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Abstract
In this thesis we investigate the asymptotic safety approach for quantum gravity. This approach relies on the possibility of a UV completion induced by means of
fixed points in the renormalization group flow. In its standard version, asymptotically safe quantum gravity is constructed as a quantum theory for general relativity.
In the present thesis we consider a different scenario, where the underlying classical
theory corresponds to unimodular gravity, which is defined by a restriction on the determinant of the space-time metric. Under the appropriated assumptions, unimodular
gravity and general relativity give rise to equivalent classical dynamics, however, the
(in)equivalence at the quantum level remains unsettled. Using functional renormalization group techniques, we provide new results concerning the fixed point structure in
the unimodular setting. Also, we discuss the impact of regulator induced contributions
on the renormalization group flow obtained within the unimodular theory space. Based
on the analysis of n-point connected correlation function, we provide strong arguments
in favor of the equivalence between unimodular gravity and unimodular gauge, which
is a particular gauge choice in the quantization of general relativity. Finally, by exploring the interplay between gravity and matter systems, we discuss the possibility of
imposing phenomenologically motivated constraints in the unimodular theory space.
Our results indicate that, due to the absence of the cosmological constant, the unimodular setting leads to more severe constraints in comparison the standard formulation
of asymptotically safe quantum gravity.

Keywords: Quantum Gravity; Asymptotic Safety; Functional Renormalization
Group; Unimodular Gravity; UV Fixed Points.
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Resumo
Nesse trabalho investigamos o cenário de segurança assintótica para gravidade quântica. Essa abordagem está baseada na possibilidade de completude no regime UV por
meio de pontos fixos no fluxo do grupo de renormalização. Na sua versão padrão, o
cenário de gravidade quântica assintoticamente segura é construı́do a partir da quantização da relatividade geral. Nessa tese, consideramos uma versão alternativa com ponto
de partida correspondente a uma teoria unimodular de gravitação, a qual é definida a
partir de uma restrição sobre o determinante da métrica espaço-temporal. Partindo de
hipóteses apropriadas, pode-se mostrar que gravidade unimodular e a relatividade geral
descrevem classicamente a mesma fı́sica. No entanto, a (in)equivalência quântica entre
as duas teorias permanece como uma questão em aberto. Utilizando métodos do grupo
de renormalização funcional, apresentamos novos resultados em relação à estrutura de
pontos fixos no cenário unimodular. Além disso, discutimos o impacto de contribuições
induzidas por um efeito de regulador sobre o fluxo do grupo de renormalização na
teoria unimodular. Com base em uma análise sobre de funções de correlação, apresentamos argumentos fortes em favor da equivalência entre gravitação unimodular e calibre
unimodular, que corresponde a uma escolha de fixação de calibre na quantização da
relatividade geral. Por fim, explorando a relação entre gravitação e setores de matéria,
discutimos a possibilidade de se estabelecer vı́nculos fenomenológicos sobre o “espaço
das teorias” unimodular. Os resultados apresentados aqui indicam que, devido a ausência da constante cosmológicas, o cenário unimodular produz vı́nculos mais severos em
comparação com a formulação padrão de gravidade quântica assintóticamente segura.

Palavras-Chave: Gravidade Quântica; Segurança Assintótica; Grupo de Renormalização Funcional; Gravidade Unimodular; Pontos Fixos UV.
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Notations and Conventions
List of abbreviations:
AS
ASQG

Asymptotic Safety

gµν

Space-time metric

Asymptotically Safe

ηµν

Minkowski metric

Quantum Gravity

δµν

Euclidean metric

EAA

Effective Average Action

EFT

Effective field theory

EH

Einstein-Hilbert

FP

Fixed Points

FRG
GR
IR
QCD
QFT
QG

List of symbols:

Rµναβ

Functional Renormalization

Riemann tensor

Rµν

Ricci tensor

R

Ricci Scalar

Cµναβ

Weyl tensor

MPl

Planck mass

Group

GN

Newton coupling

General Relativity

Λcc

Cosmological constant

d

Space-time dimension

Infrared
Quantum chromodynamics

hµν

Fluctuation field

Quantum Field Theory

htr

Trace of the fluctuation field

αβ
δµν
γµ

Quantum Gravity

Symmetrical identity

QGR

Quantum General Relativity

UQG

Unimodular Quantum Gravity

µ

Physical RG scale

RG

Renormalization Group

k

FRG cutoff scale

SM

Standard Model

UG

Unimodular Gravity

UV

Ultraviolet

1PI

One-Particle Irreducible

Gamma matrices

We work with natural units such that c = ~ = 1. In Sect. 1.1 we use Lorentzian
conventions with signature (−, +, +, · · · ). In the rest of this thesis we consider Euclidean signature. The Riemann tensor was defined according to Rµναβ = ∂α Γµνβ +
Γµαλ Γλνβ − (α ↔ β). Geometrical objects with an over-bar (R̄µναβ , R̄µν , · · · ) are computed in terms of the background metric ḡµν . Once we decompose the full metric gµν in
terms of ḡµν and hµν , the operations of raising and lowering indices are done with the
R
R
background metric. For space-time integrals, we use the compact notation x = dd x.
For the original results presented in this thesis we set our calculations to the fourdimensional case (d = 4). In some discussions we kept the dimension parameter d
αβ
arbitrary. Finally, the symmetrical identity is defined as δµν
= 12 (δµα δνβ + δµβ δνα ).
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Introduction
According to our current understanding, nature organizes itself in terms of four
fundamental interactions: strong, electromagnetic, weak, and gravitational. Quantum
field theory (QFT) provides a very successful description of the first three ones. In
special, the standard model (SM) of particle physics shows a remarkable, and even
surprising, agreement with the experimental data collected in modern accelerators such
as the LHC [1]. The SM, on the other hand, do not incorporate gravity, indicating that
there is at least one missing piece in the understanding of fundamental interactions.
At the classical level, gravity has a very satisfactory description in terms of the
theory of general relativity (GR). According to GR, gravity is nothing but a manifestation of the dynamics of space-time itself. In this setting, free particles move through
geodesics in a space-time deformed by matter/energy content. Since its conception, GR
was successfully confronted with many experiments [2], including the recent detection
of gravitational waves and black-hole shadows [3, 4], providing the notable non-trivial
tests of this theory in the strong-field regime. The presence of singularities in the solutions of Einstein’s field equations in GR [5], however, indicates that this theory also has
its limitations and fails to describe gravity at very small distance scales. This might
suggest that quantum fluctuations could play an important role in the understanding
of gravity, and the space-time itself, at the fundamental level.
The quest for a complete and consistent theory of quantum gravity remains as one
of the major open problems in theoretical physics. In particular, the complete lack of
direct experiments probing the quantum nature of gravity makes this task especially
challenging [6]. The energy scale where quantum gravitational effects are expected to
become important is of the order of the Planck mass (∼ 1019 GeV), while the current
technology allows us to probe physics up to the electroweak scale (∼ 102 − 103 GeV).
Despite these limitations, in the past few decades, several attempts to quantize gravity
were made, starting from multiple different premises and leading to a great variety of
approaches [7,8]. Despite all the progress in various directions, none of the alternatives
can be considered a full theory for quantum gravity (QG) so far.
Having in mind our experience with the other fundamental interactions, we might
expect that QFT methods applied to GR should provide a natural framework for QG.
For example, taking into account the “sum over histories” approach in QFT, our goal
1

is to define a “functional integral over space-times” (geometries)1 . A concrete (but not
unique) realization of this task is achieved by a path integral over metric fluctuations
around a fixed (non-dynamical) background [11]. This approach, sometimes referred
to as covariant QG, defines a QFT where the metric fluctuation field plays the role of
mediator of the gravitational interaction, namely, the graviton.
The naive application of the QFT toolbox in the covariant QG approach, however,
is not completely satisfactory. In particular, the quantization of GR based in perturbative methods leads to non-renormalizable interactions due to the presence of vertices
scaling with two derivatives [12–19]. In this case, the elimination of all possible ultraviolet (UV) divergences requires an infinite number of counter-terms, resulting in a
lack of predictivity. A possible way to circumvent the problem of perturbative nonrenormalizability is the introduction of higher-derivative (HD) terms in the action. In
this case, there is an improved UV behavior of the graviton propagator, making the
theory renormalizable at all orders in a perturbative expansion [20]. However, the price
to be paid for renormalizability, in the perturbative level, is the appearance of an extra
pole in the tree-level graviton propagator with negative residue, indicating unitarity
violation2 .
As an alternative, covariant QG can be interpreted as an effective field theory
(EFT) [29–31]. The ideas of EFT’s have been extensively explored in particle physics
and allow us to perform consistent computations, based on standard perturbative methods in QFT, even in the case of non-renormalizable theories [32]. Nevertheless, EFT’s
exhibit a limited range of validity and, therefore, allow us to answer only those physical
questions characterized by energies below a cutoff scale. Theories involving such cutoff
scales are said to be UV incomplete. In the case of QG, the cutoff scale is usually
identified as the Planck mass. This framework allows us to compute QG contributions to physical processes with a typical energy scale below ∼ 1019 GeV. One of the
most successful examples of the EFT approach to QG is the one-loop correction to the
Newtonian potential first reported in the seminal papers by Donoghue [33,34]. Furthermore, during the last three decades, the EFT approach has been used to investigate
QG contributions in several scattering processes (see, e.g., [35–37]).
The limitations of the covariant approach to QG built on top of standard perturbative methods suggest that, if we aim at constructing a fundamental theory within a
QFT framework, some change of paradigm might be necessary. In the present thesis,
we follow a route based on the concept of asymptotic safety (AS) [38, 39]. The basic
idea of AS is to define a non-perturbative notion of renormalizability formulated in
terms of a non-Gaussian UV fixed points (FPs) in the renormalization group (RG)
1

Alternatively, we could also consider the canonical quantization of geometrical objects. This
approach leads, for example, to the original formulation of loop quantum gravity [9, 10].
2
For recent proposals to circumvent the unitarity problem in HD theories of QG, see [21–28].
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flow [40–42]. In this approach, perturbative renormalizability is no longer considered a
guiding principle in the definition of a meaningful QFT.
The notion of AS can be explored in parallel with the well-known concept of asymptotic freedom (AF). The latter one, first discovered in the context of Yang-Mills (YM)
theories, describe interactions characterized by couplings that run towards a UV attractive Gaussian FP, i.e., a FP characterized by vanishing couplings. In this case, we
say that theory becomes asymptotically free in the high-energy regime. The neighborhood of a Gaussian FP is the ideal regime to apply perturbation theory. In fact, the
UV FP in the RG flow of YM theories is the key point for a consistent perturbative
treatment of quantum chromodynamics (QCD) in the UV regime [43–45].
AS generalizes the concept of AF to the non-perturbative regime. An asymptotically
safe theory is characterized by couplings running according to an RG trajectory ending
in a non-Gaussian FP in the UV [42]. In this case, the theory remains interacting at
the FP and UV completion is achieved by scale invariance in the high-energy regime.
In order to ensure predictivity, we further demand a finite-dimensional critical surface
associated to the UV FP. As a consequence, only a finite number of free parameters
are necessary to parameterize UV complete trajectories. Furthermore, it is interesting
to emphasize that any fundamental QFT has to admit a characterization in terms of
asymptotically safe (or asymptotically free) RG trajectories.
The asymptotically safe quantum gravity (ASQG) approach puts together the concepts above discussed as a promising attempt to define a consistent, and UV complete,
QFT describing the gravitational interaction. The existence of a non-Gaussian UV
FP for gravity was first conjectured in a seminal work by Weinberg [42]. The earlier
attempts to probe this conjecture was based on calculations done in 2 +  space-time
dimensions [46–49], pointing towards the existence of a non-Gaussian FP for the gravitational interaction. Nevertheless, it is not clear if these results can be analytic continued to four dimensions. As a consequence, this research area was left aside until the
development of more sophisticated techniques.
The current research on ASQG has been mostly done in terms of the functional
renormalization group (FRG) techniques [50]. In general lines, the FRG provides an
implementation of the Wilsonian picture of integrating field configurations in a “stepby-step way” [51] (see [52] for a recent review). It is achieved by the introduction of
an infrared (IR) cutoff scale that suppresses the field configurations characterized by
low-momentum. The central object in the FRG formulation is the effective average
action (EAA) defined as a scale-dependent functional that interpolates between the
bare action and the usual effective action (1PI generating functional) from quantum
field theory. The most attractive feature of the FRG lies on the fact that the EAA
satisfies an exact flow equation, the Wetterich equation [51]. Even though the use of
approximations is necessary to extract quantitative information from the Wetterich
3

equation, the FRG still provides an alternative framework to perform systematic QFT
calculations beyond the usual perturbative methods.
Since the seminal paper by Reuter [50], the FRG has been systematically applied to
the study and characterization of the RG flow in QG. Within a first approximation, a
truncated EAA with the same functional form of the Einstein-Hilbert (EH) action has
been used as an approximated solution for the Wetterich equation. This strategy allows
for the computation of beta function for the Newton coupling and the cosmological
constant. The resulting flow equation provides the first indication for a UV attractive
fixed point in a legitimate four-dimensional setting. In the last two decades, a great
number of investigations were done based within the FRG approach, and, by now, there
are several indications pointing towards the consistency of the ASQG framework [53–94]
(for recent reviews, see [38, 39, 52, 95]).
The RG approaches to QG, such as ASQG, not only provide a possible UV complete scenario within the QFT framework but also give a perspective on how to connect
quantum aspects of gravity with low-energy phenomena accessible with current experimental technologies [96]. The RG works as a theoretical microscope that allows us
to zoom in and out to probe different physical scales. In this sense, we can use RG
trajectories to connect phenomena at the Planck scale down to the electroweak regime.
This idea has been explored within the ASQG approach, providing indications that
the existence of a gravitational UV FP might lead to interesting consequences on the
running of SM-couplings. The most highlighted example is the prediction (within approximations) of the Higgs mass [97] close to the actual measured value two years
before its observation in the LHC3 [98, 99]. Investigations in the last few years also
indicate the possibility of a post-diction for the top quark mass and also the top-quark
mass difference [95, 96]. Furthermore, the AS scenario for QG might also help with a
solution to the triviality problem in the Abelian gauge sector of the SM [100, 101].
From the RG perspective a theory is characterized by RG-trajectories in the space
of all couplings compatible all the symmetries and degrees of freedom associated with
the physical problem under investigation. Such a space is usually referred to as theory space. Within the standard formulation of ASQG, based on the quantization of
GR, the theory space is constructed by the (infinite) set of operators compatible with
diffeomorphism (Diff ) symmetry, with the fundamental field being the space-time metric. In the thesis we explore a different choice, namely, the theory space defined by
the quantization of unimodular gravity (UG) [102–109]. In this case, the space-time
metric still plays the role of fundamental variable, however, with a configuration space
restricted by a condition of fixed metric determinants. As a consequence of this re3

We should emphasize that the “predicted” value for the Higgs from AS actually depends on the
approximations under assumption. By now there are multiple calculations indicating that this value
might vary in a range of a few GeV. Most importantly, a reliable method to estimate the errors
resulting from these approximations is still missing.
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striction, the underlying symmetry characterizing this theory space is reduced to the
group of transverse diffeomorphism transformations (TDiff )4 .
UG is closely related to an observation made by Einstein in the early years of GR,
namely, that by a convenient choice of coordinates we can set the metric determinant
to one, leading to simplifications in the field equations of GR [110]. In such a case, we
can simply view UG as a particular gauge in GR. In its modern formulation, UG is
interpreted as an alternative theory where the determinant of the metric is fixed a priori
and, therefore, not subject to any variation. One of the most attractive features of UG
is the role played by the cosmological term. Since the determinant of the metric is not
subject to any variation, the cosmological constant term in the unimodular version of
the EH (uEH) action decouples from the dynamical field equations. On the other hand,
it is possible to verify that a cosmological term re-appears at the level of the classical
field equations as an integration constant. Nevertheless, this integration constant is not
related to the usual cosmological term in the uEH action. This feature has attracted
some attention to UG as a possible solution (or reinterpretation) of the cosmological
constant problem5 [103, 105, 107–109, 111–115]. The basic idea is that the cosmological
term (an integration constant) in the dynamical field equation of UG does not receive
quantum corrections from vacuum fluctuations6 .
At the classical level, UG turns out to be dynamically equivalent to GR. In fact,
starting from the field equations derived from the uEH action we can reconstruct the
usual Einstein’s field equation for GR and, therefore, showing that both theories share
the same classical solutions. In this sense, the only difference between UG and GR
is the status of the cosmological term, an integration constant in the former, and a
dynamical term in the latter. The (in-)equivalence at the quantum level turns out
to be more subtle [115, 116, 118–127]. On the one hand, some calculations based on
perturbative techniques indicate tree-level and 1-loop equivalent results [115, 121]. On
the other hand, the inequivalence of both theories has been discussed in terms of formal
manipulations at the level of path integrals [123].
The dispute regarding the quantum equivalence of GR and UG triggers the question
on whether the AS program could be built on top of UG. While ASQG based as a
quantum theory for GR has been extensively explored in the literature, only a few
investigations were done in the unimodular counterpart. A few studies based on FRG
4

Different versions of UG may be formulated in terms of different symmetry groups. For example,
depending on how the unimodularity condition is imposed, the underlying symmetry might be characterized by one of the following choices: TDiff, Weyl-TDiff (WTDiff ) or Diff. Along this thesis we
focus in the TDiff formulation.
5
It important to emphasize that the term “cosmological constant problem” is used to indicate more
than one problem associated with the cosmological term in GR. In the present case, we are referring
to the fine-tuning of the cosmological term in order to absorb quantum corrections proportional to
the forth-power of a cutoff scale.
6
See also [116,117] for a different point of view concerning the possibility of resolve the cosmological
constant problem in the unimodular setting.
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methods point towards the existence of asymptotically safe solutions in UG [125, 126,
128, 129]. Nevertheless, this area deserves further investigations.
In the present thesis, we further explore the theory space defined by UG. In this
sense, we perform a systematic investigation based on FRG methods as a way to
characterize the RG properties of UG beyond the standard perturbative regime. The
analysis performed here was done in terms of two different approximation methods for
the FRG, namely, the background approximation and the vertex expansion approach.
In both cases, we present indications for UV FPs in the unimodular version of ASQG.
Furthermore, by exploring the impact of graviton fluctuations in the running of SM-like
couplings, we discuss the phenomenological viability of the unimodular ASQG scenario.
The present thesis is organized as follows: In chapter 1 we revise the basic theoretical aspects underlying the development of this thesis. In this sense, we discuss the
concept of AS and the application of the FRG as a method to explore the RG flow in
QG. In Chapter 2, we provide an introduction to unimodular (classical and quantum)
gravity. Chapter 2 is also devoted to a systematic search for UV FPs in UG based
on the background approximation for the FRG. In chapter 3, we investigate the RG
flow of unimodular quantum gravity based in the vertex expansion approach for the
FRG. We discuss some comparative aspects of the unimodular and the standard ASQG
scenario. In chapter 4, we study the impact of graviton fluctuations in SM-like couplings. We explain how QG fluctuations might induce UV completion of SM couplings
and we explore possible constraints on the unimodular theory space based on tests of
phenomenological viability. In what follows, we draw our conclusion and present some
further perspectives. A list of appendices collects some technical points that were not
covered in the main text.
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Chapter

1

Theoretical Foundations
1.1
1.1.1

Asymptotically Safe Quantum Gravity
Pushing the limits of fundamental physics

GR and QFT constitute the two main pillars supporting our understanding of nature at fundamental level. On the one hand, GR provides a very satisfactory description
of the gravitational phenomena at large scales. In the context of GR, gravity is understood as a dynamical effect of space-time. In this sense, the gravitational field of
a given object (e.g. a star or a planet) is nothing but the deformation caused by this
object in the space-time. The interplay between geometry and matter/energy appears
at the level of the Einstein’s field equation,
1
Rµν − gµν R + Λcc gµν = 8πGN Tµν .
2

(1.1)

In this framework, the fundamental dynamical variable is the space-time metric gµν .
The energy-momentum tensor Tµν acts as a source term and encodes the relevant information on how matter/energy impacts the geometry of space-time. The geometrical
nature of gravity implies a universal behavior since the dynamical evolution of any
physical (massive or not) object should be affected by deformations in the underlying space-time geometry. One of the consequences of this universal behavior was the
prediction of the gravitational light-bending effect, considered as a benchmark in the
experimental validation of GR [2].
Despite being a very successful description of gravity at large scale, GR also has
its limitations. If we consider as an example the Schwarzschild metric, i.e., the outer
solution of a spherically symmetric matter distribution (with mass M ), the line element
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takes the form



−1
rS
rS
2
ds = gµν dx dx = − 1 −
dt + 1 −
dr2 + r2 dΩ ,
r
r
2

µ

ν

(1.2)

where dΩ = dθ2 + r2 sin2 θdφ2 is the solid angle element and rS = 2M GN is the
Schwarzschild radius. This solution indicates two potential singularity problems. The
first one, at r = rS , does not characterize a physical problem, since the singularity
can be removed by an appropriate choice of coordinates. The singularity at r = 0, on
the other hand, turns out to be critical once it cannot be avoided by any change of
coordinates. The most direct indication of the physical nature of this problem is the
observation of a divergent Kretschmann scalar at r = 0,
Rµναβ Rµναβ =

12 rS2 r→0
→ ∞.
r6

(1.3)

The ubiquitous presence of physical singularities in the solutions of the Einstein’s field
equation indicates that GR might breakdown at small scales (or, equivalently, large
energies) [5, 130].
One of the most important changes of paradigms in the development of physics was
the understanding that the rules describing nature at small scales are very different
from our macroscopic experience, leading to the advent of quantum mechanics (QM).
Furthermore, the combination of ideas from QM with the concepts from special relativity culminate in the foundation of QFT. In this framework, the central objects are
fluctuating fields encoding the probabilistic nature of QM, while the relevant physical
questions should be answered in terms of expectation values and correlation functions.
QFT has been very successfully applied to the description of microscopic phenomena.
In particular, QFT is the conceptual as well as technical basis for the SM of particle
physics, showing an astonishing agreement between theoretical results and the experiments performed in modern colliders [1].
Nevertheless, the SM of particle physics also has its limitations. Possibly, the most
evident limitation of the SM lies on the fact that it does not say anything about
gravity. The probabilistic nature of QFT makes it hard to place the SM along with a
geometrical description of gravity. In a semi-classical approach, we might consider the
r.h.s. of the Einstein’s field equation as the expectation value of the energy-momentum
tensor associated with SM-fields, namely
1
SM
i.
Rµν − gµν R + Λcc gµν = 8πGN hTµν
2

(1.4)

However, this approach leads to some difficulties. In particular, it is not clear how to
take all the back-reactions into account since, in this approximation, the space-time
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Figure 1.1: Running of the strong (left) and the hypercharge (right) gauge couplings,
both evaluated at the 1-loop approximation. The vertical-dashed lines indicate the
Laudau poles. We have used initial conditions gQCD (µ0 ) = 1.17 [134] and gY (µ0 ) = 0.35
[135], with reference scale µ0 = 173 GeV.

geometry is only affected by the average of states in quantum superposition. This
suggests that a consistent treatment of gravitating SM fields should also take into
account the quantization of the gravitational degrees of freedom (see [131] for more
details concerning this point).
Even disregarding gravity, the SM of particle physics seems to breakdown in extreme
regimes. The incomplete nature of the SM can be observed by taking into account one
of the most important lessons from QFT, namely, the running of coupling constants.
As an example, consider the (1-loop) RG flow of the strong (gQCD ) and hypercharge
(gY ) gauge couplings [132, 133],
2
gQCD
(µ)

2
gQCD
(µ0 )
,
=
7
2
2
2
1 + 16π
2 gQCD (µ0 ) log(µ /µ0 )

(1.5a)

gY2 (µ0 )
,
41 2
2
2
1 − 96π
2 gY (µ0 ) log(µ /µ0 )

(1.5b)

gY2 (µ) =

where µ0 indicate some reference energy scale. The running of the gauge couplings
gQCD and gY exhibit the failure of the SM, due to the appearance of Landau poles1 , at
different regimes (see Fig. 1.1).
In the case of the strong gauge coupling, gQCD , we first observe that at very high
energy scales (µ → ∞) the coupling tends to zero. This is the phenomenon of asymptotic freedom [43–45], which indicates that quantum chromodynamics (QCD) can be
1

A Landau pole correspond to a scale where the running of a given coupling diverges.
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extended (as a perturbative theory) up to arbitrarily high energies. On the other hand,
the running of the strong coupling hits a Landau pole when flowing towards the infrared
regime (IR), indicating the breakdown of perturbative QCD at low energy scales [136].
The failure of perturbative methods to describe QCD in the IR constitute one of the
main obstacles concerning our understanding from first principles of the confinement
problem. The scale of breakdown of perturbative QCD (the Landau pole) is known
7
2
as ΛQCD and, at 1-loop approximation, it takes the form ΛQCD = µ0 e− 32π2 gQCD (µ0 ) .
Results from non-perturbative methods in QCD, however, seems to indicate that the
Landau pole does not persist beyond perturbation theory [136]. Since in the present
thesis we are mainly interested in the UV features of QFTs, we shall not come back to
this point along the text.
The running of the hypercharge coupling indicates a problem in the other extreme of
the RG-flow, i.e., in the UV regime. In this case, as one can observe from Fig. 1.1, the
hypercharge coupling cannot be pushed to arbitrarily high energies since it would hit a
41
2
Landau pole2 at a finite energy scale (Λpole = µ0 e 192π2 gY (µ0 ) ) [137]. At first sight, this
pathological behavior only indicates the breakdown of perturbative methods applied to
the hypercharge sector. Nevertheless, there are indications that the Landau pole would
persist even when non-perturbative methods are taken into account [138–140]. From
an alternative perspective, the Landau pole can be avoided by tuning the hypercharge
coupling at a reference energy scale to zero (gY (µ0 ) = 0). In this case, however, the
running of gY (µ) (Eq. (1.5b)) enforce the hypercharge coupling to be zero along all
the flow. This is known as the triviality problem [141]. For discussions concerning
the Landau pole/triviality problem in the Higgs-Yukawa and quartic scalar sectors, see
Refs. [142–152]
The arguments presented in this section provide (some) indications that the two
main theories describing the known fundamental interactions in nature are not as fundamental as we would expect. Both GR and the SM of particle physics exhibit pathological features when confronted with extreme regimes. In special, the existence of
singularities appears as a common problem and might suggest the existence of some
missing ingredient shared both by gravity and the other microscopic interactions. In
the present thesis we explore the point of view that a quantum treatment of the gravitational interaction is the missing piece (or, at least, one of the missing pieces) to our
understanding of nature at a fundamental level.

1.1.2

Gravity from a QFT perspective

Taking into account our experience with the other microscopic interactions, a “natural” attempt to quantize gravity would be the application of QFT techniques to GR. In
2

The Landau pole is already present in quantum electrodynamics (QED).
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this sense, our goal is to promote the space-time metric, gµν , from a classical dynamical
variable to a quantum field. From a path integral perspective, the usual target is to
compute expectation values based on the functional integral over field configurations,
namely
Z
hO[gµν ]i ∼

Dgµν O[gµν ] eiSEH [g] ,

(1.6)

where O[gµν ] denotes an (idealized) observable and SEH [g] is the EH action. This
approach, however, is far from being straightforward. A quick look at the EH action
1
SEH [g] = −
16πGN

Z

√
g (2Λcc − R(g)) ,

(1.7)

x

revels very intricate non-linear terms involving non-polynomial combinations of the
space-time metric. As a consequence, we observe that, in spite of being a classical
field theory, GR exhibits a very different structure in comparison with the other known
fundamental interactions. Therefore, we might expect that a quantization procedure
directly in terms of the full metric tensor would require non-standard methods in QFT.
Rather than proceeding to a more radical approach, we can try to get some insight
from a simplified regime of GR, namely, the linearized approximation (see, e.g., [8, 11,
153]). In this sense, let us consider metric fluctuations around a fixed (Minkowiskian)
background
gµν = ηµν +

p

32πGN hµν ,

(1.8)

√
where 32πGN is just a convenient normalization factor. Note that, in this convention, the fluctuation field hµν has canonical mass dimension one. Expanding the EH
according to (1.8) and keeping only those terms contributing to the linearized dynamics
(O(h2 )-terms at the level of action), leads to the following expression
lin
SEH
[h]

Z 
=−
x

1
1
∂α hµν ∂ α hµν − ∂α h∂ α h + ∂µ h∂ν hµν − ∂µ hµα ∂ ν hνα
2
2


.

(1.9)

This action is symmetric under linearized Diff transformation,
δ hµν = ∂µ ν + ∂ν µ ,

(1.10)

where µ = µ (x) is a vector field corresponding to the generator of Diff transformations. The linearized field equations obtained by varying (1.9) w.r.t. the fluctuation
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field take the form (in the de-Donder gauge3 ),
2hµν = 0 .

(1.11)

As one can see, the classical dynamics of the fluctuation field is governed by a standard
wave equation. This is one of the most celebrated results from GR since it predicts
the existence of gravitational waves, experimentally confirmed a few years ago by the
LIGO-collaboration [3].
At the linearized level, GR resembles more similarities with field theories describing
the other microscopic interactions. That is, the metric fluctuation field has a dynamical
description in terms of a gauge-invariant action and, at first approximation, hµν satisfies
a usual relativistic wave equation. This observation suggests that a possible QFT
formulation of GR should treat the fluctuation field as the fundamental degree of
freedom [8, 11, 38, 154], instead of the full space-time metric gµν . From a path-integral
perspective, we replace the formal expression (1.6) by a more treatable version in terms
of the fluctuation field
Z
Dhµν
fluct
O[gµν ] eiSEH [h;ḡ] ,
(1.12)
hO[gµν ]i ∼
VDiff
fluct
[h; ḡ] denote the EH action written in terms of the fluctuation field hµν
where4 SEH
and a background metric ḡµν , and VDiff (the volume of the symmetry group associated
with Diff transformations) was introduced to factor out physically equivalent field
configurations. The QFT approach based on the quantization of the fluctuation field
around a fixed background is usually referred to as covariant QG. In this framework, hµν
is typically called the graviton field. Furthermore, it is interesting to observe that the
background metric used in the split (1.8) does not necessarily need to be the Minkowski
one.
The covariant approach for QG is supported by some interesting results. As it
was noticed by Weinberg, the unitary representation of the Poincaré group associated
with massless spin-2 particles5 naturally leads to a symmetric rank-2 tensor field transforming according to Eq. (1.10) [158]. This result was taken seriously by Deser, who
showed the possibility of reconstructing the EH action from a “bottom-up” approach,
3

Since the action is symmetric under a local field transformation, we can use this freedom to fix a
gauge condition. In the present case, we consider the de-Donder gauge choice ∂ν hνµ − 12 ∂µ h = 0.
4
fluct
It is important to emphasize that SEH
[h; ḡ] should not be confused with the linearized action
lin
SEH [h]. The former includes all orders in the fluctuation field, while the latter is truncated at O(h2 ).
This is an important difference since the functional integral should take into account all possible field
configurations hµν and not only small fluctuations as in the linearized approximation.
5
More precisely, the inhomogeneous transformation arising from the unitary representation of the
Poincaré group involves a transversality constraint on the vector field. In this sense, the most “natural”
symmetry transformation for massless spin-2 particles correspond to TDiff transformations [103,155–
157].
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that is, starting from the linearized version of the EH action and including interactions
according to an iterative procedure [159].
The QFT approach based on covariant QG allows us to extract some interesting
physical results from tree-level scattering processes. The most usual example is the
Newtonian gravitational energy (for two static bodies with masses m1 and m2 ) obtained by a simple Fourier integral over the non-relativistic (NR) limit of a scattering
amplitude, M, associated with a process of the type 1 + 2 → 10 + 20 , namely
Z
UNewton (r) = −

d3 ~q
limNR M(~q) ei~r·~q .
3
(2π)

(1.13)

In this case, a standard calculation leads to limNR M(~q) = 4πGN m1 m2 /~q 2 (see, for
instance [160]), resulting in the typical Newtonian potential
UNewton (r) = −

GN m1 m2
.
r

(1.14)

Another interesting example is the possibility of recover the gravitational light bending
angle from a tree-level scattering process in QFT [161, 162].
While tree-level calculations based on the covariant approach for QG lead to a
consistent physical result, the situation turns out to be more complicate once we take
into account radiative corrections. In particular, the QFT treatment for GR based
on standard perturbative methods leads to an undesirable UV behavior due to the
appearance of non-renormalizable interactions. This issue can be easily observed by
fluct 6
exploring the structure of the interactions in SEH
fluct
SEH

=

Z 


1/2
3/2
∂h ∂h + GN h∂h∂h + GN h2 ∂h∂h + GN h3 ∂h∂h + · · · .

(1.15)

x

From this schematic representation it is not difficult to see that the graviton propagator
and the self-interaction vertices (in momentum space) exhibit UV scaling k −2 and k 2 ,
respectively. As a consequence, a diagram containing L-loops (with Ih -graviton internal
lines and Vh -vertices) involves integrals with UV behavior7
Z
IUV ∼

(dd k)L

(k 2 )Vh
,
(k 2 )Ih

(1.16)

leading to the superficial degree of divergence
ωUV = d L + 2Vh − 2Ih = (d − 2)L + 2 ,
6

(1.17)

Since the complicated tensorial structure of graviton self-interactions is not relevant for the present
discussion, we consider a simplified schematic notation without showing the explicit indices.
7
For the sake of this argument, it is interesting to keep the number of space-time dimensions
arbitrary.

