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RESUMO

Nesta tese, calculamos as respostas eletromagnéticas de gases
relativisticos de elétrons e de bdésons e mostramos que a
permissividade elétrica e permeabilidade magnética desses
meios podem assumir valores simultaneamente negativos den-
tro de uma regido de frequéncia limitada pelas frequéncias
das oscilacoes coletivas de plasmon. A partir da lei de Snell,
mostramos que, quando ambos € e y sdo negativos, os gases
tém indice de refracdo n = —1. Esse comportamento ocorre em
sistemas relativisticos, presentes em varios exemplos na fisica,
como em estrelas compactas de néutrons. Para o gas de b6-
sons carregados, obtivemos estruturas tipo rofons, similares as
que sao observadas em um superfluido, na relacao de dispersao
do gés. Essa excitagdo de rotons surge apenas na fase conden-
sada, desaparecendo para temperaturas acima da temperatura
critica de transicdao do condensado de Bose - Einstein. Também
obtivemos corre¢oes a pressao, temperatura critica e densidade
de carga do condensado, causadas pela interacdo corrente-
corrente induzida por flutuagdes quanticas eletromagnéticas
tratadas via eletrodindmica quantica escalar.

Palavras chave: Gds de eletrons relativistico; gas de bésons rel-

ativistico; indice de refracao negativo; eletrodinamica quantica



ABSTRACT

In this thesis, we calculated the electromagnetic responses of
relativistic gases of electrons and bosons, and showed that the
electric permittivities and magnetic permeabilities can be si-
multaneously negative in a certain frequency region limited
by the frequencies of collective oscillations of plasmon modes.
From Snell’s law, we showed that when both € and p are neg-
ative, the gases have index of refraction n = —1. This behavior
will occur in relativistic systems, present in several examples in
Physics, as in compact neutron stars. In addition, we obtained
roton structures, similar to those in superfluid systems, in the
dispersion relation of the charged relativistic Bose gas, which
disappear above the critical temperature of Bose-Einstein con-
densation. We also obtained corrections for the pressure, criti-
cal temperature, and condensed charged density caused by the
current-current interaction induced by electromagnetic quan-
tum fluctuations treated via Scalar Quantum Electrodynamics.

Keywords: Relativististic electron gas; relativistic Bose gas;

negative index of refraction; Quantum Electrodynamics
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Chapter 1

Introduction

1.1 The concept of metamaterial and historical remarks

The challenge of manipulating electromagnetic fields inside matter has led, over the
years, to the pursuit and development of novel materials. A not-so distant example is that
of photonic crystals, which consist of a periodic dieletric arrangement artificially manufac-
tured to create a band structure that allows the propagation of electromagnetic waves in a
specific frequency range [1]. Another example of customized internal structures of materials

to obtain a specific electromagnetic response is given by the so-called metamaterials' .

The first mention of "metamaterial" appeared in the literature in the year 2000 [2],
when it was demonstrated that a periodic array of conducting elements behaves as an ef-
fective medium for an electromagnetic wave whenever the wavelength is much longer than
the lattice spacing. The propagating wave sees the periodic array as a continuum where the

electromagnetic responses can be expressed in terms of effective parameters.

Such periodic arrays are made up of geometric arrangements of nanostructures called
Split-Ring Resonators (SRR) [3, 4, 5], whose effective electric permittivity €qs(w) and mag-
netic permeability pefr(w) may assume values not observed in ordinary materials. A defi-
nition of metamaterial may be quite defying because of the wide range of applications in-

volved. Originally, the concept applied to media with simultaneously negative permittivity

The prefix meta (ueta from Greek) means beyond
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and permeability. Nowadays, however, it denotes artificially structured composite materials
engineered to have desired responses to wave propagation. Indeed, besides electromagnetic
metamaterials, there exist, for instance, acoustic ones, where sound (rather than electromag-

netic) propagation is of interest [6].

Historically, the concept of electromagnetic metamaterial goes back to the work of
Viktor Veselago [7], who described the electrodynamics of a hypothetical material with si-
multaneously negative values of electric permittivity ¢ and magnetic permeability p. The
electric permittivity and magnetic permeability are essential parameters in the description
of a medium’s response to electric and magnetic fields. Also known as constitutive parame-

ters, they are related to the absorption and dispersion of light in materials.

The first consequence for a material with those characteristics is that, when we look
at Maxwell’s equations for a plane monochromatic wave, in which all quantities are propor-
tional to e!¢Z-©0 then

kxE = H,

SHES
-

xH = ——¢E, (1.1)

Fani
SHES

ife < 0and u < 0 simultaneously, the vectors E, Hand k form aleft-handed triplet. Amedium
with such a behavior is also called as left-handed material (LHM). Therefore, in those media
energy flow and wave fronts travel in opposite directions, i.e, the Poynting vector S & E x H
and the wave vector k are antiparallel, as depicted in Fig. (1.1), and the phase velocity of light

is also opposite to the energy flow.

F 3 F 3
E E
S
> :k S >
k
H H

Figure 1.1: Right-handed orientation and left-handed orientation of the field vectors.

New phenomena arise in a left-handed material: as Veselago pointed out, since the
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index of refraction may be taken as n = ¢\/e,/f1, in a LHM one obtains a negative value (n <
0). Thanks to this, when light rays refract into a LHM, the refracted angle is reversed (0, —
—0,), which allows for the development of super-lenses that go beyond the diffraction limit
[8, 9]. Other reversals in fundamental phenomena also take place, such as backward wave

propagation, inverse Cherenkov radiation, and inverse Doppler effect [10].

Regarding the two effective parameters, € and p, most materials found in nature have
positive values of the electric permittivity and magnetic permeability, that is, € > 0 and u >
0. Negative permittivity (¢ < 0) can be found in a dispersive medium, where the electric
permittivity €(w) depends on the frequency of radiation, such as a homogeneous isotropic
electric plasma. At low frequencies, the permittivity may be approximated by e(w) = 1 —
(w%/ w?) [11], where w%, = e2N/m is the plasmon frequency. When w < wj, the permittivity

€(w) is clearly negative, indicating that the direction of the electric field induced in matter is

opposite to the direction of the external electric field.

On the other hand, modulating the permeability u(w) presents a challenge, since at
optical frequencies, due to molecular currents, the magnetic permeability tends to the value
in free space p =1 [12]. However, an environment such as a magnetic plasma could have a
dispersive magnetic response p(w). The combination of the forbidden and allowed values of

€ and p may be summarized in an electromagnetic parametric space (Fig.1.2).

\ L E
<0, >0 AVAVAVE o I I
Electrical plasma e>0, u>0 =
Evanescent decaying waves| Ordinary optical materials

Many metals (UV - Optical) | pi-ht handed " .
Thin wire structures (GHz) g anded propagating wave:

»> £

AVAVAVEva ud AR
- i Magnetic plasma ?
<0, u<0 Structured materials

Negative refractive ir!dex Evanescent decaying waves
Left-handed propagating waves Some natural magnetic

Artificial metamaterials materials (up to GHz)

Figure 1.2: Parametric space for € and y, extracted from reference [15].

No one has ever found a material in nature exhibiting simultaneously negative values
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of € and u. Consequently, this restriction imposes a limitation on the propagation of light in
matter. Also, it was believed that the refractive index could not take negative values (n < 0).
Nevertheless, there seems to be no physical reason why materials with negative refractive

index could not exist in nature.

In fact, the discussion began with Sir Arthur Schuster and Sir Horace Lamb, in 1904
[13]: because the dielectric function is dispersive, they believed that the signs of the group
velocity and energy-flow could be anti-parallel whenever the frequency of the EM wave was
close to the absorption resonance frequency. Similar conclusions were drawn by Mandel-
stham in 1945 [14], who presented an example of negative group velocity in spatially periodic
media. That is a direct consequence of the signs of the electric permittivity and magnetic

permeability.

It is not immediately obvious that simultaneously € < 0 and p < 0 imply a negative
index of refraction n < 0. The appropriate choice of sign of 7 is a consequence of the reversal
of the wave vector in a LHM. Considering an isotropic medium, the index of refraction may
be obtained from Snell’s law: the wave vector k in a LHM is opposite to the propagation of
the wave; then, the continuity of the electromagnetic fields at the interface of two media,
one with n; =1 (RHM) and incidence angle 8;, and the other a LHM with index of refraction

n and transmission angle 8., imply [16]
sinfy = nsin0O,. (1.2)
With n <0, sinf, < 0, and the transmitted rays make a negative angle with respect to the

normal to the interface (fig.1.3).

One may derive the same conclusion about the sign of n by noting that ¢, p and n are

complex numbers, which may be written as

n=/lellulez @9, (1.3)

If one imposes that the imaginary part of n should be positive (energy loss), this implies that
the phase is limited to 0 < %(9 +¢) < m. If the real parts of € and p are both negative, (cosf <0

and cos¢ < 0), we must have, 5 < %(9 +¢) < m, i.e., a negative real part of the refractive index
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Rays Wavevectors
(direction of energy flow)

Figure 1.3: Rays and wave vectors when an incident radiation from vacuum passes through a LHM with

refractive index n < 0. The direction of the wave vector is opposite to the direction of energy flow. Figure
extracted from reference [16].

ng =Reln] = \/Iellulcos%(9+¢)<0. (1.4)

Therefore, demanding that n has a positive imaginary part leads to the conclusion that if €

and p have negative real parts, the real part of » must be also be negative.

1.2 A natural candidate for a system with left-handed
behavior

Despite the fact that artificial metamaterials are a physical reality today, the existence
of natural metamaterials remains a mystery. The question of the existence of natural meta-
materials was recently treated by de Carvalho [17], who obtained simultaneously negative
electric permittivity and magnetic permeability in a natural physical system with fast moving
electrons of velocity v ~ c, a relativistic electron gas (REG) at finite temperature and density.
As the sources of magnetic fields are current densities, in relativistic systems one obtains
magnetic responses comparable to electric ones, in opposition to nonrelativistic (v < ¢),

where the magnetic responses are much smaller than electric ones.

In fact, it was shown that, in the long wavelength limit, a finite density of relativistic

electrons exhibits Drude-type responses for both € and ! at temperature T = 0, implying
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that they can be simultaneously negative for frequencies that are low when compared to the
electric plasmon frequency. In addition, the validity of the model has been tested in the non-
relativistic limit by successfully [18] describing the experimental behavior of the plasmon
energy, as a function of both temperature and wave vector, in low energy condensed- matter

systems such as graphite and tin oxide [19, 20].

The REG is a plasma of electrons which, in the absence of interactions, obeys a Fermi-
Dirac distribution at very high densities, or very high temperatures, or both. Under those
circumstances, either the Fermi energy of the system, or its thermal energy, or both, will
be much greater than the electron rest mass, so that many electrons will have relativistic
speeds. The appropriate formalism to treat the REG is that of Quantum Electrodynamics
(QED) [21]. It describes the interaction of electrons and positrons with photons, the quanta
of EM fields, and was initially proposed at zero temperature and zero average densities, i.e.,
for equal number of electrons and positrons, characteristic of a vacuum state. QED was soon
generalized for finite values of temperature and average charge which characterize the REG
(more electrons than positrons) [22, 23, 24]. We will be interested in the interaction of this
REG with an EM field composed of a classical background part plus quantum (photonic)
fluctuations around it. Our main concern is to show how this medium reacts to the classical

EM field in order to establish that it is a natural example of a left-handed material.

In order to accomplish our goal, in chapter 2 we discuss in detail the work of de Car-
valho [17]. We start from the partition function of QED at finite temperature and charge
density, and perform a semiclassical expansion around the classical EM background by in-
tegrating over quantum fluctuations of the EM field, as well as over the fermionic fields of
electrons and positrons. In leading order in the fine structure constant @, we may neglect
the fermion-fermion interactions obtained from the integration over EM fluctuations, and
restrict our attention to the interaction of the fermions with the EM classical background.
Then, integrating over fermions yields a determinant that may be functionally expanded in
the EM background. If the background is weak, we need not go beyond the quadratic term,
which leads to a linear response to the external field (this is the familiar RPA approximation).

The procedure just described allows for the computation of an effective action for the clas-
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sical EM field. Extremizing that action yields Maxwell’s equations, with the polarization and
magnetization that result from quantum fluctuations of the fermions around the classical
background. From those quantities, we extract the responses of both medium and vacuum

to an external classical background.

Thanks to the QED treatment, we were able to estabilish that: (i) all responses de-
pend on three scalar functions (one for the vacuum; two for the medium); (ii) polarizations
depend on both the electric and magnetic fields, just as magnetizations depend on both
magnetic and electric fields; and (iii) many aspects of the analysis of the electric responses
carry over to the magnetic ones, due to the analogies between permittivities € and inverse
permeabilities v = =1, among them the fact that both € and v exhibit Drude-like responses

atlow frequencies in the long wavelength limit.

In chapter 3, we calculate the real and imaginary parts of the electromagnetic re-
sponses of the relativistic electrons [25]. At temperature T # 0, the problem is reduced
to one-dimensional (1-D) integrals which involve the Fermi-Dirac occupation numbers for
electrons and positrons. At T = 0, however, as the occupation numbers become step func-
tions, we obtain analytic expressions for the medium contributions. The real part of the
longitudinal responses may be used to obtain dispersion relations for plasmon modes that
propagate as the external electromagnetic fields induce resonant charge density collective
oscillations in the electron gas. Such modes are present even if we neglect electron-electron-
interactions, as is well established in the Condensed Matter [26, 27, 28] and Finite Temper-
ature Field Theory literatures [29, 22]. The imaginary parts of the longitudinal responses
are useful to calculate regions of instability for plasmon propagation. The appearance of
non zero imaginary parts is associated with the creation of electron-hole (low energies) or

electron-positron (high energies) pairs.

Analytic results for the response functions of the REG at T' = 0 have already appeared
in the literature in the context of plasma physics [30, 31, 32, 33, 34, 35, 36], but only ex-
pressions for the longitudinal and transverse parts of the electric permittivity, €; and €7,
were derived. It is worth noting that, in the non-relativistic case, electromagnetic responses

may be completely obtained from €; and e7. In the relativistic case, however, responses de-
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pend on three independent functions, one of which accounts for the vacuum contribution,
as mentioned before. It turns out that the vacuum contribution is negligible at low frequen-
cies for typical electron densities, so one can obtain magnetic responses from electric ones.
Nonetheless, one might envisage situations of extremely low densities, in which the vacuum
may contribute at low frequencies. The chapter presents analytic results at T = 0, and nu-

merical ones at T # 0, for electric permittivities and for magnetic permeabilities.

It should also be noted that finite temperature and density QED has been used by
several authors to compute electromagnetic responses [37, 38, 39, 40, 41, 42]. Nevertheless,
those articles do not obtain analytic expressions at T = 0, and concentrate on some limiting

cases for T #0.

We finish chapter 3 with a general discussion of the collective modes of oscillation in
the REG [43]. Rewriting the propagator for the electromagnetic field in terms of the electric
and magnetic responses, the modes that propagate in the gas are identified. As expected,
the usual collective excitations are obtained, i.e., a longitudinal electric and two transverse
magnetic plasmonic modes. In addition, a purely photonic mode is found, which satisfies

the wave equation in vacuum, for which the electron gas is transparent.

In chapter 4, we show that a gas of relativistic electrons is a left-handed material at
low frequencies by computing the effective electric permittivity and effective magnetic per-
meability that appear in Maxwell’s equations in terms of the responses appearing in the con-
stitutive relations, and showing that the effective responses are both negative below the same
frequency, which coincides with the zero-momentum frequency of longitudinal plasmons.
We also show, by explicit computation, that the photonic mode of the electromagnetic ra-
diation does not dissipate energy, confirming that it propagates in the gas with the speed of
light in vacuum, and that the medium is transparent to it. We then combine those results
to show that the gas has a negative effective index of refraction nes = —1. We illustrate the
consequences of this fact for Snell’s law, and for the reflection and transmission coefficients

of the gas [44].

In chapters 5 and 6, we investigate the Relativistic Bose gas (RBG) [45, 46]. The

RBG is an ideal gas of charged bosons and antibosons whose dispersion relation is E4 (p) =
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+4/p2c? + m2c* (+ bosons, — antibosons). A chemical potential —mc? < & < +mc? is used
to fix the conserved charge, proportional to the number of bosons minus antibosons. The
system undergoes a phase transition, forming a Bose-Einstein condensate below a critical

temperature T, [47, 48, 49].

In the nonrelativistic limit, the ideal charged Bose gas is used to describe a supercon-
ducting system. Schafroth [50], for instance, has shown that it exhibits the Meissner effect,
the total expulsion of an external magnetic field. It is also used to describe the phenomenon
of superfluidity in liquid Helium at low temperatures, where a microscopic field-theoretic
description is formulated in terms of the complex charged Bose gas [51]. The superfluid
state emerges when the U(1) symmetry of the Lagrangian is spontaneously broken. The
main physical ingredient to obtain a superfluid is a Bose-Einstein condensate, which is re-

sponsible for frictionless flow [52].

In the relativistic limit, it is useful to investigate the Bose plasma, a charged gas of
bosons and antibosons, which may be found in astrophysical scenarios such as neutron stars
[53]. This environment provides ideal conditions for the creation of charged pion pairs, al-

lowing for the phenomenon of pion condensation [54, 55, 56].

As aresult of the investigation: i) we establish the gas as a left-handed material below
the transverse plasmon frequency; ii) we show that it supports longitudinal and transverse
plasmons, and a photonic mode that propagates without loss with the velocity of light in
vacuum, which we use to characterize it as a medium with negative effective index of refrac-
tion n . = —1 below the transverse plasmon frequency; iii) we check for signatures of the

condensed phase in the dispersion relations of the electromagnetic propagation modes.

Besides the search for left-handed behavior through the electromagnetic responses
of the RBG, the other motivation of the study was the search for structures in the condensed
phase of the gas, inspired by the physics of superfluids such as liquid *He, described by self-
interacting charged scalars. There, the observation via neutron scattering [57] of collective
phonon-roton modes in the (condensed) superfluid phase was a major discovery. Such col-
lective excitations were ultimately responsible for superfluidity, according to the seminal

work of Landau [58].
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We have found structures similar to superfluid rotons in the dispersion relation of
the longitudinal plasmon mode of the RBG, which exhibits a roton type local minimum that
disappears at the critical temperature, and whose gap energy vanishes at T.. This strongly
suggests that we are seeing rotons in the charge density oscillations that disorder the system,

and drive it into the normal phase.

In chapter 6, we compute deviations from ideal gas behavior of the pressure, density,
and Bose-Einstein condensation temperature of a relativistic gas of charged scalar bosons
caused by the current-current interaction induced by electromagnetic quantum fluctuations
treated via scalar quantum electrodynamics. We obtain expressions for those quantities in
the ultra-relativistic and nonrelativistic limits, and present numerical results for the relativis-

tic case.

Most of the calculations in this thesis use Euclidean metric. Euclidean and Minkowski
coordinates are related by x; = ix? and x = x/. For gauge fields, A, = iA° and A ji= Al. For
Dirac matrices, y4 = iy® and y; = yJ. The Minkowski metric is i wv = (+,-). Inappendix A, we
discuss aspects of the Euclidean and Minkowski metric in Maxwell and Dirac Lagrangians.
We mostly use natural (Heaviside) units, kg = 7 = ¢ = 1, so that f = 1/T is the inverse of

temperature, and a = e®/4m = 1/137 is the fine-structure constant.
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Chapter 2

Electromagnetic responses of the

relativistic electron gas

2.1 Introduction

In this chapter, we derive a general strategy to compute the electric permittivity, €,
and the magnetic permeability, y, of a gas of charged particles. These two quantities ac-
count for the polarization and magnetization in a material under an external electromag-
netic (EM) field. From Maxwell’s equations, their values determine how waves propagate
in the medium. We shall concentrate on systems with magnetic responses comparable to
electric ones. Since current densities are the sources of magnetic fields, a system with fast-
moving electrons (v = ¢) such as the Relativistic Electron Gas (REG) satisfies this condition,

so that it will be our first object of study.

2.2 Field theory treatment

Let us consider a gas of fast moving electrons under the action of an electromagnetic
external field A,. We may treat this system by using QED at finite temperature and den-
sity, whose grand partition function is given by = = Tre‘ﬁ(ﬁ‘fAN), and which describes an
electron gas, with fixed AN = N, — N, (N, is the number of electrons; N, is the number of

positrons) at temperature T = ﬁ_l (Boltzmann constant kg = 1), and chemical potential ¢,

15
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coupled to the EM field A, . The grand partition function = may be expressed as a functional

integral over gauge and fermion fields

== f [dA )M Ale S A E, [ A], (2.1)

where

Ee[A] = f{idw*] [dy)e S vA) (2.2)

M[A] =06 (F[A])det (%—f), and the determinant is the Jacobian of the gauge transformation
Ay, — A, — 0,1, the Faddeev-Popov determinant. The delta function 6 (Z[Al), with F[A] =
0y A,, imposes the Lorentz gauge condition. The Euclidean action is S4[A] = [ d4xiFme,
with F,,,, = 0, A,—0, Ay, the field strength tensor, and Se[A, ', ] = [ d*x [§(iD - m—iéydy],
where D =y-(0—1ieA); e and m are the electron charge and mass, and ¥ = WTY4- The chem-
ical potential ¢ was introduced in the Dirac grand partition function as a consequence of its
invariance under a global symmetry U(1), with a Noether conserved current j, = ¢y v, for

which the total conserved fermion number is AN = [ d3x yy.

The integral in (2.1) is over gauge fields obeying the condition A,(0,X) = A, (B, X),
whereas the electron fields obey ¥(0,X) = —y/(f,X). A semiclassical approximation can be
performed by writing A, = A,(f) + ha, (Appendix B), where A, = A,(f) is a classical solution
of the sourceless equation of motion for Ay, which we identify with the external classical
field incident on the electron gas. In the lowest order of the semiclassical approximation, the

functional integral is given by

260 = =S f lidy | [dy]exp

j{d‘lm/—/(ilD“) -m-iéy v, (2.3)
where D'© = D(A¥) and F.5) = Fy,, (A9).

For the integration over the fermion fields, it is most convenient to work in (5, w;)

space in the imaginary time formalism,

1 o
Vo, 1) = WZZe’(”'“‘“"”wa;n(p), (2.4)
np

where 7 = it is the imaginary time defined over the interval 0 < 7 < (3, and the discrete fre-

quencies are w, = % for fermions. Thus, if we integrate over Grassman variables, we
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obtain the fermion determinant
EelAl = det[-Bys(iDD — m—iéyy)]. 2.5)

Using det[I'] = e"InT \we obtain an effective action with the quantum contribution of the

electrons in interaction with the external classical field A, = Aff). Thus,
B0 = g~ 5o, (2.6)
where

with C and C the auxiliary ghost fields due to the Fadeev-Poppov procedure on the func-

1 1 _
L—LFLCJFL? + ﬁ(aNA;f’)2 — 0,0 0,01 | +TrIn[- By (iD° — m—iéyy)l, (2.7)

tional integral, and A the gauge parameter. The equation of motion for the external classical

eletromagnetic field in interaction with the electron gas can be obtained by extremizing (2.7)

O Seft
— =0. 2.8
5 A, (2.8)
We obtain Maxwell’s equations,
auFuv = —TrleyyGrlAll = ]y, (2.9

where Gr[A] = (iID — m— i&y4)~! is the fermion propagator in the presence of the external
classical gauge field A,. We dropped the superscript ¢ with the understanding, from now on,

that A is just the classical field.

