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Abstract

After a short introduction to the global supersymmetry in one dimension, presenting
the basic definitions and tools, we construct the non-minimal linear representations of the
N = 4 Extended Supersymmetry in one-dimension. They act on 8 bosonic and 8 fermionic
fields. Inequivalent representations are specified by the mass-dimension of the fields, the
connectivity of the associated graphs, commuting group and node choice group. Due to
the important role that graphical representation plays for this classification, we investigate
the correspondence between graphical representation, and algebraic representations. The
distinction between the notion of equivalence for pure supermultiplets and the notion of
equivalence for their associated graphs (Adinkras) is discussed.

“Pure” homogeneous linear supermultiplets (minimal and non-minimal) of the N" = 4-
Extended one-dimensional Supersymmetry Algebra are classified. “Pure” means that they
admit at least one graphical presentation (the corresponding graph/graphs are known as
“Adinkras”).

Discrete properties such as “chirality” and “coloring” can discriminate different su-
permultiplets. The tools used in our classification include, among others, the notion of
field content, connectivity symbol, commuting group, node choice group and so on. The
oxidation to minimal N = 5 linear representations are given.

We further prove the existence of “entangled” linear supermultiplets which do not
admit a graphical presentation, by constructing an explicit example of an entangled N' = 4
supermultiplet with field content (3,8,5). It interpolates between two inequivalent pure

N = 4 supermultiplets with the same field content. The one-dimensional N' = 4 sigma-
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model with a three-dimensional target based on the entangled supermultiplet is presented.

Two types of N' = 4 o-models based on non-minimal representations are obtained: the
resulting off-shell actions are either manifestly invariant or depend on a constrained pre-
potential. The connectivity properties of the graphs play a decisive role in discriminating
inequivalent actions. These results find application in partial breaking of supersymmetric
theories.

Based on minimal representation of the global N-Extended one-dimensional Super-
symmetry algebra we construct D-module representations of superconformal algebras in
one dimension. We found that at critical values of the scaling dimension A, these repre-
sentations induce D-module representations of finite superconformal algebras (the latters
being identified in terms of the global supermultiplet and its critical scaling dimension).

For N' = 4,8 and global supermultiplets (k, V', N'— k), the exceptional superalgebras
D(2,1; «) are recovered for N' = 4, with a relation between « and the scaling dimension
given by a = (2— k). For N = 8 and k # 4 all four N' = 8 finite superconformal algebras

are recovered, at the critical values A\, = k—il, with the following identifications: D(4, 1)
for k =0,8, F(4) for k=1,7, A(3,1) for k = 2,6 and D(2,2) for k = 3,5.

The N' = 7 global supermultiplet (1,7,7,1) induces, at A = —}l, a D-module repre-
sentation of the exceptional superalgebra G(3).

D-module representations are applicable to the construction of superconformal me-
chanics in a Lagrangian setting. The isomorphism of the D(2,1;a) algebras under an
S3 group action on «, coupled with the relation between o and the scaling dimension
A, induces non-trivial constraints on the admissible models of N/ = 4 superconformal
mechanics. The existence of new superconformal models is pointed out. E.g., coupled
(1,4, 3) and (3,4, 1) supermultiplets generate an N' = 4 superconformal mechanics if X is

related to the golden ratio.

The relation between classical versus quantum D-module representations is presented.
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Resumo

Apbs uma pequena introducao sobre a supersimetria global unidimensional, apresen-
tando as definicoes e ferramentas basicas, construimos as representacoes nao-minimais
lineares da Supersimetria Estendida A/ = 4 unidimensional. Eles atuam em campos com
8 bdsons e 8 férmions. Representagoes nao equivalentes sao especificadas pela dimensao de

4

massa dos campos, a conectividade dos graficos associados, o grupo comutante e o “node
choice group”. Devido ao papel importante que desempenha a representacao grafica para
esta classificacao, investigamos a correspondéncia entre as representacoes graficas e as
representacoes algébricas.

Discutimos a diferenga entre a nocao de equivaléncia para supermultipletos puros e a
nogao de equivaléncia para seus graficos associados (Adinkras) .

Classificamos os Supermultipletos lineares homogéneos puros (minimais e ndo-minimais)
da dlgebra da supersimetria estendida unidimensional N’ = 4. O termo Puro significa que
eles admitem pelo menos uma representacao grafica (o gréfico correspondente / graficos
sdo conhecidos como “Adinkras”).

Propriedades discretas tais como, ”quiralidade” e coloracao podem discriminar difer-
entes supermultipletos.

As ferramentas utilizadas na nossa classificacao incluem, entre outros, a nogao de
conteudo do campo, simbolo de conectividade, grupo comutante, node choice group e outros
mais. Mostramos a oxidacao minimal para representacoes lineares N’ = 5.

Provamos ainda a existéncia de supermultipletos lineares emaranhados que nao ad-

mitem uma representacao grafica, através da construcao de um exemplo explicito de um
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supermultipleto emaranhado N' = 4 com componentes do campo (3,8,5). Isto interpola
entre dois sumermultipletos puros N' = 4 nao equivalentes com as mesmas componentes
do campo. Apresentamos o modelo sigma unidimensional A = 4 com um alvo tridimen-
sional baseado no supermultipleto emaranhado.

Sao obtidos dois tipos de modelos-c N/ = 4 nas representacoes nao-minimais: as
acoes off-shell resultantes sao manifestamente invariante ou dependem de um prepotencial
vinculado. As propriedades da conectividade dos graficos desempenham um papel decisivo
em discriminar acoes nao equivalentes. Estes resultados encontram aplicagoes em quebra
parcial das teorias supersimétricas.

Baseado na representacao minimal da &lgebra N -estendida supersimétrica unidimen-
sional, construimos representacoes D-moddulos de dlgebras superconforme em uma di-
mensao. Descobrimos que em valores criticos da dimensao de scala A, essas representagoes
induzem representacoes D-mddulos de algebras superconforme finitas.

Para N = 4,8 e supermultipletos globais (k, N', N’ —k) , as superdlgebras excepcionais
D(2,1; @) sao recuperadas por N' = 4, com uma relagao entre o e a dimensao de escala
dada por @ = (2—k)\. Para N = 8 e k # 4 todas as quatro dlgebras superconforme finitas

N = 8 sdo recuperadas, para valores criticos A\, = ﬁ, com as seguintes identificagoes:
D(4,1) for k =0,8, F(4) for k =1,7, A(3,1) for k =2,6 e D(2,2) for k = 3,5.

O supermultipleto global N' = 7 (1,7,7,1) induz, para A = _4117 uma representacao
D-médulo da superélgebra excepcional G(3).

As representacoes D-modulos sao aplicadas na construcao da mecéanica superconforme
no cenario Lagrangiano. O isomorfismo das algebras D(2, 1; ) para o grupo S agindo
em «, aclopados a relagao entre a e a dimensao de escala A, induz vinculos nao triviais no
modelos admissivel da mecanica superconforme N’ = 4. A existéncia de um novo modelo
superconforme é apontado para fora. Por exemplo, os supermultipletos (1,4, 3) e (3,4, 1)

geram uma mecanica superconforme N = 4 si \ est4 relacionada a razao de ouro .

Apresentamos a relacao entre as representacoes D-médulo cldssicas e quanticas.
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Chapter 1

Introduction

Supersymmetry is the supreme symmetry: from the viewpoint of a unification theory,
it unifies space-time symmetries with internal symmetries, accommodate bosons and
fermions within a multiplet and (for supergravity) gravity with matter. Under quite
general assumptions it is the largest possible symmetry of the S-matrix. In the sixties it
was believed that it was possible to find a symmetry with particles with different spins on
the same multiplet. In the year 1967, Sidney Coleman and Jeffrey Mandula published a
paper on “All Possible Symmetries of the S Matrix” containing their famous “Coleman-
Mandula no-go theorem” stating that “space-time and internal symmetries cannot be
combined in any but a trivial way” and the only conserved quantities apart from the gen-
erators of the Poincaré group must be Lorentz scalars [1]. However, each no-go theorem
can be applied if all its hypotheses are satisfied. The Coleman-Mandula theorem starts
from the following assumptions:

1) the S-matrix is based on local, relativistic quantum field theory in four-dimensional
spacetime;

2) there is only a finite number of different particles associated with one-particle states
of a given mass;

3) there is an energy gap between the vacuum and the one particle states.



Loosening up some hypotheses there are options to bypass the theorem. In the year
1975, Haag, Lopuszanski and Sohnius investigated “All possible generators of supersym-
metries of the S-matrix”, mentioning that supersymmetry may be considered a possible
“loophole” of the Coleman-Mandula theorem because it contains additional generators
(supercharges) that are not scalars but rather spinors [2]. This loophole is possible because
supersymmetry is a Lie Superalgebra, not an ordinary Lie algebra. The corresponding
theorem for supersymmetric theories with a mass gap is the Haag-Lopuszanski-Sohnius
theorem. By relaxing the mass gap assumption, the Lie algebra of symmetries of the
S-matrix could be a tensor product of the conformal algebra with an internal Lie algebra.

From the point of view of theoretical physics, supersymmetry is a crucial ingredient
in superstring theory. As a symmetry of the two-dimensional “world sheet” of strings
it was proposed in the beginning of the 70s by Pierre Ramond, John H. Schwarz and
Andre Neveu [3]. Almost at the same time J.L. Gervais and B. Sakita wrote down the
first supersymmetric action which was the two-dimensional superstring action (1971) [4].
Golfand and Likhtman extended Poincaré algebra to the Super Poincaré algebra and built
the first supersymmetrtic field theory in four-dimension (1971) [5].

Volkov and Akulov found a nonlinear realization of the same supersymmetric algebra
that they used to write a geometrical Lagrangian (1972) [6]. Nonlinear realizations play
an important role in theories with spontaneously broken symmetries.

In 1973, Wess and Zumino published three works on the building of supersymmet-
ric gauge theories in four dimensions “A Lagrangian Model Invariant Under Supergauge
Transformations”, “Supergauge Transformations in Four-Dimensions ” and “Supergauge
Invariant Extension of Quantum Electrodynamics ” [7]. After these works, in 1974 Salam
and Strathdee, Ferrara and colleagues found the realization of supersymmetry generators
on a superspace of coordinates and introduced superfields over it to describe a supersym-
metry multiplet. It lead to a rapid development in finding extensions of ordinary field
theories and in studying their properties.

