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Abstract

We study the evolution from the weak coupling Bardeen-Cooper-Schrieffer (BCS) state to Bose-
Einstein condensation (BEC) at strong coupling in a two-band superconductor with orbitals of
opposite parity coexisting at a common Fermi surface in the metallic state. We analyze, inde-
pendently, the intra and the interband interactions where, in the former, hybridization destroys
superconductivity and in the latter it plays a role similar to spin-orbit interaction in fermionic
spinor gases, enhancing the interband pairing and opening the possibility for driving the BCS-
BEC crossover. In multi-band superconductors the mass difference of the interacting fermions is
also a relevant parameter to be considered and we show that the interband crossover is favored
in systems with one dispersive and one flat band. Starting with a mean-field analysis, at both
zero and finite temperatures, we investigate the crossover induced by an odd-parity hybridization.
The divergence in the interband critical temperature at the strong coupling limit is corrected with
the inclusion of the thermal pair-fluctuations in a one-loop approximation. We then calculate the
dependence of the condensation temperature on the microscopic parameters, namely hybridiza-
tion, scattering length and mass anisotropy. Finally we show that a smooth interband BCS-BEC
crossover can indeed be attained via hybridization.

Keywords: Superconductivity, multi-band superconductors, hybridization, BCS-BEC crossover.



Resumo

Estudamos a evolugdo do estado Bardeen-Cooper-Schrieffer (BCS) de acoplamento fraco & conden-
sacao de Bose-Einstein (BEC) no acoplamento forte em um supercondutor de duas bandas com
orbitais de paridades opostas coexistindo em uma mesma superficie de Fermi no estado metalico.
Analisamos, de forma independente, as interagoes intra e interbandas onde, no primeiro, a hi-
bridizagao destréi a supercondutividade e no segundo ela desempenha um papel semelhante &
interagao spin-Orbita em gases espinoriais fermionicos, aumentando o pareamento interbanda e
abrindo a possibilidade de conduzir o crossover BCS-BEC. Em supercondutores multibandas, a
diferenga de massa dos férmions interagentes também é um parametro relevante a ser consider-
ado e mostramos que o crossover interbanda é favorecido em sistemas com uma banda dispersiva
e outra plana. Partindo de uma andlise de campo médio, tanto para temperatura zero quanto
finita, investigamos o crossover induzido por uma hibridizagao de paridade impar. A divergén-
cia na temperatura critica do setor interbanda no limite de acoplamento forte é corrigida com a
inclus@o das flutuagdes térmicas em uma aproximagdo a nivel de um loop. Em seguida, calcu-
lamos a dependéncia da temperatura de condensacao em relagao aos parametros microscépicos,
nomeadamente hibridizagao, comprimento de espalhamento e anisotropia de massa. Finalmente,
mostramos que um crossover BCS-BEC no setor interbanda pode de fato ser obtido por meio da
hibridizagao.

Palavras-chave: Supercondutividade, supercondutores multibandas, hibridizagao, BCS-BEC crossover.
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Chapter

Introduction

The idea of a connection between Cooper pairs and diatomic molecules is not new, it perhaps
can be traced back to the work of Scharfroth, Blatt and Butler [1] even before the advent of
Bardeen-Cooper-Shrieffer’s theory (BCS) for conventional superconductivity [2].

However it was only in 1980 that A. J. Leggett [3] showed theoretically that a dilute gas of
weakly interacting fermions at T' = 0K could attain, depending on the strength of the attractive
interaction, the behavior of BCS pairs or the behavior of tight bound bosons, which could undergo
Bose-Einstein condensation (BEC). Such a system also possesses a universal character since its
properties are only dependent on a single parameter given by the ratio of the interparticle distance
k;l, where kr = (37r2n)1/ 3 is the Fermi momentum with n the gas density, and the length scale
of pairing correlations expressed through the s-wave scattering length as. Thus tuning (kgras)™%,
with the Feshbach resonance technique for example, it was possible to smoothly link the BCS
limit (weak coupling regime) characterized by (kras)™' < —1 to the BEC limit (strong coupling
regime) where (kras)~! > 1. The unitary point (kras)~! = 0 signals the appearance of a two-
body bound state and the region around it |kras| ™! ~ 1, where the system shifts its character, is
the so called BCS-BEC crossover.

The finite temperature problem was then considered by Noziéres and Schmitt-Rink [4] where
the authors pointed out the limitation of the mean-field approach to deal with the intermediary
and strong coupling regions: within this approximation the fermions pair binding is not properly
taken into account, which leads to a divergent condensation temperature. A full disclosure of the
problem was reached by S& de Melo et. al. [5] with the inclusion of thermal fluctuations around
the saddle-point solution, where they have been able to obtain the complete profile of the critical
temperature as a function of the coupling.

Although well understood theoretically it was only recently that the crossover was indeed ob-
served in ultracold gases [6-8]. This delay, partially due to the difficulty of tuning the coupling
constant, propelled the seek for other ways to promote the BCS-BEC crossover. Thus the experi-
mental development in the ultracold gases scenario motivated extensive theoretical studies of more
realistic models, such as the ones taking into account the spin-orbit coupling (SOC) of fermionic
gases at T'= 0 [9] as well finite temperature [10-12]. A very interesting result of these studies is
that depending on the kind of the spin-orbit interaction the system may present a pseudogap even
in the weak-coupling regime and consequently the possibility of a BCS-BEC crossover induced by
SOC.



Chapter 1. Introduction

In the condensed matter realm other fruitful proposals |13-15] indicated that metallic multi-
band systems under the influence of hybridization could also present the BCS-BEC crossover
signature. A close inspection of both models reveals the mathematical similarities between them
which explains the coincidence of some qualitative results, however the multi-band models are not
limited to describe fermions with the same effective masses. Furthermore a huge experimental
advantage of the multi-band systems over the ultracold gases lies in the tuning of the hybridization
since it can be achieved simply through doping or pressure.

Despite of the promising results achieved, the aforementioned works [13-15| deal solely at a
mean-field level preventing a more detailed analysis of the two-band system in the strong-coupling
regime. Therefore we intend to correct and expand their work as S4 de Melo did with Leggett’s.
Naturally with the inclusion of new variables the richness and complexity of the problem take new
turns, pose new issues and here we shed some light over the effects of the hybridization and mass
asymmetry besides the usual scattering length parameter. More specifically, we consider a two-
band model, focusing our attention in the interband sector, calculate the mean-field solution and
the one-loop correction to it. We show that there is no physical divergence in the condensation
temperature and indeed a legit BCS-BEC crossover can be attained through hybridization.

This thesis is divided as follows, chapter 2 aims to review the basic concepts involved in the
Bose condensation, the superconductivity phenomena and the BCS-BEC crossover as obtained by
Leggett and the one achieved through SOC; in chapter 3 we introduce the two-band model and
its mean-field treatment which provide numerical solutions that indicate the need of the inclusion
of the gaussian fluctuations as done in chapter 4, where we are finally able to obtain the profile
of the BCS-BEC crossover; chapter 5 summarizes and gives a glimpse over the future possibilities
of work.



Chapter

Theoretical Framework

In this chapter we review the basic concepts and mathematical tools to understand the BCS-
BEC crossover. Section is dedicated to briefly describe a Bose-Einstein condensate and to
derive its critical temperature. Sections and are dedicated to explore the interacting
fermions in the weak and strong coupling regimes respectively, followed by section in which
we show Leggett’s results for the crossover theory at T = 0 K. The expansion of Leggett’s work
is done in sections 2.4] and 2.5] where the thermal fluctuations are included in order to find the
correct critical temperature in the strong coupling regime. In section we present the influence
of the spin-orbit coupling in the fermionic gas.

Throughout this thesis will use natural units kg = A = 1.

2.1 Bose-Einstein Condensation in an Ideal Gas

The advent of quantum mechanics propelled many new theoretical investigations. Among
those is the one conjectured in the years of 1924-25 by Satyendra Bose [16]| while corresponding
with Albert Einstein [17] in which they predicted that a dilute gas of particles with integer spin
(later on called bosons) at extremely low temperatures could undergo a new form of matter, the
Bose-Einstein condensate (BEC). Close to the absolute zero all the bosonic particles occupy the
lowest energy state, increase their wavelength, interfere with each other and then come together
in a macroscopic condensate. It was experimentally achieved in 1995 by Eric Cornell et. al. [18]
using a vapor of 8’Rb atoms cooled down to 170 nK. Their result can be summarized in Fig.
which presents the particle density versus the velocity distribution as the temperature decreases
and shows the concentration of atoms around the ground state.

To derive the BEC properties let us consider a gas of N identical bosons with mass my within
a three dimensional box of unit volume V' = 1m? in contact with a particle reservoir characterized
by the chemical potential p. There are several ways to approach the problem but here we shall
make use of the path integral formalism represented by the partition function 2 = [ fD[qS]e_S (4],
where the ideal bosonic action, in the imaginary-time notation, is given by

sto1= [ o [ ardtam) (6 - 0~ ) o), 1)



2.1 Bose-Einstein Condensation in an Ideal Gas

Figure 2.1: Bose-Einstein condensate obtained with a 3’Rb gas around 170 nK. The image shows the velocity
distribution (fast moving particles indicated in red and slower ones in blue and white) of the cloud (A) just before
the appearance of the condensate, (B) just after the appearance of the condensate, and (C) after a nearly complete
BEC. The anisotropic distribution around the zero velocity peak is a characteristic of the condensate. Extracted

from reference .

with ¢ a complex scalar field subjected to the periodic boundary condition ¢(x,0) = ¢(x, ) and
B = % the inverse temperature.

Switching to the frequency-momentum representation @(x,7) = \/LB >k wm, DK m)ekx—wmT,
where the periodic boundary condition imposes the Matsubara frequencies to be even functions
wm, = 2mm /B with m € Z, the partition function reads

1 1
zZ = - 2.2
|| it (2:2)

k,wm

with energy dispersion e, = k?/(2m;). To ensure a well behaved gaussian integral, the chemical
potential obeys p < miny {ex}.
The thermodynamic number of particle{l can be calculated from the Helmholtz free energy

Q) = —B'In Z. Summing over the bosonic frequencies
N 1 1

n(pT)=—F% =— _— = np(ex), 2.3

)= 54 = 5 2 Ziarva—n ~ el (23)

where np(e) = 1/(e&#) — 1) is the well-known Bose-Einstein distribution. As T' — 0 the
particles seek the ground state and the phase transition occurs in the limit . — 0 so that the
k = 0 mode in Eq. [2.3 becomes macroscopically occupied and must be set aside from the rest of
the sum which then may be replaced by an integral

3 3/2
d’k 1 mbT) ’ (24)

n(u — 0) :n0+/We/3€k——1 =np + ((3/2) (?

'Or particle density since we are using n = N/V with V = 1m?.



2.2 Superconductivity

where ((3/2) = 2.612 is the Riemann ¢-function ¢(s) = >, ; n~* evaluated at 3/2 and ng is the
condensate’s particles density. Yet the latter can be written in terms of the particle number as

T\ 3/2
np=n|l-— <> for T <1, (2.5)
T;
with the condensation temperature T, defined as
27 n 2/3
Te = — . 2.6
= o (o) 29

Typically, T, is of the order of nK and, as expected, as T' — 0 all particles are in the ground state
ng — n.

This section’s results will be particularly useful to link a Fermi to a Bose gas, and later on to
deduce the condensation temperature in the two-band system.

2.2 Superconductivity

The race to achieve the absolute zero allowed the discovery of the superconductivity by the
Dutch physicist Heike Kamerlingh Onnes in 1911 [19]. Using liquid helium he found out that
below T, = 4.20K the electrical resistance of mercury vanishes abruptly, as shown in Fig. He
also observed that the superconductor state was destroyed in the presence of a critical magnetic
field H.. Two years later W. Meissner and R. Ochsenfeld added that if an external magnetic field,
below the critical value, is applied to a superconductor it is ejected from the material interior [20]
(there is actually a penetration depth, an exponentially small distance penetrated by the magnetic
field). This became known as the Meissner effect and it is manifested solely in conventional or
type-I superconductors. Type-1I superconductors were first observed in 1935 by J. Rjabinin and
L. Shubnikow [21] and present two characteristic magnetic fields: above a certain value H; there
are the formation of magnetic vortices but the superconductivity persists locally; as the strength
of the magnetic field increases and reaches H. the superconductivity is destroyed. Almost all
single element superconductors are type-I while metal alloys and oxide ceramics are type-II.

The first successful attempt to explain the Meissner effect and the penetration depth has been
made in 1933 by the brothers Fritz and Heinz London [22] and subsequently improved by V. L.
Ginzburg and L. Landau [23], and B. Pippard [24] with the introduction of the coherence length
&0, a parameter indicating the coherence scale of the superconductor. However it was only in
1957 with J. Bardeen, L. Cooper and J. R. Schrieffer’s seminal work [2] that a full understanding
of conventional superconductivity came to light. Grounded on Cooper’s hypothesis [25] of the
coupling of an electron pair with opposite momentum and spin in the vicinity of the Fermi surface,
the Cooper pair, a microscopic theory has been built. The pairing mechanism, strong enough to
overcome the Coulomb repulsion, was attributed to the lattice deformation from the first passing
electron which creates an energetically favorable path for the second one forming a weakly bound
pair with size of the order & ~ 10nm. The BCS theory was able to successfully explain many
properties of conventional superconductors such as the critical temperature, the appearance of an
isotropic gap in the excitation energies and the specific heat discontinuity. Another BCS triumph
was the prediction of the isotope effect in Hg [26] linking its isotopic mass, M, to the frequency of
lattice vibration and to the critical temperature as T, oc M~1/2 (also verified in other elements).

5
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Figure 2.2: Onnes’ original plot from 26 October 1911 showing the electrical resistance (Q2) of Hg versus the
temperature (K). The abrupt decrease in the resistance at 4.20 K is the first record of superconductivity.

The faith in the BCS theory was such that superconductivity was thought to be impossible at
temperatures above 30 K, but as the experimental works intensified a new kind of superconductor
was announced by K. A. Miiller and J. G. Bednorz [27] in 1986. The new compound of the
cuprate family (CuO) showed a slightly higher critical temperature than the one allowed by the
BCS paradigm and soon afterwards even higher T, materials, up to 138 K, have been produced
as indicated in Fig. The absence of the isotope effect in high temperature superconductors
(HTSC) indicated a pairing mechanism other than the electron-phonon attraction although up
to date no conclusion has been reached upon the subject. It is possible however to spin-density
waves to play this role [28].

Another remarkable difference from conventional superconductors is the much smaller coher-
ence length, typically of the order & ~ lnm, suggesting that HT'SC belong to the class of strongly
correlated electron systems (SCES) [29]|, where the superconductor pair is so tight bound that
can effectively behave as a boson and thus undergo BEC [30].

To further discuss the relation between superconductivity and BEC let us next consider two
limit cases.

2.2.1 Fermions in the Weak Coupling Regime

In order to obtain some quantitative results of the BCS theory we shall consider a similar
configuration as the one described in the previous section but with a dilute gas of interacting
fermions of spin 1/2 and mass m. To make the notation clearer, from now on, let us adopt a
four-dimensional convention z = (x,7) and [dz = [, d%z fOB dr, thus the action reads S[t)] =
[ dz(¥;0, + Hpos) with the BCS Hamiltonian density given by

2

Hacs(0) = B(o) (=g = 1) o(0) — g (@)W (o)1 (o), 27)
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Figure 2.3: Chronology of the superconductor materials. Extracted from https://www.u-tokyo.ac.jp/focus/en/
features/f_00070.html.

where the positive constant g indicates an attractive interaction and 1), are Grassmann fields
with spin projection o subjected to the anti-periodic boundary condition ¥, (x%,0) = —¢,(x, 5).
Summation over ¢ is implicit. The interaction term can be seen as the product of particle
and anti-particle pair amplitudes in the s-band and it destroys the gaussian character of the
partition function preventing it to be evaluated exactly. The standard procedure is to use a
Hubbard—Stratonovich transformation in the Cooper channel, or in other words, we insert into
the partition function Z = [D[y]e™ [¥] the following gaussian identity

_ _ A2 _ _ _
exp (g/dmpﬂp“pﬁm) = /SD[A] exp [/ dz (_|g| + Ay + A@bﬂm)] , (2.8)

where A(z) is a complex auxiliary field which couples 914, and soon will be identified as the
pairing energy gap. Using the Nambu spinor representation ¥(z) = [¢4(z) 1, (z)] we arrive at

z= / D[U|D[A] exp [ / dz (— 'A(;)'z + @(w)e—l(x)xp(x))] , (2.9)

where the inverse Nambu-Gorkov Green’s function is defined as
0+ A
G la)= | O LamTH (@ (2.10)
A(z) —Or — o, — 14
comprising particle and hole inverse Green’s functions and superconducting parameter.

Since the partition function’s dependence in the spinors is now quadratic they can be readily
integrated out

Z= /’D[A] exp [—/dw'A(;)|2 +1nDetG_1(w)] : (2.11)
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2.2 Superconductivity

and so our effective action can be written ad?|

A=)
g

— TrinG(z), (2.12)

ﬂm=/m

where Tr includes the sum over the two-dimensional Nambu space and the z integration.
The assumption that the saddle-point solution is real, static and spatially unifornﬂ Az) =
A(z) = AgY (and thus possessing a s-wave symmetry) leads us to
08 A(z)

A —= _ Tr(G&AG_l)}

= =0. (2.13)
A(z)=A¢ [g

A(z)=Ao

At this stage it is convenient to perform the Fourier transform v, (z) = ﬁ >k Yo (k)e*®, where
k = (k,wn) incorporates the momentum k and the odd Matsubara frequencies wy, = (2n + 1)/
with n € Z. So it is straightforward to obtain the inverse of Eq.

1 —iWwy — £k Ao
Gi= 75— n 2.14
¢ w%+£§+A%( Do —iwntb (2.14)
with & = €x — 1. Thus Eq. becomes
1 1 1
—== —_, (2.15)
g B k%% w? + w
where we have introduced the quasiparticle excitation wy = 51% + A% with a minimum
: VAZ+p? ifp<0
= - 2.16
min {u} {AO s (216)

that results in an energy gap between the +wy bands of size 2Ap. In fact it is the presence of this
gap that explains the discontinuity at low temperatures in the specific heat of superconductors.

Summing Eq. over the odd frequencies [31] and using the identity 1 — 2np(z) =
tanh(z/2T), where ny (&) = 1/(ef%4-1) is the Fermi-Dirac distribution, we reproduce the famous
BCS gap equation

1 1-2np(wy) [ e tanh|w(e) /2T

with v(e) = mj/;r‘f the three dimensional density of states. We shall also nominate the density
of states at the Fermi level (er) by vy = v(er).

An inspection in Eq. reveals a problem in the ultraviolet limit: a divergence proportional
to /€. To understand this issue we recall that the two-body interaction in a fermion gas is

2We used that InDet A = Trln A for any non-singular square matrix A.

3The procedure of ignoring the quantum fluctuations of some operators and replace them by their averages is
known as the mean-field approximation.

4To calculate the dynamical equations it is simpler to consider A and A as independent fields and only then
apply the s-wave ansatz. In this case we have two variational equations providing exactly the same information so
we do not need to repeat it. This will be particularly useful in the two-band system where the calculations are not
so straightforward.



2.2 Superconductivity

attractive only beyond a minimum distance ag (the effective size of the bound state) which is
assumed to be much smaller than the average interparticle spacing k}l, i. e., the condition for a
dilute gas regime. Therefore the momentum sum should be submitted to a natural cut-off of the
order ~ a; 1. On the other hand, in conventional superconductors, where the pairing mechanism
is the electron-phonon attraction, the cut-off parameter is played by the lattice characteristic
frequency, namely the Debye frequency wp < €r, and only a fraction of electrons in the vicinity
of the Fermi surface [ep — wp, €p + wp] takes part in the superconducting phase.

