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RESUMO

Ao longo deste trabalho, investigamos o comportamento de
alguns modelos de teoria de campos considerando a influéncia
de variaveis e restrigoes termodinamicas como a temperatura,
o potencial quimico, tamanho finito, e diferentes tipos de
condicoes de contorno. Assumimos o ponto de vista de que
é possivel extrair aspectos nao perturbativos de um modelo
a partir da sua série perturbativa, o que nos traz a discussao
de somabilidade em teoria de campos e que, por sua vez, nos
levou a investigacao do topico de reducao dimensional. Além
disto, adotamos outro ponto de vista e consideramos teorias
de campo efetivas por uma perspectiva fenomenolégica para
descrever interacoes hadronicas em colisoes de altas energias.
Palavras chave: Temperatura finita, condigoes de contorno,

modelos efetivos, somabilidade de Borel, reducao dimensional

111






ABSTRACT

Throughout this work, we endeavor some investigation on the
behavior of some field theoretical models taking into account
the influence of thermodynamical variables and constraints as
the temperature, chemical potential, finite size, and different
kinds of boundary conditions. We assume the point of view
that we can extract the nonperturbative aspects of a model
from its perturbative series, which brings us to the topic of
summability in field theories and introduced us to the topic
of dimensional reduction. Moreover, we take a different view-
point and study effective field theories from a phenomenolog-
ical perspective to describe hadronic interplay at high-energy
collisions.

Keywords: Finite temperature, boundary conditions, effec-

tive models, Borel summability, dimensional reduction
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Chapter 1

Introduction

1.1 Opening remarks

When you follow two separate
chains of thought, Watson, you
will find some point of
intersection which should

approximate the truth.
— SHERLOCK HOLMES,

The disappearance of Lay
Francis Carfax
Sir Arthur Conan Doyle

There is nothing like looking,
if you want to find something.
You certainly usually find
something, if you look, but it is
not always quite the something

you were after.
— J.R.R. TOLKIEN The Hobbit

The general framework of this thesis is an investigation of aspects of finite temper-

ature quantum field theory (QFT). Three different research lines were considered during

my Ph.D. studies: phase transitions; finiteness and summability of perturbative QFT;

and hadron phenomenology. These studies have produced a few published articles [1-6]

and motivates some further studies for future research. These opening remarks intend to

clarify the structure of the thesis.

This thesis comes from a collection of previous works, and it is structured as

follows:

e Introduction. In this chapter, I intend to clarify the motivation for the research

lines followed and sketch the general picture. Also, to improve clarity, I make an
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overview of each publication. This is motivated by the fact that, for example, the
articles [5, 6] are intimately related to the findings both in Ref. [2] and Ref. [3].

e Research Lines. Each chapter exhibits a published article. I have chosen not
to show the article [1] about phase transitions in a scalar field theory under the
influence of the magnetic field, temperature, chemical potential, and finite size,

since it is very closely connected to the exposition in my master thesis.

e Conclusions. In this final chapter, I present some unpublished studies and give

final remarks and perspectives for each research line.

The flow chart in Fig. 1.1 is a sketch on how this thesis should be read and under-
stood. The underlying motivation is the investigation of aspects from highly interacting
field theories, as QCD. Not in the sense to directly study QCD, but in the sense of inves-
tigating formal aspects that arise when one is interested in nonperturbative phenomena
of QCD and that are also relevant in a broader perspective. There are plenty of paths to
deal with nonperturbative phenomena in QCD and related theories, here we assume the
perspective of effective models. This must be understood in the sense that effective mod-
els can isolate an aspect (formal or phenomenological) from the fundamental theory. The
first aspect that drove some attention is regarding the problem of phase transitions. The
research group I came into has some experience on the investigation of phase transitions
for many different field-theoretical models under the influence of thermodynamical effects
as temperature, finite size, chemical potential, and external magnetic field. Following the
same spirit, it was produced the article in Ref. [1] - not exhibited here - and also the paper
in Ref. [2]. This second paper come as a proposal to consider a simple and direct extension
of the known formalism (of quantum field theories in toroidal topologies): the influence of
boundary conditions on the spatial directions on the phase transitions of field-theoretical

models.

A new perspective was inserted in the panorama with the research line of hadronic
phenomenology. At first, we considered it as a complementary point of view to understand
the physics of phase transition and, perhaps, assume a more phenomenological approach
near QCD. The main concern was the behavior of the charmonium meson, a probe of the
quark-gluon plasma. An initial step towards this produced the paper in Ref. [4]. However,
a complete union between both research lines were not attained. One reason was that the
initial approach needs to by modified to consider a lagrangian more intimately related
to the recent findings in the ultrarelativistic colliders. Nevertheless, this study and the
investigation of this topic allowed a better understanding of the recent developments in

hadronic phenomenology.

The last research line arose as a consequence of the previous ones. We can say, in

generic and general terms, that the papers in Refs. [1, 2, 4] assume some kind of effective
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model whose consequences are investigated through some perturbative series using some
method that intends to obtain nonperturbative information. Therefore, the necessity to
investigate the perturbative series to obtain the nonperturbative exact solution is a com-
mon aspect of both perspectives. This leads us to the problem of finitess in quantum
field theory and then to take into account - as a first step - the summability of a scalar
field model in the presence of finite temperature, resulting in the published paper in
Ref. [3]. However, at this point some inquiries arose that seemed to be lacking an expla-
nation. Therefore, instead of taking a step further in the effort to study of summability
for some field theoretical model with some phase transition or apply it to study some
phenomenological model, we studied the topic of dimensional reduction in the context of

finite temperature and finite size. This investigation produced the papers in Ref. [5, 6].

The present chapter is structured as follows. At first, I sketch the general picture
that motivates the use of effective models for Quantum Chromodynamics (QCD). Then, I
specify, related to this broad picture, my topics of interest: phase transitions, summability
of quantum field theory and application to hadronic phenomenology. I also add a section
commenting on the problem of dimensional reduction. The last section exhibits the errata

from the published articles.

1.1.1 Contribution to each paper included

I was intimately involved in the development of all five papers outlined in this

paper-based thesis. The entire computation was done by myself and the results where

Highly interacting
field theory eg.QCD Phase transition

o i 1JMPA33, 1850008
Phase transition, confinement ; (2017)
Nonperturbative !
phenomena ;

] Isolate aspect under ;
Lattice QFT [ N N J interest

i I} I
Thermodynamical
Effects
(T,L,u,boundary,...)

' L Borel
o Summabilty

[ NPA978,107 (2018) PRD98, 045013 (2018) PRD100, 025008 (2019)

Figure 1.1: Representative flow chart of the developed work. It relates the published
articles with the research lines under interest.

Hadronic Perturbative Series
Phenomenology and Summability

Dimensional
Reduction
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fruitfully discussed and analyzed during the meetings with the other members of the
research group. These discussions were a necessary and important contribution so that the

initial idea took a palatable and comprehensible form as to become publishable material.

Regarding the original proposal of each paper, I directly proposed what became
the published articles in Refs. [2, 5, 6]. The project on the topic of scalar renormalons was
originally proposed by the collaborator José André, but what motivated the publication
in Ref. [3] were my findings on a way to compute the relevant Feynman diagrams for a
self-interacting scalar field model at finite temperature in a large N approximation. The
project on hadron phenomenology was proposed by the collaborator Luciano Abreu, I
studied in detail the proposed model, applied it to our specific scenario and implemented

a routine to obtain the cross-sections of all process that occurs as is presented in Ref. [4].

The research group followed the philosophy that I, being a Ph.D. student, should
be responsible for the entire writing process of each article. This experience was essential
for my formation as my supervisors were remarking each grammar mistake, misleading
expression or lack of clarity that they could find in the paper. At each new project, I
managed to ‘converge’ a bit faster to the final form of the paper due to the guidance of

my Supervisors.

1.2 The general picture: the underlying motivation

Quantum Chromodynamics (QCD) is the assumed theory of strongly interacting
quarks and gluons. Although it is a complete and fundamental theory, some of its funda-
mental features such as chiral symmetry breaking and color confinement have not been
fully understood up to now. Chiral symmetry breaking is responsible for almost all mass
in the luminous universe as it is the mechanism of mass generation to the fundamental
constituents of ordinary matter like protons and neutrons. Color confinement, on the
other hand, is one of the fundamental puzzles of nature. The full determination of the
QCD phase diagram remains one of the most challenging topics in high-energy physics and
would mean an understanding of the conversion from the hadronic phase to the quark-
gluon plasma. These aspects are contained in the larger problem of the development
and study of nonperturbative techniques able to describe nonperturbative phenomena in

general.

There are plentiful procedures developed over the past decades to explore QCD [7,
8]: perturbative QCD (pQCD) [9, 10], large-N QCD [11], sum rules [12, 13|, lattice
QCD [14-17], effective models [18-21], ... Perhaps the most practical method to obtain
nonperturbative results is by lattice techniques [14-16, 22], although it faces some difficul-
ties in certain aspects, as the evaluation of dynamical phenomena and the use of chemical

potential that introduces the so called ‘sign problem’ - for details on this we refer to
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Ref. [17]. However, there are also other perspectives, such as the use of effective models
that reproduce some relevant aspects of the complete theory and have a low degree of
complexity compared to the full theory. In the context of effective field theories, we raise

two simple and common inquiries when it comes to their applicability.

1 - Considering that what we really can access is a perturbative expansion in some
parameter, how we can obtain the nonperturbative information in such a way that

we can discuss nonperturbative phenomena from the perturbative expansion?

2 - Furthermore, how can thermodynamic effects (such as temperature, finite size,

chemical potential,...) modify the behavior of a quantum-field model?

The first question is formal. The second question can be viewed as a “matter of
pure curiosity” but becomes of importance once one takes into account processes occurring
at extreme conditions, as in the large colliders or inside neutron stars, where temperature,
chemical potential, finite size, external magnetic field, and other parameters might play
a significant role. Also, in “not so extreme” conditions one might be interested if there

remains some influence of these “macro” effects.

The path to approach the first question brings us to the topic of finiteness in
quantum field theory which introduces itself as the problem of summability of the pertur-
bative series. As already pointed out by many authors, perturbative series are in most
cases divergent, and there is a need to make sense out of them as an asymptotic series [23].
Let us emphasize this point a little bit more. Take a quantum field theory with some
interaction, a hard problem. To solve this hard problem we make a perturbative expan-
sion for “small” values of the coupling constant, meaning that we make a perturbation
around the free theory. As we know, the contribution of each Feynman diagram must be
regulated and renormalized. In many theories, this is a nontrivial problem. However, we
are discussing a different kind of problem. Assuming that renormalization holds, there
is no divergence problem popping in at each new order. This somewhat ideal scenario
can be an “illusion”. It turns out that for the majority of cases, even if the model is
renormalizable, the perturbative series is not well defined. It is divergent, which means
that the perturbative series is not summable. Of course, there are alternatives for this.

We continue to elaborate on this topic in Sec. 1.3.

We let the second inquiry to be discussed in Sec. 1.4. From a formal perspective,
the question itself justifies the endeavor as we do not know the answer yet. However, we
must be careful in identifying in which scenarios thermodynamic effects as finite volume,
chemical potential, temperature,. . . might play any role at all. We choose to elaborate our
discussion by having a specific physical process in mind: the ultrarelativistic collision of
heavy ions in large colliders (as RHIC and LHC) and its outcomes. As can be expected,

we shall apply some effective models that simplify many aspects of the initial discussion.
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In addition, we enforce that: - Although QCD might come as an underlying mo-
tivation we do not apply it nor use effective models intended to reproduce a physical
aspect of it; - We are mainly interested in the investigation of formal aspects that arise
in the scenario of QCD and that also arises in other contexts; - The topic on hadronic
phenomenology is an intermediate step towards future studies more connected to experi-

mental findings.

1.3 Summability

As we have discussed in the previous section, we start this topic with the simple -
yet profound - question “can we make sense out of the perturbative series in quantum field
theory?”. Notice that this is a formal and “generic” perspective. Suppose we have some
arbitrary quantum field theory with an interaction controlled by the coupling constant
g. Consider that we want to extract some information from this theory. Let us call this
information that is dependent on the coupling constant as a function F'(g). In an ideal
scenario, we would solve the problem nonperturbatively and obtain the exact solution. Of
course, there are always options under development to study the nonperturbative solution.
However, in most cases, this path is not possible and it is a “hard problem”. Another
alternative is to make a perturbative expansion in the coupling constant g (or in some
other parameter, like in the large- N expansion). However, this is not necessarily a one-to-
one path. We can say that the exact solution F'(g), which is unknown, is represented by a
perturbative series ) a,g". They are equal only if the perturbative series is convergent.

Let us take two simple examples (A) and (B):

o0

(A): Falo)~ 3 (0" (1.1)

(B): Fglg)~ ) nlg"; (1.2)

both examples are not summable because of the n! growth. One way to relate the per-
turbative series with the complete theory is by the “Borel summability”; let us discuss
it a little. First, we make a “Borel transform” of the original perturbative series, which
introduces a term n! in the denominator. Then, we define a new series B(F;b) in the

“Borel plane”. Let us take a look at our examples (A) and (B):

(A): BFsh) =Y %(—b)" — (1 +b), (1.3)
(B): B(Fpb)=> b = 1%; (1.4)

after performing the Borel transform, the new series is well defined and summable.
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The final step is to make the “inverse Borel transform” which defines a function
F (9) by an integral in the complex Borel plane. If this integration can be well defined,
the function F(g) can be related to the nonperturbative solution F(g). To illustrate this,

we look again at our two examples:
~ 1 [ _b 1. 1
(A): Falg) = 3 dbe s In(l+b) =esEi =) (1.5)
0
[Ei(1/g) +in],b+i0"
[Ei(1/g) —im|,b+i0~

; (1.6)

Q= Q=

e
N B g = — e 9 =

Ei(z) is the exponential integral function. Case (A) is well defined, as the singularities
(a cut) in the Borel plane occur only on the negative real axis. However, for case (B)
there is a pole on the positive real axis. Therefore, the inverse Borel transform becomes

dependent on the choice of the integration contour.

Case (A) is an ideal scenario, where the study of Borel summability of the theory
solves the problem of “making sense out of the perturbative expansion”. On the other
hand, case (B) has poles in the Borel plane that introduce ambiguities in the inverse Borel
transform. In the context of a quantum field theory, these are the so-called “renormalons”,
which comes from the sum of a class of diagrams. As should be expected, there is a
program to “cure” these ambiguities and take into account these renormalons !. However,
this falls out of the scope of this thesis as none of the published articles we reproduced in

the following chapters has dealt with this.

To motivate this topic a little bit more, I exhibit in Fig. 1.2a and Fig. 1.2b the
comparison between the perturbative series and the function F (g), respectively for cases
(A) and (B). Both curves, perturbative and nonperturbative, agree for low values of the
coupling constant g. However, as expected, the perturbative solution diverges for large

values of g.

Before taking into account the problem of solving the renormalon ambiguities, we
are interested in determining the presence of poles or cuts. Moreover, we are foremost
interested in possible thermal effects of a quantum field theory. Therefore, we study the
influence of temperature on the existence of the renormalons (see Ref. [3] or Chap. 4).

Sec. 1.9 presents an overview of the published article.

1.4 Ultrarelativistic collisions - a quick overview

In this section, let us try to visualize how ultrarelativistic collisions occur in collid-
ers such as LHC and RHIC. The configuration is that two opposite particle beams (with

a heavy ion “A” or particle “p”) are accelerated up to ultrarelativistic velocities and col-

!This program is the so-called resurgence.
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3.0
>~ L 5 n 1
\‘~~ 2'5 - Zn:On'g
~~~~~~~ ] 1
~~~~~~~~~~ 2.0f e 9 Ei l)
T 15t Jfo-~<l o e g
\\\ ‘‘‘‘‘‘‘ _L
— S (-1)!(-9)" 1.0f RN e s
_____ g eif_1 1 .".‘._.‘ ~\\\\~~
e EI( g) 0.5} P 1
' ' S Yo | S a_— , . T
1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
9 g
(a) (b)

Figure 1.2: Comparison between the perturbative series (thick curve) and the nonpertur-
bative function (dashed curve) for both cases (A) (left) and (B) (right). The dotted curve
in (B) is the imaginary part of the solution and the source of the ambiguity. Its sign is
positive if the integration contour path is above the pole and negative otherwise.

lides with each other. Therefore we consider pp (proton-proton), pA (proton-nuclei) or

AA (nuclei-nuclei) collisions.

) x K. p ..
a K, p, .. e f
Tto
x out

Hydrodynamic
Evolution Pre-Equilibrium
Phase (< 1,)
a) without QGF/ \ b) with QGP z
A B

Figure 1.3: Time evolution after a heavy-ion collision in a scenario without (left) and
with (right) the QGP phase. Source: Ref. [24]

In Fig.1.3 we exhibit a light-cone sketch of a collision between two particles. First,
let us consider the simpler scenario on the left. The higher the scattering energy, more
particles are formed in the final state. After these first processes occur, the generated
particles can collide with each other (rescattering) or decay to subproducts. Therefore,
the abundance of hadrons may change during the “hadron-gas” phase where the formed
hadrons interact. After some time, the rescattering inside of the hadron gas stops due to
energy loss, which is called the “kinetical freeze-out”. After this, the remaining particles

go to the detectors.
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In the second scenario, there is a new phase of matter called the “quark-gluon
plasma” (QGP), where the partons (quarks and gluons) move deconfined inside a fireball
formed immediately after the initial collision. This fireball has a finite size and survives
for a small amount of time. When it cools down, there is a hadronization process that
gives rise to the outgoing hadrons. For a thorough and complete review on this topic from

both historical and conceptual perspectives see Ref. [28].

It was expected that the QGP phase would be formed only in AA collisions and
did not take place in pp nor pA collisions. Therefore, the investigation of QGP formation
is in general done using pp collision as a control data that do not have QGP formation.
However, recent experimental findings seem to indicate that a QGP-droplet might occur

in pA collisions depending on the scattering energy [29-31].

Regarding the QGP phase and the collision process, the aspects of interest for

ourselves are:

1 - What is the QCD phase diagram? How this formally motivates the investigation of

some parameters?

2 - What are the probes of the QGP? How are they influenced by other processes during
the evolution of the dynamics sketched in Fig.1.37

In Sec. 1.7, we discuss some aspects on the formal exploration of a phase diagram
and motivate the investigation of the phase diagram in quantum field models. In Sec. 1.5,

we discuss the problem of the QGP probes and motivate the use of the charmonium .J/v
as QGP and QCD probe.

1.5 Quak-gluon plasma (QGP) probe

Heavy quarks, like the charm and bottom quarks, are an excellent probe to inves-
tigate the QGP phase and in-medium behavior. These particles are produced after the
initial collision and survive the whole process. Contrarily to photons, they also interact
with the medium and carry signatures of this interaction. One signature is the charmo-
nium c¢ suppression when comparing AA collisions with pp collisions. The observable
R4 gives the ratio between the number of particles in a AA collision and a reference
pp collision; it can then compare a scenario with and without a QGP phase and isolate
its effects. In a scenario with QGP formation, the abundance of charmonium is expected
to be suppressed (Ras < 1) due to the mechanism of color screening. Due to this, the
measurement of J/v suppression in the PHENIX experiment at RHIC was an indication

of the existence of the QGP phase. Furthermore, this mechanism turns charmonium into

2This fireball is understood as a fluid and so far it seems to have the viscosity of a perfect fluid [22,
25-27]
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Figure 1.4: Comparison between measured R4 in ALICE and PHENIX of the J/1 at
VSNN = 2.76 TeV as a function of number of participants, Ref. [35]

a “QGP thermometer” as each cc resonance, depending on its binding energy, “melts” at

a different temperature [32-35].

At LHC energies, however, several experiments have reported a less suppressed
scenario. In Fig. 1.4, we exhibit a comparison between PHENIX (at RHIC) and ALICE
(at LHC) measurements on the J/1 suppression. It is visible from the graph that there is
a regeneration of charmonium, which indicates the existence of a new mechanism taking

place.

Some of the nonprompt? mechanisms that may increase J/1) abundance are photo-
production, color recombination, b-hadron decays, and cold nuclear matter (CNM) effects.
The mechanism of photoproduction contributes only to very low transverse momentum
pr [35], and the contribution from b-hadron decays can be isolated [36]. Therefore, we can
discard both. Some results coming from AA collisions indicate that color recombination
mechanisms in the QGP are the main “missing” source to explain the regeneration [35].
However, a similar phenomenon occurs in pA collisions [37], where there a QGP formation
was not expected and there is also a charmonium suppression (R, 4 # 1) . A possibility
is the existence of nuclear matter effects. A comparison between AA collisions and pA
collisions might give more clues about these effects. Some preliminary, and yet inconclu-
sive, data from RHIC and LHC are beginning to be reported [38, 39]. Beyond that, the
CMB/FAIR collaboration intends to explore QGP with higher baryon density, which can

3a prompt production occurs at the initial collision; a nonprompt production refers to any mechanism
taking place after the initial collision

4Recent findings seems to indicate that, indeed, there might be a QGP-droplet formation in pA
collisions [29-31].
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introduce new information about the evolution of J/v abundance.

Following this discussion, we can investigate the influence of the hadronic medium
on the charmonium J/v. As sketched in Fig. 1.3 this medium occurs in both AA and pA
scenarios. In the past two decades, phenomenological studies have shown that the basic
ingredients to study hadronic resonances are chiral symmetry and unitarization in coupled
channels. Therefore, in Chap. 3 (a reproduction of Ref. [4]), we apply the use of unitarized
chiral theory with coupled channels to investigate the interaction of the charmonium with
the hadronic medium composed of light pseudoscalars (7, K, n) and light vector mesons
(p, K*,w). Furthermore, we study the cross-sections for absorption/production processes

and investigate which channels are the most relevant.

1.6 Hadronic phenomenology

In Chap. 3 we consider an extension of the lowest order chiral perturbation theory
in which we consider that the relevant degrees of freedom are pseudoscalar mesons and
vectorial mesons. Moreover, as we are mainly interested in charmonium, we take into
account the charm flavor and the lighter ones (u,d, s) using a pseudoscalar 15-plet and
a vectorial 15-plet of mesons. Of course, the lagrangian under consideration is a wvery
simple and restrictive approximation. Moreover, the SU(4) symmetry of the model must
be explicitly broken. In our scenario, we employ three different procedures to break the

symmetry:

1. The use of the physical masses of the mesons in the 15-plet.

2. The coupling constant must be modified each time the internal legs connect to

charmed mesons.

3. We assume that all interactions have some “mediator” that adds a suppression
factor. It means that a four-leg interaction is understood as the combination of
two 3-leg interaction and the mediating particle is ‘hidden’. We take control of this

looking at the structure constant.

To extend the range of applicability, we require unitarization of the model. The
central idea is that a complete theory would be unitarized and, therefore, the imposition
could force the model to behave better. Furthermore, to reproduce the idea of interaction
in the hadron gas, it is also considered the coupled channel approach. What we mean by a
coupled channel is that all pairs of mesons with the same combined quantum numbers can
transit from one to another. With both concepts, we produce the unitarization in coupled

channels, that has been employed to take into account the observation of resonances.
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In our scenario, the use of this methodology is responsible both for: the nonzero
cross-section between more pairs of particles (this arises as a consequence of the nonuni-
tarized subprocesses); and the cross-section controlled behavior for high values of energy.
Also, as a result of the investigation, we get that the most relevant processes are those

where a c¢ pair remains in the initial and final states.

Measurements from ALICE/LHC [35] on the J/1 behavior in Pb-Pb collision at
low pr seems to support models that assume that suppression and regeneration compete
during QGP. Despite that, it is not possible to distinguish which model correctly describes
the process. Furthermore, models studying production and absorption of J/¢ in a hot
hadronic gas seems to indicate that this interaction does not contribute to a change
in J/v¢ multiplicity; one more signal that what dominates the production is the QGP
dynamics [40].

The CMS collaboration measured the behavior for higher pr [36]. At this range,
the only nonprompt source of .J/1 considered is from b-hadrons decay and is isolated from
the prompt production in the results. The prompt production is more suppressed then
the nonprompt one, which indicates different mechanisms. For example, an expectation
is that the suppression of nonprompt .J/v¢ produced by b-meson decay is related to the
energy loss of the b quark.