The current density in eq.(2.9) has the contribution of the free, 50) (for A =0), and
induced current, J., so the total density current is J, = J9 + JI. We may write the equation of

motion for the induced current as,

o= 5=

=TrleyyGr(A)] + Trley, Gr(0)], (2.10)

In the presence of a medium, we rewrite Maxwell’s equations in (2.9) to account for the po-
larization as

OuFS = 0,(Fuy + Pyy) = J9. 2.11)
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From that, we identify the medium contribution for the induced current

_ 1
auPNV —_ - )

0uPuv = —TrleyyGr(0)] + Trley, Gr(A)]. (2.12)

The tensor Py, defines the polarization ﬁ(P4 j=i PJ) and magnetization M (Pij=—€ijxM ky
vectors. Eq. (2.9) is the Maxwell equation for the total current in the REG, obtained from an
effective action for the electromagnetic field. The induced current accounts for the quantum
contribution of the electrons in interaction with the gauge field, obtained from the fermion

integration in eq. (2.7).

We may perform an expansion in the field A, in the fermion propagator appearing
in Trley,Gr(A)]. This type of expansion leads to an infinite sum of one-loop graphs in the
effective action, which is equivalent to the random phase approximation [17] in condensed

matter physics. We write the fermion propagator as

G(A) (D —m—ify,) ™"

Gyt +eM)™!

= GoI+eAGy ™, (2.13)

where Gy = Gr(A = 0) = (id— m — iéy,)~!. The propagator can be expanded in the back-

ground field A,, Fig.2.1, to yield

Gr(A) = Gy — eGoAGy + Gy AGy AGy + O (€3) + ... (2.14)

i SRS SV

Figure 2.1: Expansion of the electron propagator in the external field, represented by wiggly lines.

Substituting (2.14) into (2.12), and only retaining the linear term, which corresponds to the

linear response approximation, we obtain

04 Py = —Tr[e®yy GoYo AsGol. (2.15)
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The equation above may be written in momentum space as

i%va(Q) =Ilyo As(q), (2.16)

where I, is the polarization tensor of QED,

eZ +00 d3p
Myo=—— ) f—ssp[YvGo(p)YaGo(P -q), 2.17)
n=—ooJ (21)
and Go(p) = —(p + m+ i&y4)~! is the fermion propagator in momentum space. The sum

in (2.17) is over Matsubara frequencies py = (2n + 1)n T, with Sp denoting the trace over
Dirac matrices. The field theory treatment allows us to obtain the induced current J! =
—-I1,5(q)As(q) in the gas, the result of a fully quantum description of the relativistic elec-
trons, through the QED polarization tensor I1,, at one loop, and linear response in the ex-

ternal classical EM field A,.

The current conservation law, g, J. = 0, is associated to the gauge invariance of the
polarization tensor, g,Il,; = 0. Thus, we can solve eq. (2.12) by noting that P, may be
written as

(4
Py = —i| Bl Ag Ty Ag 12 |, (2.18)
q q
where from ig,P,, we recover the one-loop, linear response result, since g,II,, = 0. So,

using the fact that the electromagnetic tensor in momentum space is F,g = iqy Az — i G5 Ay,

eq. (2.18) becomes

e Iy

Py = ?Fm - ?Fw . (2.19)

The polarization tensor involves vacuum (7" = ¢ = 0) and medium contributions. To investi-
gate the solution of (2.17), one may write I, = H(V’f,) +11 where the vacuum contribution
Y may be written in a fully covariant form
My ( G qa) 2
- =|0gy— €(q°). (2.20)
qz agv qz
The scalar function % (g?) may be obtained from the standard calculation at T = ¢ = 0 [21].

However, one cannot write the medium contribution tensor I1{"” in a fully covariant form



CHAPTER 2. ELECTROMAGNETIC RESPONSES OF THE RELATIVISTIC ELECTRON GAS 20

due to the fact that the center of mass frame of the medium introduces a preferred reference
frame. The symmetry is then reduced to three-dimensional rotation and gauge invariance,

leading to (Appendix C)

ij iqj 4
g ( YgR Y1g1?
(m)
HE;T) _ H4’;ﬂ _q4q;
T2 T T T T T (2.22)
q q 7l

where </(q4, §) and %B(q4, G) are scalar functions determined from the Feynman graph in
eq. (2.17) at finite temperature and density. The Matsubara sums of HL’Z) and H;’Zf), are cal-
culated in detail in Appendix D. Once we subtract the vaccum contribution, the functions

4 (q4,q) and AB(qy, §) read

—e’ d’ (p+q) 3q°
- ZRef pnp(p)pzp—q+(1— 72)93, 2.23)
2m3q wp 4’ -2p-q 2141

(2.24)

—e? R f P P‘q—2P4(Q4—P4)
e
T 232 q*-2p-q
where py = iwy, = i/| pl?+ m?, and ng(p) is the Fermi-Dirac distribution for particles and

antiparticles,

1

1
nF(p) B eﬁ(wp_f) +1 + eﬁ(wp‘f'f) +1 ) (225)

Expressions (2.23) and (2.24) may be integrated over angles (Appendix E). The final result
with the functions analytically continued to Minkowski metric, o — «/* and 8 — %*, may

be obtained by changing, q; — iw and g°> — —quw, with quw =w?-|Gl?,

36]]2\/[ e? ]’00 pzdp 2m? +qM
A= |1+—= | B =— 1+ ) 2.26
( 2|q|2) 220 o, nr(p) 8pldl — = N (2.26)
. pzdv 4‘*’§+%2w Wpw
B =—-— f ne(p) |1 = — /2], (2.27)
n2q3, Jo 8plgl "' 2plg]
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where,

(g5, —2pld)?* — dwiw?
f1:ln( Ty ZEPAE 70 ), (2.28)
gy +2plgD7 - dwpw
4 =~ 2
gy, —4(plgl+w,w)
fo=In|H——"—F | (2.29)
dy—4(plql - wpw)

The next step is to derive € and p as function of «/* (w, §) and ™ (w, ).

2.3 Constitutive equations

We may obtain the constitutive equations which relate the fields induced in the gas,
the polarization P and the magnetization M, with the external fields E and B. Eq.(2.19) re-
lates polarization and magnetization to the fields E(F, j= iE’) and B(F; j =€ jkBk), thus
yielding electric and magnetic susceptibilities and, ultimately, electric permittivities and

magnetic permeabilities. From eq. (2.19), the components, P4; and P;;, may be written

as
H44 H4k ij
P4' = —F'4+—F'k__F4k) (230)
] qz ] qz J q2
II;4 neys 14 Ik
P;i=—Fiy+—F;;— —=F;y— —Fjj. (2.31)
ij qz J qz J qz l qz l

The components of the EM tensor in the Euclidean metric are related to the electromagnetic
fields (E and B) in Minkowski metric via Fyj = iE/ and F; =€ ]-kBk. The field equations in
the medium [12], are D=FE+Pand H=B-M. They relate to the induced charge and current

= —pina and V x M = J;,4. This leads us to define, in the Euclidean metric, P, j=i pJ

asV-P
and P;; = —€;jxM k Thus, the polarization component vector PJ is written from eq. (2.30) as

. II . IT; IT
Pl = (__424) E’ + (__]Zk) Ek + (_iejkl_42]C)Bl, (2.32)
q q q

and the magnetization M* from eq. (2.31) as

i4]'

I1 I1;; II
Mk: iekij_zE +—]2]Bk—i
q

. p B (2.33)
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If we split the polarization tensor into vacuum and medium contributions, and using the

relations (2.20-2.22) in P/ and M/ in egs. (2.32) and (2.33), we obtain for DJ and H’

2 2
; n 1|
Dl = { 2——6]2)%}5]16 ( __6] )CIJCIk}

2
+oeud ,(”’74) (93 'Z' %)Bk, 2.34)

-

+ €jikdi

2
i) o+
1G>

1+,Q¢+(1+

and

2
1+£¢+2ﬂ@+(2_ﬂ)<g]5]k+

G q°

1GI*
d+Z—<€) q]qk}

1GI*
q2

(iq4)

||(‘%+

<g) B* (2.35)

Here, we have used g’ = g'/|g|. Expressions for D/ and H/ may be simplified, and going to

Minkoswki metric g4 — iw, we have

D/ ejrxEX +7 1 BY, (2.36)

HI vkB* +71EF, (2.37)

where we have used the notation v j = ! jk for the inverse of the magnetic permeability

tensor. The linear-response tensors are

€k = €6jk+€q4idr (2.38)
Vik = V5jk+1//f]jf]k, (2.39)
Tjk = T€jk1671. (2.40)

Again, v=p ' and v = u'~!. For € jk, the eigenvalues A satisfy det(e jx — A6 jx) = 0, leading to
(€ — A)?(e +€' — A) = 0. The eigenvector associated with ¢ + ¢’ is along gy, thus longitudinal,
whereas the two eigenvectors corresponding to the eigenvalues € are in directions transverse

to gi. The same occurs for v i, with eigenvalues v + v’ and v, while 7 j is clearly transverse.
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One should stress that there are contributions to (D, H) along the directions of the
fields (E, B), of the wave vector G, and of (g x B, q * E). This is a characteristic of a bian-
isotropic medium, because the electromagnetic responses described by the general relations
€jk» Vjkx and 7 ji are tensors, and they depend on the wave vector in the material. Different
from an isotropic medium, where electric field E and electric displacement D=cE ,aswell as
magnetic field B and induced magnetic field H = u~! B, are parallel to one another. Materials
with bi-isotropic and bianisotropic properties have found many potential applications, from
microwave to optical frequencies, including bianisotropic crystals [84, 85], and the so-called

split-ring resonators.

The set of parameters in (2.38-2.40) defines the electric permittivities and inverse

magnetic permeabilities,

€ = 1+ +(1—_,—2)<% +(2——2)(€, (2.41)
19| q
2 =12
v o= 1+t 223"+ 2+@)<g*, (2.42)
1q] q
/ / |ﬁ|2 * *
€ = —V=—"sC -o", (2.43)
q
12
T = @(@%*—%*), (2.44)
g\ q

where here the asterisk means g4 — iw. €™ may be obtained from the standard calculation

atT=¢(=0,

. —e* (1 2m?
€ = Tn’z {5 +2(1 + ?) [I’l X arCCOt(h) - 1]} (245)

with g% = w? — %, h = \/(4m?/ q?) — 1, and the renormalization condition is €?/(47) = 1/137,

with e? = e?(w =0,G = 0).

The vacuum contributions to permittivities and permeabilities are obtained by set-
ting o * = * = 0. On the other hand, medium susceptibilities may be obtained by taking

%¢* = 0. Thus, for the longitudinal responses, one obtains
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2
w
€, = e+€':1+<€*+(1—|ﬁ7)%*, (2.46)
wz
v = v+v':1+2<€*+2g¢*—2W38*. (2.47)

Whenever €* is negligible with respect to /™ and 98*, the longitudinal ¢; and transverse
et = € electric permittivities may be used to compute </ * and %*. Indeed, «/* =er —€ and
B* = (1G1*/1g*>)(1 —€z). In this case, we will have v; = vi(er,er) and v = vr(er,e7), as in
a non-relativistic system. However, Fig. 2.2 exhibits situations where the vacuum makes a

relevant contribution to the longitudinal permittivity €.

—7L ]
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Figure 2.2: Plot of (Re €1, — 1) for low densities of the electron gas at T = 0. The dashed line has the vacuum
contribution (€¢* # 0), whereas the full line only has the medium contribution (6¢* = 0). (a) Electron density
n=10""2ng and (b) n = 10~**ny, where o = 1.76 x 103° cm~3. Both the frequency and wave vector are given in
units of w. = mc? /%, the Compton frequency, and g, = mc/#, the Compton wave vector.

We have obtained relativistic expressions for the longitudinal responses of the rela-

tivistic Fermi gas at finite temperature and density. Itis useful to analyze the long-wavelength
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limity, |G| — 0, where the wavelength of the radiation is much larger than the Compton wave-
length of the electrons. In particular, for T = 0, the electric permittivity € and the inverse of
magnetic permeability 4! have Drude-type responses in the relativistic case for |G| — 0 (Ap-

pendix F).

2
€ = 1—&+—e2 Q) +0 o (2.48)
w2 3g28e am?)’ '
_ w? 5e2 w?

where ¢ = £/m. We note that there is a relation between w,, and w,, i.e, ©,;, = V2w,, and
the vacuum contribution is @ (w?/4m?). These Drude-type expressions imply that the elec-
tric and magnetic responses may be simultaneously negative for small frequencies w. This
is only due to the medium contribution, since the vacuum contribution is of order (W?14m?),
and does not exhibit any such behavior. However, as we will show, taking the long-wavelength
limit after the nonrelativistic limit of the system yields a Drude expression only for €, but not

for 1.

2.4 Nonrelativistic limit

Nonrelativistic expressions for the dielectric functions [27, 61] will follow whenever

| — m| < mand fm > 1(m > T). The total energy of each fermion, for |p| < m, is

W :\/m2+|f)|2zm+@ (2.50)
p 2m- .

Looking at the Fermi-Dirac distribution, we have

B,
wp+& = m+&+|pPizm=2m (2.52)

where ¢’ = & — m. The expression in (2.52) implies that B(wp +¢) > 1, so the Fermi-Dirac

distribution in the nonrelativistic limit becomes
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1
— = — 4 @ _Zﬁm
neg(p) — n(p) B0 1 1 (e )
1
= , (2.53)
ePler=) 41
where we have defined & p= %. With that in mind, we will calculate the nonrelativistic limit

of the scalar functions <7 (q4, §) and 2(q4, §) defined in Euclidean space. Taking the limit of

wp = M — py = im, we write (2.23) as

3 2 _ 52 _1+ﬂ+iﬂ
d—(1—%)%:%ReId3pn(p) __mm _ (2.54)
2|4 4731412 + q7) 1G*—2p-G _ ; s
2m lq4+2m

Since g4 = 2nnT, this leads to g4/ m ~ T/m < 1, and g4 ~ |G|>/2m, with qi < G*. Then, we

obtain

3 e 3 1
o —(1-- ,%_’:—SRefd p n(p) —. (2.55)
2 4n Eprg—€p—1qas

If we perform the same steps for %(qy, ) in eq.(2.24), we also obtain

1 e? 1
~%B(qs4,§) = —=Re | d° : 2.56
2 (.9 4n3 ef P n(p)€ﬁ+¢7—€p’—i6]4 (%59

which is the same result obtained in (2.55). So we conclude that <7 (g4, §) = 0 in the nonrel-
ativistic limit. Taking the vaccum contribution €* = 0, we have ¢’ = v/ = 0, and the longi-
tudinal response €7, = € = 1 + Z8. Letting g4 — iw + ¥ and performing a change of variables
p—4q = p' in (2.56), we may convert the expression of the electric permittivity to the well

known Lindhard [62] formula of the dielectric function at finite temperature

2 - >N -
e(w,fi):l—e—_,Refdgp np+q —np) (2.57)
43| G|? Eprg—Ep—W—1Y

Let us analyze the long-wavelength of the nonrelativistic limit expression in (2.56).

By taking the real part and integrating over angles, we obtain

2

e-m
B*(0,§) = ——==
(w,q) e

(112 +2pgG)° — 4m*w?

f dp p n(p)In (2.58)
0

(112 +2pG)* — 4m?w?
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At T = 0, the Fermi-Dirac distribution becomes n(p) — O(pg — &), where O(x) is the Heavi-
side step function, and pr = y/2m¢’ is the Fermi momentum. Expanding the equation above

in the limit of |§| — 0, and integrating over p, we obtain

2 3
* - e PF
B (w,q) =— —, 2.59
(w,q) 32 02 (2.59)
so the electric permittivity € = 1 + 8™ becomes
w;
e=1-—, (2.60)
w

where w3 = ne®/ m is the plasmon frequency, with electron density n = p3./(37%) (i =1). So,
in the nonrelativistic limit we also obtained a Drude-type expression in the long-wavelength
limit, which implies negative values when the frequency w < w.. Therefore, if we make the
same analysis for u=! = 1-2(w?/|§|>)98*, in the limit of |G| — 0 of the nonrelativistic expres-
sion, we obtain ,u_1 =~ 1. In addition, the term 7 = —(w/|G|)%* — 0 in the long-wavelength
limit, and we recover the usual isotropy of the vector D = ¢E and H = y~'B. Thus, we may
conclude that the only way to obtain both € and u negative, is in a relativistic system as we

have showed.

2.5 The chemical potential

To compute the electromagnetic responses of the REG through equations (2.41) -
(2.44), one needs to obtain the chemical potential ¢, which depends on the temperature
and carrier density. The carrier density is ) = AN/V, where AN = N~ — N7 is the difference
between the N~ number of particles and the N* number of antiparticles in the system. Then,

one needs to solve the transcedental equation [17]

AN=N"-N"=) gf(p,B,0), (2.61)
p

where

1 1
f(p, ﬁ’é‘) - eﬁ(Qp_E) +1 B eﬁ(Qp"'f) +1

(2.62)
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is the distribution function accouting for the presence of both particles and antiparticles,
Qp =/ p?c? + m2ct is the relativistic energy of a carrier with momentum p, and g = 2 is the

degeneracy factor of the electron gas. Equation (2.61) reduces to

=L =f dy v f(y, B, &). (2.63)
Mo 0

where 1o = gqg’/ (272) = 1.76 x 1039¢cm 3. Here, we have defined the dimensionless variables
y = plmec, B=pmc* and & = £/mc?, and g, = mc/h. The term 1 only depends on universal
constants and may therefore be used as a natural unit to measure the effective carrier density
n of the REG. It should be noted from (2.62) that f(y,ﬁ,gg) = —f(y,ﬁ,—gg), ie, f= f(y,ﬁ,f)
is an odd function of the chemical potential. Eq. (2.63) implicitly defines the function & =

E(B, 7). One sees that #j = 0 leads to /1 = 0, a case with corresponds to the vacuum.

The chemical potential as a function of f is is displayed in fig. 2.3. Calculations were
performed for three different values of the density expressed in units of 7y9. The numerical
results suggest a weak temperature dependence of the chemical potential, if compared with
mc? = 0.511MeV, in the low-temperature limit (8 — oo). Actually, the chemical potential
exhibits variations of a few eV in the low-temperature limit, a fact which agrees with the
non-relativistic theory of the electron gas (see below).

N

f =10

w

—

:

0+ ""7""/‘/‘/‘1\ A B B
102 107" 10° 10' 10° 10°
B

Figure 2.3: Chemical potential as a function of the gas temperature. Solid, dashed, and dotted lines corre-
spond to 7 = 0.01, 7 = 1, and 7} = 10, respectively.
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The chemical potential is displayed in Figure 2.4 as a function of the density ex-
pressed in units of 9. Numerical results were obtained for three different values of the gas
temperature. The chemical potential is a growing monotomic function of 7. One may note
that the chemical pontetials for 8 = 10 and 8 = 100 essentially coincide in the scale of the
figure [cf. dashed and doted lines in Figure 2.4]. The ratio p = N*/N~, as a function of ,5 is

I

w

—

§
[\

o

N
S
(o))
o -
-
o

Figur(j, 2.4: Chemical potential as a function of the gas density. Solid, dashed, and dotted lines correspond to
B =1, =10, and B = 100, respectively.

displayed in Figure 2.5 for various values of the density, where

2
foo dy———— ,y—
o= N_+ " eﬁ( y2+1+§)+1

N- o y? '
Jo dyeﬁ(\/ﬁ-s]+1

(2.64)

For a given temperature, it is apparent that the number of particles exceeds the number of
antiparticles in all cases, and the ratio p = N*/ N~ decreases as the density of particles in the
electron gas is increased, as expected. One may also note that p — 0 as § — oo, since in the
low-temperature limit one has N* <« N~. In other words, in the limit of ﬁ — 00, the term cor-
responding to the occupation factor of antiparticles in the Fermi-Dirac distribution function
[cf. the second term in the RHS of Equation 2.62] may essentially be neglected (N* < N7),
and the non-relativistic limit of the Fermi-Dirac distribution function is eventually recov-

ered.
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Figure 2.5: The ration p = N*/N~ [cf. Equation (2.64)] as a function of of B. Solid, dashed, and dotted lines
correspond to 7} = 0.01, 7} = 1, and 7} = 10, respectively.

We have also explored the behavior of the chemical potential for density and temper-

ature values appropriate for solid-state materials. In this respect, we have defined

Eo(T) = E(T) — mc? (2.65)

as the non-relativistic chemical potential. According to the non-relativistic theory of the

free-electron gas, it is well known that [28]

72 (T \?
TY=Ep|l1—-—|—]| |, 2.66
$e(T) F 12(TF) ( )
where
67'[2 2/3 ﬁz
Er=|— — 2.67
i ( g 17) 2m (267

is the Fermi-Energy and Tr = Ep/kp is the Fermi temperature. The chemical potential ¢, is
depicted in Figure 2.6 as a function of the gas temperature. Calculations in Figure 2.6a were
performed for three different values of n varying within the range exhibited by most of the
solid-state materials. In Figure 2.6b, we have assumed n = 2.0 x 10%3cm3, corresponding to

the electron density in silicon. The solid line corresponds to the result computed by combin-
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ing Equations (2.63) and (2.65), whereas the dashed line was obtained from Equation (2.66).
The Fermi energy computed from the non-relativistic electron-gas model [cf. full dot in the
vertical axis of Figure 2.6b and Equation (2.67)] essentially coincides with the numerical re-
sult obtained from Equations (2.63) and (2.65) in the limit ' — 0. Low-temperature results
obtained from the non-relativistic model agree with those derived from the relativistic the-

ory, as expected.