However the cut-off approach is less reliable if dealing with poorly understood microscopic
physics like SCES. Thus it is convenient to replace the microscopic parameter with a more phe-
nomenological one. It has originally been done in 1947 by N. Bogoliubov 32| with a regularization
procedure relating the s-wave scattering length as of fermions to the bare coupling parameter g
as

m 1 1 1 mA
dras  g(A) Z

S S 2.1
2ex g(A) t o (2.18)

[k|]<A

where A is a momentum cut-off (usually much higher than the Fermi wavelength kr so it is
assumed A — o00) and, as expected, the sum term in Eq. cancels out the UV divergence in

Eg.
Furthermore in the BCS regime, characterized by g — 0, the cut-off term is negligible thus the
scattering length scales as a; = —mg/(4w) — 07; conversely in the BEC regime g — 00 so as =

7w/(2A) = 07 as A — oco. It is also possible to show [33] that for a negative scattering length there
is the presence of a two-body bound state with energy —Eg = —1/(ma?2). In the cold gas literature
the ratio of the interparticle distance to the scattering length is a dimensionless parameter often
used to classify the system. So the weak coupling regime is associated to (kras)~! < —1, while
the strong coupling one is described by (kpas)~! > +1. It is interesting to note that the point
(krpas)~! = 0 not only corresponds to the bound state formation, but also (at zero temperature)
implicates in a universal behavior of the system since all physical quantities are functions solely
of the Fermi energy or the Fermi wavelength, thus resembling a unitary gas [34].

Returning to the analysis of the BCS limit we may now obtain the gap parameter as a function
of the scattering length at 7' = 0. Since the chemical potential is approximately the Fermi energy
=~ ep and tanh(w/T) — 1 the gap equation turns out to be

© 1 1
mo_ / dev(e) |- — ; (2.19)
2mas  Jo € (€ —er)? + A3
the integral can be analytically solved and results in
Bep T 1
Ag=— - f k -1 2.2
0 o2 exp ( 2I€F|a3|) , lor ( Fas) < ) ( 0)

The critical temperature T is determined by the condition Ag = 0 (dissolution of the Cooper

pair) so Eq. yields

m__ /Ooo der(d) [1 _ tanh[(e — er)/2T,| (2.21)

2mag €— €



2.2 Superconductivity

and one obtaind?]

_ 8er T -1
Te= g2 XP (‘2kF|a|) for (kpas)™! < —1, (2.22)

where v = 0.577 is the Euler-Mascheroni constant and we see that both gap and critical tem-
perature decrease exponentially with |a;!|.
the Debye frequency in the original BCS treatment, where Ag = 2wp exp(—1/g1p) and T, =
(2" /m)wp exp(—1/gvy). Note that the ratio Ag/T. ~ 1.764 remains the same no matter if one

uses the frequency cut-off or the scattering length regularization. The isotope effect is also repro-

Here the Fermi energy plays an analogous role as

duced since T o< wp oc M~1/2,

2.2.2 Fermions in the Strong Coupling Regime

As already discussed, the BEC limit is characterized by a positive scattering length and a
chemical potential below excitations minimum. Here however the variation of the chemical po-
tential must be taken into account. Also, in the limit (kpas)~! > 1, the critical temperature (we
shall call it Ty for a reason that will soon become clear) is expected to be much smaller than the
absolute value of the chemical potential Ty < |u| so that Eq. reads

2:;3 B /Ooo dev(c) (i T _1 u) , (2.23)

and, differently from the weak coupling case, it determines how the chemical potential scales with
the scattering lengt}ﬁ

€F Ep

T __ P -1
(opas)? 5 for (kpas)™ >1 (2.24)

pw(To) = —

where, as previously mentioned, Eg is the bound state energy.
In the strong coupling regime, Tj is derived from the occupation number equation, extracted
from n = T0,1In Z, and resulting in

n(u,T) =Y (1) +T,(InDet G ")
k

= Z 1 +T0u21n(w,21 + W)
k

Wn

& Wk
=" |1- > tanh (%) 2.25
> |- tanb (57| (2.25)
k L
where the first contribution in Eq. comes from the constant term in the effective action that
appears when using the Nambu representation.

At T = Ty the gap parameter vanishes and we are left with the usual expression

B N b dev(e)
n(p, To) = 2zk:nF(§k) = 2/0 exp|(e — p)/To] + 1

(2.26)

SKnowing that fooo dz/x [w - %} =2In (867:1:2>

5Using ﬂfdwﬁ(% - ) = my/a for a > 0.
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2.3 The BCS-BEC Crossover

with the factor 2 associated with the spin degeneracy.

The chemical potential is such that the particle number is kept constant at any given temper-
ature. In particular 7' = 0K allowing us to normalize Eq. by n =3, [¢F dev(e) = $voep.
Using the result provided by Eq. we can estimate T in the strong coupling regime as[]

~1_ BB
" 3In(EB/er)’

Eq. shows an unsettling result. While we expected a saturated behavior to the condensation
temperature as in Eq. we see that Tp actually diverges as (kpas)™' — oco. In part this
expectation is due to the misconceived analogy of the pair formation in the BCS limit in which

To for (kpas)™1 > 1. (2.27)

the critical temperature is directly linked to the dissociation of the Cooper pairs. However in

the BEC limit dissociation and condensation temperatures are not the same (Tp # T¢), indeed Tj

appears to be associated with large pseudogaps in HTSC [35]. Since the mean-field approximation

is adequate to describe slow varying fields we can now understand why it fails to reproduce the

BEC physics: in the high temperature scenario thermal fluctuations can no longer be neglected.
Lastly, at T = 0 we still have y ~ —Ep/2 so Eq. reads

(o o]
L oer = / dev(e) |1— ¢+ Ep/?2 2 (2.28)
3 0 \/(6+EB/2)2—|—A0
and provides a solution for the gap parametel{s_;]
2\/§ (S -1
Ay~ — S { krpas)™ > 1, 2.29
0= Vhray O ) (229)

which also diverges in the strong coupling regime. These and the previous section’s results can
also be found through other calculation methods as pointed out in Ref. [36].

2.3 The BCS-BEC Crossover

Up to now we have been able to obtain the analytical behavior of the physical quantities at
both ends of the scattering length and even though a continuous evolution between them was
long considered [1] it had not been demonstrated until 1980 by A. J. Leggett [3]. He noted the
common structure shared by the ground state wave functions of the BCS and BEC regimes what
lead him to consider an evolution without a phase transition. In his original work at 7' = 0 he
obtained the same mean-field equations as we did in the previous section, namely

o0
/ deve |1 1 | = k“ (2.30)
0 ¢ (6 — )2 + A2 FQs

/ deve [1- —=—F _4 (2.31)
0

| Je-wr+az] ?

"Knowing that 157 % = —@Lig/g(—eia), where Lis(2) = > 7o, z—’: is the polylogarithm function.
*Using [y~ dzy/x (1 - \/ﬁ) =2(a® +p2)1/4 (Va2 + b + a)K (z) — 2aE(z)] ozt %%, where K (z) and

E(x) are elliptic integrals of first and second kind respectively, with parameter z = 1/2 — a/(2va? + b2).

11



2.4 Thermal Fluctuations

where the tilde symbol indicates dimensionless quantities scaled by the Fermi energy. Although a
complete analytical solution is not possible (or at least it has not yet been found) it is a numerically
achievable task. Self-consistent solutions of Egs. and are shown in Fig. where the
chemical potential, starting from the Fermi level, decreases and becomes negative as the coupling
strength increases. On the other hand, the energy gap goes to zero in the weak coupling regime
and grows abruptly in the BEC limit, as expected from the previous analytical results.

---- plEr — Do/er — (ka)l=-1.0 —=- (kras)'=0 —-- (keas) = +1.0

-1.5} \
-15 -10 -05 00 05 1o 15 %8B0 0.5 1.0 15 2.0
(kras)™t |k|/ke

Figure 2.4: In the left panel we have the BCS-BEC crossover; the red line represents the decrease of the chemical
potential and the blue one shows the increase of the gap parameter as function of the scattering length at 7' = 0K.
The right panel shows the excitation energy for (kras)~' = {—1,0,41}; as the excitation reaches zero, the gap
closes and superconductivity is lost.

Close to the transition point, we can extend the analysis to finite temperatures where the
mean-field equations hold

T
kras

[ [1 _ tanh[(é — 7)/(2T)] (2.52)

0 E—[1

/0 ~ deve [1 — tanh (2}5 )} = g, (2.33)

and solving them numerically provides us with Fig.

The existence of a mathematical solution in the crossover region gives a solid indication of a
smooth transition between the BCS and BEC limits, however its physical correspondence in the
strong coupling regime, as already discussed, is not so trustworthy; this issue is addressed next.

2.4 Thermal Fluctuations

From Eq. and the divergence of Ty in Fig. we see that the mean-field hypothesis
is unable to reproduce the proper BEC condensation temperature expressed by Eq. To
physically understand it we observe that in the BCS regime the Cooper pair is diluted in space

12



2.4 Thermal Fluctuations

- Chemical Potential (u/eg) Dissociation Temperature (To/ef)

1.5
R = -
0.5
0.0

-0.5

-1.0

-1.5

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
(kras)™t

Figure 2.5: BCS-BEC crossover at finite temperature; the red line represents the decrease of the chemical potential
and the blue one shows the increase of the dissociation temperature as function of the scattering length around the

crossover region.

and characterized by a low critical temperature which justifies its description by a mean-field
treatment. However as we approach the strong-coupling regime the bosonic pair becomes more
localized and the temperature scale increases derailing its representation by a constant field.

Mathematically we shall consider the thermal fluctuations as a one-loop correction around
the saddle-point solution, A = Ag + A,, with A; < er and, since we are interested in the
vicinity of the transition point, we assume Ag ~ 0. Our strategy is to correct the effective action,
show its equivalence to a non-interacting bosonic one and then extract the proper condensation
temperature.

We start recalling the effective action, Eq. in the momenta space

1
S[A] = ; > 1A - Trin G, (2.34)
q

where the inverse Nambu-Gorkov Green’s function can be split into its free and interacting com-

ponents

iWr, — 0 0 A
GRl(k,q) = | Mm% - 7 ), 2.35
val(k) Ai(rq)

and expanding the logarithm function for A < Gy ! we may rewrite

1 = 1
— -1 2 2
S[A] = — Trln Gy +g§q:|Aq| +Z%TT(G0A) n, (2.36)

n=1

13



2.4 Thermal Fluctuations

where the odd terms vanish due to the off-diagonal shape of A and the operator Gy is a particular

case of Eq. for Ag =0
Go(k) = ( o ) , 2.37)

0 —-G_;
with Gy, = (iwn, — &)~ the Green’s function of a s1ngle free fermion.
Thus the zeroth order term S© = — Trln G ™! is just the free-energy of the non-interacting

fermionic system discussed in the mean-field analysis; while the second order correction is given
by

2) _ 1 2 1 2.
5@ = g%: A + 5 Tr(GoA)?; (2.38)

the fourth order term corresponds to a repulsive two-body interaction between bosons and does
not alter substantially the condensation temperature so we may restrict ourselves to one-loop
correction.

Furthermore the gaussian action can expressed as S = > I‘,;1|Aq|2, where we have intro-
duced the well-known vertex function

1
r;? i —ZGkG kg (2.39)

k,wn

Recalling that w, and w,, are, respectively, fermionic and bosonic frequencies we can write
iWntm = iWp + fwpy, so the summation over the odd frequencies results in (see App. for
more details)

1 _ 1—np(&) — nr(lk—q)
5 ;GkG_k+q T iwm — & — feq v, (2.40)

and finally with the translation k — k + q/2

2

q
&k +&k—q = Skiq/2 T Ekq/2 = 26 + im (2.41)
it is easy to see that the linear contribution in q vanishes yielding
nF(§k+q/2) — np(§k—q/2)
= . 2.42
+ Z — 2§ — ¢?/4m (242)

Eq. is the most general form I'; 1 can assume, so now let us consider the limits of interest.

2.4.1 BEC Limit

In the strong coupling regime we have a negative chemical potential and |u| > T, thus
nr(&) — 0 and the vertex function can be solved exactly

m 1 1
r;l=— — -
4 4dTag + zk: (26k 28, — Wy + q2/4m)

m T Y wm  q2
S TN |y m, T 2.43
dra, T2y V F T 2 Tam (243)

14



2.4 Thermal Fluctuations

Considering a gradient expansion for small momenta ¢ < kr we may write

iw 2 —iwm + q2/4m
\/—u—m+‘1n:,/—u+mq/ (2.44)

and with a reparametrization of the fields to incorporate the overall multiplicative factor, using
kp = 2m2yy/m together with Eq. we finally arrive at

2
_ . q

SBEC[A] = Zq: Aq (—zwm + am ueff> Ag, (2.45)

which in fact represents the propagation of non-interacting bosons with mass 2m subjected to the

effective chemical potential peg = 4(+ 1/ —uEB/2). Close to the transition point peg ~ 24+ Ep

and the effective number of particles neg is related to the original n fermions by

(2.46)

indicating, as expected, the bound pairs formed by all fermions. Thus the system’s transition
temperature is the same as the one calculated in Sec. with half the density and twice the
mass.

2.4.2 BCS Limit

Even though the weak coupling regime remains essentially unaltered by the gaussian fluctu-
ations, it is instructive to establish the BCS action in order to compare it with the BEC one.
Differently from what has been done so far, here we will use the standard energy-cut off wp
from the BCS over the regularization given by Eq. for no other reason than calculation
convenience.

In this regime the Fermi function cannot be neglected but the expansion for q is still valid and
thus the vertex function yields

1 1 —2np(€) — (q%/2m)ednrp(€)
I‘ql_g+/dev(6) i — 2 — 2/4m

_1 —2nr(8) | / v(e) [1—2nr(§) , .o
=y + /dev(e) mpT: 2m 26 + e0:np(§) (2.47)
where the first 2 integral vanishes due to its antisymmetric character
1-2ng(€) /EF"""D tanh(&/2T;)
dev(e)———% ~ 1 de——=-—>-=0 2.48
J ae g e @ 249
and the other integral is known to result in
€d?np(€)  T¢(3) woer
€ ~ 2.4
/ dev(0 55 o (2.49)

with ¢(3) ~ 1.202.
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2.5 BCS-BEC Crossover Corrected for Finite Temperature

The w,, expansion is not as straightforward since the main contribution from this integral
comes from small values of &. We have

wm — 26 er—wp W, — 26
+38 tanh x tanhz tanhz
= d — 2.50
VO/_;{; v (z’wm/2Tc T 7 2 ) (2:50)

where in the second line we have added and subtracted I'y ! responsible for the integral convergence

7S tanh z w
¢ ~n (2. 2.51
/0 dz n (2Tc) (2.51)

X

The antisymmetric part of Eq. will only be relevant in the region 2z ~ iwy, /2T, ~ 0 allowing
us to take tanhz ~ x

/ dev(e =28 _ 0 (wD) v /+°° 1ot (iwm /2T

iwm — 26 2T, oo 2z (iwm/2T,)? — (2z)2
~—yoln (22 ) 4y (o ’ /00 de
=0T ) TN\ TL ) Sy (wm/2T0)2 + (22)2
o wp |ewm|
~ —1ln (2Tc) + T 8T, (2.52)

where we have taken wp > T,; thus

41 wp wml| |, 7¢(3) voer &
ol=> —yl — 2.
¢ Tgom (2Tc) TTORT, Y 4 T2 2m (2.58)
and the action takes the form
S [A]NZA E|w |+i2+const A (2.54)
BCS ; q P m am . q» .

which differs from the BEC case by the presence of the absolute value of wy, (the imaginary factor
is absent) indicating a damped mode in the BCS limit.

2.5 BCS-BEC Crossover Corrected for Finite Temperature

Once we have showed that the inclusion of the gaussian fluctuations correctly reproduces a Bose
gas in the strong coupling regime, one might wonder how it affects the whole BCS-BEC crossover.
This inquiry started in 1985 with Noziéres and Schmitt-Rink [4] and reached a conclusion only
eight years later with S8 de Melo et. al. [5]. Since a constant pairing field does not contemplate
the formation of the bosonic pair properly we may expect the main alteration in our coupled
equations to be in the occupation number. Thus we use the vertex function to write down the
correction to Eq. [2.25 as

on = ;aau > Wt (2.55)
q
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2.5 BCS-BEC Crossover Corrected for Finite Temperature

separating the real and imaginary parts of the vertex function I‘;l = Rel"(;1 - iImI‘;l, where

1 1 —np(&krq/2) — nF(€k—q/2)
Rel'y" = g zk: (2f * ) w2, + (2q§k + q2/4m)2ql ’ (2.56)

_ nF (bictq/2) — 1P (bk—q/2)
ImI;! = wp, Z 2"& T /im)? (2.57)

-1
we may write ['~(q,w % 40) = |1";1| exp|Lig(q, w)] with ¢(q,w) = arctan (E’:g‘il).
q
We can evaluate the sum over the bosonic frequencies by noting that the integral over the
contour C will assume non zeros values only at the vicinity of the logarithm branch cut

_ —1
Zl I‘ 27” denB(w)lnI‘q

I

= gmi | dwns(@) {In[Tg" exp(+ig)] — In|Tg"| exp(~ig)]}

_! / ™ dwns(w)é(a,w), (2.58)

71-—OO

where np(w) is the Bose distribution. Thus the corrected number equation becomes”|

(i T) =Y [1 _ tanh ( )] + Z / = d—nB (©)9,(a,w), (2.59)

k

with the second term describing the effect of pair correlations and, in the strong coupling regime,
the formation of bound states.

The gap equation does not require further modification since it is responsible for the
determination of the chemical potential that is accurately described within the mean-field analysis.
So bringing together the coupled equations we obtain the numerical solution showed in Fig.
where the condensation temperature has a peak around the unitarity point and then saturates at
T, ~ 0.218¢F in the strong-coupling regime. Despite the slightly higher result at the unitary point
than the one predicted by quantum Monte Carlo simulations [37,38| the fluctuation approach is
in good agreement with the overall behavior of the BCS-BEC transition.

9Explicitly 0,6(q,w) = (Rel'; '0,ImT; ! — ImT;'9,Rel';")/|T'; !|* where the derivatives are

o ) @ \7| 1~ nr(Erasa) — nr(Eqs2)
auRqu = 2; |:Wm - <2£k -+ R) :| [(U?n i (221( i q2/4m)2]q2

q2 0 [nF(§k+ /2) + nr (& /2)}
* ; (2&( - m) wm (‘;gk + q2/4m)q

and

1- 2) —q/2 8;4 q/2 q/2
fuImT; " —4sz (2€k+ 7) [wnF(£k+q/ ) = nr (§k—q/2) oY [nF (Stqs2) + 1r (Sk—q/2)]

(28 + @ /4m)?]? = Wt Qht+a?/Am)?

with 0unr(&tq/2) = BnF (Ektq/2)[1 — nF (Ektq/2)]-
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2.6 BCS-BEC Crossover in Fermi Gases with Spin-orbit Coupling
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Figure 2.6: Critical temperature profile as function of the ratio (kras) ™. The BCS limit corresponds to (kras) ™ —

—oo while the BEC limit is obtained as (kras)”™' — +o0o. The divergence represented by the dashed line in the
strong coupling regime corresponds to the dissociation temperature; a more physical result is obtained in the full
line with the inclusion of the thermal fluctuations. Figure extracted from Ref. [39].

2.6 BCS-BEC Crossover in Fermi Gases with Spin-orbit Coupling

About two decades of theoretical investigation have passed before the experimental realization
of the crossover in ultracold gases [6-8] and in recent studies [9,(12,40] more complex models
including spin-orbit coupling (SOC) interactions have been extensively considered, although even
with the current technological improvements the tuning of SO interaction remains a challenging
task. Besides the influence of SOC over the physical quantities these studies also indicate that
SOC plays a similar role as the scattering length driving a BCS-BEC crossover.

Among those works the one who better suits ours is of L. He et. al. [11] where the authors
consider a 3D model imbued with a synthetic uniform SU(2) gauge field

3
Hsoo(@) = —i Y _ Yo (@) NioiBitho (x), (2.60)

i=1
with A; (¢ = z,y, z) representing the anisotropic SOC strengths and o; the Pauli matrices.
Here we shall not reproduce their calculations but limit ourselves to present their main results.

