a12] g = 8mTi‘1/a2 + SmTi? az) + 48(&1;0@) - 4€a1 VBV;az - 480{2 VBI/;al

-2 (5i,2 + 5j72) (€alyUa2 + €a2yUCl:1> + 8Ua1a2.
And a momentum equation related to the Einstein anomaly:

(642) MI[TG ]j = 4m[€a1uquSV +5a2VqVTSV _qalTSV _qa2TFiVa1]

Hioe121? o502 Ha0r [0
_4m[€M2Q1T(S) + E,U,QOQT( ) + gﬂzoélT( )Ozg —I— g,u2a2T(S;)a1]
A
S (ansanis A4S ansaziy — 2avq Blavias) (8.108)

+2[Qa1Bu2;a2 + qa28#25011 — Guyan ¢ By, — gﬂ2a2qVBV;a1]
- (2 - 61’72 - 53}2) ql/(gﬂzal Ullaz + Epgasn Uval)
+ (2 - 51}2 - 6J}2> qy(galVUuon + gazl’Uﬂqu)'

8.3 Constraints: The Matter of RAGF's Satisfaction

RAGFs for derivative amplitudes as a whole require that {Y,Y,,, Ta,a,} = 0 holds
independently. We already composed them into U,,.,, which arises in the final form
of gravitational amplitude. We will recover their explicit expression by simplifying the
investigation but with some notation to relevant structures. Combinations of surface

terms, which we carefully introduced and managed since the first chapter, are given by

El(ial)lb - [Q(Dgﬁwlﬂz A2“1#2) - g“l.U'QAgP] = aglh#z (8109)
—=(b
‘:'1(11)#2113#4 - 3220#1234 B 8D3N1234 o g(p1u29u3p4)A5p = bg(uluzguqu (8110)
Ezglllz;i - ( 2pa12 2A10¢12> + 29a1azlquad - 2m2 <A2a12 + galgllog) (8111)

The importance of this attitude is two-fold: one, it reduces the size of expressions, and
two, if bilinears are reduced in the integrand, these tensors become convergent surface
terms that identically vanish; see Appendix ([F.1)). Moreover, their integrands are typical

of 4D integrals. On the other hand, all the following analyses do not use such an operation.

Evoking Egs. (7.107)), (7.126]) and (7.127), we have the set

T = 205, +i/n (8.112)
Yo = —3PEE, - Y
Yoses = —15 O = 3e12) ¥ = TP [(Pry = ) S0, + (Pay — ) Z] + 50
s (3P 4 )0, B ) — (P4 B, + L (BP + )30,
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Now, as the variables { P; ¢} or the routings {k1; ko } are linearly independent, only solution

for their vanishing is T = 0, E,(fl)u2 =0, and E,@MMS u, = 0. For quadratic terms, we have

Zquad - (Wp - 2A1a12) + zgalaglquad - 2m2 (AQalz + ga12]10g) = 0.

a1z 2pai2

This happens because if T =0 and T,, =0 = E&‘?y = 0, that substituted in Y, oblige
other terms to vanish. If one takes T,,,, alone, it has crossed terms g,, P that requires
its coeflicient Eg?,, to be zero and the term P’“ZES’I)Q,,12 in the only remnant of arbitrary
P-variable, hence this tensor will have to be zero and subsequently T = 0 as well. In any
case, we have conditions stated. Additionally, the condition T,, = 0 alone would be the
same since for arbitrary P and ¢, both terms, E(aal),, and Y, must vanish.

In the last statement, we have the exception of the places whose violating terms sum
into 2T,, + ¢a, T, that occur exactly for combinations [27’,1:1122;&1 + qa1T51122]. However, if
finite, this combination ought to vanish. Why? Because in 2D for vértices I'; = {vu, v*vu}

the charge conjugation C' matrix implies CT;C~! = —I'T" and for the propagator
CS(K;)C'=(CK,C'+m)/D; = ST (-K;). (8.113)

Expliciting the structure [27), 12, 4 ¢a, T, 2] can be written as

a2k

QT 4 g, T = / oy (K + Ka),, tr[T1S (K1) TaS ()] (8.114)
2

— /%(Kl + Ks),, 1, (8.115)

where integrand "2 s the function without derivative index. It readily obeys

M2 — 1 {[CT,C7Y[CS (K1) CY[CTLCY[CS (Ky) €} (8.116)
= (=1’ tr[S (—K3) T8 (=K Ty)T (8.117)

Under integration, reflecting the integration variable & — —Fk after shifting it by £ —
k + ki + ko, the arguments of t'112 return to their starting configuration. However, the
factor (K4 + K3) picks up a minus sign —(K; + K3), and the derivative vertex behaves like
it had negative parity. These steps are valid as hypotheses; observe that at the beginning
that we mentioned, if finite, we can do the operations listed. Therefore, we would get

2T+ 0 T = (1) [T02,, + T2 (8119)

Hi2;01 Hi2 Hi2;01 Hi2

If shifts can be done, the result must vanish. As the surface terms violate this hypo-
thesis, the non-polynomial sector of the finite part disappears, which depends on external
momentum q = ky — k. The leftover part, in general, is a local polynomial in ¢ and P

momenta and surface terms, with a degree up to power counting of amplitude.
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That fact naturally can be checked in their explicit forms, where no shift of the loop
momentum was performed. For instance, see the combination above between V'V'’s,

2TVV +qa1TVV — DVV +qa1DVV

Hy2501 Hi2 H12;01 Hi2

= 2P Wiy anm + 2P Aopyar) + 205, P Aoy, - (8.120)

That happens to odd amplitudes and also in its two basic modalities. Without derivatives,
the finite functions T 5‘/ = 0 and Tlf‘s = 0 have a vertex that picks a minus sign (V' e
A, respectively). We always expressed one part in the basic permutation the way we did
because the most complex part, finite ones, drops from calculations. For this subset of
amplitudes, the violating terms either are not present, as in

92T, )1+ o (T 1] = T2 (ka) + Ty (Ko (8.121)

H12;01 H12

Alternatively, they are present and appear in the form

g 2T+ 4 T 1 =T, (k1) + T, (ko) +2mT," + (2T, +q,T),  (8.122)

H12;01 Hi12

where 27, +¢,, T = —P”lE,(f;),, happens to vanish either for surface terms corresponding
to RAGF's satisfied or with zero value.
Therefore, back to the analysis, the constraints (Y, Y,,, Ta,0,) = 0, in addition to

satisfying all RAGFs imply in defined values for the tensors (7.107)), (8.109) and (8.110)

T = QAZP +i/m (8.123)
=0, = 205, — 200,05, =0 (8.124)
Eg?zl/:lz = 322pa121/12 - 3g(a1a2gV12)Agp = 0. (8.125)

That choice, in turn, allows us to organize a ladder of restrictions on surface terms:

Dporn = G A, (8.126)

Dgpalyl - ng2gg(allllgl/23):4cga1l/1 (8-127)
1

D3a12V12 - Zg(alggulg)Agp- (8128)

Notice that we adopted an utterly symmetric definition of surface terms. As they are

dimensionless, we got to determine their coefficients. The fourth order will be given by

ZZPQ12V12 = g(alangm)Agp (8129)
ZZPCUZVR = dgy23.g(041042.gl/1291123) = 6dg(a1a291/12) (8130)
1

Z4a12V12V34 = 69(a1a29u129u34)A§p; (8.131)
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As the trace is 2A), = —i/m, see (8.123)), there arise the values to the surface terms.
Only the concepts of the RAGFs and unicity are enough to determine the other values,

Aoy = —% (8.132)

|j?’04121/12 = _% (8133)
1

E4o¢121/121/34 _Eg(a1a29y12gy34). (8134)

However, if the attitude towards the undetermined parts were to preserve translational

invariance in momentum space. The interpretation given to this tensor should be

|1301121/12 = AQIW = Z:4041211121134 = 0?

In this way, we have the complementary consequence in the tensors,

' 1 1
i Yo, === V5 Yo, = —— (Oayar — 3¢019a,) Y- (8.135)

r="
- 2 12

And, about the U-tensor, if the vanishing surface terms, we break integration linearity by

1 .
Ualaz = _§ (%) 0041042- (8136)

In parallel, if RAGFs hold or the odd amplitudes are unique or independent of intermedi-
ary steps of the calculation, e.g., Dirac traces used. Using the results to T in this scenario,
we have U,,q, = 0. To clarify that conditions are exactly equal for the U-factor since the
crossed term g P drops out, it may be possible that other linear combinations of =Z’s could
cancel the RAGF’s violator.

Once more, the explicit expression for U, in terms of (8.109) and (8.110)), is

1 1 v —_ —_ 1 — —qua
Ualaz = _gealaz’r + Eq 2 [2:204121/12 + g(a12:1V1V2)] - §q2:1a10¢2 + 4:3104(21 (8137)
1 v —(b —(a 1 —_ vi— vy
+6P 2 [25g0312u12 + g(am‘:gy)lyz)] - §P2‘:1a1az - Pazp 1*:10411/1 - Pa1P 1\:1042u1-

Expanding in its coefficients and using the arbitrary internal momenta, we get

Unjay = +$ (4b — 5a — 3Y) gayas (K + K3) (8.138)
+é (4b + 4a + 67) gayan (k1 - ko)
+$ (8b — 10a + 3Y) (k1a, k1ay + F2a, k20, )
+$ (4b — 14a — 37) (k1a, K20y + K20, k1ay) = 0. (8.139)

As each row corresponds to linearly independent tensors, the only solution to the system

isa=b="7 = 0. That is the unique solution we have discussed so far.
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To deep down into the reasons, as demonstrated in the Appendix ([F.1)), if one accepts

a natural reduction in the integrand, it leads to, by example,

—(b A
‘:'Etl)[LQ/.LB[L‘I g [SZZPIL:[/"‘Z#S/—L;l - 8|:|3M1“2M3“4 - g(u1u29u3u4) gp] (8-140)
d%k 100 —6k, ... 0 k
2 oy eyt g Be)
m E — —= 5> =0.(8.141
/(27‘(‘)2 {i:l Okt D} Husha s D3 } ( )

Hence, this corresponds to a convergent integral that vanishes. Nevertheless, we estab-
lished this result based on the RAGFs without this manipulation.