Although J/v suppression in AA collisions seems so far to be explained entirely by
QGP dynamics (color screening and regeneration), there is also an observed suppression
in pA collisions, although a QGP phase is not expected. Therefore, pA collisions present
themselves as a good scenario to investigate the contribution of suppression mechanisms
that are not related to a QGP phase but are, instead, a Cold Nuclear Matter (CNM)
effect. The observation that R,4 # 1 was first done in 2013 by several experiments (see

Ref. [37] and references therein).

1.7 Phase diagram

First-principle calculations with lattice QCD provide a profound insight into the
phase structure of QCD [14-17, 22, 41]. However, for a non-zero chemical potential,
the lattice QCD framework faces some difficulties, although a variety of techniques have
been developed to circumvent such problems [17]. Lattice QCD also faces difficulties with
dynamical phenomena. Moreover, the relevant parameters that are responsible for some
phenomena might stay hidden in the lattice framework as it solves the “full” theory. An
alternative to gain insight into the phase diagram is to use QCD-inspired models [18-21,

42]. These effective models intend to isolate one aspect and study its consequences.

Nowadays the findings in lattice QCD indicate that the “transition” at small

baryon chemical potential is a cross-over [22]. Therefore, what we call a “phase” would be
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Figure 1.5: The conjectured sketch for the QCD phase diagram. Source: Ref. [24].

understood as indicating the dominant degree of freedom. The pseudocritical temperature
that marks the chiral transition is around 7, = 150MeV [41]. In Fig. 1.5 a conjectured
sketch of the QCD phase diagram is exhibited. It is based on results obtained in the past
decades, see for instance Ref. [22, 24, 26, 27].

There are recent investigation of the phase structure under the influence of the
system size. For example, recent works point out the existence of finite-size effects on the
position of the critical endpoint (CEP, tricritical point for the chiral limit) for effective
models as the Nambu—Jona-Lasinio (NJL) and Linear Sigma Model (LSM) [43-48]. In this
context, both periodic and antiperiodic spatial boundary conditions are used to perform
the investigations and it is found a disagreement between the finite-volume behavior of
different effective models [42].

The applicability of these spatial boundary conditions to study effective models
motivates the investigation of different kinds of boundary conditions. On a formal level
and as first step towards this goal, we consider quasiperiodic boundary conditions (also
called anyonic or twisted boundary conditions) that interpolate between the periodic and
antiperiodic using a “contour parameter” 6 (usually called a phase parameter). We con-
sider the influence of the contour parameter in a finite-size system in the paper at Ref. [2],
this is reproduced in Chap. 2. Besides the formal motivation, the use of quasiperiodic
boundary condition can be related to some physical scenarios as the presence of an ex-
ternal magnetic field in a plane [49]; a magnetic flux through a cyllinder [50]; or an

Aharanov-Bohm phase due to a constant vector field [51].
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1.8 Quasiperiodic boundary conditions

In the context of Quantum Field Theories in Toroidal Topologies, see review in
Ref. [52], there are plenty of studies and investigation on the topic of phase transitions
of finite-temperature models considering finite-size effects. These studies employ periodic
boundary conditions in space for bosons and antiperiodic for fermions, even though there

is a formal freedom of choice.

The Kubo-Martin-Schwinger (KMS) condition impose periodic (antiperiodic) bound-
ary conditions on the imaginary time for bosons (fermions) as a direct consequence of the
definition of the thermal Green’s function [53-55] °. However, there is no fundamental
restriction imposed on the boundary condition of the spatial directions. The primary
motivation of the paper reproduced in Chap. 2 was to investigate the influence of the
imposed boundary conditions when one is interested in a finite-size model that undergoes

a phase transition.

The idea employed is to take into account a quasiperiodic boundary condition
(b.c). This condition have a parameter ¢ and interpolates between the periodic scenario
(0 = 0) and the antiperiodic scenario (f = 1). It is very straightforward to introduce this

parameter using the perspective of quantum field theory at toroidal topologies [52, 56].

Although we introduce the quasiperiodic b.c. from a formal perspective, there
are some possible physical motivations. One possible scenario, proposed by Yoshioka et
al. [49] and adopted by plenty of subsequent authors, is to consider a rectangular cell with
periodic boundary conditions in the presence of an external magnetic field perpendicular
to the surface of the cell. In this scenario, the Landau levels introduce a quasiperiodic
b.c. in the spatial directions of the surface. Notice that in this scenario there are two

spatial directions with quasiperiodic boundary conditions.

Another perspective where these boundary conditions are useful is in the study
of Casimir energy as an attractive or repulsive behavior depends on space boundaries.
One example is the use of general boundary conditions by Ref. [57] and the many works
that employ quasiperiodic b.c. [58-62] in the context of Casimir effect. One proposal of

a physical implementation in this context is the relationship with nanotubes [61, 63].

Concerning superconducting cylinders it is known since the 60’s that the quantized
magnetic flux produces a twisted /quasiperiodic boundary condition, see Ref. [50] and the
plenty of subsquent papers through the decades. The phase 6 that interpolates between

periodic and antiperiodic b.c. is related to the magnetic flux that passes through the ring.

In the context of large-N lattice QFT, twisted b.c. are also introduced with a

5The thermal Green’s function is the thermal average over of the imaginary-time ordered product of
fields. The boundary condition cames as a consequence of the cyclicity of the trace and that the statistical
density matriz e PH is the generator of imaginary-time evolution. Therefore, it does not have any effect
when it comes to the spatial directions.
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formal motivation to avoid a symmetry breaking. [64, 65].

One last perspective that the quasiperiodic/twisted b.c. are produced by a con-
stant background vector field, just like an Aharanov-Bohm phase [66]. This used in the
context of lattice simulations of QCD [67]. Also, it is exhibited that this Aharanov-Bohm
phase can induce a transmutation between fermions and bosons due to the presence of a
quasiperiodic/twisted boundary condition [51, 68-71]. This is the relationship discussed
at Sec.5 of Chap. 2. In special, Ref. [51] presents a detailed investigation on how the
statistical phase emerges from the gauge field. For the interested reader Ref. [72] follows
the same line of thought and explain the concept of a quasiperiodic boundary condition

in the context of quantum mechanics.

In order to make the study a bit more complete, we choose to take into account
different models that depend both on a finite temperature and finite size and undergoes
a phase transition. We have considered a self-interacting scalar model with both a ¢*
and a ¢° interaction term, and also a Gross-Neveu model. To make the analysis com-
prehensible, we investigate how the critical size (minimal thickness) behaves concerning
the change in the boundary condition. The concept of a critical size, meaning some finite
size that drives a phase transition, is known from both an experimental and a theoretical
perspective [73-86]. This is well known both from the formalism of quantum field theory
on toroidal topologies [73-83], from a more general framework from a condensed-matter

perspective [84-86].

1.8.1 Phase transition

It is well known that a phase transition is defined in the thermodynamical limit,
therefore the investigation of finite-size effects in the context of phase transitions must
be taken carefully. To a simple demonstration that there ir no spontaneous symmetry
breaking for finite V' we refer to the textbook in Ref. [87]; we point that the acceptable
scenario occurs when one considers a large V' dynamics. In spite of this, we can take the
perspective one compactified dimension as discussed in the textbook in Ref. [88]. The
proposal is that, instead of taking the space volume as V = LP we consinder some a
longitudinal size ¢ # L (therefore we are dealing in reality with V = LP~1¢). On this
scenario, we can have a definition of phase transition with ordering if the correlation
length £ is greater then the system length L (£, > L), as L — oo, for models in D > 2.
Therefore, as long as we do not consider a fully compactified scenario, our definition
of phase transition is always related to the correlation length in the non-compactified
directions. And, therefore, we should bear in mind that a fully compactified scenario

would be a purely formal extrapolation of the mathematics with no physical meaning.

A result shared by all models considered in Chap. 2 is that the choice of contour

indeed affects observed parameters. Furthermore, we note the existence of a critical value



18 CHAPTER 1. INTRODUCTION

of the parameter 6 at which the minimal length goes to zero. Although the result depends
on the dimensionality of the model, it seems that it is independent of the physical nature
of the system. For example, for D = 4 we obtain # = 0.422650 and for D = 3 we obtain
the critical value 6 = 1/3 both for a bosonic and a fermionic model, for other dimensions
we refer to Table 1 in Chap. 2.

An aspect worth mentioning and that was missing in the published article repro-
duced in Chap. 2 is the discussion of D < 2 phase transitions. It is well known that
the ground state of D < 2 systems with a continuous group of symmetry is symmetric,
meaning the inexistence of symmetry breaking in this scenario. This was proved in the
context of statical physics by Hohenberg-Mermin-Wagner [89, 90] and in the context
of quantum field theory by Coleman [91], this theorem is connected to the inexistence
of Nambu-Goldstone modes in D < 2 dimensions. This topic is well discussed in the

standard literature [88, 92-94]. However, one must notice that:

e Not all phase transitions are related to a symmetry breaking. A system with a
unique ground state may have a non-analytic thermodynamic function, which char-
acterizes a phase transition. One such example is the Berezinski-Kasterlitz-Thouless
(BKT) transition in the XY model [87, 94].

e Systems where a discrete symmetry is broken may have phase transition in D = 2.
Therefore, the dynamical symmetry breaking of the chiral symmetry in the Gross-
Neveu (GN) model does not violate the Mermin-Wagner theorem [87, 93].

e Models with dimensions effectively reduced might circumvent the theorem. One
illustration is a system where a constant magnetic field induces a dimensional re-
duction: D — D — 2. However, this reduction occurs only for charged fields
while Nambu-Goldstone modes are neutral. Therefore, they still exist in the D-

dimensional space, so the Mermin-Wagner theorem does not apply [95, 96].

In Chap. 2 the theorem is not violated because we considered the breaking of
discrete symmetries: chiral symmetry for the GN model and the parity symmetry for the
Ginzburg-Landau (GL) model.

1.9 Renormalon poles

The concept of Borel summability was shown in Sec. 1.3. Keeping this explanation
in mind, we can discuss the study of the renormalon poles in a thermal-dependent model.
The primary purpose of the published paper — reproduced in Chap. 4 — is to determine
the position and residues of the renormalon poles. The main contribution to the literature

is that we find some temperature-dependent poles that seemed to be unknown.
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Figure 1.6: Sum over necklace digrams. Reproduced from Ref. [3].

The motivation for the study of renormalons has already been taken into account
in Sec. 1.3. Perturbative series in quantum field theory are generally asymptotic and do
not converge. One can usually get through this by using some summation technique, as
the Borel sum. The general idea is that after we obtain a perturbative series, we can sum
it up in the Borel plane and, afterward, use the inverse Borel transform to obtain the
nonperturbative result. However, for some field theoretical models, the sum-up of a class
of diagrams® produces poles in Borel plane, the so-called renormalons. These renormalons
add ambiguities in the inverse Borel transform and forbid its direct use. Therefore, the

interest in renormalons is related to the interest in summing the perturbative series.

The investigation of the behavior of renormalons at finite temperature has two pri-
mary motivations. The first one is practical: the extensive use of thermal field theories to
investigate nonperturbative phenomena like phase transitions [22, 97-99]. The second one
is more subtle and is related to the growing field of resurgence and transseries [100-102].
Recent literature [102-108] has taken into account some effective models with one spatial
restriction L (or a finite temperature 7). Moreover, it is found that the renormalons
poles disappear for small L (high temperatures), and the model becomes summable in
this regime [102, 104-106, 108].

The paper, reproduced in Chap. 4, investigates a scalar field model with a quartic
self-interaction term and with N fields in D = 4 dimensions. Using a large-/N expansion
the sum of the perturbative series becomes a sum over the class of “necklace” diagrams,

see Fig.1.6.

The model is defined in a space R3 xS! where the circle compactification introduces
the thermal dependence 5 = 1/T. The existence of renormalons at 7" = 0 is well known
in the usual literature [88]. What drives attention is what happens when we vary the
temperature, and this is illustrated in Fig. 1.7. At zero temperature there are only two
poles on the real positive axis of the Borel plane, represented by a blue circle (positive
residue) and a red circle (negative residue). If the temperature increases, we observe
the appearance of two countably infinite sets of poles. For the first set, marked with
blue and red circles (to indicate the sign of the residue), the position of the poles is
independent of the temperature although the residues are thermal dependent. The size
of the circles indicates the value of the residue; this scale is not exact and only used as an
illustration. For the second set, marked as green circles, both the location and residues

of the renormalon poles are thermal dependent. All residues have a positive sign, and the

Sin the sense that all considered diagrams are at the same order in some parameter expansion
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Figure 1.7: Tllustration of renormalons poles for a scalar field model with self-interaction ¢}
at large N and finite temperature. Filled circles are centered at the position of renormalon
pole, the size of the circle represents the value of the residue. Green circles have positive
residues, and its position depends on the temperature. The last illustration, 5 — 0 is the
limit of extremely high temperature where we observe no renormalon.

size of the circle is off-scale. As could be inferred, the renormalons from zero temperature
belong to the set of renormalons with a thermal-independent location. Finally, in the
limit of extremely high temperatures, a dimensional reduction occurs and all renormalon

poles disappear.

We can take all this discussion from another perspective and consider the scenario
with one spatial direction with a circle compactification with length L. It means to replace
1/T = B < L, and the consequences are the same. The interpretation is in agreement
with the current results in the literature [102, 104-106, 108].

Chapter 4 exhibits these results with greater detail. The discussion continues in
Chap. 7, where we show some further developments that fall outside the scope of the

published article.
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1.10 Dimensional reduction

When it comes to the summation of the perturbative series to obtain the nonper-
turbative result, it is well known that field theories have a summability problem, as we

discussed in the last section about the renormalon poles.

In recent years, a renewed interest in the topic of summability arose due to the
development of the resurgence program and transseries as they intend to cure the problem.
We do not get into details on this topic and we refer to some reviews that are intended

to have a pedagogical approach [109-113].

A particular model under interest is adjoint QCD with a length compactifica-
tion and ‘inverted’ boundary conditions in space’ (periodic for fermions, antiperiodic for
bosons) [103, 107, 108, 114]. The interest on the ‘inverted’ boundary conditions arose as
a consequence of the so-called ‘adiabatic continuity conjecture’ [102, 105, 106, 115, 116].
The conjecture, initially proposed by Refs. [105, 106], and explicitly stated by Refs. [100,
101], states that if a field theory does not have a phase transition when varying, for exam-
ple, the value of the length compactification L, the information obtained at some value
of L could be related to the one at a different value. Why does this matter? If a theory
is summable for some value of L and then gives the ‘exact’ nonperturbative solution and
does not have a phase transition with a variation of the length parameter L, the conjecture
states that the solution found is valid for all range of the L. Therefore, a procedure is to
take some theory (as adjoint QCD) add a length compactification, explore some domain
where phase transitions are avoided (as applying the ‘inverted’ boundary conditions) and
study the range of low length (L — 0) [102]. As a result, the renormalons disappear
in this limit and, therefore, the series is summable without the ambiguity problem [102,
104-106, 108].

The adiabatic continuity is still a matter of discussion. So far, recent studies
with quasiperiodic/twisted boundary conditions [116-119] and a comparison with lattice

techniques [117, 118] indicate the continuity conjecture holds.

We remark that, with regard to the adiabatic continuity conjecture, the mathe-
matical process of a dimensional reduction plays a significant role when one is interested
in the disappearance of renormalons. All renormalons disappear when one takes the limit
of extremely high temperatures. This feature is reproduced not only in our work but
throughout the literature [102, 104-106, 108]. Naturally, in the case treated in Chap. 4
this behavior is not anomalous, as the model under study has renormalons at D = 4 but
is summable at D = 3. A natural extension of our previous analysis, and also connected
with recent years investigations, is to consider the dependence of the renormalons with

other parameters as a finite length of the system, the chemical potential, and different

"We already commented in Sec.1.8 that there is a formal freedom in the choice of boundary conditions
in space
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kinds of boundary conditions. However, this raises some questions that were not yet fully

clarified in the literature:

e [s the renormalon disappearance for the L — 0 limit a mathematical property shared

by all models, or is it a coincidence of some specific models?
e How does a thermal field theory model behave when the length goes to zero?

e How do the boundary conditions influence the renormalons? Do they have any

significance at all in the renormalon disappearance?

The knowledge of a thermal dimensional reduction is not something new and has
been investigated, for example, in a seminal paper by Landsman [53]. By analogy, the
same study can be applied to the limit L — 0 in zero-temperature field theory. However,
there seemed to be no investigation on dimensional reduction so far considering a system
with a finite temperature and restricted to a finite length. This motivated our research
on the topic of dimensional reduction, which produced the publications in Refs. [5, 6].
In this way, the research of dimensional reduction is, in fact, a small preparatory study
so that we can consider with more efficiency the behavior of renormalon poles in field
theories with imposed boundary conditions. Nevertheless, this is a work under active
development during the writing of this thesis and is only cited here for completeness and

a better understanding of the motivations.

The theme of dimensional reduction is relevant in a broader context than what
initially motivate the study. We can build effective models, as Hot QCD, that reduce
the complexity of the original theory. It can be used to explore the effects of higher-
dimensional field theories. There is also the perspective in the context of condensed-

matter field theories to compare thin films and surfaces modelss.

Let us consider a bit the scenario of thin films and surfaces — that seems further
away from our discussion in this thesis. The topic of phase transitions in thin films has
a vast literature and is subjected to a diversity of approaches. Both 2D (surfaces) or 3D
(films with some thickness) models are widely employed. As an example, we cite some
published works by the research group on toroidal topologies here at CBPF [73-83]. A
planar model would mean that the relevant degrees of freedom are in the surface. However,
we can raise the somewhat naive question on how to distinguish between a surface or a
film description. From another perspective, we can ask if we can describe a thin film as
a planar model. Alternatively, in a stronger viewpoint, if we can understand a planar

model as the limit of a film model.

Usually, some authors mix both perspectives and consider a combination of a
thickness-dependent component and a surface contribution [84, 85]. On the other hand,

some studies on thin films, both from a theoretical and experimental perspective, have



1.10. DIMENSIONAL REDUCTION 23

shown the existence of a critical size [84-86]. The former is reproduced using the formalism
of toroidal topologies and even have an agreement with some experimental results [73].
In this context, the consequence is that thin-film models have a critical size below which
there is no phase transition. All that said, we point out that we do not attain a strict
dimensional reduction (L = 0) in the context of phase transitions, and we are interested

in the effective behavior of the model in this regime.

What we mean by a dimensional reduction is simply the investigation on the
behavior of some field theoretical models with a spatial restriction L in the limit where
this length goes zero (L — 0). This relates with the usual consideration on thermal
dimensional reduction if we consider a compactification on the imaginary time giving the
inverse temperature 1/T = 3. Let us, for clarity on this topic, take into account a scalar
one-loop Feynman diagram with v internal lines and consider the presence of a finite

temperature T introduced via imaginary-time Matsubara formalism

1 1
d°p—F T dP-1 . 1.7
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In the limit of very high temperatures this decouples, following the Appelquist-Carazzone
theorem [120], between a static contribution with mass m and a nonstatic contribution

with a thermal mass,
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The static contribution gives a dimensionally-reduced theory that is valid in the
limit of very high temperatures. Naturally, this logic is valid for the bosonic case because
we must use a periodic boundary condition in the imaginary time. However, when one
deals with fermions, the antiperiodic boundary condition gives a Matsubara frequency as
wn = (2n + 1)7T, which implies the nonexistence of a static mode, and therefore, there

is no decoupling.

The typical result, therefore, is that bosons and fermions behave differently in the
process of a thermal dimensional reduction. Although this topic is not a new one, the
investigation on this procedure of dimensional reduction was not extensively explored and,
as far as we know, there are just a few reports on thermally-reduced fermionic models.
In Ref.[121] a procedure is proposed to give a partial thermal dimensional reduction
for fermions, and the authors themselves express this as an “ill-defined” dimensional
reduction as the procedure is not straightforward. In Ref. [122], the authors introduce
another perspective on this topic when they exhibit that the procedure of restricting a
5D fermionic model to 4D introduces new contributions as an inheritance of 5D. It seems
that computing the loop corrections and dimensionally reducing a fermionic model does

not commute.
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As far as we know, there is also another gap in the literature concerning this theme:
the use of different kinds of boundary conditions. The case of a thermal dimensional re-
duction did not have the freedom to explore this aspect because of the restriction imposed
by the KMS condition [56]. However, as we are interested in a spatial restriction, there

is formal mathematical freedom of choice on the imposed spatial boundary condition.

As a first step, we consider the particular case of a scalar field theory with periodic
boundary conditions, and we obtain the comparison between Path I and Path II for
any real value of the dimension D. The first paper has a careful explanation of used
methodology and is reproduced in Chap. 5. The succeeding paper, reproduced in Chap. 6,
took into account the case of both scalar and fermionic field theories (spin 0 and 1/2),
subjected to a diversity of boundary conditions: periodic, antiperiodic, Dirichlet and

Neumann.

In Fig. 1.8, we illustrate the procedure of both articles. We start with the original
tree-level model that was assumed to be a self-interacting scalar field theory or a self-
interacting fermionic field theory. Then, we can follow two different paths. The first
path is to remove one dimension of the model and then obtain the one-loop correction
ZP(M). This is a formal correction in D dimensions with p internal lines in the diagram
that can be used to compute the effective potential of the model. Naturally, this path is
independent of the choice of spatial boundary conditions. The second path is to obtain
the one-loop contribution, which shall be different for each chosen boundary condition,
and then remove one dimension. While Path I gives just one result, Path II has four
different possibilities depending on the choice of boundary condition. We then compare

both paths to understand what happens.

In the bosonic case, a direct comparison between both paths is attainable. If we
assume a simple model with quartic interaction, we can make an identification between
the coupling constant in the initially reduced scenario (Path I, Ap_;) and the scenario

where the reduction occurs afterward (Path II, Ap).

e Periodic b.c. \p_; = /\TD

e Dirichlet b.c. A\p_; = —32
_ 3\p

e Neumann b.c. A\p_; = 72

Antiperiodic b.c. gives no reduced model

The result for periodic boundary condition was already exhibited in the first paper
(Ref. [5], Chap. 5) and is the standard identification found in the literature when one is
interested in thermal dimensional reduction [53]. The nonexistence of a reduced model

when we consider antiperiodic boundary condition is a remarkable finding that raises more
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Figure 1.8: The two paths that are followed and then compared. The function IF’? 4 g a
formal one-loop correction in D dimensions, d of then compactified and with p internal
lines. M is the mass of the field.

questions. Moreover, the change of sign in the coupling constant when we consider the

Dirichlet boundary condition might also be responsible for some effect®.

When it comes to the fermionic model, the results are a bit more intricate. An
aspect that still holds is the nonexistence of a reduced model when we consider antiperiodic
boundary conditions in space, which raises the question of whether this is a topological
property independent of initial lagrangian. The self-interacting fermionic field with a
periodic boundary condition in space can attain a dimensional reduction, but to a new
model that has no relation with the first path. Therefore, for the fermionic field, Path I
and Path I from the illustration in Fig. 1.8 do not commute and are not even proportional.
The solutions in the scenarios of Dirichlet and Neumann boundary conditions are linear
combinations of the solution obtained following Path I and the solution produced in Path

11 using periodic boundary conditions.

We find that a dimensional reduction is attainable, but it depends both on the
nature of the field and on the boundary conditions imposed. The idea that the boundary
conditions affect the behavior of systems with small size is understandable as we might
be dealing with border effects. The considered model can yet be enhanced but it already
gives some information about the system. The main limitation is that we are considering,
in both articles, only the one-loop contribution. The second limitation is that we only
took into account self-interacting models. In the final chapter, we discuss some further

developments that intend to exhaust the theme.

8We could, for example, naively imagine some model that undergoes a second-order phase transition
in D dimensions and that, because of the change of sign, undergoes a first-order phase transition in the
dimensionally-reduced model.
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1.11 Errata

Unfortunately, it is always possible that some misprints can survive the publication
process. This section is a collection of corrections in the text of the following chapters,

that are reproductions of the published papers.

1.11.1 Chapter 2

Mermin-Wagner theorem

It was missing in the paper an explanation about the validity to consider some
models in two spatial dimensions to investigate phase transitions. The discussion of this

in the light of the Mermin-Wagner theorem can be found at the end of Sec. 1.8.

Quasiperiodic boundary condition for Ginzburg-Landau

Unfortunately, due to a desire to shorten notation there was a major mistake in
the beginning of the paper that passed unnoticed during the revision of the manuscript.
The mistake occurs when defining a quasiperiodic boundary condition for a generic field
D as

O+ L,..)=e™d( g, ).