A characteristic of this model is the split of the excitation spectra as Ef{t = \/ﬁffz + A2, with A
the usual mean-field gap and the fermion dispersion relation fff =&+ \/2?21 )\%k?.
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2.6 BCS-BEC Crossover in Fermi Gases with Spin-orbit Coupling

To simplify the analysis they consider three particular cases of interaction (1) Az = Ay = 0 and
Az = A, called extreme prolate (EP), (2) A\; = Ay = X and A\, = 0, called extreme oblate (EO),
and (3) A\; = Ay = A, called spherical (S). The EO SOC is physically equivalent to the Rashba
SOC (which also has a direct correspondence with the hybridized two-band model we develop in
the following chapter) and the EP SOC to an equal mixture of Rashba and Dresselhaus SOCs.

In Fig. we observe the change in the temperatures profile with and without the inclusion of
the thermal fluctuations, 1, and T™ respectively, for each of the particular cases mentioned. The
left side plots shows the standard variation with the scattering length while the right side ones
shows the temperatures evolution with the SOC strength for fixed values of the scattering length.
We see that the EP case is not altered in any way by SOC since this interaction is equivalent to
a constant shift in the chemical potential. The remaining cases are similar on both scenarios, the
dissociation temperature increases with A and the condensation temperature remains unaltered
in the limit (kpas)_1 — 00. As they vary )\ the saturation temperature obtained is lower than in
the scattering length case. As expected, in all scenarios the dissociation temperature is above the
condensation one allowing the study of the pseudogaps via SOC.

Finally we observe that, in the BEC limit for the EO case, the presence of SOC induces an
anisotropy in the effective bosonic mass

(2.61)

mM\2  Ep —m)2 In Eg — m)\2 -t
2FEp 2FEp ’

mbL = 2m [1 - - 5Eg
mll ~ 2m, (2.62)
where m is the fermion mass and Ep the binding energy determined by
\/ﬁ_lln (@+WW) _m. (2.63)
mi\2 2 VEg — Vm)2 Aag

In particular for a strong SOC interaction, A > 1, they obtained mf; ~ 2.40m. These results are
specially interesting since analogous effects will also be present in our model.
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Figure 2.7: The BCS-BEC crossover in the spin-orbit coupling scenario. Comparison between the temperature
profiles as function of the scattering length (left) and SOC strength (right). For the cases EO and S there is a
BCS-BEC crossover induced by SOC. Extracted from Ref. .
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Chapter

Two-band Superconductor with Odd-parity
Hybridization: A Mean-field Analysis

In this chapter our actual contribution begins, we motivate the introduction of a hybridized
two-band superconductor model, subsequently we obtain its mean-field equations and then care-
fully explore the numerical solutions under the influence of every physical parameter of the theory.

3.1 Superconductivity in Multi-band Systems

As previously mentioned the standard BCS model is not adequate to describe complex struc-
tures as the ones present in HT'SC like cuprates compounds [41] or iron-based superconductors [42]
and in heavy fermions (HF') materials that, in spite of their low critical temperature, present clear
evidence of superconductivity associated to a magnetic quantum critical point [43]. The main
distinction between such systems and type-I superconductors lies in the band structure; single
elements superconductors show localized bands and thus can be accurately explained via intra-
band interactions, i. e., the usual phonon driven attraction between fermions belonging to a
common band. However type-II superconductors possess an intricate gap signature since sev-
eral bands overlap; this feature makes them a much more complex and exciting research subject.
Although multi-band superconductors have been studied for several years now the experimental
breakthroughs of the last couple decades motivated many new works [44-48|. Also it has been
becoming more evident the relevance of interband interactions in type-II superconductors [49-52].

Theoretically, the first extended model was proposed in 1959 by H. Suhl, B. Matthias and
L. Walker [53] where the authors considered a two-band superconductor with s-s and d-d in-
teractions together with an interband attraction between the itinerant s and d electrons. The
latter is described by the Hamiltonian Hgmw x — P §l¢§T_k¢J—k' iJk'T’ with § (3') and d (df)
the annihilation (creation) operators of the s and d electrons, respectively. They predicted the
existence of two superconducting gaps which was experimentally verified by J. Nagamatsu et. al.
in magnesium diboride (MgB,) [54,[55] more than 40 years later.

Another possibility of interband scattering well suited for cuprates [56], cold atom systems [57]
and even quantum chromodynamics [58] was studied in 1987 by O. V. Dolgov et. al. [59,/60] to
describe heavy fermion systems with coupling between (d- and f-) electrons with very distinct
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3.1 Superconductivity in Multi-band Systems

effective masses following the Hamiltonian ’I:tinter X — D o dIa fik_ - f_kr_acik/a In solids this
interaction describes a material that is simultaneously superconducting and metallic. In ultracold
gases it results in a spectrum with both gapped and gapless quasiparticle excitations defining a
system containing both a superfluid or a normal Fermi liquid [57]. However, this system has been
shown to be unstable and therefore not physical [62}/63].

The physical process due to the interband interaction in SMW’s model can be understood as
the annihilation of a Cooper pair in one band, formed by electrons of the same kind, and the
creation of a pair with different momentum in the other band; while in Dolgov’s case the pair is
hybrid and it only alters its momentum. Naturally the most sophisticated model would include
both Hamiltonians, however we will be interested in HF materials which the physics are mainly
captured by Dolgov’s model.

It is worth to mention the repulsive Coulomb interaction between electrons, particularly im-
portant in the flat band of HF. Exploring in this direction was J. Kondo who considered the same
but repulsive interband scattering as SMW, —Hgmw, predicting an enhancement of superconduc-
tivity and reduction of the isotope effect over the single-band case [64]. Furthermore the repulsive
potential is the core of the so called Kondo insulators [65]. In this thesis however we shall not
consider it.

Finally there is the possibility of hybridization, which we address in the following,.

3.1.1 Hybridization

In systems composed of different species of quasi-particles the transmutation among them is
often referred as hybridization. Its microscopic origin varies from case to case. In transition met-
als [66], actinide compounds and heavy fermions [67], it is due to the wavefunctions superposition
between neighboring orbitals of the lattice. In the problem of color superconductivity, it is the
weak interaction that allows the transformation between down- and up-quarks [68,69]. For a
system of cold fermionic atoms in an optical lattice with two atomic states, the hybridized term
is due to Raman transitions with an effective Rabi frequency which is directly proportional to the
hybridization strength [70]. Furthermore, in condensed matter experiments hybridization can be
tuned through doping or pressure [71] giving rise to an efficient way to explore the phase diagram
of multi-band superconductors.

Additionally a direct parallel can be traced between the single-band superconductor with
SOC and the two-band case with hybridization [11]. However, in contrast with the ultracold gas
scenario, the fermions in metallic systems usually possess different effective masses. The ratio
of these masses will play a key role in the theory which we shall explore. We will also see that,
as in the SOC case, hybridization will provide an alternative way for the implementation of the
BCS-BEC crossover [13].

In metallic systems, a constraint in hybridization can be found E] by assuming that the lattice in
which the electrons are immersed in, characterized by the potential v(x), has inversion symmetry,
i. e., v(—x) = v(x). Such symmetry is reflected in the electron-electron interaction through the

!This interband model was first presented in a more general study in 1968 by W. S. Chow [61] while analyzing
two-band superconductors in the presence of nonmagnetic impurities.
2 Although we illustrate the symmetry procedure in a condensed matter context the results are not limited to it.
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3.2 The Model

hybridization (V') matrix elements

~+o00 _
Ve = [ Pyl +), (3.1)

—00
with ¢;(y) representing the electron in the orbital I. Expressing the wave-functions in spherical
coordinates and after some manipulations one can show that hybridization inherits a symmetry
dependent only on the difference of the quantum numbers I’ — )E

Viw(x) = (=1)" Vi (). (3.2)

Thus an even (odd) difference gives rise to an even (odd) parity hybridization. The former case
was show to diminish [73] while the latter increases superconductivity [74}75].

Since many relevant cases in condensed matter physics involves the interaction of neighboring
orbitals, such as the s-p and d-p mixing present in copper oxides, and d-f relevant in rare-earth
systems we shall consider an odd-parity hybridization which in momentum space is translated as
V_x = —Vk. Another important remark is that due to time reversal symmetry Vi has to be a
purely imaginary quantity.

More specifically, having in mind HF materials which exhibits nearly a two-dimensional behav-
ior [76], we consider the hybridization potential describing a system with tetragonal symmetry
in which the main interaction between orbitals resides within the layers. Thus, with a small
momentum expansion, the hybridization reads

with vp the Fermi velocity and v = a(1, 1,~) where the dimensionless parameters o and -y control,
respectively, the overall strength of the hybridization and the attraction between the planes of
the lattice, |y| < 1. Notice that in the strong-coupling limit there are no Fermi surfaces and the

1/3

Fermi velocity is then measured from the number density, vy oc /2. Finally, we also observe that

since hybridization turns a quasi-particle into another only the total particle number is conserved.

3.2 The Model

Our two-band system can be viewed as a three-dimensional dilute gas containing two species of
spin 1/2 fermions represented by the Grassmann fields 1/)34 and ¥2. We assume that these fermions
are subjected not only to the usual weak attraction responsible for the superconductivity in the
A band, the intraband interaction, but also an attractive potential between bands, the interband
interaction. For simplification we ignore the B band fermions interaction among themselves. It is
important to point out that the microscopic origin of these interactions are not under scrutiny here
so that very different systems may still be suitably described by this effective theory. Furthermore,
since we are interested in materials possessing orbital overlapping, such as HF superconductors,
we shall include the possibility of hybridization between bands in the specific form discussed on
Sec. B.1.11

The emphasis will be in the interband sector in accordance with Dolgov’s model with the
inclusion of hybridization [13]. So within the Functional Integral Formalism we can describe our

3 A detailed calculation can be found in Sec. 3.1 of the Ref. |72].
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3.2 The Model

model through the imaginary time action S = Sy + Stater + Stntra + SHyb composed by the free
term

S0 [ d@) (0. - 2 —4) (o) (3.9

where the sum over the band indexes | = {A, B} and the spin projection o = {1,{} is implicit,
my denotes the effective masses of the fermions subjected to a common chemical potential u; the
interband interaction

Stater = =% [ do 87 (2)DZ,(2)0Z, ()95 (), (3.5)
which is regulated by the positive coupling constant g;; the intraband interaction
Sinira = ~02 [ do @) )t ) @), (36)
mediated by the coupling constant go, and the hybridization term
Sayn = [ doda’ 3L (@)Vio(x = X5 &), (3.7)

The inter and intraband quartic terms prevent us from solving the partition function Z =
[D[ple™s [¥] exactly. And, although the action is fairly more complex than in the single-band
case, the mathematical approach is strictly the same as the one developed in the previous chapter.
Thus, firstly, we shall identify the adequate degrees of freedom of the effective theory in order to
use a mean-field treatment.

In our model since the Cooper pairs still play the relevant role we can perform a coupling in
the Cooper channel which, upon a Fourier transform, may be written as

Pgo = Z wgk—a'wlf—l—qa' (38)
k
for the interband and

Mg = Z ¢ék¢¢ﬁ+q¢ (3.9)
k

for the intraband. We now introduce two bosonic fields, A(z) and Q(z), one for each sector, in
order to use the follow Gaussian integral identity

xp(—Siner) = [ DIl T840 A =2%, Bure), (3.10)
and
el S = [ A, -
so that the (still exact) partition function becomes

z- / DD[AID[R]e WA, (3.12)
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3.2 The Model

where the action is

S[¢7 Aa Q] = Z"/;I?a(gl? - Z.wn)"/)?a + Z &Ea(ﬁkB - iwn)¢l§a
k,o

k,o
2 1 _
+ Z (lAqlz + |Qq|2) + Z(W¢fo¢l§a +H.c)
" 5N g2 g
o 2 (Aql/;l?+qa1zl—3k—a + H-C-) - Z (Qq151?+q’]*1;ék¢ + H.c.) ,
k,q,0 k,q

with ¢ =k?/(2my) — p = €& — p and the odd Matsubara frequencies wy,.
Using a four dimensional Nambu spinor representation

I — (A .B A B
U = (Yir Yt Yok Yky)
we may rewrite

2 1 _
Shp, A, Q] = (QIM + g;w —~ ;\Ifﬂqe—lwk_q) + ﬂ;(sﬁ‘ +&b)

q

where we have defined the inverse Nambu-Gorkov Green’s function
G_l(ka q) = Gal(k)é(q) + Aq + qu

with the free propagator

w, — & W 0 0
B TV dwp — &P 0 0
Gg'l(k) = " . "
0 0 wn, + & -V
0 0 -V dwn+ &
and the interaction terms
0 0 -4y
0 0 Ag 0
Ay = _ )
0 —q 0
A, ©
0 0 9, 0
0O 0 0 O
Q=1 _
Q24 0 0 O
0O 0 0 O

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

These manipulations allow to write the effective action as a quadratic function of ¥ so we can

readily integrate out the fermionic fields yielding

S[AQ =" (921|Aq|2 + 912 % — zk:lndet G—l) + 521‘:(5;;‘ +&8),

q
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3.3 Mean-field Equations

with the determinant of G~ given by
det G™! = wj + 245 w2 + By (3.21)

which, from the condition det G~!(wy, = Fwi’) = 0, provides the (real) excitation spectra

wif = \/Ak + 1/ A} — By, (3.22)
where we have introduced

A2 B2 2
+&82 4|0
AkE gk §k2 | Q| +|‘/k|2+|Aq|2,

Bi = (§6 — [Vil* + 1A%)% + 67219 + 4| A% (3.23)

Finally using the identity Indet G™! = trln G_lﬁ the action becomes

SIAQ =) (921 1A + 912 9|7 — Ekjtr In G—l) + ﬂikj(»:f:‘ +&P), (3.24)

q

which, not surprisingly, shares the same structure as the single-band action, differing solely in the
G~! matrix content. Up to here our mathematical expressions are exact and to proceed further
we will need to turn to the mean-field approximation.

3.3 Mean-field Equations

In the previous section we have been able to replace the fermionic degrees of freedom for bosonic
fields, the order parameters of the superconducting transition, that comprises the relevant physical
phenomena. Here we shall assume that these order parameters vary so slowly in time and space
that can we replace them by their mean-value. Therefore we will explore both, but independently,
interband and intraband mean-field equations obtained through variational principle.

3.3.1 Interband Gap Equation

At mean-field level the gap parameter is taken to be static and homogenous, A, = Ap, thus
the gap equation obtained from dao.S = 0 becomes

2A
=) tr(GéaGH) =0 (3.25)
g .

and since the only non-zero components are (JoG~!)23 = 1 and (oG ~1)14 = —1 it implies that

tr(GJAG_l) = Gg3z2 — G41. The algebraic manipulations to obtain the relevant G components
are calculated in App where we assumed a s-wave order parameter, Ag = Ag. The saddle-point
equation takes the form (App.A.1)

, (3.26)

;_1Zw2+££££+IWI2+A%
g 5kw wi + 24, w2 + By

4The lowercase letter “tr” and “det” indicates the operation solely in the Nambu space.
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3.3 Mean-field Equations

with Ay and By evaluated at A; = Ag and 2, = 0. Upon performing the Matsubara sum, as
indicated in App. we get

wy tanh (Bwy /2) — wy tanh (Buwy /2)

22 +2 -2

gl Wy~ — Wy
Z ffék + [Vi|? + A2 | tanh (Buwy /2) _ tanh (Bwyr/2) (3.27)
- Wy - Wy wi '
where the interband excitation spectra become
W (R = 0) = /(682 + E82) /2 + Vil + A2 £ Bi(Q, = 0), (3.28)

with Fi(Q = 0) = /183 + (68 + €2)2/41(6f — 68)2 + (&8 + D)2 .
At mean-field level we are interested at zero temperature implying tanh(Bwki) =1 and

A Vi 2 AZ
Pl Z ( 88 Vel + ) (3.29)
2wk +wk

Wy W

f1(6)

as expected, the same divergence issue appears here. The regularization procedure follows similar
lines as the ones we have already presented in the previous chapter with inclusion of the scattering
length and subtraction of the ultraviolet term. It is important however to observe that since we
are dealing with a pair formed from different fermions we must consider the reduced mass

_ 2mpamp

(3.30)
ma +mp

in the divergence correction. Later on we will identify 2m as the mass of the fermionic pair in the
BEC limit if m4 = mp. In practice, we can make the substitution’] [78]

1
i k 31
91 47ra +Zf1( —)OO), (33 )
with
m 1
fi(k = o0) = 2 2 (3.32)

the asymptotic behavior of the interband gap equation for large values of k.
Thus we finally write the regularized mean-field interband equation as

A
m _Z [1 - 1 (1+§k & +J|rVic|_2+A(2))] , (3.33)

Wy Wy

with the interaction varying a; ' — —oo in the weak coupling regime to a;* — 400 in the strong
coupling regime.

This procedure is further explored in Ref. [77]
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3.3 Mean-field Equations

3.3.2 Intraband Gap Equation

At the intraband sector we set Ay = 0 so the saddle-point solution for €2y reads

3 =Y tr(GéaG™) =0, (3.34)
2

with the only non-zero component (6oG~1)13 = 1, thus tr(GéaG 1) = G3;.
The calculation of Gg; is presented in App. and leads to

wi +§
; ,3 Z w4 + 2Akw% + Bk’ (3.35)

k,wn,

with Ay and By evaluated at Ay = 0 and Q4 = Qo.
The Matsubara sum shares the same structure as the one in the interband case yielding

wit tanh (Bwyf /2) — wy tanh (Bwy /2)

22 ]-c|_2_wk_2

g2

1 ¢p? tanh (Bw, /2)  tanh (Bwit/2) (3.36)
2 4 w2 — w2 Wy wy ’ '
where the intraband excitation spectra are given by
W (g = 0) = /(&2 + E52)/2 + [Af2 + Q3/2 & Bi(A, = 0) (3.37)
with Bix(A, = 0) = /[03 + (64 + &8)21Il2 + (682 — £ — 02)? /4.
At T = 0K Eq. simplifies to
— = Z ( 5 ) . (3.38)
2 wy wi +wi W wy wy

fa (k)

Here the regularization procedure follows the same lines as before, the only difference is the
replacement of the reduced mass solely by my, i. e.,

1
R k 3
5= 4m + Z fa(k — 00), (3.39)
where
ma 1
folk—o00) =5 =53 (3.40)

and also keeping in mind that as; now represents the scattering length of the A fermions among
themselves.
Thus the regularized intraband mean-field equation reads

ma 1 1 P2 )]
= — = 1+ . 3.41
2mag zk: Ll’(“ wl"" +w, ( w];" Wy ( )
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3.4 Occupation Number

As it will be clear next section, besides the gap parameter or the critical temperature, the chem-
ical potential must also be obtained via consistent equations. Therefore, an additional constraint
is required for the calculation of the physical quantities we are interested in. That constraint is
given by the occupation number extracted from the thermodynamical relation n = 5_1@ In Z,
recalling Z = [ D[A]D[Q]e 514 with the effective action given in Eq. [3.20

Taking the derivative in respect to the chemical potential reads

n(T) = —;; / @[A]@[Q]e—S[A,Q]‘%'[aAl:m
__losla.9

10 .

2
-3 o : ) e (3.42)
since 9,S[A, Q] is field independent. Explicitly from the definitions [3.23]
O = —(& + &)
OuBr = —(&0& — il* + A (&L +&0) — 26098, (3.43)

and summing over the Matsubara frequencies (we can use the result from the gap equation sum

in App. |A.3)) we obtain
511;4 + ka + /Bwf: - Buy
n(T) = Z {2 — 5 5 |w tanh ) % tanh 5

X Wy © — Wy

(& + )G — Wl + AF) + 798
w2 — o2
k k

- T
Wy Wy

tanh (Bwy /2) _ tanh (ﬂwﬂ_ﬂ)] } (3.44)

which at T' = 0K reads

B O HE (& ED)(EE - I+ Af) +£EQ%]
n(0) = Xk: [2 w]'(" +w w:w]:(w]f +w) (345)
with
43k k| 8mkpd+ kP
n(0) = za: [ /k s @ + /k ; (%)3] = ?W E (27T)3F : (3.46)

determined from the requirement of the complete occupation at T = 0 K of the Fermi sphere with
radius kb, = \/2epmy.