It is worthwhile to call attention to that T = i/7m-factor emerged in the description of
the chiral anomaly (from Tfl‘;). It uses methods that allow variable integration shifts,

¢ (TAY ), = —QmTIZV + £,,,¢" Y and ¢"2(T2 Vg = £,,,4"T; (8.142)

5] k2

while the other Ward Identities are fulfilled in and equal to zero.

The combination of the quadratic surface terms Z4%¢ may be organized in the form

—aiaz

—quad _ (WIJ _ 2A1a12) + 2ga1a2]quad — 2m2 <A2a12 + gamflc,g) (8143)

—ajoz 2pai2
&k (4 (k2 — m?) kay, 4k:a12>
= — =0. 8.144
/ (2m)* < D3 D, ( )

We chose the mass parameter such that Dy = k* — m?2. There are three arguments,
reducing bilinear in the integrand of the last line yields an exact cancellation, or in the
massless limit since it is proportional to the mass that goes to zero. Thirdly, some

prescriptions make this term zero in various analytic regularization methods.

8.4 Einstein and Weyl Anomalies

We now turn to anomalies; we must take the massless limit. First, looking into the

results of contractions, for instance, ¢"1-contraction of the vector part (8.95)), axial part

(8.101)), or with the metric or (8.103)). There are terms proportional to the mass:

the two and one-point functions with mass as coefficient go to zero in this limit:

1 _ _
4mT/f1‘§/M2 = 8m” (Ao, + Gy liog) — ;2m20u1u2 [2Z§ Y Z{ 1)] (8.145)
4mT(S;)M2 = 8m2qV (AQVMQ + gl/uzjlog) . (8146)
The last line can also be seen through ¢T))) = T(bl yuy- Thereby limy,2 o 4m7T, oy, =0

and limeHO 4mT(§_)a2

one-point functions and the RAGFs violating factor U,g.

= (. Furthermore, in this way, we have only the vector and axial

For these terms that remain, we consider two scenarios: One that derives from the

preservation of WI for T(L/ﬁv and To’f‘ﬁA, which requires vanishing of surface terms and
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preserves momentum-space translational invariance. The other scenario exploited is when

surface terms are finite and determined by the constraint of RAGFs.

(64i) ¢ [T )i = 4S()

Hi2C¥12

\%4 v
pingaz T A umg)az — 2amwd By, (8.147)
+2[qu, Basiuy + @y Basi, — oo @ Buiy — Gozy @ Busys,|
—(0i2 + 6j2) ¢” [Eazul Uvpy + Eanp, Uvul]
+ (0i2 +052) " [euwUniaz + €, Upgas)
(640) ¢ [T )i = 4SE

pioa1217,

LT ASY S oy, — 260500 Basian) (8.148)
+2[¢os Bugion + dasBugiar = Guzon € Brias = Gupasd” Buian ]
—(2—=10i2 —9,2) " (€101 Uvas + €ppasUvay)
+(2—=0i2—0j2) ¢"(CarvUnyas + €asvUppar )

(a1;02)p

(642) g*2 [T\ olii = By — 4, " Buyw, — 42, "Buy, (8.149)
—2[2 — (5172 + 5j’2)]<8“1VU52 + E/.L2I/U:1) + 8U“1M2
(64i) g"2[T7 )i = 4Blasias) = A€y "Buias — 424, "Buia, (8.150)

—2(di2 +d;52) (anUaVQ + gaszZx/l) + 8Uaya,

8.4.1 Vanishing Surface Terms: Violating RAGF's

In the first scenario investigated, we adopt the interpretation of the surfaces as
Az,w = 0; 301001, = 05 Xdaypripvss = 0.

In the massless limit, dropping out the quadratic structures as they are proportional to
the mass is possible. The condition implies W, = W3 = 0 as well because these tensors are
defined as a linear combination of the previous ones . In tandem, this restriction
sets the result to the sum and differences of one-point functions S(V_ ) = Sé )= B =0.The
present interpretation for surface terms violates RAGFs, the amount which the U-factor
gives shown in the previous section, see . We recover its value

1 1/
Us = =300 = =3 (%) 0. (8.151)

Einstein Anomaly: They could appear in the vector and axial sectors; however, in
the current setting, the vector part vanishes. For this symmetry, we only need to evaluate
the results for one index, namely,

0T o) =4S assany + 2ldon Bugion T G0 Brugiar — Guyen @ Buias = Gugaad” Buson] = 0.

Hi2012
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That is an interesting consequence of this perspective; however, it breaks integration
linearity if even and odd amplitudes should have a uniform mathematical treatment. The

other equations to be discussed get contributions from the axial part and are

(0% 1 1 4

¢ TS anlii = ~ 96 (;) (0i2 +02) €4,00" Oy (8.152)
1 /1 )

g [T22a12]i]~ = —% (%) (2 - 52‘72 - 5j72) Eavq 9#20427 (8153)

where was used the identity €,,,6"0,,0, = €a109"0yas-

It exhibits a richer structure because, for null surface terms, the axial sector reveals
a dependence on the version of trace with the chiral and four Dirac matrices that are
employed. After integration, the identities valid for the integrand are transformed by the
present interpretation in different tensors. It implies that intermediary operations lead
to many possibilities, some of which are present above. The breaking of linearity makes
the versions unequal as the simpler Tlﬁv. The version ij = {11,22} only has anomalies

in one set of indexes, y; or a;. A table of results can clarify these statements:
qal [TMG;20612]11 = 0 qal [TMG120612]22 = _% (%) eﬂquueﬂzoéz

g [Tlﬁzam]ll = _% (%) gaquV9N2a2 q" [Tli20412]22 =0

In the case of ij = {12,21}, the mixed versions of the anomaly appear equally distributed

and are half of the other versions:

qal[Tqua12]12 = _% (%) 8#111(11/9#2042 qall:TlLLGl2a12:|21 - _i (%) gulyqueu2a2
" [TMG120412]12 = _% (%) gaquyeﬂzoﬂ g [TMGmOém]Ql = _% (%) Eaquyeﬂzoéz

The results above are the common finding in the literature. In other words, we have
options for expressing the AV /V A functions in terms of the even V'V /AA amplitudes.
Weyl Anomaly: In the scenario of RAGFs violations, we get

o 1 14 14
T i = —5 [49,““2 — (2= (Bia+ 00 (Ep b, + %Vem)} (8.154)
1 14 14
g#12 [T;f;au]ij = __967T [49041042 — ((51"2 + (53‘72) (&?al,ﬁ% + €a2V9a1>] . (8155)

As the equations are not unique, the odd part of Weyl anomaly is absent in some versions,

o 1 v v
9Ty L = — 157 2hine — (e, + 0] (8.156)
1
G —
g“lz [Tumalz]ll - _Eealaz (8157)
. 1
g 2 [T;ﬁ2a12]22 - _EQ/JLUQ (8158)
1
glhz [TuGlQau]QZ = __[29041042 - (50111/922 + Eagyezlﬂ- (8159)

487
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Note that the above equation expresses the possibility of not having anomalies in one
energy-momentum tensor occurring when that version has an Einstein anomaly. The

mixed versions show the same amount of violation in all contractions

g7 ,?12(112]12 = 9(; [49u1u2 (€l + Eugnt), ] (8.160)
92Ty Ll = 9(15 (400105 — (Eaybl, + asnbl,)] (8.161)
9" (T ol = 9é (400105 — (€arvlis, + anb, )] (8.162)
9T ) = —% [40u1u2_(5u1u9V + e, ] (8.163)

They show Einstein anomalies in all contractions as well.
For the sake of commentary, we rederived the finite part of the U-factor. The finite
part of the basic permutation may be written as
i\ 1 0 0 0 0
v = (;) 3 {20M1a19M2a2 B2 =229 = Q01022 — 2L >]} . (8.164)

The finite part of the U-factor comes from the equation below

Unsiy, = (0" T e — AT (8.165)

Ho;502
21

= 0B 22"+ m*22,7" — 217V} = (/310,10 (8.166)

For the last equation, we have used the reductions above
1

2
m _ _
325" — 22" = 7 - 5 20 = ?pzs -z,

8.4.2 Finite Surface Terms: RAGFs satisfied

Summarizing: In this scenario to be investigated, we adopt the interpretation of sur-
faces as finite and their values determined by RAGFs, —. Thus, all relations
are satisfied, and odd amplitudes become unique and independent of the trace prescrip-
tion. However, now the one-point functions take finite values while U = 0.

The finite violating terms in the momentum contractions: to derive this term in gen-
eral, we remind that ¢*Zy; = S, Where S”,, ., is the difference of combining the
vectorial one-point functions defined in . In the massless limit, the explicit contri-

bution of the surface term can be arranged as
S ypea = TP2q" Wibeavrg (8.167)
—2P" ¢ (PsWsediy + PaWsperr, + PeWabdvi,) — @ P> Wicdy,,
+2P" [= (P - @) Wapear, + @ (Palacry + Pelaay, )]
+¢"* [ P*Wapea, + 2 (PyPoLogy, + PoPalocy, + PePylAagy,,)]
+2(P - q) (PyAsea + Pelopa + Palose) + qpP? Aoy

1 vig U v v
+§q 12(] 3W4bch123 — g 12W3cd1/12 - q2q 1W3bcdu1 + qu2A20d‘
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Here we are using Latin letters in order to make index replacement operational. The

combination of surface terms defined in (3.9)), (3.16) and assuming the values
1 11 1 3 1

——— < 9(ab9cdGv12); Wac:___ac; Wa:Aa:__a'
47T69(b9d912) 3abed 9(abTcd) 2ab 2ab Yab

Wacu =
dabedui 41 2 4

And for the basic permutation as well, it is reasonable to get

. 1 1 1
-1 (471—} Z‘b/c‘g = _gg(abgcd)P2 + §gabgcdp2 + gp(apbgcd) - Pchgab (8168)
8 , 11 3 )
+§g<abgcd)q ~ g UalsGed) + 39ab4c9d — 5 Jabgeaq + 29cdqaq-

where the symmetrization of the notation follows (the same for q,gs9c4)),
P(angcd) - Pangcd + Papcgbd + Pangbc + Pchgad + Pdegac + PcPdgab- (8169)