10

(@)

Ce (eV)

—
0 5x10° 10*
T (K)

Figure 2.6: Chemical potential measured with respect to the mc? rest energy [cf. Equation (2.65)], as a func-
tion of the gas temperature for different values of the 1 gas density. Solid and dashed lines corresponds to
numerical results obtained from Equations (2.63) and (2.66), respectively. The set of curves 1, 2, and 3 in (a)
correspond ton = 102'ecm ™3, n = 1022cm =3, and n = 1022cm 3, respectively. In (b), calculations were performed
for i) corresponding to the electron density in silicon. The full dot in the left vertical axis corresponds to the
Fermi energy obtained from Equation (2.67)



Chapter 3

Propagation in the relativistic electron gas

3.1 Introduction

We compute the real and imaginary parts of the electric permittivities and magnetic
permeabilities of relativistic electrons from quantum electrodynamics at finite temperatures
and densities, for weak fields, neglecting electron—electron interactions. For non-zero tem-
peratures, electromagnetic responses are reduced to one-dimensional integrals computed
numerically. For zero temperature, we find analytic expressions for both their real/dispersive
and imaginary/absorptive parts. As an application of our results, we obtain the dispersion
relation for longitudinal electric plasmons. Present calculations support our recent claim
that, at low frequencies and long wavelengths, the system will exhibit simultaneously nega-

tive electric and magnetic response

Dispersion relations for the plasmon modes at zero and finite temperatures are pre-
sented and the intervals of frequency and wavelength where both electric and magnetic re-
sponses are simultaneously negative are identified, a behavior previously thought not to oc-
cur in natural systems. The investigation of the electromagnetic responses of a relativistic
electron gas shows that, apart from the usual longitudinal electric plasmon mode and the
two transverse magnetic plasmon modes, there is also a pure photonic mode that propa-

gates with the speed of light, as if the medium were transparent.

32
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3.2 Real and imaginary parts of longitudinal responses €,
and v;

Let us write the functions (2.23) and (2.24) as

B = - fzf P AP r(p) |1+ —2 *q Li+——1IL,|, (3.1)
neq=Jo  Wp 8plql plql
e? [ pidp 2m? + ¢?
9* = - 1+ —————L ) 3.2
nzquo w, ng(p) 8p1d 1] (3.2)
where 2* = o/* - [1+3¢°/(2|¢|*)%*], and the functions L, and L; are given by
(x? - by)? - a®x? }
Ly =1 : 3.3
1 n{(}(2+by)2—a2x2 3.3)
2-b L
L= (A 2VT4% 21 (3.4)
xc+by+ax| 2

where we have used dimensionless variables x = w,/m, y = p/m = Vx2-1l,a=w/2m, b=

|G|/2m, and y? = a® — b* = g*/4m?.

Real partsat 7 #0

The real parts of 8™ and 2* reduce to 1-D integrals. We write them as

_p2 oo 1 o)
Re®* = %(f dx npV x2—1+—f dx np[(x2+)(2R1+4axR2)]), (3.5)
a2y \h 4b i

2 ) [e o)
* —e \/ 1 2
Re9 :W(ﬁ dx nr x2—1+8bfl dx nF[].+2X ]Rl), (36)

with Ry = ReL; and R, = ReL,. Since €* is real, we obtain

XZ

1+€ —ﬁRe% ) (3.7)

XZ

b2

Reeg

142€" +2Re2"* + Z=ReRB". (3.8)

Re vy

The result above allows for the calculation of plasmon dispersion relations, as we will show

later on.
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Imaginary partsat T # 0

The vacuum contribution does not have an imaginary part. On the other hand, imag-
inary parts for * and 2* will appear whenever the argument in L; becomes negative (note
that ImL, = —ImL,/2). For that to occur, the product of the numerator 91 times the denomi-

nator ® of the argument must satisfy,
ND = [(x* - by)? — a®x21[(x* + by)? — a*x*] <. (3.9)

The roots of the related biquadratic equation in x (= 0) are x. = a+ bn, where n® =1-(1/y?),

leading to the condition (a — bn)? < x? < (a+ bn)?. Three cases have to be considered:

(i) y><0m>Lla<b<bn):—a+bn<x<a+bn;
(ii) 0< x? <1 (n pure imaginary): the condition is never satisfied and ImL; = 0;

(iii) y>>1Mm<l;a>b>bn):a-bn<x<a+bn.

The difference between numerator 91 and denominator ® is given by —y?by. For case (i),
this implies 9 > 0, ® < 0, whereas for case (iii) 9t < 0, ® > 0. For case (ii), 0 < ¥ < 1, cor-
responding to the same sign for 91 and ©, Im%8* = ImZ™ = 0. For cases (i) and (iii), we take
ImL, = sign(M)7z. The choice of sign corresponds to the continuation g4 — iw —0*. For the

longitudinal responses, we have

_ sign(xz)ez a+bn ) 5
ImeL_—me dx ng[(x-a)”-b7], (3.10)
~ sign(xz)ez a+bn )
Iva_fol dx nF((l'FZX ))—ImEL. (3.11)

The regions where imaginary parts are non-vanishing are shown in figure 3.1. Im ¢,
and Im v vanish in region (ii) of the (a, b) plane. In region (i) x; = —a + bn and in region
(iii) x; = a— bn. Using expressions for the imaginary parts in regions (i) and (iii), we may
see how their values evolve from T = 0 to non-zero temperatures. This is shown in figure
3.2. One should note that the appearance of non-zero imaginary parts is associated with the

creation of electron-hole (lower energies) or electron-positron (higher energies) pairs.
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fww

0 h
. | 4]

Figure 3.1: Regions of the (a,b) ~ (iw, 7|§]) plane where the imaginary parts of the responses are given by
different expressions. In region (i7), they always vanish, whereas in regions (i) and (iii) they are given by (3.10)
and (3.11).

We have thus derived electromagnetic responses as functions of a, b, T/m, and {/m,

the two latter ones coming from the Fermi-Dirac distribution function.
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Figure 3.2: Evolution with temperature of the regions of the (a,b) ~ (fiw,lq|) plane with non-vanishing
imaginary parts. As B decreases, the two T = 0 regions (labeled I) expand. For a value of § = 10°, imaginary
parts appear in all regions labelled I and I1. Eventually, as T — oo, only the unshaded region of figure 3.1 will
have vanishing imaginary parts.
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Imaginary partsat 7 =0

At T =0, we have ng(x) — ©(xp — x), with xp = ep/m=¢{/mand y = (1/m)y/ £5.—m?,
where ¢ is the Fermi energy. We may analytically perform the integrals for both imaginary
and real parts of the response functions. Additional restrictions come into play because of
the integration limit xr imposed by the function ©(xr — x).

From calculations in 3.2, we identify four regions in the (a, b) plane where longitudi-

Xu —

nal responses will have different values. We use [f(x)]; = f(x;,) — f(x;) and refer the reader

to the appendix G for the calculation of by, b, b, and I_oﬁ_r. The regions are

Region (A):forO< a< (xp—1)/2and (xp+1)/2< a < xp, b_. <b< l_9+,xL:—a+bn,

Xy =a+bn,

2

__¢ 3 2 _ja+bn
Imey =23 [((x—a@)” =3b%x]" 4, (3.12)
Imv; =— ¢ [2a(1+2 2)] —Ime (3.13)
L= 167 by? x L. '

Region (B): for (xp—1)/2 < a < (xp+1)/2and a > xp,b_ < b < by, xp =—a+bn, x, = Xr,

2

€ 3 2 _1XF
ImeL:m[(x—a) =3b°x] " (3.14)
2
Imv; =— ¢ [(xp+a—bn)(1+2)(2)]—lmq (3.15)
167wby? ' '
Outside regions (A) and (B), for y? < 0 the imaginary parts of ¢; and v vanish.
Region (C):forO< a< (xp—1)/2and (xp+1)/2<a<xg, b < b < b,, x; =—a+ bn,
Xy =a+bn,
e 2 ya+bn
Imep=— [(x—a)® - 3b%x] (3.16)

487 b3 a=bn’
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2

¢ . [2bn(1 +2)%)] - Ime;. (3.17)

Imv; =—
L= Y6nby?

Region (D): for (xp—1)/2 < a < (xg+1)/2and a > xp, b < b < b, x, = a—bn, x, = xF,

2

€ 3 2 1%
Imep=-——m [((x-a)’-3b%x], (3.18)

_ e’ 2
Imv; = T6nb [(xp—a+bn(1+2y7)] -Ime;. (3.19)

Outside regions (C) and (D), for y? > 1 the imaginary parts of ¢; and v; vanish.

Finally, in case (ii), 0 < )(2 < 1, one has Im €; = Im v = 0. The various regions of the
(a, b) plane that correspond to the different expressions discussed above are depicted in Fig.

3.3

2€F—

hw

2mecl

QZ;F
hlq]

Figure 3.3: Regions in the (a, b) ~ (hw, i|§|) plane where the imaginary parts are non vanishing for 7 = 0. The
limits of regions A, B, C, D and the values of the longitudinal responses in each of them are shown in 3.2
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Real partsat 7 =0

For the real parts at T = 0, we replace nr with ©(xr — x) in (3.5) and (3.6). The calcu-
lations detailed in G.2 lead to

)

Re #* = —Z[XB+YB+ZB], (3.20)
4y
)

Re2* = 5 [Xp+Yp+Zp], (3.21)
4y

where X, Xp, Yp and Yp are given by (R; = ReL;)

X
Xp = EI;? [(x% +3x*) Ry (xp) + 6axp Ry (xF)], 3.22)
_XF 2

Xp= @(1 +2x°) Ry (xF), (3.23)

2
Yp = 3 [xryr — b*In(xg + yp)], (3.24)

1
Yp = ~[xFyF+ 2y In(xg + yp)l, (3.25)

whereas Zp and Zp are given by

Zp,p =Cg,pl(Mp,p+ N p)Jo— N pJ>]. (3.26)

Cg,p(a,b), Mg p(a,b), Ngpl(a,b), and the integrals Jo(a, b, xr) and J,(a, b, xr) are defined
and calculated in G.15. The longitudinal responses (2.46) and (2.47) are given by

2

e
Ree; =1+€" + ——[Xg+ Yz + Z3], 3.27
L 4n2b2[ B+ Yp+ Zp] (3.27)

2 )
Rev; =142¢" - ——[Xp+ Yp+ Zpl ———I[Xg + Yz + Z3]. 3.28
L 2712)(2[ p+Yp+Zp] 47r2b2[ B+ Yp+Zp] (3.28)

3.3 Plasmon excitations

Electromagnetic responses may be used to obtain the dispersion relations for plas-
mon modes that propagate when external electromagnetic fields induce resonant charge
density collective oscillations in the electron gas. The dispersion relation for longitudinal
electric plasmons, for instance, is obtained from the well-known condition €; = 0 [26, 28, 63,
64, 65]. As an application of our formulae, we will use our expressions for Ree; and Ime; to

obtain it.
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The solutions to Ree; = 0 are plotted in Fig. 3.4, for T = 0. Since we must have €; =0,
the full curve in the figure is the physical one, because most of it lies in the unshaded region,
where we also have Ime; = 0. The dashed curve lies completely in the region where there is
an imaginary part, so that it never satisfies €; = 0. The shaded region in Fig.3.4 is the same as
the lower region of Fig. 3.3, where Ime # 0. The dashed curve is fully within that region and
thus a decaying mode, whereas the full curve lies mostly in the region where Ime; = 0. Thus,
it describes a plasmon mode. As the curve enters the region where there is an imaginary
part, the plasmon mode becomes unstable to the decay into electron-hole pairs, just as in

the nonrelativistic case.

Analytic results at T = 0 and numerical results at T # 0 may be used to compute
decay constants and dispersion relations for both longitudinal and transverse plasmons. A
complete discussion of the modes that propagate in the relativistic electron gas is presented

in the next section 3.4.

0.020]

0.016/

0.08

0000 ~—
0.00 0.04

191/g.

Figure 3.4: Upper (wf, plasmon frequency) and lower frequency zeroes of €; (Solid and dashed lines, re-
spectively) as functions of the || wave vector. Calculations were performed for f — co (T = 0) by taking the
density electron gas 7 = 10721, where 1o = 1.76 x 103°cm 3. The shaded area corresponds to the region where
electron-hole excitations occur. Note the maximum value of the wave vector (|§|m4x) beyond which the longi-
tudinal plasmon decays into electron-hole pairs.
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3.4 Collective excitations and plasmon modes

To obtain the collective modes of oscillation, we compute how the medium affects
the photon propagator in the electron gas. We rewrite the grand partition function of QED

in eq (2.6) as a quadratic functional integral

== f[dAp] det[ 02] exp( Zﬁ s f on )3 pryvAv) ’ (3.29)

where the quadratic kernel I'y,, is

r/w = q26uv_ (1__) %LIV—HW, (3.30)

with g% = g5+|G|*The determinant comes from the Lorentz gauge condition, and A is a gauge
parameter. I1,, = H(U) + H(m) is the polarization tensor of QED defined in eq. (2.17). Follow-

ing [22], we introduce the projector

qudv
q2

Py =0uv— (3.31)

and the transverse projector ?}’5 =06ij—4iqj, with @l = 3347; = 0. The longitudinal projector

is then 2}, = 9, - 2. They obey

LT LT) _ LT
2D = 2D, (3.32)
PPy = PP =0, (3.33)
Prav = Prqv=0. (3.34)

We may then write the polarization tensor with a longitudinal and transverse contribution,
so that

My, =T0) + 107 = F25, + G,

1 (3.35)

where F and G are scalar functions. From the vacuum and medium contributions to the
polarization tensor defined in (2.20 - 2.22), and using the definition of the projectors 22,

we may write

ny = -6€4°Pu, (3.36)

it —{ R (1+ﬂ)97ﬂ +q49;ﬂ
4° 4

=
S
I

+ AP, } q°. (3.37)
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By summing vacuum and medium contributions of I1,,, we identify the functions F and G

as
qZ
F=-¢ <g+@+|07$@ : (3.38)
qZ
G=-¢* <€+.Q¢+|E],$% , (3.39)
and we write the quadratic kernel as
1
Tw=(q"-F)PL+(q* - G2, + L Aulv- (3.40)

The inverse of photon propagator may be obtained from I’ ;&F vo = 00 If we write its inverse

as
T,y = CLPp, + Cr P, + Codudy, (3.41)
we obtain
C Cr(q*—F)
CL(q” — )80 + [Cr(q° - G) - CL(q” - P)]| 2}, + Tqu - % Gulv =0us. (3.42)
We identify
9 3 1
Culg"-F) = 1-C.= P—F (3.43)
1
CLq* -G -Crg’~F) = 0—C.= ey (3.44)
Co , CuLg*-F) A
—q¢"—-————— = 0—-Co=—. 3.45
1 q qz Q q4 ( )
The inverse of photon propagator reads
L T
rol= P Lo A dudy (3.46)

= + + .
We now use Equations (3.38) and (3.39) and write the propagators in Minkowski space by

letting g4 — iw —0*. We then obtain for the longitudinal and transverse propagator
g4 g propag

! ! (3.47)
q*-F —q%;’ '

1 1

- . 3.48
g*-G —q*(vp+1) (5-48)
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The poles of the photon propagator correspond to collective excitations, and yield
their dispersion relations. In the @ﬁv longitudinal propagator in eq.(3.47), this occurs when-

ever the longitudinal electric permittivity is
erlw,g) =0, (3.49)

leading to the usual Condensed Matter dispersion relation of the longitudinal plasmon col-
lective excitation, which corresponds to an oscillation of the charge density of the gas. For
€1 (w, §) nonzero, Maxwell’s equations lead to transverse fields (g - E = 0), which means that

the pole g% = 0 in the longitudinal propagator is not realized in this case.

The QZJV transverse propagator has poles whenever

vi(w, q§) =-1, (3.50)

qzza)z—lzilzzo_ (351)

The inverse of the magnetic permeability becomes negative ,uZl (w,q§) =vi(w,q) =—-1. Anal-
ogous to the longitudinal case, Equation (3.50) yields the dispersion relation of the trans-
verse plasmon collective excitations, and it corresponds to collective oscillations of the cur-
rent density. Equation (3.51) shows us that we have another transverse mode of propagation
in the REG whenever g* = w? — |§|* = 0, yielding a photonic mode that propagates with the

speed of light ¢ = 1 in vacuum, something not yet accounted for in the literature.

In order to have more explicit expressions for the plasmon modes, it is useful to write

the projectors as

Py = nﬁ) n(vl) + nf) ng) + ng’) n(v3), (3.52)
QZ’“TV = nﬁ) n(vl) + ng) ng), (3.53)
@) _ ~ (i ALA NO s _ s o @, 1) @ @2 A A _
where n,,’ = (0,a7), G- =0, |a?| =1, for i = 1,2, satisfying n; np’+nn +4id; = 6ij.
For nﬁ’), we find

n® = (ﬂ 9449 ) (3.54)
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If we demand that it must be normalized, and orthogonal to g, and nl(f), i = 1,2, thus satis-

fying nﬁ)nil) + nf) n(vz) + nﬁ’) nf’) + (quqv/qz) =0y, then

2L, = nPnd, (3.55)
25, = nnP+nPnd. (3.56)

A few observations are in order:

(i) in Minkowski space, we have

@ _ [ 14l wq)
ny =——|, (3.57)
g (\/qz VG

which in the long-wavelength limit becomes n,(f’) =(0,4);

(ii) in that limit, one obtains Drude expressions fore; =1 — (wﬁ/ w?) andv; =1- (w%n/ w?)
[17]. Inserting this into (3.47) and (3.48), and using the fact that w?, = 2w?, we find

w>—w? as the denominator for both longitudinal and transverse plasmon propagators.

The collective plasmon excitations correspond to charge density and current density

oscillations. Indeed the collective field AL = nﬁ),@ﬁvAv = A,n%, in Euclidean space, is given

by
_—ig-(-iGAs+iqA)  -V-E
Va3l V2§l

Since the field has a longitudinal component, we may define an effective charge density p,

AL

(3.58)

as V- E = p.(g). Similarly, the collective field Aﬁ = Q?’JVAV is given by (0, A7), where AT =

AA% + A,7@ and A; = A- 2. One then obtains

AT iﬁx(iﬁxﬁ) _ ﬁjé' (3.59)
g1 G1?

We may then define an effective current density j, through V x B = j,. Then, if we use (3.38),

(3.39), and (3.40), and leave aside the gauge term, the plasmon Lagrangian may be written in

Minkowski space as

v+ (1- %)

T is@, (3.60)

€L .k
Pe(q) (W) Pe(q) +j. (q)
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where g = (w, §). The above expression physically describes the interaction of charge den-
sities induced by the longitudinal component of the fluctuating electric fields, and current
densities (loops in the plane perpendicular to §) induced by the fluctuating magnetic fields.
Apart from that, whenever €; # 0 and vy # —1, we just have the propagation of an electro-

magnetic wave with the propagator given by (3.48).

An alternative and somewhat complementary analysis may be obtained from Maxwell’s
equations combined with the constitutive relations written out previously. Maxwell’s equa-
tion for harmonic plane waves in Fourier space are (we have now restored the speed of light

C)

qg;D; = 0, (3.61)
giBi = 0, (3.62)
w
€ijkqdjEx = — Bi, (3.63)
w
€ijkqdjHr = —?Di. (3.64)

From equation (3.61), and the constitutive relations D; = €xEx + 7 jxBx and Hj = v Bg +
7k Ex, we derive

(G-E)er =0. (3.65)

If e; # 0, then we must have G- E = 0, so that Equation (3.64) and the constitutive relations
give
. W] = L. W] . =
[T|q|+e—]E+[vlql—r—](qXB):O, (3.66)
c c

which combined with Equation (3.63) yields a generalized wave equation for E (and an anal-
ogous one for B)

o W7 o] -

lq| —ue?—zlnlqlz E=0. (3.67)
For a plane-wave, the relation |G| = |g|(w), which satisfies Eq. (3.67), leads to the index of
refraction n(w) = |§|/w. For T = 0, we recover the usual expression n = \/ﬁ\/E Notice that,
in the long-wavelength limit, one has 7 = 0, n = ,/fiy/¢, and electric and magnetic responses
may be simultaneously negative. It then follows that one may obtain negative indices of re-
fraction for the relativistic regime in such a limit. In the next chapter, we will give a general

description of the effective responses and of the index of refraction in the REG.
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Using the Equations (2.41) to (2.44), and the equations for €; and vy in (2.46) and

(2.47), Equation (3.66) becomes,

(vp+1)

a2 W
GxB+ ;E] =0, (3.68)
whereas Equation (3.67) yields

2 _ w? 2|
(vp+1)g =wp+1) ?—Iql =0. (3.69)

We see that Maxwell’s equation (3.61) will be satisfied if €; = 0. This coincides with the longi-
tudinal plasmon condition. If e; # 0, then E is transverse, and Equation (3.69) will be satis-
fied if either v; = —1 (transverse plasmons) or g° = 0 (photons). The fact that the wave equa-
tion factors out into two terms is a consequence of the specific form of the EM responses of

the REG.

The plasmon modes and the photonic mode obtained from quantum responses to
the electromagnetic fields will appear whenever the dispersion relation w = w(|g|) obeys
one of the conditions derived in Equations (3.49)-(3.51) (¢ = 0; v, = —1, and w = |{|, re-
spectively). Otherwise, the electromagnetic field will propagate with responses given by

€ij(w,|gl) and v;j(w,|4]).

The real part of € is depicted in Figure (3.5) as a function of w in units of w.. Results
were computed for 77 = 0.01, and different values of |g| expressed in units of g.. In Figures
3.5(a) and 3.5(b), we have set = 1000 and f3 = 10, respectively. The real part of the longitudi-
nal electric permittivity exhibits two zeros for a given value of g at a given temperature. The
lower zero lies within a region where Im[e;] # 0. Therefore, in spite of the fact that Rele;] =0,

it is a mode that does not propagate.
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Figure 3.5: Real part of ¢ as a function of frequency in units of w. = mc?/#, for various values of the wave
vector g = 141/ qc, with g, = mc/h is the Compton wave vector. The density gas 7 = 0.01, and § = 1000 (fig. a),
and § =10 (fig. b).

We display in Figure 3.6 the upper (solid line) and lower (dashed lines) frequency

zeros of the real part of €; as functions of § = |§|/g.. Numerical results were computed

for 7 = 0.01, and different values of B. Figure 3.6 clearly indicates that there is a maximum

value of the wave vector (§,4x) beyond which the longitudinal plasmon decays into particle-

antiparticle pairs.
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Figure 3.6: Upper (a)’L, plasmon frequency) and lower frequency zeroes of €;, (solid and dashed lines, re-

spectively) as function of the |G| wave vector. Calculations were performed for f = 100 and f = 10 by taking
71 = 0.01. The shaded area corresponds to the region where particles-antiparticle excitation occur. Note that
the maximum value of the wave vector (§,,4x) is the value beyond which the longitudinal plasmon decays into
particle-antiparticle pairs. Both the frequency and wave vector are given in units of w. and ¢, respectively.

The condition vy = —1 [cf. (3.50)] leads to the a)z frequency of the REG transverse
plasmon modes. We display in Figure 3.7 the real part of v; as a function of the w fre-
quency in units of w., obtained for 7 = 0.01 and different values of the wave vector |g| in
unit of g.. Results depicted in Figures 3.7(a) and 3.7(b) where computed for § = 1000 and
B = 10, respectively. We would like to stress that numerical results (not shown here) indicate
that Im[v;] = 0 within the respective frequency ranges considered in both Figure 3.7(a) and

3.7(b). Therefore, in the present cases, the transverse plasmon frequencies may be obtained

by solving the transcendental equation Re[v;] = —1.