13

where we have used the topological relation L − 1 = Ih − Vh . In the physical dimension
d = 4, ωUV increases with L. In this case, we can conclude that at every order in
the loop expansion new types of divergent terms will appear and, therefore, it is not
possible to absorb all the UV divergences by a finite number of counter-terms. It is also
interesting to observe that in the critical dimension d = 2(= dc ), the superficial degree
of divergence does not depend on the number of loops, meaning that 2-dimensional
covariant QG is a perturbatively renormalizable QFT.
The power-counting argument indicates the qualitative behavior of UV divergences.
In this sense, a precise statement concerning the failure of perturbative renormalizability requires a concrete calculation showing that the ill-desired UV divergences do not
cancel by some mysterious fine-tuning. In this sense, a surprising result was obtained
by ’t Hooft and Veltman [12] by showing that the divergent part of the 1-loop effective
action in QG is proportional to curvature squared invariants, namely
Γdiv
1-loop

1
∼
ε

Z

√


g c1 R2 + c2 Rµν Rµν ,

(1.18)

x

where ε = 4 − d is the usual parameter from dimensional regularization and c1 and c2
denote (finite) numerical coefficients. In the case of pure gravity (without cosmological
constant) both R2 and Rµν Rµν vanish on-shell, therefore, the 1-loop effective action for
QG (without matter and cosmological constant) turns out to be finite for on-shell field
configurations. This situation, however, is not sustained by the inclusion of matter
and the cosmological constant, since, in this case, the Einstein’s field equation gives
non-vanishing values for the curvature-squared terms [13–16]. Even in the case of pure
gravity, the explicit calculation at 2-loops, first done by Goroff and Sagnotti [17, 18]
(see also [19]), shows the existence of a divergent contribution like
Γdiv
2-loop

1
∼
ε

Z

√ µν ρσ αβ
g R ρσ R αβ R µν ,

(1.19)

x

which does not vanish for on-shell field configurations and cannot be absorbed by the
renormalization of couplings present in the bare action.

1.1.3

Safety beyond perturbation theory

Before introducing the concept of AS and explore its promising consequences to
QG, it is useful to further explore the actual problems of the perturbatively nonrenormalizable QFTs. The typical speech concerning non-renormalizable theories attribute the lack of physical meaning to the impossibility of eliminating the UV divergences by a suitable counter-term. Although this point of view is not wrong, it also not
complete. As it was observed by Weinberg: “... non-renormalizable theories are just
as renormalizable as renormalizable theories, as long as we include all possible terms
14

in the Lagrangian.”. In this sense, in a perturbative non-renormalizable theory we can
still remove all the UV divergences provided that we start from a bare action of the
form8
Sbare [ϕB ] =

∞
X

gB,i Oi [ϕB ] ,

(1.20)

i=1

where {gB,i } denotes the set of bare couplings and the sum is taken over the (infinite)
set of all possible operators Oi [ϕB ] compatible with the symmetries characterizing the
physical system under investigation. While UV divergences can be removed by expressing gB,i and ϕB in terms of renormalized quantities gR,i and ϕR , predictivity is spoiled9
since physical results depend on an infinite set of free parameters gR = {gR,i }. The lack
of predictivity can be better understood by observing that each renormalized coupling
requires a renormalization condition, ultimately fixed by an experiment.
It is interesting to re-analyze the discussion of the previous paragraph translated
to the RG-language10 . As it is well known, the renormalized couplings run according
to RG-flow equations, first introduced by Gell-Mann and Low [137], namely
µ∂µ g̃R,i (µ) = βi (g̃R ) ,

(i = 1, 2, · · · ) ,

(1.21)

where µ represents the RG scale and we have defined dimensionless couplings by
g̃R,i = µ−∆i gR,i (∆i denotes the canonical mass dimension of gR,i ). The RG-flow is
an autonomous dynamical system and its solutions describe trajectories, parameterized by µ, in the theory space11 (see, e.g. [38, 39]). In the case of non-renormalizable
theories we have to deal with an infinite set of first-order differential equations and,
therefore, an infinity set of initial conditions (determined by experiments) is required.
Perturbative renormalizability, however, should not be taken as a fundamental aspect of nature, it is just a practical guiding principle to define “acceptable” QFT’s
according to our technical limitations. The AS program replaces this guiding principle
to a more general concept of renormalizability. As we have discussed in the previous
paragraph, the crucial problem of (perturbatively) non-renormalizable is not the impossibility of extract finite physical results, but the lack of predictivity. In RG-language
it translates to the need of infinitely many initial conditions to integrate the RG-flow
8

Since the discussion performed here is not restricted to QG, we consider a generic field ϕ. The
subscript “B” indicate bare quantities.
9
It is important to emphasize that we are interested in theories that remains predictivity up to arbitrarily high-energies. Within the setting of EFTs, non-renormalizable theories are just as predictivity
as the renormalizable ones [34].
10
See Ref. [163] for a seminal review on RG. For comprehensive discussions on standard QFT
textbooks see, e.g., [164–166].
11
In this context, the theory space is defined by the set of operators {Oi [ϕ]} compatible with the
underlying symmetries of the system. At the practical level it is useful to adopt the set of dimensionless
(n)
systems g̃R = {g̃R } as coordinates of the theory space.
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equations. The idea of AS is to avoid this problem by demanding an additional physical
principle, namely, scale invariance in the deep UV regime. More precisely, scale invariance in the UV regime is manifested by RG-trajectories flowing towards a FP [40–42].
∗
A FP in the RG-flow is defined by a set of couplings g̃R∗ = {g̃R,i
} in which all the
beta functions, βi (g̃R ), vanish simultaneously, i.e.
βi (g̃R∗ ) = 0 ,

(i = 1, 2, · · · ) .

(1.22)

QFTs characterized by a RG-trajectories that reach a FP in the UV regime are said to
be UV-complete (or, safe). As it was argued by Weinberg [42], a physical process (with
characteristic (single) energy scale E) can be quantified in terms of physical quantities
(e.g. decay rates, cross-sections, etc), denoted as P, of the form
P(E, gR (µ); X) = E [P] F




gR,i (µ)/E ∆i ; X ,

(1.23)

where [P] denotes the canonical mass dimension of P and X represents a set of dimensionless kinematic variables (such as angles and energy ratios). The function F encodes
non-trivial dependencies on the couplings and on the kinematic variables. Expressing
the renormalized couplings gR,i (µ) in terms of the corresponding dimensionless version
g̃R,i (µ), we find
P(E, gR (µ); X) = E [P] F




(µ/E)∆i g̃R,i (µ) ; X .

(1.24)

Identifying the RG-scale µ with the characteristic energy scale E, the explicit dependence w.r.t. E becomes a scaling factor, namely
P(E, gR (E); X) = E [P] F ({g̃R,i (E)} ; X) .

(1.25)

As a consequence, the non-trivial part of P is completely encoded in the function
F ({g̃R,i (E)} ; X). If the set of dimensionless couplings {g̃R,i (E)} runs according to
a safe trajectory, then the function F approaches a finite value in the UV regime12 ,
namely, F∗ = F (g̃R∗ ; X). In this sense, physical quantities defined on top of safe trajectories remain physically meaningful up to arbitrarily high energies.
Besides UV completion, a non-perturbative notion of renormalizability requires a
solution to the problem of predictivity. Depending on the properties of the RG-flow,
it can also be achieved by the requirement of a FP in the UV regime. The argument
that leads to this conclusion can be better understood by analyzing the linearized flow
around a FP. In this case, expanding the RG-flow in (1.21) around a FP solution gR∗ ,
∗
Note that it requires the implicit assumption that the FP value gR
should not be a pole in the
function F.
12
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we find (for i = 1, 2, · · · )
µ∂µ g̃R,i =

X


∗
Mij (g̃R∗ ) (g̃R,j − g̃R,j
) + O (g̃R − g̃R∗ )2 ,

(1.26)

j

where we have defined the stability matrix
Mij (g̃R∗ ) =

∂βi (g̃R )
∂g̃R,j

.

(1.27)

∗
g̃R =g̃R

The linearized flow admits the following solution
g̃R,i (µ) =

∗
g̃R,i

+

∞
X

(l)

Cl Vi

(µ/µ0 )−θl ,

(i = 1, 2, · · · ) .

(1.28)

l=1
(l)

Here, µ0 is a reference scale, the Cl ’s denote integration constants and the pair {Vi , θl }
P
(l)
(l)
is defined in terms of the eigenvalue equation j Mij (g̃R∗ )Vj = −θl Vi . The parameters θl ’s are known as critical exponents associated with the FP g̃R∗ . The integration
constants are determined in terms of initial conditions at the reference scale µ0 , namely
g̃R,i (µ0 ) =

∗
g̃R,i

+

∞
X

(l)

(i = 1, 2, · · · ) .

Cl V i ,

(1.29)

l=1

At this point, the eventual lack of predictivity is encoded in the infinity set of initial
conditions {g̃R,i (µ0 )}. Nevertheless, the arbitrariness of the initial conditions is subject
to some properties of the eigenvalues of the stability matrix. In fact, if there a finite
number of critical exponents such that Re(θl ) > 0, here denoted by13 {θ1 , ..., θN }, the
linearized flow (Eq. 1.28) becomes14
g̃R,i (µ) =

∗
g̃R,i

+

N
X

(l)
Cl Vi

−θl

(µ/µ0 )

l=1

+

∞
X

(l)

Cl Vi

(µ/µ0 )−θl .

(1.30)

l=N +1

In the UV limit, the first sum automatically vanishes since Re(θl ) > 0. On the other
hand, the second sum pushes g̃R,i (µ) away from the FP once we approach the UV limit,
unless we set Cl = 0 for l ≥ N +1. This constraint on the integration constant feedback
in (1.29), restricting the set of allowed initial conditions {g̃R,i (µ0 )}. In this sense, only
a finite number of couplings need to be fixed by experiments, while the remaining ones
become predictions of the RG-flow.
13

Since we have the freedom to re-label the couplings and critical exponents, we can always assume
that this subset involve the firsts eigenvalues. Moreover, in the complementary set of critical exponents
{θN +1 , θN +2 , ...} we assume Re(θl ) < 0.
14
The eigenvectors V (l) associated with critical exponents such that Re(θl ) > 0 (Re(θl ) < 0) are
usually called relevant (irrelevant) directions.
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Figure 1.2: Illustration of an UV FP (yellow) with the associated UV critical surface. Trajectories
starting from a point (orange) that does not belong the critical surface are repelled by the FP towards
the IR. RG-trajectories connected to the FP (green) are completely embedded in the critical surface.
The red arrows indicate the 2-relevant directions associated with the analysis of the linearized flow
around the FP.

The conclusion of the above discussion can be extended beyond the regime of linearized flows. More generally, we define the concept of UV critical hyper-surface as the
set of points in the theory space that can be connected to a UV FP through an RGtrajectory. Trajectories that do not belong to the critical hyper-surface are repelled by
the FP in the UV. If the critical hyper-surface has finite dimension, then, UV complete
RG-trajectories turn out to be characterized only by a finite number of free parameters.
In this sense, safe RG-trajectories provide both UV-complete and predictive physical
results (irrespective of any requirement regarding perturbative renormalizability). The
situation described here is represented in Fig. 1.2
Given the elements discussed in this section, we can define an asymptotically safe
theory in terms of the following requirements [42]:
i) the underlying RG-flow admits trajectories connected to a FP in the UV regime;
ii) there is a finite dimensional critical hyper-surface associated to this FP.
The concept of AS generalizes the usual property of AF appearing in the RG-flow associated with non-Abelian gauge theories. AF correspond to the special case of Gaussian
FP’s, namely, a FP characterized by vanishing couplings in the UV regime. AS, on
the other hand, includes the possibility of non-Gaussian FP’s, where at least one coupling remains interacting (non-vanishing) in the UV limit. Since the components of a
non-Gaussian FP are not necessarily small, the study of AS usually requires techniques
beyond perturbation theory.
The idea of AS has a special appeal for QG, since it might provide a UV complete
and predictive framework for a QFT approach for gravity. The existence of a grav18

itational UV FP was conjectured by Weinberg [42]. The mechanism for such a FP
was first discussed within a setup close to the critical dimension dc = 2, namely, using
d = 2 +  expansion. In this setting, the 1-loop beta function for the (dimensionless15 )
Newton coupling takes the form [42]
βG1-loop = (d − 2)G + B G2 =  G + B G2 .

(1.31)

At the critical dimension ( = 0) the beta function exhibit a Gaussian FP (G∗ = 0)
that might be either attractive (B < 0) or repulsive (B > 0) in the UV. The first case
corresponds to an asymptotically free theory, while the second gives rise to a Landau
pole. Away from the critical dimension (assuming  > 0), the Gaussian FP becomes
UV repulsive irrespective of the sign of B. However, if B < 016 , the RG-flow also
exhibit a UV attractive non-Gaussian FP at G∗ = −/B with corresponding critical
exponent θG =  > 0. Calculations performed using -expansion17 approach, at least
for pure gravity, point towards B < 0, providing an indication for AS in QG near the
critical dimension dc = 2 [42].
The program of ASQG attempts at applying the ideas discussed along this section to
the physical dimension d = 4. Unfortunately, in this case, a simple analytical extension
based on the -expansion is not reliable and, therefore, more sophisticated methods are
necessary to investigate the RG-flow in QG. In special, due to the non-renormalizability
(in the perturbative sense) of the QFT approach for GR, the bare action in this setting
should involve all possible operators compatible with the underlying Diff symmetry,
namely18
bare
SQGR
[g]

=−

Z

1
(B)


√
g 2Λ(B)
cc − R(g)

16πGN x
Z
X
1
√ (B)
+
g αn On (∇; R) ,
(B)
x
n 16πGN

(1.32)

where On (∇; R) indicate higher-order operators constructed by appropriated contractions of curvature tensors (generically represented by R) and covariant derivatives. In
this case, the theory space for QGR is characterized by infinitely many couplings and,
therefore, the search for a gravitational FP demand the investigation of the RG-flow
involving more than just the Newton coupling.
15

In d-dimensions the Newton coupling has canonical mass dimension 2 − d, therefore, its corresponding dimensionless version is defined as G = µd−2 GN
16
The case B > 0 also lead to a non-Gaussian FP, however, with G∗ < 0. This case is considered
physically unacceptable.
17
The value of B depends on the scheme of calculation. However, in all cases, the coefficient B
turns out to be negative. See, e.g., Refs. [46–49].
18
In this thesis, we adopt the nomenclature “quantum general relativity” (QGR) to designate a QFT
approach for gravity involving all the operators compatible with Diff symmetry.
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1.2
1.2.1

Functional Renormalization Group
The effective average action

From the Wilsonian point of view19 , the RG works as a theoretical microscope that
allows us to resolve physics at different scales, by looking at effective descriptions characterized by effective parameters. In general, these parameters depend on the scale of
resolution we are interested to deal with and the connection between different scales
occurs via a RG transformation. From the perspective of the path integral quantization, this idea translates to a step-by-step integration procedure, where, instead of
performing a functional integral over all field configurations, one integrates only modes
characterized by some energy scale in a prescribed interval (usually referred as “momentum shell”). The successive integration of momentum shells defines the RG flow.
The functional renormalization group (FRG) is a practical realization of the Wilsonian ideas on renormalization [51], see also [172, 173]20 . In this framework, the central
idea is the introduction of a regulator term to the Euclidean21 path integral that suppresses modes with momenta22 smaller than a cutoff scale k. The FRG regulator is
defined in terms of the cutoff function23
Z
1
φ(x) Rk (∆) φ(x) ,
(1.33)
∆Sk [φ] =
2 x
with ∆ representing a differential operator used to set a “momentum” scale. The
regulator kernel, denoted as Rk (∆), is defined according to the following properties24
• For a fixed k, Rk (z) has to be monotonically decreasing in z.
• For a fixed z, Rk (z) has to be monotonically increasing with k.
• limk→0 Rk (z) = 0, for all values of z.
• For z > k 2 , ∂t Rk (z) has to approach zero faster than z −α (with α > 0).
• Rk (0) = k 2 .
19

By no means the intention of this section is to provide a self-contained discussion on the Wilsonian
RG. For more elaborated discussions, see, e.g., [163, 164, 167–171].
20
For comprehensive reviews on FRG, see Refs. [52, 171, 174–176].
21
Starting from this point we move our discussion to the Euclidean setting. The use of Euclidean
signature is a technical requirement of the FRG, since the appropriated definition of a “momentum
shell” is only viable in the Euclidean setting. For a discussion concerning the analytical continuation
(from Euclidean to Lorentzian signature) of FRG methods, see, e.g., Ref. [177].
22
Despite we are using the term “momentum” as a label to field configurations, it does not correspond
to a physical momentum scale in the usual sense. More generally, we use the term momentum in
connection with the eigenvalue of some differential operator (e.g., the Bochner-Laplacian ∆ = −∇2
in curved spaces) used to define a coarse-graining procedure.
23
For the sake of simplicity, we consider an scalar field φ = φ(x) as a working example. However,
the discussion presented here can easily extended to other fields. See, e.g., [178–180].
24
See, e.g., Ref. [38] for a discussion concerning these properties.
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Except for this list of properties, the regular kernel can be chosen in an arbitrary
way. Usually, we take the regulator kernel to be of the form Rk (z) = Zk Rk (z), where
Zk denotes a generalized wave-function renormalization factor that might carry some
tensorial structure and Rk (z) denotes the regulator function. For all the calculations
presented in this thesis we have used the Litim’s regulator defined as [181, 182]
Rk (z) = (k 2 − z)θ(k 2 − z) ,

(1.34)

with θ = θ(x) being the Heaviside function. In some cases, we use the notation Rk (z) =
z rk (z), where rk (z) is referred as shape-function.
Within the functional formalism, the FRG regulator is introduced by replacing the
bare action S[φ] according to S[φ] 7→ S[φ] + ∆Sk [φ]. In this case, we define the
scale-dependent functional generator in the following way
Z

Dφ e−S[φ]−∆Sk [φ]+

Zk [J] =

R
x

J·φ

.

(1.35)

Due to the properties of the regulator kernel, the usual functional generator is recovered
setting k = 0. In general, we define coarse-grained n-point correlation functions (in the
presence of an external source J) as follows
R
hφ(x1 ) · · · φ(xn )iJk

=

Dφ φ(x1 ) · · · φ(xn ) e−S[φ]−∆Sk [φ]+
R
R
Dφ e−S[φ]−∆Sk [φ]+ x J·φ

R
x

J·φ

.

(1.36)

Since the cutoff function is defined as a quadratic form on the field φ, the introduction
of such type of regulator basically affects the behavior the propagator. As an example,
the propagator a free scalar field is modified according to
G(p) ∼

1
p2

7→

Gk (p) ∼

1
.
p2 + Rk (p2 )

(1.37)

As one can see, the FRG regulator acts as an effective (scale-dependent) mass term
and, therefore, plays the role of an infrared regulator. At the level of the functional
integral (1.35) the FRG regulator does not regularize the UV sector. As a consequence,
the evaluation of the path integral (1.35) requires a supplementary UV regularization
method. As we are going to see in the following, such a problem can be avoided by a
proper definition of a coarse-grained effective action.
The main object in the FRG is the Effective Average Action (EAA) [51, 183] defined as a modified Legendre transform of the scale-dependent generating functional of
connected correlation functions Wk [J] (= ln Zk [J]), namely
Z
J · ϕ − Wk [J]

Γk [ϕ] = sup
J



x
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− ∆Sk [ϕ] ,

(1.38)

where ϕ = hφiJ denotes the mean-field. The definition of Γk is accompanied by the
conjugation relations
δWk [J]
= ϕ(x)
δJ(x)

δ(Γk [ϕ] + ∆Sk [ϕ])
= J(x) .
δϕ(x)

and

(1.39)

The EAA is a coarse-grained version of the usual effective action Γ in QFT, i.e., the generating functional of 1PI correlation functions. Due to the properties of the FRG regulator, the EAA interpolates between the microscopic (bare) action Γk→Λ [ϕ] = SΛ [ϕ] (with
Λ being a UV cutoff scale) and the effective action Γk→0 [ϕ] = Γ[ϕ] (see, e.g., [184]).
For intermediate scales (finite k), the EAA provides an effective description of physics
including quantum corrections originating from field configurations characterized by
momentum larger than k.

1.2.2

The FRG equation

The most attractive feature concerning the definition of the EAA is the possibility
of deriving an exact flow equation describing how Γk changes w.r.t. to the cutoff scale
k. In this sense, we can translate the problem of solving a functional integral into a
functional differential equation, the Wetterich equation25 [51].
Since we are interested in a “differential equation” for Γk , let us start by acting with
a scale derivative on both sides of Eq. (1.38). In this case, taking into account all
possible sources of k-dependence we obtain26


Z
∂t J · ϕ − ∂t Wk [J]

∂t Γk [ϕ] = sup
J

− ∂t (∆Sk [ϕ]) .

(1.40)

x

Note that we are taking the mean-field ϕ as an independent variable. In this case,
the external source J has to carry some k-dependence in order to compensate the
k-independence of ϕ. The scale derivative acting on Wk [J] can be written in the form
∂t Wk [J] = ∂˜t Wk [J] +

Z
x

δWk [J]
∂t J(x) ,
δJ(x)

(1.41)

where ∂˜t denotes a scale derivative, but acting only on direct contributions from the
regulator (i.e. keeping J fixed). Replacing the last expression in (1.40), we find


δWk [J]
∂t Γk [ϕ] = ∂t J(x) ϕ(x) −
δJ(x)
x
|
{z
}
= 0 , due to (1.39).
Z

25

− ∂˜t Wk [J] − ∂t (∆Sk [ϕ]).

(1.42)

J=J[ϕ]

Also known as flow equation or FRG equation or exact RG equation (ERGE).
We define the “RG-time” according to t = log(k/k0 ) (where k0 is a reference scale). The scale
derivative is defined as ∂t = k∂k .
26
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The second term, ∂˜t Wk [J], can be computed by taking into account Wk [J] = ln Zk [J]
along with the path integral representation (1.35), namely
Dφ ∂t (∆Sk [ϕ]) e−S[φ]−∆Sk [φ]+
R
R
∂˜t Wk [J] = −
Dφ e−S[φ]−∆Sk [φ]+ x J·φ
Z
1
=−
[∂t Rk ]x,y hφ(x)φ(y)iJk ,
2 y,x
R

R
x

J·φ

(1.43)

where [∂t Rk ]y,x = δ(y − x) ∂t Rk (∆y ) (with ∆y acting only on fields with argument y).
The last term in (1.42) can be written as
1
∂t (∆Sk [ϕ]) =
2

Z

1
[∂t Rk ]y,x ϕ(x) ϕ(y) =
2
x,y

Z

[∂t Rk ]y,x hφ(x)iJk hφ(y)iJk .

(1.44)

x,y

Putting together (1.42), (1.43) and (1.44), we find
1
∂t Γk [ϕ] =
2

Z
[∂t Rk ]y,x Gk (x, y) ,

(1.45)

x,y

where
Gk (x, y) = hφ(x)φ(y)iJk − hφ(x)iJk hφ(y)iJk =

δ 2 Wk [J]
,
δJ(x)δJ(y)

(1.46)

represents the dressed propagator. The integral in the r.h.s. can be conveniently recast
as a functional trace, namely
Z



[∂t Rk ]y,x Gk (x, y) = Tr Gk ∂t Rk .

(1.47)

x,y

The conjugation relations (1.39) allow us to express the propagator Gk in terms of the
(2)
1PI 2-point function Γk (= δ 2 Γk /δϕδϕ),
(2)

Gk = Γk + Rk

−1

.

(1.48)

This equation is a coarse-grained version of the usual inversion relation G · Γ(2) = 1
from standard functional methods in QFT. Finally, putting all these elements together
we arrive at the flow equation describing the evolution of Γk ,
i
−1
1 h (2)
∂t Rk ,
∂t Γk [ϕ] = Tr Γk + Rk
2

(1.49)

which is the central element in the FRG.
The flow equation exhibits some important features that deserve further attention:
• A solution of the flow equation defines a trajectory, parameterized by k, in the
23

Figure 1.3: Sketch of the theory space. The trajectory represent the flow of the EAA.

theory space. In general terms, the theory space is an abstract functional space
defined by the symmetries associated with the physical system we are interested
to describe. The notion of theory space becomes more tangible by introducing a
basis of operators {On [ϕ]}n=1,2,··· compatible with the underlying symmetries. In
this case, we expand Γk according to
Γk [ϕ] =

X

k −∆n gk,n On [ϕ] ,

(1.50)

n

with {gk,n }n=1,2,··· denoting a set of dimensionless couplings and ∆n represents the
canonical dimension of the operator On .. Within this basis, the dimensionless
couplings play the role of coordinates in the theory space. Fig. 1.3 shows a
pictorial representation of the theory space and an RG trajectory corresponding
to the flow of Γk .
• Despite being introduced as an infrared regulator, at the level of the flow equation
Rk also regularizes the UV sector. This follows as a consequence of the regulator
insertion of the form ∂t Rk . Due to the requirement that ∂t Rk should approach
zero in a sufficiently fast way (for z > k 2 ), the regulator insertion suppresses UV
modes in the functional trace appearing in the flow equation.
• The FRG equation exhibits a type of 1-loop structure. This can be realized
by using the saddle point method to evaluate Γk within the perturbative 1-loop
approximation. In this case, it is possible to show that (see, e.g., [38])
Γ1-Loop
[ϕ]
k

i
1 h
(2)
= S[ϕ] + Tr ln S + Rk ,
2
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(1.51)

where S (2) = δ 2 S/δϕδϕ. By taking the scale derivative, we find
i
−1
1 h (2)
Tr
S
+
R
∂
R
∂t Γ1-Loop
[ϕ]
=
k
t k .
k
2

(1.52)

As one can observe, the 1-loop approximation for the EAA leads to a very similar
flow equation in comparison with the FRG equation (1.49). The basic difference
(2)
is the replacement of S (2) by Γk . The 1-loop structure of the flow equation (1.49)
is usually represented in terms of the diagrammatic notation

∂t Γ1-Loop
[ϕ] =
k

1
2

.

(1.53)

It is important to emphasize that this diagrammatic representation should not
be confused with the usual Feynman diagrams in perturbation theory. In the
present case, the line correspond to the dressed Gk (not the tree-level one) and
the cross indicates the regulator insertion of ∂t Rk .
• The FRG equation defines a local coarse-graining procedure. This notion of locality is associated with the fact that the scale derivative ∂t Γ1-Loop
[ϕ] is determined
k
in terms of the EAA at the same scale k, without reference to the microscopic
(bare) action. In this framework, the bare action only appears as a boundary
condition at k = Λ.

1.2.3

Truncations methods

Despite being exact, we cannot count on any method to find exact solutions of the
flow equation (2.38). In fact, finding a exact solution to the flow equation corresponds
to resolve a QFT, a task that is not possible (with only a few exceptions of exactly
solvable models). In this sense, to extract some relevant information from the FRG
equation we have to adopt some kind of systematic expansion. Usually, the basic idea
is to consider a truncation for the EAA, which is defined as an expansion in terms of
a subset of operators compatible with the underlying symmetries, namely
Γk [ϕ] =

X

k −∆n gk,n On [ϕ] ,

(1.54)

n∈ T

where T denotes a truncated set of labels. Typically, truncations involve only a finite
number of terms, however, in some cases, it is also possible to extract relevant information from an infinite subset of operators compatible with the symmetries. The set
of operators {On }n∈ T defines a truncated theory space, with coordinates {gk,n }n∈ T .
At the practical level, we use the truncation method to compute approximated
25

solutions to the flow equation. On the one hand, by acting with a scale derivative on
(1.54), we find
∂t Γk [ϕ] =

X


k −∆n ∂t gk,n − ∆n gk,n On [ϕ] ,

(1.55)

n∈ T

On the other hand, we can also use the truncation (1.54) to evaluate the trace in the
r.h.s. of the flow equation. The crucial point is to project the result of this calculation
in the same basis of operators defining the truncated theory space, namely
i X
−1
1 h (2)
Tr Γk + Rk
∂t Rk =
k −∆n An (gk ) On [ϕ] ,
2
n∈ T

(1.56)

where the coefficients An (gk ) can be computed in terms of the set of dimensionless
couplings gk = {gk,n }n∈ T . In general, the trace computation generates all possible
terms compatible with the underlying symmetries, including operators that do not
belong to the truncated theory space. In this sense, by projecting on the truncated
theory space we simply remove all the contributions that are not part of the original
truncation. By matching the coefficient of (1.55) and (1.56) we arrive at the following
system of RG equations
∂t gk,n = ∆n gk,n + An (gk ) ,

( with n ∈ T ).

(1.57)

In principle, this system of RG equations can be integrated, which allow us to reconstruct the RG trajectories describing the flow of the (truncated) EAA.
Even though the use of truncations is part of an approximation method, it is not
associated with a perturbative expansion in the usual sense. Therefore, this strategy
allows us to access non-perturbative aspects of QFTs. One of the difficulties concerning
the use of truncation is the lack of a reliable method to control the systematic errors.
Within the methods available in the literature, the best we can do is to check the
self-consistency of a truncation by testing the stability of quantitative results against
the inclusion of new operators. Although this idea does not provide a rigorous control
of systematic errors, for a collection of physical systems where other non-perturbative
techniques (e.g., lattice simulations, conformal bootstrap and so on) are applicable, the
use of truncation methods indicates some level of reliability [185–187].
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1.3

ASQG in the FRG framework

1.3.1

FRG equation in quantum gravity

The current research in ASQG is mostly based on the FRG as a tool to explore the
RG-flow beyond standard perturbative calculations [50] (see also [38, 39]). As it was
discussed in the previous section, the FRG provides a practical implementation of a
coarse-graining procedure for Wilsonian renormalization. The basic idea is to modify
the path integral over metric fluctuations by adding a cutoff function ∆Sk to the bare
action, where the momentum scale k denotes an infrared regulator. In this context, we
can define a scale-dependent generating functional of correlation functions,
Z
Zk [J, η, η̄; ḡ] =



Dhµν Dc Dc̄µ exp − SQGR [h; ḡ] − Sg.f. [h, c, c̄; ḡ]

Z
√
µν
µ
µ
ḡ (J hµν + η̄µ c − c̄µ η ) .
− ∆Sk [h, c, c̄; ḡ] +
µ

(1.58)

x

where the fluctuation (bare) action SQGR [h; ḡ] is obtained by expanding (the Euclidean
bare
version of) SQGR
[g] around a fixed background metric ḡµν . As usually done in gaugetheories, we use the Faddeev-Popov method to perform the gauge-fixing procedure,
resulting in additional functional integral over anti-commuting ghosts27 (here denoted
as cµ and c̄µ ). The cutoff function involving both graviton and ghost fields is defined
as a quadratic form
1
∆Sk [h, c, c̄; ḡ] =
2

Z

√

ḡ

µναβ
hµν [Rhh
k (∆)]

Z
hαβ +

√

µ
ν
ḡ c̄µ [Rgh
k (∆)] ν c ,

(1.59)

x

x

gh
where Rhh
k (∆) and Rk (∆) represent the regulator kernels. The argument of regulator
kernels correspond to Laplacian operators defined on the background space.
The central object in the FRG is the effective average action, Γk , defined as a
modified Legendre transform28

Z
Γk [h, c, c̄; ḡ] =

√

ḡ (J µν hµν + η̄µ cµ − c̄µ η µ ) − Wk [J, η, η̄; ḡ] − ∆Sk [h, c, c̄; ḡ] , (1.60)

x

where Wk [J, η, η̄; ḡ](= log Zk [J, η, η̄; ḡ]) denotes a scale-dependent version of the usual
Schwinger’s generating functional. The most attractive feature of the FRG is that Γk
27

For more details regarding the Faddeev-Popov method in QG, see App. A.
It is important to emphasize that the argument of Γk correspond to the mean field obtained by
taking derivatives of the Schwinger function w.r.t. the external sources. Nevertheless, we use the same
notation both for the mean fields and the fluctuating fields appearing in the functional integral.
28

27

satisfies an exact flow equation with 1-loop structure

29


h

h
−1 i
−1 i
1
gh
hh
(2)
(2)
Γ + Rk
∂t Rk .
Γ + Rk
∂t Rk − Tr
∂t Γk = Tr
2
cc̄
hh

1.3.2

(1.61)

A brief overview on the ASQG research program

Since the seminal work by Reuter, the FRG has been systematically used as a tool
to investigate and characterize the RG-flow in QG. By now, there are many results in
the literature pointing towards the existence of a UV FP in QG, providing indications
that gravity might be consistently quantized as an asymptotically safe theory. In this
section we present an overview of the current status of this research program30 .

The EH truncation:
The FRG was first applied to study the RG-flow in QG in a seminal paper by
Reuter [50]. The basic idea was to adopt a simple truncation for Γk as a tentative
solution for the FRG equation (Eq. (1.61)). At the practical level, Reuter used the EHtruncation (or EH-approximation) defined as a scale-dependent version of the (gaugefixed) EH-action, i.e.
Γtrunc
k,EH [h, c, c̄ ; ḡ]

1
=
16πGN,k

Z

√

g (2Λcc,k − R(g)) + Sg.f. [h, c, c̄ ; ḡ] ,

(1.62)

x

where GN,k and Λcc,k denote, respectively, scale-dependent Newton’s and cosmological
constants. In this approximation, the gauge-fixing sector is assumed to have the same
form as in the bare action. Plugging the EH-truncation as an ansatz in (1.61) and
projecting both sides of the flow equation in the truncated subspace involving only
the operators appearing in Γtrunc
k,EH , we can extract the RG-flow of the dimensionless
couplings Gk (= k d−2 GN,k ) and Λk (= k −2 Λcc,k ),
∂t Λk = −2Λk +

A1 + 2B1 Λk + Gk (A1 B2 − A2 B1 )
Gk := βΛ (Λk , Gk ) ,
2(1 + B2 Gk )

∂t Gk = (d − 2)Gk +

B1
G2 := βG (Λk , Gk ) .
1 + B2 Gk k

(1.63a)

(1.63b)

The coefficients A1 , A2 , B1 and B2 are computable quantities and depend on the dimensionless cosmological constant Λk and the space-time dimension d. It is important
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For more details on the derivation of the flow equation in QG, see, for instance, [38, 39].
It should be emphasized that by no means the goal of this section is to provide a complete and
self-contained overview of the literature. In this sense, we are going to cover only the results that are
closely related to the content developed in the next chapters of this thesis. For updated reviews in
ASQG, see e.g. [52, 95]. See also [38, 39, 188, 189] for pedagogical discussions.
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to emphasize that these coefficients carry several scheme-dependencies (e.g., choice
gauge, regulator, background, etc). Nevertheless, there are indications, based on explicit computations exploring various schemes in the EH-truncation, that the relevant
qualitative properties are not severely affected by scheme variations. As an example,
we show the explicit expressions computed in the Landau gauge, with Litim’s-regulator
(using type-Ib cutoff31 ) and employing the 4-sphere as the background. In this scheme,
the coefficients Ai ’s and Bi ’s are given by
3 + 7Λk − 16Λ2k
A1 =
,
3π(1 − 2Λk )(1 − 4Λk /3)

(1.64a)

9 − 13Λk
,
18π(1 − 2Λk )(1 − 4Λk /3)

(1.64b)

−237 + 680Λk − 756Λ2k + 368Λ3k
,
72π(1 − 2Λk )2 (1 − 4Λk /3)

(1.64c)

−48 + 97Λk − 42Λ2k
.
108π(1 − 2Λk )2 (1 − 4Λk /3)

(1.64d)

A2 =

B1 =

B2 =

With these expressions we can look for numerical solutions of the system32
βΛ (Λ∗k , G∗k ) = 0 and βG (Λ∗k , G∗k ) = 0 ,

(1.65)

resulting in a non-Gaussian FP at (Λ∗k , G∗k ) = (0.1307, 0.9786) with critical exponents
θ± = 2.3923±1.4221 i. Since Re(θ± ) > 0, such a FP is UV attractive for RG-trajectories
lying in the Λk × Gk plane. In Fig. 1.4 we exhibit the portrait of the flow diagram
obtained in the EH-truncation and containing UV complete trajectories for a variety
of initial conditions33 .