Now, we admit a covariant parameterization of the ambiguous momentum concerning

the external one. As an example, we have
P, = (ki + F2u) = Xqu- (8.170)

Therefore one of the terms in the RAGF's can be expressed as

SV — LX_Z 0 )+
(—)bsed = (471') 9 %( ed T qcqd

6 (4m)

)
mqlﬁcd (8171)

(=2 [qaObe + qcOva + @0ea) — TqGe44)

inside the full contractions we get symmetrizations S(‘Z;c) 4
The factor that appears in the trace relations, defined (8.11)), is developed in the form

Boja, = QT(‘J/F)al;OQ + QazT(‘_/s_)al (8.172)
= 4(Ataras + Jaraslquaa) + 200" A2ayr, (8.173)
+P"2Wse anirs — P?Doaray — 2P (Pa, Noayy, + PayAoay,)
0" Warams — C 20105 — 26" (Gor Doager + Gaz Doaiw, ) -

In the symmetric limit (massless limit) and using the parametrization (8.170]), we have

— i (47) Blayian) = =X’ (aras — GasGon) = (Baras + 3¢arda,) (8.174)
2
. o X —3
—1(47) ¢*' Boyiay, = %Qo@q?- (8.175)
Axial combinations Sﬁbc = —£,"Syye » symmetrizing these terms as in the final result
A X
S(—)(a;b)c = _78111/ [2qy6‘bc - qC(gZ + QbQqu] (8176)

1 v v v v
+65au[_5QC6b + 4Qb€c - 2(] ch + SQbQCq ]
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Einstein Anomaly: The total contribution for the odd sector where we can isolate

- A
one term that corresponds to the version 7, 112,

iﬁa v v v v v v
@[T 0] = — o A8 Oauspy + (6X° = 10) (0" sy = G0, — sy, + 0200”1} (8177)

therefore the choice x? = 5/3 can recover that value. Despite that, there is a choice of
routings that can reproduce the values for a specific version when surface terms are made

null; the even part does not show such a possibility, as can be seen in

i
T ..) = 6—7T{(fi><2 —10)Gay oz Gy + 2(dor Oanpy + G0ty = 2000100 — 2001 Gary,) }-
(8.178)

This presents us with two features: it is impossible to use any choice of routings to
eliminate the anomaly, and the choice that makes the axial part with a standard value
implies in the equation above,
i
g [%‘;au} = S_W(Qaﬁazug + Qazeawg - 2qu29a1a2 - 2Qa1ch2qu2)' (8.179)
Summing the Eqs. (8.177) and (8.179)), the gravitational amplitude independent of the

Dirac trace becomes

1 1
G v
qN1Tu1M2a1az = —%50411/(] 9a2u2 + 1991 (qmeaQuQ + qa29alu2 — 2q#29a1a2 — 2qalqa2q#2)
(3x* = 5) V
* 384w {QqalquqMQ * Car (q‘@e’ja? + qa?e”l‘z B QVGOQNQ - QaQqMQQV>}'

The vector part is irremovable through choices that are intrinsic elements of Feynman’s
diagrammatic computation of this correlator.

Weyl Anomaly: The odd part of this symmetry violation arises from tensor By,

9#12 [7:1?2a12] = _4501]_ VBV§0¢2 - 48042 VBV§a1 (8']‘80)
g2 [T ) = —de, “Boy, — 42, "By, (8.181)

Simple manipulation of indices yields the expressions

9“12[771120412] = (X2 - 1) 7" (EarvGas + Eanvlar) » (8.182)

i
T
and analogously for the other trace. The odd part of the Weyl anomaly can be removed,
but this does not happen to the even part. If the parameter y is chosen to make the
Einstein anomaly with the standard form, we obtain an equivalent result as

A 21 i

gﬂm[’];uam] = —3—7Tq”(€a1yqa2 + 5azqu¢1> - 31

Since that constraint is given by x* = 5/3.

(3%% = 5)¢" (Carvas + Eanvloy ).  (8.183)

Through the same line of reasoning, we obtain the even part

1 1
9“12 [IZ—/:L‘;20£12] = 46(041;012) = _%XQ (9a1a2 - qazqm) - % (‘90t10t2 + 3qa2qa1) ) (8184)
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similar to the other set of indices. However, now the constraint which reproduced the
standard result to the odd part furnishes a different expression to the Weyl anomaly of

the even part, namely,

44

3 (6x° = 10) (Barar — Garlor) - (8.185)
m

)
gu12 [7;1‘1/2&12] = (29041&2 + Qaquq) - _7r

Therefore, the total routing-dependent trace anomaly is given by

1, 1
g2 [Tlizam] = _%q (5a1VQa2 + 5azuqa1> - E (2‘9&1042 + Qazqoq) (8-186)
1

T 109 <3X2 - 5) [qy (5a1VQa2 + €a2VqCY1) + (0041042 - qoézqal)] :

In this context, where the integration linearity is maintained, and intermediary opera-
tions on the Dirac traces have no effect, we have the finiteness of the relevant surface terms
as the constraint. However, this also implies violations of the energy-momentum tensor
symmetries and the break of translational invariance (in momentum space, at least). To
keep Ward identities, which crucially depend on translational invariance, the attitude
often adopted is, by some regularization, to remove the surface terms. The algebraic con-
sequence is to spoil the RAGFs to odd-tensor amplitudes, deduced without making any
shifts whose unique hypothesis is the linearity of integration. Equivalently, the uniqueness
of these amplitudes is lost as they come from the Feynman rules, thus opening the room
for multiple expressions that violate the symmetries under study anyway. Only a subset

of these possibilities is visualized in the literature.



Chapter 9

Final Remarks and Perspectives

We performed a detailed probe of a significant number of pseudo-tensor diagrams that
correspond to anomalous amplitudes in two and four dimensions, following a strategy
to cope with the divergences introduced in the thesis of O.A. Battistel. We apply this
procedure to the bubbles (the gravitational case is discussed in the sequel) and triangles
with power counting logarithmic and linear, respectively. The finite ones get integrated
after splitting off and organizing the divergent parts without further action. In this point,
the scalar objects Il(f; ) exactly cancel, letting the final result as a sum of finite tensors and
surface terms, Afﬂ; uy,- Lhis recipe relies on the principle of the linearity of integration.

The role of that aspect emerges in the odd amplitudes in even dimensions; see the
e-print ([40]). Contracting with the external momenta follows RAGF's that, after in-
tegration, incorporate the linearity of integration. For the relevant two and three-point
functions in the respective dimensions, we wrote the equations (because they are not

automatically valid) representing that property as

NzT(QD)FlF? _ T(2 ) + e M VQ(_zpt)’ 'L., a = {]_’ 2} ,Z' % a

D
T Ly I IC IS
oI A e, e b={1,2,3) i #a<b (91)

Di L piyns i(

where the vertices I'; € (V; A) = (fy#; 7.7,) and the notation T((2)D)A, 7’1.((4_1;)‘4‘/ means the

actual differences that appear in ( and (6.47H6.49)). The explicit surface terms read

T<2D>A (ki) = 2euakiAS" 9.2)
TUPAY (k. k) = 2iuma0 (b — ki) (ks + k)T AS®. (9.3)

1%

Let us start with four dimensions and then back to two. There, if the three equations
for the RAGFs (9.1)) hold at the same time and the vanishing of TuﬁD 4 functions, or their
difference, were posable, then that would allow the vector and partial axial symmetry to
hold simultaneously. That signifies we can make shifts and thus have momentum-space
translational invariance since the only hypothesis necessary to prove T,S,,)AV = T,Eﬁ)AV =
0 is this symmetry. However, such structures depend on the unphysical and arbitrary sum

of routings and are proportional to surface terms that can violate translational symmetry.
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If we were only searching to cancel that terms, it would be seen that choosing routings is
not possible since we should have P3; = Py = Py, = 0 — ¢; = 0. A partial solution is to
make the surface term zero, then recover that symmetry.

Nevertheless, low-energy theorems demonstrated in Section showed that a tensor
with the characteristics of AV'V, for example, a function of the external momenta related
to PVV tensor, must satisfy, in this case, pgiTlﬁ;‘/b =0 # —2mT}, ;/V|0. That is im-
possible since the finite PV'V does not behave like that. In general, we demonstrated
that assuming the most general tensor (when written in terms of the physical momenta),

without resorting to a specific symmetry, we got to have

qfiT(4D)F123 — €uabl/12q12/1q§2v; — (Vl + V5 — V3)|0 = 0. (9.4)

H123

On the other hand, computing the three-point form factors {2; from the amplitudes PVV,
PAA, and for amplitudes AV S and ASV with three different masses, we find

Q1 (0) + 22 (0) — Q3 (0) = 1/ (27)*. (9.5)

Thus, if the linearity of integration and translational symmetry were simultaneously valid,
we should have V; = ;. Therefore, the two last and independent equations above would
be in contradiction. We can say that the low-energy behavior of finite functions precludes
these two properties from living together. Writing V; = Q; 4+ A;, we have a constraint over
the anomalies A; by finite functions, stating that once two of them are fixed, the third
is unambiguously determined. At this point, we have that integration linearity can not
hold for any value of the surface term, in particular, not for the vanishing one.

All the tensors we investigated show independent combinations of routings, surface
terms, and the e-tensor. We took these elements as hypotheses and general as allowed,
not writing the internal through external momenta since the former can also be non-
covariant. Thus, by knowing the RHS of the relations, we lay down: it is impossible
without additional conditions to satisfy all the RAGF. In other words, they are not valid
for any value of the surface term, see Section . The satisfaction of all the RAGFs
makes the low-energy limit above the value and the reason why the surface term can
not vanish; see the derivation of the equation in , as integration linearity requires

2iA5) =1/ (21)° = Q1 (0) + Q2 (0) — 23 (0) . (9.6)

For this reason, we demonstrated that translational symmetry and linearity of integration
are incompatible properties for these perturbative amplitudes. Furthermore, the same
derivations clarify the nomenclature and choice of the versions; they are the expressions
that automatically satisfy as many RAGFs as possible.