We display in Figure 3.8 the dispersion curves for the transverse and longitudinal
plasmon modes at T = 0 [cf. Equations (3.49) and (3.50)]. The shaded area corresponds
to the region where the excitation of particle-antiparticle pairs occurs. The dashed line is
discarded as solution for the longitudinal plasmon dispersion as it lies entirely in the region
of nonzero imaginary parts of €;. We have also shown the dispersion for the photon mode
@y = g [cf. (3.51)]. Although not shown in the figure, the straight dotted line for the photon
dispersion will eventually reach the upper region where the excitation of electron-positron

pairs will take place.
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Figure 3.7: Real part of v, as a function of frequency in units of w, = mc?/H, for various values of the wave

vector g = |G|/ qe, with g, = mc/F is the Compton wave vector. The density gas 77 = 0.01, and, 8 = 1000 (fig. a),
and § =10 (fig. b).

The model has been tested in the non-relativistic limit for some metals. Figure 3.9
shows the experimental dependence of the plasmon energy of silicon [66] at T = 0 as a func-
tion of wave vector parallel to the electromagnetic field that excited the plasmon mode. The

numerical results show good agreement with the experimental data.

Finally, we display in Figure 3.10 the different relevant regions of the (g,®) plane
where the real parts of €; and v have different signs [25]. We would like to stress that there is
aregion where both €; and v are simultaneously negative, indicating that the REG exhibits
a behavior that has not been experimentally observed in natural materials. This fact was

previously remarked by one of the authors [17], as mentioned.

A figure similar to Figure 3.10 can be obtained using the values of densities and tem-
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Figure 3.8: The dispersion curves for transverse and longitudinal plasmon modes at T = 0 and 7 = 0.01
[cf. Equations (3.49) and (3.50)]. In the shaded area, Im[ez] = 0, indicating decay of the longitudinal mode.
The dashed line is discarded as a solution for the longitudinal dispersion as it lies entirely in the region of
nonzero imaginary part of €, . We have also shown the dispersion (dotted line) for the photon mode @, = g
[see Equation (3.51)].
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Figure 3.9: Energy loss dispersion along the [111] and [100] directions of the Silicon at T = 0 and silicon
density ns = 2.0 x 1023cm™3. Solid line correspond to the theoretical result. Squares and triangles correspond
to experimental values from Stiebling [66]

peratures encountered in astrophysical scenarios, as in a superdense electron-plasma (e— p)
in gamma ray bursts (GRBs) [67, 68], where the e — p density is in the range of n = (1030 —
103")cm™3. According to ref. [67], in Condensed Matter, a e— p plasma will eventually be pro-
2

duced in the laboratory with laser systems. Laser pulses with focal densities I = 10°*W cm™

incident on material targets could lead to a e— p plasma with densities in the range of (10 —
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Figure 3.10: Regions of the (§,®) plane according to the signs of the real parts of ¢, and v;. Outside the
shaded regions the real parts of ; and v are positive. Results were obtained for T = 0 and 7 = 0.01.

10%%)cm™3. We have used the upper limit of that density range in our calculations.

Summing up, we have presented a theoretical study of the EM propagation and re-
sponses of a REG for various temperatures and carrier densities. Using linear response and
RPA, we have identified the propagation modes and their dispersion relations from the QED
propagators, as well as from Maxwell’s equations, with the added input of the constitutive
relations obtained from the QED responses. We found a longitudinal plasmon mode, two
transverse plasmon modes, and a photonic mode which propagates with the speed of light
in vacuum, i.e., for which the medium is transparent, thanks to the specific form of its rela-
tivistic electromagnetic responses. In deriving dispersion relations, we were able to identify
stable solutions and regions of instability where the plasmon modes decay. Finally, we have
also identified the regions in the (|g|,w)) plane where the longitudinal permittivity ¢; and

longitudinal inverse permeability v; are both simultaneously negative.



Chapter 4

Negative refraction in the relativistic

electron gas

4.1 Introduction

The quantities that Veselago assumed to be simultaneously negative were the elec-
tric permittivity and magnetic permeability appearing in Maxwell’s equations. Although in
nonrelativistic systems these are the same quantities that appear in the constitutive equa-
tions, this is NOT the case for the REG. In fact, we will show that what appears in Maxwell’s
equations for the REG are combinations of the responses present in the constitutive rela-
tions. Those combinations are to be interpreted as the effective electric permittivity and
permeability that would have to be simultaneously negative in some frequency range in or-
der to realize the Veselago system. Here, we will construct them, and show that both become
negative below the same frequency value, which we associate with a longitudinal plasmon

frequency.

From the study of the poles in the electromagnetic propagator, we have also shown
that the REG supports the propagation of longitudinal and transverse plasmon modes, whose
dispersion relations we have calculated, as well as that of a purely photonic mode with the
speed of light in vacuum c¢. The photonic mode corresponds to an electromagnetic wave

propagating in the gas. The fact that its speed was ¢ implied that the modulus of the in-

51



CHAPTER 4. NEGATIVE REFRACTION IN THE RELATIVISTIC ELECTRON GAS 52

dex of refraction was equal to one, and that there was no energy loss to the gas, something
novel that we thought should be confirmed and clarified. In the present chapter, we explic-
itly calculate the energy dissipated to the medium by the electromagnetic wave, and show
that it vanishes. Furthermore, we interpret this as a natural consequence of the absence of a

dissipation mechanism in an ideal gas.

With those two ingredients well established, i.e., simultaneously negative effective
permittivity and permeability, and the existence of a photonic mode for which the effective
index of refraction r.¢ has modulus one, we combine them in the discussion of refraction
to show that ne = —1, a consequence anticipated in Veselago’s work [7]. That completed
our proof that the REG is indeed a LHM, something we had suggested previously, but lacked
explicit demonstration. Additionally, we illustrate how this affects the reflection and trans-
mission coefficients of the electromagnetic wave. We may now finally claim that the REG is

a natural LHM.

4.2 Veselago effective responses

In order to find the exact analog of the situation proposed by Veselago [7], we need
the effective electric permittivity and effective magnetic permeability that emerge in the two
Maxwell equations with sources. To obtain them, we start with the polarization P; (2.32)
and magnetization M; (2.33), and using (2.20-2.22) combined with electric and magnetic

permeabilities in (2.41-2.44), we have

Pi=(e-VDE] + (e, - DEF—7€;jx4;B[, (4.1)

M;=(1-v)B] +(1-v1)BF +71¢€;jk4;E], (4.2)

where the superscript refers to longitudinal and transverse. Maxwell’s equations imply

€ijkqjEx = wB;, (4.3)

e,-jkquk:—wDi. (4.4)
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For an electromagnetic wave, the longitudinal components of the fields BX = EL = 0 vanish

in Egs. (4.1) and (4.2), so that the constitutive equations (2.36) and (2.37) read

D;=cE] —1€;jx4;B[, (4.5)

H;=vB] —1€;jx4;E] . (4.6)

Substituting them into Maxwell’s equations yields

z,xET:w(—f”q' )FIT (4.7)
lq| —wut
I 14\ =1
gxH =-wl|le+—T|E". (4.8)
w
Comparing with Veselago’s work [7], we identify the effective responses of the REG as
g
r—_ L (4.9
gl —wur
eme+ o (4.10)
w

Note that, when 7 = 0, we recover s = 1 and €egr = €. Defining |ne| = |G|/, then ngff =

Ueti€efr- The LHM behavior will occur whenever €. and pefr are both negative.

Figure 4.1 shows the behavior of the real parts of eef and piegrat T = 0 for |G| = 5.1k eV/ic.
Both effective responses become negative in the shaded region, exhibiting LHM behavior. In
that region, the imaginary parts Imes = Im e = 0 are null, so that wave propagation occurs
without energy dissipation, something we will confirm by explicit calculation in the next

section.

We remark that the zero temperature value used in the calculations of Fig.4.1 is a
good approximation to many systems with relativistic densities. An ideal relativistic electron
gas is a well-defined statistical system, whose equilibrium dynamics may be treated in the
canonical ensemble, where the temperature T and the density i are independent thermo-

dynamic variables. The gas is considered relativistic if either its Fermi energy or its thermal
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Figure 4.1: Real parts of e (solid line) and pesr (dashed line) as a function of fiw, and fic|g| = 5.12 keV, where
|G| is the wave vector. When w | |G|, €eff — —oo. The shaded area corresponds to the region where both €. and
Uefr are simultaneously negative. Results were obtained for T = 0 and electron gas density = 1.76 x 10°3cm™3.

energy kT, or both are greater than or equal to the electron rest energy mc?. High Fermi en-
ergy translates into high densities 7 = (mc/#)3. Thus, there is nothing to prevent a relativistic

electron gas from having relativistic densities and very low (even zero) temperatures.

As an example in Plasma Physics presented in [69], high power laser pulses with in-
tensities up to 1022W/cm? may be used to investigate the interaction of intense laser beams
with a plasma of electrons and positrons in the relativistic and quantum regimes. Such a
plasma, with average temperature T}, exceeding several tens of electron volts, and extremely
high number densities, in the range 103 — 10°3cm™3, may be considered a degenerate elec-
tron gas. For density values of 10°®cm =3, the Fermi energy Er = lic(37%n)'/3 = 0.13MeV, thus

kT, < EF, validating the ZERO temperature approximation.

Using the definitions of the permittivities and permeabilities in Egs. (2.41-2.44), we
may write the effective responses (4.9) and (4.10) in terms of the scalar functions «/* and

9%*, neglecting the vacuum contribution €* < 1, to derive

wz
€eff:1+.52¢*—W@*, (4.11)
2 -1
x W *
o= [1+0* — ——a*| . 4.12)
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So, we obtain €qf = ye‘é = Vefp; thus ngff = 1. This again implies that an electromagnetic wave
will propagate with the speed of light in vacuum.

From Egs. (2.41) and (2.42), with €* = 0, we derive

2

€eff = Veft =V + 5(e—v). (4.13)

w
1G1> + w
In the long-wavelength limit |§| — 0, we may use the Drude expressions in Eqgs. (2.48) and

(2.49), neglecting small corrections of @' (a), to find

wz
€off = Veff =€ = (l—aTg). (4.14)

Therefore, in the long-wavelength limit, the effective responses will have the exact same
Drude behavior, both being negative below the longitudinal electric plasmon frequency, to
appear in the next section. Those simultaneously negative responses characterize the gas as
a LHM, as we will show. In summary, for Fermi gases, the LHM behavior is a characteristic

that appears only in a relativistic context.

4.3 Propagation without loss

A complete discussion of the modes that propagate in the REG was given in 3.4,
where analytic results at 7 = 0 and numerical results for T # 0 were used to compute de-
cay constants and dispersion relations for both longitudinal and transverse plasmons. In
order to obtain the collective modes of oscillation, we computed how the medium affects
the photon propagator in the REG. The inverse of the quadratic kernel I';, in eq.(3.46) gives

the photon propagator
P Py A dudy

I, = :

(4.15)

with the projectors &, = .@ﬁv + QMTV =6 — qudv! 4°, e@g} =6ij—§igj, and ], = 2] =
0; A is the gauge parameter. The poles of the photon propagator correspond to collective

excitations and yield their dispersion relations.

In the longitudinal propagator, there is a pole whenever the longitudinal electric per-
mittivity vanishes € (w, §) = 0, which leads to the dispersion relation of the longitudinal plas-

mon collective excitation. For €] (w, §) nonzero, Maxwell’s equations lead to transverse fields,
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G- E = 0, which means that the pole g = 0 in the longitudinal propagator is not realized in
this case. The transverse propagator has poles whenever the inverse of the magnetic per-
meability becomes ,uzl(w, q) = vi(w,q) = —1. They correspond to collective oscillations of
the current density. There is another transverse mode of propagation in the REG whenever

2

q* = w* —§G|? = 0, corresponding to a photonic mode that propagates with the speed of light

¢ in vacuum.

Our main interest here will be the photonic mode, which corresponds to an electro-
magnetic wave that travels through the REG as if it were in vacuum. We will show by explicit
computation that no energy is dissipated into the medium by the electromagnetic wave. We
start by constructing the energy-momentum tensor 7,3

F2

which satisfies

OHTIJA:—]HFIVM, (4.17)
with Ty4 = —u, u being the energy density, and T4 = iSj, S being the Poynting vector.

The total current J, is the sum of the free and induced current contributions, J,, =
]5 +] [l The current J! induced in the REG by the external electromagnetic field is related to
the polarization Py, by 0,,Pyy = —]5. Since ]i = iV-Pand ]]I. =—0.Pj— (VA M)j, eq.(4.17)
may be expressed in Minkowski space, using JM = i JE, Jyy = —J

M §.§=-F
at B

fF+§/\]\7[+@) (4.18)
- | .

Eq.(4.18) expresses the Poynting theorem [11, 58], with u = (E? + B?)/2, §= EA B, and M and

P the magnetization and polarization vectors, respectively. A simple rewriting leads to

+V-(EAID)=-E-JF. (4.19)

The total energy dissipated may be identified as

. 0D . OB
é":fd4x(E-E+H-E). (4.20)

In terms of the Fourier transforms,

d4
éa:f (271;74 iw [Ej(@)Dj(=q)+ Hj(@)B;(=q)]. 4.21)
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Since the fields are real, E;(x) = E]* (x), we have Ej(—q) = E]* (q). Inserting the constitutive

equations of the REG for H and D,
&= ﬁ(—iw)[e \EL1? +€lET > —=vi|BLI> = vIBT|? + 27€¢; ;1 GiRe(E} B)) 4.22)
) HELETAR T VLB T YLD, RAREEE D) '
From Maxwell’s equations, we have E; = By =0, and B; = Bl.T = eijkq]-E]Z/w. Thus,

4
&= —ifﬂw
2m)*

For the photonic mode, IE]’I2 —w? =0, the term inside the brackets in eq.(4.23)is [e(q)—v(q) +

g1 14|

e(q) =@ 5 +21(@)> \EF (q) 1. (4.23)

21(q)]. Setting €¢* = 0 in eqs.(2.41)-(2.44), we have

2
e(@)—v(g)+21(q) = (1—%') B (4.24)

Thus, for the electromagnetic wave, || = w implies
&=0 (4.25)

No energy is dissipated.

In conclusion, the photonic mode propagates with the speed of light in vacuum,
meaning that there are no losses to the medium, as explicitly verified by our calculation of
the vanishing energy dissipation. Physically, this is inevitable, because there is no mecha-
nism for dissipating energy in the REG, as it is an ideal gas. Its particles do not interact with
each other, only with the photons of the external radiation, which will only change the mo-
menta of the electrons, without losing energy (elastic collisions). Had we been dealing with
atoms, the photons could induce transitions in the energy levels of the electrons, and that

would lead to energy loss.

4.4 Negative index of refraction

For the photonic mode, since |7 ¢ = 1, the effective responses in egs. (4.9) and (4.10)
become €t = €+ 7T and Ve = vV — T, Where v off = ,u;%f. Neglecting the vacuum term €™ = 0,

eqs. (2.41), (2.42), and (2.44) become

e=1+o", (4.26)
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v=1+o" 28", (4.27)
T=-%B" (4.28)

leading to
Ceff=Vef =1+ —B". (4.29)

The longitudinal responses for the photonic mode are

er=€e+¢€' =1, (4.30)
vi=v+v =14+2(A4" - BY), (4.31)
leading to
vip+1
€eff =Veff = > (4.32)

This becomes negative for v; < —1 and, then,
€ eff =V eff < 0. (4.33)

A numerical calculation shows that, for the electromagnetic wave of the photonic mode w =
|ql, € eff = V eff — —00, keeping the product nze i = Mefi€ eff = 1. That can be seen by taking the
limit w | |g| from above, since w = limmyqo \/ G+ m,z,, my being the vanishing photon mass,

as shown in Fig. 4.2. Thus, we have € o < 0 and v ¢ < 0, for the electromagnetic wave.

Maxwell’s equations provide the relative orientation of the wave unit vector (§) with
respect to the electric (&) and magnetic (/) field unit vectors. For the usual case where the
medium is right-handed, we have § A é = +/ and § A h = —é. On the other hand, Maxwell’s
equations (4.7) and (4.8), for a LHM with pt ¢f < 0 and € ¢ < 0, yield gAé = —hand gA b = +é.

From previous considerations, the REG is a LHM. Then,

A

énh=-4. (4.34)

-

From the definition of the Poynting vector, S = E A H, the vector § = é A h is opposite to its

wave vector by eq.(4.34).
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Figure 4.2: Effective permittivity for values of w | |§| (photonic mode). Calculations were performed at T =0
and electron density n = 1.76 x 1028cm 3.

Let us analyze the refraction of light into a LHM. Maxwell’s equations lead to bound-

ary conditions at the interface (z = 0) delimited by the two media

Exyya=Euxyb  Hixya= Huyb (4.35)

€1Ez)a = €eftEnp, M1 Hz)a = WettHz)p, (4.36)

where €; and p; correspond to the responses of a right-handed material (RHM). As Veselago
argued, the boundary conditions must be satisfied regardless of the relative rightness of the
media. Thus, because of the continuity of the tangential component of ¢, an incident wave
with Poynting vector Sy and wave vector § from medium (a) has two possibilities to refract
into medium (b), depicted in Fig. 4.3, depending on the rightness of the vector fields. If € ¢
and p o are simultaneously negative in medium (b), the only way to refract is with an angle
6, opposite to the one for a RHM. Since the radiation flows along the Poynting vector S,
which is antiparallel to wave vector g, Snell’s law implies that, for the pure photonic mode,

w = 4|, the index of refraction is 7 o = —1, which completes our proof.

Indeed, let us define the wave vector of the radiation incident from the RHM as g,
that of the reflected wave as ), and that of the wave refracted in the LHM as ¢». Then,
from the continuity of the tangential components, the boundary conditions on (4.35) and
(4.36) lead to qoy = g1y = +q2y. In the LHM, the tangential component g», has positive

sign. However, its Poynting vector §2y has a minus sign, So;, = —S»,. Since, |gol = |41] =
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w|m |, where n, is the refractive index of medium (a), following standard calculations [58],

for transparent media 8y = 6, and we obtain Snell’s law

p1 n18infy = p2 nysinf,, (4.37)

where for a RHM, p; = +1, and for a LHM, p, = —1, with n; >0, and n, <0.

We have thus shown that the only way that the electromagnetic wave propagates in
the REG is with 7 ¢ = —1 in the photonic mode w = |g|. This result corrects a misunderstand-
ing in Ref.[70], which misused the concept of index of refraction for the electric plasmon
oscillation. The concept of index of refraction can only be applied to a propagating elec-
tromagnetic wave, not to a plasmon excitation, which is an oscillation of the electric charge

density in the medium.

(@) RHM
Nyac = 1

Figure 4.3: Illustration of the two media with refractive index (a) 7yac = 1 and (b) nef = —1 . When the
electromagnetic wave enters the LHM (b), the Poynting vector S; is opposite to gz, and the refracted angle is
0.
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4.5 Reflection and transmission coefficients

Although the REG may be bianisotropic, since its polarization and magnetization de-
pend on both E and B, for the EM wave characteristic of the photonic mode this is NOT the
case. This is shown in detail in Appendix H. The electric and magnetic fields in a LHM may

be obtained from Maxwell’s equation, where

D =eeE, (4.38)
H = veiB. (4.39)

We shall use the boundary conditions given by Egs.(4.35) and (4.36) in order to find the
reflection and transmission coefficients for an incoming wave propagating from medium

(a)(RHM) to medium (b) (LHM), as shown in Fig.4.3.

Let us start with the case where the electric field only has the component E =E;X

(TE-mode). From (4.7) we obtain

Hy = ( ) qzEx. (4.40)
W Heff

Therefore, continuity of tangential components of E and H leads to
Ey+E,=E,, Hy+ H; =H,, (4.41)

where Ey, = Ey, E1x = E; and E,x = E». Noting that ¢q;, = —qo;, after some algebraic manip-

ulations and using Snell’s law for transparent media [58], we find

a-p

E| = Ey, (4.42)
a+p
2a
E; = 0- (4.43)
a+p

where, a = |l ¢l sinB2 cosBy, and B = uy sinfycosB,. These results allow us to compute the
reflection and transmission coefficients for the TE-incident wave. For that, we need to com-

pute the Poynting vector S; = €;xE;jHi. For a LHM, using Maxwell’s equations (4.7) and

Si=— |~ EE;4;. (4.44)
HMeft

(4.8),
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where we identified §;|gG|/w = —|n el G;.

The reflection coefficient R = (S1)/(Sp) may be computed as the ratio between the
average reflected flux (S;) and the average incident flux (Sp). For the transmission coeffi-
cient, we have T = (S»)/(Sp), where (S») is the average transmitted flux. Assuming (S;) in the
same direction as the wave vector, as we are in a right-handed medium, 6, = 6, and consid-

ering medium (a) (n = 1) and medium (b) (ne¢ = —1) transparent, from Eqgs.(4.42) and (4.43)

we obtain
_m2
R= % (4.45)
4aff
=i (4.46)

which give the reflection and transmission coefficient for a TE-incident wave. Note that R +

T =1 as expected, since no energy is absorbed by the LHM, as we have seen before.

Eqs.(4.45) and (4.46) can be further simplified for the photonic mode, w = |4|, where

0o = 0, as shown in Fig.4.3. We find

2
R= (w) (4.47)
| tete] — p1
4
7o At (4.48)

5
(Iptefil + 1)
As mentioned before, for the photonic mode @ = |§|, €eff = Veff — —00, OT Uegf — 0. We then

obtain the coefficients of reflection R = 1, and transmission T = 0, for that mode. This im-
plies that, if the radiation propagates in vacuum (n = 1), and the external medium is a LHM
(negf = —1), we obtain total reflection at the interface for any angle of incidence, suggesting

that a LHM can be used as a waveguide with no energy dissipation.



Chapter 5

Electromagnetic responses of a charged

relativistic Bose gas

5.1 Introduction

In this chapter, we address the interaction of a classical electromagnetic field with
the relativistic Bose gas, using a semiclassical version of scalar quantum electrodynamics at
finite temperature and charge density. Using an approach similar to the one discussed in the
relativistic electron gas in previous chapters, we derive the effective electric permittivity, the
effective magnetic permeability, and the electromagnetic modes of propagation of the gas,

both in the normal and condensed phase.