The occupation number plays different roles: it determines the behavior of the chemical po-
tential in the weak coupling regime and the behavior of the complementary variable in the strong
coupling one. Although the total number of particles is kept constant the quantity of the fermions
of each band is distinct (the more energetic ones will be less predominant so that the Fermi level
of both bands coincide).
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3.5 Numerical Solutions

The previous expressions are as far as we can go with analytic mathematics. In this section
we present the numerical solutions to the mean-field equations. To make this analysis feasible we
shall consider two scenarios: the pure intraband (A, = 0) and the pure interband (£, = 0) cases.
Despite being a simplification required mainly to make our codes run it still comprises a very rich
physics, specially the interband sector to which we shall dedicate most of our attention.

Basically we have two variables to be calculated from two coupled integral equations. We
shall deal first with the zero temperature limit in which case we will need to determine the gap
parameter and the chemical potential and then we shall study the behavior of our model close to
the transition point analyzing the critical temperature and chemical potential.

All the following results have been obtained through Python coding.

3.5.1 Definitions and Conventions

One original feature of our work is the exploration of the difference in the masses of the A and
B fermions. So it will prove to be very useful to define a dimensionless parameter § to measure
the mass asymmetry

ma —mp

4 )
maA+mp

(3.47)

which ranges from [0,1). The lower limit implying in the case of equal masses and the upper
one for the case that my greatly exceeds mp. In the interband scenario mp > my4 is completely
equivalent to my4 > mp as it will become clear from the equations ahead in which the symmetry
0 — —4 is present. We will be particularly interested in the limit § = 1 since it describes systems
possessing a narrow and a wide band, such as HF. In the intraband case we do not have the
d-symmetry but the numerical results for negative § are qualitatively the same as the positive
ones.

Mainly for the sake of coding it will be necessary to convert all integrals into dimensionless
quantities thus we will normalize the energy scales by the Fermi energy

_ ke _ kR _ kR

=_F = 3.48
2ma  2mp 2m ( )

€F

and the wavevectors by the the Fermi wavevector
kr =+1— 0k =1+ 6kE. (3.49)

So recalling the definitions above and Eq. the fermion masses can be expressed as a function
of the reduced mass and the mass asymmetry parameter as

_ m
1=
_ m
T 1448

ma (3.50)

mp (3.51)
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so that the (normalized) energies become

e € k2
é:@-&)é:(l—&)]?2 (3.52)

F

B 2

G _ €k _ k*
= (1+6) = (1+6) i (3.53)

With these conventions we can look at the interband problem as a system composed by two
fermions with same mass m but distinct energies ex + dex. Yet we shall use the characteristic
average distance k;l of these “new” fermions as the standard distance scale even in the intraband
case so we can easily compare it with the interband one.

The common structures appearing in the mean-field analysis are then written as

511“551? . (3.54)
55;51’3 _ bey, (3.55)
W _ 2+ (5 ), (3.56)
K60 = 6 — (dar)’ (3:57)

that together with

Ax = /(ex)? + |V&|?, (3.58)

will allow our equations to be written in a simpler form. Definition [3.58] will be particularly
useful when studying the spectra at finite temperatures since, in the absence of an energy gap,
Ayx becomes the difference between the quasi-particles excitations which is finite even without
hybridization due to the mass difference. More specifically we can trace a direct parallel of the
term dex with a Zeeman field and |Vg|? to Rashba SOC interaction in ultracold atoms [79].

The occupation number at T' = 0K, Eq. as a function of 6 and kF is then

3
n(0) = 2F} (’;) , (3.59)
with
4 1 1
=4 [(1 St s 5)3/2] . (3.60)

We notice that the divergence of Fs for § — 1 reflects the diverging density of states in the flat
band limit 1/m4 — 0.
Lastly taking the continuum limit the momentum sum becomes

Ekj = (';f;)s / & (k/kr), (3.61)

recalling that we are assuming a unit volume.
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3.5.2 A Consideration on Hybridization

Before starting the numerical calculations let us observe that the follow change of coordinates

- V2k, — %(km +ky)

k, = (3.62)
~ ky —k

ky == 7 . (3.63)
]:;Z = w (3.64)

V2492

will allow us to solve analytically one of the triple integrals. One can check that k2 + k:Z +k2 =
k2 + ki + k2 and the Jacobian reads

ke kz ko _ 0] _ v V2
kx  ky k2 V24/2472 \/ﬁ\/ 2442 \/ 242
=| kv ky Ky | = A1 _1
J = ke ky ks | V2 V2 0
ke ko ke L L il
ke ky ks V242 V242 V242
2 1 1 2
T+ LA (3.65)

+ +
2+92 2492 2(2412)

thus we are effectively aligning the hybridization with the k, direction allowing us to write

\ Vi = iay/2 +2k,.

Furthermore, we can see that a small anisotropic parameter, |y| < 1, do not considerable alter
the hybridization strength, so we shall assume v = 0. We also omit the tilde symbol and use a
cylindrical coordinate system (k = /k2 + k2, k;, ), where the 6 integration is now straightfor-
ward.

(3.66)

3.6 Intraband Scenario

Expliciting the mass asymmetry dependence in the intraband case Eq. becomes

By = 0) = [ + (52 + W + 98/2:5 26 + OB/DIAP + (3uba— OB/1)". (367

To translate graphically the meaning of Eq. we show in Fig. the intraband spectra as
function of k, with k; = ky = 0, (kras)™! = —0.5 and = 0.9, for a given hybridization strength
and the corresponding mean-field solutions (obtained in the next section) of the chemical potential
and order parameter. Comparing both states we observe that w];" is the dominant mode, which
becomes more evident as k, increases. Furthermore we recall that —wff also represents quasi-
particles excitations thus the zero mode presented in wy (oo = 0) indicates the existence of a
gapless state with a finite order parameter. (Here we are assuming the transitions —w]:(IE — wf

and w]:(IE — wy and observe that w, — (—w, ) = 0 only for o =0.)
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— (@=0,Q0=0.40,u=0.85) ---- (¢=1.0,Q0=0.37,u=0.48) —— (¢=2.0,Q0=0.11,u= —0.92)
7
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kz/kF
Figure 3.1: Intraband quasi-particles excitation energies, wki, for (kras)™t = —0.5,§ = 0.9 and k, = k, = 0. The

chemical potential and the intraband order parameter are expressed in units of Fermi energy.

In the absence of hybridization, o = 0, Eq. can be simplified to

_ P |€ + el if &< Q(z]/(45ek)
W (Bg=o=0)= { V& —0a? @ i & > 02/ (46e), (3.68)
+ L \/(fk — 56k)2 + 02 if &< 9(2]/(456k)
“Be=0a=0)= { e + b T &> 02(5e,), (3.69)

which sheds some light about the possibility of zeroes in the excitation energies for § = 0.90 and
i = 0.85¢F since it occurs only for w, at k, = 0.67kr. However, as we turn the hybridization on
both + particles develop (small) finite minima.

Let us next explore both zero and finite temperatures solutions.

3.6.1 Intraband Solution at 7= 0K
Using the previous definitions we can bring Eq. to the form

3 _ 2
™ :/dk 1 i b (14 (& + dex) (3.70)
kpas M| et \/(51% — AP)? + (& + dex) 2}
and the occupation number, Eq. [3.45] to
1 1 2&(8 — A2 e )3
Fy= / &k (1-——— &+ Gl A+ (Gt 0a)h ) | (3.71)
wy +wy \/(513 — A% + (& + 0ex)?

where both equations are expressed in Fermi units. We recall that, here and in the following,
we consider [ d%k = 4x [° kdk [;° dk.. To solve the coupled equations for Qo and p we need to
fix two of the remaining parameters, namely the ratio of the average interparticle distance to the
scattering length, (kras)~!, the hybridization strength, o, and the mass asymmetry, 6.
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3.6 Intraband Scenario

We begin varying the scattering length, fixing a@ = {0.1,2.0} and assume similar, § = 0.1,
up to very different masses, 6 = 0.9. This way we get the results displayed in Fig. where,
overall, they resemble the single-band BCS-BEC crossover from Fig. The order parameter
continuously increases with (kras)~! but presents a small reduction with hybridization, especially
in the BCS limit; its dependence with 4, at a fixed «, is not so evident (we will address it shortly).
We also observe that, for plots with same §, a higher o tends to considerably decrease the chemical
potential. Roughly comparing, the BCS regime results in a shift by u = (1 — a)ep of the Fermi
surface.

—— Qo(a=0.1)/e¢

-—— p(a=0.1)/ee —— Qola=2.0)/e¢ -—— u(a=2.0)/ee
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Figure 3.2: Evolution of the gap parameter and the chemical potential in the intraband scenario as function of the
scattering length. In these plots we have used 6 = 0.1 (upper panels) and ¢ = 0.9 (lower panels) for distinct values
of hybridization a = 0.1 (left) and o = 2.0 (right).

Next, to further explore the influence of the hybridization in the intraband case, and more
specifically to determine whether or not it presents an a-driven crossover, we set a small negative
value of the scattering length, (kras)™! = —0.5, characteristic of the BCS regime, and § =
{0.1,0.9}, while continuously varying «. Thus we present the numerical solutions as a-functions
in Fig. In all four scenarios we observe a decrease of the gap parameter which starts
at a finite value, Qy =~ 0.4, and then drops to zero as the hybridization increases. Also the
chemical potential falls continuously with . The mass asymmetry does not seem to be a relevant

34



3.6 Intraband Scenario

Therefore we can conclude that hybridization destroys the
intraband superconducting effects. We can understand this result by observing that hybridization
“switches” the A and B fermions and, since the Cooper pair is formed solely in the A-band,
converting at least one A fermion destroys superconductivity. Moreover, the other way around

parameter in the intraband case.

conversion (B into A fermions) does not compensate the previous one because the Cooper pair
requires a very specific aligning between the fermions’ momenta.
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Figure 3.3: Evolution of the gap parameter and the chemical potential in the intraband scenario via hybridization.

In these plots we have used § = {0.1,0.3,0.7,0.9} and (kras)~' = —0.5 characteristic of the BCS regime.

Lastly, still with (kras)~! = —0.5, we vary the mass asymmetry to obtain Fig. for two
values of hybridization a = 0.1 and a = 2.0. In the first case, a = 0.1, both chemical potential

and order parameter decreases with J, the variation in {9 however is of the order of 10% reforcing
that for small hybridization values the mass asymmetry is not a relevant parameter. On the other
hand, for oo = 2.0 there is an increase in the order parameter and the chemical potential with 4.
Furthermore Qo becomes twice as large as its minimum value. So despite not having an analytical
expression relating both variables these results may indicate an association between o and §. We
will further investigate the § influence at finite temperature in the next section.
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Figure 3.4: Evolution of the gap parameter and the chemical potential in the intraband scenario via mass asymmetry.

In these plots we have used (kras)™' = —0.5, characteristic of the BCS regime, together with o = 0.1 (left) and
a = 2.0 (right).

3.6.2 Hybridized Bands’ Minimum: F

Proceeding with the analysis close to the transition point characterized by a vanishing order
parameter, {29 = 0, the excitation energies can be shown to yield

wif (o = Ag = 0) = |& + A = |65,

where we can see that the hybridization causes a change in the energy spectra of

(1:|:5)6k — € *

A Ek

(dex)? + V&2 = €.

0.01
_0.5_
('
< 10
Y 1 0]
Ly 6=0.1
_15] — 6=05
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—20 —
00 05 10
a
k,
Eo

(3.72)

(3.73)

Figure 3.5: Schematic plot of the dispersion relations ¢, (red line) and ¢ (grey line) for k; = k, = 0 in absence

of pairing correlations Ay = ¢ = 0. The dashed line indicates the band minimum, Ey, defined in the main text.

Inset: Eo(d, ) as function of « for three values of §.
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3.6 Intraband Scenario

Thus the hybridized dispersions have the profile presented in Fig. It is straightforward to
see that the minimum of elf is zero while the minimum of €, is now finite. To calculate the band
bottom, Ey, we consider

de-
s =0, (3.74)
dkz ke=ky=0, k;=Fmin
explicitly
¢ 1 48%k3;, + 40 kmin
dk (kz - 62]9% + 20!2193) kain - 5 min + 4o -0
= 62(1 — 6%k + 20%(1 — 2)k2y, — 0t = 0
g2 @ VAol 48" —20%) + 48%(1 - §%)o
min 62 252(1 _ 52)
e 0 QNI
min T 62 T §2(1—62)
2
2 _ O 1
Themw (m B 1) ’ (3.75)
since k2. must be a positive quantity. Evaluating €, at kmin we get (in units of the Fermi energy)
min k

Eo(d,0) = g (kz = ky = 0, kmin)
2 4 2 4
SN (S S DY Ly (RS ) P SR S
6% \V1-42 0 \V1-¢2 6% \V1-42

L)
T2 \V1-¢2 § Vi—d2

A iy
T2 Jiee

- a-Vi-®) (3.76)

which is direct proportional to o and decreases with § as shown in the inset of Fig. It is
particularly useful to have an analytical expression for Fy to determine whether or not the system
is in the strong-coupling regime, since the BEC phase requires the chemical potential to fall below
the band bottom. In other words, in a mean-field level, we can define the BCS-BEC crossover to
take place at



3.6 Intraband Scenario

3.6.3 Intraband Solution at the Critical Temperature

At the critical temperature, T' = T,, we can write the intraband gap equation as{‘_;]

™ / &3k [ 14 5)5; tanh (&4 /2T;) — & tanh (& /2T2)

krag 21 | e 48 Ax
2 (tanh (& /2T.) tanh (& /2T,
~ gt oa)” ton (g‘i/ ) _ten (éli/ ) (3.78)
46 Ak & S
and, after some algebraic manipulations, the occupation number, Eq. becomes
1 &F 1 &
— 3 _ = Sk ) Sk
e faes L () Lo ()] om

that it is just the sum of two quasiparticles with energy dispersion ff, as one might have antici-
pated. Notice that Eq. will also be applied to the interband case at finite temperature since
both order parameters are zero.
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Figure 3.6: Evolution of the chemical potential and the critical temperature in the intraband scenario as functions
of the scattering length. In these plots we have used § = {0.1,0.9} and a = {0.1,2.0}.

5We may safely dismiss the moduli of the excitation energies.
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3.6 Intraband Scenario

The numerical analysis in the finite temperature is less hardware demanding which allows us
to explore the coupled equations a little bit deeper. First we plot in Fig. the usual scattering
length varying solutions for a = {0.1,2.0} and § = {0.1,0.9}. The intersection between Fy (grey
line) and the chemical potential characterizes the BCS to BEC transition. Here the results show
the similar pattern as in the zero temperature case given in Fig. We have the same behavior
as in the single-band case, particularly for « = § = 0.1, where these parameters can be understood
as perturbations around the single-band case (compare with Fig. [2.5)): the continuously decrease
of the chemical potential starting at the Fermi level in the weak-coupling regime and becomes
(more) negative as we approach the strong coupling regime; the critical temperature increases
boundlessly. As the hybridization or mass asymmetry increases the BCS-BEC crossover requires
higher values of (kra,)™! to take place.
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Figure 3.7: Evolution of the chemical potential and the critical temperature in the intraband scenario as functions
of the hybridization strength. In these plots we have used v = 0, § = {0.1,0.3,0.7,0.9} and (kras)™* = —0.5
characteristic of the BCS regime. The chemical potential is always above Ejy.

Secondly in Fig. we present the chemical potential and critical temperature as functions
of the hybridization for four different values of mass asymmetry while keeping (kras)~' = —0.5.
The chemical potential decreases with the hybridization and presents a weak dependence on 4.
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3.6 Intraband Scenario

The critical temperature mimics the behavior of the gap parameter showed in the T' = 0 analysis
vanishing as « increases. Thus the intraband critical temperature decreases with the hybridization
and slightly increases with the mass asymmetry. We also note that band minimum is always below
the chemical potential for (kras)~' = —0.5 and therefore an a—driven BCS-BEC crossover does
not occur in the intraband scenario for any of the configurations considered.

Lastly, using v = 0 and (kras)~* = {—0.5,0,0.5}, we vary the mass asymmetry parameter to
obtain the solutions shown in Fig. for three values of the hybridization a = {0.1,1.0,2.0}. The
critical temperature increases with ¢ for all hybridization strengths, but, like in the T = 0 case, this
increase seems to be directly associated with a. Conversely, the evolution of the chemical potential
depends on (kras)~!; it increases with ¢ if (kpas)™! = {—0.5,0} and decreases if (kras)~! = 0.5.
However for any value of the mass asymmetry the chemical potential remains above FEj.
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Figure 3.8: Evolution of the chemical potential and the critical temperature in the intraband scenario as functions
of the mass asymmetry §. In these plots we have used v = 0, a = {0.1,1.0,2.0} (up to bottom) and (kras)™' =
{-0.5,0,0.5}.
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3.7 Interband Scenario

Next we shall investigate the {3 = 0 case which is argued to be the main contribution to
superconductivity in cuprates where the d — p interaction has a predominant role [56] and in
heavy fermions involving f-electrons and conduction d-electrons [59,60].

The excitation energies are given by

(0 =0 = |8+ Ge? + P + A3 22 [P + (e + 0. (350)

Using the mean-field solutions for (kras)™' = —0.5 and § = 0.9 we obtain Fig. As in the
intraband case, w]'f is the dominant excitation, but two zero modes are present in w, for small
hybridization. As « increases the superconducting state is recovered. Another interesting obser-
vation is that the zero modes are absent in the excitations associated to small mass asymmetry

values.
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Figure 3.9: Interband quasi-particles excitation energies, wi, for (kras)™' = —0.5, § = 0.9 and k, = k, = 0. The
chemical potential and the intraband order parameter are expressed in units of Fermi energy.

If we turn the hybridization off, the excitation spectra become

wE(Qo = a=0)= /& + A2+ ¢ (3.81)

where we observe that the energies differ only by a mass asymmetry term, dey, and the zero modes
happen twice for w, at the points (k; = ky = 0)

k2 = 1552 [I:I:\/l—(l—dz)/(l—Ag//ﬂ)]. (3.82)

We note however that a numerical solution for 4 = 0.9 and @ = 0 has not been found, but as
a — 0 the solution approaches Ay — 0 and p — e implying in zeroes located at k, = 0.72kp
and k, = 3.2kr as (closely) showed in Fig.
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3.7.1 Interband Solution at 7 = 0K

In normalized units the interband gap equation turns out to be

G L R S GOSN R .
= - - .
fras AT |G et L J(6 - A+ A + 42
and together with the occupation number
F5=/d3k 1—7+§k — 1+ S~ Mt Ag (3.84)
wy + W V(€ - A2+ A2 + 4|Vi2A3

provide the solution for the chemical potential and the interband order parameter.

We begin analyzing the solutions as functions of the scattering length for § = {0.1,0.5,0.9} and
a = {0.5,2.0}. The results are displayed in Fig. in which (again) we see a close resemblance
with the single-band profile, the main difference is the linear divergence (in contrast with the
exponential one in the single-band case) in the order parameter. As hybridization increases so does
the order parameter while the chemical potential decreases. Additionally for small hybridization,
a = 0.5, we observe that as § increases a pronounced discontinuity takes place.

It can be understood realizing that, in the BCS regime, the Cooper pair requires its fermions
to be close to the Fermi surface and if their masses are too distinct this requirement cannot be
meiﬂ This difference is then compensated if we turn on the hybridization since the degeneracy
of the excitation energies favors the pair formation and restores superconductivity. Conversely, if
the system approaches the strong coupling regime, where the fermions are forming tight bound
molecules, a large § increases the interband order parameter.

This feature has also a parallel in degenerated Fermi gases with SOC, where we identify the
hybridization with the spin-orbit interaction and the mass anisotropy with a Zeeman field [79).
So requiring the excitation gap to close, miny {wk_ } = ming|4 /513 + A% — dex| =0 for o = 0 and
|k| = kF, we can estimate the discontinuity to occur around 0 ~ Ag/ep in very good agreement
with the results of Fig.

"This is no longer true if we allow the chemical potential of each band to be different from each other [80].
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Figure 3.10: Evolution of the interband gap and the chemical potential as a function of the scattering length with
the fixed parameters § = {0.1,0.5,0.9} and a = {0.5,2.0}.

The previous results hint us about the possibility of a crossover into strong coupling regime
induced by c. So next we keep the scattering length fixed at (kpas)~! = —0.5 while we vary the
hybridization strength for the following mass asymmetry parameters § = {0.1,0.3,0.7,0.9}; by
doing so we obtain the curves displayed in Fig.