By this definition the field ® have to be complex so that it can manage the multiplication
by a complex number. Fortunately, this mistake does not affect any result and modifies
just a couple of equations. The relation holds for the Gross-Neveu model and must be
modified to consider the neutral Ginzburg-Landau model. A proper definition in the

scalar scenario is

O(...,z;+ L,...) =cos(mf)D(...,a4...).

27T7’Li 91'7'('
L; = L

However, the sign of 6 is not relevant (and would simply mean a double counting of each

The consequence is that the associated Matsubara frequencies can be w! =

mode) and we can - without loss - adopt the sign convention of the article.

We emphasize that the neutral scalar model is chosen because we intended to
compare the phase transition of models with a discrete symmetry breaking, such that

Mermin-Wagner theorem is not violated when we consider D = 2 dimensions.

Imaginary chemical potential

We remark that the imaginary chemical potential, commented in section 2, is just

formal and is not related to any conserved charge.
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Figures

For all figures in this chapter, the parameters are adimensional by convention. We
remark that the major concern was with the formal behavior and that no comparison was

made with possible experiments, which justifies keeping adimensional units.

There is a misprint in section 3.1.1 when referring to Fig. 2. It is written in the
text that “in Fig. 2, for D = 2,3,4 an periodic [...]”, but it should read “in Fig. 2, for
D =4,5,6 an periodic [...]”. This was correctly indicated in the caption of the figure.

Misleading statement

There is a misleading statement in the conclusion that can introduce some con-
fusion. It is written “The observed independence of #* shows that there is a common
substrate of models having quasiperiodic boundary conditions independent of its physical
nature”, but it should be completely rephrased to * The observed independence of 8* with
regard to the nature of the field and order of the phase transition seems to indicate that
there is a formal and general aspect shared by field-theoretical models with quasiperiodic

boundary conditions.”

1.11.2 Chapter 4

At equation (9) instead of (¢ + ¢)? in the denominator we should have (¢ — £)2.

This misprint does not modify the following equations in the paper.

At equations (10), (11) instead of (47?) it should read (47)%. In the following

formulas this misprint is absent.

We emphasize that the discussion is valid for D = 4 Euclidean dimensions. Al-
though commented during Chapter, we believe this point is not completely explicit in the

text.
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Boundary condition effects are explored for size-dependent models in thermal equili-
brium. Scalar and fermionic models are used for D = 1+ 3 (films), D = 1 + 2 (hollow
cylinder) and D = 1+ 1 (ring). For all models, a minimal length is found, below which
no thermally-induced phase transition occurs. Using quasiperiodic boundary condition
controlled by a contour parameter 6 (§ = 0 is a periodic boundary condition and 6 = 1
is an antiperiodic condition), it results that the minimal length depends directly on the
value of 0. It is also argued that this parameter can be associated to an Aharonov—Bohm
phase.
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1. Introduction

The question of the influence of the size of a system is of importance in many
situations: e.g. consequences on the transition temperature for systems having some
dimensions of finite size, as films, wires and grains in condensed matter; also in
higher dimensional systems with some compactified dimensions.

In previous works,! '* when investigating phase transitions in films, periodic or
antiperiodic boundary conditions for spatial coordinates have been used in analogy

fCorresponding author.
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with the imposed condition on the imaginary-time variable. According to the KMS
condition,'® the boundary conditions on imaginary time are restricted to be periodic
for bosons and antiperiodic for fermions. However, there are no similar restrictions
on the spatial boundary conditions. As a generalization, we can study a whole new
class of models whose spatial boundary conditions are between the perfect periodic
and the perfect antiperiodic boundary conditions, which is a way of generalizing
the boundary conditions within the framework of quantum field theory (QFT) on
spaces with toroidal topologies. Although we choose to refer to this as a quasi-
periodic boundary condition, it follows along lines similar to those used in anyonic

16-23 24-34

and models with twisted boundary conditions and have been

,16,34-36

systems
found to be useful in many fields, e.g. the Casimir effec
systems,37 39 25-27
for high-energy physics.

The study of thermal phase transitions in a quantum field theoretical approach is
usually done through either the imaginary-time Matsubara formalism° or the real-
time formalism.*! Throughout this paper, we use an extension of the imaginary-time

condensed matter

string theories and also effective and phenomenological models

28-32

formalism. We consider a D-dimensional Euclidean space and introduce periodic/
antiperiodic boundary conditions on d of its coordinates, effectively compactifying
them, and generating a toroidal topology I'4 = (S')? x RP~4 with 1 < d < D.
This defines the so-called QFT on toroidal topologies*? which has been applied in
the recent literature.! 4

In this paper, the phase transition for these models is studied by constructing
and analyzing the effective potential of the theory through the 2PI formalism. The
existence of a nontrivial minimum of the effective potential corresponds in this
case to a phase transition and defines for some models a criticality condition. For
instance, for models undergoing a second-order phase transition, the criticality is
related to a vanishing effective mass.

Before approaching specific problems, we present the general formalism for a
scalar field in Sec. 2 and study its general consequences. Then, we apply the for-
malism both for a scalar and a fermionic model. In Sec. 3, we present a scalar model,
which is of the Ginzburg—Landau-type, and consider some special cases which allow
to take into account first-order and second-order phase transitions. The fermionic
model is introduced in Sec. 4. The results are presented throughout the paper and
are synthesized in the conclusions, Sec. 5.

We emphasize that we are dealing with phase transitions from a purely theo-
retical point of view. We are not directly concerned with comparison with experi-
ments. In fact, we are mainly concerned with the mathematical consistency of
our approach. Quasiperiodic boundary conditions are similar to anyonic statistics
largely used over the last years, in connection, in particular, with the quantum Hall
effect. Here, differently, we are interested in phase transitions occurring in systems
obeying quasiperiodic boundary conditions from a mathematical physics point of
view. However, in Sec. 5, we present a discussion in which we interpret the contour
parameter as related to an Aharonov—-Bohm phase.

1850008-2

39



CHAPTER 2. PROPERTIES OF SIZE-DEPENDENT MODELS HAVING
QUASIPERIODIC BOUNDARY CONDITIONS
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2. The Formalism

Let us take a generic field ® for which the boundary condition imposed on the x;
spatial variable is

O(..,x;+L,..)=e™d(. . a...), (1)

where 6; = 0 corresponds to a periodic condition and 6; = 1 to an antiperiodic
condition. The parameter 6; is called the boundary parameter. Mathematically, the
only change in the general formalism is that the frequencies associated with the
spatial compactification become

2mn;  O;w

. "I, (2)
This feature can be absorbed into the formalism by introducing an imaginary chem-
ical potential that takes into account the quasiperiodic boundary conditions. We
then write

pi = w, =

i 2mn; O
Wy, = T ui:zL..

(3)

The following integral:
D/ dPp 1

220 = [ G G W
plays an important role in the formalism we develop. It is to be evaluated on a
D-dimensional Euclidean space, with M? being the squared field mass. By intro-
ducing periodic, antiperiodic or quasiperiodic boundary conditions on d coordi-
nates, we effectively map our theory from a Euclidean space (R”) onto a toroidal
space ((S')? x RP~%), The compactification of imaginary time introduces the tem-
perature T = 37! = Lo and compactifications of the spatial coordinates introduce

characteristic lengths L;. We apply periodic or antiperiodic conditions to imaginary
time if the model is, respectively, bosonic or fermionic, and apply the quasiperiodic
boundary conditions to the compactified spatial coordinates. By using a condensed
notation in which ¢ = 0 is associated to the imaginary time, and computing the
remaining integral on the (D — d)-dimensional subspace using dimensional regular-

43,44

ization, we get

LD (M?; La, fia, 0a)

oo
— Zno,...,nd,lz—oo / dDidq 1
(

d—1 D—d i — . 577
ILamo Lo 2 [qQ + M2+ Za:%) (2Laa —ifla) ]
00
_ Zno,...,’ndflz—oo F[V —_— % —"- %] 1
4 F _ . v —+
Ha:o La ( 7T) 272 [V] [MQ + Zi:%) (% . Z,Ua)2:| 2 7T3

where I'(v) is the Euler gamma function. In the above formula, the summations
over ng and {n;} correspond to compactification of, respectively, the imaginary
time and the spatial coordinates.
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E. Cavalcanti, C. A. Linhares & A. P. C. Malbouisson

We define the quantity pg = p+i6pm/ 5, which depends on the chemical potential
w and also on whether the model describes bosons (fy = 0) or fermions (6p = 1).
The remaining infinite sum can be identified as an Epstein—-Hurwitz zeta function,
which can be regularized by the use of a Jacobi identity for theta functions, leading
to sums of modified Bessel functions of the second kind K, (X) (see Ref. 45),

IP(M?; Lo, 1o, 00)

() AT - B N 1
(47) = T[v] (27) = 2v—2T[1]

D
2

d—1 oo v—
na L o
X Z Z ( 3‘\40‘) cosh(ng Lop )Ky_g(naLaM) + -
a=0 ny=1

D
v—a

4 2d71 Z Zazo nOzLa
M

nQ,...,Ng—1=1

d—1

X H cosh(naL,uo‘)Ky_%

a=0

In the following, we restrict ourselves to the d = 2 case, so that the compacti-
fications introduce the temperature Ly = 37 !; a characteristic length L; = L; the
parameter puo = p + i6gmw /[, which carries information about the chemical poten-
tial 1 and the imaginary-time boundary condition; and the parameter p; = i67/L,
which carries information about the spatial quasiperiodic boundary condition.

The function Z” in Eq. (5) can be rewritten as
(M) 42T [y — 2] Wo_,[M? 8, u,00; L, 0]

D 2. . _
Iy (M aﬁnuaeoaLae) - (47_(_)%1—\[”] (QW)%QV_QF[U]

, (6)

where the function W,, introduced to simplify notations, is defined by

WP[MQ;ﬁMUHGO;IMe]

- g:l { (%)p(—n”“’o cosh(nfBu)K,(nSM) + (%)p COS(nW)Kp(nLM)}

+2 i M?P(—1)"% cosh(ngBp) cos(nimd) K (M\/m) (7)
il (n2p2 + n%L2)p/2 p 0 1 )

which is positive and monotonically decreasing with L and (. Its derivatives are
computed by means of the recurrence formula

d* 1\"
WWV[)QﬂaL?,UHH] = (_5) Wv—k[X>57L7,U/50]' (8)
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Table 1. Root 8* of the polylogarithm function depending on the parameter p = D/2 — v.

p 0 1/2 1 3/2 2 5/2 0o

0* 0 1/3 0.422650 0.461659 0.480670 0.490238 e 1/2

With respect to the function W), which contains all size and temperature de-
pendencies, it turns out that an expression for M? = 0 is useful in many occasions.
For p > 0, we obtain, by taking the modified Bessel function of the second kind in
the limit M — 0 and computing the sum over the frequencies,

RlLisy ((~1)"e)]  R[Lisy (¢)]
62p L2p

W,[0; 8, p, 0o; L, 0] = F[P]Q”_Q{

4 Z 1)70% cosh(ngBu) cos(nymh)
(ng6? +niL?)" 7

no,ni1= 1

where Lig is the polylogarithm function of order s. For p = 0, we have, instead, in
the T'= 0 case,
1. ML Lig(—e ") 4 Lij(—e'™)
Wo[M — 0;L,0] = -+ ~1In 9 : 9
| =2+ m=>+ ; )
As R [Ligp (e”a)} = [Ligp (6””9) +Lis, (e‘”a)} /2, it is always possible to define
a critical parameter 0* for which the polylogarithm function vanishes. Its value
depends only on « (,0 = % — v, as in Eq. (6)) Some of these values are exhibited
in Table 1.
Note that the maximal possible value for 6* is 1/2, representing the intermediate
point between the periodic and antiperiodic boundary conditions.

3. Ginzburg—Landau Model

As a first example, we take a Ginzburg-Landau (GL) model with a 6th-order poly-
nomial potential in D-dimensions,

560) = [ P | 5002 + Vi(6)|. (10)
Wo(0) =mi 2 + 2l 1 g0 ()

By employing the 2PI formalism®® in the Hartree-Fock approximation, we are
restricted to diagrams with only one vertex; then the effective action is written as

Leg(9,G) = SE(9) + %[Vo"(qﬁ) — m2] Tr G + % TrinG!

00 (2n)
+ 2 Lz 2n)(!?> (Tr Q)" (12)
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= X

Fig. 1. Contributions of the petal diagrams.

where G is the full propagator, which depends on the thermal mass, and the trace
Tr is taken over the D-dimensional spatial coordinates and momenta. The last term
is the sum over all petal diagrams in Fig. 1.

We assume that ¢ is a constant field and then define the effective potential as
the effective action divided by the D-dimensional volume. All size and temperature
dependencies are contained in tr G (see Sec. 2 for a detailed explanation), and the
remaining trace tr is only over the D-momenta. The ¢-dependent effective potential

is simply
2 Ao D 2 ¢2
V:eff((;s) = m0—|—71'1 (m ,B,M,O,L,e) ?
4 6
+ {Ao + %If(m2;5,u,O;L,9)] % + go% , (13)

where ZP is defined in Eq. (6).

The phase transition analysis consists in determining the value ¢ that minimizes
Vesr. We must use in parallel the relation 0Veg/0¢|p=p20 = 0, defining extrema,
and 0%Ver/0¢?|p—, = m?, which is the recurrence equation defining the thermal
dependent mass. The symmetric phase ¢ = 0 is an acceptable extremum and the
mass in this phase evolves as

Ao
mgym = mg + 71113 (mSym;ﬁnu'vo;Lue) . (14>

Similarly, in the broken phase, we can always find a recurrence relation for the
properly defined mass mZ , by using a nontrivial minimum ¢ # 0.

3.1. Phase transitions
3.1.1. Second-order phase transition

In this section, we consider a theory as described in Eq. (10) with go = 0. Thus, in
the absence of the ¢% coupling, the system undergoes a second-order phase transi-
tion at m? = 0.47 Considering the mass evolution from the symmetric phase given
in Eq. (14), the critical condition is

A
m2 + 701{3 (0; Be, 11,0, L,0) = 0. (15)

1850008-6
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1/L

Fig. 2. Critical temperature as a function of the inverse length for D = 4 (full black line), D =5
(dashed light gray line), D = 6 (dotted gray line) for the GL model with quartic interaction.
These phase diagrams are for the second-order phase transition and exhibits the minimal length
(maximal inverse length) below which no phase transition occurs. In each case, the broken phase
lies below the respective curve.

Using this condition, we construct a phase diagram giving the critical tempera-
ture as a function of the size of the system, in Fig. 2, for D = 2, 3,4 and periodic
boundary condition # = 0, which exhibits a minimal length for 7. = 0, below
which no thermally induced phase transition occurs. For systems subject to external
influence (for instance, an applied magnetic field, pressure,...), phase transitions
can occur even for T = 0, known in the literature as quantum phase transitions;*®
however, these situations are beyond the scope of the present work. The behavior
in Fig. 2 is mathematically expected as all size and temperature dependencies are
contained in W,[M 2. 8, 1, 0; L, 0], which is monotonically decreasing in L and f3; to
sustain a fixed value for W when 7' — 0 (5 — o0), the parameter L must decrease.
Therefore, for T, = 0, the system has its minimal possible length L.,;, and the
critical condition becomes

mP=2T[1 - 2] L2 r[2-1]272
(4m)7 @em)% Loy

min

A
O:m8+?o(

%[LiD_g(ei”Q)]) . (16)

For some critical value of the contour parameter § = 6*, the minimal length
becomes zero, meaning that the size restriction was removed. The evolution of
the minimal length with respect to the contour parameter is presented in Fig. 3

1850008-7
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Fig. 3.

D =1+ 3 (dotted line) in the quartic GL model. The region below each curve corresponds to the
symmetric phase. The length L has mass dimensions, which is equivalent to take m% = —1, and
we are assuming A = 1.

for a hollow cylinder (D = 1+ 2) and a film (D = 1+ 3). Under the critical

curve Ly (#), a thermally-induced phase transition cannot exist. This justifies the

name menimal length; under this critical size, the system no longer exhibits a phase
transition. Above the critical curve Ly, (6), the phase is broken and there may be
a thermally-induced phase transition at some critical temperature.

We emphasize the important contribution of the contour parameter 6 that con-
trols the periodicity; its value determines whether the system exhibits a minimal
length. The critical parameter varies with dimensionality: for D = 2, 3,4, we have,
respectively, 6 = 0, %, 0.42265. Therefore, the behavior is present for the film
model, controlling the minimal film thickness, and for the cylindrical model (a tube),

controlling its radius. For the ring model, the contour parameter has no influence;
mathematically, this happens because of the property Lig(e”) + Lip(e™") = —1; so
there is no 6-dependence. This suggests that the contour condition does not modify
the minimal radius of a ring (D =1+ 1).

For clarity, we show in Fig. 4 the meaning of a vanishing minimal length: in
this case, we have D = 4 and a critical contour parameter 6* = 0.42265. For 6§ = 0,
0.2, 0.4 < 0*, there is still a minimal length; however, when 6 = 0.6 > 6* (dot-

dashed curve), we no longer have a minimal length and the behavior of the critical
temperature as a function of the length is completely changed.

1850008-8
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Fig. 4. Phase diagram for D = 4, critical temperature T, of a bosonic second-order phase tran-
sition as a function of the length L for values of the contour parameter § = 0, 0.2, 0.4, 0.6,
respectively, the full, dotted, dashed and dot-dashed curves. The broken phase is the region below
each curve.

3.1.2. First-order phase transition

In this section, we consider go # 0, and Ay < 0. In this case, there is a first-order
transition in the GL model of Eq. (10). Its critical region is determined by the
coexistence Veg(p # 0) = Veg(e = 0), with ¢ defined as an extremum. From the
perspective of the symmetric phase, the critical condition is obtained, after some
algebraic manipulations, as

5)\2 2)\0 4)\0 29m2
ID<5m2——0;ﬁc, ,O;L,H):——j:— 0 _1. 17
1 0 2 H g g /\3 (17)

As before, the minimal length L,,;, is defined as the size of the system at which
the critical temperature vanishes (7. = 0) which, as already mentioned, means that
there is no thermally induced phase transition for lengths below L;,. Then, by
taking this limit, we obtain limg_, . Z{ (m?; B, 1, 0; L,0) = ZP(m?; L,0). In this
case, the condition expressed in Eq. (17) becomes

2Wop _ [m?; Liin, 0 -1 9
D 1[ i ] _ m3 i} Zcosgmr )KD (N
(2m)= 28 -lpgpz 1o nT

2% 4o [29mf
g g A9
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Fig. 5. Minimal thickness Lyin, in D = 1 + 3, as a function of the contour parameter 6 in the
extended GL model. The dashed curve uses the full equation with a truncated series, the dotted
curve uses the approximation for low L.;,. For all curves mg = 1 and g = 1. The black curves
have A\g = —1, implying gmZ /A2 =1 > 5/8 which is symmetric at the tree level. The gray curves
have Ao = —v/2 implying gm2 /A3 = 1/2 < 5/8 (broken phase at the tree level).

As an example, we consider D = 1+ 3 (a film) and investigate the critical contour
parameter §* at which there is no minimal length, see Fig. 5. This can be done by
taking in Eq. (18) Lyin ~ 0 and using an asymptotic formula for K, (z) for z ~ 0,
so that,

2 _% RILi i
Lmin — _2—)\0 + ﬁ 29?0 -1 —[ 12(6 )] . (19)
g g AD

In this case, we obtain the value 8* = 0.42265. We see that, although we are dealing
with a first-order phase transition, this is the same result of the previous section
where we dealt with a second-order phase transition. This means that the critical
contour parameter seems to be a natural characteristic of the compactified scalar
model, regardless the order of the phase transition.

In Fig. 5, we compare the approximation for a low value of L, (dotted line)
and the full equation (dashed line), note that they only disagree for very low values
of 6. The presence of the critical contour parameter at which the minimal length
goes to zero is made evident. Let us consider two different initial conditions at the
tree level, one ensuring that the phase is symmetric (black lines) and the other
one ensuring that the phase is broken (gray lines); both exhibit the same behavior

1850008-10

47



48

CHAPTER 2. PROPERTIES OF SIZE-DEPENDENT MODELS HAVING
QUASIPERIODIC BOUNDARY CONDITIONS

Properties of size-dependent models having quasiperiodic boundary conditions

when taking 7. = 0 and varying the minimal length with respect to the contour
parameter.

4. The Bosonized Gross—Neveu Model

In this section, we extend the massless Gross—Neveu model originally established
for D = 1+1,% to generic D dimensions where the model is not renormalizable but
can be viewed under some circumstances as an effective model for QCD.*!2 In this
case, perturbative renormalizability is not an absolute criterion for the existence
of the model.?%®2 We point out that for D = 1 + 2, although not perturbatively
renormalizable, the model has been shown to exist and was constructed.®® We take
into account temperature, chemical potential, finite-size effects and the contour
condition. Both the fermion ring (14-1) and the fermion tube (14-2) are constructed
by identifying a space point (compactifying the space) which modifies its topology;
this compactification is controlled by the contour parameter. We find that the
system exhibits a dynamical generation of mass®* that here characterizes a second-
order phase transition. A minimal length below which no thermally induced phase
transition occurs is found in both cases, which means that the fermion ring does
not become a point and that the fermion tube does not become a line and both
have dependencies on the contour parameter.

We consider a colorless and flavorless fermionic system with an interaction of
the Gross—Neveu-type,

(1) = / P[50 + G0 . (20)

In our convention, we use Euclidean v matrices.®® We consider the bosonization
given by the scalar field o = v1). To find the new Lagrangian density, we then em-
ploy the substitution (¢1))? = 2ipo—c?, which ensures that the relation §S/do = 0
leads to the identity o = ¢1). We then obtain that the action is

$(5.0.0) = [ 7260+ gho)e - Do’ (21)

and the generating function is

Z= [ Dl gl @0,

Integrating over the fermionic field, we construct the effective potential,

2
Vet (o) = 97002 — Trln [@ + g%a} ,

where the trace is to be evaluated over the Dirac indices and the momentum space.
Using that TrIn = In Det and taking the determinant over the Dirac indices, we get

2 D
90 2 d”p 2 4 _2
‘/eﬁ—EO' _/(ZW)D ln[p —1—900].
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The logarithm can be expressed as a derivative

Inx=——2za" ,

ay v=0

which allows us to employ Eq. (6) and then obtain

2 D
9o o F[_?} 2 \D 4 2 \2
Veg = =0“ + o)” + Wb o) B, u,1;L,0|,
= (42 (960) (2m) % ’23[(90 )" B m ]
where we have used that
d f(v)
- = (0
o0 Tw)|,_y

for a function f(v) with no poles at v = 0. The function W, was defined in Eq. (7).
The term 6y = 1 corresponds to the antiperiodic boundary condition on the imag-
inary time, which is used since we are dealing with a fermionic model.

The dynamically generated mass is m = g2o, so we can rewrite the effective
potential as

Vo= 12 o] m|? 4+ — W [m?: 8, 15 L, 0
= 59 — D '"WDh s Py ey L5 Ly U
T2 T umB @2m)% 2 a

By applying the renormalization condition

Ve 1
8mzﬁ(m:m3;ﬁ—>oo):g—R, (22)

we exchange the effective potential dependence from gg and m to gr and mpg,
leading to

m?2 T[-Z m2D(D — 1
Vg = + [ 2] <‘m|D _ (2 >|mR|D—2)

Wo [m? B, p,1; L, ).

_|_

(2m) %

Alternatively, we express the effective potential in terms of the dynamically
generated mass defined by the condition OVeg/Om|m—m = 0, taking the point at
zero temperature ﬁz(T =0,u = O,% = O) = myg. Then, the effective potential is
written as

2 r [_ g] p-2 D D-2 4 2
Ve =m T\ D ’m‘ __|m0’ + DWQ [m 35:Ma1§L>9]- (23>
(4m) % 2 em%
This result is valid for any dimensionality, but in principle, only applicable for
D < 3.1In 1+ 1 dimensions, the theory is renormalizable and in 1 4 2 dimensions,
although not perturbatively renormalizable, it was shown that the theory can be
defined through the methods of constructive QFT.?3
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Fig. 6. Minimal length as a function of the contour parameter in the GN model for D =1 + 1.
Only for € = 0, the minimal length turns out to be zero. Under the curve, the phase is always
symmetric and there is no thermally induced transition.