5.2 Field theory treatment

Let us begin by writing the Euclidean grand partition function of the relativistic Bose
gas interacting with an external electromagnetic field A, as a functional integral over gauge

and charged bosonic fields ¢p* and ¢

[1]

= f[dA] [dp™1[dP] det(g—i) O(F) x exp (—fd4xE .SKSQED) . (5.1)

Here, ¢ is the complex scalar field (¢p* its complex conjugate) that represents charged spin-0

bosons with mass m and charge e. The Lagrangian density Zsqep of Scalar Quantum Elec-

63
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trodynamics (SQED) is written as [22]
1 ™ * 2 *
L5qen = - FuvFuy + Dy Dup + m*gp”, (5.2)

with Fy;, =0, A,—0, Ay, the field strength tensor, and D,J(,b = (5ﬂ_ ieAu), the gauge-covariant
derivative. Here, we also introduced the chemical potential ¢ via 5” = (04 —¢,0;). Integrat-
ing Eq.(5.1) over the scalar fields with boundary conditions ¢(0,X) = ¢(p, X), one obtains a

bosonic determinant. This leads to an effective action Sefs
1 (F 3 ~2 2
0

Since we accounted for the quantum contribution of the bosons by the integration over the

scalar fields, by extremizing the effective action in Eq. (5.3)

O Seft

=0, 5.4
5Av (x) 64
we obtain the equation of motion
—0,Fpy + LTrln(—[)2 +m*) =0 (5.5)
T s A(x) ’ '

that is, Maxwell’s equation 0, F,, = J,(x), where the total current J, is given by

J,(x) = Trin(—D? + m?). (5.6)

0A,(x)
Note that
G (A =-D*+m?= (G,  +1D) = 1 +T1Gp) Gy 1, (5.7)
where Ggl = G 1(A=0) = (-0% + m?) is the inverse of the free boson propagator, and
MI=2ieA-0+ie(d- A)+e’A>. (5.8)
Therefore, Eq.(5.6) reads
Trin(Gy 1) +

Jy(x) = Trin(1 +IGy 1), (5.9)

Note that the dependence on the external gauge field A comes only through IT = I1(A), thus

Trin Go_l does not contribute to the current density which is given by

Iy Trin(1+ TGy ). (5.10)

T 5A, )
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We are interested in the linear response to the external gauge field, therefore one may
expand Eq.(5.10), and retain terms up to order O(A?). For weak background A,, the current

density in linear response is

Jv(x) =

i} 1 _
Trin(I1Gy) — =TrIn(IIGyI1Gy) |. 5.11
e rIn(ITGo) 2 rIn(I1GoI1Gy) ( )

One may Fourier transform Eq.(5.11) (see Appendix I) to obtain

]v(q) = Hpv(q)Ap(q), (5.12)

where I,y is the field theory polarization tensor for scalar quantum electrodynamics, which
contributes two terms to the current: the tadpole and the thermal bubble Feynman graphs

2e% t® d’p  Ouv e? > rd¥p QCpu+qunpy+aqy)
M (q) =~ 372 2t 372 N7 2 21"
ne—eod @2m)° pe+me B o) 2n)C (pr+mA)(p+ q)c + me]
(5.13)

The sum is over bosonic Matsubara frequencies p, = 2nn T + i¢, with ¢ the chemical poten-

(m)

uv » where the former corresponds to the value at T =0 and ¢ =0,

tial. Writing I, = HL”V) +11
we have used symmetry and gauge invariance [21, 23] to derive its tensor form in Appendix
C. Here, the scalar functions o« and 28 will be a function of the components of the polar-
ization tensor for bosons in (5.13), Il44 and I1,,,. The Matsubara sum and the integral over

angles can be done using the same procedure we used for fermions in appendices D and E,

to arrive at

R H(m)
Bland = 5
e? dp ng(p) (G +405—2psqa+2p-§
= —2R 3 5 — , (5.14)
q @2’ w, q°+2psqq+2p-q
and
M (3 1)
)_> = T 95 .y - Hm
e? d3 3g°+3m?+4p- 3g°
- _ 2Ref P np(p) 21— P q+(1— i’z)%, (5.15)
22m)3q wp q=+2p-q 24|

where ng(p) = ny(p) + nj(p) is the Bose-Einstein distribution for bosons and antibosons

1

eﬁ((ﬂp_f) -1 + eﬁ(wp‘f'f) -1 ) (516)

ng(p) =
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The contribution of the antibosons becomes relevant only for relativistic temperatures (7 >
m) or relativistic densities ( > m?). Fig. 5.1 shows the ratio of the density of antibosons and
that of bosons, p = N*/N~, as a function of temperature for some values of the total density

for an ideal Bose gas, where
1
_ N+ fdspeﬁ(wp+f)_1
=—= 3 1 .
N~ [d P pwp-a_

o (5.17)

1.2

0.8

0.6/

AntiBoson/Boson

0.4}

0.2

0.0"
0

TIT,

Figure 5.1: The ratio n = N*/N~ of the densities of antibosons and bosons for the ideal relativistic Bose gas
as a function of the temperature for some values of total density 7 (in units of (mc/h)3).

We are now ready to discuss the responses both above and below the critical temper-

ature of Bose-Finstein condensation:

a. For T > T,, the permittivities and inverse permeabilities are determined by the three
scalar functions «*, %%, and €*. The asterisk denotes continuation to Minkowski
space g4 — iw — 0" of the Euclidean scalar functions </ (|4, q4), %(4|, q4) and <€(E]2 +

g3). From now on, we shall use the Minkowski definition ¢* = w* — |G|* (g% — —q5,);

b. For T < T, a part n©(T) of the density of charge n* — n~ condenses in the ground state
(p = 0), as Bose-Einstein condensation sets in for ¢ = m. To account for the part that

condenses, the Bose-Einstein distribution 7n(p) must be modified to
n(p) — @m)°n‘(1)6® () + n' (p), (5.18)

with
1

= + P ] (5.19)

n'(p) =
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However, the contribution of the antibosons will vanish in condensed phase, n* = 0.
The modification has a contribution due to the charge density in the ground state, and

another due to the particles in excited states. The longitudinal responses become

2 2 2
> * 2 q —4m q *
crlolah =1+ —we(q4 —4m2w2) - |5|2%T’
R 2w w?
vi(w,|g)=1- q; +2€" + 297 —ZW,%;. (5.20)

w? = e?n'/ m s the longitudinal electric plasmon frequency; ;. and 987, are the func-

tions o/ * and 98* with the modification n(p) — n'(p).

c. For T =0, all the charge condenses, so n;(p) — 0, and the scalar functions «/; and 2.

vanish. Neglecting the vacuum contribution (¢* << 1), one obtains

l( | |)—
vi\w, q =1
q2

2 2
- 2 q —4m
er(w,lqgl) =1 —we(m),
2
e’ (5.21)

for g> < 4m?. For g > 4m?, as |G| — 0, the longitudinal responses at T = 0 are the same as

those obtained in [17] for the relativistic electron gas, €, = 1 — w2/w? and v; = 1 — 203/ w?.

5.3 Imaginary partofe;

The imaginary part of the longitudinal permittivity is

2

Ime; = —I%Im%*. (5.22)

Note that the scalar function is 98* = Hé’g”/ g°. The component ITy = Hé’g) + H(%) of the po-
larization tensor for bosons may be computed in alternative form as

, [ dp 1+nt(p)+n (p)
2m)3 wp
, [ dp Cc* _1+n+(p)+n_(p+q)+ n~(p+q)—n (p)
2m)3 40w ,pwp4q W=0Wp—Wpig+i0T W+ —Wpiq+i0F
n*(p)—-nt(p+q) +1+n_(p)+n+(p+q)
W—Wp+0prg+i0"  W+wy+wpg+i0F |

IIoy =

(5.23)

2

piq) w?. At T = 0, a macroscopic charge density condenses in the

where C* = 2(wf7 +w

ground state (5 = 0), so we have n~ (p) = 27)3n6® (p) and n~(p+q) = 21)°n6® (5 + §), with
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n*(p) = n*(p+ q) = 0. Thus, substituting the component of the polarization tensor above in
the scalar function %%, we obtain the longitudinal permittivity e

e’ dp 1 . e’n
g*J 2mPw, mg?

€ =1-

e? dgp ((Up_wp+q)2 1 1
e? (wq—wo)z[ 1 1 ]
17217 dwgwy w-wg—wy wW+wo+wg

1 1

e (wq+wp)?
=

n ) (5.24)
q

dwgwy |W+two—wg; W+ws—wo
where wy = m. Note that the first integral has a divergent contribution, which can be sup-
pressed by a minimal subtraction renormalization. The imaginary part of €; may be ob-

tained using the relation

1
w—wy+i0*

1 .
= P( ) Find(w— wy). (5.25)
w—wo

For w > 0, we have

e [ d¥p (p—wpig)?

Ime; = S(w+wp+wpig). (5.26)

G* J 2} dwpwpiqg
After we integrate the expression above over angles, imaginary parts appear only for frequen-
cies such that w? > 4m? + Iﬁlz. Note that, when || = 0, we always have imaginary parts for
o > 2m, which indicates that photons will decay into boson-antiboson pairs of total mass

2m. Thus, the expression for imaginary part at T =0 is

3/2

eZ qZ
I g = — | —— . 5.27
me; (@, 1)) 48n(q2_ 4m2) (5.27)

5.4 Nonrelativistic limit for bosons

The nonrelativistic limit of longitudinal responses may be obtained similarly to what
was done for the REG in 2.4. The Bose distribution ng(p) — [e#@r~9 —1]71 = n(p) accounts
only the for the boson contributions, since the antibosons contribution will vanish, and the

longitudinal responses in that limit become € = 1 + 98. We obtain

2 3 N
Ry .
4 @nd) ep_g—€p—w—i0*

(5.28)
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The result above is the same as the one obtained in [72] for a charged Bose gas in the random-
phase approximation, and similar to what was obtained for the REG in the nonrelativistic
limit, with the Fermi distribution. Integrating the expression above over angles, one obtains

em
42| g3

(g1 +2plg? — 4m?w?
(1412 -2plgh? —4m2w? |

(5.29)

€L=1+

fo pdp n(p)ln

We may now discuss the Bose-Einstein condensation. For temperatures T < T;, where
T, is the critical temperature of condensation. With the Bose-Einstein distribution modified
to include the ground state charged density as defined in 5.19, we obtain in the condensed

phase T < T,

2 2
ws eem

. (1G1% +2plg))? — 4m?w?
w?—|g1?14am?  4m?|q|3

(1412 -2plGl)2 - 4amw? |’ (5:30)

er=1- f pdpn'(p)ln
0

with w2 = ?n©/m, and n'(p) = [eP“» — 1], where ¢ = 0 is the condition for condensation in
the nonrelativistic limit. At T = 0, all the charge density condenses (n'(p) — 0), and
W
€L:1——|q,|2. (531)
2 _ 19”7
O 2

Note that, in the long-wavelength limit (§ — 0), we obtain a Drude-type expression for the

. . _ 2 2
longitudinal response, €1 = 1 — w5/ w".

5.5 Propagation

We now turn our attention to the propagation of collective modes in the gas, and
evaluate how the medium affects the photon propagator. Just as in the case of the relativistic
electron gas, we obtain the photon propagator F;& in the form

I N

) 32
“el @it @ F 5.32)

-1 _
F;w =

where we have introduced the longitudinal ?)ﬁv and transverse QZ’MTV projectors in eq. (3.31).

The poles of the photon propagator correspond to collective excitations and yield their dis-

persion relations.

In the longitudinal propagator, there is a pole whenever the longitudinal electric per-

mittivity vanishes €7 (w, §) = 0, leading to a longitudinal plasmon mode. For ¢ (w, §) nonzero,
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Maxwell’s equations lead to transverse fields g - E = 0 that vanish when contracted with 9%,,
so that g? = 0 is not realized in this case. The transverse propagator has a pole whenever
,uZl(a), q) = vi(w, §) = —1, which corresponds to collective oscillations of the current den-
sity. It has another pole whenever g% = w? — |§|? = 0, which corresponds to a photonic mode

propagating with the speed of light ¢ in vacuum. Similar modes have already appeared in

the relativistic electron gas [43].

At T = 0, the plasmon modes have longitudinal w;(|g|) and transverse wr(|g|) dis-

persion relations, obtained from (5.21), given by

1 1 -
W}, =S m* + ol +21G?) + E\/(4mz — w22+ 16m2| 12,

w5 = w0’ +1G1%. (5.33)

The expression for w% has two branches: one beginning at w;— = w,, at |G| = 0; the other,
which leads to pair creation, beginning at w;+ = 2m, at |g| = 0. For wi < 4m?, the longitudi-
nal mode will show a local minimum at low values of | g|, known as negative dispersion [71].
This behavior will appear only in the relativistic regime, since in the non-relativistic limit
our expression reduces to w7 = w3+ |¢G|*/4m?, the same result obtained in [72] for a charged
Bose gas within the random phase approximation. Fig 5.2 shows the normalized longitu-
dinal modes w;_ at zero temperature as a function of wave vector for some value of Bose
gas density. Fig. 5.3 shows the dispersion curves of the two possibilities for the longitudinal

mode and the transverse modes.

5.6 Negative refraction

We stress that the responses discussed thus far are NOT the ones appearing in Maxwell’s
equations. In order to find the exact analog of the situation proposed by Veselago [7], we
need the effective electric permittivity and effective magnetic permeability that appear in

the two equations with sources. Following [44] and eqs. (4.9) and (4.10), we may define the
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Figure 5.2: Normalized longitudinal plasmon dispersion, wy—, for a)ﬁ < 4m?, at zero temperature for some
values of boson density 7 in units of mc/#)3. The region of negative dispersion is shown in the inset.
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Figure 5.3: Longitudinal (w;), transverse (wr), and photonic (wy) modes at T = 0 and boson density 1 =
10(mc/h)3.

effective responses as

wT 141
Veff:VT_ﬁ; €eff:€T+%T, (5.34)

where er =€ and vy = v. In terms of o/ * and 8* (€* << 1), we have

2

w
L A - — B (5.35)
2 1G1?

€eff = Veff = Hogr =

Expression (5.35) immediately implies that | ne| = petr€etr = 1, for any temperature and chem-
ical potential. It also implies €eff = Vegr < 0 as long as vy < —1, which means that we will
have left-handed behavior for frequencies below the transverse plasmon frequency wr(|4l),

(v = —1), for any temperature and chemical potential. In particular, for T = 0, using (5.21),
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we obtain

vp+1 a)i
Eeff = Veff = > 1-—|, (5.36)

which reduces, in the limit || — 0, to a Drude expression €eft = Vet = (1 — wﬁ/ w?).

The existence of a photonic mode w, = |G| with the speed of light in vacuum is an-
other indication that the modulus of the effective index of refraction of the gas is equal to
one. Since, both eeff < 0 and v < 0, for wy(IG]) = w < w7 (|4Gl), for any temperature and
chemical potential, one may use Snell’s law to show that n.g = —1 in that region, a negative
refraction typical of a left-handed material [7, 44]. The shadowed sections of Fig.5.4 illustrate
those regions for both 7= 0 and T # 0. Similar behavior was obtained in the analysis of the
relativistic electron gas, confirming our hypothesis that the relativistic nature of the gas was

the key ingredient to achieve left-handed behavior.

(a) (b) PP as
1.5 et 1.5¢ e
E - - - “_a_,"' E “_“uu‘
y 10 ae=- 17 e 1.0 -
g “““ PLs é “‘-‘-‘I
3 s -—-T=0 3 o 5 -—-T=139
> 7 T, | B T-T,
wy=[d| wy=[d|
0.0 : : : : : 0.0 : : : : :
00 02 04 06 08 10 12 00 02 04 06 08 10 12
[dllmc/A] [d|[mc/h]
1.4 : : : :
(c)
= 1.2 — Normal phase
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@)
£ 1of. —
— -~
S s
F 0.8t h ]
. S
3 \\
0.6¢ .
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Figure 5.4: The shadowed regions illustrate where the RBG is a LHM: (a) in the condensed phase, the LHM
region decreases with the temperature until we reach the critical temperature T,; (b) above the critical tem-
perature T, the LHM region starts to increase with the temperature; (c) transverse plasmon wr at || = 0 as a
function of the relative temperature. Calculations were performed for n = 10(mc/h)3 and T, = 5.47mc?/ kp.

Fig.5.4(a) shows that, in the condensed phase, the region where the gas exhibits left-
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handed behavior shrinks with increasing temperature, at least up to T,. Somewhere above
T, (see Fig.5.4.(b)), the region expands and, for the case of ultra-relativistic densities (n =
(mc/h)3), it begins to expand at the critical temperature T = Ty, as illustrated in Fig.5.4(c).
Fig.5.5 shows the plasmon energy at || = 0, normalized by its value at T = 0, as a function of

T/T,(n) for various densities.

0O 1 2 3 4

T/Te

Figure 5.5: Normalized transverse plasmon frequency in the long-wavelength limit (|G| = 0) as a function of
the relative temperature for various densities [in units of (mc/ 1)3] of the Bose gas in units of Qr = wr(/g| =
0, T = 0). In the shadowed region, below the critical temperature T, the gas is in the Bose-Einstein condensed
phase (BEC). For each density 7, the critical temperatures [in units of (mc?/kg)) are T, = 547(n =10), T, =
1.72(n=1), T,=0.53(n =10"1), and T, = 0.14(n = 1072).

In contrast to the non-relativistic case, the transverse plasmon frequency at |g| = 0,
known as plasmon gap energy, is a function of temperature for relativistic densities. In fact,
the two regimes just described correspond to T < Ty and T = Ty, where T; is the temperature
at which the transverse plasmon gap energy reaches a minimum, and then increases linearly
with temperature. The ratio T;/ T, (n) decreases with increasing density until it reaches unity,

as can be seen in Fig.5.6.

For ultra-relativistic densities, one may perform a high temperature hard thermal
loop expansion [22], and derive analytic solutions for the transverse plasmon frequency
wr(g). At|g| =0, we obtain w%.(0) = w3+ €*T?/9, for T < T, and w%.(0) = €*T%/9, for T = T,.

For T < T, using wﬁ = ezn(c)/ m, and the ultra-relativistic expression n(c) =n(l- T2/ TCZ), we

(7]

obtain
e? T?
9

2
w2(0) = <1 , (5.37)
m
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Figure 5.6: The ratio T;/T.(n) as a function of the total charge density n. For temperatures T = Ty, the trans-
verse plasmon gap energy, wr, increases linearly with the temperature, where T,(n) is the critical temperature
where the gas condenses for density 7. For densities above 1 = 1, we have T; = T, characterizing the relativistic
regime.

which shows that the transverse plasmon frequency decreases with temperature in the con-
densed phase, whereas it increases linearly in the normal phase, with w7(0) = eT/3, for

T>T,.

5.7 Rotons

We now turn to the longitudinal plasmon mode. For T > 0, we have to resort to nu-
merical results. Fig.5.7(a) depicts the longitudinal dispersion relation Rele;] = 0 for tem-
peratures above and below the critical temperature T, of Bose-Einstein condensation. For
T > T,, the dispersion relation is similar to the case of the relativistic electron gas. For T < T,
we observe a new kind of elementary excitation, with a local maximum and a local minimum
analogous to the maxons and rotons in the spectrum of neutral superfluid *He described by
Landau [58], who proposed the existence of two kinds of elementary excitations in a neutral
superfluid: phonons, for low wave vectors, associated to acoustic waves; and rotons, gapped

excitations at finite momentum |g| = |G|, interpreted as vortices in the superfluid.

The existence of roton-like structures has been predicted for condensates of dipolar
particles [59, 60, 73, 74, 75], of nonpolar atoms under the action of an intense laser light [76],

and for Rydberg-excited condensates [77]. Recently, these vortex-like quasi-particles have
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Figure 5.7: (a) Dispersion curves for longitudinal modes for T > T, (solid and dotted-dashed line), 0 < T <
T, (dotted line), and T = 0 (dashed line). The dotted-dashed line for T > T, is discarded because, for high
temperatures, the longitudinal plasmon mode will behave similarly to the plasmon excitations in a relativistic
electron gas, with a superior and an inferior branch. The latter does not propagate because all its values of
frequency wy(|4l) lie in the region where Iml[ey (w,|G])] # 0, as discussed in [43]; (b) Roton gap energy as a
function of the relative temperature. Calculations were performed for n = 10~2(mc/h)3, and T, = 0.14mc?/ kp.

been observed for the first time in a Bose-Einstein condensate of ultra-cold atoms [78, 79].
However, in a charged superfluid, it has been shown that the phonon mode of the neutral
superfluid is pushed to a finite plasmon frequency w,, whereas the roton mode is more or
less unaffected [86, 87]. In the charged case, the spectrum of the superfluid field shows a

plasmon excitation that turns into a roton excitation, with a gap energy A(|G,,:|) for higher

-

1.

In the present study of a charged relativistic Bose gas, the dispersion relation of the
longitudinal plasmon mode shows an ordinary plasmon, near |§| = 0, and a roton excitation,
near the value of | 4| that corresponds to the local minimum. As the temperature is increased,

the gap energy of the local minimum decreases, and Fig.5.7(b) shows how it depends on the
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temperature. We may view the gap energy as an order parameter, which vanishes at T = T.
For 0 < T < T, as the temperature is increased, the ordinary plasmon near |G| = 0 turns into
an elementary roton excitation with a (lower) minimum energy at finite momentum. We fur-
ther illustrate the presence of rotons by presenting the dispersion curves of the longitudinal
mode for various densities at temperatures below the critical temperature T, in Fig.5.8, for
non-relativistic densities [Fig.5.8(a) and (b)], and for relativistic and ultra-relativistic densi-
ties [Fig.5.8(c) and (d)]. It should be noted that those results agree remarkably well with the

non-relativistic results reported in the literature, obtained via a different route [88].

1.8 7
a A
1.6/ (a) 6
T,=6.8x10"5
= 1.4 =5
£ 1.2 g4
i Q
o o
Z 1.0f 3
3 3,
0.8/
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Figure 5.8: Dispersion curves for longitudinal modes for various temperatures below the critical tempera-

ture T, (in units of mc?/kp), and various densities 7 [in units of (mc/#%)%]. In (a) and (b), calculations were
performed for non-relativistic densities and temperatures; in (c) and (d), for relativistic and ultra-relativistic.

Figures 5.7 and 5.8 suggest that thermal effects induce the rotons that will contribute
to disorder the system. Thermally induced rotons were also present in the bosonic spectrum
of a two-dimensional dilute Bose gas [89], where it was argued that their emergence is a

consequence of the strong phase fluctuation in two dimensions.

We remark that the Lagrangian density in our approach does not include a self-interaction
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term A(¢p*p)>. The condensate is introduced by performing the substitution (5.18), which
yielded T = 0 results for the longitudinal plasmon mode in agreement with the literature
in both relativistic [54] and nonrelativistic limits [72]. We plan to include self-interactions,
either directly or induced by integration over quantum electromagnetic fields, in a future
investigation. In the non-relativistic limit, that inclusion will be useful in the description of
the superfluidity of liquid Helium at low temperatures [51]. In the relativistic limit, it could
possibly help in the study of the relativistic Bose plasma found in astrophysical scenarios
such as neutron stars, where the creation of charged pion pairs and pion condensation may

take place [54, 55].