Returning to two dimensions: In this scenario, the 2pt functions do not show linearly
divergent integrals that are the assumed source of the symmetry violations. However,

they show power-counting zero and tensor integrals with intrinsic surface terms, though
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the coefficients are the physical momenta. In reality, in context with the one-point axial
amplitudes T;‘ (ki), we have linear power counting integrals, and their shift invariance
takes place in the discussion when establishing WIs. The constraints on the differences
T (“i = —€u aT(‘i)a = 2e,0 (kY — KY) Ag,)a are formally necessary for the WIs for even and
odd amplitudes (VV-AA and AV-V A), but we cannot choose the arbitrary momenta as
k1 = ko = 0 since this implies the physical one is ¢ = 0 = ky — k1, we must have Agjy =0.
Nonetheless, this is a premature conclusion once we know that we must have both RAGF's
and vanishing of surface terms. The non-concomitant presence of these properties is due to
the kinematical implications below that we also showed without resorting to a particular
symmetry, and for two masses,

TP = ¢, q"Vi — (Vi + V)], = 0. (9.7)

The kinematical theorem is incompatible with the low-energy limit of finite functions
QPY(0) + Q7 (0) = —i/7. (9.8)

Hence, the V; and V5 functions are inevitably of the form V; = Q,+A;, with A;+.As = i/7.
Moreover, considering the surface terms for the expression to the general tensor, an
analogous condition is derived through the constraint of algebraic property encoded by

the RAGFs, viz.,
20D = —i /7 = QFV (0) + Q45 (0). (9.9)

This constraint also makes the amplitudes unique concerning the Dirac traces used. To
four dimensions, this turns the amplitudes quantities subject to routing choices. In con-
trast, to two dimensions, satisfying RAGFs leads to Dirac-trace independent expressions
that only depend on the physical momentum.

The feature of Dirac traces appearing in all the treated amplitudes and the analogous
ones for 2n dimensions arises for the trace of 2n + 2 Dirac matrices and an odd number of
the chiral matrices. An assortment of expressions is available when one writes the tensor
representing that trace, differing by the number of monomials and their signs, plus what
subset of its Lorentz indexes appear. Those expressions are equivalent under the condition
that surface terms have a value corresponding to the low-energy limit of finite-functions
combination in 4D or in 2D.

Adopting the zero value follows a set of expressions to each amplitude that may keep at
most two RAGF's in 4D or one in 2D. These expressions can be obtained either applying
the definition of ~,, in some position along the trace or using the identity below in the

adjacent position of matrix v, ,

Z'n—i—l

(%)rvwmzagjm%mwMWW% (9.10)

(2D) v, = —€uny”t and  (4D) 1,7, = EpnasY /6. (9.11)
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Thus, the tensors calculated for the amplitudes will correspond to the versions defined
as the main ingredients of the investigation. They violate the RAGF for the vertex
corresponding to 7, , and the WI gets violated in the same vertex. Two aspects must
be noticed: (i) To have all the indices present, or to use the definition of the chiral
matrix, is not exceptional since identities (above ones) yield fewer terms and deliver the
same integrated expressions. (ii) The specialty of these identities is that they furnish the
maximum number of RAGF automatically satisfied; hence the last RAGF can not be met
because we would be violating a low-energy implication in 4D and in 2D.

To sum up, adopting null surface terms makes the amplitudes depend on the traces
used. The Schouten identity inside the integral that connects the integrands ceases to
make it in the final integrated results. Ultimately, this breaks the linearity of integration
and violates the RAGFs. Different formulae for the traces do not deliver identical tensors.
The main elements involved in the versions were that they correspond to the same integ-
rand; for instance, in 2D (tl’fl‘g)l = (tﬁl‘;)g. However, after being integrated separately, we
find their subtraction as

(TCDAVY, —(TEPIAVY, — 22, (2ALF +i/x). (9.12)

Hi2 H12

Following the same argument, we build up the combination

1
(DAY = 02D = D), 019

with 1 + r9 # 0 and otherwise arbitrary numbers; thus, after integration and adoption
of Aéi)l, = 0 we may write any other expression, in particular, the version (7, AE?QD )Av)g
discussed in Chapter @ which is the linear combination above with r{ = r, = 1. In
that chapter, it was used one of the identities satisfied by the antisymmetric products of

Dirac matrices, viz., 7,7 = —&u,u,- In general, not only 2D, all expressions obtainable

o]
utilizing those identities are a linear combination of the basic versions. Once more because
they satisfy the most RAGF's as possible. With this algorithm in mind, we can build, if
desired, the content one needs, by example,
1
(TAAA){l,Ll} — —[(TAAA)l + (TAAA)2 + (TAAA)3] (914)

H123 3 H123 Hi23 H123

has one-third of the anomaly in (T,.V"),, for each vertex.

About uniqueness, some definition is necessary. A criterion that makes the amp-
litudes unique in a universal sense is impossible since they are divergent quantities. After
renormalization, they become dependent on an arbitrary mass scale. We employed the
definition: One expression coming from the Feynman rules is unique if, for all intrinsic
arbitrariness in intermediary algebraic manipulations, as Dirac traces and arbitrary rout-
ings, the final result is the same. This concept definition is well defined in the odd and

non-derivative amplitudes studied in 2D because we got an expression depending on the
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external momentum and independent from Dirac traces. To the amplitudes investigated
in 4D, the 'unique’ answer is a function of the routings taken as independent variables.
Meaning one does not have a unique amplitude of the external momenta.

As for rules, it makes the surface terms zero as done in even amplitudes and by an
intelligent choice of Dirac trace to obtain the symmetry content. Notwithstanding, if
RAGFs are respected, turning amplitudes unique functions of their routings, this enables
one to recover the symmetry content by choice of the remaining ambiguities for the mo-
menta labels k;, except 2D; this can be done in all even dimensions to the tensors like
TS < nf2).

Gravitation: The situation changes drastically when the power counting is higher
than linear. For quadratic divergent gravitational amplitude, by preserving the RAGFs,
we have the finiteness of the relevant surface terms as the constraint; see and
. Thus, it follows a unique form independent of manipulations in the Dirac algebra
but ambiguous in what refers to the routing of the diagram. The results, in this scenario,

for the Weyl anomaly is

L, 1 1
Wa1a2 = g”mTuGlrom = —%q (Ealuq(xg + EOQ,,qoél) — EealaQ — queqa](g'lg))
B 1927 (3X2 N 5) [q” (gall’QO‘Q + 80<2an1) + (0a1a2 - QaQQCu)] .

Furthermore, for the Einstein anomaly, we have the expression above

1 4
gﬂ2a1a2 L= qﬂlTﬁ'u,QalaQ - _96_7T€Oéll/q 9042/,1,2 + (9-16)
1
+ 1927T (qal 90¢2M2 + QOQHOQMQ - 2qu200410¢2 - 2(]041 qazqu)
(3X2 B 5) v
+—{QQO¢1Qa2qu2 + 5@41 (queuag + C]ozgeuu2 - ql/eaQ[,LQ - QQQQMQQV)}'

384

The first terms of each expression correspond to the ones in Bertlmann and Kohlprath
[61,162]. The result shows that apart from the question of the origin of the additional terms
as trivial anomalies and which actions generate them. They are the product of preserving
algebraic operations determined without resorting to a specific evaluation of divergent
integrals, even though the representation of surface terms appears in this fashion.
Distinctly from the chiral anomalies, and in a certain sense similar to the vacuum
polarization tensor of 4D quantum electrodynamics, the symmetry content (or violation
thereof) can not be recovered by choice of the arbitrary internal momenta ky + ks = xq,
at least for the even part (we restrict ourselves to covariant choices). The odd part allows

this for the parameter x? = 5/3, namely

_ 1
967

1 v
gu2a12|X2:5/3 = _M[Zgawq e,ugaz - q(a10a2)ﬂg + 2qM20a12 + 2%@%42)]- (9'18)

Wa12 |X2:5/3 [qy <€a1l/qw2 + gazll‘]m) + 490&12 + 2q0¢12)] (917)
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There is no choice of xy which eliminates the vector part of the Einstein anomaly for finite
surface terms, nor the vector part of the Weyl one. The only possibility to eliminate the
even part of Einstein’s anomaly is to spoil the linearity of integration and turn off the
surface terms. This attitude brings a complex set of possibilities in the axial sector to be
discussed in the sequel. The axial part of the Weyl anomaly can be eliminated by adopting
x? = 1. However, we did not explore the aspect, which is interesting since adding the
Bardeen-Zumino polynomial in the stress tensor to change the consistent anomaly in the
covariant one, the odd part disappears; see the book of Bertlmann [I1], pg. 541 or the
paper cited previously.

Turning to the scenario where surface terms vanish and thus freeing the even part of
the Einstein anomaly, the odd part, constituted of multiple terms, allows the exploration
of the traces in each component. It is a choice available once the algebraic properties
of the amplitudes are broken. In this thesis, we restricted to simplifications where the
expressions to each of the four permutations (y; <> p5)«> (1 <> a3) in the expansion that

follows have the same version for each term.

TAV =TV +2q,, T2 4200, T+ Gy, T2 (9.19)

M0 o2 [GYCaRTI5 Yo%) Hq Q1502 M1 Q15 o Bpoa”
We allowed other trace choices only for the partner 74, uniformly in its terms. We do

not impose a priori symmetries in the indices, exploiting just the freedom of the versions.