Further evidences from extended truncations:
The EH-truncation provides a first hint, based on FRG techniques, towards a legitimate 4-dimensional FP in QG. However, it is natural to doubt whether this FP
is a physical property of the RG-flow or just an artifact of a simple approximation.
This questions have been investigated by several authors and, by now, there is a vast
collection of results indicating that this FP is not a simple artifact of the EH-truncation.
31

See Chap. 6 of Ref. [38] for the nomenclature of different cutoff choices.
It interesting to mention that the fixed point solutions associated with the beta-function computed
by Reuter [50] were first computed in Ref. [53].
33
See Ref. [54] for a detailed discussion concerning the flow diagram in ASQG.
32
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Figure 1.4: RG-flow obtained in the EH-truncation. The lines represent UV complete
RG-trajectories for various IR initial conditions. In this plot, the arrows points towards
the IR. The (black) dot indicate the UV FP at (Λ∗k , G∗k ) = (0.1307, 0.9786). We note
that the spiraling behavior around the FP is a consequence of critical exponents with
non-vanishing imaginary part.

Most of the search for suitable UV FPs beyond the EH-approximation consist in the
use of extended truncation including higher-order curvature operators in the ansatz for
Γk . In this sense, one direction that has been systematically investigated is the f (R)approximation, defined by the following truncation34
Γtrunc
k,f (R)

Z
=

√

g fk (R) ,

(1.66)

x

where fk (R) represent a scale-dependent function of the curvature scalar. In the case
P max 4−2n
gk,n Rn , Eq. (1.61) allow us
of polynomial truncations of the form fk (R) = N
n=0 k
to extract the RG-flow of the dimensionless couplings {gk,n }n=0,··· ,Nmax . Calculations
performed in terms of the Litim’s regulator and using a maximally symmetric background (e.g. a 4-sphere), allows us to derive analytical beta functions for an arbitrary35
Nmax [58–60,73,90]. The structure of the beta function in the polynomial truncation allows us to search for UV FP within approximations involving several operators beyond
the EH sector. In table 1.1, we summarize the progress on the investigation of FPs
in the polynomial f (R)-truncation. In particular, the most remarkable result is the
stabilization of the number of relevant directions against the inclusion of higher-order
operators. As it was pointed out in Ref. [73, 90], the critical exponents exhibit a “near34

In most of the investigations of extended truncations the gauge-fixing is considered to be the same
as in the EH-approximation, therefore, in these cases, we simply omit the gauge-fixing sector.
35
Despite being analytical, the derivation of beta function in a polynomial f (R)-truncation requires
the use of computer algebra systems (such as Mathematica). Therefore, arbitrariness of Nmax is
subject to computer limitations.
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Ref. Operators beyond EH
√ 2
[55]
gR
√ 2
√
[60]
gR , · · · , gR6
√ 2
√
[59]
gR , · · · , gR8
√ 2
√
[73]
gR , · · · , gR34
√ 2
√
[90]
gR , · · · , gR70

FP

# rel. dir. (Re(θ1 ), Re(θ2 ), Re(θ3 ))

X

3

(2.15, 2.15, 28.8)

X

3

(2.39, 2.39, 1.51)

X

3

(2.41, 2.41, 1.40)

X

3

(2.50, 2.50, 1.59)

X

3

(2.53, 2.53, 1.66)

Table 1.1: Summary of results in the polynomial f (R)-truncation. The check-mark
indicates the existence of suitable FPs within the truncation under investigation. These
results point towards the existence of 3-dimensional critical surfaces. In the last column,
we show the critical exponents associated with the relevant directions, exhibiting certain
stability in the numerical values.

canonical” behavior, indicating that the critical exponents associated with higher-order
operators are essentially determined in terms of the canonical mass dimension of these
operators.
It is interesting to mention that the f (R)-approximation also has been investigated
beyond the polynomial truncation. In particular, within the f (R)-truncation, it is
possible to derive a flow equation for the dimensionless function f˜k (R̃) = k −4 fk (k 2 R̃)
(where R̃ = k −2 R). In this case, the flow equation takes the form
∂t f˜k (R̃) = F(f˜k (R̃), f˜k0 (R̃), f˜k00 (R̃)) .

(1.67)

In this context, the basic idea is to search for “fixed functions”, f˜∗ (R̃), defined as
solutions of an ordinary differential equation of the form
F(f˜∗ (R̃), f˜∗0 (R̃), f˜∗00 (R̃)) = 0 .

(1.68)

This approach has been explored by some authors and provides further indications for
AS beyond the polynomial truncation [68, 69, 79, 80].
Although the f (R)-truncation permits important tests regarding the existence of
a gravitational FP, this approximation involve some issue that motivates other directions of investigation. In particular, the f (R)-truncation does not include operators
constructed with more sophisticated contractions of geometrical objects. Assuming
canonical power counting as a good guiding principle to define a truncation, we might
expect that curvature squared operators like R2 , Rµν Rµν and Rµναβ Rµναβ play an important role in the RG-flow of QG36 . At the practical level, computations involving
curvature squared terms are rather complicated, in special, due to the impossibility
36

In d = 4, the Gauss-Bonnet theorem allows express the invariant Rµναβ Rµναβ as a combination
of R2 and Rµν Rµν .
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of disentangle the running of the multiple coupling in a maximally-symmetric background. Despite this complication, some effort has been done concerning the search of
UV FP based in a truncation of the type [57, 60, 62, 63, 72, 94]
Γtrunc
R2

=

Γtrunc
k,EH

Z
+


√
2
2
g αk R2 + βk Rµν
+ γk Rµναβ
.

(1.69)

x

Recent investigations based on calculations performed around an arbitrary background
corroborate the results from f (R)-truncation pointing towards the existence of a suitable UV FP featuring a 3-dimensional critical surface [72, 94].
Further studies involving operators beyond the Ricci scalar were done [89], for
example, by means of a truncation analogous to the f (R)-approximation, namely
Γtrunc
FZ

Z
=

√


2
2
g Fk (Rµν
) + R Zk (Rµν
) .

(1.70)

x

In this case, investigations involving polynomial truncations for Fk and Zk provide
further indications for a UV FP with 3-relevant directions. Moreover, a highly nontrivial test for AS includes the Goroff-Sagnotti counter term as part of the truncation
and gives further support to the aforementioned results [85].

Background approximation and the fluctuation approach:
The list of results above discussed were obtained by a specific approach usually
referred as background approximation. In this case, the flow equation (Eq. 1.61) is
explored in the regime of vanishing fluctuation fields, that is
h

−1 i
1
hh
(2)
∂t Γ̄k = Tr
Γ + Rk
∂t Rk
2
hh
h

−1 i
gh
(2)
−Tr
Γ + Rk
∂t Rk
cc̄

h, c, c̄=0

,

(1.71)

h, c, c̄=0

where Γ̄k [ḡ] = Γk [0, 0, 0; ḡ] denotes the background EAA (bEAA). Nevertheless, the
background approximation for the FRG exhibits some issues related with symmetry
identities. In particular, in the background field approximations we typically use truncations that satisfy (the schematic equation)
δ 2 Γk
δh2

=
h, c, c̄=0

δ 2 Γ̄k
+ g.f. terms .
δḡ 2

(1.72)

However, this relation is known to be incompatible with the appropriate split Ward
identities (or Nielsen identities) in the FRG (see, e.g., [190] for a recent discussion). This
problem motivates complementary investigations with approaches beyond background
approximation.
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An alternative method of systematic investigation, usually called fluctuation approach, uses a vertex expansion as a way to extract approximated solutions from the
FRG equation [190]. In this context, the basic idea is to derive flow equations for
proper vertices
(n;2m)

Γk

[ḡ] ∼

δ n+2m Γk
δhn δcm δc̄ m

.

(1.73)

h, c, c̄=0

Although less explored than the background approximation, in the last few years there
was some important progress in the study of ASQG based in the fluctuation approach.
Most of the computations in this direction make use of the (desired) property of background independence in order to set ḡµν as the flat (Euclidean) metric δµν . The updated
results based on the fluctuation approach include the RG-flow of 2-, 3- and 4-point vertices associated with the graviton fluctuation fields [67,75,78,83,87,190]. These results
provide further non-trivial evidence for a suitable gravitational FP with the same qualitative features obtained through the background approximation.

Quantum gravity-matter systems:
Up to now we have discussed evidence for a FP in pure gravity systems. Nevertheless, matter37 exists and, therefore, a complete quantum theory for gravity should
also be consistent with such degrees of freedom. The ASQG approach exhibits the
attractive feature of being formulated in the same setting as we use to describe particle
physics, namely, using QFT techniques. In this sense, the inclusion of matter in the
ASQG scenario turns out to be straightforward and there are several works investigating the RG-flow within truncations involving gravitational and matter degrees of
freedom [191–201].
The inclusion of matter is not only necessary, but, it could also provide consistency
tests for QG candidates. In the ASQG framework, the first test to be considered
concerns the impact of matter fields in the FP structure for gravity. In particular, do
the indications for a gravitational FP, obtained for pure gravity, remain stable after
the inclusion of matter? This question has a strong motivation from the beta function
for YM theories. In the case of QCD, for example, the 1-loop beta function depends
on the number of colored fermions (Nf ) and scalars (Ns ) in the following way [132,133]
1-loop
βQCD

 3

Ns 2Nf gQCD
−
.
= − 11 −
3
3
16π 2

(1.74)

As we can observe, fermions and scalars contribute with the opposite sign in comparison
with the pure YM contribution. As a consequence, if the number of fermions and/or
37

Here, by “matter” we meant all the non-gravitational degrees of freedom, i.e. including gauge
fields as part of the matter sector.
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1-loop
scalars is large enough, it can flip the overall sign of βQCD
, destroying the property of
asymptotic freedom.
The possibility of such a mechanism in QG can be easily understood from the 1-loop
beta function for the (dimensionless) Newton coupling in a setting of gravity minimally
coupled to matter. Based on the scheme of calculation discussed in [193], we have

βG1-loop = 2Gk −

G2k
(46 + 4Nv − Ns − 2Nf ) ,
6π

(1.75)

with Nv , Ns and Nf representing the number of vectors, scalar and fermions, respectively, coupled to gravity. The existence of a non-Gaussian UV FP G∗ imposes the
following constraint on the number of matter fields: 46 + 4Nv − Ns − 2Nf > 0. This inequality indicates that too many fermions and/or scalars can destroy the gravitational
FP. The impact of matter in the ASQG scenario has been systematically explored (beyond the 1-loop approximation) in Ref. [193], testing the compatibility of several types
of matter content with the existence of a gravitational UV FP. As an example, the
results reported in Ref. [193] indicate that the matter content corresponding to the SM
of particle physics is consistent with ASQG.
Investigations based in the fluctuation approach, on the other hand, leads to a
different conclusion. As it has been argued in [195,196], graviton fluctuations dominate
in the high-energy regime in such a way that the existence of a gravitational UV FP
remains stable after the introduction of arbitrarily many matter fields, provided that
the latter is sufficient weakly (self-)coupled in the UV.
The interplay gravity-matter also exhibits attractive features when explored in the
other direction, i.e., concerning the impact of gravity in the matter sector [97, 100,
101, 202–226]. In this case, the impact of graviton fluctuations on the RG flow of
matter couplings might help to impose phenomenological constraints on the gravitational theory. As we are going to discuss in mode detail in Chap. 4, this interplay
potentially might help to bridge the gap between QG effects and experimental observations [97, 101, 210, 211, 215] (see [95, 96]for reviews).

Current challenges in ASQG:
Despite the considerable progress in the last two decades, mainly due to the use of
FRG techniques, the AS program for QG still exhibits several intriguing questions. In
the following, we present some of the challenges that deserve further attention. For a
recent critical analysis of the ASQG research program, see [227, 228].
• Euclidean versus Lorentzian signatures: One of the most important problems in the research of ASQG is the use of Euclidean methods. In fact, the Wilsonian coarse-graining procedure embedded in the FRG is intrinsically related to
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the Euclidean notion of momentum shell. In non-gravitational relativistic QFTs
one can usually proceed with Euclidean calculations and move to the Lorentzian
setting through a Wick rotation. In QG this question is much more subtle since
the Wick rotation is not a well-defined procedure in curved manifolds. In the
gravitational setting, the causal structure inherited from the Lorentzian signature leads to important physical consequences, such as the existence of event
horizons, which has no counterpart in the Euclidean case. Some steps towards
the inclusion of causal structures in the AS program were done [66, 86, 197] by
means of the Arnowitt-Deser-Misner (ADM) formalism, however, this is still far
way from conclusive results.
• Background independence: In contrast with ordinary QFT, where the background field method is introduced as a convenient tool to perform gauge invariant
calculations, in the QFT approach for QG the use of the background field method
seems to be unavoidable. In fact, to define a coarse-graining procedure one has
to introduce a non-dynamical covariant derivative (defined w.r.t. a background
metric) used to distinguish slow modes and fast modes. This approach naturally
raises the question of background independence in QG, which states that physical
quantities should not depend on the choice of a particular background. Within the
FRG framework, background independence is encoded in non-trivial split Ward
identities emerging from the fact that the starting point for a functional quantization is a gravitational action depending on a single metric gµν [174,190,229–231].
For recent investigations taking into account the split Ward identities in QG
see [65, 200, 232–238].
• Propagating modes, unitarity and instabilities: One important open issue
in the AS program is the determination of propagating degrees of freedom in
QG. As it is usually known from perturbative approaches, this question is not
settled by simply fixing the field content of the theory. As an example, curvature
squared gravity carries the same field content as in the EH action, however, it generates additional propagating modes due to higher-derivative contributions [20].
This point is deeply connected with the unitarity problem in perturbative curvature squared models38 . Depending on the structure of the propagating modes,
the unitarity problems is replaced by tachyonic instabilities. Within the nonperturbative setting this questions become much more complicated, since the
analysis demands the knowledge of the full propagator (see [92, 239] for recent
discussions). Up to this point, the AS program for QG does not provide any
satisfactory answer to these questions.
38

See [21–28] for recent proposals in this topic.
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• Controlled results and alternative methods: As it was discussed in Sect.
1.2.3, the use of truncations is a practical way to access non-perturbative information from FRG equation. Nevertheless, the lack of control on the systematic
errors involved in FRG truncations raises the question on how reliable are the results obtained with such a method. In non-gravitational theories the use of FRG
truncations is usually confronted with other methods, providing further reliability [185–187]. In the QG framework, this strategy is not evident. The multiple
approaches for QG are constructed on top of very different premises, making
the comparison among them a very challenging task. In lattice approaches like
causal/Euclidean dynamical triangulation (CDT/EDT) the search for a continuum limit, manifested as a second order phase transition, is a promising road
for complementary evidence for AS in QG based on alternative non-perturbative
methods [240–243]. Currently there is some effort to bridge the gap between these
approaches based on the search of FP solutions in tensor models for QG [244]
(usually interpreted as a dual representation of dynamical triangulation methods).
• Physical observables in ASQG: Even if one manages to solve the aforementioned theoretical problems (which are crucial for a self-consistent description),
ultimately, a quantum theory for the gravitational interaction needs to be confronted with experimental tests. In QG, the search for direct observations is
an extremely challenging task, since QG-effects are expected to be suppressed by
positive powers of E/MPl (where E denotes the characteristic energy of a physical
process and MPl denotes the Planck mass). In Chap. 4 we return to this point in
more detail, where we discuss a possible link to observation based on the gravitymatter interplay. Furthermore, even the definition of a physical observable in
QG is quite subtle. Actually, the difficulty appears already at the classical level,
since the underlying Diff symmetry makes the notion of space-time point unphysical and implies that one cannot contruct local (gauge invariant) observable
quantities39 .

39

See [245–247] for more details concerning this point.
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Chapter

2

Flowing in the Unimodular Theory Space
2.1
2.1.1

Unimodular Gravity
What is and why unimodular gravity?

GR has been established as a paradigm concerning the classical description of gravity. However, this is not the only viable classical theory. Starting from a slightly
different premise, unimodular gravity (UG) also define a consistent setting to describe
the gravitational interaction at the classical level. The difference between GR and UG
lies in the definition of the configuration space associated with these theories. In UG,
the space-time metric gµν , the fundamental dynamical variable, is defined on top of a
configuration space subject to the restriction1 [102–108]
det gµν (x) = ω(x)2 ,

(2.1)

where ω = ω(x) is a non-dynamical function that defines a fixed volume form
Vold = ω(x) dx0 ∧ · · · ∧ dxd−1 .

(2.2)

UG is closely related to the unimodular gauge in GR. In the later, a convenient choice
of coordinates allows us, locally, to fix the metric’s determinant to be one [110]. In
UG, however, the restriction to the metric’s determinant is assumed a priori.
Classically, the dynamics of UG is encoded in the unimodular version of the EH
action, i.e.
1
SUG [gµν ] = −
16πGN
1

Z
ω R(g) .

(2.3)

x

Recall that we using Euclidean conventions. In this case, the metric’s determinant is positive.
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Taking the variation of SUG [gµν ] w.r.t. to the dynamical metric gµν , we find
1
δ̃SUG [gµν ] = −
16πGN

Z

ω Rµν δ̃gµν .

(2.4)

x

Note that we have dropped out a boundary term of the form gµν δ̃Rµν . The notation “δ̃”
indicates that we are taking into account only variations that preserve the unimodularity condition (2.1). In general, the (unrestricted) variation of the metric’s determinant
gives δ(det gµν ) = (det gµν ) g αβ δgαβ . Therefore, the unimodular-preserving functional
variation is subject to the tracelessness condition
g µν δ̃gµν = 0 .

(2.5)

In this sense, we can express δ̃gµν as the traceless part of δgµν , namely

δ̃gµν =

αβ
δµν


1
αβ
δgαβ .
− gµν g
d

(2.6)

Plugging this expression in (2.4), the functional variation of the UG action can be
recast in the following way
1
δ̃SUG [gµν ] = −
16πGN



1 µν
µν
ω R − g R δgµν .
d
x

Z

(2.7)

The dynamical field equations for UG, in the absence of matter, can be readily obtained
by equating the contribution inside the parenthesis to zero, resulting in the traceless
part of the Einstein’s field equation (in vacuum)
1
Rµν − gµν R = 0 .
d

(2.8)

An important difference between the formulations of GR and UG lies on the corresponding symmetry groups. As it is well known, GR is constructed using covariance
under general coordinate transformations as a guiding principle. In such a case, GR
is said to be symmetric under Diff transformations acting on the space-time metric
according to
δ gµν = gµα ∇ν α + gνα ∇µ α ,

(2.9)

In the case of UG, however, the situation is slightly different. Acting with δ on the
metric’s determinant we have
δ (det gµν ) = 2 (det gµν )∇µ µ .
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(2.10)

The fixed determinant condition used to define UG requires ∇µ µ = 0, i.e., the generators of Diff are subject to a transversality condition. In this sense, the symmetry
group of UG gravity is characterized by a subset of Diff transformations generated by
transverse vectors. This subset of transformations defines the TDiff group. In order
to distinguish the notation, we represent TDiff transformations as
δT gµν = gµα ∇ν αT + gνα ∇µ αT ,

(2.11)

where µT = µT (x) denotes a transverse vector field subject to the condition ∇µ µT = 0.
It is important to emphasize that UG should not be confused with the so-called
TDiff -gravity [248]. Although both settings exhibit symmetry under transformations
belonging to the TDiff group, the latter does not impose any restriction on the metric’s
determinant. As a consequence, in the case of TDiff -gravity there is an additional
propagating degree of freedom in comparison with UG. Typically, TDiff -gravity is
considered to be equivalent to scalar-tensor theories [248, 249].
There are various ways of implementing the unimodularity condition at the practical
level and, depending on the choice, the underlying symmetry might be another one
[122, 250]. A frequently used formulation is based on the change of variable gµν 7→ γµν
according to [120]
gµν = (ω −2 |γ|)−1/d γµν ,

(2.12)

where γµν correspond to a tensorial density (a “densitized” metric) and we have defined
|γ| = det γµν . In such a case, it is not difficult to verify that the unimodularity condition
det gµν = ω 2 is satisfied irrespective of any restriction to the new dynamical variable
γµν . Expressing the unimodular action in terms of γµν , we find
1
SUG [γµν ] = −
16πGN

Z
ω

(d−2)/d

−1/d

|γ|



2
−1
−1
R(γ)+χd |γ| ∇|γ| − 2 ω ∇ω
, (2.13)

x

where χd = (d − 1)(d − 2)/4d2 . In addition to the symmetry under TDiff transformations, the UG action formulated in terms of γµν also exhibit invariance w.r.t. Weyl
transformations
0
γµν 7→ γµν
= Ω2 γµν ,

(2.14)

with Ω = Ω(x) denoting a local dilation parameter. Accordingly, the symmetry group
associated with this formulation of UG correspond to WTDiff (Weyl + TDiff ). It is
important to emphasize that the change of variables in Eq. (2.12) is non-invertible.
Therefore, the equivalence between UG formulated in terms of gµν or γµν is not guaranteed by field redefinition theorems. Classical and 1-loop results indicate that these
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two versions of UG are equivalent [122], however, we cannot say anything beyond such
approximations.
The inclusion of matter follows the usual recipe, i.e., by adding a contribution
Smatter [Φ; g] (we denote by Φ a generic matter field multiplet) to the unimodular action.
Taking the functional variation of Smatter [Φ; g], we find
1
δ̃Smatter [Φ; g] =
2

Z

µν

ω T̃ δ̃gµν
x

1
=
2



1 µν α
µν
ω T̃ − g T̃ α δgµν ,
d
x

Z

(2.15)

where we have defined the energy-momentum tensor
T̃ µν =

2 δSmatter
.
ω δgµν

(2.16)

The resulting field equation for UG in the presence of matter takes the form
Rµν



1
1
α
− gµν R = 8πGN T̃µν − gµν T̃ α .
d
d

(2.17)

The underlying symmetry w.r.t. TDiff transformations, however, does not guarantee
covariant conservation of the energy-momentum tensor T̃µν . In general, TDiff symmetry allows us to derive the weaker condition
∇µ T̃ µν = ∇ν Σ ,

(2.18)

with Σ = Σ(x) denoting some scalar field [115]. In principle, this condition is interpreted as an energy diffusion process. Nevertheless, it is possible to restore the usual
condition for energy-momentum conservation by observing that the field equation (2.17)
remains invariant under the redefinition
0
T̃µν 7→ T̃µν
= T̃µν + gµν ψ ,

(2.19)

where ψ = ψ(x) denote an arbitrary scalar function. We can use this arbitrariness in
our favor to define an “improved” energy-momentum,
Tµν = T̃µν − gµν Σ ,

(2.20)

such that it satisfies the usual equation energy-momentum conservation
∇µ T µν = 0 .

(2.21)

In this sense, the energy-momentum conservation in UG appears as a subsidiary con-
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dition. In terms of Tµν , the field equation for UG reads
Rµν



1
1
α
− gµν R = 8πGN Tµν − gµν T α .
d
d

(2.22)

Despite of being defined over different configuration spaces, at the classical level,
UG and GR are dynamically equivalent theories. Dynamical equivalence translates to
the possibility of mapping the classical field equations from one theory to the other.
On the one hand, starting from GR we can directly achieve Eq. (2.22) by projecting
the Einstein’s equation on its traceless part. On the other hand, starting from UG the
situation is slightly more subtle. In such a case, it is convenient to recast (2.22) in the
following way (for d > 2)


16πGN α
d−2
gµν R +
T α = 0,
+
2d
d−2

Gµν − 8πGN Tµν

(2.23)

where Gµν = Rµν − 12 gµν R denotes the Einstein tensor. Acting with ∇µ and using the
contracted Bianchi ∇µ Gµν = 0 along with the energy-momentum conservation (Eq.
(2.21)), we find

∇ν

16πGN α
Tα
R+
d−2


= 0.

(2.24)

2d
16πGN α
Tα=
Λ0 ,
d−2
d−2

(2.25)

This equation can be easily integrated, resulting in
R+

where Λ0 denotes an integration constant (the multiplicative factor 2d/(d − 2) has been
introduced for convenience). Plugging this result back into Eq. (2.23), we recover the
Einstein’s field equations for GR,
1
Rµν − gµν R + Λ0 gµν = 8πGN Tµν .
2

(2.26)

It is interesting to observe that the reconstruction of the Einstein’s field equations
starting from UG makes explicit use of the subsidiary condition encoded in (2.21). If
this condition was not taken into account, there would be an extra (diffusive) term in
(2.26) [251–254], spoiling the dynamical equivalence between UG and GR.
One of the most interesting features of UG is the origin of the cosmological term
in (2.26). In the case of GR, the cosmological constant appears as the vacuum energy
contribution in the EH action. Since this term has a dynamical nature, due to the
coupling with the metric’s determinant, it appears in the Einstein’s field equations. In
UG the situation is quite different. In such a case, even if we include the vacuum energy
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contribution to the unimodular action, this term will not contribute to the dynamical
field equation since the metric’s determinant is fixed. In this sense, we usually say that
the vacuum energy does not gravitate in UG. The “cosmological constant” Λ0 appearing
in (2.26), however, arises as a simple (arbitrary) integration constant and has nothing to
do with any possible vacuum energy contribution eventually included in the unimodular
action. The status of the cosmological constant in UG has been one of most important
motivation for this formulation, since it could provide a natural solution to the “first
cosmological constant problem”2 [103, 105, 107–109, 111–115]. In the context of GR,
such a problem appears as a fine-tuning in the cosmological constant term in order
to match its observed value and, at the same time, compensate quantum correction
proportional to the fourth-power of a cutoff scale. The “unimodular solution” simply
lies on the decoupling of the vacuum energy. In such a case, the cosmological term
appearing in (2.26) is unrelated to the vacuum energy and, therefore, no fine-tuning
mechanism is required.

2.1.2

Unimodular quantum gravity

As it was discussed in the previous section, although UG features a different configuration space in comparison to GR, these theories are dynamically equivalent at the
classical level. The quantum (in)equivalence between UG and RG, however, has not
been established in a conclusive way [115,116,118–127]. At a first sight, the dynamical
interaction terms appearing in UG exhibit a very different structure with respect to
GR. As an example, if we consider a scalar field coupled to gravity, in the unimodular version, the (momentum independent) scalar potential does not couple directly to
gravity. Based on this observation, there is no strong reason to believe that both settings describe equivalent quantum theories. In this sense, these theories might describe
different quantum regimes, but with the same classical limit.
The computation of tree-level (on-shell) amplitudes involving the scattering of 3-,
4- and 5- gravitons indicates that UG and GR produce the same results, despite of
the considerable differences in the structure of vertices and propagators [121]. Moreover, as it was pointed out in Ref. [115], the 1-loop effective action of UG takes the
same functional form (up to an arbitrary constant term) as the 1-loop effective action
of GR evaluated at unimodular metrics. As it was argued in Ref. [115], this result
is sufficient to establish the equivalence between UG and RG at the level of 1-loop
quantum equations of motion. These results, however, are not completely conclusive.
Investigations based on the derivation of the path integral of UG starting from the
Hamiltonian formalism indicates that those theories present different features at the
quantum level [123].
2

Actually, it is possible to argue that the “first cosmological constant problem” is more an aesthetic
issue than a physical problem.
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The lack of consensus concerning the quantum equivalence between UG and GR
triggers the question on whether would be possible to construct an asymptotically safe
theory starting from UG. Moreover, if viable, it is intriguing to explore whether the
unimodular version of ASQG shares the same (physical) properties with the standard
scenario constructed on top of GR. Conceptually, the unimodular and standard3 versions of ASQG differ at the level of theory spaces, since they are defined in terms of
different symmetry groups. A particularly important example is associated to the cosmological constant term. In the theory space defined by Diff -invariant operators, the
“volume operator” which is associated with the cosmological constant corresponds to a
direction in the theory space. Meanwhile, in the unimodular case, the volume operator
is non-dynamical and, therefore, decouples from the underlying theory space.
A natural question concerning the quantization of UG is how to implement the
unimodularity condition in the formulation of a quantum theory. In the framework of
path integral quantization, the basic idea is to define a functional measure Dgµν (or
Dhµν , for the fluctuation field hµν ) restricted to unimodular metrics. At the practical
level, there are multiple ways of implementing such a restriction. One possibility,
commonly employed in the perturbative setting [120–122], relies on the use of γµν (see
Eq. (2.12)) as the fundamental “integration variable”. Other possibilities include the
use of Lagrange multipliers and Stückelberg (auxiliary) fields [116, 123]. In the present
thesis we follow the same strategy as in [125,126], which combines the background field
method with the exponential parameterization for the metric. This parameterization,
first introduced in the context of 2 +  expansion [255–257], and later applied in the
FRG framework [80,81,84,91,125,126,128, 194,198,199,223,258–262], is defined in the
following way4
gµν = ḡµα [ exp(κ h· · ) ]αν = ḡµν + κ hµν +

∞
X
κn
n=2

n!

hµα1 · · · hανn−1 ,

(2.27)

where ḡµν represents a background metric and we have defined κ = (32πGN )1/2 . The
main advantage of using the exponential parameterization is the fact that one can extr
press the metric determinant as det gµν = det ḡµν eh (with htr = ḡ µν hµν ) and, therefore,
the unimodularity condition can be easily implemented by combining det ḡµν = ω 2 with
the tracelessness condition htr = 0. From this perspective the functional quantization
of UG translates into a path integral over traceless fluctuations.
While the standard ASQG scenario has been extensively explored in the literature,
only a few number of works are dedicated to the unimodular theory space [125,126,128,
3
To make clear distinction, we use the nomenclature “standard ASQG” as a reference to the usual
AS scenario based in the quantization of Diff -invariant theories.
4
See appendix B for more details concerning the exponential parameterization in QG.
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129]. In Refs. [125, 128], the unimodular version of the EH (uEH) truncation, namely,
ΓuEH
k

1
=−
16πGk,N

Z
ω R(g) ,

(2.28)

x

was employed to extract the flow of the Newton coupling. The results obtained within
the uEH truncation provide indications for UV FPs in the unimodular theory space.
Later on, the unimodular version of the f (R)-truncation was investigated in Ref. [126],
providing further indications for FP solutions in unimodular QG. In all these investigations, the unimodularity condition was implemented by means of the exponential
parameterization above discussed. An alternative approach was adopted in [129], with
a different formulation for UG involving a Stückelberg field5 , also showing indication
for suitable FPs in UG.
An additional subtlety concerning the functional quantization of UG was pointed
out in [115, 122]. In fact, when applying the Faddeev-Popov quantization procedure
one usually identify the functional integral over the generators of a given gauge group
as the volume factor of such a group. For example, in the usual QG gravity formulation
based on the quantization of GR, the volume associated with the Diff group is usually
expressed as
Z
VDiff =

Dµ ,

(2.29)

where µ denotes the generator of infinitesimal Diff transformations. In analogy, the
naive expectation for the TDiff case is that one should identify VTDiff with the functional integral
Z

DµT ,

(2.30)

where µT is the generator of infinitesimal TDiff transformations, which is defined according to the transversality condition ∇µ µT = 0. Nevertheless, as it was pointed out
in [115, 122], the integral (2.30) does not correspond to the volume factor of the TDiff
group. The reason for that lies on the fact DµT cannot be treated as a metric independent object (due to the constraint ∇µ µT = 0) and, as a consequence, cannot be
factored out in the Faddeev-Popov procedure. In Ref. [115, 122], it was proposed that
the appropriated definition of VTDiff should include a functional determinant6 , namely
Z
VTDiff =

DµT Det−1/2 (∆) ,

5

(2.31)

It is interesting to mention that the formulation used in [129] makes UG compatible with full Diff
invariance.
6
We use “Det” to distinguish functional determinants from the ordinary matrix determinants represented as “det”.

44

¯ 2 . This definition is justified by noticing that volume of TDiff can
where ∆ = −∇
be obtained by integrating over µ with a functional Dirac delta δ(∇µ µ ). Combing
this observation with the decomposition of a vector field in terms of its transverse and
longitudinal components,
¯ µχ ,
µ = µT + ∇

(2.32)

where χ = χ(x) denotes a scalar field, we can express the volume of the TDiff group
according to
Z
VTDiff =

D δ(∇µ  ) =
µ

µ

Z

¯ µ µ ) =
D δ(∇
µ

Z

DµT Dχ Det1/2 (∆) δ(∆χ) .