Chapter 6

Electromagnetic quantum shifts in

relativistic Bose-Einstein condensation

6.1 Introduction

In this chapter, we compute deviations from ideal gas behavior of the pressure, den-
sity, and Bose-Einstein condensation (BEC) temperature of a relativistic gas of charged scalar
bosons caused by the current-current interaction induced by electromagnetic quantum fluc-

tuations treated via scalar quantum electrodynamics.

Normally, BEC is considered only for free boson gases. The inclusion of interactions,
going now from an ideal gas into a real gas, in general is highly non trivial and several pro-
cedures have been developed. The influence of an interacting potential on the BEC criti-
cal temperature in the non-relativistic case has been discussed by several authors [90],[91].
Here, however, interaction emerges from vacuum fluctuations in scalar electrodynamics. No
interacting potential is introduced by hand. The idea is to integrate out the photon degrees

of freedom, producing an effective interaction for the charged bosons.

Because of its electromagnetic (EM) charge e, the gas will inevitably couple to EM
quantum fluctuations that induce a current-current interaction. Thus, it may no longer be
treated as ideal - one has to treat it via scalar quantum electrodynamics at finite temperature

and charge density, the microscopic theory that naturally incorporates such fluctuations.

78
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Within that framework, we will show that the interaction changes the pressure, den-
sity, and critical temperature of condensation of the gas with respect to their ideal gas values
by amounts that depend on the fine structure constant a = e?/4nfic, and compute the devi-
ations in the ultra-relativistic (UR), relativistic, and nonrelativistic (NR) regimes.

Our calculation starts with the grand partition function of the system = = Tre AH-#AN),
AN = N, — N_, written as a functional integral over EM and scalar fields. Doing the quadratic

integration over EM quantum fluctuations, we obtain an effective action for the scalars with

an induced current-current interaction proportional to a.

We treat the induced interaction as a perturbation in the remaining integral over the
scalars, and compute a Feynman graph that gives the current-current expectation value. Fi-
nally, we integrate that expectation value, times the photon propagator, over photonic mo-

menta.

6.2 Formalism

From the thermodynamic potential O = —TInZ=, we obtain the pressure P = -Q/V,
and the density n = AN/V = (0P/0u) 1 v. Since, as before, the zero momentum state does
not contribute to the sum, the condensation temperature comes from equating the integral

over occupation numbers to 7).

In natural units, the action for Euclidean scalar quantum electrodynamics at finite

temperature and density is

S:fd4x
Q

where [, d*x = foﬁ dxy [y d*x, Dpp = (0, — ieA,)¢, and 8, = (8;,04 — ). The grand partition

1 —~ % 7 *
ZFPUFPJ+DP¢ Do+ m*p* |, (6.1)

function of the system may be expressed as a functional integral [22]
== f [dp*1ldpldZ[A] e S AL (6.2)

where dX[A] is the gauge invariant measure for the EM field, as discussed in chapter 2. The
integral symbol denotes a sum over field configurations of A, ¢, and ¢* whose value at (%, 0)

is the same as at (X, 8), boundary conditions that implement the trace.
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We sum over the quantum fluctuations of the EM field, by doing the quadratic inte-

gral over A,, and derive a current-current interaction. The grand partition function becomes

E= f [dg*1[dple” 0TS, 6.3)
where S is the free bosonic action, obtained by setting A, = 0in Eq.(6.1), and the interacting
partis

Syl = € fQ d'x fQ d*x' Ty () Gy (x — X') ] (). (6.4)
The current J, = i(¢p*0,¢ —p0,¢*) interacts via the photon propagator in the background of
the field ¢, whose inverse is (G )= F(ﬁa =T g +2€%||*6 5. For the free propagator, we
have I'py = -0%5 po+(1— A—l)apag, with A a gauge parameter. In momentum space,

6ps  (A=1) Gpqo
+ qz q2 .

Note that the term proportional to e?|¢|? is not present in Gpo(q). It comes from the cou-

Gpo (@) =T,5(q) = 6.5)

pling of two photons with two bosons in the interaction Lagrangian density < = eJ, Ay, +
62A2|¢|2. However, if we include the term ezAzlc/)I2 through Gfg, instead of using the free
propagator, in the expression for the grand partition function = (see below), the order e? ~
extra term will contribute in order e* ~ a?, which can be neglected, as we will show in the

numerical results.

We expand the grand partition function to first order to find
== e 4 4
:/:o=1+5fgd xfgd VG (x = y){Jp(X) ] (¥)), (6.6)

where Z is the ideal gas grand partition function (S; = 0), and the current-current expecta-

tion value is computed from the scalar theory (Appendix J) given by Eq.(6.3)
To(X) o (1)) = Tp(X) o (¥)) e + Tp(x)) T (1)), (6.7)

with (J,(x)) = 6 pan. The second term in Eq.(6.7) gives a (In V/V) contribution to the pressure
that vanishes in the thermodynamic limit. Besides, it does not contribute to the density
either, since it is independent of u. On the other hand, the connected part (J,(x)J5(}))c =

Foo(x—y)leads to

o0

Q
[I]

(6.8)
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Foo is given by the Feynman graph

Z dsp (Zﬁp + qp) (2150 + qa)
2m)3 (P2 + mA)(p + q)* + m?]’

(6.9)

np=-

with g4 = 27n4T, py =27n,T + ip. Due to current conservation, g, oo = Fpoqo = 0, the

Figure 6.1: Feynman diagram.

gauge-dependent second term of the propagator in Eq.(6.5) will not contribute. Introducing

the trace #(q,) = _%op(qu), we have

[1]

—
[Ep =
—t -

e’V & (dq 2w
1+ ) =

o 7 (6.10)

nq -
If we perform the Matsubara sum in Eq.(6.9), and subtract the vacuum part ¢ o), the medium

contribution %, = _#(1,1) — £0,0) is given by

d®p n(p) [g*+4pq—4m?
=R 6.11
Im(qy) = Re f T e (6.11)
where pg = iwpqs+ p- G, wp = (k2 + m?)'2, and (k) = n* (k) + n~ (k),
(k) = ! 6.12
0= emn (6.12)
Keeping only the medium contribution, and defining A=, = E,, — E,
d3q s jm(q;t)
AZE /20 =—— ) 6.13
"2 ) eny nq;oo 72 619
with _#,,, conveniently written as
By 7 2 am?
Fm= p 1ip) [2— L (6.14)
2n)? o q*+2pq  q*+2pq

As before, we subtract the T = 0 part of Eq.(6.13), and call the result AZ*/Z,. We will now
compute expressions for pressure, density, and condensation temperature in the UR and NR

limits, and present numerical results for those quantities in the relativistic case.
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6.3 Ultrarelativistic limit

In the UR limit, T >> m and/or n >> m?, the last term in (6.14) does not contribute
to the grand partition function in leading order (we have checked this numerically). We
perform the sum over n, in (6.13), and the integral over angles in (6.14), analytically. The
real part of the integral over the radial momentum p, and the final radial integral over g may

also be computed analytically, yielding

= _—vTs. (6.15)

The thermodynamic potential is given by

AE*
Q" =-TInZ*=-TInE)—Tln |1+ — ] (6.16)
=0
As AZ*/Z, is of order a = €?/47, we expand the log
. . - . AE*F T4
AQ"=Q"-Qp=-T— :—EVT . (6.17)
=0

In the UR limit, Qy/V T* = -T'(4){(4)/ (37?) = —n?/45, so the pressure is

* * 7[2 4 QA 4
P*=Py+AP" =—=T"+—T". (6.18)
45 15
We go back to Eq. (6.16) to derive the density
n* (ap*) no+An° =g — ~ 252 (6.19)
= =Mo =No— 7 ) .
ou Jry V. ou
where 7 is the density of the relativistic ideal gas
0P dBp ., _
=|— = — . 6.20
We then use the ansaiz
* * 1 2
n*=no+An :guT [1+f(©art]. (6.21)

We define 7 = T/m, { = u/m, and the function f(¢), shown in Fig. (6.2), which is determined

numerically. We take its value for u = m to be f(1) = y. Numerically, y =2.14 = 27/3.
In order to obtain T, the temperature where Bose-Einstein condensation sets in, we
use y=mandn=n*

1
n=n*= gmsri[lwarc], (6.22)
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Figure 6.2: Numerical calculation of f (&), a function of £ = p/m.

which may be written
2 [1+yat.] =3n/m* = N,. (6.23)

Setting 7. = N, '/? — At, to first order in «

T.=N, 2 - gaNu, (6.24)

where N,/ is the ideal gas value, and aN, = (e/4m)Q, with Q = eAN being the total EM

charge.

6.4 Nonrelativistic limit

3

In the NR limit, T << m and/or n << m”, we again perform the sum over n; and

integrate over angles. The leading term is now

= ar
— = g VT]O , (625)
=0

where 7 is the nonrelativistic expression for the particle density of the ideal gas (antiparti-

m/ T)

) (mT)?)/Z fmd Zl/2
=" z ,
No N P

with v = (u—m)/T < 0. The shift in the thermodynamic potential with respect to the ideal

cles are suppressed by e~

(6.26)

gas value is

AT ATy 6.27)
=, 3m o '

AQ*=-T
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However, since 0Q)y/0v = -TVn,,

. at 0Q
Q" (V) =Qo(v) + ——— ) = Qo(Vem), (6.28)
31 ov
art
Vem(V,T) =Vv+—. (6.29)
3

Therefore, the effect of the electromagnetic quantum fluctuations is to increase the chemical

potential by an amount proportional to (at) T. They also lead to an increase in the pressure
. at
AP” = Py(Vem) — Po(v) = e Tno. (6.30)

The nonrelativistic density is

10P* 1 0P
T ov T OVem

n (v, 1) = =10(Vem, T)- (6.31)

Condensation will take place whenever v ¢, = 0, which means v, = —(at.)/37n. Then,
the total density is given by n = n* (v, 7.:) =10(0, 7). Since v, << 1, we follow [92] to compare
the condensation temperature T, with the temperature T of an ideal gas with density n and
V=V,

mT0)3/2 [1 VATV, (6.32)

”25(3/2)(§ T 312

Since n = {(3/2)[mT./2n1%'?, Eq. (6.32) leads to

2VAn|v,|

36 | (6.33)

TC:TO

Introducing N, = [(27)%/2/{(3/2)1(n/ m®),

.= N3 - Cca'?N,,

4
C=———=0.295 (6.34)
3v/3((3/2)

Again, the shift is proportional to the EM charge al’2N, =/ 2v/m)Q.

The critical temperature is always lower than the ideal gas value, an indication that
electromagnetic repulsion acts against condensation. In the ultra-relativistic and nonrela-
tivistic cases, this shift is related to an electromagnetic increase in the chemical potential
proportional to a

Hem=p+ 8¢, T)aT. (6.35)
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We have g(¢,7) =1/3m for 1 << 1 (NR), and g(¢, 1) = f (&) for T >> 1 (UR), with f(¢) defined
in Eq.(6.21). Electromagnetic repulsion is also responsible for an increase in pressure when

compared to that of the ideal gas. In the UR and NR limits,

/4
APYIm* = 1—5a14, (6.36)
AP*/m4:iarzm:MaT7/2 (6.37)
B 3t m®  6m2\2m ' '
As for the increase in density, in the UR limit, we have
An*Im® = @ar?’. (6.38)

In the NR limit, An* =n*(v,7) =10 (v, T) = N9(Vem, T) — 1o (v, T). Using Eq.(6.32), we obtain

1
AN Im® = ————— (6.39)

6721/2[1 - ¢|

6.5 Numerical results

For the relativistic case, the shift in pressure and density as functions of tempera-
ture for some values of the chemical potential are shown in Figs.(6.3) and (6.4), respectively.
Fig.(6.5) shows the critical temperature as a function of the density. In all the figures, we have

taken m to be the charged pion mass m1,: = 139.6MeV/c?.

.06 —————————— 711
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Figure 6.3: Change in the pressure as a function of temperature. The charged pion mass m,+ = 139.6 MeV
was used for m.
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Figure 6.4: Particle density of the ideal gas (full line) and of the gas with electromagnetic interaction (EM gas
- dashed line) as a function of temperature for some values of the chemical potential.

600
500/ == ;
400t P ]

3007 ]

To(MeV)

200} ]
f —— lIdeal Gas |

100¢ ---- EM Gas

n/(mrri)s

Figure 6.5: Condensation temperature as a function of particle density for the ideal gas and for the gas with
electromagnetic interaction.

It is clear from the numerical calculations that the pressure and the density increase
with respect to the ideal gas values, whereas the condensation temperature decreases, all
this as a consequence of the electromagnetic repulsion that sets in via quantum fluctuations.
The increase in pressure and density is expected because the gas will experience a repulsive
interaction, since we are fixing the electromagnetic (EM) charge Q = eAN, proportional to
the number of particles minus the number of antiparticles. For positive chemical potential
1> 0, there are more particles than antiparticles. At low temperatures, no antiparticles will

be produced from the vacuum, so that we are left with a system of particles (positive net
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particle number), all with the same EM charge e, that repel each other. As we increase the
temperature above 2mc?, zero-charge particle-antiparticle pairs will be continuously cre-
ated from and annihilated into the vacuum, but this does not change the net charge, and
the system still consists of same sign charges that experience a net repulsion. Although the
results are order a corrections, as we move into the UR regime, those corrections become
more relevant. However, we cannot trust our first order calculation for values of T = T/m

close to, or larger than, 1/a.

Since our calculations show that the first order @ (e?) of the expansion gives a small,
yet relevant, contribution in the ultra-relativistic limit, higher order © (e*) corrections will
lead to even smaller contributions that can be neglected in the calculation of physical quan-

tities such as the pressure, density, and critical temperature of condensation.

We point out that temperatures in the graphs do not exceed 7 ~ 10 < 137, spanning
a region where our approximations should hold. Note that the increase in pressure already
reaches 5% for values of 7 ~ 2 — 3. As for the increase in density, it may reach 9% for 7 ~ 6,
whereas the decrease in condensation temperature reaches 5% for 7 ~ 6. In order to detect
changes of the order of 5-10%, one would have to search for physical scenarios with temper-
atures corresponding to T = 2 — 10, so that relativistic effects become appreciable still within
the validity of our computations.

In the inner core of a neutron star, where pion condensation may occur [93, 94, 95],

0'%g/cm?, with number density p > 0.4fm ™2, and pressure P > 1033 dyn/cm?.

densities exceed 1
In our numerical calculations, the shift in condensation temperature shown in Fig.(6.5) be-
comes appreciable for number densities 1/(m,+)® > 2, or n > 1.4fm™3, and temperatures
where kT, > 350MeV or T, > 4 x 102K. Such temperatures T ~ 10'%2K are found in the center

of neutron stars.

In conclusion, we have shown that EM quantum fluctuations increase the pressure
and the density of the gas with respect to ideal gas values by amounts proportional to «
times a power of 7. The condensation temperature is, however, lowered by a correction pro-
portional to the charge Q = eAN. The shifts become more relevant (of the order of a few

percent) the more relativistic is the system. The combination of quantum and relativistic ef-
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fects in dense hot gases leading to deviations from ideal gas behavior should also be present
whenever other conserved charges interact via the exchange of their vector boson carriers,
as in Quantum Flavordynamics or Quantum Chromodynamics, for example. We plan to in-

vestigate this in the near future.



Chapter 7

Conclusions

We have shown that a relativistic quantum gas satisfies the requirement of having
€ <0 and p < 0 simultaneously negative. As the sources of magnetic fields are current den-
sities, in relativistic systems one obtains magnetic responses comparable to electric ones, in
opposition to nonrelativistic systems (v << c¢), where magnetic responses are much smaller
than electric ones. A relativistic system is then a key ingredient to achieve a natural left-

handed behavior.

Summing up, we have presented a theoretical study of the EM propagation and re-
sponses of a relativistic electron gas and a relativistic Bose gas, for various temperatures and
carrier densities. Using linear response and RPA, we have identified the propagation modes
and their dispersion relations from the QED propagators as well as from Maxwell’s equa-
tions with the added input of the constitutive relations obtained from the QED responses.
We have found a longitudinal plasmon mode, two transverse plasmon modes, and a pho-
tonic mode which propagates with the speed of light in vacuum, i.e., for which the medium
is transparent thanks to the specific form of its relativistic electromagnetic responses. In de-
riving dispersion relations, we were able to identify stable solutions and regions of instability
where the plasmon modes decay. Finally, we have also identified the regions in the (|g|, w))
plane where the longitudinal permittivity ¢; and longitudinal inverse permeability v, are

both simultaneously negative.

For T = 0, we have obtained analytic expressions that coincide with those existing in

89
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the literature if we neglect the vacuum contributions. The appearance of non-zero imaginary
parts indicates that the system is unstable to the decay into electron-hole (lower energies)
or electron—positron (higher energies) pairs. The former is well known to occur in the non-
relativistic limit. Thus, the region of imaginary parts of longitudinal responses will define
a region where the plasmon cannot propagate, that is, there exists a maximum wavevector
beyond which (inside the region of imaginary parts) the plasmon excitation disappears. Fur-
thermore, the explicit expressions for longitudinal electric and magnetic responses allow for

the calculation of dispersion relations for plasmons.

We have shown, from Maxwell’s equations, that the REG has effective permittivity and
permeability that are both negative at frequencies below the longitudinal electric plasmon
frequency in the long wavelength limit (in the study of the relativistic charged Bose gas, we
obtained this result for frequencies below the transverse plasmon frequency for any chem-
ical potential and temperature, in the long wavelength limit || — 0, where both plasmon
frequencies are equal, w;(0) = wr(0)). We conclude that the REG is a natural realization
of a LHM, and this occurs because the gas is relativistic. We have also confirmed that the
photonic mode propagates in the REG with the speed of light in vacuum, without losses, by
explicitly computing the energy dissipated in the gas and finding that it vanishes, a conse-
quence of the fact the electrons do not self-interact. The REG is thus completely transparent
to the photonic mode. Finally, we use Snell’s law to argue that the index of refraction for the
photonic mode is nes = —1, and explore the implications of this fact for the reflection and
transmission coefficients. We suggest that the REG can act as a perfect waveguide, with no

energy dissipation.

In the study of the relativistic Bose gas, we have derived the effective electromagnetic
responses and the electromagnetic propagation modes that characterize the gas as a left-
handed material with negative effective index of refraction nes = —1 below the transverse
plasmon frequency, that is, the region of LHM behavior is limited to the region wy <w < w7,
where w, = |q| is the frequency of photonic mode. In addition, we have obtained analyti-
cal expressions for the longitudinal and transverse plasmon modes at 7 = 0, which coincide

with the literature in the relativistic [71] and nonrelativistic limits [72], and numerical results
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for T # 0 in the condensed phase. We remark that the Lagrangian density in our approach
does not include a self-interaction term A(¢*)2. The condensate is introduced by the in-
clusion of the condensed density at zero momentum (ground state) in the Bose-Einstein

distribution. We plan to include a self-interaction in a future investigation.

Since the Bose gas is a LHM below the transverse plasmon frequency, we have ob-
tained, for ultra-relativistic densities, analytical solutions for the transverse plasmon fre-
quency wr(l4l), and have shown that in the long-wavelength limit, || — 0, in the condensed
phase the transverse plasmon frequency decreases when the temperature is increased to
T — T, whereas, above the transition critical temperature T, wr(0) increases. We sug-
gest that this behavior may be explained by the contribution of antibosons above the critical
temperature of condensation. In the condensed phase (T < T,), there are no antibosons in
the gas, and particularly for ultra-relativistic densities, the density of antibosons increases
rapidly, implying that more energy is needed to obtain a collective excitation such as a trans-
verse plasmon. When we look at relativistic and non-relativistic densities, we have to go
beyond the critical temperature of condensation (T; > T,) for the transverse plasmon fre-
quency to start to increase with the temperature. This is reasonable because only in the
ultra-relativistic domain there is a sharp transition at T, in the density of antibosons (Fig.5.1).
For lower densities, the transition is smooth, so that a higher temperature is required for the

plasmon frequency to start increasing with temperature.

In particular, for the longitudinal mode, the plasmon dispersion relation exhibits a
roton-type local minimum that disappears at the transition temperature. This roton struc-
ture agrees remarkable well with the non-relativistic results reported in the literature [88].
There, in a charged superfluid, it has been shown that the phonon mode of the neutral super-
fluid is pushed to a finite plasmon frequency w,, whereas the roton mode is more or less un-
affected. In the charged case, the spectrum of the superfluid field shows a plasmon excitation
that turns into a roton excitation, with a gap energy A(|Grotl) for higher |g|. This gap energy
A(T) may be interpreted as an order parameter, whose temperature dependence defines the
regions of BEC and normal phase. For T = T, the gap energy disappears, and we obtain a

normal phase. We believe that in the vicinity of the critical temperature of BEC (T — T;) we
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may extract a critical exponent of the phase transition. We also hope to obtain an analytic
solution for the spectrum gap energy A(T) in the non-relativistic limit to compare with the
result obtained in [88], where the authors studied the dynamical properties of a weakly cou-
pled charged Bose gas at finite temperature by means of the dielectric formalism. With all
this, we hope to obtain an energy spectrum that behaves like ElzJ = w% +A(T)?+Cm—ny),
where C is a parameter which may depend on the temperature and charge density, to better

understand how the roton excitation is thermally induced.

Finally, we have computed deviations from ideal gas behavior of the pressure, den-
sity, and Bose-Einstein condensation temperature of a relativistic gas of charged scalar bosons
caused by the current-current interaction induced by electromagnetic quantum fluctuations
treated via Scalar Quantum Electrodynamics. We have obtained expressions for those quan-
tities in the ultra-relativistic and nonrelativistic limits, and presented numerical results for
the relativistic case. We have shown that EM quantum fluctuations increase the pressure and
the density of the gas with respect to ideal gas values by amounts proportional to a times a
power of T. The condensation temperature is, however, lowered by a correction proportional
to the charge Q = eAN, all this as a consequence of the electromagnetic repulsion that sets in
via quantum fluctuations. The increase in pressure and density is expected because the gas
will experience a repulsive interaction, since we are fixing the electromagnetic (EM) charge.
The shifts become more relevant (of the order of a few percent) the more relativistic is the

system.

Thus, we notice that the inclusion of electromagnetic interactions in the non-relativistic
charge Bose gas gives small corrections that can be neglected, compared with the ideal Bose
gas. However, for relativistic densities such as in astrophysical scenarios as neutrons stars
and white dwarfs, the correction of the critical temperature has a small relevant contribu-
tion that shows we cannot neglected the electromagnetic quantum fluctuations of a charged
system. We must to emphasize that our calculations are limited in first order in a, thus we
cannot trust in corrections beyond a = 1/137, because for densities n — oo, the critical tem-

perature T, — 0.

The combination of quantum and relativistic effects in dense hot gases leading to
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deviations from ideal gas behavior should also be present whenever other conserved charges
interact via the exchange of their vector boson carriers, as in Quantum Flavordynamics or

Quantum Chromodynamics, for example. We plan to investigate this in the near future.