4.1. GNy41, fermion on a ring

For D =1+ 1, the effective potential is

_,  m? m? 2
Vg 2 = prs (IHW B 1) + ;Wl[mQ;Bmua L;L,0]. (24)
0

Its first derivative with respect to m gives all extrema. Discarding the known
m = 0 result of the symmetric phase, we have the mass gap equation

In - = 2Wo[m?2: B, u, 1; L, 6] (25)
mo

To investigate the existence of a minimal length, we go directly to the critical
condition m = 0 and take a zero critical temperature 7. = 0. We then find, after
some manipulations [see Eq. (9)], that

In ﬁ =7+ Lig (e=™) + Lij (™) . (26)

The minimal length is controlled by the contour parameter, and as we take lower
values of 6, the value of L diminishes, see Fig. 6. It becomes zero only for §* = 0,
the fully periodic case. We must remark that this is the same result we obtained
for the bosonic case: for D = 2 (p = 0), we obtain the value §* = 0. This seems to
point out a property of the formalism, independently of whether we use bosonic or

fermionic models.
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Fig. 7. Minimal length of the GN model for D = 1+ 2. Under the curve, the system is always in
the symmetric phase.

4.2. GNy42, fermion on a tube

As already stated, for D = 3, the GN model was shown to exist and was con-
structed®® although it is not perturbatively renormalizable. Then, as a last example,
we employ our mean-field nonperturbative approach to consider a fermion model
on a tube (D = 1+ 2). The effective potential is

- m? 2
Vg > = 1o (2lml = 3mo]) + 4/ — W3 [m?; 8, 1,15 L, 6] (27)

The first derivative with respect to m exhibits two solutions: a symmetric solution
corresponding to m = 0 and a broken one with m # 0 given by

- 8 -
] = [mo| + \/;W; [m%; B, 1,15 L, 0] (28)

In the neighborhood of the symmetric case, m = 0 defines a critical temperature.
As the critical temperature goes to zero, 7. = 0, a minimal length is defined,

|mo|Limin = In(1 — e”a) +In(1 - e_iﬂg) . (29)

For the antiperiodic boundary condition # = 1, we have the minimal length given
by |mo|Lmin|a=1 = In4. Decreasing the value of the parameter § which describes the
quasiperiodic boundary condition, we find a critical contour parameter 8* = 1/3
at which the minimal length turns out to be zero, see Fig. 7. This, again, is the
same result we have obtained for the bosonic case when D = 3, indicating that the
critical contour is only dimensional dependent.

1850008-14
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5. Discussion

Along this paper, we have assumed a contour parameter 6 defining quasiperiodic
boundary conditions and studied its consequences using some bosonic and fermionic
models. However, we did not take into account how these different boundary con-
ditions arise. In fact, we have emphasized that we are dealing with a mathemati-
cal aspect of the formalism and are not directly concerned with the experimental
comparison.

We propose that the contour parameter may arise as related to a constant gauge
field component along the compactified dimension.?®®” The action for a complex
bosonic field minimally coupled to an external Abelian gauge field is

S = /d%{(a@ +ieA, @) (0" + icAFD) + m*d P} . (30)

If we consider a constant gauge field only along the compactified dimension x; such
that A, = (0,A41,0,...,0), where A; = const, we note that this contribution is
given by the substitution p; — p1 + eA;. Recalling the original identification that
introduced the boundary parameter, see Eq. (2), we see that the relation between
A; and 0 is just

_077

6A1 = I . (31)
Therefore, the contour parameter can be thought of as a consequence of a constant
gauge field that does not have any dependence on the Euclidean space variables.
The value of A; allows interpolating between the perfect periodic and perfect anti-
periodic conditions. Perhaps, this may be related to the well-known result that
a constant gauge field generates an Aharonov-Bohm phase,®® which induces a
transmutation between fermions and bosons.?® In another context, for which inter-
polation between bosons and fermions occurs in the imaginary-time variable, studies
were made in which the Aharonov-Bohm phase is induced by a Chern—Simons
60,61 Furthermore, this topic has been the subject of a detailed study on how
the relationship between the gauge field and the statistical phase emerges.%? All
56,5862 jystify the introduction of the contour parameter 6 whose con-
sequences were studied along this paper.

It is not surprising that the contour condition (like a border effect) would
influence the system even when its length is lowered to its minimal. We have
exhibited, using some simple bosonic and fermionic models, that the boundary
conditions directly influence the minimal length below which there is no thermally
induced transition. Furthermore, there is a critical contour parameter at which the

term.

these works

minimal length is zero.

We have found that the critical contour parameter depends only on the system
dimensionality. For a bosonic system, we employ two models, one with a second-
order phase transition and the other with a first-order phase transition; both show
the same value for the critical parameter if the dimensions are equal. We have also
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tested a fermionic model and find that the parameter 6 has the same value. The

only difference between a bosonic and a fermionic system turns out to be that for a
bosonic system, there is a minimal length for # < 6*, while for a fermionic system,
there is a minimal length for 8 > 6*. The observed independence of 8* shows that

there is a common substrate of models having quasiperiodic boundary conditions

independent of its physical nature.
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1. Introduction

Recent heavy-ion-collision experiments generated a prosperous era in particle and nuclear
physics. Measurements that seemed hard to be performed two or three decades ago can now
be done with unprecedent precision. Among them, those related to heavy-flavored hadrons have
been proved to play an essential role. These states are of particular interest since they carry heavy
quarks produced by hard gluons in the initial stages of collisions. Noticing that the hadronic
medium is not hot enough to excite heavy-quark pairs, heavy hadrons are relevant probes to
understand the evolution of partonic matter, in contrast to light hadrons, which can be yielded in
the thermal medium at later stages.

In this scenario, the J /¢ reveals itself as a relevant probe of properties of quark-gluon plasma
(QGP) phase produced in the collision. It relies on the suggestion done about three decades ago
that this phase would screen the ¢ — ¢ interaction, leading to the drop of J /v multiplicity [1-3].
Indeed, several Collaborations have observed experimental evidences of J /vy suppression [4-9].
However, at the highest energies reached today at the LHC, data on J /v production confirm that
the QGP dynamics is richer and more complex. At low transverse momentum (pr) range, the
J /¥ drop is significantly smaller at LHC energy than at RHIC energy, which might be interpreted
from regeneration mechanism due to larger total charm cross section at LHC; but at high p7 the
dissociation increases as collision energy grows, indicating that the J /v yield is less sensitive to
recombination and other effects [10-12].

On the other hand, alternative mechanisms have also been proposed to explain the drop of
charmonium multiplicity, such as its absorption by comoving hadrons. It is worthy mentioning
that between the chemical freeze-out (where the hadronization has already ended and there is
a hadron gas) and the kinetical freeze-out (in which the interactions are expected to cease and
the remaining particles go to the detectors), the charmonia that have survived the QGP phase are
expected to collide with other particles composing the hadronic matter. Therefore, inelastic inter-
actions of J /¢ with surrounding hadronic medium formed after QGP cooling and hadronization
might have (at least partially) significance on the charmonium abundance analysis.

In this sense, a large amount of effort has been dedicated to estimate the charmonia interac-
tions with light hadrons (mainly involving = and p mesons) using different approaches [13-37].
Most of these analyses explore the J /v — 7 reactions with reasonable results, and can be clas-
sified in the following sort: interactions based on effective hadron Lagrangians [15-20,22,27,28,
34,36,37] and constituent quark-model framework [13,14,17,21,24,25,33,35].

Concerning those works involving J /v absorption by light hadrons (and their inverse re-
actions) derived from chiral Lagrangians, we believe that there is still enough room for other
contributions on this issue. First, due to the fact that the charmonium-hadron cross sections are
dependent of the effective couplings that control the reactions considered [15-20,22,27,28,34,
36,37]. Secondly, the majority of these mentioned calculations make use of form factors with
different functional forms and cutoff values which could not be justified a priori. It should be
also mentioned that appropriate choice for the form factors is essential to obtain reliable pre-
dictions, since the range of heavy meson exchange is much smaller than the sizes of the initial
hadrons [22]. Third, the older calculations are deficient of the methods that have been developed
subsequently, as well as lack the novel data of heavy-ion-collision experiments at RHIC and
LHC, which requires a new round of updated predictions.

Thus, in the present work we will contribute on calculations about the interactions of J /vy
with surrounding hadronic medium compared to previous studies in the following way. We con-
sider the medium composed of the lightest pseudoscalar mesons (77, K, ) and the lightest vector
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mesons (p, K*, ), and calculate the cross sections for J/v X scattering and their inverse pro-
cesses (in which X stands for light pseudoscalar and vector mesons), within the framework of
unitarized coupled channel amplitudes projected onto s-wave [36,38—41]. We analyze the mag-
nitude of unitarized cross sections of the different channels, and perform a comparison of our
results with other reported ones.

This work is structured as follows. In Section 2 we will give an overview of the effective
SU (4) model and calculate the unitarized coupled channel amplitudes. Results will be presented
in Section 3. We summarize the results and conclusions in Section 4. Some relevant tables are
given in Appendix A.

2. Formalism

The main purpose here is the discussion of J /vy interaction with the hadronic medium. We
intend to calculate and analyze the cross sections for the J /v — X interactions, where X denotes
a pseudoscalar or vector meson. On that subject, we work within the framework of effective field
theories whose hadrons are the relevant degrees of freedom. The effective Lagrangian used in the
present study is based on SU (4) lowest order Chiral Perturbation Theory [36,38,39],

1 1
o I - iz
where Tr(...) denotes the trace over flavor indices, J#* =[P, 0*P] and J* = [V, 0*V, ] are
the pseudoscalar and vector currents, respectively, with P and V being 4 x 4 matrices carrying
15-plets of pseudoscalar and vector fields as show below in an unmixed representation,

R
P=) ——\=
i=1\/§
. n e + + ~0
ﬁ+«/6+\/—2 ) b4 K D
— _ T n Ne 0 —
T ﬁ+ﬁ/§+\/ﬁ nK n D :
K K —2%4—@ 31
DO Dt D} — 0,
15
n — =M
i=1 V2
p_o o Iy + *4 n+0
bt e+ op K D
- _Pr w_ I/ *0 *—
P \/5+_\/%+\/ﬁ K » D ;
*— * _Hhw J/Y *—
K K 2J6+¢ﬁ D;
D*O D*—i— D;H— _§J/¢

m

2)

Aq being the Gell-Mann matrices for SU(4). The parameter f is the meson decay constant,
which is the pion decay constant in the usual SU(3) symmetry. But here f> which will appear
in the amplitudes must be replaced by +/ f for each meson leg in the corresponding vertex, with
J/ fx for light mesons and +/ fp for heavy ones.
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The couplings given by the effective Lagrangian in Eq. (1) allows us to obtain the scattering
amplitudes for the following J /1 X absorption processes:

(D) J/¥(p1)P(p2) — V(p3)P(p4),
2) J/¥(p)V(p2) = P(p3)P(ps),
(3) J/¥(p)V(p2) = V(p3)V(pa), 3)

where P and V in the initial and final states stand for pseudoscalar and vector mesons, and p;
denotes the momentum of particle j, with particles 1 and 2 standing for initial state mesons, and
particles 3 and 4 for final state mesons.

Thus, the invariant amplitudes engendered by effective Lagrangian in Eq. (1) for processes of
type VP — V P in Eq. (3) are given by

%‘..
Musij(s, t,u) = 25 (s —wper - &3, 4)
f
for processes VV — P P they are
Xii
M2;ij(57t7u): 2—‘}"/2(t—l/l)81 - €2, (5)

and finally for processes VV — V'V,

(s)
ij
Ms3.ii(s, t,u) = ?(t —Uu)e| - 8265 - &)

()
+%(s —u)e| - €362 - )

@)
+%(s —1)e - €362 - €3, (6)
where the labels i and j refer to the initial and final channels; s, ¢ and u to the Mandelstam
variables; &, to the polarization vector related to the respective vector particle a. The coefficients
&ij, xij and ¢;; will depend on the initial and final channels of each process, and are given in
Appendix A in an isospin basis.

The processes above are assumed to have conservation of the quantum numbers for the incom-
ing and outcoming meson pairs; they are / G(JFC), charm (C) and strangeness (). Therefore,
relating to s-wave reactions, we deal with the channels involving pairs of vector mesons in Eq. (6)
by making use of spin-projectors that distinguish the allowed values of spin [38,42]. Explicitly,
suppose a given generic amplitude,

A=aer- e85 -5+ Per1-e380- 8
+yer-eren- €3 (7)

We can decompose the polarization vectors of each incoming/outgoing pair of vector mesons
into the following representations: scalar (S = 0), antisymmetric tensor (S = 1) and symmetric
tensor (S = 2), namely

(=0 | (S=Dij | o(5=2)ij
cheh =Py Py APy ®)

where
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—0)ij O
g = ekl
P 2L (e - el
R N I 1
Po Y = 3 (shef +ele}) — Seke. ©)
Then, using this decomposition in Eq. (7), the generic amplitude can be written as
A= G+ B+ AT + (B =) ATV + (B + ) AT, (10)
where
§=0) _ p(§=0)ii 5(5=0)jj
A( = Pab Pcd ’
§=1) _ p§=Dij (S=Dij
‘A( ) :Pab __Pcd o
A=) = P62 i
Hence, the coefficients in the amplitude depends on the total angular momentum. We also remark

that for VV — P P reactions in Eq. (5), the only relevant contribution comes from P;izo).

In order to have the correct behavior of the amplitudes at high energies, we need to imple-
ment a control procedure of the energy-dependence of cross sections. As mentioned before, most
calculations found in literature for some reactions of our interest make use of form factors with
different functional forms and cutoff values which could not be justified a priori [15-20,22,27,
28,34,36,37].

We adopt another scheme in the present approach: we work within the framework of unitarized
coupled channel amplitudes. It ensures the validity of the optical theorem and enhances the range
of applicability of the effective model controlling the behavior of the amplitudes at large energies,
and has properly described hadronic resonances and meson-meson scattering [36,38—41,43—-46].

The matrix representing unitarized coupled channel transitions can be derived by a Bethe—
Salpeter equation whose kernel is the s-wave projection of a given amplitude by Egs. (4), (5) or
(6), and can be diagrammatically viewed as the sum over processes showed in Fig. 1. In this way,
the unitarized amplitude reads [36,38—41,43-46],

V(s)

TS VoG “”
where V (s) is the s-wave projected scattering amplitude,
1
Viij(s) = % fd(cos@)/\/lr;,-j (s,t(s,cos6),u(s,cosh)), (13)

—1

with r = 1,2, 3, and G(s) stands for the two-meson loop integral. In the case of two pseu-
doscalars mesons (PP), G pp(s) is given by

d*q 1
Q2m)* (g2 —m? +i€)[(P — )2 —m3 +ie]

Gpp(s)=i

(14)

P? =5 and m| and m, are pseudoscalar mesons masses. Employing dimensional regularization,
this integral is rewritten as
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Fig. 1. Feynman Diagrams representing the Bethe—Salpeter equation for the scattering amplitudes. Each loop denotes a
two-meson loop integral G.

1
Gpp(s) = 1672

2 2 2 2
m ms;—my+s._ m

=a(,u)+ln—;—|—271n—2
6 7

2s m%

+% [InGs = (m? = m3) +2p5)

+1In(s + (m3 —m3) +2p+/s)

—In(s — (m — m3) — 2p~/s)

—1n(s+(m%—m§)—2pﬁ)—2ni]} , (15)

where u is the regularization energy scale, a(u) is a subtraction constant which absorbs the scale
dependence of the integral, and p is the three-momentum in the center of mass frame of the two
mesons in channel PP,

1
PIm\/[S—(ml-l-mz)z] [s — (m1 —m2)?). (16)

When the two-meson loop integral involves a pseudoscalar and a vector meson (PV) and two
vector mesons (VV), we perform standard approximation as in previous studies [38,39], resulting
in the expressions

p2
Gyp(s)= (1 + _3M12> Gpp(s),
p* p*
Gyy(s) = <1 + M) (1 + 3—]‘/[22) Gpp(s), (17)

where My and M, represent the masses of vector mesons in the loop. Notice that the masses
in Gpp(s) that appear in Eq. (17) must be replaced by the masses of the mesons in the loop
according to each case.

Once the unitarized transition amplitudes are obtained, we can determine the isospin-spin-
averaged cross section for the processes in Eq. (3), which in the center of mass (CM) frame is
defined as

X

o(s)=—

pPr 2
s Py ‘ T (s)I%, (18)

Isospin

where p  and p; are, respectively the momentum of the outcoming and incoming particles in the
CM frame; yx is a constant whose value depends on the total angular momentum of the channel
considered:
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Table 1
Channel content in each sector. It is shown only relevant chan-
nels for S-wave processes.
16 (JPC) C=8=0
0TOTH.0mAF) I/l /Y e, pp. DED}
0+(2++) )
0—(1t) 7o, nw, nd /¥, new, KK* —c.c.,

ned /¥, DD* —c.c., Dy DY +c.c.
1—(th pw, K*K*, nu, KK

PJ/W, D*D*s r]_Cij Dl)_
1Hat=), 1=+t pJ /¥, po, K*K*, D* D*
1tat) o, np, KK* +c.c.

wJ /v, nep, DD* + c.c.
16(J¥6) C=0,S=1
301 Kn, Kz, K*o, K*p

Kne, DsD, K*J /4y, Df D*
3. 32 K*J1/. K*o,
K*p, Df D*

%(1"_) 7K* nK*, Kp, Kw

nckK*,J/WK, DD¥, D* Dy

x=2 (PP—- PP,VP—VP)
x=6 (PP—>VYV)
x=2/3 (VV—> PP)
x=2/9 (VV->VV;5=0)
x=2/3 (VV->VV;S=1)
x=10/9 (VV > VV;S§5=2).

Next, we use the formalism developed above to compute the cross sections of reactions in-
volving charmonium.

3. Results

Now we are able to calculate the cross sections for elastic and inelastic J /v scattering by
pseudoscalar and vector mesons using the framework of unitarized coupled channel amplitudes
obtained in previous section. In particular, the channels considered are the J /v X, with X be-
ing the mesons associated to the fields introduced in the P and V matrices in Eq. (2), i.e. the
7, K,n, p, K*, o mesons. In this context, we use an enlarged coupled channel basis by taking
into account the quantum numbers / G(JPC), charm (C) and strangeness (S) of each channel.
Thus, remembering that in present work our interest is only on s-wave processes, in Table 1 it is
displayed the channel content in each sector, determined by analyzing the meson pairs with same
quantum numbers and with possible transitions among them. Accordingly, the decomposition of
these channels involving light and heavy mesons allows us to obtain the coefficients &;;, x;; and
¢ij given in Egs. (4)—(6); they are given in Appendix A in an isospin basis.

We have employed in the computations of the present work the following values for the
masses: m, = 138 MeV, m, =771 MeV, mg =495 MeV, m, = 548 MeV, m,, = 782 MeV,
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Fig. 2. Cross sections for J /7 scattering into allowed final states as a function of the CM energy +/s. Top panel: use
of tree-level amplitudes. Bottom panel: use of unitary amplitudes.

mg+ = 892 MeV, mp = 1865 MeV, mp+ = 2008 MeV, mp, = 1968 MeV, mp: = 2008 MeV,
my. =2979 MeV, mjy = 3097 MeV, m =800 MeV, mg = 2050 MeV and m’;, = 3000 MeV;
for the decay constants: f; =93 MeV and fp = 165 MeV. We have fixed the free parameters in
the loop function, Eq. (15), as in Ref. [39]: setting the scale u to 1.5 GeV, the subtraction con-
stant is adjusted to data taking ag (i) = —1.55 for channels involving at least one heavy meson,
and ay (u) = —0.8 for channels involving only light mesons.

In what follows we present and discuss the cross sections for the J/1-meson interactions re-
garding the channel content in each sector, as reproduced Table 1. We start by showing in Fig. 2
the most investigated scattering in literature: the cross sections for J /i scattering into allowed
final states. Particularly, beyond the reactions J/y¥w — J/yx, pne, (DD* + c.c.), which are
also present in Ref. [36], we examine J/¢¥m — wm, pn, (K*K + c.c.) as well. Some remarks
are worthy of mention when compare them. First, we must take care of the validity of the present
treatment: it is valid at low-energy range, since it is employed the lowest order Lagrangian filtered
out projecting it onto s-wave. Keeping this in mind, we see that at three level only the reaction
with final state (DD* + c.c.) has non-zero cross section. Once the amplitude is unitarized, the
meson loops engender non-vanishing cross sections for all reactions, with an universal behavior:
they have a peak shortly after the respective threshold, and decrease rapidly or slowly as en-
ergy increases, depending on the reaction. In addition, it can be observed that the most relevant
processes are those whose final state carries charmed quarks. The contributions with final states
JJm, pne, (D*D + c.c.) can be regarded as approximately with the same order of magnitude
in the energy range under consideration. On the other hand, they are greater than cross sections
for J/ym — wn, pn, (K*K + c.c.) by about a factor 10°, which justifies the neglect of these
last reactions for practical purposes.
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Fig. 3. Unitarized cross sections for J /¢ K (top panel) and J/yn (bottom panel) scatterings into allowed final states as
a function of the CM energy +/s.

Another point we would like to observe is on the comparison of our results with existing
literature. In general, the cross section we have obtained for J/ym — (D D* + c.c.) reaction has
a comparable or smaller magnitude at low CM energies than other ones [13-37]. As CM energy
grows, the high-energy behavior of the presented findings show a more pronounced decrease of
magnitude of cross section than those with any kind of control of high-energy behavior. Possible
discrepancies can be attributed to the different energy dependence of the adopted formalism
describing the interactions; contributions of higher partial waves; distinct approach employed to
control the high-energy behavior, as in the cases of form-factors; and differing values of coupling
constants, masses, cutoffs, .... Notwithstanding, it is worthy noticing that a faster decreasing
for higher CM energies qualitatively similar to our findings in Ref. [22], which makes use of
covariant form-factors.

For completeness, In Figs. 3 and 4 are also plotted the unitarized cross sections for
J /¥ X scatterings into allowed final states, with X being the pseudoscalar and vector mesons
K,n, p, K*, o. In view of these results, we remark the points below:

e At tree level, before unitarization procedure, only reactions with open charmed mesons in
final states (i.e. J/¥ X — ﬁ((;k)) D((:)) + c.c.) have non-vanishing cross sections, with an un-
controlled behavior with energy.

e The unitarized coupled channel amplitudes via the meson loops generate non-vanishing and
controlled cross sections, with a peak shortly after the threshold and a decrease with increas-
ing energy.

e In general, reactions with charmed final state are the most relevant contributions for the cross
sections, while the other ones have a very small magnitude and are highly suppressed as
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Fig. 4. Unitarized cross sections for J /10 (top panel), J /¢ K* (center panel), and J /¥ w (bottom panel) scatterings into
allowed final states as a function of the CM energy +/s.

energy increases. Precisely, most relevant processes are the elastic ones, J /¥ X — J/¥ X, as
well as the inelastic ones with 7. and open charmed mesons in final states ((J/ /¥ X — n.Y)

and J /Y X < D)D) +c.c.).

e In the case of J /Yy w scattering the final state pp does not appear in the plot, since it is van-
ishing. The reason is due to the fact that meson loops do not generate allowed combinations
for this channel.

e In the plots of the cross sections for J/yr scattering by vector mesons, we have considered
the sum of the situations with different spin contributions (J = 0, 1, 2). However, we have
restricted ourselves to the VV — V'V processes, because of the negligible contributions of
VV — PP ones (see comment below). In this sense, we have not taken into account these
latter channels both in the mesonic loops and in the final states.

e We have employed the lowest order Lagrangian in chiral expansion, with their contributions
projected onto s-wave. In this sense, higher partial waves would dominate the cross section
at greater CM energies above threshold, which would modify the faster decreasing of cross
sections.
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Fig. 5. Cross section of J/v scattering by the vector meson K™ using the unitarized coupled channel approach. It
is shown only final states with open charmed mesons. For D* D* there are three combinations of total spin that are
exhibited.
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Fig. 6. Cross-sections as function of center-of-mass energy +/s for J/¥ X scattering into all allowed final states; X de-
notes m, K, 1, p, K*, w mesons.