Later on at the beginning of the 80s the Minimal supersymmetric standard model



was completed. There are many good reasons to believe that the Standard Model (SM)
is not the ultimate theory of nature, since it is unable to answer many fundamental
questions, among of them the hierarchy problem, why and how the electroweak scale and
the Planck scale are so hierarchically ( M, /M, ~ 103 ) separated? Renormalization
effects will mix these two mass scales, ruining the separation. Even if we use the fine-
tuning at any order, the problem remains and one has to perform an infinite number of
distinct fine tuning at each order of perturbation theory. Among other attempts such as
conformal theories, extra dimensions and braneworld models, one fascinating solution to
the hierarchy problem is to include supersymmetry, local and global. This has motivated
the Minimal Supersymmetric extension of the Standard Model (MSSM) as the underlying
theory at scales of the order of TeV. Since in supersymmetric theories the higher order
interactions do not renormalize the mass scale, this means that one fine-tuning at the
beginning is enough and we don’t have to fine-tune these parameters at each order of
perturbation.

Unbroken supersymmetry leads to degeneracy between the spectra of the fermions
and bosons in the unified theory. Since this is not observed in nature, we need to have
the supersymmetry broken. There are several ways of breaking supersymmetry, including
soft breaking and spontaneously breaking of supersymmetry.

Another feature of supersymmetric field theories is that they are less ultraviolet diver-
gent than the corresponding non-supersymmetric theory, due to the miraculous cancella-
tions of the divergences of the fermionic loops with those of the bosonic loops. Models
with more than one supersymmetry show even more ultraviolet convergence. For example
it has been shown that N = 4 super Yang-Mills theory and certain versions of N = 2
super Yang-Mills theories are finite theories to all orders, which indicates the power of su-
persymmetry [8, 9]. In some sense, these theories answer Dirac’s old objection to quantum
field theory, that “renormalization theory is contrived and artificial”.

Supersymmetry had become a natural framework for some unified theories after the

discovery of supersymmetric extensions of a theory of gravity, the N = 1 supergravity



theory, that was proposed in 1976 by Freedman, van Nieuwenhuizen and Ferrara. Going
from global supersymmetric theory to local supersymmetries, automatically gives raise to
gravitational interaction and leads to the possibility of unifying gravitational interactions
with other known interactions[10].

Unlike most of the theories in physics, supersymmetry does not build on a well-
understood mathematics, rather it has created its own, rich and truly new mathemat-
ics, one of the rare moments, when mathematicians overlooked a beautiful and useful
structure and came to appreciate it only at the demand of physicists. Supersymmetry
created by the physicists, became important for mathematicians due to its richness and
the surprising connections to well established and developed concepts. For mathemati-
cians supersymmetry provides a virtual playground of structures which beg for a rigorous
foundation and complete classification. However, from a mathematical standpoint, phys-
ical supersymmetry has yet to be fully and properly formulated. This is especially so
regarding the classification of off-shell representations of supersymmetry. Unfortunately,
the term supersymmetry has come to mean slightly different things to physicists and
mathematicians. This has caused some unfortunate mis-communication, which has par-
tially hindered the historic synergy between these respective fields. In mathematics, the
term “supersymmetry” is used to describe algebraic structures which possess a Zs-grading
and obey standard sign conventions related to that grading. In physics, the term “su-
persymmetry” is much more specific, referring to structures which are equivalent with
respect to the super Poincaré group, the super Poincaré algebra, or their many variants.

At the present time there is no direct experimental evidence that supersymmetry is
a fundamental symmetry of nature. LHC has put stringent constraints on simple model
constructions and a large parameter region of the TeV scale for supersymmetric models
has been already excluded [12]. On 8 November 2012 the LHCb team reported on an
experiment seen as a “golden” test of supersymmetry theories in physics, by measuring
the very rare decay of the By meson into two muons (B? — u™ + 7). The results,

which match those predicted by the non-supersymmetrical Standard Model rather than



the predictions by supersymmetric models, show that the decays are less common than
some forms of supersymmetry predict, though could still match the predictions of other
versions of supersymmetry theory. The results as initially drafted are stated to be short
of a proof but at a relatively high 3.50 level of significance.[14]

Of course, these results are not enough to convince theoretical physicists to abandon
the whole elegant idea of supersymmetry. Indeed, all consistent unification of gravity
with other three fundamental interactions require supersymmetry, while in principle the
breaking scale could be even close to the Planck scale. For string theory to be consistent,
supersymmetry appears to be required at some level (although it may be broken strongly).
Even if supersymmetry, supergravity and superstrings are not the ultimate theories, their
study will increase our understanding of classical and quantum field theory and they may
be an important step in the understanding of some yet unknown, correct theory of nature.
Summarizing, supersymmetric theories give us a theoretical laboratory to study field
theories with radically different properties. They mix isospin and space-time symmetries
giving hope of putting all subatomic particles in the same irreducible representation. In
some cases we can cancel enough divergences to construct theories that are finite to all
orders of perturbation theory. The local version of supersymmetric theories necessarily
contain gravity. The ideas of supersymmetry have stimulated new approaches to other
branches of physics like atomic, molecular, nuclear, statistical and condensed matter
physics, a well as nonrelativistic quantum mechanics.

In the context of understanding the breaking down of supersymmetry in field theory,
the subject of supersymmetric quantum mechanics has been introduced for the first time.
In 1981, Edward Witten used a one-dimensional supersymmetric model, the supersym-
metric quantum mechanics, as a simple model where dynamical supersymmetry breaking
really does occur [15]. This model had led to new lines of research and applications in
various areas of physics.

The SQM (supersymmetric quantum mechanics) has become important on its own

right. It was realized that SQM gives insight into the factorization method of Infeld



and Hull, which was the first attempt to categorize the analytically solvable potential
problems. A whole technology has been evolved based on SQM to understand solvable
potential problems and even discover new solvable potential problems. For potentials
which are not exactly solvable a powerful new supersymmetric approximation method has
been developed [16]. Nowadays SQM still represents a very active domain of research with
a wide range of applications in different fields of theoretical and mathematical physics,
such as non-linear equations, statistical physics, inverse scattering methods, and exactly
solvable models. Also SQM plays an important role in different lines of research, as
spontaneously breaking of SUSY [17, 18], the description of the motion of test particle
near horizon of black holes [19, 20, 21, 22, 23], magnetic monopoles [24] , AdS? / CFT;
correspondence [25, 26], superconformal quantum mechanics [27, 28, 29, 30, 31, 32] and
investigating the light-cone dynamics of supersymmetric theories [33].

Since 70’s, although many supersymmetric theories have been known and investi-
gated, there is still no concrete classification of supermultiplets, even in the simple one
dimensional case, which has been subject of several investigations during last few decades.
Great attention has been given to one-dimensional N-extended supersymmetric models
due to the fact that by dimensional reduction one can relate a supersymmetric model
living in higher dimensions to another supersymmetric model living in one dimension
[34]. Many properties (including the representation theory) of supersymmetric theories
in higher dimensions are encoded in some way in the representations of the corresponding
one-dimensional N -extended theory obtained by dimensional reduction, where power-
ful mathematical technology and theoretical framework have been developed. The first
formalism that has been used to attack this program is the superspace and superfield
formalism. Indeed it is quite convenient to construct manifest invariants. Although, for
small N (N < 8) superspace formalism works well, however, for large values of A/, the as-
sociated superfields are getting too reducible. They require introducing more constraints
to extract the irreducible representations to the point of becoming soon impractical [35].

Another alternative formalism for constructing, understanding and classifying one-



dimensional supersymmetrical theories was introduced by A. Pashnev and F. Toppan
[38]. Based on this approach the classification of the irreducible off-shell representations of
the one-dimensional N -extended supersymmetry has been given, based on the connection
with well known mathematics such as Clifford algebras, division algebras and etc. [37, 38].

The question of constructing and classifying N -extended SQM theories has not been
fully completed yet. Our focus in this thesis is specifically to the classification of off-
shell representations of arbitrary A-extended one-dimensional superalgebras, including
superconformal algebras.

The work has been structured as follows. In the continuations of this chapter we
briefly review the technical framework that has been developed during the last 15 years
by S.J Gates and collaborators and by F. Toppan and collaborators.

In chapter 2 we construct and classify the non-minimal linear representations of the
N = 4 Extended Supersymmetry in one-dimension. “Pure” homogeneous linear super-
multiplets (minimal and non-minimal) of the N' = 4-Extended one-dimensional Super-
symmetry Algebra are classified.

We further prove the existence of “entangled” linear supermultiplets which do not ad-
mit a graphical presentation, by constructing an explicit example of an entangled N = 4
supermultiplet with field content (3,8,5). The distinction between the notion of equiva-
lence for pure supermultiplets and the notion of equivalence for their associated graphs
(Adinkras) is discussed.

In chapter 3 o-models based on non-minimal representations are constructed: the
resulting off-shell actions are either manifestly invariant or depend on a constrained pre-
potential. The connectivity properties of the graphs play a decisive role in discriminating
inequivalent actions. The one-dimensional N/ = 4 sigma-model with a three-dimensional
target based on the entangled supermultiplet is presented.

Based on representation of global supersymmetry in one dimension, we construct the
D-module representations of superconformal algebra in chapter 4. We found that this

construction is only possible for some critical values of the scaling dimension A (the lowest



engineering dimension of fields entering the representation).

In chapter 5 these D-module representations are applied to the construction of super-
conformal mechanics in a Lagrangian setting. Non-trivial constraints on the admissible
models of N/ = 4 superconformal mechanics are discussed and we spend some words on

superconformal quantum mechanics.

1.1 Review of the one dimensional Supersymmetry

Here we briefly review the theory, definitions and properties characterizing the linear
representations of the one-dimensional N-Extended Superalgebra.

Higher-dimensional N/ = lsupersymmetric gauge theories are known to lead to gauge
theories with extended supersymmetries in four dimensions. Well known examples are
N = 1 supersymmetric gauge theories in ten and six dimensions leading to N' = 4 and
N = 2 supersymmetric gauge theories in four dimensions under trivial reduction [52, 53].
Some supersymmetric quantum mechanics with large extended number of supersymme-
tries (N) are obtained as “shadows” of higher-dimensional supersymmetric theories.