(2.33)

¯ µ µ , which follows from the unimodularity condition.
Note that we have used ∇µ µ = ∇
In the last equality we used Dµ = DµT Dχ Det1/2 (∆), where the determinant arises as
a Jacobian accounting for the change of variable µ 7→ (µT , χ). Recalling the property
δ(∆χ) = Det−1 (∆) δ(χ), we find
Z
VTDiff =

DµT Dχ Det−1/2 (∆) δ(χ) ,

(2.34)

R
Integrating the variable χ, with normalization Dχ δ(χ) = 1, we recover the volume
factor defined in (2.31).
Taking into account the volume factor (2.31) into the construction of a gauge-fixed
(Euclidean) functional generator, one can express7
Z
ZUG [J, η, η̄; ḡ] =



Dhµν Dc Dc̄µ Det
µ

1/2

(∆) exp − SUQG [h; ḡ]

Z
µν
µ
µ
ω (J hµν + η̄µ c − c̄µ η ) ,
− Sg.f. [h, c, c̄; ḡ] +

(2.35)

x

where SUQG [h; ḡ] is the unimodular version of SQGR [h; ḡ] defined in the previous sections
(see the discussion after Eq. (1.58)). Note that, in the present case, the (traceless)
fluctuation field is defined according to the exponential parameterization in Eq. (2.27).
For more detail concerning the gauge-fixing procedure in UG, see the App. A. Within
the FRG framework, in addition to the cutoff function ∆Sk [h, c, c̄; ḡ], the determinant
Det1/2 (∆) coming from VTDiff also requires regularization. Here, we adopt the following
prescription
Det1/2 (∆) 7→ Det1/2 (∆ + Rk (∆)) ,

(2.36)

where Rk (∆) is the FRG regulator. Using this prescription, we can define the scale7

We use “UQG” as an abbreviation to unimodular quantum gravity.
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dependent functional generator for UG according to
Z



Dhµν Dc Dc̄µ Det
µ

1/2

(∆ + Rk (∆)) exp − SUQG [h; ḡ]

Z
µν
µ
µ
− Sg.f. [h, c, c̄; ḡ] − ∆Sk [h, c, c̄; ḡ] +
ω (J hµν + η̄µ c − c̄µ η ) . (2.37)

Zk,UG [J, η, η̄; ḡ] =

x

Defining the EAA in the usual way (see Eq. 1.60), the standard derivation of the flow
equation leads to

 1 

−1
−1
1
(2)
∂t Γk = STr Γ + Rk ∂t Rk − Tr ∆ + Rk (∆) ∂t Rk (∆) .
2
2

(2.38)

The first term encode the usual traces (here represented with a condensed notation
involving the super-trace8 ) composing the FRG equation in QG (see Eq. (1.61)).
The second term in the r.h.s. correspond to an extra trace arising as a consequence
of the determinant Det1/2 (∆ + Rk (∆)). Therefore, the flow equation in the case of
UG picks up a contribution from the path integral measure. The consistency of such
an extra trace can be checked by confronting the 1-loop approximation of the FRG
equation9 with calculations via other methods. In fact, if one neglects the extra trace
in (2.38), the 1-loop determinants reported in [115, 122] are not properly matched by
FRG calculations. It is important to remark that, due to the unimodularity condition,
the extra trace does not contain any dependence on the fluctuation field hµν . As a
consequence, in the so-called background approximation calculations, such a term will
contribute and quantitatively affects the results regarding the FP structure. However,
for the computation of the flow of n-point functions, this term automatically drops
since functional derivatives with respect to fluctuations give a vanishing result.

2.2

Novel Indications for Asymptotic Safety in the
Unimodular Theory Space

2.2.1

Setting the stage

The possibility of AS formulated in terms of the unimodular theory space has been
considerably less explored than the standard formulation as a quantum theory for GR.
By now, most of the indications for UV FPs in the unimodular theory space comes
from simple EH truncations [125, 128, 129], with exception of the unimodular version
of the f (R)-approximation investigated in [126]. In this section, we explore further
8

The super-trace, denoted as STr, is introduced as a way to account for the appropriate pre-factors
that appear when we are tracing over fermionic fields.
9
The 1-loop approximation of the FRG equation is obtained by replacing Γ(2) by S (2) in the r.h.s.
of the flow equation.
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indications for the existence of suitable FP solutions in the unimodular theory space.
The novel aspects investigated in the remaining of this chapter can be summarized in
the following way:
• In general, we have considered an extended truncation defined in terms of the ar2
bitrary function fk (R, Rµν
). In principle, we have derived flow equations (using a
2
). Nevertheless, for practical
spherical background) for generic function fk (R, Rµν
calculations, including the search of FP solutions, we have considered particu2
2
lar projections on truncations of the type fk (R) and Fk (Rµν
) + R Zk (Rµν
). In
both cases we explore polynomial approximations, enlarging the truncated theory
space previously considered in the literature of unimodular ASQG.
• In contrast with previous results presented in the literature, the investigation
performed here includes the extra functional trace in the flow equation for UQG
(see Eq. (2.38)), resulting from the appropriated treatment of the volume factor,
VT Dif f , in the Faddeev-Popov procedure. Despite being formally necessary, the
inclusion of the extra functional trace seems to keep the qualitative properties of
the FP structure unchanged in comparison with previous results.

2.2.2

Defining a truncation, computing traces and all that

The starting point for any practical calculation based in the FRG technology is the
definition of a truncation for the EAA. In what follows, we are going to explore the
following truncation in the unimodular theory space
ΓUG
k,trunc = Γk,f [g] + Sg.f. [h, c, c̄; ḡ] ,

(2.39)

where
1
Γk,f [g] =
16πGN,k

Z

2
ω fk (R, Rµν
),

(2.40)

x

where fk is an RG scale-dependent arbitrary function of the Ricci scalar and the
2
square of the Ricci tensor, Rµν
= Rµν Rµν (see [263] for 1-loop computation involving
2
fk (R, Rµν
)-term). For the analysis presented in this chapter, we take the gauge-fixing
sector to be
Z
Z
1
µν T
T
Sg.f. [h, c, c̄; ḡ] =
ω ḡ Fµ [h; ḡ]Fν [h; ḡ] + ω c̄µ Mµ ν [h ; ḡ] cν ,
(2.41)
2α x
x
where gauge condition FµT [h; ḡ] has been defined in (A.6), with Faddeev-Popov operator
Mµ ν [h ; ḡ] defined according to (A.15). Moreover, following the discussion of the previous section, we use a combination of the exponential parameterization (see Eq. (2.27))
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along with htr = 0 as a practical way of implementing the unimodularity condition.
The results presented in this chapter were obtained within the background approximation for the FRG equation (see the discussion in Sect. 1.3.2). In this context,
the basic idea is to use the truncation (2.39) as an approximated solution for the flow
equation evaluated at vanishing fluctuation fields (see Eq. (1.71)). For the truncation
that we are considering, the l.h.s. of Eq. (1.71) leads to
∂t Γ̄UG
k,trunc

Z

1
=
16πGN,k


2
2
) ,
) + ∂t fk (R̄, R̄µν
ω −ηN fk (R̄, R̄µν

(2.42)

x

where we have defined the “background anomalous dimension” ηN = −ZN−1 ∂t ZN , with
ZN = (16πGN,k )−1 .
To extract relevant information from the FRG equation we still need to compute
the functional traces in the r.h.s. of Eq. (1.71). This computation, however, is rather
long and technical, but follows standard techniques used in the literature of covariant
QG. For this reason, in the present thesis we shall only report few intermediary steps.
For the reader interested in more details, we refer to similar calculations (in simpler
examples) discussed in [38, 39, 264]. The first step towards the evaluation of the r.h.s.
of Eq. (1.71) is to extract the Hessian matrix. In general lines, in order to compute
(2)
Γk we expand the truncation ΓUG
k,trunc up to second order in the fluctuation field and
organize the resulting expression according to
ΓUG
k,trunc

=

Γ̄UG
k,trunc

Z
+

(1)

ω(x) Γk,A [x ; ḡ] ϕA (x)

x

1
+
2

Z

(2)

ω(x) ω(y) ϕA (x) Γk,AB [x, y ; ḡ] ϕB (y) + O(ϕ3 ) ,

(2.43)

x,y

where we have defined the “super-field” notation ϕ = (hµν , cµ , c̄µ ). The elements of the
(2)
Hessian matrix can be identified as Γk,AB [x, y; ḡ]. Ideally, we would like to compute
the Hessian in terms of an arbitrary background metric ḡµν , however, in such a case,
the situation becomes extremely complicated. In particular, the inversion of the “reg(2)
ularized Hessian” Γk + Rk (which is necessary to compute the r.h.s. in (2.38)) is a
very challenging task in the case of arbitrary background. To circumvent this problem,
we restrict the background space to be a 4-sphere (S 4 ). In this case, the background
Riemann’s and Ricci’s curvature tensors collapses to
R̄µναβ =

1
(ḡµα ḡνβ − ḡµβ ḡνα )R̄
12

and

1
R̄µν = ḡµν R̄ .
4

(2.44)

A direct consequence of this choice is that the action of background covariant derivatives
on R̄µναβ , R̄µν and R̄ leads to vanishing results.
Even though the choice of the 4-sphere as a background considerably simplifies the
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structure of the Hessian, the presence of off-diagonal contributions involving covariant
(2)
derivatives makes the inversion of Γk + Rk complicated. The situation can be further
simplified by taking into account the York decomposition [265],
1
¯
¯
¯ ¯
¯2
hµν = hTT
µν + ∇µ ξν + ∇ν ξµ + ∇µ ∇ν σ − ḡµν ∇ σ ,
4

(2.45)

µν TT
¯ µ TT
where hTT
µν denotes a transverse (∇ hµν = 0) and traceless (ḡ hµν = 0) symmetric
¯ µ ξµ = 0) and σ is a scalar field. We
tensor, ξµ represents a transverse vector (∇
note the absence of the trace mode due the unimodularity condition. After the York
decomposition, we include wave function renormalization factors by refining the fields
according to
1/2

TT
hTT
µν 7→ Zk,TT hµν ,

1/2

ξµ 7→ Zk,ξ ξµ ,

1/2

σ 7→ Zk,σ σ ,

(2.46a)

and
1/2

1/2

cµ 7→ Zk,c cµ ,

c̄µ 7→ Zk,c c̄µ .

(2.46b)

As a consequence of this redefinition, the prescription that we use to define the regulator
−1
“kernels” produces anomalous dimensions ηi = −Zk,i
∂t Zk,i coming from the regulator
insertion ∂t Rk . Within the background approximation, the anomalous dimensions are
fixed by the “RG-improved” prescription [74], namely
ηTT = ησ := ηN

and

ηξ = ηc = 0 .

(2.47)

The Hessian in the “York basis” can be directly obtained from the quadratic form
(2)
ϕA (x) Γk,AB [x, y ; ḡ] ϕB (y), where “super-field” is rewritten in the new basis according
to ϕ = (hTT
µν , ξµ , σ, cµ , c̄µ ). For the truncation adopted in the present chapter (Eq.
(2.39)), the Hessian matrix takes the form

(2)
ΓTT 0
0
0
0


(2)
 0 Γξ
0
0
0 


(2)
=
0 Γσ
0
0 
 0
,

(2) 
0
0
0 Γcc̄ 
 0
(2)
0
0
0 Γc̄c
0


Γ(2)

(2.48)

with components10
(2)
ΓTT
10

= Zk,TT



(0,1)
fk



∆2 + (γ2 − 1)R̄ −

(1,0)
fk



2γ2 − 1
∆2 +
R̄ ,
2

The Hessians reported here can also be extracted from [263].
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(2.49a)

(2)
Γξ

Γ(2)
σ

9 Zk,σ
=
8

2 Zk,ξ
=
α



2γ1 − 1
∆1 +
R̄
2

2
,

(2.49b)





3γ0 − 1
3γ0 − 1
∆0 +
R̄ Pf + Qf
∆0 +
R̄ (∆0 + γ0 R̄)2 , (2.49c)
3
3

(2)
Γcc̄

=



√
2γ1 − 1
= − 2 Zk,c ∆1 +
R̄ ,
2

(2.49d)

1
2 (0,1)
(0,2)
(1,1)
+ R̄2 fk + 4 R̄ fk + fk ,
4
3

(2.50a)

(2)
−Γc̄c

where we have defined
(2,0)

Pf = fk

1 (1,0) 2
(0,1)
Qf = fk + R̄ fk .
3
9

(2.50b)

Moreover, we adopt the compact notation
(m,n)

fk

=

∂ m+n f (R̄, X)
.
∂ R̄m ∂X n

(2.51)

2
with X = R̄µν
. The operators ∆2 , ∆1 and ∆0 were introduced as “interpolating”
Laplacians, namely

∆2 = ∆L2 − γ2 R̄ ,

∆1 = ∆L1 − γ1 R̄ ,

∆0 = ∆L0 − γ0 R̄ .

(2.52)

where ∆L2 , ∆L1 and ∆L0 correspond to the Lichnerowicz-Laplacian operators, defined
(on spherical backgrounds) according to
2
∆L2 = ∆ + R̄ ,
3

1
∆L1 = ∆ + R̄ ,
4

∆L0 = ∆ ,

(2.53)

¯ 2 = −ḡ µν ∇
¯ µ∇
¯ ν (referred as Bochner-Laplacian). We note that ∆2 ,
where ∆ = −∇
∆1 and ∆0 were defined w.r.t. their action on transverse-traceless tensors, transverse
vectors and scalars, respectively. The interpolating parameters were introduced such
that γ2 = γ1 = γ0 = 0 results in the Lichnerowicz-Laplacian and γ2 = 2/3, γ1 = 1/4
and γ0 = 0 leads to the Bochner-Laplacian. In what follows, we are going explore both
types of Laplacians as coarse-graining operators.
The use of the York decomposition requires the introduction of regulator “kernels”
for each one of the York modes. In this case, we adopt the following prescription to
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the define the regulators [264]
(2)

(2)

Rk,TT = ΓTT |∆2 →∆2 +Rk (∆2 ) − ΓTT ,

(2)

(2.54a)

(2)

Rk,ξ = Γξ |∆1 →∆1 +Rk (∆1 ) − Γξ ,

(2.54b)

(2)
Rk,σ = Γ(2)
σ |∆0 →∆0 +Rk (∆0 ) − Γσ ,

(2.54c)

(2)

(2)

Rk,cc̄ = Γk,cc̄ |∆1 →∆1 +Rk (∆1 ) − Γk,cc̄ .

(2.54d)

Within the background approximation, the flow equation written in terms of York
variables takes the form




−1
−1
1 0  (2)
1
(2)
UG
∂t Rk,ξ
∂t Rk,TT + Tr(1) Γξ + Rk,ξ
∂t Γ̄k,trunc = Tr(2) ΓTT + Rk,TT
2
2


−1
i

−1
1 00 h (2)
(2)
+ Tr(0) Γσ + Rk,σ ∂t Rk,σ − Tr(1) Γcc̄ + Rk,cc̄
∂t Rk,cc̄
2
h
i
1
Jacob.
Jacob.
+ T(0)
.
(2.55)
− Tr0(0) (∆0 + Rk (∆0 ))−1 ∂t Rk (∆0 ) + T(1)
2
The first term in the third line corresponds to the extra functional traces arising from
the appropriated treatment of the volume factor VT Dif f . The other two terms in the
Jacob.
Jacob.
, denote additional contributions coming from the Jacobian
and T(0)
third line, T(1)
associated with the change of variables hµν 7→ {hTT
µν , ξµ , σ} [38]. These contributions
manifest themselves as the additional traces
"
#
−1
1
2γ
−
1
1
0
Jacob.
T(1)
= − Tr
∂t Rk (∆1 ) ,
(2.56a)
∆1 + Rk (∆1 ) +
R̄
2
2

Jacob.
T(0)

1
= − Tr00
2

"

1
∆0 + Rk (∆0 ) + R̄
3

#

−1

∂t Rk (∆0 )

h
i
1
− Tr00 (∆0 + Rk (∆0 ))−1 ∂t Rk (∆0 ) .
2

(2.56b)

Finally, the “prime notation” Tr0 (Tr00 ) indicates that we have to eliminate from the
traces those contributions associated with the first (first and second) eigenvalues of the
coarse-graining operator. The reason for that is the existence of field configurations ξµ
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and σ satisfying (see, e.g., [38, 60])
¯ µ ξν + ∇
¯ ν ξµ = 0
∇

¯ 2σ = 0 ,
¯ µ∇
¯ ν σ − 1 ḡµν ∇
∇
4

and

(2.57)

which, therefore, do not contribute to the original fluctuation field hµν . To remove
these modes, at the practical level we define the “primed” trace according to



 X
Tr0···0
W
(∆
)
=
Tr
W
(∆
)
−
Dl (s)W (λl (s)),
s
s
(s)
(s)

(2.58)

l∈Ms

where Ms = {s, s + 1, · · · , m − 1 + s} (m denotes the number of “primes”). In addition,
λl (s) represents the l-th eigenvalue of the “interpolating” Laplacian ∆s defined on the
4-sphere and Dl (s) denotes the degree of degeneracy associated with λl (s). For the
calculation presented here, the relevant expressions are given by
(l + 3) l − s
λl (s) =
R̄ − γ0 δ0,s R̄ +
12

Dl (s) =



1
− γ1
4


δ1,s R̄ ,

l (l + 3) (2l + 3) (l + 1)!
(2l + 3) (l + 2)!
δ0,s +
δ1,s ,
6 l!
2 (l + 1)!

(2.59a)

(2.59b)

for s = 0, 1, which can be obtained by shifting the eigenvalues of the usual BochnerLaplacian operators [38].
To compute the functional traces we use standard heat kernel techniques [266]. In
general lines, a functional trace can be expanded in terms of heat kernel coefficients,
namely (see, e.g. [38, 267–269])
Tr(s)



∞ Z


1 X √
ḡ Q2−n [W ] tr b2n (∆s ) ,
W (∆s ) =
2
16π n=0 x



(2.60)

with Qn -functional defined according to
(−1)k
Qn [W ] =
Γ(n + k)

Z

∞

dz z n+k−1

0

dk W (z)
,
dz k

(2.61)

where k denotes some (arbitrary) positive integer satisfying the following restriction


n + k > 0. Moreover, tr b2n (∆s ) denotes the trace of the (non-integrated) heat
kernel coefficient b2n (∆s ) associated with the coarse-graining operator ∆s . For (4dimensional) spherical backgrounds we can express


tr b2n (∆s ) = cs R̄n ,

(2.62)

where cs denote a numerical coefficient depending on the choice of coarse-graining
52

operator. In table 2.1 and 2.2 we report the relevant cs -coefficients for the analysis
presented here11 .
s

n=0 n=2

n=4

n=6

n=8

n = 10

n = 12

0

1

1
6

29
2160

37
54432

149
6531840

179
431101440

1387
− 201755473920

1

3

1
4

7
− 1440

541
− 362880

157
− 2488320

4019
2299207680

141853
430411677696

2

5

− 56

1
− 432

311
54432

109
1306368

317
− 12317184

6631
− 4483454976

Table 2.1: cs -coefficients associated with the Bochner-Laplacian as the coarse-graining operator. All
the coefficients were computed within the 4-sphere background.

s

n=0 n=2 n=4

n=6

n=8

n = 10

n = 12

0

1

1
6

29
2160

37
54432

149
6531840

179
431101440

1387
− 201755473920

1

3

− 21

19
720

5
− 18144

11
− 2177280

19
− 143700480

347
− 67251824640

2

5

− 25
6

719
432

23125
− 54432

101981
1306368

952135
− 86220288

50728409
40351094784

Table 2.2: cs -coefficients associated with the Lichnerowicz-Laplacian as the coarse-graining operator.
All the coefficients were computed within the 4-sphere background.

For the Litim’s cutoff [181, 182] (see (1.34)), the Qn -functionals can be computed
2
). Due to specific properanalytically even for arbitrary form of the function fk (R̄, R̄µν
ties of this choice of regulator, only a finite number of Qn -functionals (with negative n)
leads to non-vanishing results. As a consequence, the heat kernel expansion in (2.60)
involves only a finite number of terms. In general, the result of the trace computation
leads to very long expressions and, therefore, we shall not report explicit results here.
In the next sections we discuss how to extract beta functions from two different types
of polynomial projections.
11

See, e.g., Ref. [38] for a discussion on how to compute the heat-kernel coefficients in a spherical
manifold.
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2.2.3

f (R) – polynomial projection

In general, the result of the calculation described in the previous section leads to a
flow equation of the form

1
(m,n)
(m,n)
2
2
−ηN fk (R̄, R̄µν
) + ∂t fk (R̄, R̄µν
) = F(fk , fk
, ηN , ∂t fk , ∂t fk
) . (2.63)
16πGN,k
(m,n)

We note that the dependence on ηN , ∂t fk and ∂t fk
, in the r.h.s., come from the
regulator insertion ∂t Rk . At the practical level, we are going to use polynomial truncations. Ideally, if we had performed all the calculations in a generic background, the
2
most interesting choice of polynomial truncation (within the class of fk (R, Rµν
)) would
have the form
2
)=
fk (R, Rµν

X

(n1 ,n2 )

αk

Rn1 (Rµν Rµν )n2 .

(2.64)

n1 ,n2
(n ,n )

where the αk 1 2 ’s denote scale-dependent couplings. By expanding both sides of Eq.
2
, we should be able to extract the running of the couplings
(2.63) in powers of R̄ and R̄µν
(n1 ,n2 )
αk
’s by comparing both sides of (2.63) order by order in the curvature invariants.
Unfortunately, this task is not possible for a spherical background. In such a case,
2
collapses to 41 R̄2 and, therefore, we can no longer disentangle the
the invariant R̄µν
(n ,n )
(m ,m )
running of couplings αk 1 2 and αk 1 2 , for all pairs (n1 , n2 ) and (m1 , m2 ) satisfying
n1 + 2n2 = m1 + 2m2 .
To circumvent this problem, without resorting to a generic background, one has to
adopt a subclass of truncation. In this section, we consider the case corresponding to the
2
f (R)-approximation, which can be directly obtained by neglecting the Rµν
dependence
in our calculation. In particular, for practical computations we focus in the polynomial
approximation
fk (R) = −R +

N
X

k 2−2n αk,n Rn ,

(2.65)

n=2

where the αk,n ’s denote scale-dependent dimensionless couplings. The parameter N
denotes a positive integer number that fixes the maximal order of the polynomial
truncation. Note that we normalize the coefficient of the first term as −1 so that we
recover the uEH truncation once we neglect higher-order powers of the curvature scalar.
Moreover, we emphasize that the absence of a zeroth-order contribution is attributed
to the fact that we are dealing with a unimodular truncation.
To extract the beta functions associated with the set of dimensionless couplings
αk = {αk,n }n=2,··· ,N , we plug (2.65) into Eq. (2.63) and expand both sides of the flow
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equation up to order R̄N . In this case, Eq. (2.63) leads to the following structure
N

ηN
1 X 4−2n
2
(2 − 2n − ηN ) αk,n + βα(n) R̄n =
k R̄ +
k
16πGk
16πGk n=2

N 
N
X
X
(m)
k 4−2n R̄n ,
=
An (αk ) + Bn (αk ) ηN +
Mn,m (αk ) βα
n=1

(2.66)

m=2
(m)

where we have defined βα = ∂t αk,n . At least for the Litim’s cutoff, the coefficients An ,
Bn and Mn,m can be computed analytically. By matching the contributions according
to the power of the curvature scalar, we arrive at the RG equations
"
βG = 2Gk 1 +

8πGk
1 − 16πGk B1 (αk )


#
N
X
A1 (αk ) +
M1,m (αk ) βα(m)
,

(2.67a)

m=2

βα(n) = (ηN + 2n − 2) αk,n


N
X
(m)
Mn,m (αk ) βα
,
+ 16πGk An (αk ) + Bn (αk ) ηN +

(2.67b)

m=2

with n = 2, · · · , N . Note that we have used ηN = G−1
k βG −2 in (2.67a). We observe that
the system of RG equations defined by (2.67a) and (2.67b) provides only an implicit
(n)
results for the beta functions βG and βα ’s. In principle, we can solve (analytically) the
(n)
system of equations in order to extract the explicit results for βG and βα ’s, however,
this leads to very lengthy expressions and we shall not report them here.
Our primary interest in this chapter is the search of indications for UV FPs. Within
the system of RG equations (2.67a) and (2.67b), we can look for FP solutions (denoted
as G∗ and αn∗ ) that can be obtained from the following equations
∗

2G




8πG∗
∗
A1 (α ) = 0 ,
1+
1 − 16πG∗ B1 (α∗ )


(2n − 4) αn∗ + 16πG∗ An (α∗ ) − 2 Bn (α∗ ) = 0 ,

(2.68a)

(2.68b)

with n = 2, · · · , N . In Sect. (2.2.5), we report numerical FP solutions associated with
various choices of N .

2.2.4

2
2
F (Rµν
) + R Z(Rµν
) – polynomial projection

The f (R)-approximation was introduced in the previous section as a way to avoid a
technical problem related to the used of a spherical background, namely, the fact that
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2
and R2 . In this section,
in such a background we can not distinguish the invariants Rµν
we consider an alternative class of truncation characterized by the decomposition12

2
2
2
fk (R, Rµν
) = Fk (Rµν
) + R Zk (Rµν
),

(2.69)

2
2
2
where Fk (Rµν
) and Zk (Rµν
) denote scale-dependent functions of the invariant Rµν
. This
class of truncation was first introduced in [89] as an approach to include effects beyond
the Ricci scalar. At a first sight one might suspect that, in the spherical background,
the F Z-truncation would lead to the same result as in the f (R)-approximation, since
2
2
both Fk (R̄µν
) and Zk (R̄µν
) collapses to functions of R̄. However, this is not the case
as one can see from the Hessians corresponding to the f (R)- and F Z-truncations. As
an explicit example, we consider here the Hessian associated with the transverse and
traceless fluctuations, namely

(2)
ΓTT f (R)

(2)
ΓTT F Z

= Zk,TT



(1)
Fk

(1)

+

(1)
−Zk,TT fk

=

(1) 
R̄Zk



2γ2 − 1
R̄ ,
∆2 +
2

(2.70a)



2γ2 − 1
R̄ , (2.70b)
∆2 +(γ2 − 1)R̄ − Z̄k
∆2 +
2


(1)

(1)

(R̄)
2
).
, Fk = dFdkX̄(X) , Zk = dZdkX̄(X) and Z̄k = Zk (R̄µν
where we denote fk = dfdkR̄
For practical computations we are going to restrict our attention to the case of a
polynomial truncation defined by

2
Fk (Rµν
)

=

NF
X

k 2−4n ρk,2n (Rµν Rµν )n ,

(2.71a)

n=1

2
Zk (Rµν
) = −1 +

NZ
X

k −4n ρk,2n+1 (Rµν Rµν )n ,

(2.71b)

n=1

where NF = bN/2c and NZ = b(N − 1)/2c (with b · · · c representing the floor function). Here we are going to denote as ρk = {ρk,n }n=2,··· ,N the set of scale-dependent
couplings associated with the F Z-truncation. To extract the system of RG equations
associated with the dimensionless couplings Gk and ρk = {ρk,n }n=2,··· ,N we follow the
same procedure discussed in the f (R)-approximation. In such a case, replacing (2.71a)
and (2.71b) into the l.h.s. and r.h.s. of Eq. (2.63), we find, respectively, the following
12

We refer to such decomposition as F Z-truncation.
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results

1
2
2
−ηN fk (R̄, R̄µν
) + ∂t fk (R̄, R̄µν
) S4 =
16πGN,k
NF

1 X
k 4−4n (2n)
ηN
2
=
k R̄ +
βρ + (2 − 4n − ηN )ρk,2n R̄2n
n
16πGk
16πGk n=1 4
+

NZ
 2n+1
k 2−4n (2n+1)
1 X
β
−
(4n
+
η
)ρ
R̄
,
N
k,2n+1
ρ
16πGk n=1 4n

(m,n)

(2.72a)

(m,n)

F(fk , fk

, ηN , ∂t fk , ∂t fk
) S4 =

N 
N
X
X
(m)
=
An (ρk ) + Bn (ρk ) ηN +
Mn,m (ρk ) βρ
k 4−2n R̄n .
n=1

(2.72b)

m=2

The notation (· · · )|S 4 indicates the projections on spherical background. Once again,
the basic idea is to match order by order in the curvature scalar R̄, in this case, leading
to system of RG equations
"
βG = 2Gk 1 +

8πGk
1 − 16πGk B1 (ρk )


#
N
X
M1,m (ρk ) βρ(m)
,
A1 (ρk ) +

(2.73a)

m=2

βρ(n) = (ηN + 2n − 2) ρk,n


N
X
1+δn
(m)
+ 16
π Gk An (ρk ) + Bn (ρk ) ηN +
Mn,m (ρk ) βρ
,

(2.73b)

m=2

where δn = n/4 for n even and δn = (n − 1)/4 for n odd. We note that despite of the
similarities observed when we compare (2.67a) and (2.67b) with (2.73a) and (2.73b), the
explicit expressions for the coefficients A, B and M obtained within the F Z-truncation
are considerably different from the ones obtained via f (R)-approximation. Finally, the
FP solutions associated with the F Z-truncation satisfy the following equations

2G 1 +
∗


8πG∗
∗
A1 (ρ ) = 0 ,
1 − 16πG∗ B1 (ρ∗ )


(2n − 4) ρ∗n + 161+δn π G∗ An (ρ∗ ) − 2Bn (ρ∗ ) = 0 ,
where n = 2, · · · , N .
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(2.74a)

(2.74b)

2.2.5

Results and discussion

In this section, we present our results concerning the FP structure obtained within
truncations previously defined. In general, the FP equations discussed in the previous
sections (Eqs. (2.68a)-(2.68b) for the f (R)-approximation and Eqs. (2.74a)-(2.74b)
for the F Z-truncation) are considerably complicated and requires the use of numerical
techniques. Both in the case of f (R)- and F Z-approximations, we have employed the
bootstrap method developed in Refs. [70, 73] as a systematic way to search numerical
FP solutions. In this sense, we have developed and implemented a Mathematica routine
to perform the numerical calculations within the truncations investigated here.
For the f (R)-approximation we have performed the search of FP solutions for polynomial truncations (see Eq. (2.65)) with N ranging from 1 to 20. The idea of computing
FPs for a variety of values for N is motivated by two main reasons:
i) Firstly, it appears as a practical requirement related to the way the bootstrap
method is implemented. Typically, search of numerical solutions within a truncation characterized by N requires inputs from the FP solutions associated with
the case N − 1.
ii) Secondly, the main goal of this analysis is not only to search for indications of
FP solutions, but also to check their stability against the inclusion of further
operators. In this sense, we can explore how the FP solutions (as well as the
corresponding critical exponents) behave as a function of N .
In principle, the analysis performed here can be extended to N > 20, however, in
this case, the implementation of the bootstrap strategy requires more sophisticated
numerical methods and additional computational power. For the analysis performed
here, N ≤ 20 is sufficient to capture various qualitative features. It is interesting to
mention that, in the case of standard ASQG, this analysis has been carried out within
polynomial truncations involving terms up to R70 [90].
In Fig. 2.1, we exhibit our results for the FP values for some of the couplings
(up to α6∗ ) defined in the polynomial f (R)-truncation, as functions of N . For higherorder couplings, we find FP values characterized by |αn∗ | < 10−4 (n = 7, 8, · · · , 20).
In each one of the plots, we exhibit FPs evaluated by two different types of coarsegraining operators, namely, Bochner-Laplacian (blue/circle markers) and LichnerowiczLaplacian (red/square markers). The most notable feature in the plots exhibited in Fig.
2.1 lies on the stabilization of the FP values against the inclusion of new operators.
As one can observe, after some oscillation for small truncations (N . 7), the FP
coordinates for higher truncations stabilize around some specific values. In particular,
we observe that, despite of the quantitative differences, the same qualitative picture
is obtained for both types of coarse-graining operators. To complement our analysis
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concerning the FP structure for the f (R)-truncation, in Fig. 2.2 we exhibit FPs values
normalized in a convenient way. For the “normalized FPs”, here denoted as λn , we use
a similar definition the one adopted in Ref. [73, 90], namely
λ1 =

G∗ (N )
+1
G∗ (Nmax )

and

λn =

αn∗ (N )
+ n,
αn∗ (Nmax )

(2.75)

where G∗ (N ) and αn∗ (N ) denote the FP values calculated within a truncation of order
N , while G∗ (Nmax ) and αn∗ (Nmax ) stand for the FP values associated with the largest
truncation under investigation (in the present case, Nmax = 20). The introduction
of such normalized quantities is particularly useful to make clear the stabilization FP
values against the truncation extensions.
The critical exponents exhibited in Fig. 2.3 indicate that the number of relevant
directions (characterized by positive critical exponents) does not increase indefinitely,
which is a crucial feature for ASQG. By looking at the critical exponents associated
with the case of type I coarse-graining operator (Bochner-Laplacian), we observe two
relevant directions for all the truncations under consideration (except for N = 1). For
type II coarse-graining operator (Lichnerowicz-Laplacian), the situation is a bit more
subtle. In this case, we note a variation on the number of positive critical exponents
for small truncations (N < 6). However, with the inclusion of additional operators, the
number of relevant directions seems to stabilize at two.
A remarkable feature of the results exhibited in Fig. 2.3 is the near-canonical
behavior of the critical exponents. More precisely, the critical exponents obtained
within the f (R) truncation behave like θn ∼ ∆n , where ∆n = 4 − 2n is the canonical
scaling of an operator of the form Rn . The exception occurs for the two positive
critical exponents, that are shifted away from the canonical scaling by a larger gap.
The near-canonical behavior was already observed in the context of UQG based in
the f (R)-approximation involving operators up to R10 [126]. Our findings not only
indicate the stabilization of such results for higher-order truncations, but also include
the extra trace mode in the flow equation (2.38), which was not considered in the
previous analysis performed in the literature. Furthermore, it is interesting to mention
that the near-canonical behavior of the critical exponents has been explored in great
detail in the context of the standard formulation of ASQG [73, 90].
Now we turn our attention to the class of polynomial F Z-truncations. In such
a case, the RG equations lead to larger expressions in comparison with the f (R)approximation, and, as a consequence, it requires additional computational power than
the previous case. For this reason, in the present case we explore the FP equations
only up to a truncation where the highest-order operator correspond to R(Rµν Rµν )7
(i.e., Nmax = 15). Generally speaking, the search for FPs in the F Z-truncation follows
the same strategy used in the f (R)-approximation. In this sense, we use the solutions
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Figure 2.1: Fixed-point values for the couplings Gk , αk,2 , αk,3 , αk,4 , αk,5 and αk,6 in the f (R)truncation. The blue line (circle markers) indicates the Type I regularization (Bochner-Laplacian),
whereas the red square indicates the Type II regularization (Lichnerowicz-Laplacian).
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Figure 2.2: Normalized FPs in the f (R)-truncation. We use the normalization λ1 =
α∗
n (N )
α∗
n (Nmax )

G∗ (N )
G∗ (Nmax )

+1

and λn =
+ n (for n > 1). From bottom to top we show λ1 , λ2 , ..., λ15 . The left panel
corresponds to results obtained via Bochner-Laplacian operator (type I), while the right panel shows
the normalized FPs associated with the Lichnerowicz-Laplacian operator (type II).