TG — TG
oy o1 2 Qa2 g ”

making the selections stated, we arrive at a phenomenon already observed in the chiral

Those symmetries are preserved once the RAGFs are so, e.g., In

counterparts: the anomalies can migrate from contraction to contraction. The compact

formula for the Einstein anomalies becomes

1 ,,
g,ujllﬁzar = _% (52',2 + (5]',2) €ulz/q 9M2ar (920)
1 V
gﬂialaz = _96_7T (2 - 51'72 - 5j,2) Eavq Hozgur- (921)

They come from the contraction with ¢®¥%2 and ¢*1#*2, being that upper-indices in £%

assumes 1 or 2 values. The Weyl ones are

%] 1 1 v

Witw, = _247T9M1H2 - 9_67r(2 — 032 — 0;,2)0" (€ vy + €pgry, ) (9.22)
ij 1 1 v

Wozjlozg = _247T9a1a2 - 96 (51',2 + 5]’,2) q (5a1VQa2 + 50121/(]041)- (9'23)

Notice that when the Einstein anomaly (odd part) drops out in one group of indices,
the Weyl anomaly does so in the complementary set, occurring when ¢ = j. In the
combinations ij = 12 or ¢j = 21, none are zero and equal to half of the results for the
non-vanishing parts of ij = 11 or 75 = 22. The mixed versions have coefficients equal to
the ones in Bertlmann [61], which is one particular result of our analysis.

Ultimately, the expression above admits independent choices for each term. As
a consequence, the factor T, Y,, T,, (7.10747.126}|7.127) do not combine into the U,,-

factor, and the other projector aside 6, (Wua = ¢uqa) Would arise with a proliferation of
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coefficients. This scenario is allowed for once the surface terms are interpreted as quant-
ities that vanish. This element leads to expressions that exhibit Lorentz anomaly. We
deviated from this anomaly once the same version was used when summing the basic per-
mutations. Another interesting point is to study a low-energy theorem in the gravitational
setting, as done for the chiral anomalies. Research along these lines is underway.

As a final comment, the possibility of final and compact expressions that preserve all
the features of the computation is mainly due to the use of a definition of the surface
terms of rank four [s,,0,, and six X4,,ap01, Which are explicitly total symmetric in the
Lorentz indices. In addition, their compilation into terms that may break the algebraic
RAGFs, the objects {Y,Y,,Y,,}. In particular, we call attention to the scalar one,
T = 2A5, + i/m, which in the last instance, determines the satisfaction or not of all
RAGFs for the energy-momentum two-point function. It is precisely the same one that
appears in the 2D chiral anomaly. The extension of these protocols to four dimensions
facilitates the investigations underway associated with trace anomalies closely related to
the recent publications in Bonora [20] and [77]. The RAGFs will become exceedingly

complicated; as an example, we have

AVV AVV
2p31TM123 o T p31TM123

= —2m[TTV, (1,2)+TTV (2,3)]

H31 M2 Hi2M3
+ile, V2031, Tonyr, (2,3)] = ile,, V2 pa1, T, (1,2)]
+2(T;Y, (1,2) =TV, (2,3)]

_p31[gH1H2TIﬁZS (2 3) + gﬂlﬂsTlﬁ‘/j (17 2)]

Hpsin Ty (1,2) + pai, T (1,2) = pay, Ty (2,3) + par, Ty (2,3))],

where even arises a pseudo-tensor vertex T’ = Y. Vw)- Nonetheless, by the systematization

)
developed in this thesis such task becomes feasible as well.
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Dirac Matrices and Traces

Lets us introduce the Clifford algebra representation in terms of matrices {7 up Y uz} =
29,,,1, the dimension of irreducible representations are dim () = 2142 x 2[%/2] and the

basic traces are
tr(v#) = 0 (A.1)
tr {’ya,'yﬁ} = 2¢astr (Lanyon). (A.2)
For the two dimensional representation, we have:
Yo = 02371 = 101,73 = 03 (A.3)
Yo = 0137 = 02,73 = —03.

For even dimensions, d = 2n, there is a matrix given by

n—1
Yo =" Y71 Yo = ﬁgulmumﬁmmyz" (A4)
that obeys {7*, vu} = 0, with 912...4-1 = —1. For four matrices, we have the trace
tr (7#177H4) = tr (Lonyan) (gH1F2ghsta — giaks ghaks 4 ghaka ghakis) (A.5)
the general formula is
n
tr (’yul,..u%) = Z (=1)’ Gy, b1 (7#1-"}"'#%) . (A.6)
=2

The first non-zero trace with the chiral matrix in any even dimension is given by

tr (7*7u17u2 T ,yﬂzn) = znin_l (_1)n 6#124..11271’ (A7)

for d = 2n to the string of 2n + 2 gamma matrices plus 7, using its definition follows the

formula
2n+1 2n+2
_ n-3n—1§ E : J+k+1
tr(7*7a1a2~~a2n+1a2n+2) - 2 ? (_]‘) gaka]‘5a1~~-dk~~~dj-~~(2n+2)’ (A'8)
k=1 j=k+1

where we have used the abbreviation 7, 4,45, 14202 = Hfb;f 7Ya,- The Latin index ought

to be substituted to whatever configuration of Lorentz indices is scrutinized.
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A.1 Traces of a String of Six Gamma and the Chiral
Matrix

One uses the following identities to insert the Levi-Civita tensor in traces with the
chiral matrix

Z'n71+r(r+1)

[Vrg1-van]
fy T n ,

VaTVng) = gy Z )1 bty

where the notation v, .., ; indicates antisymmetrized products of gammas and the in-
vestigated dimension is 2n = 4. This appendix uses this resource to achieve different trace
expressions and explore their relations.

Trace using the definition v, = ic,,,,,.,,7"72"*"* /4! - The three leading positions
to substitute the definition are around vertices I'y, I's, and I's. Even if that brings six
options, the same integrated expressions arise regardless of replacing at the left or right.

Thus, we cast the possibilities in the sequence

ty = tr( ) = qgra2as ity (

|
7*7”1V1M2V2M3l/3 7041&20430447;1,1V1M2V2u31/3)/4'

T Gpv1 Epgvapgvs = GuypaCrivapsvs T JuivaCvipaugvs = GuypsCripgvavs T Juyvs€uvippvops
t vy Evapgrs — JvavaCipangvs T JuipsEpypavavs — Guivs€uipavapg + JuovaCiyvipgrs

“GuousEpyvivavs T Juovs€uyvivaps T Guaps€uyvipgrs — GravsEuyvipgus + Jpavs€pyvipgras

ta = tr( ) = ety (

|
’YlﬁlVl 7*7“21/2;1,3113 7#11/1 7(11042(130447”21/2;1,3113)/4'

F 901 €pgrapgrs T Gy poCravapgvs = GuywaCpsvapgrs T JuypsEvipsvavs — JuyvsEuipsvapg
_gV1M2€H1V2U3V3 + gV1V2€M1#2M3V3 B gV1#3€M1M2V2V3 + gV1V3€H1N2V2#3 + g#2V2€N1V1M3V3

_gﬂ2#3€N1V1V2V3 + g#2V38H1V1V2M3 + g’/2ﬂ3€#11’1#2’/3 - gV2V3€H1V1#2#3 + g#3V38H1V1M2V2’

ts = tr( ) = ety (

!
7;1,1111;1,21/27*7;1,31/3 7#1V1u2V27a1a2a3a4’yu31/3)/4'

+9M1V1€#2V2N3V3 - g#1M2€V1V2N3V3 + gM1V2€N2V2#3V3 + g#lﬂ3€V1N2V2V3 o g#1V3€V1#2V2M3
+gV1M2€#1V2N3V3 - gV1V28#1H2M3V3 - gV1H38#1#2V2V3 + ngV3€#1N2V2H3 + gH2V2€/rL1V1M3V3

+gﬂ2#3€H1V1V2V3 - g#2V3€H1V1V2lL3 - gV2H3€H1V1#2V3 + gV2V3€H1Vl#2/—L3 + g#3”3€H1V1H2V27

where we omit the global factor 4i. Since each expression contains fifteen monomials fea-
turing all index configurations, different signs are the unique distinguishing factor among
them. That is also the reason why references often name them symmetric or democratic
[28, 73, [50].

These (main) versions play fundamental roles in this investigation as they are enough
to obtain any other result. If we use any other identity constructed with the equations
involving the antisymmetric products the trace expressions relate directly to them or their
combinations t;; = (¢; +t;) /2 only using sums and no other operation. Consequently, any

expression attributed to the investigated triangles is a linear combination of those detailed
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in the main body of this work. All of them produce the mentioned relations, so we cast

some at the end of this appendix.

tie = —Yuv1Cuppgravs = JugraCuypgrivs T JupvaCpypgviva

T ropsCpypavivs T GusvaCugparvive T GuapsCpivivevs T JravaCugpopzrs

t13 = _g#3V3€#1M2V1V2 - g#1V16N2#3V2V3 + gM1V28H2N3V1V3

_gV1M26M1M3V2V3 - gM2V2€M1M3V1V3 - gM1M2€H3V1V2V3 - gV1V26M1M2M3V3’

ltog = T Gugva€uypugvivs — Gugvi Epgpsrovs + Gu1vs€popsvive

T 9vipsCupavavs T Gusvs€ugpavive T GupgCugvivavs T Guivs€pugpapsvas

Trace using 7,7, = —i€aywsY V23 /3! - After using this identity for the chiral

matrix and the first gamma, we write this trace through ten monomials.

Ui (a) =tr (7*7abcdef) - _iga rRVsty (7V1V2V37bcd€f) /6

m (Cl) =  Gvc€adef — Gbd€acef + Gbe€acdf — YbfEacde + Ged€abef
—YGce€abdf + GefEabde + Gde€abef + JefEabed — GdfEabce

Trace using 7,V = —i€abvi,V""?/2! - This case requires expressing the ordinary

product in terms of the antisymmetrized one. We find seven monomials after taking the

traces. )
Y Vab = _iigabV1V27V1V1 + Gab7«
M2 (ab) =tr (V*Vabcdef) =  Yab€ecdef + Ged€abef — Yce€abdf + Jef€abde

+gde<€abcf — Gdf€abce + JefEabed
Trace using 7,7V, = €abery” - Following a similar procedure we find six monomials.
ViVabe = €abery” + Vu (GocVa = GacTs + Jabe)

UE! (abc) =1tr (V*Vabcdef) = Gab€cdef — YacCbdef + GvcEadef + Gde€abef — YdfEabee + GefEabed

Trace using 7,7|4cq) = 1€abea - This case also generates seven monomials.
YiVabed = €abedl + GabVsV(ea) = YacVV[bd) T JadV+V[be]

+90Ys NV ad) — a7V Vac) T GedViViab) + (9abGed — GacGbd + Gadee) Vs

M4 (ade) =tr (,y*’)/abcdef) =  Gab€ecdef — YacCbdef + JadE€bcef + Gbc€adef
—Gbd€acef + Ged€abef + GefEabed
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Interconnection among formulas: When computing the difference between two
integrated versions of the same amplitude, we acknowledge two situations. First, it cancels

out identically as their integrands are precisely equal, for example:

[t12 — s (lel)] =0, [t23 — Ty (N3V3N1V1>] =0.