The first two cases, § = {0.1,0.3}, are very similar to each other: the chemical potential
starts close to the Fermi level and decreases with «; the order parameter starts with a finite
value, reaches a minimum and then grows with the hybridization. However its change is almost
negligible so that, in the interval considered, one can safely assume the interband order parameter
to be a-independent.

On the other hand, for § = {0.7,0.9} the investigated quantities exhibit a different behav-
ior: the chemical potential still decreases with o but presents a subtle discontinuity; the order
parameter starts from zero and grows up to a linear divergence that is accentuated increasing d.

These results are in agreement with the ones obtained by F. Deus et. al. [13]. We can see the
presence of the BCS-BEC crossover induced purely by an antisymmetric hybridization which is a
new and exciting feature of the interband model.
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Figure 3.11: Evolution of the interband gap and the chemical potential via hybridization strength. In these plots
we have used § = {0.1,0.3,0.7,0.9} (up to down) and (kras)~* = —0.5 characteristic of the BCS regime.

The steep profiles presented in Figs. and for high values of mass asymmetry suggest a
non-monotonous ¢ dependence. Thus let us continuously vary the mass difference parameter. We
keep using (kras)~! = —0.5 and o = {0.5,2.0} in Fig. For oo = 0.5 the main characteristic
of the curves are their abrupt change, it shows that up to § ~ 0.4 both chemical potential and
gap parameter present a crescent behavior. Beyond this point the chemical potential stabilizes
at u =~ 0.91ep. The interband order parameter falls vertiginously to zero as § — 1. Increasing
the hybridization to o = 2.0 we observe a very different pattern. The chemical potential is
always negative and decreases with the mass asymmetry. The gap parameter increases and then
exponentially diverges as § — 1 in agreement with the results of Figs. and
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Figure 3.12: Evolution of the interband gap and the chemical potential via mass asymmetry parameter. In these
plots we have used hybridization strengths o = {0.5,2.0} and scattering length (kras)~' = —0.5 within the weak
coupling regime.

The opposite behavior of the order parameter for low and high hybridization values, & = 0.5
and a = 2.0, respectively, may provide a way to determine whether the system is in the weak or
strong coupling regime. If the masses are too different and the system starts at the BCS phase
(negative scattering length) a small hybridization cannot sustain the superconductivity, but as
we increase a the transition to the BEC phase occurs and the pair bound becomes stronger as
0— 1

3.7.2 Interband Solution at the Critical Temperature

Next we extend our discussion to the vicinity of the transition point where Ag = 0. Once
again the excitation energies are given by Eff = & + Ax and we will still be using Eq. for
the occupation number. Furthermore we shall be able to check under what circumstances the
criterion p ~ Ejy is satisfied allowing us to determine the BCS-BEC transition more accurately
than in the T' = 0 case. So Eq. in Fermi normalized units, after some arrangements reads

T [d%k[1 1 \/1+6r 6 1 &\ [(1+6x 6
kFas—/mr[q‘ztanh(zTc)( & ‘m)‘zt‘“‘h(m)( & m)}

(3.85)

where we have introduced Oy = ﬁlz‘ﬂ;. Roughly speaking we replace the superconductivity order
k k

parameter by the critical temperature but, since they are closely related, we can expect T, to
show similar features as the ones presented by Ag in the previous section.

Solving the coupled equations for the critical temperature and chemical potential as we contin-
uously vary the scattering length with mass asymmetries § = {0.1,0.5,0.9} we obtain the results
presented in Fig. where we show the solution for three values of the hybridization strength,
a = {0.5,1.0,2.0} and the band minimum, Ey.
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Figure 3.13: Evolution of the critical temperature and the chemical potential in the interband scenario through
variation of the scattering length for o = 0.5 (left panels) and o = 2.0 (right panels) with § = {0.1,0.5,0.9} (up to
bottom).

First of all we observe the increase of the critical temperature, even its divergence, and the
decrease of the chemical potential with (kras)™! so that, qualitatively, the structure from the
single-band case is maintained. More specifically, for the left panels of Fig. corresponding to
a = 0.5, there is an increasing discontinuity in the solutions as 6 — 1, analogously to the T' =0
case. Furthermore the BEC transition, indicated by the intersection u ~ Ej, occurs for smaller
values of (kras)~! as the mass asymmetry increases. As the hybridization increases, in the right
panels for a = 2.0, the chemical potential is further down-shifted and the BCS-BEC crossover
takes place sooner than in the o = 0.5 counterparts. Here however all solutions are smooth.

46



3.7 Interband Scenario

T(=0.5)/er === p(-0.5)/er --- Eoler —— T(=0.5)/er === p(-0.5)/er --- Eoler

0.268

0.266

0.264

0.262

0.30

0.2601

6=0.10

4]

0.2581

0.256

0.254F

0252 £ L L L L L
00 05 1.0 15 20 25 3.0

2.00¢

1.75f

1501

1.25¢

0.90

N 1.00r

6

0.75[

0.50F

0.25¢

T i i i i 0.00 i i i i
0.5 1.0 15 2.0 25 3.0 0.5 1.0 1.5 2.0 25 3.0

a a
Figure 3.14: Evolution of the critical temperature and the chemical potential in the interband scenario with

hybridization. In these plots we have used (kras)™' = —0.5, characteristic of the BCS regime, and § =
{0.1,0.3,0.7,0.9}.

We proceed by presenting Fig. where we vary the hybridization strength while keeping
(kpas)™* = —0.5 for & = {0.1,0.3,0.7,0.9}. All the chemical potential curves have a similar
behavior starting from the Fermi surface and decreasing with a; for § = 0.90 there is a subtle
discontinuity. Differently from the intraband case, here the BCS-BEC crossover does take place,
but only in the very distinct masses scenario § = 0.90. It is important to notice that the realization
of the crossover may still be possible for higher values of «, although such limit is not physically
reasonable on most systems. Another point to bear in mind is that, by including of the thermal
fluctuations, the chemical potential solutions decrease faster than the mean-field ones so that the
crossover takes place a little bit earlier (see Fig. [4.4).

For fermions with similar masses, the critical temperature curve characterized by § = 0.10
presents a finite value in the absence of hybridization; on the other hand the temperatures labeled
by 6 > 0.3 go to zero as « decreases. As in the scattering length variation case, all critical
temperatures diverge for large «, more linearly-like for higher values of 8. Thus we have a strong
indicative of an equivalence between the odd-parity hybridization and the scattering length in the
promotion of the BCS-BEC crossover.
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Figure 3.15: Evolution of the critical temperature and the chemical potential in the interband scenario through
variation of § for (from up to bottom) o = {0.5,1.0,2.0} and (kras)~* = {~0.5,0.0,0.5}.

Once more the influence of § instigates further analysis. So Fig. shows the solution via
mass asymmetry variation for (kras)~! = {—0.5,0,0.5} and three values of hybridization strength
a = {0.5,1.0,2.0}. Initially we note that temperature curves increase and the chemical potential
ones decrease for higher scattering length values, in accordance with the previous results. For
a = 0.5 the system is always in the BCS phase, no matter the value of §, and in this regime
an increase of the mass difference of the fermions destroys superconductivity and collapses the
chemical potential to a common Fermi surface u = 0.91ep. As we increase the hybridization
to a = 1.0 all temperature values increase and are always finite; the chemical potential curves
decrease and become distinct from one another, but are still above Ey. However for o = 2.0 the
critical temperatures diverge with § and so does the chemical potential, decreasing and becoming
infinitely negative as § — 1. We also observe that BCS-BEC crossover may take place for
a = 2.0 if the mass asymmetry is > 0.6. Again the numerical results are in agreement with the
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interpretation that in the BCS limit a high mass asymmetry prevents the Cooper pair formation,
but as hybridization increases and leads the system to the strong-coupling regime the molecular
binding benefits from very distinct masses. Thus it becomes evident that the role of the mass
asymmetry parameter should not be overlooked while studying multi-band superconductors, and
although HF systems usually involve high values of 4, its tuning may be important.

3.8 Considerations

In this chapter we have developed a systematic calculation of the mean-field equations of a
two-band superconducting system under the influence of an odd-parity hybridization. A detailed
mapping of the parameters of our theory in two specific cases, intra and interband was presented.

Although superconductivity in the intraband scenario was showed to be destroyed by hy-
bridization, in the interband sector, the confirmation of a BCS-BEC crossover induced by hy-
bridization was achieved in an analogous fashion as it occurs in ultracold gases with spin-orbit
coupling. Additionally in our model we could explore the role played by the difference of the
quasi-particles masses where, in the interband case, it is a key parameter to determine whether
the system is in the weak or strong coupling regime.

Naturally, as it was expected from a mean-field treatment, the divergence of the condensation
temperature is present in the intraband scenario, as function of (kras)~!, and in the interband
one, as function of (kFG,s)_l or a.. So, like we have done in the single-band case, we shall next
include the thermal fluctuations to obtain the proper critical temperature in the strong coupling
regime. However, from now on, we shall concentrate our analysis in the interband sector since,
as already argued, we are mainly interested in an a-driven BCS-BEC crossover. Nevertheless,
if the reader is interested in the details regarding the intraband in the strong coupling regime,
the calculations presented in App. [D| show the equivalence between the intraband fermions and
nomn-interacting bosons.
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Chapter

Interband Thermal Fluctuations

In this chapter we will introduce the thermal fluctuations in the interband sector. The phys-
ical reasoning is exactly the same as in the single-band case, however, the actual calculation of
the interband pair susceptibility is a much more troublesome task. Once we obtain the vertex
function we then analyze the strong coupling limit in order to determine whether or not a physi-
cal condensation temperature is achievable via an odd-parity hybridization. We also explore the
influence of the mass asymmetry and hybridization in the binding energy. Lastly we propose an
interpolation between both BCS and BEC regimes.

4.1 Interband Vertex Function

As we reach the strong-coupling regime the quasi-particles become more localized and thus
they are not properly described by a constant field. The extrapolation of the mean-field results
leads to a misinterpretation of T, which actually describes the dissociation temperature of the
pairs rather than the condensation temperature. Next we will show that correcting the interband
order parameter on a one-loop level heals this issue.

Our approach remains the same: a perturbation around the mean-field solution A = Ag < er
and the expansion of the

oo
TrlnG™ ' =TrinGy' — ) %T&(GOA)% (4.1)
n=1

in the effective action. To start let us recall that Eq. is base independent, i. e., we can
apply a rotation into the 4D Nambu spinor, Eq. to diagonalize Gg. Specifically we use
a Bogoliubov-de Gennes transformation Ux = 13 ® exp(io1¢x), with o; the first Pauli matrix,
isin(2@x) = Vi/Ax and cos(2¢x) = (dex)/ Ak, as illustrated in Fig.

Thus, considering the leading order in the expansion the action becomes

SAA]=>" [261‘1'2 + %T.r(éoA)Z , (4.2)
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Figure 4.1: Effect of the unitary transformation Ux. The angle 2¢x (instead of just ¢x) is a characteristic of the
spinors rotation. Such rotation allows the diagonalization of Go and simplifies the calculations involving it.

with the diagonal propagator (see App. for the details)

G, 0 0 0

~ 0 G 0 0
Go=UlGU, = k 4.3
07 MkP0Tk 0 0 -G, o0 |’ (43)

0 0 0 -GT,
where
1

GE=_——~ 4.4
z'wn—fff (44)

is the Green’s function of a single fermion with energy §ff = & + Ax (not surprisingly). Applying
the same transformation to the fluctuations matrix results in (App. [B.2)

A(k,q)=Ul, AU

k+q/2 k—q/2
= COS(¢k+q/2 + ¢k—q/2)AInter(Q) + isin(¢k+q/2 + (Pk_q/z)AIntra.(Q)a (45)
where
0 0 0 -4,
~ 0 0o A 0
Ainter(q) = - a 4.
me@=| 0 A0 (46)
A, 0 0 0
and
0 0 -4, 0
~ 0 0 0 A
Anira(q) = | < a 4.7
Intra(q) A_q 0 0 0 (4.7)
0o -A, 0 ©



4.1 Interband Vertex Function

Within the term AIntm we can see the existence of an intraband character even though we con-
sidered initially a pure interband model. To make it clearer let us observe that in the rotated
basis ¥) = Uy 1o, we may write \IIL = (5};T oz;'CT B_xy a_kl), with the quasi-particles oo
and B, composed of the original A and B fermions as ags = ks coS(Px) + ibge sin(¢x) and
Bro = bko cos(Pk) + 10k, sin(Px). Thus implying the diagonalized Hamiltonian

H= Zéljalt:aaka + ng_lgltaﬂka

k,o k,o

+ 3 co8(Prrq + Sr—q)[D2gal B 1o + Heel
k.q,0

+ Z i5in(Pxtq + Pk—q) [A2q5};+qT5T_k+qi - A2qa£+q¢aT—k+q¢ +H.c], (4.8)
k.q

which, if we consider the mean-field solution, becomes

Hur = Y _[(& — Ak — iwn)af, oy, + (G + Ak — iwn) B, B, ]
k,o

dex W
+2 H[Aoaiaﬁik—a +Hel+ zk: A [AoBl4BLy, — Aoafyal y +Hel. (4.9)
k,o

Analyzing Eq. we see that a pure interband model with odd-parity hybridization is equivalent
to another one with an even s-wave symmetry in the interband order parameter proportional to
the original fermions mass difference, A_y = Ay  de, plus two purely imaginary intraband
terms, both induced by hybridization and therefore with a p-wave character. It is interesting to
note that the mass asymmetry also regulates the contribution of the intra and interband terms.
Indeed, if we take § = 0 then

Hur(6 =0) =Y [(& — [Vl — iwn) o, 0, + (& + Vil — iwn)BL, By
k,o

Vi
=Y S (Aoofal — AoBL BT, + e, (4.10)
Vil

we see that Eq. is equivalent to a two-particle Hamiltonian solely with intraband interactions.
Conversely, if V4 is negligible compared to de, Eq. becomes simply an interband Hamiltonian.
Focusing in the gaussian correction of Eq. one can show that it yields (see App. [B.3)

1 P 1 - —
ETI’(G’OA)2 =- B Z COS2(¢k—q + ¢k+q) (G;c'-—qG—k—q + Gk—thk—q)|A24|2

k,wn,

1 . -
~ 5 2 sin(dq + draa) GOy + G 0Tk g)ldoal  (41D)

k,wn,

and summing over the fermionic frequencies as indicated in App. [B.4] leads to

1 1-1r(y) — 16y
2y 6k G6E = +4 e 4.12
By TR diem G .
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4.2 Interband Effective Action in the Strong Coupling Regime

with nr the Fermi distribution. So our second order effective action can be written as

S@[A] = YT A P, (413)
q

where

1-np (51-:_11/2) —nfF (51;_(1/2)
W, + 51—:—(1/2 + gk_+q/2

_ 2
Ig'= - Xk: cos” (fu—q/2 + Birq/2)

1—np (51:_(1/2) —nf (f]i,_q/g)
Wi + 51;_—(1/2 + f1-<|-+q/2

— - co5” (fr_q/2 + Priqs2)
k

1-np (é;_q/z) —nF (51;_(1/2)
W, + gl—:—q/Z + 51—<F+q/2

— > sin® (¢u_g/2 + Prrqs2)
k

1-—np (fk__q/Q) —nf (fk_+q/2)

- Z sin® (¢x_q/2 + Putas2) (4.14)
k

is the interband vertex or pair susceptibility function. As pointed out, the mass difference is
responsible for the mixing of the + quasi-particles while the hybridization acts in the “new”
intraband sector. Having derived the vertex function we can, at least in principle, obtain the
corrected BCS-BEC crossover. Unfortunately it turns out to be a very arduous task, mainly,
but not only, in the numerical calculation. However, we still can extract many interesting results

focusing our attention in the strong coupling regime.

4.2 Interband Effective Action in the Strong Coupling Regime

We are mainly interested in the study of the strong coupling regime, since we have seen that in
a hybridization driven BCS-BEC crossover, there is still a non-physical condensation temperature.
Here we intend to correct this temperature and, later on, suggest a complete interpolation of both
BCS and BEC limits. So, let us start recalling that close to the transition point the characteristic
excitations are given by ef = ¢x = Ax. Thus it is important to observe that to enter the BEC
regime the system’s chemical potential must be below both bands (in the single-band case it
corresponds simply to a negative chemical potential), but here the crossover is expected to take
place around p S Ep. Thus in our next approximations we shall consider |u| > T, so that we can
neglect the exponentially small contributions from Fermi distributions in Eq. Keeping that
in mind and performing a gradient expansion for (wp,, q) < kF, as described in App. [C} we get

2
Iyt =TIyt - 8°T3 + J(a) (iwm + ;n) , (4.15)
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4.2 Interband Effective Action in the Strong Coupling Regime

where
-1 _ m l _ 1 + @k
L0 =~ +2k: (ek 3 ) (4.16)
2 2
a4y O 1[(k-q a ViVy
Te =im — & & — A} +Z£3 [( )(1+@k) 2@-A7) (4.17)

_ 1+ 6y Ok T Yo 1
N e 4\/5F+Z@k(2£ tgom) )

with 1 the density of states at the Fermi level.

From Egs. we can observe how hybridization modifies the pair susceptibility in
comparison to Eq. It is also important to note that the term I‘(}l comes accompanied by 62
implying that it is most relevant in high mass asymmetry problems.

To demonstrate that indeed the inclusion of the thermal fluctuations corrects the critical tem-
perature in the strong coupling regime is to show the equivalence between the interband effective
action and a bosonic one. To achieve that we need to identify the effective chemical potential to
which the bosons are submitted and their dispersions. So, to get rid of the multiplicative factor
J(a) accompanying the term (iwy, + q?/4m) in Eq. we reparametrize the bosonic fields as
Ay — J7Y/2A, and our action turns out to be

SOIA] = " Ag(—iwm + €q + pest) Ay, (4.19)
q

where the effective chemical potential is then identified as

_ Lo (4.20)
,u'eff - J(O!) ’ .
and the energy dispersion with
2§t
q q?
== — . 4.21
T (@) (4.21)

To understand how the second term in Eq. modifies the usual q?/4m dispersion we need
to check every g; component in [';!. Let us observe that integrals containing the product of an
arbitrary scalar function f(k2, k2, k2) with k - q will be such that only even powers of k; survive,

) y,
so recalling that V3 « k,, we may write
> Fk2, kg, k2) (k - q) Zf kz, kg, k2) (a3k2 + apky + 42k2), (4.22)
k
Zf(ki,kz,l& YWiVq(k - q) —quf (K3, kg, k2) Vi (4.23)

and F;r} may be rewritten as

-1 _ 995
rg = ZA” e (4.24)



4.2 Interband Effective Action in the Strong Coupling Regime

where A is a symmetric block-diagonal matrix reflecting tetragonal symmetry whose components

are

[ex Ok k2 (1+6y)?]

Az = — + E ], 4.25

2lag-ntm g | (4:25)
Y k2 (14 61)? |

Ay =3 |% Sy 4% (4.26)
w=2 o ntm g

[ex O k2 (1+ 9]()2 260k (1 + Ox) a2(2 + 72)61:* 61% O
A= |% L7 _ Gk (427
2lgg-ntwm g g > gg-a 7

with Agzz = Ayy, while the remaining off-diagonal components are zero. The anisotropic parameter
is explicit here solely for the sake of completeness, in the numerical results we are still assuming
v=0.