Figure 2.3: Critical exponents associated with the FP structure in the f (R)-approximation. The
left panel corresponds to results obtained via Bochner-Laplacian operator (type I), while the right
panel shows the results associated with the Lichnerowicz-Laplacian operator (type II).

obtained within a (N − 1)-th truncation as the input for an algorithm to bootstrap FPs
in a truncation of order N . It is interesting to emphasize that, even in the standard
ASQG setting, the F Z-truncation has been considerably less explored than the f (R)
counterpart [89].
In Fig. 2.4, we report our findings for the FP values for some of the couplings
(up to ρ∗6 ) obtained within the F Z-truncation. As in the previous case, we exhibit
the results for both types of coarse-graining operators. In addition, in Fig. 2.5 we
exhibit the “normalized FP values”. As one can observe, for Lichnerowicz-Laplacian
operator (red/squared markers) our analysis leads to FP solutions for all the polynomial
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truncations up to Nmax = 15. In contrast, in the case of the Bochner-Laplacian coarsegraining operators, we only find suitable FP solutions up to the truncation characterized
by N = 9. We attribute such a feature to a limitation in the numerical method used
in the search of FPs.
Based on the critical exponents depicted in Fig. 2.6, our results for the F Ztruncation also point towards the existence of two relevant directions, for both types
of coarse-graining operators. Despite of the stability on the number of relevant directions, the numerical values for the critical exponents suffer the same unstable behavior
observed in the FP values (see. Fig. 2.4). At least for type I coarse-graining operator, despite of difficulties to extend our analysis to truncations higher than N = 9,
the results exhibited in Fig. 2.6 (left) indicate that the critical exponents feature the
same near-canonical behavior as we have discussed in the f (R)-approximation. Such
behavior is less obvious in the case of type II coarse-graining operators. In this case,
as one can see in Fig. 2.6 (right), some critical exponents behave according to the
near-canonical scaling, however, for several choices of N we can observe points that
exhibit considerable deviations from the canonical scaling of the operators involved in
our truncation.
Our findings indicate that the unimodular F Z-truncation leads to less stable results
in comparison with the f (R)-approximation. This result is in contrast with observations previously made in the standard ASQG setting. In particular, the systematic
analysis performed in [89] indicates that the F Z-truncation exhibits a faster “convergence”13 in comparison with the f (R)-approximation. Within the approximations
considered here, our results indicate the opposite conclusion in the unimodular setting.
So far, it is not clear what is the origin of such a difference. Nevertheless, there are
some clues that could be confronted with further investigations:
• Exponential versus linear parameterization: The analysis performed here utilizes
the exponential parameterization as a convenient way of implementing the unimodularity condition. On the other hand, previous calculations involving the
F Z-truncation are based in the linear split [89]. The analysis performed in [91]
(within the f (R)-approximation) indicates that the use of different choices field
parameterization could lead to important differences in the FP structure.
• The use of spherical background: The choice of a spherical background in our
calculation was motivated as a way to circumvent certain technical issues due
to the presence of off-diagonal terms in the 2-point function Γ(2) . For the f (R)approximation, this choice is particularly interesting since it is self-consistent14 .
13
Note that we are using the word “convergence” in a heuristic way. In this sense, there is no proof
of mathematical convergence underlying such statements.
14
The term “self-consistent” means that the spherical background already includes all the relevant
contributions within this truncated theory space. The argument is based on the fact that we can
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Figure 2.4:

Fixed-point values for the couplings Gk , ρk,2 , ρk,3 , ρk,4 , ρk,5 and ρk,6 in the F Ztruncation. The blue line (circle markers) indicates the Type I regularization (Bochner-Laplacian),
whereas the red square indicates the Type II regularization (Lichnerowicz-Laplacian).

express the functional traces in the r.h.s. of the flow equation in terms of polynomial contributions in
the Ricci scalar, plus contribution that vanishes once
63 set the spherical background.

Figure 2.5: Normalized FPs in the F Z-truncation. We use the normalization ρ1 =
ρ∗
n (N )
α∗
n (Nmax )

G∗ (N )
G∗ (Nmax )

+1

and ρn =
+ n (for n > 1). From bottom to top we show ρ1 , ρ2 , ..., ρ7 (left-panel) and ρ1 , ρ2 ,
..., ρ12 (right-panel). The left panel corresponds to results obtained via Bochner-Laplacian operator
(type I), while the right panel shows the normalized FPs associated with the Lichnerowicz-Laplacian
operator (type II).

Figure 2.6: Critical exponents associated with the FP structure in the F Z-approximation. The left
panel corresponds to results obtained via Bochner-Laplacian operator (type I), while the right panel
shows the results associated with the Lichnerowicz-Laplacian operator (type II).

Nevertheless, this “self-consistency” is not valid for the F Z-truncation. As an
example, an invariant of the form Rµν Rνα Rαµ , once projected on the sphere,
generate spurious contributions to the beta function of the coupling associated
with the operator R Rµν Rµν . As a hypothesis, one might consider that the existence of such spurious contributions could generate certain instabilities in the FP
structure associated with the F Z-truncation. The validation of such reasoning
requires calculations using a generic background, which goes beyond the scope of
this thesis.
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Chapter

3

Unimodular Quantum Gravity:
Steps Beyond Perturbation Theory
3.1
3.1.1

Setting the stage
Symmetry identities and regulator effects

The notion of theory space, which is a fundamental concept in the FRG framework,
is defined in terms of the configuration space and the underlying symmetries of the
physical system under investigation. In UG, the configuration space is defined by metrics satisfying the unimodularity condition. Moreover, in this setting, the underlying
symmetry is characterized by TDiff transformations, which follows from the invariance
of the classical action, namely
δT SUG [gµν ] = 0 .

(3.1)

As it is well known from the standard Faddeev-Popov procedure, the underlying gauge
symmetry (TDiff ) is broken by the introduction of a gauge fixing sector. Nevertheless,
one can still keep track of original gauge symmetry by taking into account that the
gauge-fixed system remains invariant under BRST transformations,

δBRST SUG [gµν ] + Sg.f [ϕ; ḡ] = 0 .

(3.2)

where ϕA = (hµν , c̄µ , cµ , bµ ) has been introduced as a “super-field” notation. Note that,
in the gauge-fixing sector, we also introduced the Lautrup-Nakanishi field, bµ , which is
necessary to make the BRST symmetry valid for off-shell field configurations.
At the quantum level, the BRST symmetry translates into a functional identity
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involving the (full) effective action Γ, namely, the Slavnov-Taylor identity (STI)1 ,
δΓ δΓ
·
= 0,
δQ δϕ

(3.3)

where Q denotes an extra source term introduced by its coupling with the BRST
transformation of the field ϕ, i.e., by including Q·ϕ as part of the generating functional.
Within the FRG framework, one can derive an analogous STI for the EAA, however,
this is not obtained by the simple replacement Γ 7→ Γk . In fact, the FRG regulator
spoils BRST invariance since
δBRST ∆S[ϕ; ḡ] 6= 0 .

(3.4)

As a consequence the STI for Γk involves a soft-breaking contribution, resulting in the
form [174, 190]
δΓk δΓk
·
= Υk [ϕ; ḡ] ,
δQ δϕ

(3.5)

where Υk [ϕ; ḡ] is regulator-dependent term (that vanishes at k = 0). This functional
identity is usually referred to as modified STI (mSTI).
Besides the BRST symmetry, the covariant approach to QG brings a second type
of local invariance, namely, split symmetry, which is associated with the use of the
background field method. Split symmetry is defined by joint transformations,
ḡµν 7→ ḡµν + δsplit ḡµν

and

hµν 7→ hµν + δsplit hµν ,

(3.6)

such that the full metric remains invariant
gµν 7→ gµν (ḡ + δsplit ḡ , h + δsplit h) = gµν (ḡ, h) .

(3.7)

For linear metric parameterization (gµν = ḡµν + κ hµν ), split symmetry is manifested by
the simple transformations δsplit ḡµν = −χµν and δsplit hµν = κ−1 χµν , with χµν = χµν (x)
being a local transformation parameter. For the non-linear metric parameterization,
such as the exponential split (see Eq. (2.27)), the explicit form of δsplit hµν is more
αβ
complicated. In this case, we denote δsplit hµν = Nµν
[h; ḡ]χαβ , which can be determined
in an iterative way (see App. B).
The split symmetry allows us to derive a second type of functional identity that
relates functional derivatives taken with respect to the background and fluctuation
fields. This is usually known as Nielsen identity (NI) or split Ward identity and takes
1

The “dot”
R is a compact notation to represent all indices contractions and space-time integration,
i.e., X · Y = x ω XA (x)Y A (x).
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the form
δΓ
δΓ
αβ
− Nµν
[h; ḡ] ·
=
δḡµν
δhαβ



δSg.f.
δḡµν





δSg.f.
αβ
− Nµν [h; ḡ] ·
.
δhαβ k
k

(3.8)

The contribution on the r.h.s. encodes non-trivial information due to split symmetrybreaking caused by the gauge-fixing sector. In the FRG setup, the inclusion of a cutoff
term ∆Sk [ϕ; ḡ] introduces a second source of symmetry-breaking2 , leading to a modified
NI (mNI), namely [190, 231]
δΓk
δΓk
αβ
[h; ḡ] ·
− Nµν
=
δḡµν
δhαβ



δSg.f.
δḡµν





δSg.f.
αβ
− Nµν [h; ḡ] ·
+ Ξk [ϕ; ḡ] ,
δhαβ k
k

(3.9)

where Ξk [ϕ; ḡ] is a regulator-dependent contribution. As in the case of the mSTI, the
regulator induced term vanishes at k = 0.
In the background approximation, as we have considered in the calculations presented in Chap. 2, we typically consider truncations that are not compatible with the
coarse-grained symmetry identities (3.5) and (3.9). In fact, the compatibility of the
EAA with the appropriated symmetry identities, including modifications due to the
FRG regulator, requires explicitly symmetry-breaking terms in Γk . In this sense, quantum symmetries (at k = 0) require symmetry-breaking contributions at non-vanishing
k. In this chapter, we perform some steps in this direction by including symmetrybreaking effects at the level of a truncation defined in the unimodular theory space.
The results presented in this chapter are based on the recent publication [270].

3.1.2

Vertex expansion in UQG

The main purpose of this chapter is to investigate the RG flow of the graviton and
Faddeev-Popov ghosts 2-point functions in UG. In this sense, we employ the strategy
put forward in [67, 74] which is based on the vertex expansion approach for the FRG.
The basic idea is to expand Γk in terms of its proper vertices. Schematically, the vertex
expansion takes the form3
X 1 Z (n)
Γk, A1 ···An [ḡ] ϕAn · · · ϕA1 ,
Γk [ϕ ; ḡ] =
n!
n
2

(3.10)

Again, the gauge-fixing term treats the background and the fluctuations fields in such a way that
such split symmetry is broken. Nevertheless, such a breaking comes in the form of a BRST-exact
term. For the regulator, however, the split symmetry-breaking is explicit and not BRST exact.
3
Each functional derivative “δ/δϕA ” is associated to a space-time variable and the integral represents a collective integration over all such variables.
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with vertices defined according to
(n)

Γk, A1 ···An [ḡ] =

δ n Γk
δϕA1 · · · δϕAn

.

(3.11)

ϕ=0

Note that, besides the fluctuation field hµν , the functional Γk also depends on the
Faddeev-Popov ghosts cµ and c̄µ , as well as on the Lautrup-Nakanishi field bµ . We note
that, typically, the Lautrup-Nakanishi field is not included as part of the configuration
space in FRG truncations in QG.
In order to define the truncated vertices we follow the same recipe employed in
[194, 217]. The idea is to define a “seed” truncation Γ̂seed
UG used to extract the tensorial
structure that enters in the vertex expansion of the flow equation. In what follows we
choose Γ̂seed
UG to take the form
Γ̂seed
UG [h, c, c̄, b; ḡ] = Γ̂uEH [g(h ; ḡ)] + Γ̂g.f. [h, c, c̄, b ; ḡ] + Γ̂m2 [h; ḡ] .

(3.12)

The first term, Γ̂uEH , includes only contributions that are invariant under the original
TDiff symmetry. Our choice for Γ̂uEH corresponds to the unimodular version of the
Einstein-Hilbert (uEH) action in four dimensions,
1
Γ̂uEH [g(h ; ḡ)] = −
16πGN

Z
ω R(g(h ; ḡ)) ,

(3.13)

x

The argument g(h ; ḡ) indicates that the full metric gµν is decomposed in terms of a
background a ḡµν and the fluctuation field hµν . As we have discussed in the previous
chapter, a convenient metric decomposition in UG is the exponential parameterization
(see Eq. (2.27)).
The second term in (3.12) corresponds to the gauge-fixing sector obtained through
the Faddeev-Popov procedure,
Z
Γ̂g.f. [h, c, c̄, b ; ḡ] =

ω ḡ
x

µν

bµ FνT [h ; ḡ]

Z

α
−
2

ω ḡ
x

µν

Z
b µ bν +

ω c̄µ Mµ ν [h ; ḡ] cν . (3.14)

x

As usual, α represents a gauge parameter. We use the transverse gauge condition
defined in the App. A (see Eq. (A.6)). The Faddeev-Popov operator, Mµ ν [h ; ḡ],
is defined according to Eq. (A.15). We refer to the App. A for comments on the
Faddeev-Popov procedure in the unimodular setting.
The last term in (3.12) extends the truncated theory space to the sector of symmetrybreaking operators induced by the FRG regulator. As a first step in UG, we consider
a simple mass-like term for the fluctuation field,
m2
Γ̂m2h [h; ḡ] = h
2

Z

ω ḡ µα ḡ νβ hµν hαβ ,

x
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(3.15)

where mh denotes mass parameter. The inclusion of such a term is associated with a
technical aspect related to the FRG type of regularization and, therefore, it should not
be confused with a physical mass for the graviton. As we are going to see later, even if
not present in the original truncation, this term is generated by the flow of the 2-point
function δ 2 Γk /δh2 .
(n)
To extract the truncated vertices Γk, A1 ···An from Γ̂seed
UG , we expand Γ̂UG and Γ̂g.f. up
to order O(h4 ) and O(h2 ), respectively. For practical calculations we set the background
metric to be flat ḡµν = δµν . In this case, it is convenient to work in Fourier space. We
note that higher-order terms in the fluctuation field do not give any contribution to the
(n)
results presented in this chapter. The truncated vertices Γk, A1 ···An are, then, obtained
(n)
by dressing the “seed” vertices Γ̂A1 ···An with tensor structures [Zk,ϕ (p)1/2 ]BA . In such a
case, we define
(n)

(n)

Γk, A1 ···An (p) = [Zk,ϕ1 (p1 )1/2 ]B1 A1 · · · [Zk,ϕn (pn )1/2 ]Bn An Γ̂B1 ···Bn (p)

GN 7→ k−2 Gk

, (3.16)

with p = (p1 , · · · , pn−1 ) (note that pn = −(p1 + · · · + pn−1 ) due to momentum conservation). The relevant tensor structures are defined according to
1/2

1/2

1/2

µναβ
[Zk,h (p)1/2 ]µναβ = Zk,TT Pµναβ
(p) + Zk,σ Pµναβ
(p) ,
σ
TT (p) + Zk,ξ Pξ

(3.17a)

1/2

(3.17b)

[Zk,b (p)1/2 ]µν = Zk,b Pµν
T (p) ,

(3.17c)

[Zk,c̄ (p)1/2 ]µν = [Zk,c (p)1/2 ]µν = Zk,c Pµν
T (p) ,

1/2

where Zk,TT , Zk,ξ , Zk,σ , Zk,c and Zk,b correspond to wave-function renormalization factors. In the graviton sector, we have used the projectors PTT (p), Pξ (p) and Pσ (p)
defined on the York-basis (see App. C). Moreover, PT (p) corresponds to the transverse
projector acting on vector fields. The use of different pre-factors in the expansion of
Zk,h (p)1/2 account for possible symmetry-breaking effects induced by the FRG regulator. As a further step towards the inclusion of symmetry deformation contributions,
we also redefine the mass parameter m2h , appearing in the graviton 2-point function,
according to m2h 7→ m2k,TT , m2h 7→ m2k,ξ and m2h 7→ − 21 m2k,σ for the different tensorial
sectors defined in terms of the projectors PTT (p), Pξ (p) and Pσ (p). The factor “−1/2”
in the definition of m2k,σ is just a convenient normalization for the 2-point function.
In principle, the gauge-fixing parameter α is also allowed to run, therefore, we replace
α 7→ αk .
Furthermore, in the present chapter we consider the following prescription for the
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FRG regulator,
Rk,A1 A2 (p) = [Zk,ϕ1 (p)1/2 ]B1 A1 [Zk,ϕ2 (p)1/2 ]B2 A2




(2)
(2)
Γ̂B1 B2 (preg ) − Γ̂B1 B2 (p) ,

(3.18)

where we have defined pµreg = (1 + rk )1/2 pµ and rk = rk (p2 ) denotes the shape function.
Here we consider the Litim’s regulator rk (p2 ) = (k 2 /p2 − 1)θ(k 2 /p2 − 1) [181, 182].

3.2

Flow of the 2-point function

3.2.1

2-point functions, propagators and all that
(2)

The flow of the 2-point function Γk can be obtained by acting with two functional
(2)
derivatives w.r.t. ϕ on the FRG equation. In general, the flow equation for Γk
reads [184]
(2)
∂t Γk





1
(4)
(3)
(3)
= − STr Gk Γk Gk ∂t Rk + STr Gk Γk Gk Γk Gk ∂t Rk ,
2

(3.19)

(2)

where Gk = (Γk + Rk )−1 |ϕ=0 denotes the dressed propagator. For the truncation we
are considering here, we find the 2-point functions,
δ 2 Γk [ϕ]
δhµν (−p)δhαβ (p)

= Zk,TT (p2 + m2k,TT ) Pµναβ
TT (p)
ϕ=0

1
+ Zk,ξ m2k,ξ Pµναβ
(p) − Zk,σ (p2 + m2k,σ ) Pµναβ
(p) ,
σ
ξ
2
δ 2 Γk [ϕ]
δhµν (−p)δbα (p)

=
ϕ=0

1 1/2 1/2 µ να
Zk,ξ Zk,b (p PT (p) + pν Pµα
T (p)) ,
2i

δ 2 Γk [ϕ]
δbµ (−p)δbα (p)

δ 2 Γk [ϕ]
δcµ (−p)δc̄α (p)

(3.20a)

(3.20b)

= −αk Zk,b Pµα
T (p) ,

(3.20c)

√
= − 2 Zk,c p2 Pµα
T (p) .

(3.20d)

ϕ=0

ϕ=0

Before we proceed with the main results of this chapter, let us add a brief remark
concerning the running of the gauge-fixing parameter αk . An interesting feature regarding the inclusion of Lautrup-Nakanishi fields in the FRG truncation is the possibility of
extracting the flow of αk directly in terms of the 2-point function δ 2 Γk /δb2 . In general,
thanks to (3.19), the r.h.s. of the flow equation for δ 2 Γk /δb2 involve 3- and 4-point ver-
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tices containing at least one functional derivative w.r.t. the Lautrup-Nakanishi field.
However, vertices with this feature are not present in the truncation that we are considering. In such a case, the r.h.s. of for the flow equation for δ 2 Γk /δb2 vanishes and,
as a consequence, the running of αk can be readily extracted from ∂t (δ 2 Γk /δb2 ) = 0,
resulting in
∂t αk = αk ηb ,

(3.21)

−1
where we have defined ηb = −Zk,b
∂t Zk,b . Since ∂t αk is proportional to αk itself, the
Landau gauge choice αk = 0 turns out to be a partial FP. In this sense, we can set
αk = 0 along the calculation without worrying of other values being generated by the
flow. The running of αk has been explored in Ref. [271], leading to the same conclusion
in the standard ASQG setting based in the quantization of full diff-invariant theories.
At the practical level, the Landau gauge choice simplifies the analysis performed
here. In particular, due to the choice αk = 0, the mass parameter m2k,ξ and the
wave-function renormalization factors Zk,ξ and Zk,b do not feedback in the flow of the
graviton and ghost 2-point functions. This feature is a consequence of the form of the
regularized graviton propagator which is,

Gµναβ
k,hh (p)

(p)
2 Pµναβ
Pµναβ
σ
TT (p)
−
,
=
2
2
2
2
Zk,TT ((1 + rk (p )) p + mk,TT ) Zk,σ ((1 + rk (p )) p2 + m2k,σ )

(3.22)

in the Landau gauge. For this reason, in the present chapter, we focus our attention
in the flow of m2k,TT , m2k,σ , Zk,TT , Zk,σ and Zk,c , with αk = 0. The other relevant
propagator for the analysis performed here is the one associated with the ghost fields,
1
Gµν
Pµν
T (p) .
k,cc̄ (p) = − √
2
2
2 Zk,c (1 + rk (p )) p

(3.23)

For the sake of completeness, we also include the dressed propagators involving the
Lautrup-Nakanishi field
Gµνα
k,hb (p) = √

1
1/2 1/2
2 i Zk,b Zk,ξ

(1 + rk (p2 ))1/2 p2

Gµν
k,bb (p) = −

ν
να
µ
(Pµα
T (p) p + PT (p)p ) ,

m2k,ξ
Pµν (p) .
Zk,b (1 + rk (p2 )) p2 T

(3.24a)

(3.24b)

µν
It is important to emphasize, however, that the Gµνα
k,hb (p) and Gk,bb (p) decouple from
the calculation presented here due to the Landau gauge choice.
Besides this set of propagators, the results presented in this chapter also depends
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Figure 3.1: Diagrammatic representation corresponding to the r.h.s. of Eq. (3.19). The first row
corresponds to the flow of the graviton 2-point function δ 2 Γk /δh2 . In the second row we include diagrams representing the flow of the ghost 2-point function δ 2 Γk /δcδc̄. The double-line style corresponds
to the graviton, while the Fadddeev-Popov ghosts are represented by dotted lines. The cross indicates
the regulator insertion ∂t Rk .

on the evaluation of the 3- and 4-point vertices
δ 3 Γk
,
δh3

δ 4 Γk
,
δh4

δ 3 Γk
,
δhδcδc̄

δ 4 Γk
.
δh2 δcδc̄

(3.25)

The expressions corresponding to these vertices are quite lengthy and, therefore, we
shall not report the results explicitly.

3.2.2

Anomalous dimensions and symmetry-breaking masses

In the present section we report our results for the anomalous dimensions ηTT =
−1
−1
−1
−Zk,TT
∂t Zk,TT , ησ = −Zk,σ
∂t Zk,σ and ηc = −Zk,c
∂t Zk,c as well as the running of the
2
2
mass parameters mk,TT and mk,σ . The basic idea is to use the flow equation (3.19)
to express the 2-point running functions δ 2 Γk /δh2 and δ 2 Γk /δcδc̄ in terms of traces
involving 3- and 4-point vertices extracted from our truncation for Γk . The traces
contributing to the flow of the 2-point function can be represented in terms of the
diagrams exhibited in Fig. 3.1.
To extract the anomalous dimension and the running of symmetry-breaking masses
from Eq. (3.19), we apply the following projection rules
ηTT

"
∂
1
=−
5 Zk,TT ∂p2

2
ησ =
Zk,σ

"

∂
∂p2

δ 2 ∂t Γk [ϕ]
Pµναβ
(p)
TT
δhµν (−p)δhαβ (p)

δ 2 ∂t Γk [ϕ]
Pµναβ
(p)
σ
δhµν (−p)δhαβ (p)

72

!#
ϕ=0

,

(3.26a)

,

(3.26b)

p2 =0

!#
ϕ=0

p2 =0

"
∂
1
ηc = √
3 2 Zk,c ∂p2

∂t m2k,TT

1
= ηTT m2k,TT +
5 Zk,TT

∂t m2k,σ

2
= ησ m2k,σ −
Zk,σ

δ 2 ∂t Γk [ϕ]
Pµν
(p)
T
δcµ (−p)δc̄ ν (p)

!#
,
ϕ=0

δ 2 ∂t Γk [ϕ]
Pµναβ
(p)
TT
δhµν (−p)δhαβ (p)

δ 2 ∂t Γk [ϕ]
µναβ
Pσ (p) µν
δh (−p)δhαβ (p)

(3.26c)

p2 =0

!
,
ϕ=0

(3.27a)

p2 =0

!
.
ϕ=0

(3.27b)

p2 =0

The running of the corresponding dimensionless mass parameters (m̃2k,i = k −2 m2k,i ) can
be obtained by the simple formula ∂t m̃2k,i = −2m̃2k,i + k −2 ∂t m2k,i . The calculation for
the anomalous dimensions and for the running of symmetry-breaking masses can be
done by using the truncation defined in the previous section to evaluate the diagrams
represented in Fig. 3.1. The explicit results for the ηi ’s and ∂t m̃2k,i ’s are reported in
the App. C.
The anomalous dimensions resulting from the projection rules defined by Eqs.
(3.26a), (3.26b) and (3.26c) lead to the following structure
TT
σ
c
ηTT = (ATT + BTT
ηTT + BTT
ησ + BTT
ηc ) Gk ,

(3.28a)

ησ = (Aσ + BσTT ηTT + Bσσ ησ + Bσc ηc ) Gk

(3.28b)

ηc = (Ac + BcTT ηTT + Bcσ ησ + Bcc ηc ) Gk ,

(3.28c)

where the coefficients A’s and B’s can be obtained by simple comparison of these
expressions with Eqs. (C.1), (C.2) and (C.3). The anomalous dimensions in the r.h.s.
appears as a consequence of the regulator insertion ∂t Rk in the diagrams contributing to
the flow of the 2-point function. The explicit expressions for the anomalous dimensions
can be easily obtained by solving the linear system (3.28a), (3.28b) and (3.28c) for ηTT ,
ησ and ηc .
Starting from the simplest situation, we first set m̃2k,TT = m̃2k,σ = 0 in order to
explore the behavior of the anomalous dimension in terms of the dimensionless Newton’s
coupling Gk . In Fig. 3.2, we plot the anomalous dimensions ηTT , ησ and ηc as functions
of Gk based on two different schemes: full and semi-perturbative. The full result is
obtained by solving Eqs. (3.28a), (3.28b) and (3.28c) for ηTT , ησ and ηc without
any further approximation. The semi-perturbative calculation, on the other hand,
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Figure 3.2: We show the anomalous dimensions ηTT , ησ and ηc , in terms of the dimensionless
Newton’s coupling, in the case corresponding to m2k,TT = m2k,σ = 0.

corresponds to the anomalous dimension obtained by setting the η’s to zero in the r.h.s.
of (3.28a), (3.28b) and (3.28c). As we can observe in Fig. 3.2, for m̃2k,TT = m̃2k,σ = 0, the
full and semi-perturbative results exhibit very similar qualitative behavior both in the
case of ηTT and ηc . Nevertheless, a different conclusion emerges from the calculation of
ησ . In this case, the full result shows a considerable deviation from the linear behavior
obtained in the semi-perturbative approximation.
With the inclusion of the masses m2k,TT and m2k,σ , we investigate the viability of UV
completion within the extended truncation. In this sense, here we look for FP solutions
of the partial system of RG equations
∂t m̃2k,TT = −(2 − ηTT ) m̃2k,TT + fTT (m̃2k,TT , m̃2k,σ , ηTT , ησ , ηc , Gk ) ,

(3.29a)

∂t m̃2k,σ = −(2 − ησ ) m̃2k,σ + fσ (m̃2k,TT , m̃2k,σ , ηTT , ησ , ηc , Gk ) .

(3.29b)

The explicit form of the functions fTT and fσ can be identified from Eqs. (C.4) and
(C.5). Both fTT and fσ are non-vanishing for Gk 6= 0, which confirms that even if we
set m̃2k,TT = m̃2k,σ = 0 at some RG-scale k, symmetry-breaking mass terms would be
generated due to graviton self-interactions. The partial system corresponding to Eqs.
(3.29a) and (3.29b) is not closed, since, at this level, the Newton’s coupling appears as
an external parameter. Within this setting, we perform the search of FPs solutions for
∂t m̃2k,TT = 0 and ∂t m̃2k,σ = 0, but treating possible FP values of the Newton’s coupling,
G∗ , as free parameters. This strategy allows us to explore the FP properties of m2k,i ’s
and ηi ’s without relying in some specific expression (computed within an approximation
scheme) for the running of the Newton’s coupling.
In Fig. 3.3 we plot the FP values (m̃2TT )∗ and −(m̃2σ )∗ /2 as functions of G∗ . For
the sake of comparison, we have considered three different schemes. The perturbative
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Figure 3.3: FP solutions for the partial system composed by Eqs. (3.29a) and (3.29b). In this case,
the FP value of the dimensionless Newton’s coupling, G∗ , appears as an external variable.

approximation is obtained by setting the η’s to zero in Eqs. (3.29a) and (3.29b). In
this case, both (m̃2TT )∗ and −(m̃2σ )∗ /2 exhibit the same values along the range under consideration. The semi-perturbative regime is defined by setting the anomalous
dimensions to zero in the functions fTT and fσ , but using the semi-perturbative expressions for ηTT and ησ in the first term on the r.h.s. of Eqs. (3.29a) and (3.29b). Within
this approximation we note that the separation between the FP values of (m̃2TT )∗ and
−(m̃2σ )∗ /2 increases with G∗ . Finally, the full result correspond to FP solutions of
Eqs. (3.29a) and (3.29b) without further approximations. As one can observe, the FP
value of −(m̃2σ )∗ /2 hits a pole around G∗ = 3.2. On the other hand, (m̃2TT )∗ exhibit
small variation along the range considered here. Furthermore, we note that (m̃2TT )∗
and −(m̃2σ )∗ /2 mostly coincide when G∗ is small (G∗ . 1.5).
In Fig. 3.4 we show the anomalous dimensions ηTT , ησ and ηc evaluated at the FP
solutions of Eqs. (3.29a) and (3.29b). Comparing Figs. 3.2 and 3.4, we observe some
clear differences regarding the behavior of the anomalous dimensions with and without
∗
setting the masses to zero. In particular, we note that the absolute values of ηTT
and ησ∗ grow faster in the case where we take into account the regulator induced mass
parameters, signaling that non-perturbative effects may become relevant for smaller
values of G∗ in comparison with the case m̃2k,i = 0. In addition, one can observe that
ησ∗ becomes larger than 2 around G∗ ∼ 3.2. In connection to this point, it has been
argued that there is a class of FRG regulators such that results with η ∗ > 2 becomes
unreliable [195]. Since the regulator used in the present analysis belong to this class,
one can argue that internal consistency for our results (with m̃2k,i 6= 0) requires G∗ to
be smaller than 3.2.
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Figure 3.4: Anomalous dimensions ηTT , ησ and ηc evaluated at the FP solutions depicted in Fig.
3.3.

3.3
3.3.1

RG-flow and fixed points
Running of the Newton’s coupling

Up to this point we have considered the FP values of the Newton’s coupling as a free
parameter. In this section, we explore the FP structure including explicit results for the
beta function of the dimensionless coupling Gk . The running of Gk can be computed in
several ways, each one corresponding to a different “avatar” of the Newton’s coupling
(see [200, 201] for a detailed discussion). The relation between different avatars are
encoded in the mSTI and mNI [200,201]. Here, following the simplest route, we extract
the running of Gk from the background flow ∂t Γk [ϕ = 0; ḡ]. In order to simplify
the computations, the background is considered to be a 4-sphere. In such a case,
the running of the dimensionless Newton’s coupling can be obtained by the following
expression
∂t Gk = 2 Gk + 16π k

−2

G2k



∂ ∂t Γk [ϕ = 0; ḡ]
,
×
V (S 4 )
∂ R̄
R̄=0


(3.30)

where V (S 4 ) stands for the volume of the 4-sphere. Using standard heat-kernel methods
in order to compute the trace in the r.h.s. of (2.38) we arrive at the following structure
for the running of Gk
∂t Gk = 2Gk +


G2k 
A(m̃2k,TT , m̃2k,σ ) + BTT (m̃2k,TT )ηTT + Bσ (m̃2k,σ )ησ + Bc ηc . (3.31)
24π

The coefficients A(m̃2k,TT , m̃2k,σ ), BTT (m̃2k,TT ), Bσ (m̃2k,σ ) and Bc are scheme-dependent
quantities that can be computed within the truncation defined in Sect. 3.1.2. In table
3.1 we present the explicit results for these coefficients in terms of two types of regularization schemes distinguished by the choice of coarse-graining operators, namely, using
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A(m̃2k,TT , m̃2k,σ )
Type I

−

Type II −

30 (3+2 m̃2k,TT )
3 (1+m̃2k,TT )2

10 (7+10 m̃2k,TT )
(1+m̃2k,TT )2

+
+

BTT (m̃2k,TT ) Bσ (m̃2k,σ )

4
1+m̃2k,σ

− 19

4
1+m̃2k,σ

− 10

5 (4+3 m̃2k,TT )
3 (1+m̃2k,TT )2
5 (4+5 m̃2k,TT )
(1+m̃2k,TT )2

Bc

− 1+m̃1 2

6

− 1+m̃1 2

0

k,σ

k,σ

Table 3.1: Explicit coefficients A(m̃2TT , m̃2σ ), BTT (m̃2TT ), Bσ (m̃2σ ) and Bc for two types of coarsegraining operators. Here, we use the nomenclature “type I” to designate the case where the coarse¯ 2 . The nomenclature “type II”
graining operator corresponds to the Bochner-Laplacian ∆B = −∇
¯ 2 + αR̄ (with α = 2/3,
corresponds to the choice of Lichnerowicz-Laplacian defined as ∆L = −∇
α = 1/4 and α = 0, respectively, for transverse-traceless tensors, transverse vectors and scalars) on
spherical backgrounds.

Bochner (type I) and Lichnerowicz (type II) Laplacians (see Chap. 2). The calculation
that leads to the explicit coefficients reported in table 3.1 follows the same ideas discussed in the previous chapter and, therefore, we will not provide further details here.
It is important to remark that ∂t Gk involves (via anomalous dimension contributions)
the avatars of the Newton’s coupling extracted from 3- and 4-graviton vertices and
graviton-ghost vertices. We take as an additional approximation the identification of
all these avatars with a single coupling Gk .
We should emphasize the difference between the investigation performed here and
previous results in asymptotically safe UG (see chapter 2 and references therein).
The main difference lies on the fact that previous computations in this setting were
done within the background approximation. In such a case, the 2-point function
δ 2 Γk /δh2 |ϕ=0 is identified with δ 2 Γk /δḡ 2 |ϕ=0 (plus gauge-fixing contributions). Within
this approximation, the anomalous dimensions arising from the regulator insertion ∂t Rk
is fixed according to the prescription,
ηTT = ησ = −2 + G−1
k ∂t Gk

and

ηc = 0 ,

(3.32)

sometimes referred as “RG-improved” anomalous dimensions [74]. Furthermore, the
background approximation does not include regulator induced masses. In this sense,
the results presented here involve two steps beyond the background approximation:
i) we have computed the anomalous dimensions ηTT , ησ and ηc using the derivative
expansion;
ii) the truncation considered here includes symmetry deformation effects parameterized by the masses m2k,TT and m2k,σ .
Another important difference with respect to previous investigations in the literature
of asymptotically safe UG is the inclusion of an extra trace in the flow equation (see
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1-Loop – Type I
1-Loop – Type II
“RG-Improv.” – Type I
“RG-Improv.” – Type II
η’s from D.E. – Type I
η’s from D.E. – Type II

G∗
3.35
1.98
2.67
1.32
3.18
1.77

θ
2
2
2.50
3.00
2.14
2.23

∗
ηTT
0
0
−2
−2
−0.86
−0.46

ησ∗
0
0
−2
−2
−0.23
−0.23

ηc∗
0
0
0
0
0.48
0.26

Table 3.2: FP structure associated to the case m̃2k,TT = m̃2k,σ = 0. Here we report results obtained
using both types of coarse-graining operators and for the different approximations concerning the
anomalous dimensions.