Second, it vanishes in the integration because the explicit computation corresponds to

finite null integrals embodied into the t(~*) tensor (6.14)) and the ASS amplitude (6.22).
Some examples are:

KlVQl§3 —+)v ASS ASS
[tl G (Ml)} Do - 8N2M3V1V2t§i1 e — gﬂ1ﬂ3tu2 + gulugtug )
[t + ( )} Ki/21§3 _ t(_+)V12 + t(—+)V12 o tASS —I— tASS
2 Dixs Fhatavivatin Sppgrivaly, Juapsly, Jurpstuy >
K158 e oy s os
s + 14 (1t Dis _6“2“3”1”2t/31+) v 5M1u2V1V2t;(L Py Guomsbuy  — Gpipalyy -
[t —_ ( ) Ki/21§3 _ tASS+ t(_+)1,12+ tASS
12 — N3 (HaV140)] Diys paps by, Epygriaty, TR
[t —_ ( ) Ki/21§3 _ tASS o t(_+)V12 + tASS
23 — T3 (UaV2 3 } Dio3 - Iz o Euiaria ts Gpuops e
[t31 — n3 ( ) Kpe _ 4ASS _ fHs R
31 — N3 (H3Vapy)] Diys Gy y Epgyriaty, g bin,

We showed the forms that identically correspond here, not that all differences are finite

and vanishing. For example, the form obtained from ¢;5 is not identical without conditions

to any ;.
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Feynman Integrals

B.1 Feynman’s parametrization

Any integral that is explicitly evaluated in this work is well defined. To operate, we
combine the denominators that appear using Feynman parametrization. The functions
that occur after they have been split through the formula (3.4) share the form

1

—— B.1
DYD;..D, (B-1)

They can be combined as

1 1 l1—-z1—...—Tp—1 (1 — = :EN)N_I
DYD,..D, o Jo [0, (D; — Dy) i + Dy"

where (N), is the Pochhammer symbol (N), =T (N +n)/I'(N). It is a direct task by

induction to show that

n

> (D;—Dy) i+ Dy = /\2+Z (2k - ki + k2) xz—i—z z; (B.3)

: = <k+2kx> Q ({Kki,mi}; \?),

where we define the () polynomial
Q ({ki,m2};2?) Zk%l 1— ;) —QZk k) a:xj—i—z 2 — A2 (B.4)
7>t

After integrating into the momentum £, we have a function of () whose integral over
adequate parameter delivers the integrals used in work. As of the finite functions, they

appear as

1 1 l1-z1—...—zp_2 1
=I'(n / dx / dx,,— —. B.5
Dan ( ) 0 ! 0 ! [Z?:_ll (D'L - Dl) T; + Dl} ( )
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An example to illustrate this is the finite integral
d?k 1
I, = — B.6
’ / (27)? D12 (B:6)
the explicit D; are
Dy = (k+4k)*—m? (B.7)
Dy = (k4 ky)® —m2 (B.8)

thus we identify

(D —Dy)x+ Dy = kK> +2k-[(ka — k1) x + ki) + (k3 — ki) o + kS + (m] —
= [k+ (ke —k)o+k]>+ (b — k1)’ 2 (1 —2) + (m} -

and with ¢ = ky — k; the Q polynomial
Q=q¢’z(1—2)+ (m] —m3)z—mj.
When integrating the translation in the k variable
k—k—[(ks— k1) x + kq]

allows us to write the integral as

! d%k 1
2= /0 dz/ @) (2 + Q)

ms) o (Bl
ms) @ (Buif)

(B.11)

(B.12)

(B.13)

The next step is integration in the momentum, where the next section derives the necessary

formulae.

B.2 The Jy, Integral

For non-negative power counting integrals, we must split them using the identity

(3.4). Let us illustrate the type of operations needed to integrate such integrals using as

an example the fundamental tensor integral with arbitrary masses in two dimensions

TR _ /ﬂK{lKij
2 (2m)* D1
Its integrand is decomposed in the form
K{K{ K{KY B K{'KyAy, KIKYA,

Dy, D3 D3 D, DyDyy

Then, the following integrals are required to perform

T _ / A2k KI'KY / ¢k [(KIKy K{KyA, K{K{A
2 D? D2D, Dy Dy

(2m)* Dio (2m)*

_ /ﬂ%_pl‘”_pw'
(27T)2 D?\ b a

(B.14)

(B.15)

} (B.16)

(B.17)



B.2 The J;.) Integral 138

The final answer will be expressed as functional in Q = ¢z (1 — z) + (m? — m3)x — m3.

To start with, we combine the denominators with Feynman parametrization for F*”

K{KYA 1
b et it R / dxl/ . (B.18)
DAD12 DQ—D/\)ZL‘l—I—(Dl D/\){L‘Q—I—D)\]

Integrating into the loop momentum and making the shift & — &k — (kozy + k122), we

reach to

2k KI'KVA ! 1= 2k [KTEKY A (ke
F’“j - / d k2 ! 17 - 2/ dwl/ dx2/ d kg [ e : 1]k (k231+k1 2)7 (Blg)
(27)" DiDr2 0 0 (2m) (k* + Q)

where the () polynomial is given by

Q (kg, kl,l'l, .Z'Q) = k%flﬁ'l (1 — fIZ’l) + k%flﬁg (1 — 332) -2 (kg . kl) T1T2 (BQO)
+ ()\2 —m3) zy + (>\2 —m3) xp — 22,

The integration limits satisfies

Q(r1,1—25) = ¢z (1—21)+ (mf—m3)z —m] (B.21)
Q(21,0) = kjzi (1—a1)+ (N —mj)z — N (B.22)
Recovering definition of A; = 2k - k; + k2 + A\* — m2. After shifting, it assumes the
form
(A1) (hyry ki) = (2K - 1) + 8_@ (B.23)
LT 0xy

This feature will always happen to some A;, which means one factor becomes a sum of a
bilinear and a derivative about the last integration parameter. The next stage is to make
partial integrations until all derivatives are consumed.

For the vector K that we used as reference (although any other could be chosen) in

definitions of the integral, under shifting, it turns into (/)

(k2z1+k122)
Moreover, in order to simplify and organize, we define
L = (kgfﬂl + kll'g — lﬁ) <B24)
L (iCl, 1— SC1> = (kg — /{1) 1 = qr (B25)
L (I‘l, O) = LO = (k’QQEl - ]{71) (B26)

Gathering all the elements, we are left with this expression to integrate

e [an [ [ e 22) BT

At this point, we use the results that are elaborated in the sequel, namely

ekl i1
/ e’ (2 +Q)7°  4m2qQ? (B.28)
/d?k; kY i1, 1

(

27‘(’)2 (kZ I Q)g = EEQMV@, <B29)

= k—(kigl’l + ]fll’g —

/{31).
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odd integrals drop from the expression, and we get

1 Q1 Q 1
Fr = d d (kY LY + ki L* gt 'rr——.
‘ / "””1/ 5”2{ R G 3 g a@@?]
(B.30)
Integrating by parts, we find a total derivative
Q 1
g1 — LML — B.31
F¥ = / dxl/ da:2 [ 08 —3 0 (B.31)
that gives us
i (! 1 Q (z1,1 — x1) x?
Fv = dzy | zg" log —"——* — "¢ —— B.32
a 47T T [29 0og _)\2 qq Q({E171—$1):| ( 3 )
Q ('Ilv 0) 1 :|
—— [ d m] — Ly Lg————
/ " { o TG ,0)
recalling that
Q(z1,1—29) = ¢z (1—z1)+ (mf—mj)z —m} (B.33)
Q(21,0) = kjzi(1—a1)+ (N —mj)z — N (B.34)

The other integral is easily expressed in the form

i ! 1 1 ,.10Q 1 0Q
FY = — 1-— — (K5 Ly L) — 4+ —g" —=— + LHL——| . (B.
b i/, doy (1 — 1) [ (k5 Lo + ks 0)Q+29 00, + Ly OQQ(?xl] (B.35)
Here the argument of polynomial is @ (z1,0). Thus, partial integration follows
i ! 1 Q(r,0)  LHLy i kYEY
F"=— [ da; |z¢g™1 - 00 B.36
b 47r/0 o [29 BT\ Q(xl,O)} T () (B-36)

again taking into account that L (x1,0) = Lo = (kozy — k1).
Finally, summing both contributions F/* and F}", plus a external-momentum inde-

pendent finite piece

(B.37)

/ d*k k'K, 0 RURY
(2m)? D3 4w (=)\%)’
follows the complete integration of finite parts. The organization of tensor integral for

general masses give us the result

1 .
— gz ¢ qrqr S| (B.38)

- 1
B = I8+ 00 (00)] + 3

Any other integral in this thesis can be obtained with the computational elements illus-
trated here.
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B.3 Integration in the loop momentum

After Feynman parametrization, all integrals assume the form of the rational functions

Ak (1, Ky s Ko -..)
/ G (R+QF (8.39)

To solve the integral, we start with the form

d"k 1 d"k 1
O = e i B e LD

where 2o > n and M? = ¢®> — Q. The auxiliary variable ¢ helps to develop the tensor

integrals. The integration measure d"k = d" 'kdky,. The square the momentum loop

k? = k2 — k% and k? = 3" k2. The integral (B.40) only

e = [ g = [ [ o] @

f ko) = [kg—(m—z'sf]* , (B.42)

1
f (ko) ~ T2 8 ks — oo. (B.43)
0

The poles and prescription coming from Feynman propagators
ki = VK2+ M2 —ic (B.44)
ki = —Vk2+ M2 +ic. (B.45)

To compute the integral, we extend the integration for kg € C and consider the
following contour C' = C; 4+ Cy + C3 + Cy in the figure below Then take the integral over

Im(ko)

Re(ko)

C

Figure B.1: Contour of integration

that contour

FC(kQ,MQ):/dkof (ko) = (/C /C /C /C) dko f (ko) = (B.46)
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since there are no poles inside the closed path of integration. We write the integral as Fix =
Fy+ Fy+ F3+ Fy; the semi-circle contributions vanish in the limit limg_, (Fe, + Fe,) = 0.