We also plan to investigate the role of strong magnetic fields in scenarios like pion
condensation. A condensed pion phase inside a magnetar (neutron star with a intense mag-
netic field) is a very important topic today. Thus, considering how an external strong mag-

netic field affects our results is certainly a line of research to be pursued.

Another development that we contemplate is the extension of our results to 2+1 di-
mensions, where experiments with graphene may provide accessible testing grounds for our
findings. Relativistic dispersion relations emerge naturally in the discussion of graphene, so
that we hope to investigate electromagnetic responses in such systems, in a systematic way,

by using our formalism.
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Appendix A

Minkowski to Euclidean

Most of the calculations in this thesis were performed with Euclidean metric, and to
obtain the final results we performed an analytic continuation to Minkowski metric. For this,

we defined the temporal coordinate in Euclidean metricas x4, =7 =it, with t = X9,

A.1 Fourier Transforms

In Minkowski space, the Fourier transform of a function f(x) is

fla) = f d'x e f (x),
d46/ —-igx ¢
fx) = f(2n)4e (@, (A.1)

with g = (0, §), x = (t,%),and [d*x = [dx° [ d3x. The product g-x = ¢°x°-§-X = wt—G-X. In
Euclidean space we have q° — ig, = iw,, where w,, is the Matsubara frequencies for bosons
or fermions, so that

(G- 0m——(q X)g=-wyT-G-X (A.2)
or (g-X)g = w,T + g - X. The subscript M denotes Minkowski and E Euclidean. The Fourier

transforms in Euclidean metric are

~ i . e
flwn q) = fo drfdgxe_“””r_’q'xf(r,a‘c'), (A.3)
— dSq 1 +igx 7 -
f(T,X) = TwaelwnT quf(wn»Q), (A4)
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and the Euclidean derivatives are
— d3 q . qu ~ -
Ouf(T,X)= TZf—g(qu)e fwn, @), (A.5)
m 2m)
so 0, — iq,. In Minkowski metric, we have

d36] : —igx ¢
Ouf(x) = T;fw(—zqy)e *f(q), (A.6)

so we identify 0, — —iqy.

A.2 Electromagnetic field

In Minkowski space, we write the four-vector potential as A = (A%, A’) = (¢, A’), where
A0 = ¢ is the time component and Al A2, A3 the space components, with contravariant com-

ponents A; = —A!. In Euclidean metric, we have Ag = (A4, Af), with Ay =i¢p = iA. The spa-

E _

;= x]"w and Af = Afw where the superscript E is for Euclidean and M

tial coordinantes are x

for Minkowski.

The components of electromagnetic tensor F,, in Minkowski metric are

Fj = 5iA§V—01A?4=—(6iA{;4—0jA§W), A7)
0AE OAE
J i|_ _rE
loaxE  oxE | Fij- (A.8)
i J

Thus, from Minkowski to Euclidean, F II‘J’I = —Ff].. The temporal coordinate Fé‘f is

Fyl = 00AY —0;A)" =00 Ay, —0; A%,
AL HAE
. J 4 - ~F
Y e - N (A.9)
oxk fo K

We obtain Fé‘f. =—i Ff]., and the components of electric and magnetic fields are

F, = -F}=B}, (A.10)

E P
F4]. lFOj =ik, (A.11)

and Fy;F* — —Fy, Fy; and Fl]‘]’[F;V]I — —FiE].Ffj. Therefore, the Maxwell Lagrangian density

transforms as

1 M v 1 E E
Ly=-FnEy = FiFly (A.12)
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or

gE = = MVF“V' (A.].3)

A.3 Dirac field
The fermion Lagrangian density with the inclusion of chemical potential ¢, is
Lr=w(iy°0; + iy -V+m-&yy, (A.14)

where 7 = ¢y? and Yu= (Y%, ¥) are the Dirac matrices. In Quantum Electrodynamics, the
interacting Lagrangian in %y = e Ay = ery? A%y — ey - Ay. Writing the temporal coordi-

nate as ; = id4, and A4 = i A°, we obtain
Lr+ L =iy [-iDy—y*Y-D—imy® - ¢y, (A.15)

where D4 = (04 — ieAs) and D = (V—ieA). Thus, if we perform the functional integral over

the fermion fields in Euclidean metric, we have

Ze

f[idw*][dw] exp (f d*xp iy’ [iDy+y°7-D+imy® —ié]y

det[B(iDy+7"y-D—imy° - ié)]. (A.16)

We may rewrite the determinant using y,4 = iy°, y; = y'. Then, we obtain eq.(2.5)

det[B(iDs4 +y%yD—imy® - i€)] det[—Byas(—iyaiDs— iyD+m+ i&y4)]

det[-Bys(iD—m—i&y4)]. (A.17)



Appendix B
Semiclassical expansion of /7

The action of Quantum Electrodynamics in Euclidean metric is

. 1 . . _
SIA,y,y] = f d*x (ZFWFW +POuyu—m—iy+eyy Ay, (B.1)
where F,;,, = 0, A, —0, Ay, and we have used the shorthand [ dx = foﬁ dx, [ d®x. Considering
the electromagnetic field A, = Aif) + hay, as the sum of an external classical field plus quan-

tum fluctuations, the electromagnetic action S[A] = S[A'® + ia] may be expanded around

the classical part
5%S

__%° | L p+emh.
5,00 A, () | o P TO)

(© 4 652 n* 4. 44
S[A] = S[A ]+ﬁfd xﬁ aﬂ(x)+§fd xd”y a,(x)

u

Al
(B.2)

The firstintegral is zero because the classical field Aﬁf) is a solution of the equation of motion,

and
528
6AL(X)6Ay(Y)

Thus, to second order in the Planck constant, we obtain

= (0°0 v — 0,,0,)6 (¥ — X). (B.3)

Al0)

SIA, ¥,y = SIAY, ¢, 9] + K Sala, v, ), (B.4)

and the functional integral over a,, is given by the quadratic form
Sa= %fd“xd‘lyaﬁ[sz];},ai’ + efd4x(1ﬁva) a, (B.5)
where GZV is the photon propagator in the chosen gauge. The quadratic integral may be

performed. Taking minus its logarithm
- e ] _
Sint = - f d*x d*y @y w)<Gly(x— Y)Wy, (B.6)
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The integral over quantum fluctuations of the gauge field leads to electron-electron inter-

actions mediated by the photon propagator. The remaining fermionic integral is given by

ZEA) = jg lidy ) [dy)e "W v, (B.7)

where the fermionic semiclassical action is S5 = S,+SI™. Expanding exp (—S™), the fermion
integral reads

Z59140] ~ f lidy " [dy]e S v A _ ginty (B.8)

where we have neglected a term @ (a*). The approximation in (2.5) only kept the leading
term in (B.8). There, we dropped the superscript ¢ with the understanding that A is a classi-
cal field. The fermion determinant which results from the integration involves the electron
propagator in the presence of the background field. That propagator can be expanded in
the background, 2.1, so that Trln [~ By4G[A]] - Trln[-BysG,'], with Gy = G[A = 0], is given
as an infinite sum of one-loop graphs: a fermion loop with an even number (due to Furry’s

theorem) of insertions of the classical field

1 1

ETI' (GoAGyA) + ZTI‘ (GoAGyAGyAGyA) +... (B.9)
The first term of the series is just

1 d3q
BZ f a3 Dy (@D Av (=), (B.10)
n

with I, (q) given by (5.13), the one-loop vacuum polarization tensor. The next term, with
four insertions, is still one-loop, nonlinear in the fields, depending on (T, ¢), and typically of

order a(aE?/m*) or a(aB?/m*).

If we consider the first contribution from the electron-electron interaction, we have
to contract the four-fermion term in S with the electron propagator in the external field.
The resulting graph (Fig. B.1) is a two-loop contribution. When we expand in the exter-
nal field, the first contribution that depends on the field is quadratic and of order a?, and
contributes in linear response. The next terms in the expansion in the external field are non-

linear, (T, ¢)- dependent contributions of order a(aE?/m*), a(aB?/m*).
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Figure B.1: Graph for the electron-electron interaction expanded in the external field (wiggly lines). The
dashed wiggly lines represent the photon propagator.

Thus, restricting our attention to formula (2.5) is equivalent to neglecting one-loop
contributions that are nonlinear, as well as a two-loop contribution to linear response of
order a?, and nonlinear ones that also come with electron-electron interactions. Although
non-linear terms might bring interesting effects [96], we restrict our analysis to fields that

are not strong enough to invalidate the linear response approximation.



Appendix C

Three-dimensional rotation and gauge

invarianve of T,

The gauge invariance of the polarization tensor I, allows us to write

v=4 qq4llys + q;ill;4 =0,
v=] (q4llys +qilljy =0.

Multiplying the first equation by g4 and the second by ¢, we obtain

gillas + Gaqilliy = 0, (C.2)
qjqsllas+qiqjlliyy = 0. (C.3)

Since I1;4 = Ily;, subtracting the equations, we have
My, = 190 Z’ ;. (C.4)

4
One may write the tensor as I1,, = HL”V) + HL"V”, to split the vacuum (7T = ¢ = 0) and medium
contributions. The vacuum contribution may be written in a fully covariant form
(v)
I,
qz

where the scalar function € (qz) may be obtained from standard calculation at T =¢ =0
[21]. However, one cannot write the medium contribution tensor H%’) in a fully covariant

form due the fact that the center of mass of the medium introduces a preferred reference.
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The symmetry is then reduced to three-dimensional rotation and gauge invariance, leading

to [23]
(m)
_i:(a.._m)wé..q_i@ o
g2 g2 g2 ‘

where <7 (q4, 4) e 9B(q4, §) are scalar functions. We write (C.4) as

s . s 2
My = (—g°) qu] (51']' B qiqzj)&f+ qu] 5i; ?42% , C.7)
qa; 41 qa; 14|
and obtain
Bl i) =-—L (C.8)
From (C.1), we have f[fl’;’)
nm - _digm
4 qa i
2
_ qi 2 CIzCI] q4
= —a(—q ) (51]—?).%4'6”?%
7
674?67]'3- (C.9)

The scalar function 28(q4, §) allows us to define the tensors Hf&") and Hfl’;’.”. Finally, the func-

(m

tion </ (qy, §), may be obtained taking the trace H”

2
q
HE’;n) = —qz 06— 1).9f+5iizi—§%
7
- —2q2.9¢+3|zﬁnf;f). (C.10)
Adding 1" on both sides of the equation above, with I1"” = 1™ + 11" we obtain
44 Hy ii 44
i THy =24 +?44+44- (C.11)

Thus, we obtain the scalar functions </ and 4 in terms of Hg’f) and the trace HL"J) from the

medium contribution to the polarization tensor

1 3 1
A(qs, §) = ——=T1™ ( ——)H(m), 12
(q4 Q) 2q2 L + 2|Zﬂ2 qz 44 (C )
(m)
B(qa, §) = —%. (C.13)

We define AT, =11, (T, p) —I1,,,(0,0) by subtracting the vacuum contribution.



Appendix D

Calculation of the Matsubara sums of Hfl’;’f)

and HL’Z) for fermions

(m)

D.1 Computation of IT,

The component IT)j of the polarization tensor 5.13 is

0o d3
My =—€’T ) fﬁsp[wGF(pmGF(p—q)], (D.1)

n=—oo

where Gr(p) = —(yupu + m)~! is the fermion propagator in momenta space, Pu = (Pa, pj) =
(pa+i&, pj), with py =2nT (n+ %), and gy = (44, ). The fermion propagator may be written

as

Gp(p)=——_lz mz, (D.2)
p-—m

where p = ¥, p,. Calculating the spin trace in D.1 we have

Sp [ya(p — m)ys(p— q—m)]

S Gr(P)yaGr(p—q)| = —= — (D.3)
The numerator may be computed using the algebra of Dirac matrices!, eq. D.1 reads
00 d3 A (1. AR 2
My —46*T Y p pabi= ) —p-p )= m (D.4)
n=—coJ @2m)* (p=+m)[(p—q)*+ m]
1
Splysyuysyvl = 4(64p64v + 641/64;1 - 5;11/644)
Splyayuyal = 0
Sp[yimz] = —m?Spll] = —-4m?
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Writing the numerator of (D.1) as

C
Pa(Pa—qa) = p- (P— ) — m’® ——(p4+w )+ 5 [(P4—6/4) + W) =3 (D.5)

where w% = p%> +m?, and

C=q"+4w,—-4p-g, (D.6)
with ¢° = g5 + §°, eq. D.4 reads
I —2eTf {f L .5 - —ci ! ](D?
. )3 | nmo P2+ 0% w50 (Pa— G2+ g nimeo (B2 +0R)[(Pa— qa)2+ 0’ 1)

The problem reduces to solving the three Matsubara sums in the equation above. Solving

the first sum, we have

& 1 1

) (D.8)
n;w pi + w3, (ZJIT)2 n_z_oo (n+3+i&)?+wh
where ¢ = gj‘; and wy, = ﬁz— We may identify the term (n+ +i&)? +a) =(n-x4)(n—x-),
and using the result
s 1 cotmx, —cotmx—
Y =7 (D.9)
n=—oco (N —Xx4)(n—x_) X_— X4
with x; = —3 + i(wp T ), we have cotmxs = cot|[n (-1 +i(w, - &))]. Noting that
1 1+ eane—Znileini
cot (l + = > + zb) 1 — inbgtnilgFai, (D.10)
if|=41,42,..., we obtain
1 e—nb _ eﬂb
cot ﬂ(li—+ib ] ———— =—jtanhnb. (D.11)
2 Yemb 1 gmb
We may identify tanh (7b) = 1 - 2ng(27b), where
nrg(@) = ! (D.12)
P ‘
thus
cotnxy =Fi[1-2np(Blw,F))]. (D.13)
Therefore, the sum (D.14) is
o 1 1 _ i
= (1= ng (p) - ng (p)), (D.14)
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where nz(p) = np(Bw, — BE). The second sum in D.4 may be evaluated directly if we write
theterm py— g4 = 2n+i)nT +i(u+iqs). Thus, if we let u — p+iqy, where, g4 =2n1T, and
wp — Wp—g, We can use the same result of the first sum (D.14). We have

°° 1 1
n=-o00 (154—Q4)2+(U§;_q pr—qT

[1-nz(p-9q)-nf(p-q)]. (D.15)

This result is identical to the first sum, because one may let 5 — p—g in the [ d>p and obtain

ny(p) — np(p — q). It remains to calculate the last sum

S= i ! (D.16)
nEoo (P + W5)[(Pa— qa)> + w5 _gl '
Splitting in partial fractions, we obtain
o0
S= {_al +_a2 +_a3 +_a4 } (D.17)
n=—oco \P4— Q1 Psa—Q2 Ps—QA3 Ps—Qy

where, a; = iwp, az = —iwy, a3 = g4 + iwy_g and ay = g4 — iw,— ;. We must calculate the

factors a;. From the partial fraction decomposition, we obtain

1
a = d; =
2iw, [(iwp —qa)? + 05,
= ! (D.18)
2iw, (g% -2pq)’ '
where p-q=iw,qs+ p- g, and
' ! (D.19)
az=a, = — - , .
Y 20y [(qutiwp-g)?+ w5]
where a; is the complex conjugate of a;. Now we need to compute the sum
S = — = (D.20)
! n;oo Pi—@i nFeo2nT(n+3+ié—a;)
where a; = /52_? The sum may be written as
o0
1
S; = LA > , (D.21)
2T o B — X
where x; = —% + a; — i¢. The sum above may be rewritten in the form
1 X 1 1
S, = L + ) ( + )
2n | x; jS\n—x; —-n-—x;

:@(_L+§ ! )

2x7 g (n=x)(n+x;)
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From eq. (D.14), we already know how to evaluate the last sum

o0 1 o0
nzz_oo(n—x,-)(n+xi) B _x_ Z (n— xl)(n+xl)
- L (D.22)
Xi
where Ima; is the imaginary part of a;. We obtain
i
s = ?ﬁ (1= 205 (Bma; - )]. (D.23)

The complete sum is S = a; S} + a2 S, + az Sy + a4S). Since a; = a; and a3 = a;, and writing

a; =Rea; + ilma;, we obtain
S = 2iﬁ{Rea1[n;(p)—n;(p)]+i1ma1[1—n;(p)—n;(p)]
+ Reag[n;(p—c])—n;(p—q)]+iIma3[1—n;§(p—q)—n;~(p—q)]}. (D.24)

The sum above will be integrated over [ d°p. Thus, if we let p — p — g, this implies w p =
wp-q, and we obtain a; — —a;. The first and third terms above will cancel in the [ d*p, and
we obtain

S=-2fIma; [1-ngp(p)], (D.25)

where,

ng(p) = np(p)+ngi(p)

1 1
B eﬁ(wp_f) -1 + eﬁ(wp‘*'{) _ 1, (D26)

and the polarization tensor I1y4 is

Y R c
44 =—2€ o’ o [1-np(p)lll+2CIma;wy]. (D.27)
p

The term C = g% —4p- § — 2p3 € R. Thus, substituting a; we write

My = —2e2f &p i[1—n ( )]Re(l——)
44 = @) w, F\p 7—2p-q
e? d’ 2pa(da—pa).
- - Re f—p[l—np(p)] i i (D.28)
2m Wp q*-2p-q

Here, we redefine p4 = iw,. We are interested in the medium contribution to the polarization
tensor, which can be obtained by subtracting the vacuum contribution 144 (7 = 0,{ =0) =

H(U)

), of (D.28), where T1{}” = [44(T, &) — [144(0, 0). We obtain

2 3
2 _
Refi)pnp( Pq=2psda—ps) (D.29)

e
H(m):
S & g>-2p-q
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D.2 Computation of T}

To calculate the Matsubara sum of the trace Hm) we will apply a similar procedure to

the one used for Hflff). We have

T, —-e’T Z f(z )BSp [YuGE(P)YuGE(p— )]

2T Z f a®p Splyu(p—m)yyu(p—q—m),]
en? (PP+mA(p-§r+m?]

(D.30)
The spin trace in the numerator is
Sp [Yu (rvhv=m) v (Yo (Po = do) = m)] = SPLYuYvYuY ol (By(P = @)o) + Splyuyulm®. (D.31)

One may show that Sp[y,yvyuYs] = —8vo, and Sply,yul = —16. We then obtain

_ T 2 ~p-(p—q)-2m*
Huw = Z (2n)3 (P%+ m2)[(p— q)2+m21 (D-32)

Writing the numerator as
1
=P (p—q)=2m* == [(p*+ mH) + ((p- * - m*) - D], (D.33)

where D = g° - 2m? € R, we have

S 1 & 1

eT [ 4 3 1
H/Jﬂ:ﬁ dp{ Z ﬁ-’_ Z — 2 —Dn_z

nE=oo Pi T Wy  n*oo (Pa—qu)* +wy_
The result above is analogous to eq. (D.7), therefore we may apply the same results obtained

before to solve the sums in I144. We have

& [dp
My = 2—713 w—p[l—np(p)][1+2DIma1wp]
2 d3
= —ZRe f—p[l np(p )]M (D.34)
m wp —2p-q

and finally, subtracting the vacuum contribution from the equation above, we arrive at the
medium contribution HL’Z)

z d’p p-(p+9q)
nom = £ g f il Lt L D.35
=3 e o) ne(p) —2p-q ( )

oo (P + 03 [(Pa— 2> + w5y

L



Appendix E

Integral over angles of « and 23 for

fermions

We may write eq. (2.23) as

2
d+1 1+ﬂ PB=— ¢ Ref
2 |G |2 213 g? 0

where 6 is the angle between the vectors p e . We may write

P +p-q
n ( )f sm9d9 (E.1)
P “2p-q’

p’rp-q _ —m’+iwpdqs+Ipliglicosd
q*-2p-q q* —2iw,qs—2|pllGlcosb
_ _a1+x (E.2)
/11+2x’ ’
where x = cosf, and
-m?+iw 2w du — g2
R X Ly Wkl (E.3)
|pllql 1pllql
The integral over angles will be of the form
fd a+x 1( /1)1 A+2 (E.4)
=l+-|la-=|lIn—70:. )
A+2x 2 2 A-2
Performing it in (E.1) yields
2—2m? [q*-21pllgl-2iw
fsmmm I PO N PIIg=2iw,s s
0 q*—2p-q 41pliq| g% +21pllgl - 2iwpqa

We may split the logarithm into real and imaginary parts in order to retain only the real part
in (E.1). Since Inz =In|z| + i¢, we have

————= |- (E.6)
qziZIpllql)

Sl . 1 . .
In(g° +21p11G| - 2iwpqs) = E1n [(q2 +2|p11G))? +4w§q§] - zarctan(
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Defining | p| = p, eq. (E.1) becomes

1 342 2 oo 2, om?—a?  (GF+2plgh? +4wiq?
.Q¢+—(1+i‘;)93: : f P pnF(p){1+ il R B ;’q‘;}. (E.7)
2 gl 8plql (- —2plqD” + 4wy q;
A similar procedure may be used to obtain the integral over angles of (2.24)
—e? d3p p-q- 2194(6]4—194)
B=-— 3Ref nr(p) (E.8)
2m°q Wp q*-2p-q
We may write
q-2
p-q : palpatqs) __ a2tx ’ (E.9)
qg°—-2p-q Ao +2x
where
—2w% —iw 2iw,qs — q°
e N Yl ol (E.10)
plql plql
Then,
e? ©2xp’dp L ap+x
B = ——=R d
2m3q3 efo wp np(p)f_l x/12+2x
2 % 21 p2d q* —4ws —4iwpqs  (2iw,qs—q* +2
= —%Re[ T[p pnF(p) 1+ p - p 41 Pq4 q plql
2m3q® Jo  wp 4pq 2iwpqs—q* - 2plq|
Extracting the real part, comes
2 e’ [ p’dp o1+ 4o, —ql (g% +2plgh?* + 405 g5
= 3 nrip -
m2Jo  wp 8pdl | (q*-2pldh? +4wya;
w 8plglw
- pf arctan 5 Zplql pih ] (E.11)
plgl 4w3qy —4p*1G1> + q*

The results for o/ and 28 may be continued to Minkowski metric by letting g4 — iw and

q* — —q3,, with g3, = w* — g%, and using the relation

. . i 1+z
arctan(ix) = iarctanh(x) = ——ln( ), (E.12)
2 1-2z
the scalar functions «f — o * and 2 — 2* in Minkoswki metric are
3q5, °°l92 p + iy
o =1+ LB =- f ne(p) [1+ ——2 £ 1, (E.13)
21q| nqu 8plq|
) e’ [(®p’dp dp+ay  wpw
B =-= 2[ nr(p) |1+ —h—-———= /|, (E.14)
n2gy,Jo wp 8plql 2plql
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where
(g%, —2p|d))? - 4w? w?
fl:ln( Ty ZEPAE O, (E.15)
(qM+2p|q|) —4a)pw
4 _A(p|dl - w,w)?
fo=In T (pliﬂ p®) . (E.16)
qr;—4(plGl+ wpw)?