Eq. (2.38)), accounting for the appropriate treatment of the volume factor associated
with the TDiff symmetry group.

3.3.2

Fixed point structure

In what follows we explore the FP structure for UG by taking into account the
running of the Newton’s coupling discussed in the previous section. In view of a better
understanding concerning the impact of the anomalous dimensions and the symmetrybreaking mass parameters, it is useful to consider some intermediary approximations.
Let us start with the case where the masses m2k,TT and m2k,σ are set to zero along
the flow. In this case, Gk is the only essential coupling within the truncated theory
space under investigation. As a consequence, the relevant properties concerning the
truncated RG flow is encoded in the simple equation
∂t Gk = βG (Gk ) ,

(3.33)

where the beta function βG (Gk ) corresponds to the r.h.s. of (3.31) (using the anomalous
dimensions ηTT , ησ and ηc reported in Sect. 3.2.2 and setting m̃2k,TT = m̃2k,σ = 0). In
Fig. 3.5 we show the beta function βG (Gk ) for the two types of regularization schemes
considered here. For the sake of comparison we also include the 1-loop and the “RG
improved” closure where, instead of using the anomalous dimensions reported in the in
Sect. 3.2.2, we use the prescriptions ηTT = ησ = ηc = 0 and ηTT = ησ = −2 + G−1
k ∂t Gk
and ηc = 0, respectively. In all cases we observe a UV attractive interacting FP for
the dimensionless Newton’s coupling. The numerical values for the FPs and critical
exponents (see table 3.2) are, as usual, scheme and approximation dependent. However,
by looking at Fig. 3.5 we observe the same qualitative features in all the approximations
under investigation.
The results presented in Sect. 3.2.2 provide indications that the approximation
2
m̃k,TT = m̃2k,σ = 0 is not self-consistent, in the sense that, even if not included in
the original truncation, the symmetry-breaking masses would be generated by the flow
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Figure 3.5: Beta function of the dimensionless Newton’s coupling in the case m̃2TT = m̃2σ = 0. The
plot on the left (right) corresponds to the type I (II) coarse-graining operator. The blue (continuous)
line corresponds to the case where the anomalous dimensions were replaced by the results reported
in the Sect. 3.2.2. The red (dashed) and green (dotted) lines represent “RG improved” and 1-loop
closure, respectively. Conventionally, the arrows point towards the infrared.

equations. Here, we consider the full system describing the RG flow in truncated
theory space including Gk , m̃2k,TT and m̃2k,σ . In table (3.3), we summarize our findings
for the FP structure. The corresponding anomalous dimensions and critical exponents
are shown in tables 3.4 and 3.5, respectively. In order to understand the impact of
the anomalous dimensions, besides the full closure involving the ηi ’s computed via
derivative expansion, we also include results corresponding to the 1-loop approximation
(ηTT = ησ = ηc = 0). The results obtained here can be summarized in the following
way:
• Confronting the results exhibited in table 3.2 and 3.3 we observe that the inclusion
of symmetry-breaking masses shifts G∗ towards smaller values in comparison with
the case where m̃2k,TT = m̃2k,σ = 0.
• At 1-loop, we observe FP values with (m̃2TT )∗ ≈ − 12 (m̃2σ )∗ , in agreement with the
analysis presented in Sect. 3.2.2 (see Fig. 3.3).
• Within the full closure, the FP values of (m̃2TT )∗ and − 21 (m̃2σ )∗ exhibit a considerable difference, in special, for the type I regularization scheme.
• We also observe substantial differences concerning the FP values for the different
∗
avatars of the graviton anomalous dimensions, ηTT
and ησ∗ . In particular, we note
that ησ∗ change the sign according with the type of coarse-graining operators.
The critical exponents reported in table 3.5 provide indications that the three couplings under investigation, Gk , m̃2k,TT and m̃2k,σ , constitute UV relevant directions. At
79

G∗
2.30
1.75
2.23
1.52

1-Loop & m2k,i 6= 0 – Type I
1-Loop & m2k,i 6= 0 – Type II
Full Closure – Type I
Full Closure – Type II

(m̃2TT )∗
−0.30
−0.22
−0.19
−0.15

−(m̃2σ )∗ /2
−0.30
−0.22
−0.37
−0.19

Table 3.3: FP structure in the truncated theory space defined by Gk , m̃2k,TT and m̃2k,σ . We report
results obtained using both types of coarse-graining operators. The “1-Loop” closure correspond to
the case where we set ηTT = ησ = ηc = 0. We use the nomenclature “Full Closure” to designate FP
solutions involving anomalous dimensions computed via derivative expansion.

∗
ηTT
−1.43
−0.72

Full Closure – Type I
Full Closure – Type II

ησ∗
0.24
−0.08

ηc∗
0.25
0.18

Table 3.4: Anomalous dimensions evaluated at the FP solutions exhibited in table 3.3.

a first sight, this result suggests that the RG flow of the symmetry-breaking masses
would also require initial conditions determined by experimental observations. However, m̃2k,TT and m̃2k,σ appear as technical artifacts related with the method used to
implement the Wilsonian renormalization. Therefore, the symmetry-breaking masses
do not present any direct physical meaning and we should not expect initial conditions
on m̃2k,TT and m̃2k,σ coming from experiments. Ideally, a consistent treatment of the
FRG equation should also take into account mSTI’s and mNI’s controlling gauge and
split symmetries in a coarse-grained way. In this sense, we expect that those symmetry
identities should provide further constraints along the RG flow, eliminating the necessity of experiments to determine initial conditions associated with couplings arising
from regulator induced effects. A full treatment involving the mSTI and mNI, however,
goes beyond the scope of this thesis.

3.3.3

Flow diagram in unimodular gravity

The results presented in the previous section provide indications for a suitable UV
FPs in simple truncations defined in the unimodular theory space. Here, we complement this analysis by exploring the RG flow diagram in UG. For simplicity, we
consider an approximated slice of truncated theory space characterized by the single
mass approximation
m̃2k,TT 7→ m̃2k,h

and

m̃2k,σ 7→ −2m̃2k,h .

(3.34)

The use of such an approximation is a convenient choice to avoid three dimensional
plots. Nevertheless, it is interesting to remark that the flow diagram in the theory space
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m2k,i
m2k,i

1-Loop &
6= 0 – Type I
6= 0 – Type II
1-Loop &
Full System – Type I
Full System – Type II

θ1
1.99 − 1.37 i
1.89 − 0.65 i
3.15 − 1.18 i
2.56 − 0.92 i

θ2
1.99 + 1.37 i
1.89 + 0.65 i
3.15 + 1.18 i
2.56 + 0.92 i

θ3
2.0
2.0
1.75
2.07

Table 3.5: Critical exponents associated with the FP solutions reported in table 3.3.

defined by couplings Gk , m̃2k,TT and m̃2k,σ exhibits the same qualitative properties as
the results presented in this section. Within the single mass approximation, we define
the running of the mass parameter m̃2k,h by projecting the flow of the graviton 2-point
(at vanishing momentum) function in the TT sector (see Eq. (3.27a)). In this case, we
arrive at the flow equation
∂t m̃2k,h = − (2 − ηTT ) m̃2k,h +

Gk (−620 − 1160 m̃2k,h + (91 + 145 m̃2k,h ) ηTT )
1296π (1 + m̃2k,h )3

(3.35)

Gk (100 + 880 m̃2k,h + (1 − 110 m̃2k,h ) ησ ) Gk (110 − 7ηc )
+
−
.
6480π (1 − 2m̃2k,h )3
540π
In Fig. 3.6 we plot the RG flow diagram in UQG in the plane defined by m̃2k,h × Gk .
Notably, the flow diagram represented in Fig. 3.6 exhibits remarkable similarities in
comparison with the typical phase portrait in the standard ASQG setting, with the
identification m̃2k,h = −2Λk (see Fig. 1.4 in Chap. 1). It is important to emphasize that
the similarities between the flow diagrams for unimodular and standard ASQG do not
necessarily imply the physical equivalence between these theories. In particular, the
identification m̃2k,h = −2Λk does not take into account the different status of m̃2k,h and
Λk . As we have discussed in the previous section, in unimodular ASQG, the symmetrybreaking masses arise as an artifact induced by the FRG regulator. In this case, we
expect that the symmetry identities (mSTI and mNI) could provide strong constraints
such that the inclusion of symmetry-breaking terms does not require additional initial
conditions to be fixed by experiments. In contrast, in the context of standard ASQG,
the flow of the cosmological constant is not expected to be constrained by any symmetry
identity, therefore, requiring initial conditions fixed by experimental data.

3.4
3.4.1

Unimodular gravity versus unimodular gauge
Unimodular gauge

The unimodular gauge (sometimes also referred as physical gauge) has been used
in the full Diff version of ASQG as a convenient choice [81, 198, 259]. In the full Diff
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Figure 3.6: Flow diagram of UQG in the single mass approximation. The RG trajectories correspond to numerical solutions of Eqs. (3.31) and (3.35). As usual, the arrows point towards the
infrared. In the single mass approximation, we found FP solutions ((m̃2h )∗ , G∗ )Type I = (−0.19, 2.25)
Type I
and ((m̃2h )∗ , G∗ )Type II = (−0.15, 1.52), with corresponding critical exponents θ±
= 3.21 ± 1.25 i
Type II
and θ±
= 2.58 ± 0.94 i.

setting we usually work with a gauge fixing sector defined in terms of the function
¯ µ htr ,
¯ ν hµν − 1 + β ∇
Fµ [h ; ḡ] = ∇
4

(3.36)

where β is a gauge parameter. In the present section, we denote hµν as the full fluctuation field without the tracelessness condition. The unimodular gauge is characterized
·
by a combination of the exponential parameterization (gµν = ḡµα [eκ h · ]αν ) with the
limit β → −∞. This limit imposes a constant trace-mode htr = const., which, together with the exponential parameterization, implies a kind of unimodular restriction
on the full metric gµν . In this sense, it is interesting to investigate whether the RG flow
associated with the unimodular gauge produces equivalent results in comparison with
the unimodular theory space explored along this thesis. In what follows, we present
some simple arguments in favor of this equivalence. It is important to emphasize that
all the statements performed here are valid at the level of the FRG truncation that we
are considering.
To perform practical calculations in the unimodular gauge, we follow the same
strategy to define a truncation as discussed in Sect. 3.1.2. In the present case, we start
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from the “seed” truncation4
Γ̂seed
QGR [h, c, c̄, b; ḡ] = Γ̂EH [g(h ; ḡ)] + Γ̂g.f. [h, c, c̄, b ; ḡ] ,

(3.37)

We use the label “QGR” to indicated that we working in the theory space defined from
the quantization of GR. The Γ̂EH [g(h ; ḡ)] contribution is the usual Einstein-Hilbert
truncation
Z
1
√
g (2Λcc − R(g(h ; ḡ))) .
(3.38)
Γ̂EH [g(h ; ḡ)] =
16πGN x
In contrast to UG, in the present case, the inclusion of the cosmological constant terms
is justified by the fact that the metric determinant is not restricted a priori. For the
gauge-fixing sector, we consider the truncation
Z
Γ̂g.f. [h, c, c̄, b ; ḡ] =
Zx
+

√
√

ḡ ḡ

µν

Z

α
bµ Fν [h ; ḡ] −
2

√

ḡ ḡ µν bµ bν

(3.39)

x

ḡ c̄µ Mµ ν [h ; ḡ] cν .

x

Since the starting point here correspond to the full Diff invariant setting, in the present
case the Faddeev-Popov ghost is not subject to the transversality condition as in the
case of UG. Following the recipe discussed in Sect. 3.2.2, the dressed vertices are
defined according to
(n)

(n)

Γk, A1 ···An (p) = [Zk,ϕ1 (p1 )1/2 ]B1 A1 · · · [Zk,ϕn (pn )1/2 ]Bn An Γ̂B1 ···Bn (p)

GN 7→ k−2 Gk
Λcc →k2 Λk

, (3.40)

with slightly different dressing functions, namely
1/2

1/2

µναβ
[Zk,h (p)1/2 ]µναβ = Zk,TT Pµναβ
(p)
TT (p) + Zk,ξ Pξ
1/2

1/2

+ Zk,σ Pµναβ
(p) + Zk,tr Pµναβ
(p) ,
tr
σ

1/2

1/2

(3.41a)

µν
[Zk,c̄ (p)1/2 ]µν = [Zk,c (p)1/2 ]µν = Zk,cT Pµν
T (p) + Zk,cL PL (p) ,

(3.41b)

1/2

(3.41c)

1/2

µν
[Zk,b (p)1/2 ]µν = Zk,bT Pµν
T (p) + Zk,bL PL (p) .

The modification in the dressing functions account for the inclusion of the trace mode
htr and for the longitudinal sector of the Faddeev-Popov and Lautrup-Nakanishi fields.
4

For simplicity, here we shall not include the regulator induced masses. In this sense, we compare
the RG flow in the unimodular gauge with the case of UG with m2TT = m2σ = 0. The discussion and
conclusions presented here, however, can be extended to include the symmetry-breaking masses in
both settings.

83

3.4.2

On the equivalence between UG and unimodular gauge

In the present section, we focus in the equivalence between UG and unimodular
gauge at the level of n-point correlation functions around flat background5 . In this
sense, the main result of this section can be summarized by the following equation
(with n > 1)
|UG + O(β −1 ) ,
= hϕA1 (p1 ) · · · ϕAn (pn )iconn.
hϕA1 (p1 ) · · · ϕAn (pn )iconn.
k
k

(3.42)

where h · · · iconn.
|UG denotes the correlation function evaluated in UG. Taking Eq. (3.42)
k
to be valid, in the limit corresponding to the unimodular gauge (β → −∞) we verify
that both settings lead to the same correlation functions. In the remaining of this
section we present the arguments that lead to Eq. (3.42).
The crucial point to justify Eq. (3.42) is the observation that, in the large-|β| limit,
the dressed propagators associated with the truncation defined by Γ̂seed
QGR deviate from
−1
the propagators obtained in UG by O(β ) contributions, namely
−1
Gµναβ
(p) = Gµναβ
),
k
k,hh (p)|UG + O(β

(3.43a)

µν
−1
Gµν
),
k,cc̄ (p) = Gk,cc̄ (p)|UG + O(β

(3.43b)

µνα
−1
Gµνα
),
k,hb (p) = Gk,hb (p)|UG + O(β

(3.43c)

µν
−1
Gµν
).
k,bb (p) = Gk,bb (p)|UG + O(β

(3.43d)

For the sake of simplicity, we introduce the compact notation
A
−1
[Gk (p)]AB = [GUG
).
k (p)] B + O(β

(3.44)

As a direct consequence, in the limit corresponding to the unimodular gauge, we observe the decoupling of the trace mode htr as well as of the longitudinal components of
cµ , c̄µ and bµ . Notably, this result turns out to be sufficient to establish the equivalence
between UG and unimodular gauge. The basic idea is to express the connected correlation functions hϕA1 (x1 ) · · · ϕAn (xn )iconn.
in terms of “tree-level” functional relations
k
(n)
involving contractions of the dressed propagators and n-point vertices Γk, A1 ···An (p)
5

More precisely, in terms of coarse-grained connected correlation functions obtained taking functional derivatives of the scale-dependent Schwinger functional Wk [J].
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(with n ≥ 3). As an example, we take the 3-point (connected) correlation function
hϕA1 (p1 )ϕA2 (p2 )ϕA3 (p3 )iconn.
=
k

(3.45)
(3)

= [Gk (p1 )]BA1 1 [Gk (p2 )]BA2 2 [Gk (p3 )]BA3 3 Γk, B1 B2 B3 (p1 , p2 , p3 ) .
Using Eq. (3.44) to express the dressed propagator, we find
hϕA1 (p1 )ϕA2 (p2 )ϕA3 (p3 )iconn.
=
k
=

B1
[GUG
k (p1 )] A1

(3.46)

B2
[GUG
k (p2 )] A2

B3
[GUG
k (p3 )] A3

(3)
Γk, B1 B2 B3 (p1 , p2 , p3 )

+ O(β −1 ) .

By looking at the structure of the dressed propagators in UG, it is not difficult to
convince ourselves of the following properties
µνλρ
αβ
µν
λραβ
Gµναβ
k,hh (p)|UG = Gk,hh (p)|UG P1−tr,λρ (p) = P1−tr,λρ (p) Gk,hh (p)|UG ,

(3.47a)

µνλ
µν
λρα
α
Gµνα
k,hb (p)|UG = Gk,hb (p)|UG PT,λ (p) = P1−tr,λρ (p) Gk,hb (p)|UG ,

(3.47b)

µλ
µ
λν
ν
Gµν
k,bb (p)|UG = Gk,bb (p)|UG PT,λ (p) = PT,λ (p) Gk,bb (p)|UG ,

µλ
µ
λν
ν
Gµν
k,cc̄ (p)|UG = Gk,cc̄ (p)|UG PT,λ (p) = PT,λ (p) Gk,cc̄ (p)|UG ,

(3.47c)

(3.47d)

where P1−tr denotes to the traceless projector (see App. C). More compactly, we have
UG
C
A
UG
A
A
C
[GUG
k (p)] B = [Gk (p)] C P B (p) = P C (p) [Gk (p)] B .

(3.48)

The “projector” PAB (p) corresponds to P1−tr if contracted with indices associated with
the fluctuation field hµν and stands for the transverse projector PT if contracted with
indices associated with Faddeev-Popov or Lautrup-Nakanishi fields. Thanks to Eq.
(3.48), the 3-point correlation function can be written as
=
hϕA1 (p1 )ϕA2 (p2 )ϕA3 (p3 )iconn.
k
=

B1
[GUG
k (p1 )] A1

×

(3.49)
B2
[GUG
k (p2 )] A2

B3
[GUG
k (p3 )] A3
(3)
PCB1 1 (p1 )PCB2 2 (p2 )PCB3 3 (p3 ) Γk, C1 C2 C3 (p1 , p2 , p3 )

+ O(β −1 ) .

By construction, the contraction of PAB (p) with n-point vertices essentially project
out the trace mode htr and the longitudinal components of cµ , c̄µ and bµ . Since the
truncation defined by Γ̂seed
QGR differs from the one discussed in Sect. 3.1.2 due to the
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presence of such modes, we can identify
(n)

(n)

PBA1 1 (p1 ) · · · PBAnn (pn ) Γk, B1 ···Bn (p) = Γk, A1 ···An (p)|UG .

(3.50)

In such a case, the r.h.s of (3.49) can be expressed in terms of propagators and vertices
extracted from the unimodular truncation Γ̂seed
UG ,
=
hϕA1 (p1 )ϕA2 (p2 )ϕA3 (p3 )iconn.
k

(3.51)
(3)

B3
B2
B1
UG
UG
−1
).
= [GUG
k (p1 )] A1 [Gk (p2 )] A2 [Gk (p3 )] A3 Γk, B1 B2 B3 (p1 , p2 , p3 )|UG + O(β

and, therefore
hϕA1 (p1 )ϕA2 (p2 )ϕA3 (p3 )iconn.
= hϕA1 (p1 )ϕA2 (p2 )ϕA3 (p3 )iconn.
|UG + O(β −1 ) .
k
k
Although the argument presented here was based in the particular case of the 2-point
correlation function, the same reasoning can be used to demonstrate Eq. (3.42) for
larger values of n. The case n = 2 can be easily verified since the 2-point (connected)
correlation functions correspond to the dressed propagators itself, namely
hϕA1 (p1 )ϕA2 (p2 )iconn.
= [Gk (p)]A1 A2
k
−1
= [GUG
)
k (p)]A1 A2 + O(β

= hϕA1 (p1 )ϕA2 (p2 )iconn.
|UG + O(β −1 ) .
k
Up to this point, our argument is sufficient to establish the equivalence of UG and
unimodular gauge at a fixed RG scale k. To complete the discussion, we still need to
demonstrate that such equivalence is preserved along the RG flow. For the dressed
propagator, for example, it depends on the equivalence of the anomalous dimensions
computed in both settings. In such a case, explicit computations based on the truncation Γ̂seed
UG lead to the following results
ηTT = ηTT |UG + O(β −1 ) ,

(3.52a)

ησ = ησ |UG + O(β −1 ) ,

(3.52b)

ηcT = ηc |UG + O(β −1 ) ,

(3.52c)

In the limit corresponding to the unimodular gauge we obtain the same anomalous
dimensions as in the case of UG.
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A3

An

= − 12

∂t
A2

A1

+ (···)
A1

An

Figure 3.7: Simplified diagrammatic representation of the flow equation for the n-point vertex
(n)

Γk, A1 ··· An (p). Here we have used ( · · · ) to denote that there are other diagrams contributing to the
flow equation.

To complete the discussion, we still need to show that
(n)

(n)

PBA1 1 (p1 ) · · · PBAnn (pn ) ∂t Γk, B1 ··· Bn (p) = ∂t Γk, A1 ··· An (p)|UG + O(β −1 ) ,

(3.53)

is compatible with the vertex expansion of the FRG equation. In such a case, the basic
idea is to use the flow equation for the n-point vertex, schematically represented as
(n)
∂t Γk



1
(n+2)
Gk ∂t Rk + ( · · · ) ,
= − STr Gk Γk
2

(3.54)

where ( · · · ) denote additional traces involving contractions of the dressed propagator
(m)
Gk , the regulator insertion ∂t Rk and vertices Γk (with 3 ≤ m ≤ n + 1). Diagrammatically, Eq. (3.54) is represented by Fig. 3.7. Contracting the flow equation (3.54) with
PBA (p), in the r.h.s. we obtain projected external lines, but keeping unprojected internal legs contracted with the dressed propagator Gk . Thanks to Eqs. (3.44) and (3.48),
in the limit β → −∞ the internal lines also become projected on the subspace defined
by PBA (p). With this observation, all the diagrams contribution to the flow of the
(n)
projected vertices PBA1 1 (p1 ) · · · PBAnn (pn ) Γk, B1 ··· Bn (p) can be fully expressed in terms of
propagators and vertices defined in the theory space associated with UG. In this case,
(n)
we can conclude that in the limit β → −∞ both PBA1 1 (p1 ) · · · PBAnn (pn ) Γk, B1 ··· Bn (p) and
(n)
Γk, A1 ··· An (p)|UG satisfy the same flow equations, justifying Eq. (3.53) and completing
our argument in favor of the equivalence between unimodular gauge and UG.
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Chapter

4

Exploring the Gravity-Matter Interplay in
the Unimodular Setting
4.1

A link that matters: connecting quantum
gravity with particle physics

One of the greatest challenges in QG is the current impossibility of direct experimental observations of its effects. From a simple dimensional analysis, one typically
expects that QG effects on physical processes with characteristic energy E are powerlaw suppressed by (E/MPl )# , where MPl is the Planck mass and # denotes some
positive number. As a consequence, direct probes of QG remain far away from the current technology. The LHC, for example, is limited to characteristic energies of order
TeV, leading to a suppression factor ELHC /MPl ∼ 10−16 .
Although the requirement of internal and mathematical consistency plays an important (and necessary) role in the search for a viable quantum theory of gravity, it
is not completely satisfying from the physical point of view. In this chapter, we explore the possibility of determining phenomenological constraints on QG candidates
by means of the interplay of gravity with matter systems. A consistent description
of the microscopic d.o.f. in nature should account both for gravity and matter. In
a QFT setting, this can be achieved in a relatively simple way, since matter degrees
of freedom have a satisfactory description in terms of quantum fields. The key point
for observational tests based on the gravity-matter interplay is that the properties at
the Planck scale regime might actually determine some aspects of the matter sector at
low energies. In this sense, we can look for constraints in the Planck scale regime by
demanding consistency with observations, for example, in particle physics experiments.
Naively, the idea of connecting particle physics experiments at TeV scale with QG
effects seems to be incompatible with the principle of separation of scales in nature.
This principle basically states that an effective macroscopic description decouples from
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microscopic d.o.f.. As example, an effective description in fluid dynamics does not make
explicit reference to microscopic degree of freedom. However, macroscopic parameters,
such as the viscosity, depend on microscopic details. In this spirit, one can argue
that, despite of QG effects being suppressed in physical processes at the TeV scale, the
couplings in the SM might carry some information coming from a more fundamental
description involving d.o.f. at the Planck scale.
A particularly interesting class of SM couplings is the one associated with (canonically) marginal operators. Below the Planck scale, where QG fluctuation are highly suppressed, marginal couplings exhibit a logarithmic running. As a consequence, changes
of O(1) at the Planck scale is connected with changes of O(1) at the TeV scale. Within
the AS scenario, this observation allows us to set constraints on the structure of UV
FPs based on particle physics observations. In special, the study of the impact of QG
fluctuations on the renormalization properties of canonically marginal couplings in the
SM open de possibility of two indirect observational consistency tests:
• Induced UV completion: As we have discussed in Chap. 1, the appearance of
Landau poles in the Abelian gauge sector of the SM provides an indication that
new physics might be necessary [137–140]. The problem also appears in the
Higgs-Yukawa sector [142–149] . In this sense, we hope that QG fluctuations
might resolve such problems inherent to SM of particle physics. In the ASQG
scenario, the mechanism that hopefully leads to a resolution of this problem also
dictates upper bounds in the IR values of these couplings. Ideally, if we manage
to perform precision computations in gravity-matter systems, we would be able to
test the compatibility of such theoretical results with experimental observations
in particle physics.
• Predicting (or post-dicting) SM parameters: Despite of providing a very successful description of particle physics, the SM exhibits the undesired feature of a large
number of free parameters to be adjusted by experiments. Hopefully, the values
of these free parameters could emerge as predictions from a more fundamental
microscopic description, possibly including QG effects. In the ASQG program,
the requirement of a finite number of UV relevant directions could lead to predictive values for (some) canonically marginal couplings in the SM [95, 96]. In this
setting, there are indications, based on simple approximations, pointing out towards the possibility of computing the correct values1 for the Higgs mass [97] and
the Top-Botton mass difference [210,215] as a consequence of the FP structure in
ASQG. The comparison of theoretically predicted values (if computed with high
precision) with the observed ones in particle physics experiments should work as
a “smoking-gun” criterion to select phenomenologically viable QG models.
1

At least in terms of order of magnitude.
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The underlying mechanism supporting these possibilities in ASQG can be qualitatively understood through a simple example by looking at the 1-loop beta function for
the Yukawa coupling [209],
βy1-Loop =

5
y3 ,
16π 2

(4.1)

where y is the coupling associated with a Yukawa interaction ∼ iφ ψ̄ψ. The only FP
in the RG flow of the Yukawa coupling is the Gaussian one y ∗ = 0, which, due to the
positive coefficient of the y 3 term in βy1-Loop , has a UV repulsive nature. In such a case,
unless we set y = 0 along all the RG flow (triviality problem), the Yukawa coupling
hits a Landau pole at some finite RG scale.
In the case of the Higgs-Yukawa interactions in the SM, the Landau pole obtained
from usual perturbative calculations turns out to be located beyond the Planck scale
and, therefore, we might expect that QG effects could change the picture. The key
idea is that graviton fluctuations add new terms to the beta function of the Yukawa
coupling and, depending on the properties of such contributions the RG might present
different features in the UV regime. To explore such a possibility in more detail, let
us parameterize the leading order (in the Yukawa coupling) gravitation contribution to
βy1-Loop according to [209]
∆βyGrav = −fy y ,

(4.2)

where fy depends on the details of the graviton propagator and gravity-matter vertices.
By adding this contribution to Eq. (4.1), we find
βy1-Loop+Grav =

5
y 3 − fy y .
16π 2

(4.3)

The physical picture basically depends on the sign of fy . If fy ≤ 0, the situation does
not change in comparison with the case without gravity. In such a case, the only FP
is the Gaussian one, which remains UV repulsive. The situation with fy > 0 is much
more interesting. In this case, the beta function for the Yukawa coupling features two
FPs,
y◦∗ = 0

q
16π 2 fy /5 ,

(4.4)

θ•y = − 2fy < 0 .

(4.5)

y•∗ =

and

with the respective critical exponents,
θ◦y = fy > 0

and

As one can see from the critical exponents, in the case where QG fluctuations contribute
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with fy > 0, the Gaussian FP y◦∗ becomes UV attractive, while the additional (nonGaussian) FP y•∗ has UV repulsive nature. The two FPs in (4.4) provide interesting
scenarios for UV completion. Due to the positive critical exponent associated with y◦∗ ,
the RG flow for the Yukawa coupling admits asymptotically free trajectories emanating
from a free FP in the UV and flowing towards a range of non-vanishing possible values in
the IR. For the non-Gaussian FP y•∗ , there is a unique (asymptotically safe) trajectory
connecting the UV to the IR. In such a case, the IR values of the Yukawa coupling is
completely determined in terms of the fixed structure. Moreover, the IR value predicted
by the FP y•∗ works as an upper bound for IR values associated with the asymptotically
free trajectories connected to the Gaussian FP y◦∗ .
The previous discussion can be easily transported to the case of couplings associated
to (non-)Abelian gauge fields2 [100, 101]. Typically, the leading order gravitational
contribution to the running of (non-)Abelian gauge couplings is parameterized as
∆βeGrav
= −fe2 e2 ,
2

(4.6)

where e is the (non-)Abelian gauge coupling and fe2 encodes the details of the graviton
propagator and gravity-matter vertices. In general, fe2 has the same form both for
Abelian and non-Abelian gauge fields. Within the SM framework, the most critical
case is the one associated with the Abelian UY (1) gauge sector due to the existence
of a Landau pole in the UV regime3 . If fe2 > 0, gravity acts with anti-screening
contributions, which compensate the screening effects from other matter fields and
possibly generate UV complete trajectories in the Abelian gauge sector. In this case,
the situation is quite similar to the Yukawa case, namely, gravity induces an interacting
√
FP with e∗• ∝ fe2 , while the Gaussian one at e∗◦ = 0 becomes UV attractive. The
trajectory emanating from e∗• is unique and, therefore, yields predictive values along all
the RG flow. On the other hand, for the asymptotically free trajectories connected to
the FP e∗◦ , despite of being not predictive, the IR values of the Abelian gauge coupling
become bounded by the safe trajectory associated with e∗• [101].
Besides the Yukawa and (non-)Abelian gauge interactions, the SM also features
quartic self-interactions in the Higgs sector. If we consider only the Higgs self-interaction,
then, the leading order contribution to the running of the quartic coupling, here denoted as λ, is proportional to λ2 (with positive coefficient). In this case, the RG flow of
λ features a Landau-pole/triviality problem [150–152]. The situation becomes qualitatively different once we switch-on the Yukawa interactions. In particular, the fermionic
2

For the sake of simplicity, we use the short nomenclature “(non-)Abelian gauge coupling” to denote
the coupling associated with interactions involving (non-)Abelian gauge fields.
3
The non-Abelian gauge sector do the SM already features UV completion due to anti-screening
contributions resulting from self-interactions of the gauge field. For this reason, our primary interest
is the effect of graviton fluctuations on the running of Abelian gauge couplings.
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loop induces a contribution of the form −y 4 to the running of λ (at 1-loop). In such
a case, the negative sign in −y 4 pushes the quartic potential towards regions of instability [272, 273], another indication that extra d.o.f. might be necessary to circumvent
the problems of the SM [274]. Within the ASQG scenario, there are indications that
the inclusion of QG effects might induce UV complete and predictive RG trajectories
for the quartic coupling λ [97]. In order to understand the underlying mechanism, let
us consider a toy model involving interactions of the form 4!λ φ4 + iyφ ψ̄ψ. Including
possible QG effects to the running of λ, the 1-loop beta function takes the form
βλ1-Loop+Grav =

3 2
1
3
λ + 2 λ y 2 − 2 y 4 + fλ λ ,
2
16π
2π
π

(4.7)

where fλ parameterizes the leading order graviton contributions.
The physically appealing case is the one characterized by fλ ≥ 0 (combined with
fy > 0 in Eq. (4.2)). For simplicity, we first consider the class of asymptotically free RG
trajectories for the Yukawa coupling, such that y approaches the Gaussian FP y◦∗ = 0
in the UV. In this case, the beta function (4.7) supports a UV repulsive Gaussian FP
λ∗◦ = 0. We note that despite of being UV repulsive, this FP does not imply trivial
trajectories for λ, since, once one flow towards the IR, the −y 4 contribution drives λ
to positive values. The UV repulsive nature of such FPs makes the corresponding RG
trajectories predictive along the flow. The situation described here remains basically
the same for safe trajectories in the Yukawa coupling approaching the interacting FP
y•∗ . The main difference in this case is that the Gaussian FP λ∗◦ is shifted to a nonGaussian one with λ∗• ∼ y•∗ 2 , however, the qualitative discussion remains the same as
in the Gaussian case. Finally, it is interesting mentioning that in the case fλ < 0, the
RG trajectories for λ are no longer predictive. Yet, the beta function for λ admits safe
trajectories associated with an attractive UV FP.
The mechanism discussed here has an interesting consequence to the realistic SM of
particle physics. As we know, in this case, the Higgs mass is determined by m2H ∼ λH v 2 ,
where v 2 sets the electroweak scale and λH denotes the Higgs quartic coupling. In the
pure SM (without gravitational d.o.f.), the quartic coupling λH is a free parameter
and has to be fixed by experiments. Within the ASQG scenario, there are indications
(based on approximations) that the mechanism discussed in the previous paragraph is
actually realized, leading to a predictive flow for λH and, as consequence, allowing to
compute the Higgs mass from first principles [97].
In this chapter, we explore the mechanisms discussed in this section as a first step
to constrain the FP structure in the unimodular theory space from phenomenological
considerations. In particular, we focus on the viability of induced UV complete and
predictive RG trajectories for SM-like couplings. In this sense, we set out a truncation
for UG minimally coupled to matter fields, involving SM-like interactions. Within this
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setting, we evaluate the gravitational contribution to the beta functions of y, g and λ.
As it will be shown, such an analysis allows us to determine constraints on possible
FP values appearing in the gravitational part of our truncation. The investigation
presented here is complemented by a comparative analysis including the corresponding
results from the standard (non-unimodular) ASQG setting. The content reported in
the remaining of this chapter is based on [223].