The reminder contribution gives the desired relation

lim Fcl = — ]%EI;O F02 - / dk‘of (k’g) = —/ dk’of (ko) . (B47)

R—o0 +ioo

Changing the integration variable in the last integral over the imaginary axis by ad-

opting ko = ik{, we may write

dn—lk 00 1 dn_lk 0o ;
@) / (2m)"! /oo " 12— A)° / (2n) ! /oo =12 = M)
(B.48)

and effectively we have an euclidean signature (k2 := k@2 + 31—, k?) to perform the
integral
d"k’ 1
1 =17 (—1)" . B.4
Q@) =i (1" [ s (B.49)

Now we introduce spherical coordinates to these variables and split the radius and solid

angle integrations

I1(Q,n)= %/5 dQ/OOO drr"‘lm. (B.50)

The solid angle furnish

1 2
— dQ= —— B.51
(2m)" /sn—1 (47)"* T (2) (B.51)
and simple manipulations bring the form
2 (—1)° 1 o (n—2)/2 —a
I(Q,n)= (T (2) 2T /0 d (r?) (r?) (r*+1)°. (B.52)
2

Another variables change 72 = (1 — ) /y — d (7"?) = —dy1/y?, the Beta function is
1
B (Oz — 27 E) — / dyy(oc—n/Q)—l (1 N y)n/271 .
22) 7,
We have

7:(_1)06 /1 — — n/2—1
I1(Q,n) = dyy @271 (1 — B.53

i(=1)" T (a—3)

= @) M (B39
thus, from M? = ¢® — Q follows
(-1)* T(a—=n
rQum -t Ilazs) (B.55)

(4m)"? T (@) (¢ — Q) "*
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Now taking derivatives concerning the variable q on both sides and shifting the para-

meters @« — « — 1 in the form

' I'a—n/2
1(Qn) = — 5 (a=n/ )7 =, (B.56)
(—4m)"* T () (Q — )
the explicit derivative is
oI i 2¢,, I (a —n/2+1) d"k 20k,
- 2 Tl—n/2 n ) (B.57)
dg' (—4m)"*T () (@ — ¢?)* "™ (2m)" (k% — 2k - ¢ + Q)

follows the relation

d*k ]{7#1 B i T (Oz B n/2)
/ 2m)" (k2 =2k -q+ Q)" (—dr)"? G (@) (Q -2 (B.58)

Recursively

d"k  k, k 7 1 N'ao—n/2-1

/ _ 2.“«2 H1 — = v _gu12 ( a/n/21) ) (B59)
@m)" (2 + Q)" (—4m)"227"2 T(a) Q

From the formulae presented, it is possible to obtain a general result, adopting n = 2w,

which reads

d2wk k# ce kﬂ .
e =0 B.60
/ 2> (B2 +Q) (B.60)
d2wk k#l'”kﬂzz v 1 F(a—w—l)
pum — DY B' 1
/ (27T)2w (k2 4 Q)a (47T)w 91 Gy o g1 1,1091) T (—Oé) Qafwfl ( 6 )
It is interesting to note that these results imply in the properties:
d*k
/ (27r)2wf () ku =0 (B.62)
dek g d2wk
—k kl, k2 = ﬂ/ kZ k2 B.63
/ (2m)* " /() 2w | (2m)* f(F) (B.63)
d*k (e + G + Gusva) [ A2k
o Kapf (K?) = el T onevh L Ipbva / Kf (k). (B.64
/ (27r)2w H Bf ( ) 4 (w + 1) (27T)2w f ( ) ( )



Appendix C

The One point Integrals in Two
Dimensions

After performing the Dirac traces present in the definitions we established for the per-
turbative amplitudes in and , their integrals naturally decompose in Feynman
integrals that we define in the equations and . The calculations follow the
[Reg method by applying the separation identity on the divergent integrals. The
finite part is integrated and projected in definitions and . The residual di-
vergent part is projected onto divergent objects of the set, expressed in (3.5) and their
relations in the session .

We start with integrals that have only one propagator. These have only divergent
structures. The finite parts after separating the labels, cancel out when they are integ-
rated.

Integral J; : by power-counting this integral has a superficial degree of divergence is

logarithmic

Ji (ki) = g (C.1)

From the next integral, it is necessary to specify the k; and ks labels of the integral.

Integral J;, : superficial degree of divergence is linear

2‘71#1 (kl) = - (P - q)I/1 AZulyl (02)
2j1#1 (k2) = - (P + Q)Vl A2,u11/1 <C3)

Integral J;, , : superficial degree of divergence is quadratic

1

(A1M12 + g#mlquad) - g (P - (])2 A2u12 (04)

]. 1 14
g (P - q) ' |:(P - q) ’ W3#12V12 —2 (P o q)(ﬂl A2“2)V1

= 1
J1M12 (kl) = 5
_l’_
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_ 1 1
‘]1#12 <k2) = 5 (Alﬂm + g#quuad) - g (P + q)2 A2#12 (05)
1 121 12
5 (P40 |(P+0)"* Wasprs = 2(P+ ), Doy

Integral Jy, ,, : superficial degree of divergence is cubic and are the integrals with

the highest power-counting

1 1
Jl#l% <k1) - _Z Z (P - q)(#l A1M23) (CG)

1 v v v
_4_8 (P - q) ' (P - Q) : (P - Q) : W4u1231/123

1
16

1
16
1

_g (P - Q)Vl (P - Q)(ul (P - q>M2 A2u3)1/1

(P - q)yl W2,LL1231/1 +

(P — q)V1 (P — q)yz (P — q)(m W3M23)V12

(P - q)2 (P + p)l’l W3M123V1 - (P B q)(ul A2H23)]

1 3 1
J1#123 (kQ) = _Z_l (P + Q> ' W2#123V1 + 4_1 (P + Q)(,ul A1M23) (C7)

1 v v 1%
_E (P + q) ' (P + q) : (P + q) : W4H123V123

]‘ Vi 129
t1g P+ 0" (P+0)” (P +a), W

1 14
0 (P40 [(P+0)" Wapr = (P +0)g, By

1 "
g P+ (P+a), (P+a), Bayugus-

For instance, we calculated the J;**? (k;). The complete expression:

) = [ oo (©3)
+ / (;1:;2 (ki KM + k2 kM) Dii
d?k 1
TR / (2m)2 D;’
Using the expansions for two first integral above, we have
{ku;juz} N _ k“ll) ]iuz B ?kull);;;m 4 41452-1,12%1?1{& (C.9)

EkHa kM kv
= 2k, — C.10
|: DZ :| even ' Di ( )
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So the expanded integral is given by

d2k JH foba FH foba FeH b2 |1 ov2
Ji2 (k) = / ( — k? —|—4kil,1k;i,,2—> C.11
1 ( ) (271')2 D/\ 1 D?\ D:};\ ( )
d?k kt2 Kt
—2k;, ki K
1/(%)?(@ pr D§>
%k 1
LR / L
(2m)? Di

Identifying the divergent objects in Section (3.1))

_ H1HoV1V2 viv
= W} + g

/ A2k ka2
(

or)’> D3}
Wéﬁ#z'/ll@ — Dglu2yly2+%g(#lulA52W)
d2k 2kHike2
A
d2k DfeHik2
/ @2r)? Dy AP+ g Lpaa.

Substituting in (C.11)), we can see the scalars I),, cancel and remains the final expression

1 1 1282
5 (AT + g Towa] + S ki, W5 (C.12)

v v 1
Ry AR Rk, AR — CRIAR,

J{h#z (kz) —

The expression above can be written as (C.4]) and replacing the routing k; by 2k; =
(P—gq)or2ky=(P+q).



Appendix D
Function Z]i_l) (q2, m%, m%)

As we saw throughout the text, it is sometimes interesting to consider explicit forms
of these functions due to their importance in discussing some important aspects of amp-
litudes. So we consider the following function

- 1 Lk
27 (A, m2,m?) = dz————,
k ( ! 2) 0 Q(qzvm%am%)
where Q = ¢*2 (1 — 2) + (m? — m32) z — m? is the polynomial form of denominator. Since
all the functions Z ,i_l) can be put in terms of the functions Zé_l), we will consider in this

appendix the calculation explicitly only of the function, defined by

1
_ 1
Zé ) (qz,mf,mg) :/ Q (D.1)
0

One way to integrate is to write the polynomial present in the denominator through

its roots. We do

Q=—¢ 2 L 2 _ 2 m_% 2 _ D.2
¢ |z f@+% %V+f ¢ (z=a)(z=h). (D.2)

Where the roots of the polynomial are o and 3 given by

(¢ +m? — m3) + /(¢ +m? — m3)* — dm3g?

2
q2+m%—m§—\/(q2+m%—m%> — 4mi¢?

5 = T , (D.4)

where o and [ satisfy the following relations:

2 2 2
a+p = U M;é m). =" (D.5)
V(@ +m3 - m3)? — 4mig?

q2

a—fF = (D.6)

Rewriting Eq. (D.1) as
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A= g (a) (5 ) = pass () G)]

(D.9)
From that, we can write the explicit form for the function Zéfl),
2
2D _ 1 " (m2 +m3 —q¢*) + \/(q2 +m? —m2)” — 4m2q?
y =
Vi@ +m3—md) —amig | (md+m3 = q2) — \/ (¢ + m3 —m3)” — dmig?
(D.10)
In the kinematical limit, where ¢?> < 1, we have the result
2 _ 2 2 _ 2
20 = ot [ (D.11)
(m{ —m3) (m{ —m3) — (m{ —m3)



Appendix E

Subamplitudes

We cast vector subamplitudes in this appendix. They are ordered following the amp-
litudes that originate them (AVV, VAV, VV A, and AAA) and then grouped according
to the version. That emphasizes patterns attributed to each version and additional terms
depending on the squared mass.