Thus the anisotropic boson dispersion becomes

= [&-- - ‘SZA’J(O‘)] %5 (4.28)

v J(@) | 4m

with the components ¢, and g, contributing equally to the energy while the g, component retains
most of the influence from the hybridization.
4.2.1 Binding Energy

The binding energy Ep, or equivalently the critical chemical potential y. = —FEp/2, is defined
through the zeroth order vertex function that, following App. readd]|

L' __ 1

T krag,

+v=pn ll - : Cin(6) (2a2)n] , (4.29)

—1 K

where the coefficients C,, are given by

2 [ [ zdzdy y2"
a= [ | FrprieeTy e (430

with n > 1 and the convergence of the series in Eq. is guaranteed in the BEC limit. (See
Fig. for comparison between the coefficients.)
Thus the critical chemical potential p. is obtained solving the equation

L Ve [1 - gjl Cn (f)n] —0, (431)

kras

an interesting point is that turning-off the hybridization we obtain the usual u. = (kras)~2.
However, unlike the single-band case, this equation is still solvable for some negative values of

!The chemical potential is normalized by the Fermi energy.
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4.2 Interband Effective Action in the Strong Coupling Regime

(kpas)~! indicating the possibility of a BEC pairing even in a weak coupling regime. At first
order approximation, n = 1, the hybridization contribution to u. is

O = 2 [(kran)™ + V/(krar) 2 + 802G, (0)] (432)

for instance at the unitary point, (kras)~' = 0, we still have a finite binding energy of E](E,l) =
v202C1(6)ep. As mentioned, in the weak coupling regime, (kra,)™! > —1, we get ,ugl) —
—[202C1(8)]?/ (kpas)~2.

Finally, Fig. shows the complete numerical solution of Eq. as function of the
scattering length for different values of hybridization a = {0.5,1.0,2.0} and mass asymmetry
0 ={0.1,0.3,0.7,0.9}. And, as expected, it is in agreement with the above analytical considera-

tions, since all curves show a growth with both hybridization and mass asymmetry, and present
a finite value in the BCS limit.
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Figure 4.2: Critical chemical potential as function of the scattering length for different values of hybridization and

mass asymmetry. Although the critical chemical potential fastly decreases for negative (kras) ™! it is still non-zero.
Higher values of hybridization or mass asymmetry increase fi..
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4.2 Interband Effective Action in the Strong Coupling Regime

4.2.2 Corrected Condensation Temperature

Aware of the proper bosonic dispersion given by Eq. we can finally obtain the condensa-
tion temperature by taking the limit peg — 0 in which the Bose-Einstein distribution becomes

d3q 1
3 »y )
(2m) €xXp [% Zi,j (5ij - 52Aij*]_1) %] -1

np(teg — 0) =np + (4.33)

where, as in Eq. ng is the number of condensate bosons. Then, redefining our variables of
integration ¢; — ¢;v/1 — 62A;;J~1, we get an integral which we already know how to evaluate

5 (iot = 0) = g + ((3/2) (mf)3/2 I (1- ‘5?}”) o (4:34)

resulting in a condensation temperature

T ng 2/3
e = MLma73 [<<3/2>] ’ (4.35)

generalized to the case of anisotropic masses

m

i = 1-— (52A11J_1,

(4.36)
with i = x,y,2. Fixing (kras)™! = —0.5 and using the mean-field solution of u(a > 1) we
estimate the anisotropic masses to yield, for § = 0.7, my; = my ~ 1.55m and m, ~ 1.68m,
while increasing the mass asymmetry to § = 0.9 results in m; = my ~ 3.3Tm and m, ~ 3.46m.
Conversely, in the usual BEC limit (kpas)™' — oo, for 6 = 0.9 and o = 0.5, we have m, =
my ~ 5.06m and m, ~ 4.94m; increasing hybridization to oo = 2.0 we get m; = my ~ 4.26m and
m, ~ 3.99m.

Although we have indeed obtained an analytical expression for the condensation temperature
our goal has not yet been completely achieved. If hybridization is to have an analogous role as
the scattering length driving the system into the strong coupling regime, then we must show that
Te(c) is also finite in the limit @« — oco. To do that we must once more turn to the numerical
analysis.

So to proceed further we need to specify ng. We shall assume that in the strong coupling
regime all fermions form pairs, i. e., the bosonic density is half of the total fermion density,
ng = n/2 [5]. This hypothesis is accurate while dealing with dilute gas systems. In condensed
matter, since the interacting particles are only the ones around the Fermi surface, the density
may be treated as a free parameter or be modeled after a specific material. Nevertheless it will
provide us with some quantitative results. Using Eq. the condensation temperature becomes

Z;;:zlvr [6(22)]2/3 [ —W]I/B,

where, we recall, there is still a dependence of the chemical potential present in A;(a) and J(c).

(4.37)

So to determine the condensation temperature as a function of the scattering length or the hy-
bridization we must also establish the chemical potential evolution with the respective variable.
At a first approximation we can use the mean-field results to this end.
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4.2 Interband Effective Action in the Strong Coupling Regime

As expected, while varying the scattering length, there is a saturated temperature as (kras) ™! —
oo and for the particular case of equal masses we recover the expression for a gas of identical bosons
with mass 2m and density ng = k3./(372). The condensation temperature also becomes inde-
pendent of hybridization T.(6 = 0) ~ 0.35¢F, i. €., a factor 22/3 larger than the single-band case,
T. = 0.22¢p, due to the z = 2 bands of our problem. On the other hand, for very distinct masses,
d = 0.9, we have Tp(a = 0.5) ~ 0.43¢r and Te(o = 2.0) ~ 0.53¢F indicating the rising of the
temperature with § as well as a.

In the case of a fixed negative scattering length we have showed that only high values of §
allow the system to effectively enter in the BEC regime via an odd-parity hybridization. Therefore
we estimate that for (kras)™' = —0.5 we have T,(6 = 0.7) ~ 0.48¢r and T.(6 = 0.9) =~ 0.65¢F
whilst increasing the scattering length to (kras)™* = —0.1 implies in T,(§ = 0.7) ~ 0.47¢r and
Te(6 = 0.9) ~ 0.64ep. Thus there is an increasing in temperature with § and a small decrease
with (kras)~1, but most important the condensate temperature is always finite.
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Figure 4.3: Comparison between critical temperatures obtained with different methods for (kras) ™' = {—0.5, —0.1},
characteristic of the BCS regime, and high mass asymmetries § = {0.7,0.9}. The full red line, corresponding to the
inclusion of fluctuations, correctly describes both limits and provides a good interpolation between them.
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4.3 Interband BCS-BEC Crossover

4.3 Interband BCS-BEC Crossover

As we have already stated, the complete profile of the BCS-BEC crossover is attained by
including the effect of the pair susceptibility into the occupation number equation. More specifi-
cally, we should calculate én = 170, Eq In I‘;l, add it in Eq. and then, once again, solve the
coupled equations. Although we have successfully obtained the interband vertex function and the
calculation of én is possible, the numerical computation of the corrected number equation is not.

However, an alternative approach [10,/11] resides in the observation that, in the strong coupling
regime, the role of én is to describe the bosonic pair formation, i. e.

1 Tc 3/2
on =~ zq: Ty~ = $3/2) (W) H /s, (4.38)

where we used the dispersion calculated in Eq. and the anisotropic masses expressed in Eq.
4.36)

Since the q sum in Eq. could be analytically calculated it is now a feasible task to solve
the (Fermi normalized) occupation number equation

L (G2) QT ot 1~ Lo (&) - Lo (&
Fs ~ > 1L, 1—52AiiJ_1+ d’k |1 2tanh ST, 2tanh o )| (4.39)

together with Eq. [3.85] which, for convenience, we write once again

T Bef1 1 &\ /1+6r 6\ 1 & \(1+6x O
kpas—/mr[ek‘z‘“anh(zn)( & ‘zn)‘z‘“a“h(zT)( & m)]-

Thus Fig. shows the complete temperature evolution with the odd parity hybridization for

§ = {0.7,0.9} and (kras)~! = {—0.5,—0.1}. As expected the condensation temperature no longer
presents a diverging behavior, in matter of fact, it saturates (not surprisingly) to the temperature
calculate in the previous section. The vertical dashed line indicates the region around which the
smooth transition from the BCS to the BEC limit takes place.

Lastly, we demonstrate in Fig. [4.4] that the chemical potential is not substantially modified
by the inclusion of gaussian fluctuations. Nevertheless its faster decrease, mainly in the weak
coupling regime, implicates in a BCS-BEC transition reached at smaller values of hybridization
(in comparison with the mean-field analysis). This result however should be considered with
caution since the approximation given by Eq. becomes less reliable as we approach the BCS
limit.

59



4.3 Interband BCS-BEC Crossover
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Figure 4.4: Chemical potential curves obtained via mean-field (dotted blue line) and fluctuations (full red line)
approaches for (kras)™! = {~0.5,—0.1} and § = {0.7,0.9}. The inclusion of the thermal fluctuations contributes
to the BCS-BEC crossover as p intercepts Ey at smaller o values.
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Chapter

Conclusions and Perspectives

In this thesis we develop a systematic way to understand the influence of an odd-parity hy-
bridization in a two-band superconductor.

We started our analysis describing a single-band superconductor, which is solely characterized
by the ratio of the scattering length to the average interparticle distance (kras)™. We detailed
the weak (BCS) and strong (BEC) coupling regimes and demonstrated how, via variation of
scattering length, it is possible to link them both. Next we presented studies that considered
spin-orbit coupling interaction in ultracold fermionic gases and showed a BCS-BEC crossover
driven through SOC variation.

Observing some mathematical similarities between SOC in fermionic gases and hybridization
in multi-band systems, a spontaneous question raised is how exactly does hybridization operates
in condensed matter and, more specifically, how does it affect the strong coupling regime of such
systems. To address these issues, we specifically considered a model of two fermion species inter-
acting attractively and that can be hybridized with each other. We pointed out that hybridization
symmetry is linked to the difference of quantum numbers of the orbitals and it can be even- or
odd-parity. However, previous studies showed that even-parity hybridization destroys the super-
conducting state, which narrowed our investigation to odd-parity hybridization. Additionally,
in a two-band system the mass asymmetry of the interacting fermions, 4, although absent in
SOC gases, must be carefully considered. As it was defined, a small § corresponds to similar
effective masses and as ¢ increases approaching the unit it indicates a scenario with very distinct
masses, characteristic of heavy fermions systems. In matter of fact, the mass asymmetry term
dex in the interband case is analogous to a Zeeman field in SOC systems abruptly diminishing
superconductivity in the weak coupling regime.

Using both analytical and numerical methods we obtained the solutions for the intra (g; = 0)
and interband (g2 = 0) scenarios. At a mean-field level, we solved the coupled equations and
showed how the order parameters, chemical potential and critical temperature varied with the
free parameters of the model, namely (kras)~!, o and 6. We also calculated the minimum energy
of the bands Fy which determines the region around the system enters in the BEC phase. From
the numerical results, we see that the intraband case exhibited the suppression of the supercon-
ducting properties for increased hybridization strength. On the other hand, in the interband
case, hybridization favors the pair formation and induces a BCS-BEC crossover with a similar
signature as the one presented via scattering length variation. However, the BEC transition is
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Chapter 5. Conclusions and Perspectives

favored solely for high values of the mass asymmetry, 6 2 0.7, where the criterion u ~ Ej is
met. Another feature of the interband model is the divergence of the critical temperature in the
strong-coupling regime with increasing «. This divergence however is merely a pathology of the
mean-field approximation which does not properly describe the tight bosonic pair in the BEC
limit.

We also demonstrated that the odd-parity hybridization can induce a p-wave intraband order
parameter in the (initially) pure interband Hamiltonian. Then, by including the thermal fluc-
tuations at one-loop level, we calculated the interband vertex function and showed that, in the
strong coupling regime, our effective action is equivalent to another one describing non-interacting
bosons with an anisotropic energy dispersion. It allowed us to obtain the system’s binding energy,
which increases with § and «, and a finite condensation temperature as function of o that also
increases with 6. Another important remark is that the a-saturated temperature is usually higher
than the scattering length one what increases its experimental appeal.

Although the complete solution of the crossover could not been attained due to the complexity
of the numerical calculations, an adequate ansatz for the occupation number fluctuation allowed
us to overcome this issue and smoothly link the weak and the strong regimes via hybridization.
Therefore we were able to demonstrate theoretically that an odd-parity hybridization can indeed
play a similar role as the scattering length or the SOC interaction in the interband sector of a
two-band superconductor and successfully promote an a-driven BCS-BEC crossover.

As future lines of work it may be interesting to further analyze both the intra and interband
sectors altogether. Besides under the new light of the relevance of the mass asymmetry parameter
a revision of the even-parity hybridization results would be greatly appreciated. Another point
for consideration would be the study of a model with bands possessing different Fermi surfaces
or under the influence of a magnetic field. It also be interesting to explore a possible topological
transition in multi-band systems which is hint in our work by the steep profiles of the order
parameter and critical temperature for high §. Besides, while analyzing the evolution of the
interband critical temperature with hybridization, there is an indication of some scaling between
the several T,(6) since these curves intersect around « ~ 1.08. Furthermore, it would also be ideal
to include the exact pair susceptibility in these studies. This last task could be made (numerically)
simpler in 2D systems. Naturally due to the richness of the multi-band model these are some but
not all of the possibilities for future explorations and we hope that we have been able to contribute
in this endeavor.
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Appendix

Mean-Field Equations

As stated in the main text, we need to compute the inverse of the matrix G~!. Although it is
a bothersome task to calculate the complete matrix we shall not need all of its elements to obtain
the dynamical equations.

We start from the follow identity involving square matrices

o A B\
“\cpD -

In our case we can identify the block matrices as

iwn — & Y iwn—&8 W
A= " * o | =ar= vk " (A.2)
_‘/i{ an - ék detA ‘/i{ 'Lwn - £k

with detA = (iwn — &B) (iwn — &2) — |Vi/%;

B Q -A B_ll 0 A A
=la o /T® Tal-a o) (#-3)

C hoa cio L% % A4
=\-a 0 )7% Tazla o )’ (A4

Dz(iwn-i_-fﬁ‘ -V )ﬁD‘l 1 (z’wn_-i-ﬁf Vi ) (A5)

-D-!C(A-BD"!C)™ (D-CA-!B)™ (A1)

(A-BD!C)”"  —A-'B(D-CA"'B)”’ ]

Vi iwn + &8 " detD Vi dwn+ &

with detD = (iwp, + &2) (iwn + &) — |i|2

We also assume the antisymmetric character of the hybridization V_y = —V4 and, with no loss
of generalization, the s-wave symmetry of the mean-field order parameters A = A, Q = Q (for
notational convenience we suppress the subscript ‘0’).
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Fortunately the whole information for the mean-field analysis is contained within the block
—D71C(A —BD1C)! s0 the first product to be calculated is

1

D'C=
c detD

(A.6)

(twn + EE)Q — A (iwn + ff)A
Vi) — (iwn, + §f)A VA

and BD~1C reads

Q(iwn + E8)Q — ViA] — A[AQ — (iwn + ENA]  (iwn + &F)AQ — TRA2
(iwn, + EE)QA — ViA? (iwn, + &) A2

1
—1 _
BDC= detD

b

(A7)

thus

_ 1 1
A_BD Q) '=
( €)= (A — BD-1C) detD

(iwn, — &P)detD — (iwp, + EP)A2 VidetD + (iwn, + &8)AQ — VA2 ]
X )

ViedetD + (iwn, + E8)QA — VAA?  (iwn, — &) detD — (wn + &8)0% — (iwy, + &) A?
(A.8)

with
det (A — BD'C) (detD)? =
= [(iwn — &f')detD — (iwn + &)Q — (iwn + &) A% [(iwn — &) detD — (iwn + §7)A?]
+ [VidetD + (iwn, + £8)AQ — Vi A2] [~ VidetD — (iwy, + £8)QA + ViA2]
= (iwn — &) (iwn — &7)detD? — (iwy, — &) (iwn + &) A%detD
— (iwn + £B) (iwn — EB)Q2detD + (iwy + £8)2Q2A2
— (iwn + &) (fwn — &) A?detD + (iwn + &) (iwn + &) A
— |Vi|*det D? + 2|Vi|*A%detD — (iwy, + £2)?A202 — |4 |2A4
= detA (detD)” — [(iwn — &) (iwn + &) + (iwn + &) (iwn — &7) — 2/Vi|*]A%detD
+ (w2 + £82)0%detD + A*detD

— [detAdetD + 2(w2 + &£68 + [Vi|?)A? + (w2 + £82)0% + A*|detD, (A.9)
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and

detAdetD =

= [(wn — &) (iwn — &) — [Val?][(Gwn + &) (Gwn + &) — W]

= [(iwn)? — &7 [(iwn)? — &7 + [Vil* — [Val*[(Gwn — &8) (iwn — &) + (iwn + &8) (iwn + &)

= (wp + &) (wp + &) + Val* — [Val?[~wp — iwn (&2 + &) + G040 — Wi +iwn (&8 + &) + 626
= wp + (&2 + &0 wh + 67677 + 2P (Wl - &60) + !

= wn + (&7 + &7 + 2P + (G608 - W), (A.10)
so that

det (A — BD7!C) detD =

= wp + (&7 + &7 + 2Vl + @ + 2A%)0] + (6067 — VAl)? +2(6067 + Vi) A? + 67°Q% + A*
= wp + (&2 + &7 + 2lVl* + Q® + 2A8%)w] + (G067 — RI* + A%) + 4PA% + 7207

= wi 424,02 + By

=detG™!, (A.11)

where we recalled the definitions presented in Egs. [3.23
Finally the last product is

DIC(A- BD—lc)—l 1 1 (iwn + EB)Q — KA (iwn, + EB)A ]

" detGTdetD | VQ — (iwn + &2)A %A

| VidetD + (iwn + £B)QA — GA?  (iwp — EA)detD — (iwp + EB)Q2 — (itwn + EL) A2
(A.12)

(iwn, — &P) detD — (iwp, + &P)A? VidetD + (iwn, + &8)AQ — VA2 ]
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A.1 Interband G Components
The relevant components for the interband case are

—(detG'detD)Gs2 = [(iwn + &8)Q — VKA] [VidetD + (iwn + &8)AQ — ViA?]
+ (iwn + &) A [(iwn — &) detD — (iwn + )07 — (iwn + &) A?]
= ViQ(iwp, + &) detD + (iwn + & )* Q%A — Vi (iw, + §7)QA%
— [Val?AdetD — Vi (iw, + &7)QA% + |5 *A®
+ (iwn, + &2) (iwy, — &) AdetD — (iwy, + £2)202A
— (iwn + &) (iwn + &) A®
= [AQ(iwn + &8) — [VA2A + A(iwy, + &8) (iwn, — &2)] detD
+ A3 [|Vif? = (iwn + &F) (itwn + &2)]
= [~w2 + (&8 — &)iwn — 68 — Vi) AdetD — A3detD
[—wh + (68 — &)iwn — 067 — [Al* — A%] AdetD (A.13)

and

—(detG1detD)Ga1 = [VAQ — (iwn + &) A] [(wn, — &8) detD — (iw, + &8)A]
VAA [VidetD + (iwn, + £8)QA — ViA?]
= ViQ(iwy, — £8) detD — Vi (iwy, + E2)QA2 — (iwy, + &) (iwy, — £8)AdetD
+ (iwn + &) (iwn, + €8) A3 + Vi P AdetD + Vi(iwn + §8)QA% — [14[2A3
= [ViQ(iwn — &) — (iwn + &) (iwn — &) A + [Vi[?A] detD
— A [~ (iwn + &) (o + &) + [Vie?]
= — [~wh — (& — &)iwn — &6 — [Wl® — A?] AdetD, (A-14)
where, in the last lines, we have already dismissed the antisymmetric terms (when summing over

k they vanish).
Thus

20 (w2 + ELEE + | + A?)
wﬁ + 2Akw,% + By ’

Gss — Gyg1 = (A.15)

which leads to Eq.
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A.2 Intraband G Components
In the intraband scenario we need only the component Gg; that is obtained from the product

—(det G~ detD)Gs1 = [(iwn, + &8)Q — KA] [(iwn — &F) detD — (iw, + &5)A%]
+ (iwn + £B)A [VidetD + (iw, + £8)QA — RA]
= —(w2 + £8%)QdetD — (iwn, + £8)2QA% — We(iwy, — ) AdetD
+ Vi(iwn, + &E2) A3 + Vi (iwy, + £8) AdetD + (swy, + &0)?QA2
— Vi(iwn + £8)A®
= —(w2 + ¢8?)QdetD, (A.16)

where, once again, we have omitted the antisymmetric k terms. Thus

o DA
3 wﬁ + 2Akw,% + By’

(A.17)

and then follows Eq.