Furthermore, we should add some comments concerning the large suppression of magnitude
for the processes VV — P P. Due to the nature of this interaction, the only way to obtain one
reaction of this type is through s-channel in Eq. (6), which is proportional to the term (r — u).
In particular, if the s-channel is zero, as for the J/v¥w scattering, VV — P P reactions are
forbidden. Nevertheless, the J/vp and J/vy K* scatterings have not all s-channels being null.
Notwithstanding, notice that at s-wave, (f —u) is (m% — m%) (m’l2 — m’22), where m; are the masses
of the incoming particles and m the masses of the outgoing particles. Consequently, when the
incoming or outgoing particles have close masses, the s-channel becomes highly suppressed.
This effect can be illustrated from the cross sections of the reaction J/v K* taking as final
states open charmed mesons, as shown in Fig. 5. As it can be seen, the contribution of reaction
with final state being (DD(S) + c.c.) is largely suppressed with respect to the other ones. This
result is relatively reproduced in the findings of Ref. [37], in which the processes o (J /¢ K* —
D”‘D;Is +c.c)and o (J/Yy K* — DDy + c.c.) have cross sections with amplitudes that differ by
about a factor 102

We summarize the results above by estimating the cross sections for the J /¢ with each meson
resulting in all possible channels; they are plotted in Fig. 6. It is clear that the cross sections in-
volving pseudoscalars J /1 P — All (where A/l means the coupled channels to each of the initial
state according to Table 1) have magnitudes larger than those with vector mesons (J /¢ V — All).
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Fig. 7. Cross-sections as function of center-of-mass energy /s for inverse reactions discussed in Fig. 6.

This result is qualitatively in accordance with Ref. [37] as well as other works, always taking care
of the validity of the present approach.

Finally, in Fig. 7 is shown the cross sections for inverse reactions discussed in Fig. 6, i.e.
All — J /v X. We notice that the cross sections for direct and inverse processes can be considered
to be approximately of the same order of magnitude: they are between 0.1 and 1 mbarn in the
range 4 GeV < /s < 5 GeV, and are suppressed at high energies.

Hence, the findings reported above allow us to evaluate the most relevant interactions between
the J /i resonance and the hadronic medium composed of the lightest mesons, and will be
useful for the determination of evolution of J /v abundance in high energy collisions, even as
for correspondence among other procedures.

4. Concluding remarks

In this work we have evaluated the interactions of J /v with surrounding hadronic medium.
We have considered the medium composed of light pseudoscalar mesons (i, K, 1) and vector
mesons (o, K*, ), and calculated the cross sections for J /i scattering by light mesons, as well
as their inverse processes. Within the framework of unitarized coupled channel amplitudes, we
have analyzed the magnitude of unitarized cross sections of the different channels, and performed
a comparison of our results with existing literature.

The employment of unitarized coupled channel amplitudes via the meson loops have gen-
erated non-vanishing and controlled cross sections, including reactions without open charmed
mesons in final states which have zero-amplitudes at tree level. Also, from the results it can be
inferred that reactions with charmed final state are the most relevant contributions for the cross
sections, while the other ones have a very small magnitude and are highly suppressed as energy
increases. Another feature is the negligible contribution of VV — P P processes both in the
mesonic loops and in the final states.

Moreover, concerning the estimates of the cross sections for the J /v with each meson result-
ing in all possible channels, they suggest that the scattering J /vy P — All have magnitudes larger
than those with vector mesons (J /¥ V — All) in the most range of center-of-mass energy /s.

It is relevant to notice the limitations of the present treatment. Since it has been employed
the lowest-order Lagrangian in chiral expansion, with their contributions projected onto s-wave,
therefore in principle the investigation of low-energy range near threshold is valid, despite there
are outcomes reported in literature whose higher-energy behavior is qualitatively similar to ours.
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Further work is needed to improve these results, in order to perform more precise comparison
with predictions made by other phenomenological models. In particular, the analysis of higher
partial waves would modify the decreasing of cross sections at greater energies, and will be useful
in the determination of evolution of J /¢ abundance in high energy collisions.
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Appendix A. &;;, xi; and &;; coefficients

The decomposition of the channels involving light and heavy mesons allows us to obtain the
coefficients &;;, x;; and ¢;; given in Egs. (4)—(6). Here we summarize the values that they must
assume with the choice of a proper isospin basis, and according to the type of mesons involved
in relevant channels (VP — VP, VV — PP,and VV — V V). Here, we denote

y=\—1>.
mg

1 A mp\? N
W——g'l‘g( ), (A.1)

/
my

where the values of these quantities are given in Section 3.
Al. VP—>VP(S=1)

The non-vanishing V P — V P scatterings in Eq. (4) are only s-wave processes. The coeffi-
cients &;; are shown in the tables below.

C=S=0,160%C) =0t

Channel J /e J/yn  one on o K*K —c.c. D*D—cc. DiDs+c.c.
J /e 0 0 0 0 0 0 r @

I/ 0 0 0 0 0 0 Y2y “

wne 0 0 0 0 0 0 @ =2

wn 0 0 0 0 0 3 a @

pr 0 0 0 0 2 B S, 0

K*K —cc. 0 0 0 53 P 3 =1 =

D*D —c.c. 47)/ @ @ % _\f?/ —TV (1/f;‘2) %
BiDs+cc. L 2 Yo 7 . w11
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C=S=0I6JPC) =1t1")

Channels J/ 1Y PN on K*K +c.c. D*D +c.c.
Iy 0 0 0 0 0 —\/gy
wn 0 0 0 0 -3 e

PNe 0 0 0 0 0 —/3y

pn 0 0 0 0 -3 e
K*K +c.c. 0 —g 0 _é % %

D*D +c.c. -3 -5t -3 -5t ¥ ¥
C=0,S=1160%C) =1,201")

Channels J/YyK wK K*n¢ K*n oK K*m D* Dy DD}
J/WK 0 0 0 0 0 0 % %
wk 0 0 0 -3 0 3 #g _TZ
K*ne 0 0 0 0 0 0 % %
K*n 0 2 0 0 3 0 * NG
oK 0 0 0 3 1 ! ‘fng 0
K*m 0 3 0 0 ! 1 0 ‘ﬁy

A2.VV—->VVand VV — PP

Asitis shownin Eq. (6), the VV — V'V reactions can occur via (s, t, u)-processes. Therefore,
we exhibit in the tables below the coefficients (g“l.(js), ;l.(jt), {i(}‘)).

For processes VV — PP the coefficients are obtained just by replacing the vector pair in
final state of VV — V'V by the respective pseudoscalar pair PP in SU (4) basis (i.e. J/Y K*
by n.K, and so on). Notice, however, that VV — P P scatterings are proportional to t — u, see
Eq. (5). Hence, the coefficients y;; are equal to gi(js), i.e. they are the first coefficients in the tables
below.

C=S=0,I6JPC)=1+ra+), 17t ) I, = +1

Channel J/rp wp K*K* D*D*

J/¥p 0,0,0 0,0,0 0,0,0 0,%,‘7’;

wp 0,00 0,00 0, =2, =3 0.5 5
KK 0,0,0 0, =2, =3 110 =Lr Yy

D D* 0. —_\/;% % 0. %’ a Sy L @it @i
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C=S=0I6QPC) =1ta+t), 1" ) . =0
Channel J/vp wp K*K* D*D*
-r =¥
J/¥p 0,0,0 0,0,0 0,0,0 p 0. %
=3 =3 —-Y —Y
wp 0,0,0 0,0,3_ p 0. =% 5 0. 375 276
_ V3 -3 11 Y Y
K*K* 0,0,0 O,W,W Z,z,o O,Z,Z
% p* v =v e r v v ¥
D*D 0, =%, % 0, % % 0.5, 0.5, %
C=8=0IC0PC) =1+t ), 1"ty =1
Channel J /o wp K*K* D*D*
-r =¥
J/p 0,0,0 0,0,0 0,0,0 y 0.7 %
=3 —=v3 Y =7
wp 0,0,0 0,0,3_ p 0, =% % 0. 375 2%
7 * K* =3 =v3 11 =1 g
K*K 0,0,0 0, =% =% 2,12,0 12 l,po,
D* D* Y Y —Y v =1 Y 1 v
D*D 0. % X 0, % % 5.0, % 3. 5.0
C=8=0,I6JP¢) =0t (0+"), 01,0ttt
Channels J/wd )y J/vow ww 0P D¥ D}
J/WI/¢ 0,0,0 0,0,0 0,0,0 0,00 0% ¥
J/Vw 0,0,0 0,0,0 0,0,0 0,0,0 0,—@,—@
) 0,0,0 0,0,0 0,0,0 0,00 0% %
op 0,0,0 0,0,0 0,0,0 0,2,2 0,0,0
> 2y 2y V2y V2% Y Y W+ @+D
D§ D 0.5 % 3=y 0533 000 075
C=0,S=116J%C) =1/2(0M), 1/2(11), 1/22"); I, = +1/2
Channels J/wK* wK* pK* D* D}
" Y ¥
J/VvK 0,0,0 0,0,0 0,0,0 0. 7% 7
3 -3 -1 1 3 v v
L()K* 0,0,0 Z,O,T T,O,Z g,m,%
-1 1 1 1 5 -1 —v
pK* 0,0,0 T’O’Z 773 12 m,m,o
D% * Y Y 3 v v =1 =v Ly
D7 D; 05 E Vi # 26 276" 270
C=0,S=1I60%C) = 1/2(0"), 1/200%), 1722 ") . = —1/2
Channels JJWK* wK* pK* D*D¥
" Y ¥
J/VK 0,0,0 0,0,0 0,0,0 0. 7% 75
3 =3 3 =3 3 Y -y
wK* 0,0,0 E’O’T Z’O’ Pl g,m,%
34 =3 3,1 V3 3y
,OK* 0,0,0 Z’O’T f/’_l’j_ ﬁ,w,o
bD; NERIE 8 2V6" /o N R 239
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We consider a scalar field model with a g¢} interaction and compute the mass correction at next-to-
leading order in a large-N expansion to study the summability of the perturbative series. It is already known
that at zero temperature this model has a singularity in the Borel plane (a “renormalon”). We find that a
small increase in temperature adds two countable sets both with an infinite number of renormalons. For one
of the sets the position of the poles is thermal independent and the residue is thermal dependent. In the other
one both the position of poles and the residues are thermal dependent. However, if we consider the model
at extremely high temperatures, such that a dimensional reduction takes place, one observes that all the
renormalons disappear and the model becomes Borel summable.

DOI: 10.1103/PhysRevD.98.045013

I. INTRODUCTION

The understanding of strongly coupled systems remains
one of the major challenges in particle physics and requires
the knowledge of the nonperturbative regime of quantum
chromodynamics (QCD), the currently accepted theory of
strong interactions.

Also, in the realm of condensed matter physics, systems
involving strongly coupled particles (fermions, for in-
stance) fall, in principle, outside the scope of perturbation
theory. However, apart from some simple models, non-
perturbative solutions are very hard to be found, which led
along the years to attempts to rely in some way on
perturbative methods (valid in general for weak couplings)
to get some results in strong-coupling regimes [1-6].

It is broadly discussed in the literature whether non-
perturbative solutions in field theory can or cannot be
recovered from a perturbative expansion. In any case, a
procedure is needed to make sense out of the perturbative
series. In fact, often the perturbative expansions are
asymptotic rather than convergent. Actually, we remember
that the perturbative series can be viewed just as a
representation of the exact solution and if we want to
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obtain information about the nonperturbative solution from
its perturbative representation some summation technique
must be implemented. [1-6]

One of the most employed of these procedures is to
investigate, after perturbative renormalization has been
performed, the so-called Borel summability of a theory,
for a brief introduction see Refs. [7,8] and for a complete
review on the subject see Ref. [9]. If we start with an
asymptotic series, its Borel transform defines a new series
that can be convergent. The representation of the non-
perturbative result can be obtained by an inverse Borel
transform, essentially a Laplace transform, which requires a
contour integration in the complex Borel plane in order to be
properly defined. This procedure allows one to gain access to
the correct nonperturbative solution in many situations [3].
More precisely: if we take a theory characterized by an
already perturbatively renormalized coupling constant
g and consider a given quantity F(g) given by a formal
series (perhaps asymptotically divergent) in g, F(g) =
> .a,g"; define its Borel transform B(F;b) as B(F;b) =
>.a,b"/n! and the inverse Borel transform as
F(g) = 1/g [§° dbe "/9B(F;b). It can be easily verified
that F(g) reproduces formally the original series F(g). The
interesting point is that even if F(g) is divergent the series
B(F;b) may converge and in this case the inverse Borel
transform F(g) defines a function of g which can be
considered in some sense as the sum of the original divergent
series F(g). This “mathematical phenomenon” is named
Borel summability and is a way of giving a meaning to
divergent perturbative series. However, for the inverse Borel
transform to be well defined, the absence of singularities at
least on the positive real axis of the Borel plane b is required.

Published by the American Physical Society
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We emphasize that we are working with a model in which
the perturbative renormalization of the coupling constant has
already been performed, in the spirit of Ref. [10,11]. In the
above quoted references, by starting with a perturbatively
renormalized QFT there can be singularities on the positive
real axis of the Borel plane that obstruct the Borel resumma-
tion of the perturbation theory. These singularities, in the case
of non-asymptotically free theories like M)j{ and QED, are
called ultraviolet (UV) renormalons.

The study of renormalons is also important from a
phenomenological perspective, as one needs, for instance,
to know the solution at the nonperturbative level to obtain
an estimate of the heavy-quark mass [12,13].

In the context of IR renormalons that arise in the context
of asymptotically free theories, it has been a subject of
recent investigation to consider compactified theories such
as non-Abelian SU(N) gauge theories on R? x S! [14] and
the CPV~! nonlinear sigma model on R! x S' [4,15]. The
interest of considering a finite spatial extent L or thermal
dependence # = 1/T arises from the fact that for small L or
large T a weakly coupled regime is observed due to
asymptotic freedom [16,17]. A careful study of renorma-
lons for an SU(N) gauge theory has been made in
Ref. [14]. In it the absence of renormalons is discussed
when one introduces a finite small length L. However, in
the context of non-asymptotically free theories, it is not yet
clear how the renormalon phenomenon is influenced by
the presence of a finite temperature or finite extension.

In the present article, we investigate the behavior of a
scalar field model with O(N) symmetry in four dimen-
sions. Our main concern is the careful investigation of the
renormalon poles and residues at next-to-leading order in
the large-N expansion, as presented in Sec. II. This 1/N-
expansion allows to resum a class of diagrams (usually
called ring diagrams or necklaces) that generates the
renormalon contribution. Following recent literature, we
investigate the role of a compactification parameter, here
taken as introducing a temperature dependence. First, we
review in Sec. III the behavior at zero temperature and
find the existence of two renormalons. In Sec. IV, we
observe that at small temperatures the system develops a
countable set with an infinite number of renormalons that
can be separated into two classes: renormalons without
thermal poles but that can have thermal residues and
renormalons with thermal poles. In Sec. V we consider an
extreme increase in temperature, which is related to a
dimensional reduction, and obtain that it implies the
disappearance of renormalons. We summarize our con-
clusions in Sec. VI.

II. SCALAR FIELD MODEL AND RESUMMATION

We are mainly interested in computing corrections to the
field mass in a scalar theory with coupling (g/N)(¢;¢;)?, at
which i =1, ..., N. The full propagator G is given by

(e G
_ k — 0
G =G, kZO(ZGO) =1 "v6.

(1)
where X is the sum of all 1PI (one-particle irreducible)
diagrams built with the free propagator G,. Or, if we
establish X using the full propagator G (a recurrence
relation) then, to avoid double counting, it is necessary
to consider just the 2PI diagrams. We use a set of 2PI
diagrams known as necklace or ring diagrams as illustrated
in Fig. 1. This set is the leading order contribution in the
1/N expansion, any other diagram will contribute only at
next to leading order in 1/N [18] and is then consistently
ignored as a subdominant behavior at this order.

Therefore, at an unspecified spacetime dimension D a
necklace with (k — 1)-pearls is given by R (p),

Rip)=-2 [ L0 ]
NJ Qo)P(p-1)?+Mm?

k-1
<NB<f>>] ,
@)

5

where
dP 1 1
B(t) = / qD 2 2 2 2
@n)P >+ M* (g +1)> + M
stands for each pearl [1,18].

Thus, by taking into account necklaces with all numbers
of pearls we obtain the full correction

z= i Ri(p).

k=1

3)

)

The subsequent analysis of this expression intends to verify
whether the series representation is or is not Borel sum-
mable. This is entirely dependent on the behavior of R;(p)
with respect to the summation index k.

Now that we have introduced the general idea, let us
investigate the thermal dependence in detail. By making a
compactification in imaginary time we introduce the
inverse temperature = 1/7. With this, the expression
for each pearl is modified to

dD' 1
B(?, w,,) / BT 5
b 20PN P 4 w2+ M
, 5
e e P T
Q+%+m+...+ﬂ

FIG. 1. Sum over the class of necklace diagrams. The case without
any pearl is the usual “tadpole” (first diagram), the special case with
just one pearl is the usual “sunset” diagram (second diagram). Each
vertex contributes a factor g/ N and each “pearl” a factor N; therefore
the whole series has the same order in the 1/N expansion.

045013-2
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where w, = 2znT is the frequency related to the (D — 1)-
dimensional momentum ¢, while the necklaces become

dP-'r
Rk(p wn zk lNﬁZ/ 271_ D—1

% B l(f’wm)
(P =1 + (@, = @,)* + M*’

(6)

where w,, and w, are the frequencies related, respectively,
to the loop momentum ¢ and the external momentum p.

Then, Eq. (5) can be treated by using the Feynman
parametrization, integrating over the momenta ¢ and
identifying the infinite sum as an Epstein-Hurwitz zeta

function Z¥’ (B;v) defined by

7 (Biv) = Z(wgﬁl_—;p)u (7)

meZ

We now perform the analytic expansion of the Epstein-
Hurwitz zeta function to whole complex v plane [19],
which allows us to rewrite Eq. (5) as

B(¢.w,,) = ng:)g) Al dz|M?

1 L (np)* % cos[2anm(1 —z)]
p dz -
(27)2 4N [) Z[ 21 (P +wl)z(1-2)]

X Ky g [npy[ M2+ (2 +R)z(1-2)]. (8)

+ (24 w?)z(1—2)] 722

Jb
ol

where K, (x) is the modified Bessel function of the
second kind.
Considering the case where D = 4 — 2¢, we get

B(¢.w,,) = By(¢,w,) +Bs(¢.0,,)
:(I;Sf))z/ldz{l—eln[M2+(f2+wf,,)z(l—z)]}
27[ ZZ/ dzcos[2anm(1—7z)]
neN*
<Ko [np\ M2+ (A +ad):(1-0)]. (9)

The temperature-independent component By, is standard
and well known [18],

1 M? 4Mm?
Boltom) =~y ar 2T\ T
m
1+ /1+4
sin |—Y__rem | L (10)

- \/1 +>4fz+w

For high values of the momentum # we have the asymptotic
expression

1 2+ v + M?
Bo(f, (Um) ~ = (47[2) In ]‘;12 .

(11)
However, we do not have a solution for the term By for all
temperatures. In Secs. IV and V we respectively investigate
the regimes of low temperatures and extremely high
temperatures.

III. A FIRST GLANCE: RENORMALON AT T=0

In this section we consider the special case of zero
temperature. In this situation the only contribution to the
pearl diagram comes from the B, component. To obtain a
treatable expression to the necklace diagrams, we consider
the expansion for high values of the momentum ¢, Eq. (11),
at zero temperature

0 1

- 2+ M?
B(£,a,)'~" - o

Gny? n—n (12)

At this point we recall that the standard approximation
is to consider the leading behavior in the momentum
¢, that is, In(¢?+ M?)~In#?. Here, we avoid this
particular approximation and explore the consequences
of keeping the exact term In(#? + M?). Let us return to
the necklace diagrams. To render the theory finite, we
employ the well-established Bogoliubov-Parasiuk-Hepp-
Zimmerman (BPHZ) procedure [20] to renormalize the
amplitude. Therefore, the renormalized necklace Ry (p) is

Relp) = Relp) = RO) = P55 R (13)

We shall drop the hat unless it becomes important to
distinguish between the renormalized R,(p) and non-
renormalized R, (p) necklaces.

As can be noted, this affects only the p-dependent
propagator in the zero-temperature version of Eq. (6).
Regarding the expression of R;(p) given by Eq. (6), the
procedure of Eq. (13) is equivalent to perform the sub-
stitution on the denominator

045013-3
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1 p4
24+ M - (@ + M2+ &% + M)
4
~ ) .
(KL&[»’—MZ)Z’ hlghp,

where the standard naive expansion (p — )2 ~ p> 4 I? is
assumed.

In a low-p expansion, then, for 7 = 0 and small values
of p, the integral to be solved to obtain the necklace

expression is

gp* g a*¢ (In f2+M2)k 1
N_T(2(4ﬂ)2> /( 2 (e 1)

To solve it we first perform the integral over the solid angle
(Q4 = 27%) and then reorganize the result by making the
change of variables £ + M? = M?¢!, that is,

4 k=1
gp g °°
. dt
167 NM> (2(47;)2) A (e

Ri(p)

-t _ e—2t)tk—1 .

Ri(p)

(16)

At this point we can clearly identify the presence of two
gamma functions, so that

o {0 ()

~ (k- 1)!(@);{_]}. (17)

We can finally return to the sum over all contributions
Eq. (4),

Ri(p) ~

(18)

where we have defined § = g/(2(4x)?). Both sums are
divergent, but we can try to make sense of them by defining
a Borel transform,

g2

k=
25p? 1 1

= - 1
NMZ{I—Ey g /2} 19

B(Z;y) ~

We then obtain two poles on the real positive axis of the
Borel plane at y = 1/g, 2/g. These poles (renormalons)
introduce problems to compute the inverse Borel transform.

In the standard procedure, see Ref. [18], Eq. (15) is solved
for very large ¢, which is justified as this is the relevant
region to get the asymptotic behavior for the k index.
This means that the approximation [In(#% + M?)/M?**!/
(2 4+ M?)® = (In£?)*1 /£ is employed. Therefore, only
the first pole is found (at y = 1/g) while the second pole is
hidden. When § is very small this could be justified as 2/g
being very far from the origin.

IV. APPEARANCE OF THERMAL
RENORMALONS (LOW TEMPERATURES)

For low but finite temperatures, we can use the asymp-
totic representation of the modified Bessel function of the
second kind K(z) ~ e™*f(z), so that the thermal compo-
nent of the pearl (9) becomes

8Ko(npM) 1
(4,,)22 Onnﬂ ) e @

neN*

(f w}'ﬂ

Using the above equation for B, and the expression
for the T = 0 component, B, [see Eq. (11)], the quantity
B = By+ By can be written in the low-temperature
regime as

1 ok +M A
B(f,a)m)N— 5 n +(l)m2+ . (ﬁ)z , (21)
(4r) M &+ ws,
where
A(p) = (22)
(47: 2 ’;N:
stores information about the dependence on the
temperature.

We then replace the expression in Eq. (21) into Eq. (6),
employ the BPHZ procedure and use a low-p expansion as
in Eq. (14),

k=11
Ri(p,w,) = —% (p* + w})? (2(49”)2> B

f +a2 M AY) )k—l

/ M2 f2+m
2 2
meZ f + CU +M )

(23)

So, integrating over the solid angle and expanding the
binomial, we get

045013-4



CHAPTER 4. APPEARANCE AND DISAPPEARANCE OF THERMAL
80 RENORMALONS

APPEARANCE AND DISAPPEARANCE OF THERMAL ... PHYS. REV. D 98, 045013 (2018)

Rlpan) = =1L (L0 )T IS S (4

mGZl 0
S k=1—if( 22 2 2 i
o [Far T MR (LY, 24)
0 (f +wm+M) % +wm

We reorganize the above expression in a more convenient way to compute the sum over the Matsubara frequencies. The
denominator is treated by employing a Feynman parametrization and the logarithm in the numerator is expanded in powers
of @2,/ (£? + M?), which is justified by an asymptotic behavior in # assuring that m/# < 1. This allows us to rewrite the
above equation in the form

27N 4r — F(3)F(1)
o M 1
dl/ﬂle k—i—1
X {/)' n M ”;Z fZ + 0) + M2 )3+l
© nk—i= 2f2+M 1 Dl
dee? O 25
+A f2 +M2 Z LﬂZ +w +M2 )3+1 + ({U )} ( )

Although we could use this complete expression, this is unnecessary. It can be shown, after a lengthy computation, that
the relevant information (poles in the Borel plane) can already be obtained by using the following approximation,

Rilpoo =00 B2 (8 YIS () | [ e e )

27N 4r) —

where ZX* (f; v) is the Epstein-Hurwitz zeta function defined in Eq. (7). The contributions of order O(w?) do not modify the
position of the poles and only change their residues. Moreover, for large values of & the integration of the expression over
the Feynman parameter z is asymptotically equal to the expression without the Feynman parameters. To avoid a tedious
calculation we do not exhibit in this article the step-by-step of this process.