By dimensional reduction, we mean an equivalence relation between a quantum field
theory and another quantum field theory (shadow theory) defined on the submanifold of
the target manifold of the first theory. A specific dimensional reduction that we use to get
one dimensional supersymmetric theories is the most radical reduction, where all space-
dimensions are frozen and only one coordinate dependence is left, which we choose to be
the time coordinate. This process reduces quantum field theory to quantum mechanics and
will lead to a one-dimensional theory that maintains all of the supersymmetry apparent in
the higher dimension. In this case, the representation theory of the higher dimensional off-
shell supertheories are contained in the one-dimensional theories, where we can employ
more known and powerful mathematical tools (based on the available classification of
Clifford algebras) which are not available in higher dimensions.

The reverse process of dimensional reduction is “ozidation”. By oxidation, we mean



to construct a higher dimensional theory from information encoded in the theories living
in lower dimension. It is an easier process to construct a lower dimensional theory from a
given higher dimensional theory. On the other hand, it is more challenging to construct
a higher dimensional supersymmetric model out of lower dimensional model(s), or to
determine whether a lower dimensional model actually is a shadow.

Although all higher dimensional theories have shadows, not all lower dimensional su-
persymmetric theories may be interpreted as shadows. This statement is specifically true
when we consider one dimensional supersymmetric models, where some supersymmetric
one-dimensional theories seem to exist only in one dimension. They are still important
on their own right as SQM models.

Deeper understanding of the oxidation process is highly demanded. Particularly be-
cause, together with complete classification of one-dimensional supersymmetry, it provides
a systematical tool to construct and investigate all possible supersymmetric theories in
an arbitrary dimension. This has motivated a branch of researches, but it still remains
an open problem [54, 55].

We address the question of off-shell realizations of supersymmetric theories here. This
question was forwarded by J. Gates as follow [56]:

“Why is it that in most theories involving supersymmetry, we (are) not able to describe
them in a way that is independent of their dynamics?”

The question concerns the way that supersymmetry generators act on the fields. In
off-shell representations they act on fields, disregarding the specific dynamics of fields,
while on-shell representations are dynamically dependent and restrict the action to fields
which satisfy the equations of motion.

Although on-shell representations are more complicated, they are more common in
physics, and only few supersymmetric theories are well understood in their off-shell for-
malism.

It is possible to obtain several on-shell representations, from one off-shell representation

by restrict it using different Lagrangians. The reverse, finding the off-shell representations



for all supersymmetric theories proved to be challenging [57, 58].

One way to attack this problem (proposed by Gates et al) is studying off-shell su-
persymmetric representations in terms of their dimensional reductions to one dimension,
noting that off-shell representations of one-dimensional supersymmetry can be constructed

based on Clifford algebra [56].

1.1.1 N-extended supersymmetric quantum mechanic algebra

and Clifford algebra

N-extended supersymmetric algebra in one dimension, the algebra of super quantum
mechanics, includes N fermionic generators Q; (I =1, ..., N.) together with one bosonic
operator H which we choose to be the hamiltonian operator, generating the temporal

evolution of the system, satisfying the following (anti)commutators:

Qr,Qsy = o0,H (1.1)

Qr, H] = 0,

where I, J =1,..., N, and H is represented by the time-derivative H = 8%.

(Herein, we focus on supersymmetry with no central charge.)

The irreducible linear representations are given by supermultiplets, which contain fi-
nite number of graded fields (bosonic and fermionic fields with different gradings). These
fields are depending on a single coordinate ¢ (the time). The generators ()rs are repre-
sented as matrices, acting on the supermultiplet, whose entries are polynomials on the
time-derivative (in the case of linear representations, they are either c-numbers or time-
derivatives). In one dimension, the concept of “ spin” is no longer present. From the
dimension reduction, we know that fermionic fields are Grassmannian (anti-commuting
fields) and according to the dimensional analysis, fields with different spins appear with
different “mass-dimension” in the higher dimensional theories, as well the dimensionally

reduced theory (see [59] and tables therein).
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We use the “mass-dimension” of the fields as a grading. Since the hamiltonian H is
proportional to the time-derivative operator 0 = %, it has a dimension 1, therefore the
dimension 1/2 is associated to the supercharges Q;’s.

A grading, the Engineering dimension d, can be assigned to any field entering a
linear representation. Conventionally one can associate bosonic (fermionic) fields with
integer (respectively, half-integer) engineering dimension.

Field content:

Each finite linear representation is characterized by its “Field content” [38, 37], i.e. the
set of integers (ny,na, ..., n;) specifying the number n; of fields of engineering dimension
d; (d; = dy + %, with d; an arbitrary constant as the lowest engineering dimension of
supermultiplet) entering the representation. Either ny,ns, ... correspond to the bosonic
fields (therefore ng, ny, ... specify the fermionic fields) or vice versa.

In both cases the equality n; +n3+... =na+mn4+... = n is guaranteed. Physically, the
n; fields of highest dimension are the auxiliary fields which transform as time-derivative
of the field under any supersymmetry generator. The maximal value [ (corresponding to
the maximal dimensionality d;) is defined to be the length of the representation. A repre-
sentation which has length | = 2 called a “root” representation. The root supermultiplet
is specified by the A supersymmetry operators @ r (I =1,...,N), expressed in matrix

form as

-~ 1 0 VI -~ 1 0 1n
QJ = = ) QN = = 3 (12)
V2 o B 0 V2l 1.1 o

where the v; matrices (J = 1,..., N — 1) satisfy the Euclidean Clifford algebra

{vwt = 2001, (1.3)

Higher-length pure supermultiplets are obtained by applying a “dressing transforma-
tion” [38] to the length-2 root supermultiplet. For example the length-3 supermultiplets

are specified by the N operators @Q;, given by the dressing transformation

Q = D@D, (1.4)
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where CAQ 7 is a root supercharge and D is a diagonal dressing matrix such that

D = , (1.5)

with D an n x n diagonal matrix whose diagonal entries are either 1 or the derivative
operator 9;. We treat the inverse of ; entering D~! matrix as an algebraic object. A
dressing matrix is an acceptable (regular) dressing transformation if and only if at the
left hand side of 1.4 the inverse of 0; does not appear explicitly.

In this framework, the classification of irreducible representations of the one dimen-
sional supersymmetric algebra is reduced to the classification of root supermultiplets(
equivalent to the classification of Clifford algebra) and classifying all regular dressing
transformations.

According to Clifford algebra representation, the total number n of bosonic fields
entering an irreducible representation (which equals the total number of fermionic fields)

is expressed, for any given value of N, by the following relation

n = 2G(m) (1.6)

where ' = 8p +m and G(m) is Radon-Hurwitz function with following values:

m |1 2 3 4 5 6 7 8

Gm)|1 2 4 4 8 8 8 8

We present the minimum number of bosonic (and equally fermionic) fields, required

for an irreducable representation up to N' = 32, in the following table:
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N=1 1 N=9 16 |N =17 256 | N =25 4096
N=2 2/ N=10 32 |N=18 512 [N =26 8192
N=3 4/N=11 64 [N =19 1024 | N =27 16384
N=4 4|N=12 64 [N =20 1024 | N =28 16384 (1.8)
N=5 8|N =13 128| N =21 2048 | N =29 32768
N=6 8| N=14 128| N =22 2048 | N =30 32768
N=7 8§/ N=15 128 N =23 2048 | N =31 32768
N=8 8/ N=16 128 | N =24 2048 | N =32 32768

More details on these subjects could be found in [38, 60, 61]. Due to the importance
of length-3 multiplets for our work, we emphasize another result, stating that for any
value of NV, all length-3 multiplets of the type (n— k&, n, k) are an irrep of the N-extended

supersymmetry.

1.1.2 Graphical representations

Association with graphs:

There are examples, in theoretical physics, which the diagrammatic technics has been
used to help our imagination, or employed as powerful tools to calculate more sophis-
ticated processes. A famous example is Feynman diagrams. A powerful diagrammatic
technique which usefully encodes many aspects of supersymmetry multiplets has been in-
troduced by J. Gates and M. Faux [62, 36]. According to them, each supermultiplet has a
corresponding distinctive symbolic form which has been called adinkra symbol. Meanwhile
another graphical representation was introduced by F. Toppan and his colleagues with
slightly different conventions [38, 61]. Throughout this paper we introduce and use the
last one. It turns out that the correspondence between supermultiplets and supergraphs
is not one-to-one, as it will be shown in the next chapter. We call those supermultiplets

that admit graphical representation “pure supermultiplets”.
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“Supergraphs” (Adinkras) are A-colored oriented graphs with vertices and edges,
which in a pictorial way encode all details of the supersymmetry transformations on the
component fields within a supermultiplet. The correspondence between supermultiplets
and adinkras is not a one-to-one correspondence. Still this graphical technics plays an
important role and they provide a systematic classification tool for representations of
supersymmetry. The association between pure linear supersymmetry transformations
and N -colored oriented graphs [62] goes as follows. The fields (bosonic and fermionic)
entering a representation are expressed as vertices. They can be accommodated into
an X — Y plane. The Y coordinate can be chosen to correspond to the engineering
dimension d of the fields. Conventionally, the lowest dimensional fields can be associated
to vertices lying on the X axis. The higher dimensional fields have positive, integer
or half-integer values of Y. A colored edge links two vertices which are connected by
a supersymmetry transformation. Each one of the N (); supersymmetry generators is
associated to a given color. The edges are oriented. The orientation reflects the sign
(positive or negative) of the corresponding supersymmetry transformation connecting the
two vertices. Instead of using arrows, alternatively, solid or dashed lines can be associated,
respectively, to positive or negative signs. No colored line is drawn for supersymmetry
transformations connecting a field with the time-derivative of a lower dimensional field.
This is in particular true for the auxiliary fields (the fields of highest dimension in the
representation) which are necessarily mapped, under supersymmetry transformations, in
the time-derivative of lower-dimensional fields.

The pure irreducible supersymmetry transformations can be presented (the identifi-
cation is not unique) through an oriented N-colored graph with 2n vertices. The graph
is such that precisely N edges, one for each color, are linked to any given vertex which
represents either a 0-engineering dimension or a %—engineering dimension field.

For sake of clarity, we present a few selected graphs associated to non-minimal super-
multiplets Figures 1.1 - 1.1.

An unoriented “color-blind” graph can be associated to the initial graph by disregard-
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Figure 1.1: (4,4), Minimal N = 4 (Root supermultiplet).

Figure 1.3: (2,4,2), Minimal N' =4, C.S. 4,.

ing the orientation of the edges and their colors (all edges are painted in black). Some
topological characteristics of colored blind graphs has been used to classify supergraphs.
Among them, due to the importance of length-3 supermultiplets for physics, Connectivity

symbol has been introduced:
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Figure 1.4: (1,4, 3), Minimal N' =4, C.S. 4s.