4.2

Gravitational contribution to the RG-flow
of SM-like couplings

4.2.1

Setting up a truncation for gravity-matter systems

As already discussed in the previous chapters, the use of FRG techniques to access
the RG flow of running couplings relies on truncation methods. In the present chapter,
our goal is to investigate the impact of graviton fluctuations in the RG flow of SM-like
couplings, in the unimodular setting. In this sense, the truncated EAA is supposed
to include both gravitational and matter degrees of field. The starting point for our
analysis is a truncation of the form
g.f.
SM
Γk = ΓUG
k + Γk + Γ k ,

(4.8)

where ΓUG
denotes the pure-gravity sector, ΓSM
encodes gravity-matter interactions
k
k
g.f.
and Γk stands for the gauge-fixing contributions. For the gravitational sector, ΓUG
k ,
we include a complete basis of canonically relevant and marginal operators in the
unimodular theory space, namely
ΓUG
k

1
=
16πGN

Z

ω −R + ā R2 + w̄ Cµναβ C µναβ



,

(4.9)

x

where ā and w̄ represent dimensionful couplings. The corresponding dimensionless
couplings are defined as ak = ā k 2 and bk = b̄ k 2 . In principle, we can also include an
additional curvature squared operator composed by appropriated contractions of the
Riemann tensor, however, in d = 4 such contribution can be cast as a surface term due
to the Gauss-Bonnet theorem. In the gravity-matter sector, ΓSM , we consider a scalar
field (φ), an Abelian gauge field (Aµ ) and a Dirac spinor4 (ψ). Our truncation includes
4

In this thesis, the Dirac spinor is coupled to gravity by means of the vielbein formalism. Here,
we take as assumption the absence of torsion. In such a case, the spin-connection appearing in the
fermionic covariant derivative can be expressed in terms of the vielbein. For a discussion on discussion
on how to relate the vielbein fluctuation with metric fluctuation, see the App. B.
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SM-like interactions minimally coupled to (unimodular) gravity,
ΓSM
k



Z
ω

=
x

1 µν
1
/ + iy φ ψ̄ψ
g ∂µ φ∂ν φ + V (φ2 ) + 2 g µα g νβ Fµν Fαβ + iψ̄ Dψ
2
4e


, (4.10)

where V (φ2 ) denotes a scalar potential and Fµν = ∂µ Aν − ∂ν Aµ is the field strength
associated with the Abelian gauge sector. Since our analysis is not constrained by
the requirement of perturbative renormalizability, we shall keep an arbitrary scalar
potential V (φ2 ) (invariant under φ 7→ −φ). An explicit mass term for the fermion
is incompatible with the discrete “chiral” symmetry transformation ψ 7→ eiπγ5 /2 ψ and
ψ̄ 7→ ψ̄eiπγ5 /2 , combined with φ 7→ −φ. It is interesting to observe that, due to
the unimodularity condition, both the scalar potential and the Yukawa sector do not
interact directly with QG fluctuations.
Finally, the gauge-fixing part of our truncation is chosen according to
Γg.f.
k

1
=
2α

Z
ω ḡ

µν

FµT [h; ḡ]FνT [h; ḡ]

x

1
+
2ζ

Z

¯ µ Aν )2 ,
ω (ḡ µν ∇

(4.11)

x

where α and ζ denote gauge parameters. In both cases we consider the Landau gauge
limit α → 0 and ζ → 0. The gauge-fixing function FµT [h; ḡ] was defined in (A.6). We
observe the absence of Faddeev-Popov ghosts and Lautrup-Nakanishi fields, which are
not necessary for the investigation performed here.
Despite the fact that we are dealing with perturbatively non-renormalizable theories, in setting up our truncation we follow the power-counting criteria as a guiding
principle. This strategy relies on the assumption of near-canonical scaling (see the
discussion in Sect. 2.2.5). If such behavior is actually realized, we might expect that
canonically irrelevant operator would remain as UV irrelevant direction at in interacting FP. In additional, there are indications based on FRG calculations showing that
the backreaction of irrelavant operators is subleading with respect to relevant ones at
the FP [73, 89, 90]. Ultimately, such an assumption has to be confronted with further
calculations based on more sophisticated truncations.
A class of higher-order (canonically irrelevant) operators, selected according to
their global symmetries as discussed in [100, 204–207, 209, 212, 217, 219], features nonvanishing values at an interacting gravitational FP. Such a property appears as a
consequence of QG-induced effects. This class of induced interactions includes the
(Fµν F µν )2 for (non-)Abelian gauge fields [100, 219], the derivative scalar-fermion in/ ∂µ φ∂ µ φ [207, 209] and non-minimal operators involving gravity-matter
teractions ψ̄ Dψ
interactions [212, 217].. This class of operators has been systematically explored in the
framework of standard ASQG. An important outcome of such an investigation is that
higher-order operators produce sub-leading impact on the FP values of couplings associated with canonically relevant/marginal operators [100, 209, 219]. This result holds
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as long as gravity remains sufficiently weakly coupled such that the induced FP stay
at real values [100,207,209,212,217]. While a similar analysis is not currently available
for UG, it opens an interesting avenue for future investigations. In fact, a systematic
study concerning the fate of induced operators is a relevant step towards the validation
of canonical power-counting as a trustful guiding principle for the choice of truncation.
Furthermore, the search of qualitative differences concerning gravity-matter interactions might be an interesting way to probe the equivalence between UG and GR at the
quantum level.
The building blocks to compute the gravitational contribution to the running of
matter couplings are the dressed propagators and the proper-vertices involving gravitymatter interactions, both extracted from the truncation we are dealing with. For the
analysis performed here, the flat background ḡµν = δµν is sufficient to capture all the
relevant features that we are interested. The relevant (dressed-)propagators are given
by5
Gµναβ
k,hh (p) =

Zk,TT

(p)
2 Pµναβ
Pµναβ
σ
TT (p)


−
,
1 + 2 w̄k Pk (p2 ) Pk (p2 ) Zk,σ 1 − 6 āk Pk (p2 ) Pk (p2 )

Gµν
k,AA (p)

Pµν
T (p)
,
=
Zk,A Pk (p2 )

(4.12b)

1
,
Zk,φ Pk (p2 )

(4.12c)

Gk,φφ (p) =

Gk,ψψ̄ (p) = −

(4.12a)

p/
1
p
,
Zk,ψ Pk (p2 )1/2 p2

(4.12d)

where we have defined Pk (p2 ) = (1 + rk (p2 ))p2 . The relevant gravity-matter vertices
can be directly computed by taking functional derivatives of Γk , after expansion up to
second order in the fluctuation field hµν . In the present sector we shall not compute the
running of the couplings associated with the gravitational sector. For this reason, there
is not need to expand the truncation up to order higher than two in the fluctuation
field. The expressions for the gravity-matter vertices are quite lengthy, and therefore,
we do not report them here (for the explicit expressions, see App. C of Ref. [223]).
Before we proceed with our investigation, let us add some comments concerning the
graviton propagator Gk,hh . If we remove the FRG regulator (k → 0), Pk (p2 ) reduces
5

Note that there is an implicit introduction of wave function renormalization factors (Zk,TT and
Zk,σ ) associated with the different “York-projections of the fluctuation field”. For further details, see
the prescription discussed in Chap. 3.
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to p2 and, therefore, the graviton propagator gives rise to structures of the form
1

1 + 2 w̄ p2 p2

and

1
 ,
1 − 6 ā p2 p2

(4.13)

which is precisely the type of pole structure arising in curvature-squared gravity [20].
In the perturbative setting, the pole at p2 = −(2w̄)−1 is typically viewed as a problem,
since it corresponds to a massive ghost-like state (or a tachyon, depending on the sign
of w̄), resulting in unitarity (causality) issues.
From the FRG perspective, on the other hand, the association of such poles with
ghost/tachyons is not straightforward. In this setting, questions involving unitarity
and instabilities in the physical spectrum requires the full effective action Γ = Γk=0 . In
principle, we do not expect that the full effective action should correspond to the naive
limit k → 0 within a truncation based on power-counting criteria. The appropriate
limit corresponding to the full effective action has to be done by properly integrating
Γk down to k = 0. In general, this procedure might generate involved interactions that
are not captured by simple polynomials as those appearing in the denominators of the
expressions in (4.13). In this sense, truncations of the form that we are considering
here are not suitable to address questions such as unitary/stability violation.

4.2.2

Yukawa and Abelian gauge couplings

Starting from the Yukawa sector, the gravitational contribution6 to the beta function associated with the Yukawa coupling can be cast in the form [207, 209]
∆βyGrav


=


1 Grav
Grav
η
+ ηψ
yk + Dy yk ,
2 φ

(4.14)

where ηφGrav and ηψGrav represent the gravitational contribution to the scalar and fermion
anomalous dimensions, respectively. Generically, ηφGrav and ηψGrav can be computed in
terms of the diagrams represented in Figs. 4.1 and 4.1. The last term, Dy , denotes the
contributions coming from the diagrams depicted in 4.3. In UG, due to the absence of
direct gravity-matter vertices in the Yukawa sector, only the triangle diagrams in the
last column produce non-vanishing results. This is in contrast with the situation in
standard ASQG, where all the diagrams represented in Fig. 4.3 contribute to Dy . To
extract ηφGrav , ηψGrav and Dy , we apply the following projection rules
ηφGrav


X
1
∂
Diagrams
=−
Zk,φ ∂p2

6


,
Fig.4.1

(4.15a)

p2 =0

It is important to emphasize that by“gravitational contribution”we mean the contributions coming
from all the diagrams involving at least one graviton-propagator.
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Figure 4.1: Diagrams contributing to the anomalous dimension ηφ . The dashed line denotes the
scalar field dressed propagator and the double line represents the graviton propagator.

Figure 4.2: Diagrams contributing to the anomalous dimension ηψ . The solid line with an arrow
denotes the fermionic field propagator and the double line represents the graviton propagator.

ηψGrav


 X
∂
1
p/
Diagrams
=
4 Zk,ψ ∂p2

Dy y k = −

X

i
1/2


Fig.4.2

,

(4.15b)

.

(4.15c)

p2 =0


Diagrams

4 Zk,φ Zk,ψ

Fig.4.3

|p|=0

For the Abelian gauge sector, there are multiple ways in which we can extract
the flow of the gauge coupling. For example, it can be extracted from the 3-vertex
involving charged fermionic fields. Alternatively, the running of the gauge coupling
can be obtained from the 3- or 4-vertex involving charged scalar fields. Here, we take
a simple route by observing that the beta function for the Abelian gauge coupling,
−1
denoted as e, is related to the gauge field anomalous dimension, ηA = −Zk,A
∂t Zk,A ,
according to the following equation [100, 101]
βe2 = ηA e2k .

(4.16)

It is interesting to observe that, in the FRG setting, the different possibilities to compute βe2 are related by modified Ward identities [176]. Taking into account Eq. (4.16),
the gravitational contribution to the running of the gauge coupling can be easily isolated as
∆βeGrav
= ηAGrav e2k ,
2

(4.17)

where ηAGrav denotes the gravitational contribution to the gauge field anomalous dimension. The diagrams contributing to ηAGrav are represented in Fig. 4.4. To evaluate ηAGrav
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Figure 4.3: Diagrams contribution to the RG flow of the Yukawa coupling. The solid line with an
arrow denotes the fermionic field propagator and the double line represents the graviton propagator.
In the unimodular setting, only the triangle diagrams in the third column give non-vanishing results.
In the standard (non-unimodular) framework, all the diagrams contributes to βy .

Figure 4.4: Diagrams contributing to the anomalous dimension ηA . The wiggly line correspond to
the propagator associated with the Abelian gauge field and the double line represents the graviton
propagator.
we apply the projection rule
ηAGrav



X
1
∂
=−
P
(p)
◦
Diagrams
T
3 Zk,A ∂p2


.
Fig.4.4

(4.18)

p2 =0

Note that we are using the notation PT (p) ◦ ( · · · ) to the denote the full contraction
of the transverse projector Pµν
T (p) with the free indices resulting from the diagrams
depicted in Fig. 4.4.
Since gravity is universal w.r.t. internal symmetries, the direct QG contribution to
the flow of gauge couplings does not dependent on the specific choice of gauge group.
In this sense, the resulting expressions for ηAGrav , introduced as the gravitational contribution to the Abelian gauge field, is also valid for the non-Abelian sector. Similarly,
there is no flavor dependence on βyGrav . As a consequence, the gravitational contributions to the running of a simple Yukawa interaction of the form φ ψ̄ψ can be easily
extended to more complicated situations with Yukawa terms involving flavor indices.
From the FRG perspective, such considerations are valid as long as we stay in the semiperturbative approximation, i.e., neglecting the anomalous dimensions arising from the
regulator insertions ∂t Rk (see Chap. 3).
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4.2.3

The flow of the scalar potential

In the standard ASQG setting, the gravitational contribution to the flow of the
scalar potential Vk (φ2 ) drives it towards irrelevance at the free FP7 V ∗ (φ)2 = 0 [97,
208,213,214,218,275]. This implies that8 QG effects tend to flatten the scalar potential
in an IR predictive way. Under the assumption that this scenario is realized in more
realistic models, this could have important phenomenological consequences, such as
the prediction of the Higgs mass in the vicinity of the observed value [97, 218, 274], the
decoupling of the Higgs portal to scalar dark matter [213] and a possible criteria to
rule out certain grand unified theories [221].
In the UG, the gravitational contribution to the flow of a scalar potential Vk (φ2 )
comes exclusively through the scalar field anomalous dimension ηφ . This feature appears as a consequence of the absence of direct gravity-matter interactions in the scalar
potential sector. This is very different from the standard case, where the scalar potential couples to gravity via metric-determinant fluctuations. In the standard setting,
the main contribution to the flow of the scalar potential comes from tadpole diagrams
√
involving scalar-graviton vertices derived from g Vk (φ2 ). Such a difference on the
structure of the interactions strongly motivates the investigation of QG-effects on the
scalar potential in the unimodular setting.
To make clear the difference discussed in the previous paragraph, let us focus on
the simple truncation where the scalar potential is parameterized by a single quartic
interaction, namely.
Vk (φ2 ) =

1 2
Z λk φ4
4! φ

(4.19)

In such a case, the RG of the potential is translated to the beta function βλ . In
the unimodular setting, the graviton contribution to the beta function of the quartic
coupling takes the form
∆βλGrav |UG = 2 ηφGrav λk ,

(4.20)

where ηφGrav is obtained according to the projection rule given by Eq. (4.15a) (see Fig.
4.1 for the diagrams contributing to ηφGrav ). In contrast, the corresponding contribution
in the standard setting of ASQG is given by the following expression9
∆βλGrav |Std. = 2 ηφGrav λk + Dλ λk ,

(4.21)

More precisely, V ∗ (φ)2 correspond to a “fixed function” defined as a solution of the equation
∂t V (φ2 ) = 0.
8
With possible exception of the mass term, which might remain UV relevant
9
Note that we are using the “Std.” as a reference to the standard ASQG setting.
7

∗

99

Figure 4.5: Tadpole diagrams contributing to the flow of the quartic scalar coupling. The dashed
line denotes the scalar field dressed propagator and the double line represents the graviton propagator.
Note that this diagrams is not present in the unimodular case.

where Dλ λk encodes gravitational effects resulting from the tadpole diagram depicted
in Fig. 4.5. Comparing Eqs. (4.20) and (4.21), we can easily observe that ∆βλGrav |UG
and ∆βλGrav |Std. receive contributions from considerably different diagrams, involving
unrelated gravity-matter vertices. As a consequence, there is no a priori reason to
expect that both settings lead to the same qualitative picture.

4.3

Towards phenomenological constraints in the
unimodular theory space

In the present section we explore the ideas discussed in Sect. 4.1 as a possible
way to impose constraints in the (truncated) theory space of UQG. Basically, we are
interested in two types of phenomenologically motivated viability tests: i) induced UV
completion in the Yukawa and Abelian gauge sectors; ii) predictivity of the Higgs mass
due to QG effects. As we have discussed in Sect. 4.1, this set of viability tests basically
depends on the sign of fy , fe2 and fλ , which can translated in terms of ηφGrav , ηψGrav ,
ηAGrav and Dy , namely

fy = −

1 Grav
η
+ ηψGrav + Dy
2 φ


,

(4.22a)

fe2 = − ηAGrav ,

(4.22b)

fλ = 2 ηφGrav .

(4.22c)

Within the truncation defined by Eq. (4.8), we can readily compute the relevant
diagrams depicted in Figs. 4.1, 4.1, 4.3 and 4.4. Applying the corresponding projection
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rules (Eqs. (4.15a), (4.15b), (4.15c) and (4.18)), we obtain the following results

ηφGrav

Gk
=
20π



25 (1 + 3wk ) 2 (5 − 33ak )
+
(1 + 2wk )2
(1 − 6ak )2



ηψGrav

Gk
=
80π



25 (1 + 3wk ) 31 − 246ak
−
(1 + 2wk )2
(1 − 6ak )2



ηAGrav

Gk
=−
45π





5(5 + 7wk ) 2 (5 − 21ak )
−
(1 + 2wk )2
(1 − 6ak )2

,

(4.23a)

,

(4.23b)

,

(4.23c)

and
Dy =

Gk 5 − 39ak
.
20π (1 − 6ak )2

(4.24)

Note that these results correspond to the semi-perturbative approximation, i.e., we are
not taking into account the anomalous dimensions coming from the regulator insertion.
Plugging ηφGrav , ηψGrav , ηAGrav and Dy into (4.22a), (4.22b) and (4.22c), we find
3 Gk
fy = −
80π

Gk
fe2 =
45π

Gk
fλ =
10π



25 (3wk + 1)
3 − 14ak
+
(1 + 2wk )2
(1 − 6ak )2



5 (5 + 7wk ) 2 (5 − 21ak )
−
(1 + 2wk )2
(1 − 6ak )2



25 (1 + 3wk ) 2 (5 − 33ak )
+
(1 + 2wk )2
(1 − 6ak )2







,

(4.25a)

,

(4.25b)

.

(4.25c)

With this result in mind, we can constrain regions in the space of gravitational parameters (Gk , ak and wk ) according with the requirements fy , fe2 , fλ > 0. In general, we
are going to set Gk > 0 as a consistency requirement. In this sense, our analysis reduces
to a systematic investigation on the sign of fy , fe2 and fλ in terms of the curvature
squared couplings ak and wk .
Let us start our investigation with the Yukawa sector. In this case, the relevant
condition for the viability of induced UV completion corresponds to the following inequality (fy > 0)
3 − 14ak
25 (3wk + 1)
+
< 0.
(1 + 2wk )2
(1 − 6ak )2
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(4.26)

Figure 4.6: Left panel: viable region for UV completion in the Yukawa sector (in red); Center panel:
viable region for UV completion in the Abelian gauge sector (in blue); Right panel: combined plot
showing the viable region for UV completion in the Yukawa and the Abelian gauge sector. The green
part (without diagonal lines) indicates the region with overlap of the viability conditions fy > 0 and
fe2 > 0. In all plots the dashed lines indicated the poles lines 1 + 2wk = 0 and 1 − 6ak = 0.

In Fig. 4.6 (left) we plot the region where this inequality holds. A gravitational FP in
that region would generate an antiscreening contribution to the beta function for the
Yukawa coupling. As we can see, such a region occurs at negative values of wk , with
only a sub-leading dependence on the coupling ak . Except for the vicinity of the pole
ak = 1/6, the viable region can be roughly approximated by wk . −1/3.
As one can observe in Fig. 4.6, the point corresponding to the Einstein-Hilbert
truncation (ak = wk = 0) does not belong to the viable region for induced UV completion. One might have expected this result from the analogous result in the standard
ASQG, since, in that case, the presence of the cosmological constant is crucial in the
absence of higher-order couplings. At vanishing cosmological constant (along with
ak = wk = 0), the transverse traceless contribution to βy dominates, yielding fy < 0.
At sufficiently negative value for the dimensionless cosmological constant, a reweighing
of contributions to βy occurs, such that the transverse traceless contribution is actually
subdominant and fy > 0 can be achieved, see [209] for a comprehensive discussion.
In the unimodular case, the cosmological constant no longer appears in the graviton
propagator. Accordingly, the results can be expected to be similar to those in the
standard ASQG at vanishing cosmological constant (of course, the correspondence is
not exact).
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Figure 4.7: Viability regions for QG induced UV completion in the Yukawa and Abelian gauge
sectors in the TT-approximation. Left panel: viable region for UV completion in the Yukawa sector
(in red). Center panel: viable region for UV completion in the Abelian gauge sector (in blue). Right
panel: combined plot showing the viable region for UV completion in the Yukawa and the Abelian
gauge sector. The green part (without diagonal lines) indicates the region with overlap of the viability
conditions fy > 0 and fe2 > 0. In all plots the dashed line indicated the pole line 1 + 2wk = 0.

Turning our attention to the Abelian gauge sector, the viability condition for UV
completion induced by QG-effects is characterized by the inequality,
5 (5 + 7wk ) 2 (5 − 21ak )
−
> 0,
(1 + 2wk )2
(1 − 6ak )2

(4.27)

which follows from fe2 > 0. The corresponding region in the ak × wk plane is exhibited
in Fig. 4.6 (center). Similarly to what happens in the Yukawa coupling, the sign of
fe2 is mostly dictated by the coupling wk . In the present case, the viable region for
UV completion can be approximated by wk & −5/7, except for the neighborhood of
the pole line at ak = 1/6. In contrast to the Yukawa sector, the Einstein-Hilbert point
(ak = wk = 0) belongs to the viable region for a UV completion of the gauge sector.
Once again, this is similar to the results obtained in the standard ASQG, where fe2 > 0
holds at vanishing cosmological constant, see, e.g., [101, 196, 203].
In Fig. 4.6 (right) we present the combined constraints on the gravitational parameter space arising from fe2 > 0 and fy > 0. Far away from the pole line ak = 1/6,
the combined viable region for UV completion can be approximated by −5/7 . wk .
−1/3. This approximated behavior reflects the dominance of the transverse and traceless mode, i.e., the “TT-dominance”. Fig. 4.7 shows the viable region in the TTapproximation, which is obtained by neglecting contributions the σ-sector in the graviton propagator.
The third phenomenologically motivated constraint on the (truncated) unimodular
theory space comes from the scalar potential. In this case, a positive gravitational
contribution anomalous dimension ηφ drives the scalar potential towards UV irrelevance
at the FP V ∗ (φ2 ) = 0. This effect is particularly interesting for the quartic self-coupling,
which is canonically marginal and might become UV irrelevant due to QG-effects. The
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Figure 4.8: Viable region (cyan) for a predictive scalar potential (ηφGrav > 0). The left panel show
the full result and the right panel corresponds to the TT-approximation. The dashed lines indicated
the poles lines 1 + 2wk = 0 and 1 − 6ak = 0.

positive contribution to the anomalous dimension translates to fλ > 0. In such a
case, the relevant condition for a predictive scalar potential is encoded in the following
inequality (fλ > 0 or ηφGrav > 0)
25 (1 + 3wk ) 2 (5 − 33ak )
+
> 0.
(1 + 2wk )2
(1 − 6ak )2

(4.28)

Fig. 4.8 (left) shows the region in the ak × wk plane where the above condition is
satisfied. In a similar way to what was observed in the Yukawa and Abelian gauge
coupling, the viable region for a predictive scalar potential basically depends on the
2
coupling associated with the Cµναβ
contribution. Once again, this result reflects the
dominance of the TT-mode (see Fig. 4.8 (right)). Except for the vicinity of the pole
ak = 1/6, the viability condition for a predictive scalar potential can be approximated
as wk & −1/3.
It is interesting to understand whether the conditions fy > 0 and fe2 > 0, necessary
for UV completion of Yukawa and Abelian gauge sectors, can be coexist with the
requirement ηφGrav > 0 (fλ > 0), which renders a predictive scalar potential. Within
our approximation, such a combined region imposes a significant restriction on the space
of curvature squared couplings, see Fig. 4.9. The origin of this severe restriction can
be seen in the TT-approximation, where the gravitational contribution to the running
of the Yukawa coupling takes the form

fy |TT = −

1
ηφ |TT + ηψ |TT + Dy |TT
2



3
= − ηφ |TT y ,
4

(4.29)

where we have used ηψ |TT = ηφ |TT /4 and Dy |TT = 0. As a consequence, the viability condition for a UV completion of the Yukawa coupling becomes ηφ |TT < 0,
which is in conflict with the requirement for a calculable Higgs mass. Beyond the
TT-approximation, scalar fluctuations generate a region which features the combined
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Figure 4.9: Combined plot showing the boundaries of the “viability regions” corresponding to each
one of the sectors discussed here. The small portrait zooms in the overlapping regions where the three
conditions, fy > 0, fe2 > 0 and ηφGrav > 0, hold simultaneously.

inequalities fy > 0 and ηφGrav > 0, showing that fluctuations of scalar modes can play
an important role in parts of the gravitational parameter space. It is important to emphasize that the UV completion of the scalar sector is also consistent with ηφGrav < 0,
since the scalar quartic coupling is then asymptotically free. Nevertheless, in such a
case, the quartic scalar coupling is no longer predictive as a consequence of the FP
structure, but remains as a free parameter to be fixed by experiments.

4.4

Comparison with the standard ASQG setting

In this section, we contrast the phenomenologically motivated constraints in the
unimodular theory space, discussed in the previous section, with the corresponding
ones in the standard ASQG, i.e., within the framework where the theory space is
defined by the full Diff symmetry. In this setting, we consider the following truncation
g.f.
ΓStd.
= ΓGrav
+ ΓSM
k
k + Γk ,
k

(4.30)

where
ΓGrav
k

ΓSM
k =

Z
x

√
g



1
=
16πGN

Z

√

g 2Λcc,k − R + ā R2 + w̄ Cµναβ C µναβ



,

(4.31a)

x


1 µν
1 µα νβ
2
/ + iy φ ψ̄ψ , (4.31b)
g ∂µ φ∂ν φ + V (φ ) + 2 g g Fµν Fαβ + iψ̄ Dψ
2
4e
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Γg.f.
k

1
=
2α

√ µν
1
ḡ ḡ Fµ [h; ḡ]Fν [h; ḡ] +
2ζ
x

Z

Z

√
¯ µ Aν )2 .
ḡ (ḡ µν ∇

(4.31c)

x

In the standard ASQG setting, since the metric determinant is not constrained by the
R √
unimodularity condition, the cosmological constant term x g Λcc enters as part of
the theory space. Furthermore, the metric determinant generates contributions to the
gravity-matter vertices that are not present in the unimodular case. In the gauge-fixing
sector we use
¯ ν hµν − 1 + β ∇
¯ µ htr ,
Fµ [h; ḡ] = ∇
4

(4.32)

instead of the transverse gauge condition FµT [h; ḡ] adopted in UG. In contrast to the
unimodular case, in standard ASQG the metric splitting is taken to be the linear one,
√
namely gµν = ḡµν + 32πGN hµν . Note that in this case the metric fluctuation hµν
is not restricted by the tracelessness condition. Here, we are going to set the gauge
parameter β to zero, which decouples the σ-mode from our computations.
To compute the gravitational contribution to the RG flow of matter couplings we
follow the same procedure already discussed in the unimodular case. It is important
to note that, in the standard ASQG framework, all the diagrams exhibited in Fig. 4.3
are relevant to the flow of the Yukawa couplings. Moreover, the tadpole represented in
Fig. 4.5, which is not present in the unimodular setting, is the dominant contribution
to the running of the quartic scalar coupling. The gravitational contribution to the
anomalous dimensions of matter fields is encoded in the following expressions
ηφGrav |Std. =

ηψGrav |Std.

Gk 15 − 117 ak − 10 Λk
,
15π (3 − 18 ak − 4 Λk )2



Gk
125 (1 + 3wk )
9 (41 − 346 ak − 16 Λk )
=−
−
,
80π (1 + 2 wk − 2 Λk )2
(3 − 18 ak − 4 Λk )2

ηAGrav |Std. = −

Gk 5 + 7 wk − 20 Λk
.
9π (1 − 2 Λk + 2 wk )2

(4.33a)

(4.33b)

(4.33c)

The diagrams in Figs. 4.3 and 4.5 lead to the following results
Dy |Std.



Gk
50 (1 + 3wk )
3 (37 − 295 ak − 22 Λk )
=
,
−
20π (1 + 2 wk − 2 Λk )2
(3 − 18 ak − 4 Λk )2

Dλ |Std.



Gk
5 (1 + 3 wk )
6 (1 − 9 ak )
=
+
.
2π (1 + 2 wk − 2 Λk )2 (3 − 18 ak − 4 Λk )2
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(4.34a)

(4.34b)

This result can easily converted into the parameterized gravitational contributions fy ,
fe2 and fλ , namely
fy |Std.



225 (1 + 3 wk )
Gk
105 − 342 ak − 280 Λk
,
=−
−
240π (1 + 2wk − 2 Λk )2
(3 − 18 ak + 4 Λk )2

fe2 |Std. =

fλ |Std.

Gk 5 + 7 wk − 20 Λk
,
9π (1 − 2 Λk + 2 wk )2



75 (1 + 3 wk )
2 (75 − 639 ak − 20 Λk )
Gk
.
+
=
30π (1 + 2 wk − 2 Λk )2
(3 − 18 ak + 4 Λk )2

(4.35a)

(4.35b)

(4.35c)

The possibility of a UV completion for the Yukawa sector (fy > 0), within standard
ASQG setting, was studied in [207, 209, 210, 215]. In Fig. 4.10 we show the viable
region for a QG induced FP for the Yukawa coupling in the ak × wk plane, for several
values of the dimensionless cosmological constant (Λk = k −2 Λcc,k ). In the particular
case of vanishing cosmological constant (Λk = 0), we observe a coincidence between
the unimodular and the standard setting. This result follows from the dominance of
the TT-mode. In fact, if we restrict ourselves to the TT-approximation (with Λk = 0),
both settings give the same results for the gravitational contribution to the Yukawa
coupling, namely
TT
fy |TT
Std. = fy |UG = −

Gk 15 (1 + 3 wk )
.
16π (1 + 2wk − 2 Λk )2

(4.36)

Note that this equality is rather nontrivial, since the various diagrams that contribute
to these results differ in the two settings. In the vicinity of the pole line associated with
the scalar mode (ak = 1/6 for Λk = 0), on the other hand, the dominant contribution
comes from the scalar sector of the fluctuation field hµν . In the unimodular setup,
the scalar sector corresponds to the σ-mode, while in the standard gravity framework
the scalar sector by a combination of σ and htr . Within the gauge choice β = 0,
only the trace mode contributes to the results. Since these different setups receive
contributions from different graviton modes, we observe a quantitative disagreement in
the neighborhood of the scalar-mode pole.
For non-vanishing cosmological constant, the scalar fluctuations become more relevant. For positive values of Λk , we observe a screening behavior of metric fluctuations
for values of ak and wk close to the scalar pole. This leads to the reduction of viable
regions for UV completion in the regime Λk > 0, cf. Fig. 4.10. For negative values of
Λk , the mechanism works in the opposite direction. In this regime, scalar fluctuations
contribute in an anti-screening manner to the Yukawa beta function and, as a conse-
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Figure 4.10: Viable region for UV completion in the Yukawa sector (fy > 0) within the standard
ASQG framework. The different plots correspond to different values of the dimensionless cosmological
constant. The dashed lines indicate the pole lines 1 + 2wk − 2 Λk = 0 and 3 − 18 ak + 4 Λk = 0.

quence, this results in the enlargement of the viable region. In particular, we note that
if Λk is sufficiently negative, the point corresponding to the Einstein-Hilbert truncation
(ak = wk = 0) becomes part of the viable region for UV completion.
Concerning the Abelian gauge sector, the relevant condition for UV completion
induced QG effects (fe2 > 0) reduces to the simple inequality
5 + 7 wk − 20 Λk > 0 .

(4.37)

In this case, as a consequence of the gauge choice β = 0, the impact of gravitational
fluctuations comes exclusively from the transverse and traceless contributions. For this
reason, the inequality (4.37) does not depend on the coupling associated with the R2
term. At vanishing cosmological constant, the result for the standard setting generates
the same “viability region” as that was obtained in the within the TT-approximation in
the unimodular case. For non-vanishing Λk , we observe a similar behavior in comparison with the Yukawa coupling, namely, negative values of Λk enlarge the viable region
for induced UV completion in the Abelian gauge sector (see Fig. 4.11).
Finally, let us discuss the gravitational contribution to the flow of the scalar potential. More precisely, the impact of QG effects on the running of the quartic coupling.
In Fig. 4.12, we show the region where graviton fluctuations induce predictive trajectories for the quartic coupling (for several values of the dimensionless cosmological
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Figure 4.11: Viable region for UV completion in the Abelian gauge sector (fe2 > 0) within the
standard ASQG framework. The left panel shows the viability region in the a × w plane with Λk = 0.
Since the result is independent of the parameter a, in the right panel we show the viability region in
the Λ × w plane. The dashed lines indicate the pole lines 1 + 2wk − 2 = 0 and 1 + 2wk − 2 Λk = 0.

constant). In the case with Λk = 0, we observe the same qualitative behavior as in UG.
Once again, this fact can be explained in terms of the dominance of the TT-mode. For
non-vanishing Λk the results change considerably. In particular, for negative values of
the cosmological constant, the region with predictive quartic coupling is deformed in
such a way that we observe that the overlap with the region allowing UV FPs in the
Yukawa and Abelian gauge couplings becomes larger.