A.3 Matsubara Summation

The summation over the fermionic frequencies, w,, can be done by noting that both intra and
interband gap equations present the same simple poles structure, namely

B 2 —(fwn)? + K
S22 1em) = 52 G o) o — 102) it — 05) i — 22)

(A.18)

where wy; = —wg = w]j , ws = —w4 = wy and K is any constant.
This sum can be formally replaced by a closed contour complex integral of the product of h(z)
with a suitable convergent function g(z). For fermions, it can be rewritten as

S = 2%” fdzg(z)h(—iz) =— Z Res [g(2)h(—i2)]| ,—poje » (A.19)
Poles

with g(z) = gtanh (gz) So that our original sum becomes the evaluation of residues.
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Particularly in our problem, the summation becomes

~ 2 Res [(z — o))z __::)Z;I—{wza) o R (gz)] o

(
— _ —w%+K ﬁ )_ —w%—l—K (/3’ )
T (w1 —wa) (w1 — ws) (w1 — wy) tanh (2w1 (W — w1)(Ws — w3) (w2 — wa) tanh { Sws
- s+ K (8) - —uf + K (8ea)
(w3 — wi)(ws — wa)(ws — wy) tanh | s (wg — w1)(wg — wo)(wg — w3) tanh { Gws
e ) ey ()
2 (W — o) (W +wp) tanh { Swy “ou (_wk — ‘*’k =y (o + o) tanh { —Swy

w21 K —wi?+ K
o tanh <'B Wy ) — _wk _:_ — T tanh (—ﬂwl:)
2‘*’1; (Wi —wi)(wg +wy) —2wy (—wy —wy ) (—wy +wy) 2

— K —wil+ K
=TF Wk + tanh (B k) - Wk++ = tanh (B )
wi (wi — wig) (Wit + wy) 2 wi (W — o) (Wi +wy)

= — tanh wi) =% tanh ( Zw
wih? — wy 2 [ wy Pt wy 2k

— +
= —— 1 2 l tanh (ﬁ k) — w, tanh (gw]:) + K (tanh (ﬂf}k /2) - tanh (ﬂ:}k /2)>] )

Wy Wi Wy

(A.20)

which, with the proper identifications, leads to the intra and interband gap equations showed in
the main text.
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Appendix B

Interband Vertex Function

B.1 Free Propagator’s Inverse

Turning explicit the imaginary factor in the hybridization Vi = iVe — Vi we can write the
inverse of the free propagator as

1(twn — &) + o3dex — oo Vi 0

. : (B.1)
0 1(iwn, + &) — o3dex + o2 Vi

Gy'(k) = l

with the Pauli matrices

01 0 —3 1 0
Ul:ll()], 02:[i 0], 03:[0 _1]a (B2)

which satisfy (03, 0;] = 2i€;j0%.
Using a unitary transformation U, 1= U]]; we can change the basis to ¥z — Ug¥; and
diagonalize U, G 1U1T‘ —+ Gy ! Explicitly

Uy = exp(io1 k) 0 _ | exp(io1gx) 0 , (B.3)
0 exp(—io14—x) 0 exp(io1¢x)
where, see Fig. sin(2¢x) = Vi/Ax and cos(2¢x) = dex/Ax with Ay = 1/(dex)? + V2.
Thus
1(iwn, — &) + W) 0
UkGal(k)UT — (Zw §k) k . , (B.4)
0 1 (dwn + &) — Wi
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where
Wi = exp(io1¢x)(o3dex — o2Vi) exp(—io1¢i)
= (1 cos ¢x + i01 sin ¢x)(03dex — a2 Vi) (1 cos ¢x — 07 sin Px)
= dex (1 cos ¢k + 01 sin ¢y )o3(1 cos gk — @07 sin Py )

— Vi (1 cos ¢ + 01 sin ¢y )o2 (1 cos ¢y — @01 Sin Py )

—0o3

= dex(03 cos? i — i0301 COS Py Sin i + i0103 COS Py Sin P + G10307 sin? ox)

—0o2

— V(o2 cos? ¢y — 10901 COS Py Sin Py + 10102 COS Py sin Py + T10207 sin? ox)

COSE@) 209 sin(2¢x)/2

= dex[o3 (gos2 Py — sin® ¢;) - z'fag,al - 01033605 ¢ sin ¢y

—2i03

——f—
— Vi[oo(cos?® ¢y — sin® @) — i (0201 — 0102) cos ¢y sin ¢y]
= dex[o3 cos(2¢x) + o2 sin(2¢x )] — Vik[o2 cos(2dk) — o3 sin(2¢k)]

= o3[dex cos(2¢k) + Vi sin(2¢x)] + o2[dex sin(2¢x) — Vi cos(2¢x )]

= 03y, (B.5)
which results in
twn — & 0 0 0
~ 0 dwn — & 0 0
G3'(k) = " ] , (B.6)
0 0 iwn + & 0
0 0 0 iwn + &
i.e., the inverse of Eq.
B.2 Fluctuations Matrix
The original fluctuations matrix one is given by
0 —ios A(K — k
AR K =| 2K —F) (B.7)
iO’zA(k - k/) 0
and in the rotated basis it reads
A(K, k) = UL, A(K, k)U,
0 —iAK — k)Y (kK
I ARy ] ©5)
iA(k — k)Y (k,K) 0
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where we defined
Y (k, k') = exp(—io1¢y )02 exp(io1 x)
= (1 cos ¢y — i01 sin ¢y )oa(1 cos gk + 101 sin Py )
= 09 COS (y/ COS Pk + 102071 COS ¢y Sin P — 10102 Sin ¢y cos Pk + 010207 Sin Py sin @i
= 02(cos ¢y cos ¢y — sin @y sin ¢y ) + o3(cos ¢y sin @i + sin ¢y cos ¢y )
= 09 cos(P + Pk) + o3 sin(Py + Px)
=Y (¥, k). (B.9)

Finally we can reparametrize the momenta indexes to ¥ — k + ¢/2 and k — k — ¢/2 to arrive in

Eq.

B.3 Trace of (GoA)?
The gaussian correction in our effective action is determined by
Tr(GoA)? = Tr(GoA)? = Tr(Go(k — ))A(k, 20)Go(k + DA (K, —29)],  (B.10)

with Tr indicating the sum over the 4D Nambu space and internal degrees of freedom. So we have
to compute the follow product

Go(k F q)A(k, +2q)

0 0 0 _G’;F qu:Zq
0 0 Gl Ato 0
= _ Fq q
008(Pk4q + Br—q) 0 GpBe 0 0
5 Gi—k:l:qA:F% 0 0 0 .
[ 0 0 —GrgAt2g 0 ]
0 0 0 Gl Aso
j i _ - Fa = B.11
+ i sin(Prrq + Fr—q) _G:kj:qA:F2q 0 ) 0 0 ( )
5 0 Gi—k:l:qA:F2q 0 0 i
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and the diagonal components of (since these are the only relevant terms in the calculation of the
trace)

Go(k — q)A(k,29)Go(k + q)A(k, —2q)

ox — 002(dipq + Pr-q) X

GG T [ A2 [? 0 0 0
0 Gy Gyl A2f? 0 0
0 0 G Gy gl A2gl? 0
0 0 0 Gt GryglD2ql?

— sin? ($k1q + Pr—q) X

G gG gl B2gf? 0 0 0
0 GGl gl A2l 0 0 (B.12)
0 0 G:k+q k+q|A 2q| N 0
0 0 0 G_k+q k+q|A 24/?
switching, when necessary, ¢ — —q and taking the trace we arrive at
-~ ~ 2 _ —
To(@oA)? = = 5 3 0082 (dheq + ) G Criy + G oGy B’
k
= 257 sin? (Bh g+ Gsa) (GE G g + G oG i)l Angl? (B.13)
3 k —q +a/\M kg —k—q k—q " —k—q/ 17241 > )

that is Eq.
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B.4 Interband Matsubara Summation

Next we need to perform the sum of the fermionic frequencies of the follow structures

1 1 1 1
Ly, -ty

i(wn - wm) - é]:(t_q i(_wn - wm) - gfk_q

1 > 1 1
B £ iwp, — iwm — & iwn + iwm + G5 g

1
=Y Res |t @)
Poles Z —twm — G g Z Hiwm + Sy | | _pere
- . + . + = . + . _ E
W + fk_q + twpy, + £k+q — Wy — §k+q — Wy, §k_q

+
_ nr (glzgl:—q) 1- nr (§k+q)

_ 1 —nF (é-l:cl:—i—q) —NF (§f_q)

. (B.14)
2iwm + ﬁ,t gt §f_q

and bringing these together we obtain Eq.
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Interband in the Strong Coupling Regime

In the strong coupling regime we consider the bosonic excitations as perturbations around the
Fermi surface, (wp,,q) < kr, so we can use a gradient expansion in Eq. Let us start with

the quasi-particles energies
EE = Eera £ Mrg
1
= &k £ Ak + i (0ik £ Oi) + 5 4igy (9:0;€k £ 9;05Ax)
so using that 0;0;& = d;j/m we get

2
— q
gt biiq =2t +20i0ils,

gt g =2 + ;1; =+ ig;0; 0 Ax;
other structures appearing are
cos? (Pk—q + Putq) = cos® (26x + 4:q;0: 0 éx)
= cos?(2¢x) — 2 cos(2¢x) sin(2¢x)qiq;0;0; ¢x,
sin? ($x—q + Pirq) = sin’ (2¢x + 6409

= sin®(2¢x) + 2sin(2¢x) cos(24x)4iq;0; 8 Px-
Keeping the contributions up to order of w, and q?, a typical term of 1";1 reads

c0s? (Pk—q + Prtq) _ cos?(2¢x) — 2 cos(2¢x) sin(2¢x)qiq;0; 0;dx

(C.1)

(C.2)

(C.3)

(C.4)

(C.5)

Zitom + &g T iq it + 26 + @ /m + 20;0i
_ () [1 — 2tan(2¢x)qiq;0;9;¢x] |1 — (iw + g0k + ‘12) 1, (qz'az'Ak)z
28 9901 0; Pk m T §:05{\k om ) & &
_ cos?(2¢x) ) @2\ 1 0; Axdi Ay
= 27& |:1 — <’me + ¢i0iAx + 27n) g{ + q:q; (513 — 2tan(2¢k)a¢aj¢k):| , (06)
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when adding both cosines coefficients the linear terms in g; cancel one another out

cos? (¢k—q + ¢k+q) + cos? (¢k—q + ¢k+q)
Qiwm + &g g 2iwm + &+ &
+q q q +q

9 2 . .
_ COS§(k2¢k) [1 _ (iwm n qu) ;{+qu3' (aJAzza’Ak — 2tan(2¢k)3iaj¢k)] , (C.7)
k

and the sines coefficients are

sin2(¢k_q + Priq) __sin (2¢k) + 2 sin(2¢x) cos(2¢x)qiq;0; 0k
diwm + gt g 2iwm + 265 + @2/m £ ig;0,0; My

= M [1+ 2 cot(2¢x)qiq;0; 0 x| [1 — (2zwm + ¢iq;0;0;Ax + 2) 1 ]
2§k 2§k

) 2 2 1 81,8./\
= Sln2§1:(t¢k) [1 - ( Wm + q) f:l: + 4iq; (2COt(2¢k)aiaj¢k + 25'7]:(& k):| . (08)

Gathering all terms together the vertex function reads (for convenience we labeled ¢ — 2q)

1 2 : q?
1_ E E
qu = a — I + <’me + 2’ITL> Jx
k k

_ s Zsm(2d)k) cos(26x) (5 ; - ;k) 8,0,
k k

2 2
where we defined
L = cos?(2¢x) 51n2(2¢k) ( 1 ) o1
’ €k * 2 & + & ( )
_cos?(2¢y)  sin?(24k) ( 1 )
= Cc.11
g T gty (C.11)
Next we calculate the expressions
1.t 1 1 2
f]}k+§1:_§k+Ak+£k—Ak_§§_Al2{’ (C.12)
g - i e C.13
g6 & §-N & ag-1) (C.13)
S — 1, &+N
&2 + &2 (&+Ax)? + G- M2 2 @) (C.14)
1 R T ey il (C.15)

62 &2 (&-MA)? (G&+M)? T (&AM
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so that

cos?(2¢x) + & sin?(2¢x)
138 & —

_ (& — Af) cos?(2¢x) + & sin®(24x)
&(62 — AD)

_G-A W

A GETY)

-5 (1 gw ) (G169

L=

and

_ cos? (2¢x) §k + A2
g (& - A§)2
_ (& — AD)® cos®(24x) + §(&F + AD) sin® (26
& (& — AP
ék + A7 [sin®(2¢x) — 2 cos2(2¢k)} + A cos®(2¢x)
&(& — AD)?

§k + &2(3V;2 — 2A2) + Af — A2
§& — AP)?

_ GG - A H WG A F A - &) | 2K
(& — A9 (&8 — AD)?
1 1 W2 21,2
=nmtoag 3t 2 212’
§k §k fk - Ak (fk - Ak)
thus, making the substitution given by Eq. 3.31] we can write

L m 11 Ve
Toq =— 2mag +Zk: |:€k €k (1+ & _AI%)}
. q 1 Ve 2V
+ ("*’m+ 2m> > [fk (1 +§ Aﬁ) * (& _Aﬁ)z]

1 (ex)?
& A

Ji + sin?(2¢y) XX

(C.17)

& W2
A ( A2)2

0 Ak ihy + =5 Tk 5,0,A|. (C.18)

-

— g5 Y [6gk£ 8 0;(2¢x) +

K(a)
In the first two lines of Eq. we already have the expressions for ;! and J(a) presented in

the main text. To calculate K(q) we must compute the derivatives it contains. Let us stat with

dex Oidex + Vi 0; ik
Ag ’

OilAx = (C.19)
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80
29. , ) , ) , 29. ,
8¢Ak6jAk _ (56];) 8Z<Sek8J(Sek + dea Vi (81661;;92]1/1{ + 6J56kazvl;) -+ Vi{ 31‘@8]%, (0-20)
k
the second derivative of Ay is
3iajAk _ ai56k8j56k + 56ka1;3j56k + 8{1{@% + Vk@aJVk — 8iAk6jAk; (0.21)
k
the derivatives of ¢x can be calculated by observing that 2¢y = arctan(Vj/dex) then
56];(91‘4( —W &-5(:
8(2¢x) = e (C22)
k
and
ajai(2¢k) _ 6j56k6in + 56]((9]'(9'5‘/]; —28_7"/];(91'56]; — Vi{aja@'(Sek
Ag
P (56k3j56k + Vi(ajVi‘)((SekaiVL - V]'{&'(Sek)
Ay
_ 0j6er O Vi + 6€x0;0; Vi — 0;Vi O;0ex — Vi 0;j0;0ex
A
_q (6ex )20;0€x 0; Vi + Sex Vi (0; Vi 8; Vi — 8;0ex B;dex ) — V;20; Vi Biex . (C.23)

Ay

Multiplying the above expressions by g;g;, summing over 3 and j and using O;ex = k;/m, 0;0;ex =
d;j/m together with the linearity of the hybridization, 9;Vx = v; and 0;0;Vk = 0, we arrive at

(0ex)?(0k - q/m)? + 26ex Vi (Jk - q/m) Vg + V2V2

> 6ig;0iAxdiAx = A2 : (C.24)
2, k
ok - 2+ 20exbeq + V2 : 2
ZQinaiajAk = (Ok - q/m)” + 2dexdeq + Vg _ ek (dk - g/m) + K V]
— Ax Ai
i,
Vi2(6k - 2 _ 26e, Vi (0k - Ve de )?V2
_ 256k56q+ i (0k - q/m) €k k(3 q/m)Vy + (dex) @ (0.25)
Ax A}
2WUdeq , [(dex)” — VP](0k - a/m)Vq + de V[V — (0k - g/m)”

> ai9;8:0;(2¢x) = — 11;12; 1_9 k (jxﬁ Vg — (0k-a/m)7} (C.26)
1,5

From these equations is easy to see that the power series expansion in g;q; appears in four struc-
tures, namely ¢, (k- @)%, V2 and Vy(k - q).
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Appendix C. Interband in the Strong Coupling Regime

So evidencing each of the q functions K(q) becomes

K(@)=-2)" dex ; ‘—/kAﬁ Videq | [(dex)® — V2](0k - a/m)Vq + dex Vi [V — (Ok - q/m)2]]
k

& & AZ Ay

1 (Jex)® (Oex)?(0k - q/m)? + 20 Vi (0k - q/m) Vg + V2V
+ Z AZ AZ
§k k

20€x beq N Vi2(0k - q/m)? — 26e, Vi (0k - @/m) Vg + (5ek)2qu]

2
+ZA @ - A2 | A A3

_ ‘L‘fz [_ b VE  da& W
GALEE AL AR (G- AP)?

+Z Ok-q\"[0e  Vk dexlk 1(56k)2(5€k)2+ w %
QG- A 8 N N MG DA

ok-q [ dex Vi (dex)? — V2 i(&ek)256ka & V2 dex Vi
e [skg,z—Az N TE N N T AE-a A

&AM TG AN ME-A)? N

+ V2 Z [_266k Vi( (56](%( ((56]()2 V]'{ fk Vi{z ((56k)2:|

zﬁzzﬁ@—sﬁwﬁﬁﬁ
—Af & (§ - AP)?

+Z (ék q) 1 1 2(6e)® V262 (62 — AD) + Be)™ (& — AD* + 6
AL (& — AD)?

ok - q der VA 2—A2V2—(5 22+5 22_A22_V24
+2V‘*Zq§1\]§;(§k Ve —( fk)(gék_ A(12()62k) (& i) 3"

o Ve (Oe)? (68 — A% — 2688 — AD) + &
e @ - A2

5q Sex M 21( ‘/](2 )2
Zék (§k AQ)? +zk:( m ) & 1+§13—A1%

20k -qde Vi ( V2 ) ax— (Be)? W2
-V — 1+ =5 |+V,
qzk: mo &g &AL &— A% qzk: & (&-1)?