Connectivity symbol:
A characterization of length [ = 3 color-blind, unoriented graphs can be expressed

through the connectivity symbol 1, [63], defined as follows

wg = (ml)sl + (m2)52 +.o.+ (mZ)sZ' (19)

The 1, symbol encodes the information on the partition of the n %—engineering dimension
fields (vertices) into the sets of m, vertices (z = 1,...,7) with s, edges connecting them

to the n — k l-engineering dimension auxiliary fields. We have
mi+me+...+my = n, (1.10)

while s, # s,/ for z # 2.

Node choice group:

Obviously a color blind graph, does not contain all information. “Node choice group”
is a topological characteristic. It encodes color information. Given a graph associated to
an N-Extended pure supermultiplet, its node choice group [64] is the set of A/-character
strings (of 0’s and 1’s), closed under the term-by-term Z, addition (0+0 = 14+1 = 0, 041 =
14+ 0=1). An N-character string of r 1’s (associated to the supersymmetry generators
Qi+, Q) and N — r 0’s (associated to the remaining supersymmetry generators)
belongs to the node choice group if and only if for any vertex of the graph (denoted as
Vin), the path @, ... Q;,. produces a final vertex Vy;, with the same engineering dimension

as V,. Obviously r must necessarily be an even number.
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A node choice group will be presented either by its set of generators (they will be
denoted as “< -,-,... > "), or by its total set of elements (denoted as “{-,-,...}"). We
have, for instance, < 1100,0011 >= {0000, 1100,0011, 1111}.

Chirality of the N = 4 minimal supermultiplets:

The N = 4 root supermultiplet has a chirality associated with the overall sign (n = +1)
of the totally antisymmetric tensor €, [61]. Its supersymmetry transformations are given

by

Qi(vo,vj5 X0, Aj) = (Niy =0iA0 — N€ijkAk; — s, 0500 + M€K0k ), (1.11)

Q4(U0,Uj;)\0,)\j) = ()\0,)\3‘;@0,@3')7

for 4,5,k =1,2,3.

The notion of chirality for the root supermultiplet is extended and applied to the
chirality of its dressed supermultiplets.

One can define overall chirality for a collection of (r = 1,2, ..., n) independent minimal
N = 4 supermultiplets with chirality 7,. The modulus A = |3 n,| is their overall
chirality. In the next chapter we discuss the importance of this notion.

For the sake of completeness we review some other definitions of the properties char-
acterizing the homogeneous linear representations which applied in our work:

Dual supermultiplet:

A dual supermultiplet is obtained by mirror-reversing, upside-down, the graph asso-
ciated to the original supermultiplet.

Commuting group:

For a given supermultiplet, its commuting group [65] is the maximal group of linear
transformations of the component fields which commute with all supersymmetry trans-
formations. For a root supermultiplet, its commuting group is read from the Schur’s
character (real, complex of quaternionic) of the associated Clifford algebra, see [65]. For
dressed supermultiplets, the commuting group generators must commute with the dressing

operator. The commuting group of the non-minimal supermultiplets has been discussed
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in the text.

Figure 1.5: (8,8), /' =8 (Root supermultiplet).

Figure 1.6: (4,16, 12), Connected N' =5, C.S. 124 + 43.
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Chapter 2

Non-minimal, Pure and Entangled

Supermultiplets

This chapter is an edited version of first parts of [66]and [67] written in collaboration with

M. Gonzales, K. Iga, and F. Toppan.

2.1 Introduction

The 1D N-Extended Superalgebra, with N odd generators Q; (I = 1,2,...,N) and a

single even generator H satisfying the (anti)-commutation relations

{Qr,Qs} = o01H,

[H,Q:] = 0, (2.1)
is the superalgebra underlying the Supersymmetric Quantum Mechanics [15]. In recent
years the structure of its linear and non-linear representations has been unveiled by a
series of works (upon which the present investigation is based) [38]-[51], that we will
briefly comment.

In this chapter, at first we present a systematical investigation of the inequivalent non-
minimal linear supermultiplets carrying a representation of the one-dimensional N = 4-

Extended Superalgebra as an example. The construction of associated N' = 4-invariant
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o model will be presented in the next chapter.
In the second part of this chapter we present a class of entangled supermultiplets. We
illustrate the notion by an example from N' = 4. The associated N' = 4-invariant ¢ model

of this example will be presented in the next chapter.

The linear representations under considerations (supermultiplets) contain a finite,
equal number of bosonic and fermionic fields depending on a single coordinate (the time).
The operators (7 and H act as graded differential operators. The linear representations
are characterized by a series of properties and tools. They include, among others, the
notions of engineering dimension (or, equally used terminology mass-dimension), length
of a supermultiplet, mirror symmetry duality, connectivity symbol, node choice group, com-
muting group, possible chirality and/or coloring of the supermultiplets). They are revised
partially in the Introduction and further discussed in the text, when needed.

The minimal linear representations (also called irreducible supermultiplets) are given
by the minimal number n,,;, of bosonic (fermionic) fields for a given value of N'. The

value 1, is given [38] by the formula

N = 8l+m,

Nin = 2%G(m), (2.2)

where [ =0,1,2,...and m =1,2,3,4,5,6,7,8.

G(m) appearing in (2.2) is the Radon-Hurwitz function

m |1 2 3 4 5 6 7 8

Gm)|1 2 4 4 8 8 8 8

(2.3)

Non-minimal linear representations, which are basically those representations whose
their field contents contain a larger number of fields than the minimal one, have been

discussed in [37, 64, 51, 68, 65]. An important subclass of non-minimal representations is

20



given by the reducible but indecomposable supermultiplets (see [37]). For this subclass

the associated graph is connected (there is a path connecting any two given vertices).
The maximal finite number n,,,, of bosonic (fermionic) fields entering a non-minimal

representation, that still gives a connected associated graphical representation, is given

by [64, 51]

(equal to the number of vertices of a hyper A/-cube)

For N' = 4 we have that n,,,, = 4 and n,.. = 8. As a consequence, there are
only two subclasses of non-minimal N' = 4 representations. Besides the irreducible but
indecomposable subclass, we have the subclass of fully reducible representations given by
the direct sum of two minimal A = 4 representations (the associated graph is disconnected
and given by two separate minimal A/ = 4 graphs).

While most of the properties that have been used to distinguish between different linear
realizations of the algebra with the same field contents involve the graphical association
and topological features of them, an important key issue concerns the distinction between
the equivalence class of pure supermultiplets and the equivalence class of their associated
graphs.

Equivalent graphs are related by two types of moves:

i) local moves, based on the permutation of vertices with the same engineering dimension
and

ii) global moves, based on the permutation of the colored edges with or without a sign
flipping.

Global moves are responsible for properties such as the global chirality or the global
color of a graph expressed by a combination of disconnected subgraphs. Indeed, if a graph
is a disjoint union of disconnected subgraphs, local moves can only affect some subgraphs,
while leaving unaffected the remaining ones. On the other hand, the global moves produce

a global effect.
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The local moves are a special type (corresponding to permutations of the vertices) of
linear transformations of fields with the same engineering dimension. Among the linear
transformations of fields with the same engineering dimension another special type of
transformations deserves the name (in reference to the famous story and for reasons that
will soon be clear) of gordian transformations. Acting on a pure supermultiplet a gordian
transformation maps its associated graph into another graph which cannot be recovered
from the previous one under 7 and 7 moves. Even if the two graphs belong to inequivalent
classes under ¢ and i moves they describe, nevertheless, the same pure supermultiplet.
We discus this relation precisely, presenting an explicit example of a pure supermultiplet
(the non-minimal ' = 4 supermultiplet with (4,8,4) field content and 8, connectivity
symbol) which can be presented either as a fully connected graph or as a disconnected
graph (the disjoint union of two disconnected subgraphs).

We further prove the existence of “entangled” linear supermultiplets which do not
admit a graphical presentation, by constructing an explicit example of an entangled N' = 4
supermultiplet with field content (3,8,5). It interpolates between two inequivalent pure
N = 4 supermultiplets with the same field content. The scheme of this section is the
following.

In section 2 we briefly review the classification of the pure supermultiplets for N = 3.
We also discuss the notion of “coloring” for the N'= 3 supermultiplet with field content
(2,4,2). In section 3 we present the classification of the pure (minimal and non-minimal)
homogeneous linear supermultiplets for N'= 4. They will be discriminated by their field
content, connectivity symbol, node choice group, commuting group. In certain cases the
notions of chirality and coloring apply.

We also present the so-called ”oxidation diagrams” connecting the non-minimal N = 4
representations with the minimal A" = 5 ones.! We employ the techniques introduced in

[69]. The presented results answer the following question: which minimal N' = 5 su-

'We postpone to the Conclusions the discussion about the meaning of the term ozidation and of the

physical importance of the so-called oxidation program, see [56, 70, 65].
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permultiplets can be obtained by adding an extra supersymmetry operator to a given
non-minimal A/ = 4 supermultiplet in such a way to guarantee an overall N' =5 (2.1)
superalgebra. We recall that, due to (2.2), the minimal A/ = 5 representations contain
the same number of fields (8 bosons and 8 fermions) as the non-minimal N" = 4 represen-
tations.

In Section 4 an explicit example of an N/ = 4 supermultiplet which cannot be realized
as a pure supermultiplet is constructed (“entangled supermultiplet”). It corresponds to
an interpolation, with a given angle, of two pure AN/ = 4 supermultiplets with field content
(3,8,5).

In the Discussion we conclude the results and make further comments.

For sake of clarity, we present a few selected graphs associated to non-minimal super-

multiplets at the end of this Chapter (Figures 2.5-2.8).

2.2 The N = 3 supermultiplets

We present at first the list of the N/ = 3 minimal supermultiplets. This is a necessary
preliminary step for producing minimal and non-minimal N' = 4 pure supermultiplets.
Indeed, these ones are obtained from the N' = 3 supermultiplets by adding a compatible
fourth supertransformation (in the case of a non-minimal N' = 4 supermultiplet two
separate N/ = 3 supermultiplets are employed).

All minimal AN/ = 3 supermultiplets are pure supermultiplets associated with a graph-
ical presentation. They contain 4 bosonic and 4 fermionic component fields. Their list
specifying their properties (field content F.C', connectivity symbol C.S., commuting group

C.G., node choice group N.C.G. and coloring col., see the Introduction) is the following
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F.C C.S. C.G. N.C.G. | col.