4.5

Extended unimodular theory space: regulator
induced mass parameters

In Chap. 3 we motivated the introduction of mass parameters as a consequence of
a symmetry breaking effect induced by the FRG regulator. In unimodular QG, this
is a first step towards the investigation of theory spaces properly defined in terms of
coarse-grained symmetry identities. The results reported in Chap. 3 indicate that
the symmetric breaking masses mimic the impact of the cosmological constant. To
some extent, this is expected by noting that the cosmological constant acts as a masslike parameter in the graviton propagator. It is intriguing to understand whether the
introduction of symmetry-breaking masses could produce similar effects, in comparison
with the cosmological constant, on the viable regions for induced UV completion and
predictive quartic coupling.
In the present section we address this question by extending our truncation (Eq.
(4.8)) with the inclusion of an additional sector involving a symmetry-breaking mass
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Figure 4.12: Viable region (cyan) for a predictive quartic scalar coupling (fλ > 0) within the
standard ASQG framework. The different plots correspond to different values of the dimensionless
cosmological constant. The dashed lines indicate the pole lines 1+2wk −2 Λk = 0 and 3−18 ak +4 Λk =
0. The green part (with diagonal lines) indicate the overlapping region where fy > 0, fe2 > 0 and
fλ > 0 are simultaneously verified.

parameter, namely
m2
Γk h

m2k,h
=
2

Z

ω ḡ µα ḡ νβ hµν hαβ .

(4.38)

x

With the inclusion of symmetry-breaking masses, we redefine the relevant parts of the
graviton propagator according to the following rules
1

7→
1 + 2 w̄k Pk (p2 ) Pk (p2 )

1

7→
1 − 6 āk Pk (p2 ) Pk (p2 )

1 + 2 w̄k Pk

1


(p2 )

1 − 6 āk Pk

Pk (p2 ) + m2k,TT

1

.
Pk (p2 ) + m2k,σ

(p2 )

,

(4.39a)

(4.39b)

Note that we are also redefining the single mass parameter m2k,h according to m2k,h 7→
m2k,TT and m2k,h 7→ − 21 m2k,σ , respectively, for the TT- and σ-modes. The inclusion of
symmetry breaking masses modifies the explicit results for the diagrams contributing to
the flow of couplings in the matter sector. In terms of the parameterized contributions
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Figure 4.13: Viability regions in the space of symmetry-breaking masses (with vanishing curvature
squared couplings). Left panel: viable region for UV completion in the Yukawa sector (fy > 0).
Center panel: viable region for UV completion in the Abelian gauge sector (fe2 > 0). Right panel:
viable region for a predictive scalar potential (ηφGrav > 0). In all cases the dashed lines indicate the
poles lines 1 + m2TT = 0 and 1 + m2σ = 0. The diagonal (dotted) line correspond to the single mass
approximation m2TT = −2m2σ = m2k . The green regions (with diagonal lines) indicates the overlap of
the tree viability conditions fy > 0, fe2 and ηφGrav > 0.

fy , fe2 and fλ , the main results can be summarized with following expressions
3 Gk
fy = −
80π

"

3 − 14 ak + 6 m2k,σ
25 (1 + 3 wk )
+
(1 + 2 wk + m2k,TT )2 (1 − 6 ak + m2k,σ )2

#
,

(4.40a)

"
#
Gk 5 (5 + 7 wk + 10 m2k,TT ) 10 − 42 ak + 20 m2k,σ
fe2 = −
−
,
45π
(1 + 2 wk + m2k,TT )2
(1 − 6 ak + m2k,σ )2

(4.40b)

"
#
2 (5 − 33 ak + 5 m2k,σ )
25 (1 + 3 wk )
Gk
+
.
fλ =
10π (1 + 2 wk + m2k,TT )2
(1 − 6 ak + m2k,σ )2

(4.40c)

In Fig. 4.13 we show the viable region for induced UV completion (fy > 0 and
fe2 > 0) and predictive quartic couplings (fλ > 0) in the m2k,TT × m2k,σ plane (with
ak = wk = 0). As one can observe, even in the absence of couplings associated with R2
2
and Cµναβ
, the symmetry breaking masses induce viable regions for simultaneous UV
completion in the Yukawa and Abelian gauge sectors and predictive quartic coupling in
the scalar sector. This result is in contrast with the case without symmetry breaking
masses, where, in particular, the viable region for UV completion in the Yukawa sector
requires the inclusion of higher-order couplings. The appearance (and enlargement)
of overlapping regions lies on the enhancement of the σ-mode contribution due to the
mass parameter m2k,σ .
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Concluding Remarks

In this thesis, the AS program for QG was analyzed. This approach relies in the
possibility of UV completion based on the (conjectured) existence of FPs in the RG
flow. Usually, the ASQG approach is constructed as a quantum theory for GR, meaning
that the theory space is defined in terms of general covariance (Diff symmetry). In
the present thesis, we have considered a different version of ASQG with theory space
defined on top of the unimodular setting for QG, where the metric determinant is
fixed to be non-dynamical. In this case, the underlying symmetry corresponds to the
TDiff group, a special type of Diff transformations with transverse generators. At the
classical level UG is equivalent to GR provided that we impose covariant conservation of
the energy-momentum tensor. At the quantum level, however, the equivalence between
the two settings remains unsettled.
In the past two decades, the research program of ASQG went through substantial
progress. By now, there is an extensive collection of works, based on FRG techniques,
pointing towards the existence of suitable gravitational FPs. Moreover, in the recent
years some effort has been done to connect the FP regime with low energy phenomenology. Except for a few works in the literature [125,126,128,129], the unimodular theory
space has been much less explored than the standard version based on GR. Nevertheless, since both settings are classically equivalent, there is no a priori reason to consider
one or the other as the starting point. The analysis performed in this thesis aims to
(partially) fill this gap in the ASQG literature.
In the search for UV completion in the unimodular setting, we have employed two
different strategies within the FRG framework: i) background field approximation; ii)
vertex expansion approach. In the first case, reported in Chap. 2, our results extend previous analysis based on the unimodular version of the f (R)-truncation for
UG [126]. Our investigation collects further indications for the existence of a suitable
UV FP, with two relevant directions, in the unimodular theory space. Moreover, our
analysis includes an addition contribution to the flow equation which arises from an
appropriated treatment of the volume factor associated with the TDiff group. The
results for the f (R)-approximation show certain similarities in comparison to the stan112

dard (non-unimodular) framework for ASQG [73, 90]. In particular, the appearance of
two relevant directions in the unimodular setting seems to be in agreement with the
indications of three-dimensional UV critical surfaces in the standard case (recall that
the cosmological constant - which is absent in the unimodular setting - corresponds to
one of the relevant directions in the standard setting). Moreover, our results for the
critical exponents in the unimodular f (R)-approximation provide further indications
for the near-canonical behavior already observed in [126]. As an attempt to include
effects beyond the Ricci scalar sector, we also have considered an approximation in2
-contributions, denominated as F Z-truncation. This type of approximation
volving Rµν
was first considered in the standard ASQG framework, resulting in a faster “convergence” in comparison with the f (R)-truncation [89]. Our results indicate a different
qualitative behavior in the unimodular setting. As we have seen in Chap. 2, the FP
structure associated with the unimodular F Z-truncation exhibits unstable results in
comparison with the f (R)-approximation. The source for such a bad behavior remains
unclear and deserves further investigation in the future.
Within the vertex expansion approach, discussed in Chap. 3, we performed some
steps towards the introduction of effects that are not captured in the background approximation. In particular, we introduced symmetry-breaking effects motivated by regulator induced modifications in the Slavnov-Taylor and Nielsen identities. Furthermore,
the anomalous dimensions for the graviton and Faddeev-Popov ghosts were computed
by studying the flow of the 2-point functions. Our results provide further information
concerning the FP structure in the unimodular theory space. In particular, we found
indications for the persistence of FP solutions even after the inclusion of symmetrybreaking terms. Notably, the symmetry-mass parameter acquires a non-vanishing value
at the FP.
The quantum (in)equivalence between UG and GR is an intriguing open question
that deserves further investigation. On the one hand, if both settings are not equivalent at the quantum level, this triggers the search for elements that might physically
distinguish them and select one (if any) of these options as the most adequate one.
On the other hand, if the physical equivalence is settled, this would inspire interesting
questions concerning the differences at the level of theory space. In particular, it is
intriguing to understand the role of the cosmological constant - which is not part of
the unimodular theory space - and how it would fit within a setup where both settings
are physically equivalent.
Connected to this point, in Chap. 3, we have performed a systematic comparison
between UG and the so-called unimodular gauge. The latter corresponds to a type of
unimodularity condition as an specific gauge-fixing in full Diff -invariant theories (on
top of the exponential metric parameterization). Within the truncations we have considered, our investigation reveals the equivalence of both setting at the level of n-point
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(with n > 1) connected correlation functions. From the viewpoint of the standard
ASQG, the cosmological constant appears as a essential coupling in full Diff -invariant
theories and, therefore, requires a FP to define a UV-complete theory. However, in the
unimodular gauge, the cosmological constant decouples from the beta functions associated with other couplings and from the n-point correlation functions. In this sense, in
the unimodular gauge, the cosmological constant might be interpreted as an inessential coupling. It is important to emphasize that this result should not be interpreted
as the physical equivalence between the standard and unimodular versions of ASQG.
In particular, the use of the exponential metric parameterization plays an important
role on the equivalence between UG and unimodular gauge. In the standard setting,
however, one usually considers the linear split and it is not clear whether or not both
choices of field parameterization should correspond to the same physical description.
In particular, the space of metrics covered by the exponential parameterization is not
the same as in the linear split [258].
Despite the importance of theoretical self-consistency, ultimately any physical theory must be confronted with experiments. This is a great challenge in any approach
to QG, in particular, due to the strong suppression of direct quantum gravitational
effects. In the framework of ASQG, an interesting approach to connect QG effects
with experimental observations utilizes the interplay between gravity and matter. This
promising route has been explored in the literature, leading to very attractive features
such as the possibility of predict (or post-dict) SM free-parameters and the resolution
of certain problems of the SM (e.g., Laudau poles in the Abelian sector). These results, of course, rely on approximation methods and deserve further investigation to
be confirmed on more solid grounds. In this thesis (see Chap. 4), we have explored
the gravity-matter interplay as a way to impose phenomenologically motivated constraints on the truncated unimodular theory space. Our findings indicate that, despite
significant differences on the structure of gravity-matter interactions, the unimodular
setting leads to very similar results in comparison with the standard ASQG, provided
we neglect the impact of the cosmological constant in the latter. This result reinforces
previous analysis concerning the importance of non-vanishing cosmological constant for
phenomenological viability in standard ASQG [209]. In this sense, the investigation
performed here points towards more severe constraints in the unimodular case.
The developments presented in this thesis open several routes for new investigations. An interesting approach, still unexplored in the unimodular setting, combines
the vertex expansion with momentum-dependent approximation schemes in the FRG
(see Ref. [190] for more details). This approach has been explored in the standard
ASQG framework, providing further non-trivial indications for a gravitational FP.
“Momentum-dependent” calculations are usually advocated to produce more reliable
results in comparison with other approximation schemes [190], therefore, this would be
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an interesting line for future explorations in the unimodular theory space, not only for
pure gravity, but also in gravity-matter systems.
Another point that deserves further attention from the AS perspective is related
the implementation of the unimodularity condition on practical calculations. In the
present thesis, the unimodularity condition was implemented by means of the exponential parameterization. However, as we have discussed in Chap. 2, this is not the
only possibility. In this sense, it would be interesting to explore the possibility of
other formulations of UQG, based on different implementations of the unimodularity
condition.
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Appendix

A

The Faddeev-Popov Method in QG
A.1

Functional integral of UQG

In this appendix we explore some details concerning the definition of a path integral formalism in UG. In particular, we explore certain subtleties associated with the
Faddeev-Popov procedure. The starting point for our discussion is the Euclidean path
integral for QG, which can be formally written in the following way
Z
ZUQG [ḡ] =

Dhµν −SUQG [h;ḡ]
e
,
VTDiff

(A.1)

where the integration domain is restricted to traceless configurations (htr = 0) as a way
to implement the unimodularity condition. Note that, as it was discussed in Chap. 2,
in the present thesis we focused in a formulation for UQG based on the exponential
parameterization (see Eq. (2.27)). The factor VTDiff corresponds to the volume of the
TDiff group.
The action of UG is invariant under TDiff transformations, that is, a special class
of Diff transformations acting on the space-time metric according to
δT gµν = gµα ∇ν αT + gνα ∇µ αT ,

(A.2)

with generators µT constrained by the transversality condition ∇µ µT = 0. It is interesting to note that, for unimodular metrics, one can recast the transversality condition
in terms of the background covariant derivative, namely
√
1
1
√
¯ µ µ ,
0 = ∇µ µT = √ ∂µ ( g µT ) = √ ∂µ ( ḡ µT ) = ∇
T
g
ḡ

(A.3)

√
√
where we have used g = ω = ḡ (valid in the unimodular configuration space).
Since the path integral (A.1) was defined by means of the background field method,
it is helpful to express the TDiff transformation directly in terms of the background
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and fluctuation fields. For the purposes considered here, it is convenient to adopt a
decomposition known as “quantum transformation”, defined in such a way the gauge
transformation is completely encoded in the fluctuation field, namely

gµν 7→ gµν + δT gµν

−→


ḡ

µν

h

µν

7→ ḡµν
7→ hµν + δQT hµν

,

(A.4)

where δQT hµν corresponds to TDiff transformations acting on the fluctuation field (see
App. B for more details concerning this point). The action for UQG remains invariant
under this transformation,
SUQG [h; ḡ] 7→ SUQG [h + δQT h; ḡ] = SUQG [h; ḡ] .

A.2

(A.5)

Faddeev-Popov quantization in UQG

As in the case of standard gauge theories, the existence of a local symmetry causes
a redundancy in the definition of the path integral. To eliminate such redundancy one
has to impose a gauge-fixing condition. In the present thesis we restricted ourselves to
a transverse gauge condition defined according to
√
¯ α hνα ,
2 (PT )µ ν ∇

FµT [h ; ḡ] =

(A.6)

¯ µ (∇
¯ 2 )−1 ∇
¯ ν denotes the transverse projector (in configuration
where (PT )µ ν = δµν − ∇
space). Since µT is transverse, we only have the freedom to impose d − 1 independent
gauge conditions (in a d-dimensional space-time). For this reason, we choose to work
with a transverse gauge-fixing condition.
In what follows we apply the Faddeev-Popov method to perform the gauge-fixing
procedure in UQG. For a discussion in the the non-unimodular case, see [8, 38, 184].
Following the usual strategy from the Faddeev-Popov method, the basic idea is to
define a formal “identity” as
Z
1 = ∆FP [h; ḡ]

DµT δ(F T [h ; ḡ]) ,

(A.7)

0

Rewriting “1” for a gauge transformed configuration h , we have
0

1 = ∆FP [h ; ḡ]

Z

0

DµT δ(F T [h + ; ḡ]) .

(A.8)

Assuming the invariance of the measure DµT = D(µT + 0µ
T ) and relabeling the dummy
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µ
combination µT + 0µ
T by T , yields

Z

0

1 = ∆FP [h ; ḡ]

DµT δ(F T [h ; ḡ]) .

(A.9)

By comparing (A.8) and (A.9) we can conclude that ∆FP [h; ḡ] is invariant under TDiff
transformations, namely
∆FP [h; ḡ] = ∆FP [h ; ḡ].

(A.10)

Inserting the identity into the functional integral ZUQG [ḡ], we can write


Z
Dhµν
µ
T 
× ∆FP [h; ḡ] DT δ(F [h ; ḡ]) × e−SUQG [h;ḡ]
ZUQG [ḡ] =
VTDiff

Z
Z
DµT
T 
−SUQG [h;ḡ]
=
Dhµν ∆FP [h; ḡ] δ(F [h ; ḡ]) e
VTDiff
Z

Z
DµT


T 
−SUQG [h ;ḡ]
=
Dhµν ∆FP [h ; ḡ] δ(F [h ; ḡ]) e
VTDiff
Z
Z
DµT
=
× Dhµν ∆FP [h; ḡ] δ(F T [h; ḡ]) e−SUQG [h;ḡ] ,
VTDiff
Z

(A.11)

where we have used the following properties: SUQG [h ; ḡ] = SUQG [h; ḡ], Dhµν = Dhµν
and ∆FP [h; ḡ] = ∆FP [h ; ḡ]. Note that the invariance of the functional measure, which
was defined on top of the exponential parameterization, is a non-trivial assumption
and deserves further investigation. However, this is beyond the scope of this thesis.
From the discussion of Sect. 2.1.2 we have seen that the appropriated definition of
the volume factor VTDiff takes the form [115, 122]
Z
VTDiff =

DµT Det−1/2 (∆) ,

(A.12)

¯ 2 . With this definition we can properly cancel out the volume factor in
where ∆ = −∇
(A.11), leading to the following result
Z
ZUQG [ḡ] =

Dhµν Det1/2 (∆) ∆FP [h; ḡ] δ(F T [h; ḡ]) e−SUQG [h;ḡ] .

(A.13)

The remaining part of the calculation can be done by following the standard steps of
the Faddeev-Popov procedure. In such a case, we can express ∆FP [h; ḡ] as a functional
integral over anti-commuting vector fields (Faddeev-Popov ghosts), namely
Z
∆FP [h; ḡ] =

 Z

µ
ν
Dc Dc̄µ exp − ω c̄µ M ν [h; ḡ] c
,
µ

(A.14)

x

where the Faddeev-Popov operator Mµ ν [h; ḡ] is defined according to the following re118

lation
Mµ ν [h; ḡ] cν =

δF µ [h] Q
δ hαβ .
δhαβ c

(A.15)

It is interesting to emphasize that the Faddeev-Popov ghost inherits the transverse
¯ µ cµ = 0. Moreover, the functional delta associated
nature of the generator µT , that is ∇
with the gauge responsible to impose the gauge condition admits a representation of
the form


Z
1
T
µν T
T
(A.16)
ω ḡ Fµ [h; ḡ]Fν [h; ḡ] .
δ(F [h; ḡ]) = lim exp −
α→0
2α x
Returning to the functional integral ZUQG [ḡ], we find
Z
ZUQG [ḡ] =

Dhµν Dcµ Dc̄µ Det1/2 (∆) e−SUQG [h;ḡ]−Sg.f. [h,c,c̄ ;ḡ] ,

(A.17)

with gauge-fixing action defined as
1
Sg.f. [h, c, c̄; ḡ] =
2α

Z
ω ḡ

µν

FµT [h; ḡ]FνT [h; ḡ]

Z
+

ω c̄µ Mµ ν [h; ḡ] cν .

(A.18)

x

x

The limit α → 0 is understood to be implicit. Very often this limit is relaxed, meaning
that the gauge-condition is implemented with the form FµT [h; ḡ] = α bµ (where bµ is
the Lautrup-Nakanishi1 ) instead of FµT [h; ḡ] = 0. In such a case, ZUQG [ḡ] also entails a
functional integral over the bµ -field, namely
Z
ZUQG [ḡ] =

Dhµν Dcµ Dc̄µ Dbµ Det1/2 (∆) e−SUQG [h;ḡ]−Sg.f. [h,c,c̄,b;ḡ] ,

(A.19)

with gauge-fixing action
Z
Sg.f. [h, c, c̄, b ; ḡ] =

ω ḡ
x

A.3

µν


 Z
α
T
bµ Fν [h ; ḡ] − bµ bν + ω c̄µ Mµ ν [h ; ḡ] cν .
2
x

(A.20)

Faddeev-Popov method in the standard setting

For completeness, let us briefly add some comments concerning the Faddeev-Popov
method in the standard (non-unimodular) setting, i.e., based on the quantization of
full Diff -invariant theories. In general terms, the gauge-fixing procedure follows the
same ideas that we have discussed in the unimodular setting, however, with some
modification that we are going to point out here. Without diving into the details of
1

Since FµT [h; ḡ] is transverse, we can easily conclude that the bµ -field also satisfies the transversality
¯ µ bµ = 0.
condition ∇
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the derivation of the Faddeev-Popov procedure2 , the gauge-fixed path integral for QG
can be formally expressed in the form3
Z
ZQG [ḡ] =

Dhµν Dcµ Dc̄µ e−SQGR [h;ḡ]−Sg.f. [h,c,c̄ ;ḡ] ,

(A.21)

with gauge-fixing action defined according to
1
Sg.f. [h, c, c̄ ; ḡ] =
2α

Z

√

Z

µν

ḡ ḡ Fµ [h; ḡ]Fν [h; ḡ] +

√

ḡ c̄µ Mµ ν [h; ḡ] cν ,

(A.22)

x

x

where cµ and c̄µ denote the Faddeev-Popov ghosts. It is important to emphasize that,
in the present case, the ghost fields are not constrained by a transversality condition.
The typical choice for the gauge fixing condition is given by
¯ ν hµν −
Fµ [h; ḡ] = ∇

1 + β ¯ tr
∇µ h ,
d

(A.23)

where β is a gauge parameter. Within this gauge choice, the Faddeev-Popov operator
can be expressed in the form


¯ µ gνβ ∇α .
¯ α gµν ∇α + gαν ∇µ − 2 β + 1 ḡ αβ ∇
Mµν [h; ḡ] = ∇
d

(A.24)

Alternatively, we can also express the gauge-fixing sector in terms of the LautrupNakanishi field, namely
Z
Sg.f. [h, c, c̄, b ; ḡ] =
x

√

ḡ ḡ

µν

 Z

√
α
ḡ c̄µ Mµ ν [h ; ḡ] cν .
bµ Fν [h ; ḡ] − bµ bν +
2
x

(A.25)

In this case, ZQG [ḡ] also entails a functional integral over the bµ -field.

2

For a detailed discussion in the standard framework see [8, 38, 184].
Note that, in this case, the path integral does not involve the extra determinant originating from
theR volume factor associated with the gauge group. This is a consequence of the direct identification
of Dµ as the volume of the the Diff group.
3
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Appendix

B

Aspects of Exponential parameterization
B.1

Local field transformations and the exponential
parameterization

B.1.1

General considerations

One elementary task once applying the background field method to QG calculations
is to determine the appropriate conversion of gauge transformations acting in the full
metric gµν in terms of transformations acting on the background and fluctuation fields,
respectively represented as ḡµν and hµν . This task is reasonably simple in the case of
linear split gµν = ḡµν + κhµν , however, the situation becomes more complicated for
non-linear splits such as the exponential parameterization used in our calculations for
UQG. In this section, we address some details concerning this point. For practical
calculations we expand the exponential parameterization in terms of powers of the
fluctuation field1 ,
gµν = ḡµα [ exp(κ h· · ) ]αν = ḡµν + κ hµν +

∞
X
κn
n=2

n!

hµα1 · · · hανn−1 .

(B.1)

It is convenient to express in a more compact notation,
gµν =

∞
X

(n)
Xµν
,

(B.2)

n=0

where
(0)
Xµν

= ḡµν ,

(1)
Xµν

= hµν

and

(n)
Xµν

κn
hµα1 hαα1 2 · · · hανn−1 .
=
n!

(B.3)

As it was mentioned before, our central goal is to determine the gauge transforma1

The discussion presented here was inspired in [212].
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tion δ hµν as a function of δ gµν . In order to compute an expression for δ hµν , we start
from the ansatz
∞
X

δ hµν =

(n)
,
Yµν

(B.4)

n=0
(n)

(n)

with Yµν = [O(hn )]µν . The basic idea is to compute Yµν by a recursive method.
(n)
Let us start by expressing δ gµν in terms of Yµν . Using the chain rule for functional
variations, we find

Taking into account the property

(n)

δXµν (x)
δ hαβ (y)
δh
(y)
αβ
y
n=1
∞ X
∞ Z
(n+1)
X
δXµν (x) (m)
Yαβ (y) .
+
ω
δh
(y)
αβ
y
n=0 m=0

δ gµν (x) = δ ḡµν +
= δ ḡµν

∞ Z
X

ω

P∞

n,m=0 cn,m

δ gµν = δ ḡµν +

=

P∞ Pn
n=0

m=0 cn−m,m ,

∞ X
n
(n−m+1)
X
δXµν
(m)
· Yαβ ,
δh
αβ
n=0 m=0

(B.5)
we can cast

(B.6)

where we have used the compact notation
(n+1)

δXµν (x)
(m)
· Yµν
=
δhαβ

Z

(n+1)

δXµν (x) (m)
ω
Y (y) .
δhαβ (y) αβ
y

(B.7)

Moreover, it is important to observe that
n
(n−m+1)
X
δXµν
(m)
· Yαβ = [O(hn )]µν .
δh
αβ
m=0

(B.8)

Finally, it is useful to write
δ gµν

B.1.2


∞ 
n
(n−m+1)
X
X
δXµν
(m)
=
δn,0 δ ḡµν +
· Yαβ .
δhαβ
n=0
m=0

(B.9)

TDiff transformations

Let us focus on the particular case of TDiff transformations, which are of primary
interest in the framework of UG. In this case, the gauge transformation acting on the
full metric takes the form
δT gµν = gµα ∇ν αT + gνα ∇µ αT ,
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(B.10)

which can be rewritten as the Lie derivative along the vector field µT ,
δT gµν = LT gµν .

(B.11)

Since the action of L is linear, we have
δT gµν =

∞
X

(n)
.
LT Xµν

(B.12)

n=0

Comparing (B.9) and (B.12) order by order in the fluctuation field, we arrive at the
following result
n
(n−m+1)
X
δXµν
(n)
(m)
.
+
= LT Xµν
· Yµν
δhαβ
m=0

δn,0 δT ḡµν

(B.13)

Splitting the sum on the l.h.s., we can write
n−1
(1)
(n−m+1)
X
δXµν
δXµν
(n)
(m)
(n)
· Yαβ = LT Xµν −
· Yαβ − δn,0 δT ḡµν .
δhαβ
δh
αβ
m=0

(B.14)

(1)

Since, as we have seen,
equation for
(n)
Yµν
(x)

(n)
Yαβ ,

=

δXµν (x)
δhαβ (y)

is non-singular (and ultra-local), we can solve the last

resulting in

δhµν (x)
(1)


·

δXαβ

(n)
LT Xαβ


(n−m+1)
n−1
X
δXαβ
(m)
−
· Yλρ − δn,0 δT ḡαβ .
δh
λρ
m=0

(B.15)

The “quantum” TDiff transformation, used in the Faddeev-Popov procedure, is a
particular type of decomposition where the background metric remains unchanged
δQT ḡµν = 0 .

(B.16)

In such a case, the transformation of the fluctuation field can be written as
δQT hµν =

∞
X

(n)

YQ, µν ,

(B.17)

n=0

with recursive relations
(n)
YQ, µν (x)

=

δhµν (x)
(1)

δXαβ



(n−m+1)
n−1
X
δXαβ
(n)
(m)
· LT Xαβ −
· YQ, λρ .
δh
λρ
m=0

(B.18)

“Background” TDiff transformations, on the other hand, is defined by a split of the
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transformation where the background metric transforms as tensor field, namely
δBT ḡµν = LT ḡµν .

(B.19)

Combining this definition with (B.15), the background transformation δBT acting on
the fluctuation field results in
δBT hµν = LT hµν ,

(B.20)

which can be verified through an inductive process.

B.1.3

Split symmetry

As we have discussed in Chap. 3, split symmetry is characterized by a joint transformation ḡµν 7→ ḡµν + δsplit ḡµν and hµν 7→ hµν + δsplit hµν that keeps the full metric
invariant, i.e., δsplit gµν = 0. Let us define the action of δsplit on the background metric
according to
δsplit ḡµν = −χµν ,

(B.21)

where χµν = χµν (x) is a local transformation parameter. This definition is inspired
lin.
lin.
in the linear parameterization, where δsplit
ḡµν = −χµν and δsplit
hµν = κ−1 χµν . For the
exponential parameterization, Eq. (B.9) leads to the following result
−δn,0 χµν

n
(n−m+1)
X
δXµν
(m)
· Yαβ = 0 .
+
δhαβ
m=0

(B.22)

(n)

Once again we can solve for Yµν , which results in the following recursive formula
(n)
Yµν
(x)

B.2

=

δhµν (x)
(1)

δXαβ


(n−m+1)
n−1
X
δXαβ
(m)
· Yλρ
· δn,0 χαβ −
.
δh
λρ
m=0


(B.23)

Fermions and the exponential parameterization

The coupling of fermions to gravity, used in Chap. 4, in a setting without torsion, occurs through the vielbein and the spin-connection. Since our formulation is
based on functional quantization of the fluctuation field hµν , we have to express both
the vielbein and spin-connection in terms of hµν in accordance with the exponential
parameterization.
We start with the vielbein, denoted as eaµ . For our purposes it is sufficient to expand
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eaµ up to second order around a flat background, namely
1
eaµ = δµa + δeaµ + δ 2 eaµ + O(δ 3 e),
2

(B.24)

where δµa is the (trivial) flat space vielbein. In order to gauge fix the local O(d) symmetry which follows from the definition of the vielbein, we adopt the Lorentz symmetric
gauge-fixing given by [276, 277]
eµa δbµ − eµb δaµ = 0 .

(B.25)

This condition allows us to obtain the expressions
1
δeaµ = δ νa δgµν ,
2

(B.26a)

1
1
δ 2 eaµ = δ νa δ 2 gµν − δ νa δ αβ δgµα δgνβ .
2
4

(B.26b)

For the exponential parameterization, we have δgµν = hµν and δ 2 gµν = hµα hνα , resulting
in the following expansion for the vielbein
1
1
eaµ = δµa + δ νa hµν + δ νa hµα hνα + O(h3 ).
2
8

(B.27)

Now, let us turn our attention to the spin-connection, denoted as ωµ . In our setting,
the spin-connection is not taken as an independent variable. Assuming metric compatibility (∇µ eaν = 0) along with the absence of torsion, one can express ωµ according to
the expression

ωµ = [γ a , γ b ] δac ecν ∂µ eνb + δac Γλµα ecλ eαb ,

(B.28)

Expanding eaµ and Γαµν up to the second order in the fluctuation field hµν , leads to

1 α β
1
ωµ = [γ , γ ]∂β hµα + [γ , γ ] − hαλ ∂µ hβλ +
2
2
α

−

β

hβλ ∂λ hµα

−

hαλ ∂β hµλ

+

∂β hµρ hαρ

+

hµρ ∂β hαρ



+ O(h3 ).

(B.29)

An alternative to the use of vielbein in the description of fermion-systems is the
spin-base formalism [278–280]. At the level of our computations both formalisms render
the same results.
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Appendix

C

Some explicit expressions
C.1

Results from Chap. 3

In this appendix we present some explicit expressions corresponding to the calculations described in Chap. 3.
Graviton anomalous dimensions:
ηTT = −
+

5 Gk (468 − 120 m̃2k,TT − 696 m̃4k,TT + (−43 + 73 m̃2k,TT + 116 m̃4k,TT ) ηTT )
2592π(1 + m̃2k,TT )4
Gk (−441 − 816 m̃2k,σ − 348 m̃4k,σ + (73 + 131 m̃2k,σ + 58 m̃4k,σ ) ησ )
648π(1 + m̃2k,σ )4

25 Gk (−16 − 8 m̃2k,TT − 8 m̃2k,σ + (1 + m̃2k,σ ) ηTT + (1 + m̃2k,TT ) ησ )
576π (1 + m̃2k,TT )2 (1 + m̃2k,σ )2
Gk (12 − 7ηc )
,
+
96π
−

ησ = −
+

(C.1)

5 Gk (−252 − 816 m̃2k,TT − 132 m̃4k,TT + (91 + 113 m̃2k,TT + 22 m̃4k,TT ) ηTT )
1296π (1 + m̃2k,TT )4
Gk (144 + 312 m̃2k,σ − 264 m̃4k,σ + (−61 − 17 m̃2k,σ + 44 m̃4k,σ ) ησ )
1296π (1 + m̃2k,σ )4

5 Gk (−16 − 8 m̃2k,TT − 8 m̃2k,σ + (1 + m̃2k,σ ) ηTT + (1 + m̃2k,TT ) ησ )
144π (1 + m̃2k,TT )2 (1 + m̃2k,σ )2
7 Gk (4 − ηc )
−
,
24π

+
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(C.2)

Ghost anomalous dimensions:
ηc =

5 Gk (−24 m̃2k,TT − 5 ηTT + 3 (1 + m̃2k,TT ) ηc )
648π (1 + m̃2k,TT )2
−

(C.3)

Gk (−36 − 24 m̃2k,σ + ησ + 3 (1 + m̃2k,σ ) ηc )
,
81π (1 + m̃2k,σ )2

Flow of symmetry-breaking masses:
∂t m̃2k,TT = − (2 − ηTT ) m̃2k,TT +
+

Gk (100 − 440 m̃2k,σ + (1 + 55 m̃2k,σ ) ησ ) Gk (110 − 7ηc )
−
,
6480π (1 + m̃2k,σ )3
540π

∂t m̃2k,σ = − (2 − ησ ) m̃2k,σ −
−

C.2

Gk (−620 − 1160 m̃2k,TT + (91 + 145 m̃2k,TT ) ηTT )
1296π (1 + m̃2k,TT )3
(C.4)

Gk (−620 − 1160 m̃2k,TT + (91 + 145 m̃2k,TT ) ηTT )
648π (1 + m̃2k,TT )3

Gk (100 − 440 m̃2k,σ + (1 + 55 m̃2k,σ ) ησ ) Gk (110 − 7ηc )
+
.
3240π (1 + m̃2k,σ )3
270π

(C.5)

Projectors on flat background

The transverse and longitudinal projectors (on vector fields) are defined, around
flat background, in the standard way
µν
Pµν
−
T (p) = δ

pµ pν
p2

and

Pµν
L (p) =

pµ pν
.
p2

(C.6)

For rank-2 symmetric tensors, we define the projection operators
Pµναβ
TT (p) =

 1
1  µα
αβ
µβ
να
PT (p)Pνβ
(p)
+
P
(p)P
(p)
− Pµν
T
T (p)PT (p) ,
T
T
2
3

Pµναβ
(p)
ξ

1  µα
µβ
να
PT (p)Pνβ
=
L (p) + PT (p)PL (p)
2

µα
µβ
να
+ Pνβ
(p)P
(p)
+
P
(p)P
(p)
,
T
T
L
L

1 µν
1 µν
αβ
PT (p)Pαβ
T (p) − PT (p)PL (p)
12
4
1 µν
3 µν
αβ
− PL (p)PT (p) + PL (p)Pαβ
L (p) ,
4
4

(C.7a)

(C.7b)

Pµναβ
(p) =
σ
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(C.7c)

1
Pµναβ
= ḡ µν ḡ αβ .
tr
4

(C.7d)

These projectors select the different components of the usual York decomposition [265].
For the purpose of the discussion presented in Sect. 3.4, it is also useful to define the
traceless projector
1
1 µα νβ
+ ḡ µβ ḡ να ) − ḡ µν ḡ αβ .
Pµναβ
1−tr = (ḡ ḡ
2
4
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(C.8)
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