First version:

V1 v v v 1
(") = [-Ky'Sa + Ky S13 — Ky S1a Dims (E.1)
v 1
(tASP) = [—Kylszs + K3* (513 + 2m2) — K3* (512 + QmZ)} Do (E.2)
(tA75)" = [KY' (Sas +2m?) — K3 (Siz + 2m?) + K3 Sio] Dl (E.3)
123
” 1
(tVSS) ! = [K;jl (523 —|— 2m2) — K;lslg —|— K3V1 (Slg + szﬂ D123 (E4)
(TVPEYy = 2[PRRALL, + (051 — 53) iog) — 4 (P21 - p32) J3" (E.5)
+2 [(p51p5, — Poip5y)Js + Pt s (pa1) — PhsJo (p32)]
(TAP)" = 2 [P AL, + (051 — 153) Tog] — 4 (P21 - paz) T3 (E.6)
+2 [(pgipgl - pgipgl - 4m2p§§) J3 + pii o (pa1) — ps3 o (psz)]
— (T7%)" = 2 [PRAL, + (051 — 155) Tog] — 4 (P2 - ps2) 5 (E.7)
+2 [(Pip3 — Poip3s + 4AmPpsl) Js + Pt o (pa1) — s o (pso)]
—(TV9)™ = 2 [PALL, + (pht — phi) iog] — 4 (pa1 - ps2 + 4m®) J3* (E.8)

+2 [(psip3 — phipay — AmPpit) Js + phiJa (pa1) — phado (ps2)]
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Second version:

— [K1”1323 + K3* (513 + 2m2) — K3* (512 + 2m2)]

D123
1
= [—KIVlSzg — Knglg + Ké’lsm] D
123
1
= — [K{' (Sa3 4 2m?) + K§'S13 — K5* (S12 + 2m?) | 5
123
1
= [KY' (Sa3 4 2m®) + K3 (S13 + 2m?) — K§'S15)
D123

= 2[PRALL + (pss + P51) Dog| + 4 (P32 - p31) J5*

(E.9)
(E.10)
(E.11)

(E.12)

(E.13)

+2 [(phips — phipyy + 4m’pis) J3 + pisJa (ps2) + pht T2 (ps1)]

= 2 |:P2Vle§;2 + (pgé +p§i) Ilog} +4 (p32 'p31) ng
+2 [(pgipgl - p?V,iP%) J3 + pszJa (ps2) + P5iJ2 (P31)]
= 2[PpAL, + (P + P51 Tog) + 4 (ps2 - pan) T3

+2 [(P51p3, — psipsy + 4mPpst) Js + pisJa (ps2) + phiJz (psa

= 2[P2AL + (ps3 + 151) Log) +4 (ps2 - ps1 — 4m?) J3?

+2 [(p5ip3, — paipsy — 4mPpht) Js + P Ja (ps2) + phi Tz (ps

Third version:

1
= [KY' (So3 4 2m?) — K5 (S13 + 2m?) — K5 Sy
D3

1
— [—Kfl (523 + 2m2) + K3 S13 + K3* (5’12 + 2m2)] 5

123

1
= — [—Ki’1823 + K2”1513 + Ké/lSlQ]
D3

= [—Kflsm + K3* (S13 + 2m2) + K3! (512 + 2m2)}
123

2 [P§/22A§11/2 — (P51 + pii) ]log] + 4 (p21 - p31) J5°

+2 [(psip3; + Poipsy — 4m’pst) Js — phiJa (p21) — Pt J2 (ps1)]
2 [P AL, — (05} + P51) Dog| + 4 (Pa1 - pa1) J5*

+2 [(P5ip5: + Poipay — 4mPpst) Js — poiJa (p21) — Pt T2 (pa)]
2 [Pz A, — (01 + p31) iog] + 4 (021 - pan) 3

+2 [ (hip3, + P5ipay) Js — phiJa (Do) — P53 To ()]

2 [P AL, — (051 + P51) Tog] +4 (po1 - psr — 4m?) J§

(E.14)
(E.15)

)]
(E.16)

)]

(E.17)
(E.18)
(E.19)

(E.20)

(E.21)
(E.22)
(E.23)

(E.24)

+2 [(phips, + poips — 4m® (P + p51)) Js — Pt Ja (par) — phiJa (pa1)]



Appendix F

Surface Terms

The surface terms used in this work appear in a totally symmetrical way in the indices,
for the first time treated from the point of view of the IReg strategy. The meaning of the

notation used is
g(#1zg#34) = gM12gM34 + gu139u24 + gM14gM23‘ (Fl)

For instance, in the case of permutations involving six indices as the product of the metrics

by the logarithmically divergent object A, we have forty-five terms given by,

9(p12Insa

= Do, 9z Inse) T D2ptigIuizaIs) D20y sY1ns Grisg) T D21 Irang Inise) T D2pts6 91125 Ipas)
D25, 9114 9156) T D211 913 I11s6) T D2uns Got15 Ihae) T D2 I11sIpuas)
A%, 9112 91156) + P2pigs Jo11o Iptae) T D2pge Y11, Gpuas)
A%, 9 (112 9156) + D2p1s69(115Ip1ss)
SACYN T R (F.2)

This can be written succinctly as

5
g(M12g#34A2M56) - Z A2i1i29(i3i4gi5i6) with i, # i, (F3)

12>11=1
where 4,, denotes y; . For the box terms we may also write

5
g(M1M2D3M3456) - Z g#¢1#i2D3#i3#i4ﬂi5Hi6' (F4)

i9>11=1

F.1 Uniqueness Factor: Combination of the violating
terms

As we saw, surface terms violate several symmetry relations. However, if the relations

are satisfied, relations between surface terms emerge for their traces and the finite part.
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Through the strategy , we saw that all the divergent objects were organized into

standardized objects as to their tensor degree and power counting. We have

E’l(/agz:, - [2|:|§p1/23 2A2V23 - gV23Aﬁ27p} (F5)
E(()f)1)21123 = [324;70(121/23 8|:|30¢12V23 - gOC12V23A§p:| (F'G)
Eg‘fig - [WQpalocz 2A10412 + 290412Iquad - 2m2 (A20112 + ga12110g)] : (F7)

In this way, this organization allows us to write the U-factor as

1
Ualag = —§9a1a2 (2Agp + Z/?T) 9 (SPVZPW, + ql/23)

1 —a
18 (3PV2PV3 + qu23) g(a1a2:y2y3)
1 2 v
_§(P +q) =12 PIP(

The uniqueness factor that arises in the basic permutations

—aiagvas

—quad
o 1) + 4=

Ua2V1 == (4TV1012 + 2qV1T042 + 2qa2TlI1 + QaQQV1T) ) (F'g)

its explicit expression reads

1 .
Unswr = =300z (245, +i/) (F.10)

1 va DU va
+§ (3P *P” + q 3) [3E4pula21123 8D3V10421/23 - 9V1a21/23A§p}

1 v v v
+1_8 (3P 2P 3 + q 23) |:g (a1a2 <2D§py23) 2A2V23) - gugg)Agp>]

5 (PP ) [2 (s = Do) = 910

—Po, P [2(05,,,, — Do) — GuinnA5,]

—P,, P" [2 (05,000, — D2agvs) — JasnaA5,]

+4 [WQWWQ 2010100 + 290100 Lquad — 2m® (Agyyap + gulagllog)] .

In the massless limit and independent of unique or vanishing surface terms

1 1 1
Ua2V1 - _50111042 <2Agp + ;) — __9y1a2T (F.ll)

1 1
Uala2 _ __eal(DLQT + = (3Pu12 +qV12) =(b) Pl/lp( —=(a) (F.12)

3 9 —a10ov19 [e%) al)ul

1 v v —(a 1 —qua
18 (SP 12 4 g 12)g(a1a2:§V)12) _ 2 (P2 +q ) &1)2 4=4 d

where the definitions

—qua 1
:glzd - Dgpalg + 590112Afp + A1C¥12 + 29a1a2[quad - 2m2 (A2a12 + gaullog) (F13)

Bk [gank® 2k, ,
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d?k 2k,
/ (27’(’)2 D§2 = A20412 + ga12]10g (F15)
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Where the quadratic form can be made null as
d?k k
gavad — [ 4 (k? —m?) — 4D, =2 = 0. F.19
mt = [ G B ) —an] (P19

F.2 Bilinears reductions and the accessible values to
the uniqueness factor

Observing the expressions

d2k 8k2k, Vs k2 + 6k,
=0 = 2/ ~ H b _ a1 23] (F.20)
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If it is linear and bilinears are reduced, follow the solid resu

A2k [4k 1 2k 0 k
=@ — 4m? B G| = —4 2/ ) F.21
Va3 m /(2%)2 { Di Gvas D/z\} m (271')2 Okvs Di ( )

The last passage involves defining a surface term that appears in 4D. Here it is finite and

indisputably zero.

As the higher rank term, they appear in the violations of RAGFs and unicity of odd

amplitudes
E/(Lb1)234 - [3EZPM1234 o 8D3N1234 - g#1234A§p] ’ (F'22)
we will have for the first term
3¢gM2%, — / d*k 144k2k#3456 . 8 [10kﬂ3456 + k29(#34kusﬁ)] ’ (F.23)
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using the formula g*12g, k = 10k, + kzg(uMl{:M%) and the definitions
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it is obtained the result
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Reducing bilinears by adding and subtracting the mass makes obtaining the identity
k2 m?2
We reach at
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Mass terms do not vanish identically; what remains are precisely convergent surface terms
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these terms own integrands that are typical of four dimensions. Integrating in 2D they

are precisely zero
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thereby
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if the total derivative character of the expression is desired, we can also write in the form
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Quadratic term in the Uniqueness factor: We assume bilinear reduction this

term cancels identically independent from the definition of the quadratic scalar

- &k (168%k,, 16k 1
= (2@2{ D Dy {1 mD_J} (F:34)

in other words U4 = 0.
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