(4,4) 49 SU(2) | {evens} | 1

(1,4,3) | 13+ 39 1 <000>| 1

(2,4,2) | 2o4+2,| U1) | <110>]| 3

(3,4,1) |3,+1,| 1 |<000>]| 1

(1,3,3,1) <000>| 1

(2.5)

(where “{evens}” denotes the set containing the words with even number of 1’s).

The above supermultiplets come out in two variants (bosonic or fermionic) according
to the grading (even or odd) of the component fields with lowest engineering dimension
(in application to supersymmetric models the fermionic version of the (4,4) root super-
multiplet is often denoted as “(0,4,4)”).

The above supermultiplets are non-chiral.

The special case (2,4,2) supermultiplet appears in 3 different colorings , related to

its presentation in terms of the node choice group, its node choice group admits three
different presentations related by global moves:
NCG; =< 110 >= {110,000}, NCG; =< 101 >= {101,000}, NCG3 =< 011 >=
{011,000}. Let j # 1 be a third root of unity (72 = 1). We can associate to NCG; the
root j; = j%, respectively. For a collection of several independent (r =1,2,...,n) N =3
(2,4,2) supermultiplets the modulus C' = |} j,| is their overall color. Like its chiral
counterpart, the modulus C' is invariant under both local and global moves.

For graphs with N > 3 the notion of coloring is extended to inequivalent (under local
moves only) presentations of its node choice group.The three colorings are related by
global moves (permutation of the supertransformations), so that, under global moves, the
three colorings belong to the same class of equivalence. On the other hand, the modulus
C =|>_"_, jr| specifies the different classes of equivalence, under local and global moves,

of a collection of n independent (2,4, 2) N/ = 3 supermultiplets, each one characterized by
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Figure 2.2: N.C.G. < 101 >

its coloring j,.. In this construction the three colorings are put in correspondence with the
three third roots of unity (j2 = 1, for r = 1,2,3). The graph characterizing the collection
of the n independent supermultiplets is the disjoint union of the n graphs associated to
the independent minimal pure supermultiplets.

For clarity we present the graphs (Adinkras) associated to the three colorings of the
(2,4,2) N = 3 supermultiplet. The three supertransformations are painted in black, red
and green. The graphs are presented in Figures 2.1, 2.2 and 2.3.

For graphs with N > 3 the notion of coloring is extended to inequivalent (under local

moves only) presentations of its node choice group.
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Figure 2.3: N.C.G. < 011 >

2.3 The classification of pure N = 4 supermultiplets

2.3.1 Minimal N = 4 supermultiplets

The minimal N/ = 4 supermultiplets contain 4 bosonic and 4 fermionic fields. They
are all pure supermultiplets associated with a graphical presentation. Their complete
list, together with their properties, is given by the table below (one should note that,
among the N' = 3 supermultiplets, the length-4 (1,3,3,1) is the only one which cannot

be extended to N' = 4 by adding a compatible fourth supertransformation)

F.C. | CS | CG. N.C.G. col.
(4,4) 40 | SU(2) {evens} 1
(1,4,3) | 45 | 1 < 0000 > |

(2,4,2) | 4 | U(1) | <1100,0011 > | 3

(3,4,1) | 4, 1 < 0000 > 1

(2.6)

The above supermultiplets come out in four variants. Similarly to the N = 3 super-
multiplets they are either bosonic or fermionic. Unlike the N' = 3 supermultiplets they
are either chiral or antichiral (n = 41, see Introduction). The chirality is flipped by global
moves so that, for a single supermultiplet, there is only one class of equivalence under

global moves.
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For a collection of several (r = 1,2, ..., n) independent minimal A = 4 supermultiplets
with chirality 7,, the modulus A = | )" n,| is their overall chirality. The modulus is left
invariant under local and global moves. For N' = 3 supermultiplets (disregarding @)4) the

chirality is not defined because one can flip the sign of n with local moves only.

2.3.2 Non-minimal, pure, disconnected supermultiplets

The non-minimal, pure, N” = 4 supermultiplets consist of 8 bosonic and 8 fermionic fields
(that is, twice the number of the component fields of the minimal N' = 4 supermulti-
plets). Two classes of graphs are associated to the non-minimal, pure supermultiplets:
the disconnected graphs, obtained by the disjoint union of 2 graphs associated with the
minimal supermultiplets, and the connected graphs (presenting a path of colored edges
connecting each vertex to any other vertex). The complete list of disconnected graphs for
non-minimal, pure supermultiplets of length [ = 2, 3 is presented in the table below. The
data reported in the table are the field content (F.C.), the connectivity symbol (C.S.),
the commuting group (C.G.), the node choice group (N.C.G.), together with the decom-
position into direct sum of minimal N = 4 supermultiplets and the label used to name

the graphs (“FR” stands for “Fully Reducible”). We have
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The above supermultiplets come out in four variants: either bosonic or fermionic and
either chiral (A
decomposed into 2 minimal supermultiplets of same (opposite) chirality. The suffix A is

used to discriminate the two inequivalent cases (therefore, the non-chiral supermultiplet

2) or non-chiral (A

= 0).

(3,8,5), will be denoted as “(3,8,5), a=0”).

The supermultiplets (4, 8,4). and (4, 8,4)4 possess a different node choice group. This

is a consequence of the decomposition into two minimal (2, 4, 2) supermultiplets with same

F.C. | label decomposition C.S. C.G. N.C.G.
(8,8) | FR (4,4) @ (4,4) 80 SUR2)@SU(2)®@R {evens}
(1,8,7) | FR | (1,4,3) ® (0,4,4) | 44+ 43 SU2)®1,®R < 1111 >
(2,8,6) | a |(2,4,2)®(0,4,4) |44+42| SU2)®@U(1)®R | < 1100,0011 >
b (1,4,3)@(1,4,3) | 8 Lol eR <1111 >
(3,8,5) | a |(3,4,1)®(0,4,4) |44+ 4 SU2)®1,®R < 1111 >
b |(2,4,2) @ (1,4,3) | 43+ 4 Ul)®1l, @R < 1111 >
(4,8,4) | a | (4,4,0)®(0,4,4) [44+4¢ | SU2)®@SU(2) @R {evens}
b | (3,4,1)(1,4,3) | 43+ 44 L®l,®R < 1111 >
c 1(2,4,2)8(2,4,2) | 8 Ul)@U(1)®R | < 1100,0011 >
d |(2,4,2)®(2,4,2) 89 U)oU) ®R < 1111 >
(5,8,3) | a |(4,4,0)®(1,4,3) |44+ 43 SU2)®1,®R < 1111 >
b | (3,4,1)(2,4,2) | 4o+ 4 Ul)®1l, @R < 1111 >
(6,8,2) | a |(4,4,009(2,4,2) |4+4| SU2)®@U(1l)®R | <1100,0011 >
b | (3,4.1) @ (3,4,1)| 8 1L,®1l,®R <1111 >
(7,8,1) | FR | (4,4,0)® (3,4,1) | 41 + 4 SU2)®1,®R < 1111 >
(2.7)

For A = 2 (A = 0) the supermultiplet is

coloring (in the (4,8,4). case) or different coloring (in the (4,8,4), case).
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In terms of node choice group presentations (colorings), the supermultiplets in (2.7)

admitting inequivalent (under local moves) presentations are
(2,8,6)a, (4,8,4)c, (6,8,2)a,

coming out in 3 colorings belonging to the same equivalence class under global moves.

The commuting group of the supermultiplets in (2.7) is the tensor products of three
groups: the two independent commuting groups acting on the left (right) minimal super-
multiplets of the decomposition and R, acting as +I on the component fields of the left
minimal supermultiplet and as —I on the component fields of the right minimal super-
multiplet.

By suitably adjusting the relative engineering dimension of the two minimal supermul-
tiplets, non-minimal disconnected supermultiplets with length [ > 3 can be constructed.

We just mention two examples: the length-4 supermultiplet with field content
(4,4,4,4) = (4,4,0,0)®(0,0,4,4), (2.8)

which comes out in four variants (either bosonic or fermionic and either chiral or non-

chiral) and the interesting case of the supermultiplet with field content
(2,6,6,2) = (2,4,2,0)® (0,2,4,2), (2.9)

which comes out in 8 variants, namely either bosonic or fermionic, either chiral or non-
chiral, either with C' = 2 (same coloring of the (2,4, 2) minimal supermultiplets) or C' = 1

(different coloring of the (2,4, 2) minimal supermultiplets).

2.3.3 Non-minimal pure supermultiplets with a connected graph

A graph is connected if any given vertex is connected to any other vertex by a path of
colored edges representing the supersymmetry transformations of the component fields.
The list, together with their properties, of the non-minimal N' = 4 pure supermultiplets

of length [ = 2,3 represented by a connected graph is given in the table below. All these
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supermultiplets are non-chiral and can be oridized (in the language of [71]) to N = 8 (i.e.,
four extra supersymmetry transformations can be consistently introduced so that N' = 8

is the maximal number of supersymmetries acting on the given component fields). We

have
F.C. | label: C.S. C.G. N.C.G.
(8,8) | conn. 8o SUR2)®SU(2)®R {evens}
(1,8,7) | conn. 44+ 45 1 < 0000 >
(2,8,6)| A 2 + 45 + 2, U(1) <1100 >
83 R < 1111 >
(3,8,5) | A | 144354341, 1 < 0000 >
B 43 + 4, 1 < 0000 >
(4,8,4)| A 1y + 65 + 1 1 < 0000 >
B 43 + 44 SU(2) < 0110,0101 >
C 25+ 49+ 2 1 < 0000 >
D 8 U @U1) @R | < 1100,0011 >
(5,8,3) | A | 134343141 1 < 0000 >
B 4o + 44 1 < 0000 >
6,8,2) | A 2, + 4y + 2 U(1) <1100 >
B 81 R < 1111 >
(7,8,1) | conn. 4; 4+ 4o 1 < 0000 >

(2.10)

The above supermultiplets are either bosonic or fermionic (it is worth recalling that
the bosonic or fermionic character of a supermultiplet corresponds to the grading, even
or odd, of its component fields with lowest engineering dimension).