2
_ 5q - Fa 1 Kak q) < 2 ) 5ekvkvq]
+ 1+ - . C.27
OO e R §-8) g-x (20
Finally regrouping all the terms and returning with the original definition of imaginary Vi we
arrive at the vertex function given by Eq.
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C.1 Evaluation of I'; 1

C.1 Evaluation of I'y 1

The binding energy Ep or equivalently the critical chemical potential u. = Ep/2 are defined
through the zeroth order vertex function, namely (here we assume u = |u|/er and k% = k2 + k2)

gt 2 (aa) e

€k
3 2 o 2 3 21.2

zl(kF> [—2” +47r/ dk<1—2k )—/fk RS

er \ 27 kras 0 k°+p k® + p (k° + p)2 — 62k* — 2a2k2

— N ~~ d

2 LV
kdkdk, 20%k? ]

_ _2 , C.28

™o [ kra / / K +p (K% + p)? — 62k* — 2022 (C-28)

defining x = k/\/p and y = k. /\/1

2 © [ zdxdy (202 /u)y?
Ve W\/ﬁ/o /0 22+ 12 +1(2% + 92 +1)? - 6%(a? +9%)? — (202 /)y® ]
(C.29)

I‘al =T {—

In the BEC limit the condition § > 0 is always valid so we may use a power series expansion

(20°/p)y? _ i 202/ )y " (C.30)
(2 +y2 +1)> = %22 +y°)? — (202 /n)y® = [(2®+y? +1)? - 8%(2® +¢7)? '
thus
T = 1 —L+\/ﬁ—\/ﬁ§:o(5) 207\ (C.31)
0 kFa's o n L ) .
with
2 [* [ zxdxdy y*n
(6 =2 . 32
Cn(0) 7r/0 /0 2?2 +y? +1[(22 +y2 + 1) — 6%(z? + y?)?|" (0.52)

arriving at Eq. A comparison between the first four orders of C,, is presented in Fig.
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C.1 Evaluation of I'; 1

— Gi(6) --== C3(0) == C3(6) C4(6)
0.40

0.30

0.15

Figure C.1: Coefficients values (defined in Eq. [4.30) for the first four orders. To compare Cy(0.9) ~ 0.39, C2(0.9) ~
0.037, C3(0.9) ~ 0.0067 and C4(0.9) ~ 0.0016.
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Appendix D

Intraband Fluctuations

The calculation of the intraband fluctuations follow the same lines as the interband case. We

can identify the interaction term as

N

0

Alg) = | _
(9) A,

0

0 (]lz + 0'3)Aq
(]lg + O'3)A_q 0

S O O ©

o O O

o O o o
[\Y)

with the unitary transformation

Uy — [ exp(io1 dx) 0 ]

0 exp(io1¢x)

so that

1 l 0 AqW2q ]
2

A(k,29) = U]L_qA(2q)Uk_q =3 & W, 0
—qW2q
where we defined

Waq = exp(—i01¢k+q) (12 + 03) exp(io1dx—q);

knowing that (from the interband section)

exp(—i01¢4q)03 exp(io1Pr—q) = 03 COS(Pktq + Pk—q) — 02 5IN(Pktq + Pk—q)

and
exp(—401Pk+q) L2 €xp(i01dK—q) = L2 COS(Pktq — Pk—q) — 101 SIN(Pktq — Pk—q)
we get
C+ _ .S_
-8y Gy
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Appendix D. Intraband Fluctuations

where
Sy = sin(Purq — Pk—gq) % 5I0(Pirq + dr—a), (D.8)
Cfll: = c08(Pk+q — Pk—q) + COS(Pktq + Pr—q) (D.9)
Recalling the rotated free propagator
G, © 0 0
~ 0 Gf o 0
Go(k) = k D.1
0 0 0 -Gt
the product then holds
1 0 ALYy
Go(k — g)A(k, 29) = l T ] (D.11)
—A_gY_kiq 0
with
G, cH  —iG3 Sq
Yi(k_q)=[ Ek—aTe +(k—q) "d ] (D.12)
“iG-9Sd  Gle-9Ca
so that tr(GoA)? = tr[Go(k q)A(k,29)Go(k + q) A(k, —2q)] becomes
A |2t1‘(Yk Y ) 0
6(GoA)2 = Lr | T TR D.13
(Godd)"= [ 0 APV Yir) (D-13)
with
6 {Ya(h—q) Yok rg)] = :l:(k q)G:F(k+q)(C+) +GI(k q)G (k+q)(0 )*
— 2 +12
T G- O+ (52)” + G- Fir9)(52) (D-14)
thus we may write
1 o -
> tr(GoA)? = — 523 (G O o(CF) + G O o)) ey
k,q k’q
1 _ _
- ﬁz [Gk_qatk_q(s )+ G Gy ;)2] | Aag|?. (D.15)
k.q

Recalling the odd frequencies sum

—nr(&e o) — 1r(Geg)
ﬂZGk GErg = Gieom + 6 Eey (D.16)

we can write the second order action as

A
SRINEDY {' g“ + tr(G A) ] > T HA,R, (D.17)

q q
where the intraband vertex function is given by

a1 1 [y — ) e L rEY) —r(Ehy) s
Ty = g 4 2iwm + &+ biq (G + 2iwm + &+ &5 ()
1 -1 - nF(gk_—q) —nNFr (é.l-(’_+q) —\2 1- nr (f]-;'-—q) —NF (5](_+q) 412
- S, ShH2l. (D.as
44| 2iwm+ & (&, (S + 2im + & o +€iig (5¢) (D-18)
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D.1 Strong Coupling Limit Expansions

D.1 Strong Coupling Limit Expansions
Performing a power series expansion for (wm,q) < kr up to quadratic order results in
COS(¢k+q — ¢k—q) = cos(2qi8iq5k) =1- 2qujai¢kaj¢k, (Dlg)
coS(Pk+q + Px—q) = cos(2¢x + ¢iq;0;0;¢x) = cos(2¢x) — sin(2¢x)qiq;0;0;éx, (D.20)
so that
(CF)? = [1 + cos(2¢x) — 4iqj (200 x + sin(2¢x)8:; )]
= [1 + cos(2¢x)]? — 2¢ig;[1 + cos(2¢x)](20; Px0; Pk + sin(2¢x)5;0; P (D.21)
and
(Cq_)z = [1 — COS(2¢k) — qiqj(28i¢k8j¢k — Sin(2¢k)8i3j¢k)]2
= [1 - COS(2¢k)]2 - 2q1;Qj[1 - COS(2¢k)](2ai¢kaj¢k - sin(2¢k)8i6j¢k). (D.22)

The other terms are

Sin(Pr+q — Pr—q) = Sin(2¢;0iPx) = 2¢;0;¢x, (D.23)
Sin(Pr+q + Pr—q) = sin(2¢x + ¢:q;0;0j¢x) = sin(2¢x) + cos(2¢x)qiq;0;0; ¢x, (D.24)
S0
(5¢)? = [2¢:0;x + sin(2¢x) + cos(2¢x)qi4;0:0;4x]*
= [2¢:0; ¢k + sin(2¢x)]% + 2¢iq; sin(2¢x) cos(2¢x ) 6;0; bx
= sin? (2¢x) + 49;0; ¢ sin(2¢x) + 2¢5q; [20;¢0;Px + sin(2¢x) cos(2¢x)0;0; ¢x] (D.25)
and

(S7)? = [2¢:0:¢x — sin(2¢1) — cos(2¢x)q:q;0;0;px]”
= [2¢;0;dx — sin(2¢y)]% + 2¢;q; sin(2¢x ) cos(2¢x)0;0;¢x
= sin®(24y) — 40:0hchesin(26x) + 2ai9; 20 x50 + sin(26x) cos(24)0Den] . (D.26)

Expanding the denominators

1 _ 1 _ 2iwm, + % + ¢;9;0;0; Ax
iwm + &g toiq %0 oc )
L _ 1 [y _tmt 5 + adiy . 9i90MD; A
Do + &g g 2ok 3 g )
) L _ 0.8\ 0:0: ALO: A
: v Ly mtom — a0, 00000 ) (D.27)
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D.1 Strong Coupling Limit Expansions

Dismissing the Fermi distributions we have

c¥)? — _[1 + cos(26y)]2 2w + % — q;q;0;0; Ay
2iwm + &g + Eirig (26)?
N [1 + cos(26x)]2 — 24ig;[1 + cos(2¢x)](20;$x0; Px + sin(2¢k)8@-8j¢k),
26,
(D.28)
(Cq)? — _[1 — cos(2u)? 2itm + L + g1;0:0; Ak
Zitwm + §_ g + &g (26)2
+ [1 — cos(26x)|2 — 2gig;[1 — cos(2¢x)](20; 0P — sin(26x)0;0; )
26+ ’
(D.29)
(57)? _ _sin®(2d) [ iwm + L il _ 4igj0iAx0; Ax
2iwm + &g+ &g 26k &k &
+ sin?(2¢k) — 4¢;0; ¢ sin(2¢k) + 2¢:g; [20;¢x0;Px + sin(2¢x) cos(2¢x)0;9; P
28k
2s8in(2
- 2 g0ty (D.30)
k
(S$)? _ sin?(2¢y) [(iwm + g + G0A  0ig;0iMdie
2iwm + & + &g 26y & &
+ sin?(2¢k) + 4¢;0;dx sin(2¢k) + 2¢:q; [20;¢x0;Px + sin(2¢x) cos(2¢x) ;9 P
28k
2s8in(2
- Smfgqsk)qiqjamikaj!&k, (D.31)
k
and the linear term vanishes in the sum
(Sq_)2 N (S{l")2 _ sin?(2¢x) - iwm + %
Zivm + &g+ &g 2wm + & &g €k €k
. . 1 . . . 1 . 2
N 29iq; s1n(2¢k)§cos(2¢k)8183¢k + §1 [2Qiai¢k G sm(2§q§k)3zAk] (D.32)
k k k
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D.1 Strong Coupling Limit Expansions

D.1.1 Intraband Vertex Function

Thus the order zero term of the vertex function is

= Lo Ly [Lresall , focoin)? sn’(ea]
0 T g 4 = L 26, 26¢ 13
_1 1 1 &1 + 2 cos(26x) + cos?(2¢x)] + & [1 — 2 cos(2¢x) + cos?(24x)] + sin?(2¢x)
g 4 = L2 & & &
_1 1 > [126:[1 4 cos®(2¢x)] + 4A cos(24x) N sin2(2¢k)]
g 4 — 12 & — A} &k
_1_ EZ [ 20ec | &L+ cos?(2¢u)] + (€ — AD) Sin2(2¢k)]
g2 45§ - N (& — AD)
_l_}z_ﬁk+25ek 151%_‘/]-{2}
e AN &GN
_ 1 1gd <€k+6k>}
- 42}; ; [1+ oA | (D.33)
with gt = —ma/(4mas) + Y3 [2(1 — 8)ex] L.

The propagator term is F(_2}1)2 = (q?/m + 2iwm) ", Jik, where

[+ cos(2¢x)]? - cos(2¢x)]? B sin?(2¢x)

- (26,)2 (25)? 267
_ 1 &1 + 2 cos(2¢) + cos?(26x)] + & 2[1 — 2 cos(2¢x) + cos?(2¢x)] _ sin®(2¢x)
-4 (& &2 262
_ 1P+ 6P+ cos?(281)] + 2(67 — &%) cos(2¢)  sin®(2¢n)
K & &) 262
_12(8 + AD)[1 + cos®(2¢x)] + 8(éxAx) cos(2¢x)  sin®(2¢x)
-4 (& — A)? 262
_ofde LERER+AD[L+ cos(2u)] + (6 — 262A7 + A sin® (2¢)
IGEYYEa & — A}
_ 2%ba 1 & 162(62 + A}) + A3 cos®(2¢x) + AZ(—262 + A2) sin®(2¢)
- 2¢-AY) 2 (&2 - AD)?
__ 2%da 1§ 16 + A + & 0a)’ + V2(—28 + A)
T -A)? 2¢-AY) 2 (6 — AD?
280« 1 & 1€ +2(0e)?2 V2 1 V2A2
-2 2@-AY) 2 (E-AYF 0 28(g8-AYp
_ (& t+da)®  1VP(AF-&)

€ -A)? 28 -A)?

c+da)? 1 V2

= ‘(ék —Aﬁ))2 2@ - A (D.34)
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D.1 Strong Coupling Limit Expansions

The crossed term is Ei’ ; Fquiq,- = Ei’ ;495 > x Kk, with
2[1 + COS(2¢k)](28i¢kaj¢k + Sil’l(2¢k)aiaj¢k) 28¢8jAk
2[1 - COS(2¢k)](2ai¢kaj¢k - sin(2d>k)8i6j¢k) _ _ zaiajAk
_ % [1 — cos(2¢x)] e
2 sin(2¢x ) cos(2¢x)9;0; ¢k sin(2¢y)9; Ay |2
+ - = ° =
1% 5 13

1 2 4 W
= A0 + Bididjdx + CudidiAx + —5 -5 OihijAy — —5
& Ak €ic A

—Kp = —

20; P —
“kopdiAx,  (D.35)

where the coefficients are

4 2[1+cos(24K)]  2[1 — cos(2¢)]

Ay —
T g & &
_4 fk [1 + cos(2¢x)] + & [1 — cos(2¢x)]
gk £k §k
i 3 22§k + 2Ax cos(2¢x)
&k & -
_4 4§k + 6ek
§k gk
A2 )
g{ Z: &j\zek, (D.36)
[1+ cos(2¢x)] sin(2¢x)  [1 — cos(2¢x)] sin(2¢x) 2sm(2q§k) cos(2¢x)
By=— x + x
3 €x Sk
_ sin(26y) &1 — cos(2¢>k)]_— f_ﬂ_[l + cos(2¢x)] 2s1n(2¢k) cos(2¢x)
fk fk fk
. —2Ax — 2& cos(2¢x)  2sin(2¢k) cos(2¢k)
= sin(2¢x) 513 = Aﬁ + &
_ 2V 2sin(2¢k) cos(2¢k) ;.0 .o A2
TTg-NT ag-np &N
_ 2V& B 20¢€x Vi
&—AF  &(&g—AD
% (), b
CgE-A (1+ €k)
_ 2k &+ dex (D.37)

2N &
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D.1 Strong Coupling Limit Expansions

_ [+ cos(2¢w)]®  [1 — cos(2¢x)]°

C
) (268

_ 51‘("2[1 + 2 cos(2¢x) + cos?(2¢x)] — §k_2[1 — 2cos(2¢x) + cos?(2¢y )]

- 4(& - AD)?

(&P -6 4 cos® (26u)] + 2(6F° + &%) cos(26x)

- 4 — AY?

A& A[1 + cos? (2¢x)] + 4(&2 + A) cos(2¢x)

- 406 — AD?

_ &N + (Fa)?] + (& + AD)ia

Ax(é] — AD)?
_ AJ( + Sex) + &b (& + e
Ax(&f — AD)?
dex ) (A2 )
_ & +A:(kg)g(_k ,:2()52]‘ %) (D.38)
Using that
2(Sk . 2 . 2172
3 igj0id Oy = (dex)*(0k - q/m)* + 256};? (0k - q/m)Vq + Vi'V5 , (D.39)
i,
2( 5k . 2 _ . 2172
ZQinaiajAk _ 2(551\‘6.5q + Vi (0k - q/m) 266k1/i;x(?f5k q/m)Vq + (dex)*Vy ’ (D.40)
irj k k
dex)2V2 — 26e, Vg Vi (Ok - + Vi2(0k - 2
ZQinai((bk)aj(d)k):i( )" Vy €k Vq k(AﬁQ/m) i (0k - q/m) , (D.41)
i,
2 _ U21(8k . 2 (5L 2
3 4ig;0:0; () = _Vl;f;q _ [(dex)” — W1(0k Q/m)ch;r dex Vi [Vq — (0k - q/m) ], (D.42)
i, k k
dex)? — Vi2](k - Vo + 6ex Vi[V2 — (6k - 2

> 4ig;0i (M) 95 (¢x) = ;[( )"~ Vil(Ok - a/m) j&g VilVq — (k- a/m) ], (D.43)

i,J
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D.1 Strong Coupling Limit Expansions

we get

) Zlﬁ+@&&ﬁﬁ—%ﬂWﬁbmeﬂ&qMF

i =2 g A
N Z 2Vk §k + Ok | Videq [(dex)* — V21(0k - 9/m)Vq + Sex Vi [V — (3k - q/m)?]
& — &k A2 A}
15 5€k)2(5k q/m)? + 206 Vi (0k - q/m) Vg + V2V2
+ZNZ e
k§k

n Z (ﬁk + 56k)(A12{ + §k56k) 256k56q n Vi{z((Sk . q/m)2 — 2(56k‘/i;(5k . q/m)Vq + ((56k)2qu
Ak(§2 — A]2()2 Ay Ai

Z AW [(Oex)? — V21(0k - q/m) Vg + S ViV — (0k - /m)?]

A &E 2A3
=" | K1(26e) + K3 (‘”jnq) + K 2K qV + K2, (D.44)
k
where
K, — Vi &+0a Vi (6t dex)(Af + &der) Sex
- & A A(g - A9)? A
_ 1 &+ be VA — AD) + &dex (AR + &dex)
(&-AD? & A
1 + de
G e @ Wra
(& + b )? Ve &+ e

S@ A @-AE & (D-45)
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D.1 Strong Coupling Limit Expansions

K, =

Vj |:_1 A12( + fk(Sek + 256k (fk —+ 56];) n ((56];)2 (ék + 56];)(1\]2( + £k56k) 2(56](
Ap | & &- A3 & (& — AD)? &

21 {—gg(gg — AQ)[A2 + &bex + 20ex (S + bex )] + (€2 — A})Sex (26k + dex)
(& —AD2 & Ag
£3 (& + dex ) (A2 + §k56k)]

Ag

o1 [—2513(51% — Af)dex (b + dex) + (& — AP)?dex (26 + dex)
(& — A2 & Ag
[68 (& + dex) — & (5134— ADI(AR + §k56k)}

Ak

V2 1 288(8 — AP)dex (b + ex) + (&8 — AD)*dex (26 + dex) + (A + &der)?
(& — AD* & Ay

Ve 1 [Ap[dex (26 + dex) + & + A[260ex (€ + dex) — 267 Tex (26 + Jex) + 263 dexc]
@ -Ap2g [ Ag

+ —260ex (& + Oex) + Eden 26k + dex) + fﬁ(56k)2]

A
V2 (& + bex)?

D.46
@-8F g (P40
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D.1 Strong Coupling Limit Expansions

1 A +&da Vi Vi &+ de (de)® -V de W2

Ka= — = - x 'k

T Gla(M2+ada)AE T 2 A2 & A} & A
bk (f+ 0e) (A + &) Vi (Ba)* - V2 Vi
(& — A))? Al & A

_ W 1 {(&ﬁ — A2)&2[ex (A2 + &bex) + (& + Sex) ((Sex )2 — Vi2)] + e V(€2 — AZ)?
(& — A2 & Ay
_ E0e (b + der) (A + &udex) + (&2 — AD)*[(Jex)® — W]
Ag
W 1 [Aﬁ[—éﬁ&k + de Ve — &k[(dex)® — W]

T @G-8 A
-2 (51:-1;561( A
| Afleloe — g (0e) — (=6 + e [(er)? — VP - 206 ViPE] — w6 + b )]
Ay
| R (0e)” + & (6 + dex)[(Fex)” — Vie] + S Vid — &ic(Oea) (6 + Se) — ERl(0e)” — W]
Ay
_ Ve 1 A&+ de) Vi — Guden (b + ek) — &R (8k + dew)]
(& —AD? & Ay
Sey) V2 — 5
- it e — bt b .17
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D.1 Strong Coupling Limit Expansions

1 Aﬁ + &dex (Gex )? 2Vk2 & + dex 6ek 1 Vk (& + 5ek)(Al2( + &dex) (dex)?
& §-0 AN -8 & g A (& — AD)? Af

256k Vk

& A

_ 1 1 [2‘/13613(513 — AP) (b + dex)dex + (& — AD)* 2 (V2 — 26 ek
GRS Ay

§k(5€k)2[§k(§k + dex) — (& — AD)I(Af + &dex)

A4
_ 11 [Aﬁ (V2 (V2 — 26idex) + €2 (dex)?]
G ARE: Ag
251?1\2(&561; -V2)

| A2V (6 + den) e — 262V — 26udex) + 26 (0ax)]

Ky=-—

A4
&ﬁA“
2Vk2§k (& + Sex)der + & V2 (V2 — 26cbe) + €k(5fk)
A4
B 1 Vit — 2V26 0k + €2 (Oex)? + 283 0ex — 262V2 + &
GEIYE &
1 V2266 dex) + 62 (6 + dex)?
(& — Ap)? &
1 + 5 _ V2 2
- @ [&x (€ ;1{;) Kl (D.48)
Thus
_ Z & + 6ek (& + bex) — V2
(6 - A7
1 dk-q 2
Z 8@ Ny [Vk(ﬁk + o) — Lt (V2 — &l + 0] Va| - (D.49)

So up to order g2 and wy, we can write the vertex function as F2q =Ty + I‘(2q)2 + 2 I"Zqi g

Recalling that for any scalar function f(k2, kg, k2) it is valid to write

2
2 __ 2 2 q
Ve =a®(2+7)ery " (D.50)
Z FR2, k2, kD) (k- ) = f(k2, k2, k2) (22 + g2k2 + ¢2K2), (D.51)
k
Zf(kﬁ,kz,ki VaVi(k - q) —quf k2, k2, k) V2 (D.52)
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and so we get

5 T - 5q’ Zsk +k5ek (b + Sex) — B2 +Z<6k-q)2(sk+56k)2 W

— (& — AP —~\ m g (@-a?
PR e Ly gl
L oo sk@ég fi“é - Ry et gzcj A - gekﬁ a % @2
+ 2;5’;13 zk: ‘@2(512; Sex) W (_fgk—(%\gffk) i 29 1 42) Z 1 (;gk(—f]jxg)gekm

ZY ‘MJ, (D.53)
where the symmetric tensor Y is
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t =0 S e .55

e e g

o 52 Vi ( 512: dex) Vi (éék_(ﬁzgzéek) *(2 + 7)er Z 511( [V — ék 51;\ ;r)éek)]z, (D.56)

with Y, = Y, and the off-diagonal terms zero.
Thus, using ¢; — %, the action takes the form

— 2 2
SIA] = YA [T+ S i (L + ) - ZYfm] Ba (0-57)
q k ¢

that also represents a non-interacting bosonic system with effective chemical potential

F0
- D.58
K T (%)
and energy dispersion
_ Z Yi; \ 69

with Jy given by Eq.
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