Appendix F

Limiting behavior, (|| — 0), of e and u™!

for relativistic Fermi gas

In order to access the long-wavelength limit of the relativistic electromagnetic re-
sponses, for w # 0 and w = 0 (static case), one takes |g| — 0 and expands the expressions
o/ * and 98" after doing the angular integrals. Introducing the dimensionless variables x =

wm!m, a=w/2m, and b = |q|/2m, and the functions

Li(a,b) = ln(ax+b\/x2—1+a2—b2), (E1)
Ly(a,b) = ln(ax+b\/x2—1+a2), (E2)

we may rewrite the functions f; and f> in (2.28) and (2.29) as

—Li(a,b) - Li(-a,b) + Li(a,—D) + L, (—a, - D), (E3)

fi

f2 +Lz(a,b) + Ly(—a,—b) — Li(a,—b) — La(—a, b). (E4)

Expanding f; and f, in powers of b, we derive

2b 208
1;1 - __pgl)_g—g[F£1)+aF9+(a2—1)F£3)], (E5)
x>—=1 a a
2b 2b°
];2 = = ZFSMﬁ FP —aF® + (a*-1DFP|, (E6)
x —
where we have used
; 1 1
) _ (E7)

. = - + -
- (x+a) x—a)
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In terms of the dimensionless variables introduced above, we have

2 2, 2 12
e 1 oo (x°+a-—b?) a
B = dxnp(x) | Vx2-1+ ———fi——F|, E8
472 az—bzfl F () Tl (£8)
2 2 2
e 1 oo 1+2a--2b
Q% = —mm/‘ dan(X) V x2 -1+ (Tfl] . (E9)
- 1
Using (E3) and (E4), we obtain
2 2 2
a e 2 1+14a
B = @I(O)+—3az I(D+4a21(2)], (E10)
2 2
e 1+2a
Clz@* = —47 © +—I(l)]y (F]']‘)
T
which lead to
3e2
o*=— IV +a1?), (E12)
21
where the integrals I/) are given by
; 0 Vx2-1
Ik Ef dxnp(x) ————, (F13)
1 (x=—a=)/

with 1@ =01V /8a?. We may compute these integrals exactly at T = 0, when nr(x) = O({ -

x). We use the Euler substitutions v/ (x—1)(x+1) = #(x + 1) and decomposition in partial

1(0):%[( (2—1—ln((+\/(2—1)], (E14)
) _ / 1 o(a)
7 —ln((+ {2—1)—%arctan F() , (E15)

where o(y) = y/1/I1 - y?|. We have used qlzw — w? > 0. Since we are interested in v — 0, we

fractions to derive

have also taken a <« 1. Using the expressions

2
€:1+%*+d*+(1—%)%*, (E16)
-1 * * a2 *
U =142€¢" +A +_2ﬁ%’ (E17)

and expanding (E10) and (E11) fora < 1 [€*" is 0 (a?)], we obtain

a: e
_ e 2
e—l——a2 +—3n2ge(6)+@(a ) (E18)
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2 2
m

_ a 5e
plt=1- —7 " g28m(@) +0(a?), (E19)

where a2, = 2a?,

2 2 (72 _1)3/2
2 we _ e (C - 1)
=g " 22 ¢ (F.20)
and the O (a) corrections are given by
1 7
=1 21— —, E21
8l n(“ Ve ) o0 6070 (2D

1 14
gm(()zln((ﬂ/(z—l)—%—1503(0. (E22)



Appendix G

Imaginary and Real partsat 7 =0

G.1 Imaginarypartsat 7 =0

Again, the vacuum contribution does not have an imaginary part. We then refer to
the three cases described in subsection 3.2, which correspond to different regions in the

(a, b) plane.

In case (i), Xz <0,n>1, a<b < bn, the lower integration limit of (3.10), (3.11) is
X; = —a + bn whereas the upper one is x,, = a+ bn. For a nonvanishing result, we need

X; =—a+ bn < xp. This will occur if b_ < b < b, where

2
bi:i§+\/%+a(xp+a). (G.1)

Depending on whether x,, < xr or x,, > xp, results for the imaginary part will differ. For
Xy = a+ bn < xp, one needs a < xr and
b? - ypb+ a(xp—a) <0, (G.2)
b* + ypb+ a(xp — a) > 0. (G.3)
To satisfy (G.2), the argument of the square-root appearing in the roots of the associated

equation has to be positive, so that 0 < a < (xp—1)/2 and (xp+1)/2 < a < xr. Then, (G.3) will

always be satisfied whereas (G.2) implies b_ < b< b,, where

2
_ [y
b, = % " IF —a(xp—a). (G.4)
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As a result, the integrals in (3.10) and (3.11), with the definition [ f (x)]x” = f(xy,) — f(x), de-

fine regions (A) and (B) in subsection 3.2.

In case (iii) [)(2 >1,n1<1 (a>b> bn), the lower integration limit of (3.10), (3.11) is
Xx; = a— bn whereas the upper one is x,, = a+ bn. For a nonvanishing result, x; = a— bn < xr.

This will always occur if a < xg whereas for a > xg, b”. < b < b',, where

2
b;:i§+\/%—a(xp—a). (G.5)

Again, depending on whether x, < xr or x,, > xf, results for the imaginary part will differ.

For x, = a+ bn < xp, a < xp and

b* - yrb+ a(xp —a) >0, (G.6)

b* + yrb+ a(xp — a) > 0. (G.7)

To satisfy (G.6), the argument of the square-root appearing in the roots of the associated
equation has to be positive, so that0 < a < (xp—1)/2 and (xg+1)/2 < a < xg. Then, (G.7) will

always be satisfied whereas (G.6) implies b’ < b < b/, with

B;:%i\/%—a(xp a). (G.8)

We may then define regions (C) and (D) in subsection 3.2.

G.2 Realpartsat T =0

The first integral in expressions (3.5) and (3.6) is simply

1
> [xpyr—In(xp + yp)], (G.9)
whereas the last ones may be integrated by parts, using R; (1) = R2(1) =0, to yield

[(xF+3X )R (xg) +6axpRy(xp)] — f dx[(x +3x x)R’ +6ax2R2] (G.10)

XF
12b 12b
for (3.5), and

XE 1+ 29)R, (x )—iIXFdx(1+2 2 %R (G.11)
8b ARV =8p ), A '
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for (3.6). It is convenient to introduce

+ax+by+y*
Ly(x)=In[ 20Oy + 1) (G.12)
|+ ax—Dby+ x?|

so that Ry = —(L;+ + L-), Ry = —(L4+ + L-)/2. Taking derivatives, dividing out the resulting

polynomials, and adding the + contributions leads to

EZ [(x% +3x*) Ry (xF) + 6axp Ry (xF)] + é [xFyr+ (3—4b%)In(xg + yr)] + Zs, (G.13)
for (3.5) and
g—’;(nzxzml(xF) +%(1+2)(2)ln(xp+yF) +Zp, (G.14)
for (3.6), with Zg and Zp defined and calculated in section below
Definition and calculation of Zz and Z,
The explicit expressions of Zp p are
¥ dx  Mppx*+Ngp (G15)

Zgp=Cgp ,
1 Va2—1 (%2 +{?)?—-4a’x?

where (? = a? —172192, Cg=1/3and Cp = (1 +2)(2)/2. The expressions for Mg p and N p

depend solely on a and b,

Mg = —2a*(1 +4b%) — [1 - 2% = 2a* 2 - P13,

Np=-*(1-2b%),
Mp =2a*1+n% -2,

Np =%

Defining t = v/ (x*> — 1)/ x? = y/ x, (G.15) reduces to

Zp,p = Cp,pl(Mp,p+ Ng p)Jo— Np,pJ2], (G.16)

where TJj is
tF dttl
j' = —) G.17
7)o CrA+Br2+9 (G.17)
2002 +1)-2a?], and 2 = ({2 +1)® —4a?. There are two

and the coefficients are € = %, B
cases to be considered, depending on the roots of the biquadratic equation €4 +B > +2( = 0:
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(i) For n? > 0, the roots are real

2072 2
+1)—-2a” +2ab
2 :C C=+1) i Inl, (G.18)
so that the integrals become
3= rfftp ai tfftF dt ] (G.19)
T aabinl | The 2-2 Th -] '
One may show that ti > 0, therefore
rdt 1 tP—t
f L Y e (G-20)
o 2—t2 2ty |tp+ts

where, from (G.18), we may write . = (y+/|x+|), with xy =a+bnand y. = \/xi —1. Then,

1 1 tr—t
Jo = — In|E—* —(t+—>t_)], (G.21)
4ab|1]| 2t+ tF+ t+
1 t trp—1t
Ty = n| oy — r_)]. (G.22)
4abin| | 2 I+ t,

(ii) For 172 <0, the roots are complex conjugate (tg, Z‘?), with

2 [(?((*+1) —2a?] +i[2abln|]

Cc C4 (G.23)
We may decompose into partial fractions to obtain J; = 3}’ - TJ]_. (tr=Ret; t; =Imt,)
1 Pl odttd(t+2t
J% = —f ( r) } , (G.24)
Fooaltt 2 Jo |2t 0+ 12
and write
1 15+ 2t tp + | 1|
j() = ara > In 5 +
8¢ty |1l tF—ZtrtF+|tc|2
2t fr+t tp—1t
—r[arctan( F r)+arctan( r r)]}, (G.25)
|%;] [ £ ;]
as well as
5 1 15+ 2t tp + | 1|
2= —1n
8(4t, 12— 2t tp + 1|
2t tp+t trp—t
ﬁ[aretan( Flt | r) + arctan( F| | r)]}, (G.26)
i i i

where, from (G.23), one may show that f. = (y./x.), with x. = a+ib|n| and y. = \/ x2 - 1.
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Polarization and magnetization vectors

Although the REG may be bianisotropic, since its polarization and magnetization de-
pend on both E and B in eqgs. (4.1) and (4.2), for the EM wave characteristic of the photonic

mode this is NOT the case.

For the photonic mode, Maxwell’s equations g; D; =0 and ¢q;B; =0lead to E; = By =
0, where we have used D; = ¢;;Ej+7;;Bj, withe;; =€d;j+€'§;§;, and the fact thate; =e+¢’ #

0. From g x H=-wD, and using the constitutive relations of H; and D;, we derive
GxBr=—[(e+1)/(v-T1)]Er. (H.1)
Using the equations (4.26)-(4.28), we obtain
€E+T=v—-T1=14+2€"+A" - B", (H.2)

which yields

-

G x By = —Ey. (H.3)

Egs.(4.1) and (4.2), with E; = By = 0 read

P=(e-1)Er—1(gx By, (H.4)

M= (1-v)Br+1(4 x Ey). (H.5)
For the photonic mode, § x By = —E7 and § x E = Br, leading to
P=(-1+1)Er, (H.6)
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M=(1-v+1)Br. (H.7)

Since D = E+ P and H = B— M, we end up with

D=(+1)E7, (H.8)

H=w-1)Br. (H.9)

Thus, for || = w, the effective responses in (4.10) and (4.9) read € off = €+ T, Vegf = vV — T, and

furthermore € off = vegr. This leaves us with the usual expressions
D =eeE, (H.10)

and

—

H = vegB. (H.11)

Therefore, P and D lie along the direction of the electric field, whereas M and H lie along
the direction of the magnetic field. Thus, the bianisotropy does not occur for an EM wave
typical of the photonic mode, and we are justified in using this to calculate the reflection and

transmission coefficients in section 4.5.



Appendix I
Current J, for relativistic Bose gas

The current density in linear response may be split in two parts

Ju ()

_ 1 _ _
W {Tr (Gy) - Tr (HGOHGO)}

J& )+ TP (). 18))

Let us calculate each term explicitly.

I.1 Calculation of J ff”

We have

&
5 AL (x)

T () = [ dtyatz i ziGoly). 12)

Y122 Gylz,y)

Substituting I1(z) defined in 5.8, and using the definition of the Dirac delta function,

1)
S AL (%)
1)
6A,(X)

I = fd‘*y d*z W (y-2){2ieA,(2)0% +ie@- A);} Golz,y)

+

f dty d*z 6W(y - 2)e* A%(2)Go(z, ). 1.3)
Taking the functional derivative in A,(x), and integrating over d*z, we obtain

J@ (x) :fd“ya(‘“(y—z){zieéﬁ—ieéﬁ}éo(z,ynzezfd‘*y 5W(y - 2) A0 Go(x,y), (14)
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therefore,
J ) = f d*y 6@ (y-x) {ieég(‘;o(x, y)} +2€% A, (x)Go (x, X). (L5)

In momentum space, the current density and the free boson propagator are written in Eu-
clidean metric as

RIOE 75 d*x e ', (x), (1.6)

d4p eip-(x—y)

@m)* p2+m?’ .7

Go(x,y) =
with py = —i(04 — ¢). The current density Ju (@ (x) becomes

d*p  Pu
@m)* p?2+m

JP(x)=—e 5 +2¢” Ay (x) Gy (x, x). (L.8)

The first term in (1.8) is the free current density in the gas, since it is a constant independent
of the background field A;,. The second term contributes to the total current density in first

order in A;,. We may write this term as

o] f o "”‘Ap(q)(ze ) f a7 2+1m2 (19)
]ff”(q)]md
We have
J,(;”(q)]i =120 () Au(q). (1.10)

We identify the tensor Htad as the contribution from the tadpole diagram in the current den-

sity
d4p Oy
mad - P L11
(@)= m)* p? + m? (I.11)
I.2 Calculation of Ju (b)
The contribution Ju ) t6 the induced current is
Jb = 9 {—lTr (HGOHGO)} (1.12)
Foosa,x) | 2 ' '
Computing the trace,
1 - - 1 _ _
—=Tr (GoMGy) = ——fd“x d'y d*z d* wxI|yy (y|Goly z{zITT|y w (w|Gyl) x, (1.13)
2 2 —— ——

Go(y,2) Go(w,x)
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and substituting 5.8, we have

1 - - 1 - - _
—zTr(HGOHGO) = —Efd‘lx dtyd*z d4w6(4)(x—y){ZieA-ay—i-ie[é-A]y+e2A2(y)}G0(y,z)

x 6W(z—w){2ied-0" +ie[0- A] ,+e* A*(w)} Go(w, x). (1.14)

Keeping the second order terms in A, and writing them in Fourier space,

L S01G 1 d*q .
—~Tr(IGeGy) = —= | d*x d*y d*z d*w 6 (x - )6P (z - {2' 7( A iqy
> lientey zfd xd'ydzd wb™ (x—y)6" (z—w){2ie o J(@e

4. i5 Hip(y—2) 4 4 ip(y—2)
N fdplpue +ie}§dqzq (q)elqyj{dpﬂ
@m*  p2+m? @m)s T @2m)* p2 + m?

d4p’ iﬁpeir”(W—x) _ j{d4 '

. d4q/ o q . . d4p’ eip’(w—x)
X {216% (2m4Ap(q’)e”7w o) zq;Ap(q')ezqw _—}

P+ m? (2m)* @m* 52 4 2 ’
we obtain
1 . d*q d*p d*q d*p’
—ZTIGNIG) = =5 § G oty gyt @00 @+ p =P 0V ped+ )

@p.+q,) 2P, +4,)
Putdu P pAp(q’)].

A 1.15
X 'u() _2+m2 p_2+m2 ( )
Integrating over d*q’ and d*p/,
1 - - 82 d4q d4p (Zp_y+qy)(2]§p+qp)
T (MGMGy) = —— ¢ L9 4P Ap(—
5 Tt (IGoTIGo) et et D G ey (pr g e m) T
I
_j((Z )4Au(q)HOOpAp(_q)’ (1.16)

where I1 ‘?;,) P is the 1-loop contribution to the polarization diagram in the medium, given by

mloop _ _ 2 d4P Cpu+qu)2pp+qp)
He @m)* (P2 +m2)([p+ q)2 + m?2)’

Therefore, for the current density, we write

(I.17)

JP(x)

fx dly AT (x - y) A
Mum 2§ dlxdty A - 9 Avy)

f 'y TP (x - y) Ay ()

f oyt P (q) Ay (q). (118)
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In momentum space, we have J, ,(f’)(q) = Hh)vo P(@)A,(g), and the total current density Ju=

(a) (b)
Ju +J], is

with IT,, = T30 + Hi?vo P being the full polarization tensor in the medium

d4]9 6;“/ + 2 d4p (Zﬁu+CIy)(2ﬁv+CIv)

_ _ 9,2
@) ==2e" ¢ i 52 m? @m (52 + mA)(p+ ql2+m?)

(1.20)




Appendix ]
Derivation of (J,(x) ], (¥)).

The expectation value (J,(x)J,(y)) is

1
T Ty (1)) = = f [dgp*11dpl () Ty (y)e ), J.1)

Zo
where So[¢p] = [ d*z d*z’ ¢p*(2)G™1(z - 2')p(2)), is the free scalar action, with G™1 = (0% +
m?) the free scalar propagator, and Ju=¢*idup - pid,p* the scalar current density. Here,
=, is the ideal gas grand partition function which acts as a normalization factor. To obtain
the expectation value in (J.1), we may write = in the presence of an external current, and take

its functional derivatives
=%, jl1= f[d(p*][d¢]e—fnd4z[¢*G_l¢—j*¢—¢f]. J.2)

Writing Z;[¢] = ¢'*G ¢/ - j*Gj, with ¢' = ¢p— Gj and ¢'* = ¢* — j*G, then

(5%, j] [3{ [de*11dgleJnd'x0" G | plodzd*e j* @DGz-2) (=)

= ol G0, (J.3)

Defining the normalized partition function Zy == Z[j*, j1/Zy, and taking the functional

derivatives

—

6:‘N
0j(x)

0EN
6j* (%)

= (p(x)),

j=0

=(p* (x)), J.4)

j=0

and the second functional derivative

o
0j(x)

02N
[0
l /16]*()6)

= _i [dp*1[dplp*i0,p(x) e 0P
j=0 =0

= (Pp"(0)i0,p(x)), J.5)
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one may obtain the expectation value (J,(x)) = (¢* (x)i0,p(x) — p(x)id,P" (x)) as

) sl
Sj " Feir) s\ Hsj)

Ju(x)) ={

EN} , J.6)
j=0

and the expectation value (J,(x)Jy (¥))

Ty = {

5 (i 8 ) 6 (. 6)
5i (%) (’6“5]'*(x)) 5% (x) (la“ﬁj(x)

[1]

o o 1) o
ot ittt 0
i arw)arw (9570 |= 07

Note that the expression above will have four functional derivative in j. Thus, when we take

j =0, only terms in =y with four currents j will contribute. Therefore, expanding =y
* — 1 ok —_ ok —
Ev=1+G G D+ S GTGTINGTG D+ (.8)

the term that will contribute to the expectation value in J.7 is

[1]
1]

1
EN =5 f d*z1d*zd* z3d* 24 j* (21)G(21 — 2)  (22) j* (23) G (23 — 24)  (24). 7.9)

Taking the functional derivative in J.7, we have (J,(x)J,(y)) = Q1 + Q2 + Q3 + Q4, where
| |
=N
j=0

i0;,Gx—x")idyG(y - y™) +i0;,G(x - y)idyG(y — x). (J.10)

O

) o o o
T -a)’ )
5j(x) (’ “6j*(x))5j(y) (l I NE))

) ) 1) o
Q = {-|— 0% — ) : ('05 . )]5(4)}
? { [61*(x) (Z b5j@) 5in ") | TN j=0

—i05G(x" - x)i0yG(y - y") - G(x - )i0};i0, G(y - x). (J.11)
The term Q3 is obtained from Q;, by taking x — y,and y — v
Qs =-i0yG(y" - p)io;Glx—x") - G(y - x)i0}i0;G(x — y). J.12)

Since G(y — x) = G(x — y), and i0;,G(x — xT) = —ial’jG(xJr — x), we have Q3 = Q,. The term Q4
is the complex conjugate of 2}, which is real, thus Q; = Q3, and
1 1
Ju 0]y (1)) = 4|i0;Gx - x")idy Gy - y*) + 5i0,Glx~ 1)ioyG(y —x) - 5 Gle= Y)i0},id,G(y - x)|.
(J.13)
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The propagator is

131
d4]9 eip(x—y)
Gx-y) (2m4m, (J.14)
and
Ju(k) ]y (K)) = fQ d*xd*ye™ " e RV (1, (x) ], (1)) (J.15)
Substituting (J.13), we obtain
ny = 85(4) 15 p pw [ d'p (=p) }
JuB) Iy (KD)) = {(ZJT) 6 (k)o (k)[j{ 2t 2+ 2 2r®) P2+ m?
Cp-ku2p-Kk)y
Lo 4 p
+ (Zn) 5(k+k)j€ et P2+ D) (p— K2+ md)]” (J.16)
Note that,
B 0 [.. O6En
Jux))y = 5700 10y6].*(x) . J.17)
Here, only terms with two factors of the current in Zy = H(Z) = (j*G71j)(j*G™1 ) will con-
tribute. We have
d4p (_pp)
— 977X
Jux)) = ZLOHG(x x") = e P2+ ol (J.18)
So, eq. (J.13) may be written as
Ju Ty (k) = 2m)®6W (k)6 (k) (T (0) Uy (1)) + Tu () Ty (k) (J.19)
where the subscript "c" means connected. Taking the Fourier transform to compute (J,,(x) v (y))
then
d'k d'k lkx lky
T y(y)) = ot 2n )4 Jull) Iy (K)). J.20)
Substituting (J.19), we obtain (J,(x) Jy () = (Ju (X)) Jv () + T (X) ]y (1)) ¢, where
7l
T Ty () = f wel g
with

d4
HFuv = P

J.21)
@p+Kk)2Cp+k)y
2m)* (p2 = m?)[(p + k)? + m?]’
We may use the previous results to compute the grand partition function in first order

J.22)
Sl fﬂ d* xd* yJ, () J, )Gl (x = y)
=0

J.23)
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We derive

= 62 4 4 % 82 d4q jpp(q)
—_1+3de ' YU G- DU+ SV b =T a2

=0
We have obtained two contributions to the current-current expectation value: a discon-
nected (J,(x)){Jv(»)); and a connected (J,(x)J,(x)) term. However, in the grand partition
function E, the disconnected part will vanish in the thermodynamic limit, since it will give

a (InV/V) contribution to the pressure. Besides, it does not contribute to the density either,

since it is independent of the chemical potential p.
The finite T free photon propagator, for r = [X — |, r4 = | x4 — y4l, is

T sinh(27zTr)

G(r,ry) = ,
Y7 8ar sin?(m Try) + sinh?®(x Tr)

(J.25)

using this result in the disconnected term, we obtain ~ QZ/ RT,V = %”RZ, with Q = AN. Note

that, at T = 0, the expression for the propagator properly reduces to G(x—y) = 1/4w%(x—y)?.
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