Inequivalent presentations of the node choice group under local moves (inequivalent
colorings) are encountered in the following cases:

(2,8,6)4 and (6, 8,2) 4 (6 colorings), (4,8,4)p (12 colorings) and (4, 8,4)p (3 colorings).
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We present here an explicit construction of the non-minimal, reducible but indecom-
posable N = 4 supermultiplets of length [ = 2, 3.
We start with the N' = 8 (8,8) root supermultiplet expressed through (1.2), with the

7 matrices ; given by

N=T1®L®T4, 1=Tn®1L®T4, B=TAQTIRLly, YU=TaRTA l,,
V5 =12RTAQ T, Y%=1Q@TART, Y7=T4Q7T4R T4,
where 71, Ty, T4, 1o are 2 X 2 matrices given by (€,,, is the 2 x 2 matrix with entry 1 at

the m'™ row, n'" column and 0 otherwise)
Ti =€zt e, To=€11—€x, Ta=ep—e€n, ly=en+exn.

We can select, e.g., the 4 operators producing the non-minimal N' = 4 supermultiplet
of length [ = 2 (with connected graph) to be given by @2, @5, @6, ©7. For this choice
of root operators, the dressing transformations (1.4) producing the inequivalent length
[ = 3 non-minimal, reducible but indecomposable N = 4 supermultiplets are obtained by

applying the following diagonal dressing matrices D, see (1.5):
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field content: | label: dressing matriz D:
(1,8,7) diag(1,0,0,0,0,0,0,0)
(2,8,6) A | diag(1,1,0,0,0,0,0,0)

B | diag(1,0,0,0,0,0,0,1)
(3,8,5) A | diag(1,1,1,0,0,0,0,0)
B | diag(1,1,0,0,0,0,0,1)
(4,8,4) A | diag(9,1,1,1,1,8,0,0)
B diag(1,1,1,1,0,0,0,0)
C diag(1,1,1,0,1,0,0,0)
D diag(1,1,0,0,0,0,1,1)
(5,8,3) A diag(1,1,1,1,1,0,0,0)
B | diag(d,1,1,1,1,1,0,0)
(6,8,2) A | diag(1,1,1,1,1,1,0,0)
B | diag(d,1,1,1,1,1,1,9)
(7,8,1) diag(1,1,1,1,1,1,1,0)

(2.11)

The Schur’s lemma states that the irreducible representations of the Clifford algebras
are of three types (real, almost complex or quaternionic), according to the most general
matrix commuting with all Clifford generators (see [72]). Since minimal root supermul-
tiplets (see [38]) are uniquely determined by their associated Euclidean Clifford algebra,
they inherit the corresponding Schur’s property. The determination of the Schur’s prop-
erty of higher-length supermultiplets requires the compatibility with the dressing (this
implies that the most general commuting matrix of the root supermultiplet is restricted
by the further requirement of commuting with the dressing matrix D discussed in Intro-
duction). The analysis for the minimal supermultiplets has been presented in [65]. We
extend here the investigation of [65] to the case of the non-minimal ' = 4 supermultiplets.

We are looking for the most general real-valued antisymmetric matrix ¥ of the form
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Yup 0
= , (2.12)
0 Edown

where X7 ($%vn) is an 8 x 8 matrix acting on the bosonic (respectively, fermionic)

fields, commuting with the 4 non-minimal supersymmetry operators Q\ I, l.e.
Q1,5 = 0, for I=1,234. (2.13)

For the non-minimal, reducible but indecomposable (8,8) root supermultiplet, the most
general matrix ¥ can be written as ¥ = ZZ? \;X;, where the matrices &; = ¥,%P @ X9
are the generators of the su(2) @ su(2) Lie algebra.

Without loss of generality we can work with our previous convention. We have, ex-

plicitly,

V1" =111, X" =101 01, XY =m®71 QT], (2.14)

P =ma0m 01y, B =n®1L01, X7T=TA0T7® 1,

while ;%% = 2,7 for § = 1,2,3 and X,%%" = —%,*P for i = 4,5, 6.
The unitary invariant groups, commuting with the 4 supersymmetry operators of the

length-3, reducible but indecomposable, non-minimal supermultiplets are given by the

table
supermultiplet: | commuting group:
(2,8,6)4 U(1)
(2,8,6)p 1
(4,8,4) 4 1
(4,8,4)p SU(2) (2.15)
(4,8,4)¢ 1
(4,8,4)p U(l)@U(1)
(6,8,2)a U(1)
(6,8,2)p 1
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In the remaining cases, for field content (k,8,8 — k) with k£ odd, the most general unitary
group is just the identity group 1.
For higher length (I = 4,5), the list of N/ = 4 non-minimal supermultiplets with a

connected graph is given by the table

field content: Ninaz:

(1,4,6,4,1) 4

(1,4,7,4) < (4,7,4,1) | 4

(1,5,7,3) < (3,7,5,1) | 5

(1,6,7,2) < (2,7,6,1) | 5

(2,6,6,2) 6

(1,7,7,1) 7

(2.16)

which reports their field content and the maximal number N,,,, of their oxidized super-
symmetry. The supermultiplets connected by arrows are dual under mirror symmetry,
while the remaining ones are self-dual. The above supermultiplets are non-chiral and
appear in two variants (bosonic or fermionic).

The tables (2.10) and (2.16) present the complete list of N’ = 4 non-minimal super-
multiplets associated to a connected graph.

Some remarks should be made. The notion of connectivity symbol allows to discrimi-
nate inequivalent supermultiplets possessing the same field content, commuting group and
node choice group. Indeed, if we compare the (4,8,4)4 with the (4,8, 4)c supermultiplet

we notice that their only difference lies in their respective connectivity symbol.

2.3.4 Gordian transformation

Four cases in table (2.10), involving the supermultiplets (8,8)conn, (2,8,6)5, (4,8,4)p
and (6,8,2)p, are particularly intriguing. For each such supermultiplet a related non-

chiral pure supermultiplet entering table (2.7) (that is, admitting a disconnected graph
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presentation) and possessing the same field content, connectivity symbol, commuting

group and node choice group, can be found. We have the equivalence

Connected : Disconnected :
(8,8)conn & (8,8)FRr,A=0
(2,8,6)p << (2,8,6)5a-0 (2.17)
4,8,4)p <& (4,8,4)ca
(6,8,2)p & (6,8,2)pa-0

It is possible to prove, under general considerations, that identical properties (field
content, connectivity symbol, commuting group and node choice group) shared by inequiv-
alent graphs imply that they represent the same supermultiplet (as far as supersymmetry
transformations are concerned). A supermultiplet can be associated with inequivalent
graph presentations (the group of equivalence for graphs is based on the local and global
moves discussed in the Introduction). The gordian transformations presented in the In-
troduction induce an equivalence relation for supermultiplets. They cannot be regarded,
however, to be an equivalence relations for the graphs.

The four equivalence relations expressed in (2.17)admit explicit gordian transforma-
tions which allow “cutting” each one of the connected graphs on the left into the union
of two separate disconnected graphs on the right. it is important to distinguish between
the equivalence class of pure supermultiplets and the equivalence class of their associated
graphs.

We present here, explicitly, the gordian transformation involving the supermultiplets
n (2.17) with field content (4,8,4) (the three remaining cases in (2.17) admit similar
gordian transformations). Let (vo, v1, Do, U1; Aos A1, A2, Az, Ao, A1, A2, As; Ga, g3, G2, G3) be the
component fields associated to the connected (4,8,4)p graph and the component fields
(ug, Uy, o, U1 Yo, V1, V2, Y3, 0, V1, Vo, Us; fa, f3, f2, f3) associated to the disconnected non-
chiral graph (4, 8,4).a—o. The four supertransformations (painted in blue, red, green and

yellow) are directly read from Figure 2.4. The fields of lowest engineering dimension are
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related through the gordian transformation

Up =vg — Vg, U =V1—U1, Uy=1vy+TVg, U =v1+01 (2.18)

(the gordian transformations relating the fields with higher engineering dimension are

directly read from (2.18)).

Figure 2.4: The (4,8,4)p connected graph (above) and the (4,8,4).a—o disconnected
graph (below), related by the gordian transformation ug = vy — 0y, u1 = vy — U1, Uy =

U0—|—170 and Uy = U1 + V1.

In N = 4 the necessary condition for gordian move is that the dressing matrix should

commute with ()1Q2Q3Q4.
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2.3.5 Non-minimal, connected, pure N/ = 4 supermultiplets re-
visited

In order not to over count the inequivalent supermultiplets, we have to eliminate from
(2.10) the supermultiplets which, under a gordian transformation, can be related to a
disconnected graph. It is convenient to apply the notion of pure, connected supermultiplet
only to those pure supermultiplets which do not admit any presentation in terms of a
disconnected graph. Therefore, as we have seen, a supermultiplet with a connected graph
is not necessarily, according to this definition, a connected supermultiplet.

The non-minimal, connected, pure N' = 4 supermultiplets have length [ = 3,4,5
(the length-2 root supermultiplet (8,8) is not connected, see (2.17)). The connected
supermultiplet of length [ = 4,5 are given in (2.16) . It is indeed easily proved that no
gordian transformation can transform them into a disconnected graph with same length
and field content.

The complete list of (dually related under mirror symmetry) non-minimal connected

supermultiplets of length [ = 3 is the restriction of (2.10) given by

(1,8, Deonn < (7,8, D)conn

(2,8,6) 4 & (6,8,2)4

(3,8,5)4 & (5,8,3)4

(3,8,5)5 & (5,8,3)p (2.19)
(4,8,4) 4
(4,8,4)p5
(4,8,4)¢

(the supermultiplets with (4,8, 4) field content are self-dual).

It is useful to present a further table describing the decompositions of the above su-
permultiplets into N’ = 3 supermultiplets. Indeed, the supermultiplets in (2.19) can be
regarded as two minimal ' = 3 supermultiplets linked together by a fourth supersym-

metry. Since we have 4 supersymmetry transformations that can be singled as the “4**”

37



supersymmetry, there are 4 ways of decomposing the (2.19) supermultiplets into pairs of

N = 3 supermultiplets. The following results are obtained

N =3 decomposition
(7,8,1) 1 4x{(3,4,1) + (4,4)}
(6,8,2)4: 2x{(3,4,1)+(3,4,1)}
2 x {(2,4,2) + (4,4)}
(5,8,3)a: 3x{(3,4,1)+(2,4,2)}
1x{(1,4,3) + (4,4)} (2.20)
(5,8,3): 4x{(3,4,1)+(2,4,2)}
(4,8,4)4: 4x{(3,4,1)+(1,4,3)}
(4,8,4)5: 3x{(2,4,2)+(2,4,2)}
1 x {(4,4,0) + (0,4,4)}
(4,8,4)c: 2x{(2,4,2) +(2,4,2)}
2 x{(3,4,1) + (1,4,3)}

An interesting observation is the following. Two cases, (4,8,4)p and (4,8,4)¢c, produce
decompositions into pairs of (2,4,2) N = 3 supermultiplets. For them the coloring plays
an important role. The (2,4, 2) supermultiplets produced from (4,8, 4) possess the same
coloring, while the supermultiplets produced from (4,8, 4)c possess a different coloring.
This property can be stated differently. Starting from two A = 3 (2,4, 2) supermultiplets
of the same coloring there exists a unique connected supermultiplet (given by N = 4
(4,8,4)p) that can be obtained by adding a compatible fourth supersymmetry. Starting
from two N = 3 (2,4, 2) supermultiplets of different coloring, the unique supermultiplet

that can be obtained is given by N' =4 (4,8, 4)¢.