Taking the approximation in Eq. (26) and considering again the analytic expansion of the Epstein-Hurwitz zeta function
to the whole complex v plane, we get

~ 9(p* + 3)? ) LA (k=1 i 2 k]lf2+M2
Rulpoon) % == aap) 2 )CAO) ) Cdrem i

- ) s () (v )L e

X
VArL(3 + 1) (2 + M2t 224 L\ + M?

Since i is an integer, the modified Bessel function of the second kind has a half-integer order, which has the series
representation [21]

i+2 i e \ M
Ks . (n \/f2+M2 .
: l( b \/7 2—-j ‘2/(”ﬂ)j z(l/ﬂz-i-Mz)/ 2

So, the remaining integrals are given by
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1
a(p*+w?) 1L k-1
Ri(p,w,)=—
ep.@,) 402N (2 ) Z ( i
, nk—1-i2+m?
§+i 2]—/"12
2+l 2 (£2+M2)2+l
i+2
(j+i+2)! 1
2‘*”1;\‘]20 W(i+2-j)12/(np)/~i=2
. e—n/f\/f2+M2 24 M2
x/ dee? — 71nk“" 5 .
o T ey M

(29)

The first integral in the preceding equation can be solved
as in the zero-temperature case (see Sec. I1I) by the change

of variables #2 + M? = M?e'. One must note that ve' —

has an upper bound Ve that is also its asymptotic value
for large values of the momentum ¢ (which means also
large values of the index k). Then, we can use that

Vel —1 < Ve to simplify the integral

© k=i 2 M
I,= et ———M
! A (&2 + MP)FH

1 o0 . .
_ W/ dtt=i=1\/ et — le—t(%ﬂ)
0

1 0 . .
k—i—1 ,—t(1+i
< 2M2+2i/() drt e~!(1+0)

(k—i-1)! 1
- 2M2+2i (1 + i)k_i . (30)

For the second integral in Eq. (29) we make the change
of variables #? 4+ M? = M?r* so that we obtain

. BV M 24 M?
I,= [ dee W
0 (VE* + M2+t M?
. o ® —npripk=i=1,
_ nk—im1 g 3-2(j+i/247/4 J2_ 1
=2TM ) /1 drvir =1 2024741

e—nﬂrlnk—i—lr
r2(j+i/2+7/4)—2 :

< k==l p3-2(+i/2+7/4) /°° dr (31)

1

Once more, we used that V72 — 1 < r, which considerably
simplifies the integral and allows it to be identified as the
Milgram generalization of the integroexponential function
whose asymptotic behavior is known [22]

1 00 a,—zt
_ / it (In t)‘e
F(a =+ 1) 1 I
R € [y (@t Diat2s)
Zat+l 2z

E{(z)

+] (32)

Hence, after substituting Egs. (30) and (31) into Eq. (29),
and using the asymptotic behavior of the generalized
integroexponential, Eq. (32), we have

@) < = g(ij,:;zi)z%)z <2(4g;z)2) - ki ( k : 1 )

i=0

y (—A(ﬁgfi—)!i “Hr (G i) g

Ri(p,

i+2 j+l+2

N ’+\/_ZZJ(I+2 Dk

neN* j=0
2k—2l—j—2

e
x (np)Fi=2-2 M2j+i+1/2}‘ (33)

Now, let us focus attention on the k-dependence. The
previous equation can then be rewritten as

k-1 k=1
~k1(p _ ?/z,i(ﬂM) 2 y3.i,n(ﬂ*M):|
Ry <nyg (k 1)!;[(1+i)k—1 ';M (nﬁ)k_l ’
(34)
where we have defined,
2 2\2
=S Tl (Zﬂ;f[:;) , (35a)
9= ﬁ (35b)
(=AB) (5 A+
r2.: (B M) = mr<§ + l) YV (35¢)
" M):f(—A(ﬂ))" —(i+i+2)!
T3infs S+ i+ 2= )
e p=2i-j-1 354)

Xy (nf)i 21

The sum over all necklaces is then

e = Y2 (B M
Rz;RksZylg '7{1%“
eN keN i=0
2kl
+Z kl}/Sln M):|
neN* )
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The range of summation for the double sum is

0 <i < k < oo; we can change the sum ordering and then

split the sum over the index k in the form

i+1

IPIIED DD IIES o IAE) 37

keN* i i=0 k=i+1

The first double sum has the dominant contribution; this

can be seen by checking for each value of i. Therefore, the
relevant contribution is

(36)

However, this is not summable due to the presence of the

(k—1)!. To overcome this difficulty we can employ a
Borel transform,
S
gy
n Y|y e
= (1+10)
o ghlyk-l
+ V3.in :|
RS
721(:3 M) 731n(ﬂ M)
:mZ[ o | 6)
i=0 14+i neN* np

at low temperatures.

Finally, we see in Eq. (37) the renormalons that appear
There are two different sets of

renormalons both with residues that are thermal dependent,
respectively y,;(f, M) and y;,;,(8,M). The first set of
renormalons was already found in previous works [23];
it is characterized by poles whose position are thermal-
independent and they are located along the real axis at
positions (1 + i)/ for i € N. However, the second set of
poles, as far as we know, has not yet been reported. These
poles are also in the real axis but they are thermal-
dependent as they are located at nf/2g for n € N*. The
existence of this new set seems to be a remarkable
enrichment for the model.

We remark that in the limit of extremely small temper-

atures these new renormalons are all very far from the
origin and this may justify why they are usually hidden.
Therefore, our result can be viewed as a first correction to
the standard approach. Furthermore, as we pointed out
before, we claim that our approximation in Eq. (26) is the
sufficient one (at least to describe the poles) and any further
corrections shall only change the residues. This means that
we have mapped all the renormalons that appear at low
temperatures.

As a further comment, we remember that in Sec. III we
show that at zero temperature there is a hidden second pole
located at 2/g. This does not add any new poles at low
temperatures because, as can be easily noted, we already
have an infinite set of poles located at i/g for i € N*.

V. DISAPPEARANCE OF THERMAL
RENORMALONS (EXTREMELY HIGH
TEMPERATURES)

In this section we explore the regime of extremely high
temperatures. In fact, we consider the regime of temper-
atures 7 — oo which is equivalent to a dimensional
reduction of one unit. In this case, it is well-known that
if the original theory was UV divergent the resulting theory
is not anymore UV divergent; which means that UV
renormalons should disappear. In this work, we recover
this fact using our formalism. In this situation, to treat
Eq. (9) we can use the following series expansion of the
modified Bessel function of the second kind [21],

(38)

The result is easier to get by assuming from the
beginning that m = 0 (which means that this is the only
relevant mode) and recalling the following properties of the

Riemann zeta function, {(s) = > ,cn-17",
Inn
i) ==> —. (39a)
neNt
£(0) =-1/2, (39b)
£'(0) = InV2x, (39¢)
{(=2k)=0, V keN*, (394d)
(=D*C(2k +1)(2k)! .
{'(=2k) = STk ., YV keN* . (39%)
Remembering Eq. (9), we then obtain the result
1 4zT
By(¢, w,,) ~=By(¢, ®,,) —Wlnw
(B) (1 2\ 1
-\ M +—|= 40
277 i 6)T* (40)
revealing that at extremely high temperatures the

original contribution from zero temperature is not present
anymore. This has a major impact and is responsible for the
disappearance of the renormalons. Therefore, we may write
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T 1 4zT ¢(3) 2\ 1

If we replace this back into the necklace expression
Ri(p,0), in Eq. (23), we get

Ri(p.w,) = —g(p* + ,)? (L)"“}

2(4n)°N) B
B Ink-! (%)
N B T

Since the integration over the internal loop is independent
of k we find that

4T\ \ %!
R 20In| —— , 43
koc(gn(Mey>) (3)

and, therefore, there is no renormalon in this case.
The function Z(g) = Y 5>, Ri(p) is Borel summable,

1

Y~
1—2g1n(%)

it is a meromorphic function of the coupling constant g
having a simple pole at § = [21n (4xT/(Me"))]~".

VI. CONCLUSION

In this article we study the existence of renormalons in a
scalar field theory with a g¢} coupling at next-to-leading
order in a large-N expansion. The results in the literature
report that there is one renormalon pole at zero temperature
(located at y =1/g) and there is an appearance of a
countable infinite set of renormalons at low temperatures

with the property that the poles are thermal-independent
(located at y = i/g, for i € N*). Although, in this article,
the standard behavior is reproduced, we also manage to
identify the existence of hidden poles, both at zero temper-
ature and at low temperatures. As far as we know, it seems
that this fact has not been noted in the literature. Perhaps,
these poles were hidden by the approximations used. The
extra pole at zero temperature is slightly shifted on the real
axis (y = 2/9) and can be ignored, as it is done currently in
the literature, if the coupling is small enough. At low
temperatures, however, there is an entirely new set of
renormalons on the real axis that are located at y = nf3/2g
for n € N*. The appearance of renormalons with a small
increase in temperature is a remarkable feature of the
theory. In this paper we claim that we have mapped all the
poles that occur at low temperatures, therefore identifying
completely the thermal renormalons that appear. Any
further approximation would only improve the value of
the residues, but would not modify the number nor the
position of the poles in the Borel plane.

Furthermore, we obtain that at extremely high temper-
atures, which is related to a dimensional reduction from D =
4 to D = 3, as expected, no renormalon singularities occur
and the series becomes Borel summable. This seems to
indicate that we could speculate about the existence of a
“critical temperature” at which renormalons appear/
disappear. This will be the subject of investigation in future
work.
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We investigate the process of dimensional reduction of one spatial dimension in a thermal scalar field
model defined in D dimensions (inverse temperature and D — 1 spatial dimensions). We obtain that a
thermal model in D dimensions with one of the spatial dimensions having a finite size L is related to the
finite-temperature model with just D — 1 spatial dimensions and no finite size. Our results are obtained for
one-loop calculations and for any dimension D. For example, in D = 4 we have a relationship between a
thin film with thickness L at finite temperature and a surface at finite temperature. We show that, although a
strict dimensional reduction is not allowed, it is possible to define a valid prescription for this procedure.

DOI: 10.1103/PhysRevD.99.025007

L. INTRODUCTION

Dimensional reduction states that by considering a
model in D dimensions we can obtain—following some
prescription—a theory with fewer dimensions. One
approach is to take a model with a compactified dimension
and investigate its behavior when the size of the compac-
tified dimension is reduced to zero.

Let us consider the case of a finite-temperature field
theory using the imaginary-time formalism. Temperature is
introduced by compactifying the imaginary-time variable
using periodic or antiperiodic boundary conditions, respec-
tively, for bosons or fermions. In this context, dimensional
reduction would be equivalent to a high-temperature limit.
This idea was proposed long ago by Appelquist and
Pisarski [1] and later formulated in more detail by
Landsman [2]. This idea is currently accepted and under-
stood [3,4]. However, up to now, we think that there is a
lack of investigation on this topic when one is interested in
a greater number of compactifications.

We might ask how a system in arbitrary D dimensions
with two compactified dimensions—one corresponding to
the inverse temperature # = 1/T and the other with a finite
size L—behave when L — 0. However, strictly speaking,
in the context of both first-order and second-order phase
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transitions, it can be shown that the limit of L — 0 cannot
be fully attained [S]. There have been many works in the
context of phase transitions in thin films using different
models (Ginzburg-Landau, Nambu-Jona-Lasinio, Gross-
Neveu, and others; see Refs. [6-16]) that indicate the
existence of a minimal thickness below which no phase
transitions occur. Reference [6] also strengthened this
indication by comparing a phenomenological model for
superconducting thin films using a Ginzburg-Landau
model with experimental results. Therefore, this is a direct
indication that the physics of surfaces and thin films are
different and one cannot achieve a surface from a thin film.

In this article, we investigate the problem of dimensional
reduction from a mathematical physics perspective, e.g., to
investigate the relationship between systems in the form
of “films” and “surfaces.” Here this is generalized so that
we investigate the relation between D-dimensional and
D — 1-dimensional scenarios.

To study a quantum field theory at finite temperature and
finite size, we use the formalism of quantum field theory in
spaces with toroidal topologies [5,17]. As a first inves-
tigation, we consider a scalar field model at the one-loop
level. We obtain a remarkably simple relationship between
the following situations:

(1) Starting with a space in D dimensions, we consider
two compactifications: one of the dimensions cor-
responds to the inverse temperature 1/7 and another
corresponds to a finite size L, while the other D — 2
dimensions are of infinite size.

(2) Another possibility is to eliminate one spatial
dimension from the beginning; starting in a space
with D — 1 dimensions, we consider one compacti-
fication corresponding to the inverse tempera-
ture 1/T.

Published by the American Physical Society
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This should, e.g., provide us with a relation between
surfaces and thin films for D = 4. Furthermore, from a
mathematical physics perspective, we also investigate the
possibility of fractal dimensions.

II. THE MODEL

In this article, we take a scalar field theory with
a quartic interaction in D dimensions with Euclidean
action,

2
so= [ex{yeor o) )

Iﬁl’)Yd(Mz;La) =

N

a=0 Ulno AAAAA ng_j=—00

We shall only discuss the one-loop Feynman amplitude 7
with p propagators and zero external momenta,

dP 1
nor - [ Gy @

In particular, p = 1 corresponds to the tadpole contribution
to the effective mass and p = 2 corresponds to the first-
order correction to the coupling constant. We introduce
periodic boundary conditions on d < D coordinates. The
compactification of the imaginary time introduces the
inverse temperature f = 1/T = L, and the compactifica-
tion of the spatial coordinates introduces the characteristic
lengths L;. Thus, the amplitude becomes

dP=q 1
(22)7 g + M? + T CReyy

3)

We compute the remaining integrals on the (D — d)-dimensional subspace using dimensional regularization. The remaining
infinite sum can be identified as an Epstein-Hurwitz zeta function [18] and leads—after an analytic continuation—to the
sum over modified Bessel functions of the second kind K,(x); see Refs. [5,19] for further details. The function

T29(M?; L,) in the case of d = 2 reads

IP*(M*B.L) =

(Mz)_‘”lz_)r[ﬂ _% Wg_p(Mzéﬂ» L)

4)

where

o0

(47)2T o]

(a)f2r)p]

W, (M2, L) Z(nﬂ> n/}M)—l—Z( ) K,(nLM)+2 3 (ﬁ)l{(m/m) 5)

n=1

with v =58 —p.
As in Ref. [20], we investigate these infinite sums using
a representation of the modified Bessel function in the

complex plane,
X\ “2ttv
dtT(6)I(t —v) (5) .

1 c+ico
4ri c—ico

K,(X)

no.np=1

|

We remark that ¢ is a point located on the positive real axis
that has a greater value than all of the poles of the gamma
function. With this definition, it is clear that ¢ > max|[0, v/].
However, we extend this definition so that we are allowed
to interchange the integral over ¢ and the summation over 7.
Therefore, ¢ must be chosen in such a way that there is no
pole located to the right of it. Substituting Eq. (6) into
Eq. (5), we obtain

i) =g [ arore-osen (5 |(F) 7 ()]
t5o _; (O (t ) (72) (%)_Zt S (@ + L) ™

no,n =1
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The double sum in Eq. (7) is known and has the analytical extension [18]

VaLT(t =

- » &2t
Y (p i) =~ Z(Lz,) +55

ng,ny=1

After substituting Eq. (8) into Eq. (7) and taking into account Eq. (6), we finally obtain the integral representation in the
complex plane for the function W, as the sum of these terms:

2
<M2> W, = Wl) +W2> +W where

c+ioco

Wi = L [ grre - )c(m)(M/’) ,

Ari c—ico 2
@ VAL [erie 1 ML\~
2) D=0 (1==)ci-1)(2=) )

v [ - (- 3)eer- (%
3 _Li k (M/)?>2k —2v c+ioo£

2ri £ k+1 i VA

The next step is to determine the positions of the poles of
the functions in the complex-plane integrals and compute
their residues. We see that the positions of the poles depend
on the value of v. We compute the integrals for the
following specific cases:

(1) Integerv, related to an even number of dimensions D.

(2) Half-integer v, related to an odd number of dimen-

sions D.
(3) Other real values of v (for completeness), which can
be thought of as related to fractal dimensions D.
|

) - — {ﬁ

(2np2r]p] 24

To avoid a lengthy exposition, we only show the final expressions for each case. For integer v the function Wﬁl)

wil) =

and W, reads

\/7_1: 1 (3) Mﬁ ) M_ﬂ
2Mﬁr( )+ S, ( 2>+282 vigo |+

r(1)¢2r (t —-v+k+ %) (2t =2v+2k+1) (”;) _zr. 9)

In this article we consider two different scenarios. The
first scenario involves a model in D dimensions with two
compactified dimensions: one related to the inverse temper-
ature f = 1/T and the other with a finite size L. For this
case we need the function W, [as defined in Eq. (9)] and
Eq. (4). The second scenario involves a model in D — 1
dimensions with just one compactified dimension which is
related to the inverse temperature. We see that the ampli-

tude only requires the knowledge of wil,

2
r( L )+i o (MZ;/J)}. (10)
2 2 3727
reads
—iT(-v) v<0,
oy [v+1 s (11)
_41"((u+)1)2 { ) ] +21£(H>»1) (7"'1“ /) v=0,
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2
M?*BL

ML\ 1 [ ML
() 1o (<2)

(—1) 1 v+ 1
+2r(u+1) TA |,

2\* 1
s
( 2) W, =+58

Here the notation [}] indicates the unsigned Stirling number of the first kind:

Do [ [ [

In the above expressions, the functions SN, 8@ 86 and 8@ are defined by

{5(1) (D;M_ﬁ) e
2w

(v Mﬁ)}

v <0,

N I'(k)£(2k)
1)kt 2k 1
:Z Tk+v) “ (13)
= L2k + 1)¢(2k+ 1)
SO( = Yetv 2k 14
(v:a) k; Tkt Dk tot D (14)
- s L(R)E(2K)
* k 2k 1
Z Mv—k+1 )a ’ (15)
v—1
FQRk+1)E2k+1) _
SW(v;a) = a k. (16)
; I'k+ (v —k)
For half-integer values of v (v = u + 1/2, for integer i), we obtain
m_ Ll VA g VT ) Mp
Wy = 4F< 5 ,u) MﬂS (n+ 1, Mp) MﬁSO ;4+1,2ﬂ
+2\1{4;3r(_ﬂ) u <0,
+ l4+p (17)
7 (=D
+W\/_/3F((u+)l)({ 5 }rofm “‘Mﬂ) nz0,
and
2 \* 1 1 p 1 NG B
=) =—-r(-2- r(=- In-—
W”(MZ) 4 < 2 ”)+M2ﬂL (2 ”)+MLr(ﬂ+1) R

\/E S<2

VT
S| +12 + 2

)<.M_ﬁ)_
T ML e

ML

VE g Y (u+1; ML) +£S(()3) (N;M—ﬁ)

(18)

ML 2

Finally, for other real values of the index v that are neither integer nor half-integer, we have

o _Mva b N 1o
Wy _Z{Mﬂr<2 1/) 2F(1/
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and

2\ 1 P 1 (=1
W(W) =31 )+M2ﬁLF(1_U)+2ZF(k+1)

0
VAL
2ﬁkz

1 2zL

k=0

So far we have managed to take both situations into
account, i.e., one or two compactified dimensions. Let us
remember that we are interested in the one-loop Feynman
diagram with p internal lines and at zero external momen-
tum. The amplitude in the scenario with two compactifi-
cations (one related to the inverse temperature § = 1/7 and
another to a finite size L) is given by Eq. (4), and the
amplitude in the scenario in which there are D —1
dimensions and just one compactification related to the
inverse temperature f is given by Eq. (10).

In the following, we investigate, for any value of v,
the relationship between both scenarios. The contribution
from I'(—v) in the amplitude is divergent for integer
values of v >0. To avoid the presence of poles in
physical quantities we employ the modified minimal
subtraction scheme [21], and the function I'(-v) is
replaced by I'(—v) such that

B} _(_1)v+l{y+1}

I'(-v) = o1 2 v>0

>0. (21)

III. DIMENSIONAL REDUCTION

We have considered a class of one-loop Feynman
diagrams with p internal lines in D dimensions. Their
contributions involve the above-defined functions W,
where the index v is given by v=D/2—p. In the
previous section we managed to obtain the final version
of W, in terms of some analytical functions and sums
over the Riemann zeta function in the argument. This was
done for the specific cases of integer values of v (useful
for even dimensions), half-integer values of v (for odd
dimensions), and other real values of v (for completeness,
and which can be considered for models with fractal
dimensions).

Taking the situation with D dimensions and letting two
of them be compactified, which introduces the temperature
1/ and a finite length L, one might ask how the function
behaves as one takes the limit L — 0. This can be
interpreted as a “dimensional reduction.” In general, what
happens is that the function W, (f, L) diverges as L — 0.
However, if we interpret the procedure of “dimensional

v (4 ()

k=
1 Mﬂ 2k—2v ML\ 2k=2v
e (sams e Kz) ()]

0
0 k v
+ngk1+ (Mﬁ>2k ’ [ir(l—wrk)g(z 2w+ 2k) -

zbir(%—wk)m —2u+2k)} (20)

|

reduction” as taking the dominant contribution' in p in the
limit L — 0 and ignore the remaining dependence on the
finite length, we obtain the relation

LT2* (M2, L))o = Z57"' (M?; ) + divergent terms.
(22)

This relation holds for any real value of D, which will be
shown in the following subsections. The divergent behavior
of 7 in Eq. (22) as L goes to zero depends on the
quantity D/2 — p.

A. Integer v, even D

To investigate the so-called dimensional reduction we
first consider the case with integer values of v, which
corresponds to even dimensions D. The amplitude of a one-
loop Feynman diagram in a scenario with both finite
temperature and finite size is given by Eq. (4). To study
its behavior we substitute Eq. (12) into Eq. (4) and split its
contributions coming from the three functions F;, G,
and H;, such that

L
(22)2T(p)

(),

_ (%) FitGi+H,
2/ (afrrrp)

LI)*(M*%p.L) =

(23)

The function H; is the contribution that vanishes in the
L — 0 limit:

L D ML (-1)7rL ML
=28 Z—p—— ) oy [y +In=— ).
=80 )t s,y U g

(24)

"This is a stronger result for integer dimension D as the
divergent terms do not depend on 5. However, this is not the case
for a noninteger dimension D as it can depend on the temperature.
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Note that the zero-temperature contribution was consistently subtracted. The divergent behavior as L goes to zero is given
by gl?

(-1)5? 72 L _s(D ML
— Eso (2,20, 25
G -t 20 377 (25)

Finally, the function F is the contribution that survives during the dimensional reduction and does not diverge,

_ 2z [qy(D_ Mp D L (—1)%
Fim a8 (5-rr) + 50 (5 o) [+ By

L (1-2+0),

+ b D (26)
(=" L |27P
WP ) (_r(%—m { 5 } + 21“M/’>’ 2>/

Therefore, as the L — O limit is taken the contribution ; vanishes and the divergent behavior in L is given by the
function G;:

S~}

<p,

S~}

LI}))’Z(MZL&L”L—»O =

2\ 2-
1 M> /’( Fi+6G (27)

DiLWQ_, 0= | = T 5 -
(27)>27T(p) borlio (2 27)22772T(p)

On the other hand, let us consider the second case in which we start from a scenario with one less dimension, D — 1.
The amplitude of the one-loop Feynman diagram is simply Eq. (10), written here as

M2\2—p
D 2\/_ 1
0N (m2 L{ﬁr< —+ ) Wf,, M?; } 28
0:9) = e (P2 (%) (28)
And, for even dimensions D, we get thatf———p is a half-integer. So, we use Eq. (17) with u —f—p—l and obtain
1 (1 D Nz D VI (=) (2 —p 1
2y =—-T(z—-= —T(-= 1 —- ————2InM,
W=t g o) et (o) S ([ s -2
\/7_1' @) D \/7_1' (1) D Mp
- ——psMp ) ——— ——pi— . 2
mpS \2 7PMP ) =S\ 3 TPy, (29)

Therefore, Eq. (28) becomes

(MZ)_‘/’ T D p (_1)%—p 1 (|:Q_p:| 1 )
D-1,1 /372, 27 K D Lz (-1t D o
Z, (M?* ) = (271.) 9= 2FL0] {Mzﬁr</) 3 + 1) +M2ﬂ F(%—p) ) F(%—p) 2In Mp
: 2z (D _ Mp
_M—zﬂ’s<4 <3_p’Mﬂ) % (3_”’5)}' (30)

D_
2 5S 1>(f—p, Yh) = 2 Sm( —py ¥y — 2 LU by direct comparison with F; we get

M*p 1218—p+1)
D—1.1/ys2 (MTZ)%_/)
I -Llom : — = ]-— 3]
(M p) oty ! (31)
Then we find the relation
LID (M2 8, L), = Z07 " (M2 ) + (ﬁz)ﬂ __9__ _ ;" (M%) + O(L7) (32)
rom TR ) ety
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The asymptotic behavior of the function G, as L — 0 is D —1)&E-r M
]-'zzizr I——+p +\/—E% y—i—ln—ﬁ
4 M?*p 2 MT(EH-p) dr
G {L : D-2p <4, e \2[
1~ _(D-2p— T D-1 Mp 7 D-1 Mp
L—(D=2p 1)7 D—=2p>4. VTS, 78(3) = -,
p= M 2 P )T\ TP )
(34)

B. Half-integer v, odd D

Now we consider odd dimensions D, which implies half-
integer values of v = u + 1/2. For reference, u = % P G =— ﬁ
Again, we split the contributions into three functions F,, M
G,, and H,, and after substituting Eq. (18) into Eq. (4) the (35)
amplitude is given by

M?\ 37 1 D+1 ML
LIy (MEpL :(—> —_(F24 G+ M), _ VEgw(Prl ML
p(M*p.L) 5 (27[)15)2”‘2F(p)( 1+ G+H,) H, 7] S > P (36)
(33)
The second scenario, with a reduced number of dimen-
with sions, is given by Eq. (10):

77 (M2 p) = _pr {ﬁf(ﬂ +ﬂ) F I

(2m)%2-2r|p] \2M 2 M b, (M) } (37)

with W) given by Eq. (11), that is,

1 1-D —1 %_/) D+1 _ D —1 %—ﬂ
Wil :—7F<p+ ) (=1 [ ; ”]+ﬂr<1+p——)+2()7(y+1n/‘if>

4 2 ) A -prl 2 2Mp 2) arBH-p) 4
l.a(D=1 MR\ 1 _, (D=1 Mp
_S( - - _,F SO~ _ . )
2% ( > )7 2 P (38)

Once again, we must be careful with the zero-temperature contribution, as a modified minimal subtraction scheme is
assumed [see Eq. (21)]. We obtain, after the cancellation with the zero-temperature contribution,

BRI ¢ o L (39)
14 ? (271')%2/;_21—‘[,0} 2.

Therefore, we get the relation

n M>\57 G -
LI (M. L) 1m0 = T7) ”(Mz;ﬁ)+<7> mzf}f MM )+ O(InL). (40)

The only difference compared to the scenario with integer values of v is the divergent behavior of G,; in this case,
we have

InL, D-2p <3,
2T L) p_2p>3.
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C. Other real v, noninteger D

To complete the analysis, we consider other real values of v that allow to take into account noninteger values of the
dimension D. We follow the same procedure and define three functions F3, Gs, and Hjs; after substituting Eq. (20) into

Eq. (4), we get

M2\ 5~ 1
LI} (M*p.L) = <7> ﬂ ) TR (41)
k 2k—2v
j_-rMTﬂpl_y +ZF(H (Mﬂ) zﬂﬂ (1=v+ k)2 =2w+2k), (42)

L (=1)* ML\ —2v+2k
Gy = Ezﬁr(y —k)¢(2w - 2k) (T)

=0
Sl 1 ML\ 2k=2v
- 25 kOF(k+l)r(u—k—5>C(2u—2k—1)(7) , (43)

|~

(_1)k Mp —2u+2k
mr( k)§(2y—2k)< 5 )

bl

© (—l)k ML\ —2v+2k
> cr N —RE2r —2k) (—)
k=max (0,|%51]) (k+ 1) 2

IE sl ) (u—k—7>§(2y—2k—1)<ﬂéﬁ)2k -

ST

+

M

26 = T(k+1
VrL? <« (—=1)% 1 ML\ 2%k=2v
v <ZH s l)r(y_k_i)my_z;c_ 1><7)
Z k+k1 (Mﬁ)zk ZDF(%—I/-i-k)C(l—ZU-sz). (44)

In this case, the second scenario is obtained after substituting Eq. (19) into Eq. (10),

) =

The product of the gamma and zeta functions can be rewritten, and we obtain

D11y oy (M e 1
Z, (Mz’ﬂ)—(7> m}-s' (45)

Finally, we obtain the simple relation

_ M\ 7P G _
D2/2s2. _ D=1 742, v 3 _ 7D-L1 02,
LT, "M% B, L) o =T, (M%) + ( > ) 2082 T) Z,” " (M*B) + O(L). (46)

The leading-L behavior depends on the structure of Gy which has the asymptotic behavior G; ~ L=P~2%-1) D —2p > 2
as L — 0.

025007-8



CHAPTER 5. DIMENSIONAL REDUCTION OF A FINITE-SIZE SCALAR FIELD

94
DIMENSIONAL REDUCTION OF A FINITE-SIZE SCALAR ...

MODEL AT FINITE TEMPERATURE
PHYS. REV. D 99, 025007 (2019)

IV. CONCLUSIONS

We obtained that, at least for the class of one-loop
diagrams, it is possible to consistently reduce the dimen-
sion of the system if one proceeds carefully.

We are not allowed to perform a strict dimensional
reduction by taking a model with a finite length L and
suppressing it continuously to zero. The first obstruction is
the function G, which carries the divergent behavior as L
goes to zero. Of course, strictly speaking, I,l,) 'Z(MZ;[}, L)
cannot be evaluated at L =0 due to this divergence.
However, we can also obtain some specific possibilities
where G = 0, which occurs for D = 1, 2 or any noninteger
dimension D < 4. Of course, D =1 is inconsistent (as
there are two compactified dimensions) and must be
discarded, and D = 2 is the case where all dimensions
are compactified. Anyway, assuming G = 0, the procedure
of dimensional reduction for L — 0 is

_ D
LI (ML) | g =77 (M%) (f‘“ 27 7% 1)'
(47)

The identification in Eq. (47) is also valid for any D if we
choose the prescription to ignore the divergent function G.
This prescription is what we defined as ‘“dimensional
reduction”: we take the limit of a function as the length
L goes to zero and remove its divergent components.

We remark that the L on the right-hand side of the above
equation simply indicates that Z, f,) 2 also diverges as L goes
to zero despite the existence of G. The result that a
continuous approach to the dimensional reduction is not
possible is not a surprise. Indeed, in previous articles (in the
context of phase transitions) a minimal length has been
found below which the phase transition does not occur.
Moreover, this result agrees with experimental observations
about the existence of a minimal length.

However, now that we have made it clear that a strictly
dimensional reduction is not attainable, we are allowed to
discuss the existence of a prescription to do so. The idea is
that there is a relationship between both situations: one with
a small system length L and another where this dimension
is ignored from the beginning.

Moreover, we could consider an N-component scalar
model with a quartic interaction in D = 3 with a tree-level
coupling 4 and mass m: this describes a heated surface.
Taking the large-N limit and using a formal resummation,
the one-loop corrections to the coupling constant g and
squared mass M? are

A3
B= TS (48a)
1 - 173" (M?:8)
M? = m? 4 177 (M%; B). (48b)

Assuming that the surface is indeed a “dimensionally
reduced” case of a heated film with thickness L, we can
ignore the divergent component G and use the identification
in Eq. (47) to write Eqs. (48a)—(48b) as

_ 43
P aonorsn Y
M? = m? + (s L)T1*(M?; 3, L). (49b)

On the other hand, if we simply consider a heated film in
D = 4 with N scalar fields and explore its behavior for very
small thickness, we get

A4
= , 50a
BT LT L) (502)
M? = m? 4+ 1, I3 (M% 8, L). (50b)

Comparing both scenarios in Eqs. (49a)-(49b) and
(50a)—(50b), we see that the coupling constant from the
planar scenario (both the free A; and corrected g3) is related
to the coupling constant from the thin film scenario by
We can extract from this simple relation some important
conclusions:

(1) A strict dimensional reduction, once again, iS not
allowed. It would require that the coupling constant
for the reduced scenario goes to infinity.

(2) This is a direct indication that both scenarios are
physically different.

(3) In the context of phase transitions or some other
situation where the existence of a minimal thickness
L., can be observed, we can consider that the
effective coupling constant in the planar scenario
is 43 = A4/ Lmin-
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Here we understand dimensional reduction as a procedure to obtain an effective model in D — 1
dimensions that is related to the original model in D dimensions. To explore this concept, we use both a
self-interacting fermionic model and self-interacting bosonic model. Furthermore, in both cases, we
consider different boundary conditions in space: periodic, antiperiodic, Dirichlet, and Neumann. For
bosonic fields, we get the so-defined dimensional reduction. Taking the simple example of a quartic
interaction, we obtain that the boundary conditions (periodic, Dirichlet, Neumann) influence the new
coupling of the reduced model. For fermionic fields, we get the curious result that the model obtained
reducing from D dimensions to D — 1 dimensions is distinguishable from taking into account a fermionic
field originally in D — 1 dimensions. Moreover, when one considers antiperiodic boundary conditions in

space (both for bosons and fermions), it is found that the dimensional reduction is not allowed.

DOI: 10.1103/PhysRevD.100.025008

L. INTRODUCTION

The construction and use of quantum field-theoretical
models at dimensions different from the usual space-time in
D =3+ 1 are usual in the literature [1-17]. Its first
appearance seems to be in the construction of the
Kaluza five-dimensional theory [1] that intended to unify
gravity and electromagnetism. Since then, models and
theories in D # 4 have been used in many different
situations:

(i) Phenomenology in particle physics considering

extra dimensions [2-10];

(i1) Field theories in D < 4 [11-17];

(iii) Superstring theory [18-20].

In the context of finite-temperature field theory, it is
understood that the regime of very high temperatures is
associated with a dimensional reduction of the model.
For scalar fields, it is possible to obtain an effective model
in dimension D — 1 that has a temperature-dependent
coupling. This effective model is related to the original
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theory in D dimensions when the temperature is very high
[21-24]. One of the uses of the thermal dimensional
reduction is to investigate aspects of hot QCD [25-29].

When we consider a system with restriction in one
spatial direction, the discussion of dimensional reduction is
renewed. For example, in the context of low-dimensional
field theories (D < 4), we can take into account the study of
films and surfaces. Let us consider two physical systems:
(A) a film with thickness L subjected to a thermal bath with
temperature 7 = 1/f; (B) a surface (planar system) sub-
jected to the same temperature 7. We call a dimensional
reduction the possibility that the model of the system (A)
becomes or brings information about a planar model—like
the one of case (B)—if we consider the limiting process to
take the length to zero: L — 0.

If we generalize this problem to an arbitrary number of
dimensions, we can ask ourselves whether there is a
relationship between a model in D dimensions and a model
in D — 1 dimensions; this is the major objective in the
present study.

It is a known theoretical result confirmed by experiments
that for both bosonic and fermionic systems that undergo a
phase transition, and are spatially limited, there is a
minimum size below which there is no phase transition
[30-32]. This seems to indicate that for systems where at
least one of the dimensions is restricted to a compact finite
size with a compactification length L, a strict dimensional
reduction is not allowed—at least in the context of phase
transitions. Recently, in the context of phase transitions, it

Published by the American Physical Society
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has been obtained that the minimal size of the system
depends on the boundary conditions imposed on the spatial
restriction. This analysis was done both for bosonic and
fermionic models, and a quasiperiodic boundary condition
was applied which interpolates between the periodic and
antiperiodic boundary conditions [33].

We have previously found [34] that for bosonic fields at
the one-loop level, the so-called dimensional reduction is
obtained when one considers periodic boundary condition
in space. In this article, we extend this analysis so that
we consider a few more boundary conditions: Dirichlet,
Neumann, and antiperiodic. Another step is to take into
account purely fermionic models, so we can compare them
with the bosonic situation. In the context of a thermal
dimensional reduction, it is known that dimensional reduc-
tion happens for bosonic models [21-24]. The logic is that
at high temperatures there occurs a decoupling between
static (a zero mode) and nonstatic contributions (nonzero
modes). Although this reasoning occurs when dealing with
periodic boundary condition, when we refer to antiperiodic
boundary condition—as is the case of fermions in the
thermal dimensional reduction—we do not have static
modes [22]. Therefore, we cannot expect the same
behavior both for periodic and antiperiodic boundary
conditions. Indeed, it seems that a fermionic model in D
dimensions is not related to a model originally built in
D — 1 dimensions [35,36].

II. GENERIC MODEL AND
BOUNDARY CONDITIONS

Our aim is to discuss field-theoretical models with self-
interaction terms. In this way, we avoid for the moment the
combinatorics of many-particle models to focus on the
effects of boundary conditions. The basic ingredient to
discuss field theories in D dimensions at one-loop level is
the one-loop Feynman amplitude. In the scenario of a scalar
field theory, the amplitude Z with p propagators and zero
external momenta is

b [ dPp 1
700 = [ G e

where M is the mass of the scalar field. The D-dimensional
integral becomes an integral sum after we introduce
boundary conditions on d < D coordinates. The compac-
tification of the imaginary time introduces the inverse
temperature = 1/7, and the compactification of the
spatial directions introduces some finite-lengths L;. The
boundary condition on the imaginary time must be periodic
(ap = 0) for bosons or antiperiodic (ay = 1). However,
there is freedom regarding the boundary condition imposed
on the spatial direction. In the context of quantum field
theories at toroidal topologies, the use of periodic and
antiperiodic boundary conditions [30,31] has been dis-
cussed, its extension to quasiperiodic boundary conditions
[33], and also the use of Dirichlet and Neumann boundary
conditions [37]. We consider a scenario with d =2
compactifications; after computing the remaining D — 2
integrals using dimensional regularization, we obtain that
the one-loop Feynman amplitude for each boundary con-
dition (b.c.) is

I23(M;p,a0,L|b.c.)

C(p—5+1) [ ) <2ﬂn0 (10]7,') 2, ]
= = - M _v ,
(4n)+'T (p)ﬁLner%:e M ) Tem

where the domain M of the sum over the frequencies w,,, is
given in Table I for each boundary condition.

Although we start with a Feynman amplitude for a scalar
field, Eq. (2), it can be shown that the one-loop Feynman
amplitude of y fermionic propagators can be written as a
combination of scalar one-loop Feynman amplitudes. We
take into account a four-fermion coupling given by
a + byg, where yg represents the chiral matrix. The one-
loop Feynman amplitude in this scenario is

d°p (a+ byg\*
Dy =t / — 5. 2
T =t [ 505 G m @)
The relation between J2 and Z2 is obtained in the
Appendix A and reads

5 &
1 2 u k . .
Lpa_ o Z<zk)(-)M" (=1 ZR4M) + = 2/ 2)) 2B M)
7 =0 j=0 J
125
2k 1,2k u—j=1)!
+Za” b Z Wi —k— )1k — j)!

S G (poronsan

=] f—j—1)! 15-i) 27— e )
+Zaﬂ 2 py2k Z ;{ 1;'(}{ i ‘Z< Jy)”)Z(n)M%—u—Z"IjD_’Z(M). (3)

Jj= L”-H

n=0

025008-2



100

CHAPTER 6. EFFECT OF BOUNDARY CONDITIONS ON DIMENSIONALLY

REDUCED FIELD-THEORETICAL MODELS AT FINITE TEMPERATURE
EFFECT OF BOUNDARY CONDITIONS ON DIMENSIONALLY ...

PHYS. REV. D 100, 025008 (2019)

TABLE 1. Frequencies and domain of sum for each boundary
condition in space.

Boundary condition (b.c.) M @,
Periodic (P) z 27n,/L
Antiperiodic (A) VA (2ny + Dz/L
Dirichlet (D) N+ am, /L
Neumann () N n, /L

It holds independently of the number of compactified
dimensions d. This means that the fermionic scenario is
a combination of the relation given by Eq. (3) and the
expression of Eq. (1) considering antiperiodic boundary
condition in the imaginary time (a, = 1). Therefore, in the
analysis that follows, the bosonic behavior is studied by
investigating Eq. (1) with ag =0 and the fermionic
behavior is studied by investigating Eq. (1) with ay = 1.

Notice that we can express both the cases of Dirichlet
and Neumann boundary conditions in terms of the function
with periodic boundary condition in space and a reduced
function with just a thermal compactification.

1
Ty (M:f.ag; LID) = 5.1 (M: . ap; 2L[P)

I _p-
—5 T (M;Bag),  (4)

1
I (M; B, ag; LIN) = EI/?'Z(M;/}’ ag; 2L[P)

1

T pa). (5
Therefore, we only need to analyze the cases of periodic
and antiperiodic boundary conditions in space. For both
periodic and antiperiodic boundary conditions in space, the
remaining infinite sum in Eq. (1) can be identified as an
Epstein-Hurwitz zeta function [38]. After an analytic
continuation, this leads to the sum over modified Bessel
functions of the second kind K, (x); see Refs. [30,31].
Using for convenience that v = D/2 — p, the amplitude

92 reads

(M?)'T(-v)
(47)°T(p)

where, for periodic boundary conditions in space (P), the
function W, is

W, (M;,a9;L|P)

—Zcos nra < ) K, (npM) +§:<Az) L(nLM)

n=1

v
+2 Z cos(nymag) ( 2ﬂ2+n2L2)

no,ny =1

<K, (My/nif +niL?), ™)

(M'ﬁ ap; )

IEl(M;ﬂ,aO;L): (2”) T, )

(6)

and, for antiperiodic boundary conditions in space (.A4), the
function W, is

W, (M; B, ay; L|.A)

_ 2 cos(nray) %) K, (npM)
. 2(—1)” (%)"KMLM)

s M v
+2 cos(ngmag)(—1)™ (7)
noﬁzlzl Vv n%ﬂz + n%LZ

K, (M\ /g% + nfLZ). (8)

Notice that with the above equations one fully deter-
mines the behavior at one-loop level for finite # and finite L
both for bosonic and fermionic models in D dimensions
with the prescribed boundary conditions. In the following
sections, we organize and apply the expressions for each
situation under interest.

III. DIMENSIONAL REDUCTION

In this section, let us clarify the discussion of dimen-
sional reduction. There are two main paths to obtain a
dimensionally reduced field-theoretical model.

The first path is to take the original Lagrangian in D
dimensions, reduce it to D — 1 dimensions, and then
quantize it. This path ignores possible boundary conditions
imposed on the removed dimension. The quantization is
here understood as the computation of the correction given
by the one-loop Feynman amplitudes. If we are dealing
with a model with one self-interacting bosonic field, the
Feynman amplitude for the dimensionally reduced model
in D — 1 with one compactification corresponding to the
inverse temperature f = 1/T reads

D7 (M; B, ag = 0)
()2
N <2n>%2ﬂ-2r<p>

f o0
T

x (2w — 2k — 1)(

[Mizﬂr(l —)

s

Mﬂ> 2u+2k+lj|

. ©)

On the other hand, for a model describing a self-interacting
fermionic field, the Feynman amplitude 75 ~"! is related to
TP-"(M; B, ay = 1) through the relation given by Eq. (3),
and the function Z5 "' (M; 8, ag = 1) reads

07 (M Biag=1)=

FD(M.pic; =0.c,=1/2), (10)
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where, for future convenience, the function F2 (M, fi; ¢y, ¢,)
is defined as

. __0r2r g 1
f?(M,ﬂ,Cl,Cz)*(z 5221 (p ZF(k-|—1
xT(k+1-v){(2k+2-2v) (A;_f>2k w

X (=14 ¢;220%) 4 ,272k=0)) - (11)
We compare this first path with a different procedure to
obtain a dimensionally reduced field-theoretical model. In
this second path, we take a quantized version of the model
in D dimensions and force the reduction taking the limit
L — 0. To explore this, we need to evaluate 7 ,l,) 2ata very
small length L. We proceed as in Ref. [34] and use a
integral representation of K, in the complex plane,

— 4% [ _:° dim(NT(t - v) (g) o (12)

To allow the interchange of the integral and the sum, the
value of ¢ must be chosen in such a way that there is no pole
located to the right of it [37]. After using this integral
representation, we can compute the infinite sums and study
the poles. It produces a tedious algebraic manipulation for
each of the situations under interested, and the main results
are exhibited in the following subsections. Of course, this
path splits into different ones as the choice of the boundary
condition in the spatial direction might influence the result.
Before investigating in further details the behavior as
L — 0, let us reinforce that the investigation of the dimen-
sional reduction comes from the comparison of both paths.
This comparison may produce three different outcomes.
(1) At first, there might be a well-defined dimensional
reduction, meaning that there is a relationship as

K,(X)

s(L)IP*(M:B.ag: LIb.c.)| ;o

= I, (M B ap) + {272}, (13)
where s(L) is some scale function that only depends
on the finite length L, and we allow the presence of
some residual terms.

(i1) A second possibility is that the original model does
not produce any relevant behavior as L — 0, and
then the procedure of dimensional reduced is ill-
defined and not allowed.

(iii) A final possibility that could arise is that a dimen-
sionally reduced model is achieved, but it does not
correspond to the expected one.

s(L)IP*(M; B, ag; L|b.c.)|, o

=I07M(M; B, ag) + {27} (14)

With this discussion made evident, let us now study each
possibility. Bosonic fields are treated in Secs. Il A, III B,
and IIIC, while fermionic fields are considered in
Secs. IIID, IIIE, and III F.

A. Bosonic field: Periodic boundary
conditions in space

This first case was the object of study in a previous
article where we explored the subject in further detail [34].
We take the case of periodic boundary conditions, Eq. (7),
for ay = 0, that is related to bosons, apply the integral
representation Eq. (12), and use the following analytic
extension [38] of infinite double sum:

- 1
DI ]

ny=1,n=1
¢(2r) Val(t—1/2){(2t-1)
202 T 2 T()  pLA!

27! L 1 ) - - .
+ m \/%(ﬂ—L)lnMZl_l ('7—1) K1 <27rnon1 E) ,

(15)

where ¢ is the Riemann zeta function. By convention, we
first do the sum over ny and then the sum over n;. After this,
the function W, reads

W, (M;p,aq=0;L|P)
_ [feio dt Mp\ 2
*/c_m PN~ ”(2)

+@ZW&£F t—v (t—f) £(2t—1 (—>_2t

ﬁ —ioco Ari

1 & ctico (s Mﬁ 2k=2v (p]

ST
xF(s)C(Zs)l"(s+k—1/+%)C(2s+2k—2v+1). (16)

A detailed treatment demands to investigate Eq. (16) for
each different value assumed by 2v (odd, even, noninteger),
as this determines whether we are dealing with single or
double poles. However, motivated by previous results and
to make the notation clear, we choose here to exhibit only
the position of the poles and the power dependencies on /3
and L. Note that a structure as I'(«){(2u) means the
existence of poles at u =0,1/2, and a structure as
['(u)n(2u) means only a pole at u = 0. The analysis of
Eq. (16) gives that:

(i) for the first integral we have polesatt =0, ¢t = 1/2,

and t = v — j with j € [0, oo[. This corresponds to
the dependencies ﬁo, [J"l, and ﬂzk‘z” ;
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(ii) for the second integral there are poles at t = 1/2,
t=1, and t =v—j with j € [0, c0[. This corre-
sponds to the dependencies p~', p~'L~!, and
(L/ﬁ)LZk—zb;

(iii) the last integral has poles at s =0, s=1/2,
s=v—k—1/2, and s = v — k. This corresponds
to the dependencies >, (B/L)p*~%, L2,
and (L/p)L*%.