2.3.6 The (N =4) = (N =5) oxidation

Non-minimal N = 4 representations (both the reducible but indecomposable and the fully

reducible ones acting on 8 bosonic and 8 fermionic fields) can be “oxidized” to N' =5
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minimal representations, adding a 5"* supersymmetry transformation compatible with the
4 previous supersymmetry transformations.

As we stated before, it has been proven that the A/ = 4 non-minimal, pure, discon-
nected chiral (A = 2) supermultiplets are not oxidizable to any N' = 5 supermultiplet.

The minimal A/ = 5 representations have been classified in [63]. There are inequivalent
length-3 A = 5 representations of field content (k,8,8 — k), for k = 2, 3,4, 5,6, which are
discriminated by their connectivity symbol.

We present a series of tables specifying which minimal A" = 5 representation (in a
column) results from the oxidation of a non-minimal N' = 4 representation (in a row).
A positive answer is marked by an “X”. The representations are expressed in terms
of their connectivity symbol. The N' = 4 reducible but indecomposable representations
(associated with connected graphs) appear in the upper rows; the N' = 4 fully reducible,
non chiral A = 0 representations (associated with disconnected graphs) appear in the
lower rows.

We get the following oxidation tables, for each given field content (k,8,8 — k) with
k=23,4,5,6.

For (2,8,6) we have

N=4)=N=5):|25+2,+43|64+23
Connected: 24+ 43 + 29 X X
85 X (2.21)
Disconnected 44 + 45 X
83 X

For (3,8,5) we have

N=4)=N=5):|15+3+4 |24+ 53+ 1y
Connected: 1, +33+ 3+ 1, X X
45 4 44 X (2.22)
Disconnected: 44 + 44 X
43 + 4 X
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For (4,8,4) we have

N=4)=N=5):44+4 | 14+33+3+1; |43+4
Connected: 144+ 62+ 1 X
43 4 44 X X
23+ 49 +2; X X
(2.23)
8 X
Disconnected: 44 + 4, X
45 4 44 X
8 X
For (5,8,3) we have
N=4)=N=5):43+31+1p|13+52+2;
Connected: 15 +32+ 31+ 1 X X
4 4+ 44 X (2.24)
Disconnected: 43 4+ 4 X
4y + 44 X
For (6,8,2) we have
N=4)=N=5):49+2,+2|25+6;
Connected: 29 + 44 + 29 X X
81 X (2.25)
Disconnected: 49 + 4, X
8 X

Both the reducible but indecomposable and the fully reducible non-minimal N = 4
representations of field content (8,8), (1,8,7) and (7,8,1) are oxidized to the minimal
N = 5 representations which are uniquely specified by the corresponding field content
(8,8), (1,8,7) and (7,8,1).

From these tables, it is clear that inequivalent A/ = 4 graphs that represent the same

supermultiplet (presented in the table 2.17) oxidize in the same manner, to the same
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N = 5 supermultiplet. Combining these results with the results presented in [69] we
get that all non-minimal length-3 representations are oxidized to the maximal number
Ninaz = 8 of extended supersymmetries.

The maximal number N,,,, of supersymmetries operators (oxidized supersymmetries)

acting on non-minimal N = 4 representations of length [ = 4,5 is given by the table

field content: Naz:
(1,7,7,1) 7
(2,6,6,2) 6

(1,6,7,2) ¢+ (2,7,6,1) | 6

(1,5,7,3) < (3,7,5,1) | 5

(1,4,7,4) < (4,7,4,1) | 4

(1,4,6,4,1) 4

(2.26)

2.4 An entangled NV =4 (3,8,5) supermultiplet

In [73] the possibility of realizing supersymmetry transformations which are not adinkriz-
able (in the language of [73]), namely that cannot be expressed through a graphical pre-
sentation, was raised.Till very recently no explicit example was produced (so that it was
even unclear whether this notion could be applied to a non-empty set). Constructions of
non-adinkrizable supermultiplets (in a different context and using different methods from
the one proposed here) has been recently discussed in [74, 75]. Explicit examples of super-
multiplets which were not described in a way that straightforwardly yielded an Adinkra
can be found in [76] and [77], but it was not proven that the component fields could
not be rearranged into a form that leads to an Adinkra. This is indeed a hot topic, see
e.g. two othar recent papers on the existence of non-adinkrizable supermultiplets [74, 75].

We present here an explicit construction of such type of supermultiplet. We prefer to
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call it an entangled supermultiplet. It is constructed by interpolating two adinkrizable
supermultiplets (pure supermultiplets, in our language). We believe that the interpolation
provides a natural framework to construct entangled supermultiplets.

The specific example of an entangled supermultiplet is given here by interpolating
the non-minimal pure N/ = 4 supermultiplets (3,8,5), a—0 (a non-chiral disconnected
supermultiplet, see table (2.7) and the following discussion) and (3,8,5)p (a connected
supermultiplet, presented in (2.10)). The four supercharges acting on (3,8,5),a—0 can
be taken as @1, @2, @3, Q4. Four supercharges act on (3,8,5)p, with @5 replacing Q.
The entangled supermultiplet (3,8,5)y is constructed in terms of an interpolating angle
0. The four supercharges acting on it are @)1, 2, Q3 and Q' = Q4cos0 + Q5sinf. It is
straightforward to show that, for 6 # %F, the (3,8,5)g supermultiplet does not admit a
graphical presentation (no recombination of the fields with given engineering dimension
allows to do that). The pure supermultiplets (3,8, 5), oo and (3,8, 5) 5 are recovered for,
respectively, = 0 and 6 = 7.

Explicitly, the component fields entering the (3,8, 5)s supermultiplet can be expressed
as

(v0, V1, Toj Aoy A1, A2, Az, Aoy A1, Az, As; Ga, g3, G1, G2, 3)-

The four supersymmetry transformations @1, Q2, @3, Q" acting on this set of fields are
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given by

Q1 | Q2 | Q3 | Q' =Qucos0+ Qssinf
Vo )\1 )\2 )\3 )\0 cosf + 5\0 sin 6

(%] —>\0 )\3 —/\2 /\1 cos 6 + /_\1 sin 6

Ao | —U1 | —g2 | —g3 Vg cos O — U sin 0
M| Vo | =93] 9o U1 cosf — gy sinf
Ao | g3 Uy | —U1 gocosf — gy sinf
A3 | —go | U1 Uy g3 cosf — gzsinf
Jo 3| =X | N Ao cos 0 + 5\2 sin 0
g3 | Mo | =M | =X A3 cos @ + \g sin 0 (2.27)

Ug | =M1 | =2 | =3 Ao cosf — g sin 6
M| G J2 J3 U cos @ + Vg sin 0
M| =00 | G3 | —0o g1 cosf + ¥y sinf
X | —G3 | —Uo | Gi Go cos 0 + gosinf
M| G2 | —q1 | =0 g3 cos + g3 sin 6
J1 }\0 —}\3 Ag 3\1 cosf — )\1 sin @
Jo ).\3 o —).\1 );\2 cosf — }\2 sin 6
J3 | — A2 )il j\o 3\3 cosf — }\3 sin 0

Our given example is suitably chosen to simplify the proof that there exists no linear
combination of the component fields which guarantees a graphical presentation ( “Adinkra”)
of the interpolated supermultiplet in the interval 0 < 6 < % of the interpolating angle 6.
An important observation is that the interpolating mechanism is a general phenomenon
and that entangled supermultiplets tend to proliferate for large N values of the one-
dimensional N-Extended Supersymmetry. It is also important to notice that the entangled
supermultiplet has dynamical consequences. An N = 4, one-dimensional, off-shell invari-
ant sigma-model with a three-dimensional target is based on it. Its action (3.23) carries
an explicit dependence on #. This model is supersymmetric only under the supertransfor-

mations specified by the entangled supermultiplet. Therefore, entangled supermultiplets
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allow to enlarge the class of supersymmetric actions so far considered.

2.5 Discussion

We have stressed in the Introduction the difference between two types of moves (local and
global) acting on graphs and the so-called “gordian transformations” acting on pure su-
permultiplets. As a result a given pure supermultiplet can be associated with inequivalent
(under local and global moves) graphs. In certain cases, in particular, a given supermul-
tiplet can be associated to both a disconnected and a connected graph. In order to avoid
overcounting, the notion of connected pure supermultiplets (the supermultiplets which are
associated to connected graphs only) has been introduced. The classification of the non-
minimal, N/ = 4, pure, connected supermultiplets has been presented in Section 2.3with
the help of information contained in the connectivity symbol, commuting group, the node
choice group and its possible inequivalent presentations (colorings) under local moves.

The notion of “coloring”, similarly to the notion of “chiral” supermultiplets [61], plays
an important role in supersymmetry representations. It is well-known that minimal N" = 8
supermultiplets are non-chiral [61], being necessarily obtained by linking together (with
extra supertransformations) two minimal A/ = 4 supermultiplets of opposite chirality.
We have shown (see the discussion at the end of Section 2.3.5) that inequivalent non-
minimal N' = 4 supermultiplets are obtained by linking together two N = 3 (2,4,2)
supermultiplets based on the fact that their coloring is either the same or different. This
property naturally extends to the construction of non-minimal N/ = 5 supermultiplets
by linking together non-minimal A" = 4 supermultiplets (whose respective colorings have
been listed here).