We are mainly interested in the behavior of Z”? as
L — 0 to see whether there is some function of the inverse
temperature § = 1/T that could be related to a scenario
with one less dimension. To do this, we use some scale
function multiplied by the Feynman amplitude,

S(L)IPDQ(MLB’ ay = 0;L|P)|;—p- (17)

In a previous article, we used s(L) = L and split this
product into three different parts: one that goes to zero as
L — 0 and therefore do not contribute in anything, another
component that grows as L — 0 and could be considered a
residual contribution coming from high dimension, and a
final component that gives a contribution independent of
the length L. From the analysis of the poles and the power
dependencies on f and L, we can note that the relevant
poles are ¢ = 1 from the second integral and s = 1/2 from
the third integral in Eq. (16). Indeed, this gives the simple
result

LTP*(M;p.ag = 0;L|P)|,
= I,I,)_l" (M; B, ag = 0) + divergent terms,  (18)

where Z5~"!(M; 8, ay = 0) is exactly the Feynman ampli-
tude for the reduced scenario with D — 1 dimensions and
just one compactification related to the temperature. It
reads

IE‘“(M;ﬁ, ap=0)

I ) S I
= Gnfrr p) [Mz ﬁF(l )

S (e kes)
< (2 —2k—1) @ﬁ) wk“] .

This result shows that the dimensional reduction is well
defined for a self-interacting bosonic field with periodic
boundary conditions, as already discussed in the previous
article. For further details, one is referred to Ref. [34] where
this relation was obtained with a careful investigation for
even, odd, and noninteger D and also the residual divergent
terms were fully exhibited. The important aspect to be
noted here is that we can get the structure of the function

from a quick investigation of the poles. To avoid a lengthy
exposition, this procedure is repeated in the following
sections to study other cases of interest.

B. Bosonic field: Dirichlet and Neumann boundary
conditions in space

As discussed previously, both the Dirichlet [Eq. (4)] and
Neumann [Eq. (5)] boundary conditions are a linear
combination of a model with periodic boundary condition
in space and a dimensionally reduced model. Therefore, as
we know that the behavior of the model with periodic
boundary conditions in space is given by Eq. (18), we
obtain directly that

LIP?(M;B.ay = 0,L|D)|, .,

1
= —ZI;,)_“(M;[J, 0) + divergent terms, (19)

LIJ?(M;, ag = 05 LIN)|
3
= ZIpD_“(M;/j’, 0) + divergent terms.  (20)

Just like the scenario with periodic boundary conditions,
we obtain that the dimensional reduction is well defined.
What changes is the relation between the (D)-dimensional
model and the (D — 1)-dimensional model. The signifi-
cance of this can be further understood if we follow the
discussion of a previous article [34] and consider a bosonic
model with quartic interaction given by the coupling
constant Ap. The relationship between the coupling con-
stant of the dimensionally reduced model 1p_; and Ay is
different for each boundary condition,

Ap_y = TD periodicb.c.;
Iy = — o Dirichletb.c.;
D-1 — 4L 5 L.,
32
Ap_1 = 4—2), Neumannb.c..

Notice that for Dirichlet boundary conditions the coupling
constant of the dimensionally reduced model changes sign,
which raises a question about the vacua stability of this
model and motivates a further investigation.

C. Bosonic field: Antiperiodic boundary
conditions in space

In this section, we consider bosonic fields (ay = 0)
with antiperiodic boundary conditions in space. To inves-
tigate this, we apply the integral representation of the K,
Eq. (12), in the function W,, Eq. (8), and make use of the
analytic extension that reads
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5 e
no=1,n;=1 (n%ﬁz +H%L2)t

1 VAT(1=1/2)n1=1)
T g

2wt L1 © . n - .
F(l)f(ﬂL) "(,nzl:l(—l) (n—1> K[_% <2”n0nlﬁ>’

(21

where 7 is the Dirichlet eta function. By convention, we
first do the sum over ny and then the sum over n;. After this,
the function W, reads

W, (M;B.ag = 0;L|.A)
- ctico (t Mp -2t
_ Lm LT AT (=) (T)

\/7_Z'L ctico (t 1 ML\ -2
- [ 0()

1 ] ctioo (g Mﬂ 2%=2v [ 1L
\/—k 7 Je—ico 271'1(277:) (ﬂ) F(S)’I(ZS)

><F<s+k—v+%>§(2s+2k—2u+1). (22)

We investigate the above equation and obtain the poles
for each of the integrals.

(i) First integral: polesatt=0,r=1/2andt=v—j
with j € [0, co[. This corresponds to the dependen-
cies A%, p~!, and g2,

(ii) Second integral: poles at r = 1/2 and t = v — j with
J €[0,00[. This corresponds to the dependencies
p~" and (L/B)L*%.

(iii) Third integral: poles at s =0, s = v —k — 1/2, and
s =v —k. This corresponds to the dependencies
/}2k—2u’ LZk—ZD’ and (L//j’)LZk‘z”.

This means that the case of antiperiodic boundary
conditions in space and a, = 0 only has dependencies as
%, (L/B)L*, L*. Therefore, the procedure of taking L — 0,

LT} (M: . ag = 0; L|A)|;_o. (23)
does not reproduce any behavior of a model with fewer
dimensions. This is completely different from the situation
with periodic boundary conditions in space, where a
relationship between a “film” model (D dimensions) and
a “surface” model (D — 1 dimensions) is clear. Therefore,
for a bosonic model with antiperiodic boundary conditions
in space, the idea of dimensional reduction is ill defined and
does not result in any temperature-dependent function. This
is related to the nonexistence of static modes when dealing
with antiperiodic boundary conditions [22].

D. Fermionic field: Periodic boundary
conditions in space

From this point forward, we proceed to take into account
the situation of a fermionic model. We already know that
the one-loop Feynman amplitude for fermions is related
to the one-loop Feynman amplitude for bosons with
ap = 1; this relation is given by Eq. (3). At first, we
consider periodic boundary conditions in space, given by
Eq. (7). To explore the behavior as L — 0, we use the
integral representation of K, Eq. (12), and the double sum
that arises is treated by an analytic extension

> oo
wo iy (B +niL?)!

RO A RN
=2 P g \//; iy, 2, ()

L | L
X [—K,_% (27m0n15> +27'K, (Zﬂnonlﬁ)} . (24)

Hence, the function WV, reads

W,(M;B,ay = 1;L|P)
ct+ico (] B2
T /_; T;;F (n(20)T(1 = v) (Tﬂ)

X [etico ds (MB\*=2 (7L
)T

x T(s)f(2s)0 <s +k-v+ %) (=1 + 22s+2k=20t1)

x{(2s +2k—-2v+ 1), (25)

and an analysis of each term gives that
(i) for the first integral there are poles at t = 0 and t =
v—j with j€[0,00[. This corresponds to the
dependencies $° and p*%;
(i1) and for the second integral there are poles at s = 0,
s =1/2, and s = v —k. This corresponds to the
dependencies g%, (B/L)*~?, and (L/B)L**2".
It can be noted that the relevant contribution comes from
the pole s =1/2 of the second integral. This is the
contribution that survives at L — 0. Making it explicit,
we obtain in this limit that

LI/ZJ)Z(M;ﬁv ay = 1;L‘P)|L_,0
= FD(M.p;c; =4, ¢, = 0) + divergent terms,  (26)

where the function F2(M, f; ¢y, ¢,) is defined in Eq. (11).

Just as we did when we exhibited the result for the
bosonic case (a; = 0) in periodic boundary conditions in
space, let us concentrate on the behavior as L — 0. To
make the comparison clear, we can keep in mind the
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analogy of heated films (in dimension D with two com-
pactifications) and surfaces (in dimension D — 1 with one
compactification). The heated film described by a fer-
mionic model is given by (26) when the film thickness is
very small. However, the surface described by the same
fermionic model reads

2NN (M pag=1)

=FP(M.p;c; =0,c, = 1/2) +divergent terms, (27)

which is completely different.

Therefore, in the case of a fermionic model, there is no
direct relationship between models in different dimensions.
This result resembles the discussion that the procedure of
dimensional reduction and quantization does not commute
for fermionic models [36] and that the dimensional reduc-
tion behaves differently for bosons and fermions [35].

E. Fermionic field: Dirichlet and Neumann
boundary conditions in space

As a next step, we investigate the fermionic field at
different spatial boundary conditions. Just as done in
Sec. I B for bosonic fields in Dirichlet and Neumann
boundary conditions, we apply in Eqgs. (4) and (5) the
known result for periodic boundary conditions, Eq. (26),
and the dimensionally reduced fermionic model given by
Eq. (10). This gives, respectively, for Dirichlet and
Neumann boundary conditions that

LIP*(M:p.ap=1;L|D)|, o

3

:Z]-'/?(M,ﬂ;cl =4/3,c,=1/3) +divergentterms, (28)

LI (M:p,a=L;LIN)| 1~

1
= —Z}'E(M,ﬂ; cy=-4,c,=1)+divergentterms. (29)

These results reinforce that, as found in Sec. III D, the
fermionic field does not undergo a dimensional reduction
as bosonic fields. We can, indeed, obtain a dimensionally
reduced model, as expressed in Eqs. (28) and (29).
However, it has no relation with the otherwise expected
result given by Eq. (10).

F. Fermionic field: Antiperiodic boundary
conditions in space

At last, let us consider a fermionic model (aq = 1) with
antiperiodic boundary conditions in space [Eq. (12)]. After
using the integral representation of Eq. (12), we use the
following analytic extension of the double sum:

o (_1)n0+n|

no=1,n;=1

1 22 L1 & u (10
Zm"@’”mﬁmnz o ()

0.n1=1

L L
X |:_Kt—% <27m0n1 E) -+ 2%_ZK1_% <2ﬂl’l0]’l1 E):| . (30)

and obtain the expression for the function W,

W,(M;B,ay = 1;L|A)
__ / A 2O - ) (MTﬁ) -

_ico 4mi

1 & ct+ico (g Mﬂ 2k=2v (] \ 25
_\/E;X—m %<g> (?) I(s)n(2s)

1
X F(s + k—u+§)(—1 + 225+ 2k=2u+ 1)

x{(2s +2k—-2v+1). (31)

Studying the poles for each integral in Eq. (31), we
obtain that

(i) first integral: poles at t =0 and r=v—j with

J € [0, 00[. This corresponds to the dependencies
ﬁO and ﬂ2k721/;

(i) second integral: poles at s = 0 and s = v — k. This

corresponds to the dependencies =% and L2,
Therefore, for antiperiodic boundary conditions in space
and ag = 1 there is no mixed dependency on f and L. Also,
just like the case of antiperiodic boundary conditions in
space for bosons discussed in Sec. III C the procedure of
dimensional reduction is ill defined.

This result shows that the use of antiperiodic boundary
conditions in space forbids the procedure of dimensional
reduction both for bosonic and fermionic fields. This might
be an indication of a topological aspect, independent of the
nature of the field.

IV. CONCLUSION

We discussed in Sec. III that there were three possible
outcomes when one investigates the procedure of dimen-
sional reduction as proposed in this article. In the remaining
sections, we found examples of all the following three
categories:

(i) Well-defined dimensional reduction.

This happens for bosonic fields in periodic,
Dirichlet, and Neumann boundary conditions
where there is a simple relation between a model
in D dimensions that is dimensionally reduced
and a model in D — 1 dimensions. See Secs. III A
and III B.

025008-7



E. CAVALCANTI et al.

105

PHYS. REV. D 100, 025008 (2019)

(i1) Ill-defined dimensional reduction.

This happens for antiperiodic boundary condi-
tions in space, both for bosonic and fermionic fields.
See Secs. III C and IIIF.

(iii)) Dimensional reduction to a different model.

This happens for fermionic fields in periodic,
Dirichlet, and Neumann boundary conditions where
the model in D dimensions that is dimensionally
reduced has no relation with a model originally
constructed in D — 1 dimensions. See Secs. III D
and I E.

We remark that from the perspective of the decoupling of
heavy fields [21,22], what we call a “dimensional reduc-
tion,” could also be understood as identifying whether there
are static modes related to the compactified dimension in
the model under analysis. It means that for periodic,
Dirichlet, and Neumann boundary condition we get a static
mode related to the system size L, while for antiperiodic
boundary condition there are only nonstatic modes.

We found that the previous article [34] was indeed a
special case (bosonic field, periodic boundary condition in
space) and now we exhibit a bigger picture of the problem.
The procedure of dimensional reduction indeed depends on
the imposed boundary conditions and the nature of the
field. Nevertheless, there are yet some open questions. The
behavior of fermionic fields passing through a dimensional
reduction might be explained by the fact that fermions are
dependent on the number of spatial dimensions. Moreover,
the forbidden dimensional reduction for models with
antiperiodic boundary conditions in space is perhaps a
topological aspect of dimensionally reducing a Mobius
strip, which would explain the independence on the nature
of the fields.

ACKNOWLEDGMENTS

The authors thank the Brazilian agency Conselho
Nacional de Desenvolvimento Cientifico e Tecnoldgico
(CNPq) for partial financial support.

APPENDIX: RELATION BETWEEN FERMIONIC
AND BOSONIC INTEGRALS

The one-loop Feynman amplitude for self-interacting
fermionic field with coupling a + byy is

d°p (a+ bys\?
D _
Je (m)_tr/(zn)'? (ipf+m)

_ tr/ (de ((a + bys)(—ip + m))”. (A1)

27)P P2+ m?

Here we use the notation of Ref. [23] for the Euclidean
Dirac matrices. To compute the trace in a systematic way,
we define v = —ip"y, +m, ¥ = ip!y, + m and note that
vyg = Dyg. Organizing the trace 7, = tr[(a + byg)v]*

in such a way that all yg matrices are on the left,
we have

T(a,b) = av + bysv, (A2a)
T,(a,b) = a*v* + abys(Vv + v?) + b*yiiv, (A2b)
Ts(a,b) = a®v® + a*byg(¥*v + 10 + v3)

+ ab?y3 (T v + 200%) + bPy3vn?, (A2c)
T4(a,b) = a*v* + byg(PPv + 920> + 90 + v*)

+ a?b? i (3w + 20%0% + 300%)

+ab’y3(20%0 + 200%) + bYyii?e?. (A24)

From these we can infer some relations regarding the
trace 7, for any v. The component with » =0 and a # 0
contributes as

Tl/(aa 0) = a"r",
and the component with @ = 0 and b # 0O behaves as
T,(0,b) = b*y4 (o) /2 =212,

The mixed terms are a little bit more intricated. Flrst we
adopt another notation defining some function f (v ),

v—1
T,(a.0)=T,(0.6)=>_a"boy3fs ™" (v.v).

o=1

7T ,(a,b)-

where the function fﬁ»i)(fj, v) can be shown to satisfy the
following difference equations:

i)~ I i

F3p(B.0) = o fi0 (5. 0) (A3)
G0 - v 0
faria(D.0) = 2100 f2f( v). (Ad)

Therefore, once we obtain one of these functions all
others are obtained recursively. The simpler one is the case

fgi) which is associated with a’bys and can be directly
written as

i
f<11) _ } :T)i—kvk+1.
k=0

With this in hand, we use the difference equations and
obtain the generalization that
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W5 ) = i (k+ [j/2))! (l_k+Lj+lJ_1) it i—k— |55 ket 45
e )_;0 KU/2)Y (= k)1 - 1)

Substituting back, we obtain that the complete trace is

tr[(a + byg)v] =tr {a”v” + b*y4(p? 4+ m?) sl 28]

S (k+ 15D (w—k-1-15))!
V—01,0,,0 _U_k_L”THJ k|2 A
+;a by Z KT (v—k—o) (|5 - 1) v LA (AS)

Therefore, the trace operation becomes simply
tr(ov)" (v?)" = te(Bo)" (7)™ = d},(m2 + p2)'(m? — p?)™,

where d, is the dimension of the gamma matrix.
After computing the full trace and making some algebraic manipulation, we obtain

8
Jellat byl =a Y (X Y b =212

k=0

7 3 iNy—i—1) ey o) .
+Zau—2kb2kz (j—k)!i!((y—i—j))!(k—j)! (p* +m?)i Z ( J>ml/—2]—2f(_p2)f

k=1 j=k =0 2¢
sl vk i(v—j =il /n:
(v—j—=1)! . 2j—v .
+ av~2kp2k : J:\V=] : : pz 4 2y ( >m2,—u—2f _pz ¢ (A6
; ]:%u(]—k)!k!(y—k—j)!(k—])!( ) ; 2 (=7") (A6)

‘ 4
(_pz)f _ Z(_l)n( )(pz + mZ)nm25—2n7
and now we can relate the fermionic scenario with the bosonic one,

5k

IO (50) (5 )m1vze o) + (0= 2L/ 28, )

k=0 j=0
15 15

15—/
U= l/_‘]_l X U_2‘] l’Lf U= n
ey e e () S (et e
n=0

L%J v—k

: . 15-/] . ¢
(v—j—1)! 2 2j—v ‘
+§ : v=2k p2k 2 : : J : ( 2i-v=2nD 2y,
- o U= R = k= ) (k= j)! > 20 )2\ Jon ()
2

=0

This relation also holds if one considers compactified =~ Therefore, if one introduces a compactification of the
dimensions. One must only be careful that the conditions ~ imaginary time to introduce temperature, it must have
imposed on Z will be, in this case, the conditions antiperiodic boundary condition as we are dealing with
that would be imposed on the fermionic integral. ~ fermions.
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Chapter 7

Conclusions

Now this is not the end. It is
not even the beginning of the
end. But it is, perhaps, the end
of the beginning.

— WINSTON CHURCHILL

In this final chapter, I present some further developments and final remarks for
the research developed. It is mainly a quick comment on unpublished results and a letter

of intentions for future research.

7.1 Renormalon poles

The investigation of renormalon poles arose as a consequence of the broader inter-
est in the summability of quantum field theories. The discussion on this topic is in the
introduction at sections 1.3 and 1.9 and the paper reproduced in Chap. 4. Furthermore,
the behavior of the renormalon poles as temperature is increased evidences the relevance
on the topic of dimensional reduction and motivates us to consider the influence of other
parameters as a finite length and boundary conditions. As discussed in Sec. 1.10 we took
a break in the investigation of renormalon to understand more properly the question of
dimensional reduction. The consequence of this investigation are the papers reproduced
in chapters 5 and 6. As could be expected, a next step (in development) is to return to

the investigation of renormalon poles. There are some open inquiries to addressed:

1. Does the disappearance of renormalons happen just in the limit of dimensional re-

duction, or is there some finite temperature in which occurs this change of behavior?

2. Are there other parameters that can influence the location or the residues of the

renormalon poles?

3. Is the observed behavior a characteristic of the chosen model or a general aspect

inherent of all field theoretical models that have renormalons?
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Although not yet published, there are partial answers to these inquiries as can be

seen in the following.

To address the first inquiry, we can note that an essential element to produce
the renormalon pole, in the model under consideration at the article, is the asymptotic
behavior of the internal “bubbles” as In /¢, where ¢ is the momenta that enter the bubble.
We can look at it both from an analytical or numerical perspective, but the basic idea
is that the dominance of the asymptotic behavior is related to the ratio ¢/T. This ratio
is unphysical as ¢ is the momenta of integration, and we can make sense out of it only
if the ratio ¢/T tends to zero of infinity. For zero temperature and low temperatures,
T < /¢, and we can assume that for extremally high temperatures, T' > ¢. Therefore,
there are only the regimes already considered during the article: zero temperature, low
temperatures, and very high temperatures. This perspective indicates that the renormalon
disappearance occurs only when the dimensional reduction happens. This means the

nonexistence of a “transition temperature”.

The second inquiry, of whether another parameter could influence the renormalon
poles, can lead to a large number of assumptions to be tested. As far as we know, the
specialized literature did not make any direct investigation of this yet. Of course, we can
always assume, and perhaps even be satisfied, by the formal perspective that “if we can
do; we must do”. However, to understand the underlying motivation, we must remember

the concept of adiabatic continuity conjecture discussed in Sec. 1.10.

The idea is to obtain the nonperturbative solution of a field-theoretical model. As
we already explained, the existence of the renormalons in the model introduces a problem
in this procedure. Let us assume a field-theoretical model with one circle compactification
of length L. We see that there is a disappearance of the renormalons if we get to the
regime of dimensional reduction (the limit as L — 0). Therefore, in this regime, the series
is summable, and we can obtain the nonperturbative solution. What if we adjust the value
of L? One proposition is that the nonperturbative solution for finite L or even L — oo
is related to the solution obtained in the limit L — 0 if the system does not undergo a
phase transition. That is the idea behind the adiabatic continuity conjecture. Therefore,
one needs to avoid phase transitions in the parameter L so that the conjecture holds.
One scheme to ensure this is to apply spatial periodic boundary conditions for fermions
and spatial antiperiodic boundary conditions for bosons. Notice that the freedom to
choose the spatial boundary condition is what make the circle compactification useful.
The boundary condition related to the introduction of finite temperature, on the other
hand, would be restricted by the KMS condition.

The above considerations motivates the investigation of the dependence with, for
example, different boundary conditions or chemical potential as these parameters could

help to get a “path” from low L to high L. As could be inferred, the investigation in
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Chap. 6 was a preparatory step to consider temperature, finite length, and four differ-
ent boundary conditions (periodic, antiperiodic, Dirichlet and Neumann). A first (and
somewhat easy) step is to take into account, using our simplified model of scalar field
theory, two scenarios: 1 - finite temperature and chemical potential; 2 - finite size and

quasiperiodic boundary conditions.

By quasiperiodic (or anyonic) boundary condition we mean the use of a parameter
(f) that allows to interpolates between a periodic boundary condition (¢ = 0) and an

antiperiodic boundary condition (6 = 1).

The computation is very similar to the procedure at the article reproduced in
Chap. 4, and the conclusion of this first step analysis states that both scenarios make
almost no difference. The introduction of a finite chemical potential u does not modify the
location of the poles neither the number of renormalons, it only modifies the residues. In
the scenario with a spatial restriction and employing a quasiperiodic boundary condition,
we obtain a similar result, the only difference being that there is a specific configuration

at which the residues vanish.

The scope of validity of the results requires the investigation of different field-
theoretical models, and we do not have an indication so far of what to expect. However,
with this intention in mind, we already considered both bosonic and fermionic models in

our investigation of dimensional reduction, as exhibited in Chap. 6.

7.2 Hadronic Phenomenology

As is evident in Chap. 3, the model discussed is just a first step. To fully develop
the work, we should take into account the time evolution of the hadronic multiplicities.
However, as pointed out in the article itself, there are some missing features, as we have

only investigated the lowest partial wave.

However, this research line still uses the hypothesis that the interaction with the
hadron gas represents a relevant contribution to understand the charmonium J/1 behav-
ior. As commented in the introduction, recent experiments at LHC are still evaluating,
which are the most relevant contributions. Some new information might arise with the
data from pA collisions. In these collisions, although without a QGP phase, there is an

observed suppression in the abundance of charmonia.

We stopped this investigation for a while, as we considered that a more useful path
would be to consider the J/1 regeneration in the QGP phase. The reported results so far

seem to indicate that the hadron gas phase is not responsible for the observed phenomena.
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7.3 Dimensional Reduction

As already commented, this topic was just a brief a detour, but we found some
open topics unnoticed by the literature, and there is yet a few questions to address. So
far, we got a relationship between a model in D dimensions and its dimensionally-reduced
version in D — 1. Moreover, we know that this relation depends on the nature of the field

(bosonic or fermionic) and the boundary condition imposed on the restricted dimension.

However, our discussion stops at one-loop order. It remains as a next challenge
to extend the study to more loops, ideally in a format valid for any number of loops. A
possible path to take this into account requires first that we express an arbitrary Feynman
diagram in D dimensions with d compactifications, an extension of the known parametric
representation of graphs to the scenario of toroidal topologies. With this in hand, we can

investigate the topic on a more general ground.

Furthermore, as this theme of dimensional reduction is somewhat related to the
topic of films and surfaces, a generalization to a nonrelativistic version might be relevant

and is under current development.

7.4 Final remarks

As pointed out in the introduction, there is a large picture where everything dis-
cussed throughout this manuscript becomes related. I consider that the first step towards
it is to take into account an effective quark-meson model that could describe the transition
from the QGP to the hadrons gas. A candidate, as indicated by the recent literature, is
to consider the chiral Polyakov Quark Meson (PQM) model (also called Polyakov Linear
Sigma Model, PLSM). After choosing a model, we can first study it from a formal per-
spective. The path is to evaluate its nonperturbative results from the perturbative series
by investigating the Borel summability of the theory and, if needed, apply the program
of resurgence to “cure” the ambiguities that come from the renormalons. Then, we could
extract phenomenological predictions about the behavior of heavy quarkonia inside the

quark-gluon plasma, hadron gas, or also the mixed phase.
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