The non-minimal N' = 4 linear supermultiplets are progressively oxidized to mini-
mal N = 5,6, 7,8 linear supermultiplets possessing 8 bosonic and 8 fermionic component
fields. Following [69], the word ozidation has been here consistently used in a specific

and restricted sense, referring to the operation of enlarging the number of extended su-
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persymmetries (from A to N+ 1) acting on a supermultiplet with the same number of
component fields.

We provided an explicit construction of a supersymmetric one-dimensional entangled
supermultiplet (which does not admit a graphical presentation). The possibility of non-
adinkrizable supermultiplets (here called “entangled”) was raised in [73]. Till very recently
no explicit example was produced [74, 75]. Our given example (based on the interpolation
between two non-minimal N = 4 supermultiplets of (3,8,5) field content) was suitably
chosen to simplify the proof that there exists no “Adinkra” representation inside the
interval 0 < 6 < 7 of the interpolating angle . An important observation is that the
interpolating mechanism is a general phenomenon and that entangled supermultiplets tend
to proliferate for large N values of the one-dimensional N-Extended Supersymmetry. It is
also important to notice that the entangled supermultiplet has dynamical consequences.
An N = 4, one-dimensional, off-shell invariant sigma-model with a three-dimensional
target is based on it, that will be discussed in the next chapter.

Let us close this chapter by pointing out that the present results can be applied to
investigate supersymmetry representations in presence of inhomogeneous terms [32], non-
linear realizations of supersymmetry [80, 65], D-module representations of superconformal
algebras and their associated superconformal mechanics (which are subjects of two chap-
ters in this dissertation). All these extensions (inhomogeneous representations, non-linear
realizations, D-module representations) are induced and derived from linear homogeneous

supermultiplets, such as those investigated here.
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Figure 2.7: (3,8,5)5 Non-minimal N =4, C.S. 45 + 4,
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Figure 2.8: (4,8,4)5 Non-minimal N' =4, C.S. 43 + 4,
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Chapter 3

Associated Sigma models

This Chapter is an edited version of second parts of the references [66]and [67] written in

collaboration with M. Gonzales, K. Iga, and F. Toppan.

3.1 Introduction

This chapter deals with the construction of off-shell, N' = 4-invariant supersymmetric o-
models associated with each given non-minimal linear supermultiplet. 1D supersymmetric
o-models were first discussed in [81, 82]; minimal N' = 4 g-models were constructed in
[83]-[84], while minimal N' = 8-invariant o-models were investigated in [35]. There are
also supersymmetric o-models based on non-linear realizations of the supersymmetry that
we are not discussing here (for a partial list of references one can consult [65]).

The fields z;(t) (j =1,...,k) of lower-dimension in a supermultiplet can be assumed
[37] to be bosonic and have 0-mass dimension. They are physically interpreted [70, 71, 65]
as the target-coordinates of the associated o-model. An N = 4-invariant off-shell action

S, with the correct dimension of a kinetic term, is obtained [37, 70, 71, 65] through

S = / AL = % / dQ1Q2Q3Q.4F(7), (3.1)

where the supersymmetry operators @);’s act as graded derivatives and F' is the prepoten-

tial. By construction, the action S is manifestly AN/ = 4-invariant no matter which is the
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choice of F' (unconstrained prepotential).

In the case of a fully reducible supermultiplet given by the direct sum of two N = 4
irreducible supermultiplets (whose 0-mass dimension fields are denoted as &, ¥, respec-
tively) we have that interacting terms involving the fields belonging to the irreducible

supermultiplets arise provided that
F@5) # A@+B@) (3.2)

As a result, non-trivial interacting Lagrangians can be produced even from fully reducible
representations (which are trivial, from the representation theory point of view), therefore
justifying the attention we have to pay to them.

The (3.1) manifest N/ = 4 construction has been discussed in [71]. In several cases,
however, this construction does not produce the most general N' = 4 invariant action. The
resulting Lagrangian can be of first order and furthermore, in the presence of fermionic
sources', not all fields belonging to the given supermultiplet enter the Lagrangian.

On the other hand, even in those cases, the existence of a second-order Lagrangian
involving all fields of the supermultiplet is known [37, 80]. To systematically construct
them a novel approach is here presented (it will be referred as “Construction II”, while
(3.1) will be referred as “Construction I”). Construction II is outlined as follows. For a
reducible length-3 A = 4 representation of field content (k,8,8 — k), we consider at first
its associated root supermultiplet of length-2 (in a different context, the importance of
invariant actions induced by the root supermultiplets has also been discussed in [85, 86,
87]). The root supermultiplet contains 8 bosonic fields x; (the target coordinates) and 8
fermionic fields 1; (see Figure 2.5). A Lagrangian £ for the root supermultiplet is at first
constructed by setting, as in (3.1),

L = Qi0:Q5Q:0(d). (3.3)

LA fermionic source [88, 89, 63] is a fermionic %—mass dimension field which, in the graphical presen-

tation of the supermultiplet, does not possess edges connecting it to the 0-mass dimension fields (the
bosonic target coordinates). For NV = 4, the connectivity symbol of a graph with r fermionic sources is

expressed as r4 + .. ., see Introduction.
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An equivalent, up to a total derivative, Lagrangian £ functionally depends on the fields

and their first-order time-derivatives alone. Therefore

The next step consists in constraining £ such that, for j = k+1,...,8, we have
oL
= — 0 3.5

eliminating its dependence on x;’s. This condition allows us to regard, according to the
dressing procedure, the #;’s no longer as derivative fields, but as the auxiliary fields g; of

mass-dimension 1 entering the (k, 8,8 — k) supermultiplet. We can therefore set

95 = X

Z Z<x17ilawi7¢i7gj)a (36)

(l=1,...,k whilei=1,...,8and j =k +1,...,8).

Setting (3.6) is not something innocuous. One has in fact to guarantee that the
resulting action, after the “renaming” of the fields, is still NV = 4-invariant. Together
with (3.5), this requirement produces a constraint on the prepotential ®(z;). In the
following we will compare the invariant actions arising from the constructions I and II
and discuss the constraints on .

To derive the off-shell invariant actions we implemented a special package for Maple 11.
For convenience we had to use different (but equivalent) conventions for the presentations
of the non-minimal supermultiplets with respect to the explicit construction given in
previous chapter. We present in Section 2 and 3 some selected cases which exemplify the
general picture . In Section 2 we discuss the construction I. In Section 3 we discuss the
construction II. Inequivalent actions are obtained for supermultiplets presenting the same
field content, but differing in connectivity symbol.

In Section 4 we present an N = 4-invariant o model for the entangled supermultiplet

(3,8,5)g presented in previous chapter, using the construction I. In this section we also
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show that inequivalent actions are obtained for different supermultiplets, sharing the same
field content and connectivity symbol, but differing their commuting group.

In the Discussion we make comments on the obtained results.

3.2 Manifestly N' = 4 o-models for non-minimal su-
permultiplets

For the following length-3, non-minimal supermultiplets, the Construction I (see (3.1)) of

the manifestly NV = 4 off-shell invariant actions produces a first-order Lagrangian:
(17 87 7)’!’6d7 (27 87 6)A7 (3a 87 5)147 (4) 87 4)A7 (47 87 4)3 (37)

With the only exception of (4,8,4)p, these are the supermultiplets admitting fermionic
sources.

In the remaining cases, namely for
(27 87 6)37 (37 87 5)37 (47 87 4)07 (47 87 4)D> (57 87 3)A7
(57 87 3)37 (67 87 2)A7 (67 87 2)37 (77 87 ]-)T‘edy (38)

the Construction I produces second-order Lagrangians.

For each supermultiplet entering (3.8), the Constructions I and II produce, up to a
total derivative, the same Lagrangian. Therefore, the corresponding actions are (as a
consequence of Construction I) manifestly A/ = 4-invariant and depend on an uncon-
strained prepotential. We present, for a few selected cases, the explicit computation of
the Lagrangian. We write down the invariant Lagrangian, up to a total derivative, for
(4,8,4)¢ (with connectivity symbol 23 + 45 + 2;) and (2,8,6)5. We compare the latter
result with the Lagrangian obtained from Construction “I” applied to the fully reducible
supermultiplet (2,8, 6),, characterized by the same connectivity symbol, 83, as (2,8,6)p
and related by Gordian transformation (see 2.17).

The component fields (the v’s, barred or otherwise, denote the target coordinates,

the A’s the fermionic fields and the ¢’s the auxiliary fields) are respectively given by
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(v1, V2, U3, D15 Ao, Ai, Aoy i 9o, Gos G2, G3), with ¢ = 1,2, 3, for (4,8,4)¢ and by

(vo, To; Aoy Ais Aos Ais G, Gi), with ¢ = 1,2, 3, for both (2,8,6)p and (2,8, 6),.

The supersymmetry transformations are here explicitly obtained by dressing the N' = 8
root supermultiplet expressed in terms of the octonionic structure constants Cj;i, see

42, 37]

@i(UO> U3 A0, Aj) = (i, —6ih0 — CijeAi; —0i, 6500 + CijkUr),

~

Qs(vo,vj; X0, Aj) = (Ao, Aj; 0o, 0;), (3.9)

where 7 = 1,..,7 and the fields have been renamed in such a way to respect the N’ = 4
quaternionic subalgebra. We have the following results (the Einstein convention over
repeated indexes is understood):

For (4,8,4)¢ the Lagrangian is

L= Q0 +03+ 03+ 07 + g2+ 55 + 93 + 2+ dodo + Ao + (3.10)
AL+ Aodo + Ashs 4+ A 4 Aoda + Ashs) +
®1[05(XoAa + A2 + Az + A As) — Va(XoAs + Asho — A da — A o) +
+g0( A2z — Mgz — AoA1L + A Ao) + Go(AoAr + A do + Aads — Ashg) +
G2 (X2 A1 4+ Ada — AoAs + Asho) + Gs(Aodz — Aado + Ashs + MiAs)] +
Do[03(MoA1 + Ao + XAz + AeAz) + 01 (MoAs + Azho — A da — A o) +
+90(AsA1 — A3 — Aoda 4+ Aa2do) + Go(Aoda + Aado + Aods — Asha) +
—G2(MoAo + AtAL — Aada + A3hs3) + Ga(Ashe + Az — XAy + A Ao)] +
D3[0a (Ao + A Ao — Aads — Aads) — 01 (Aoda + Aado + A + A dg) +
+g0(A1 A2 — At A — AoAz + AzAo) + Go(AoAs + Asho + Aida — Aoy +
G2(AoA1 — Ao + AoAz + Ashe) — G3(Aodo + MAL + dada — Ashs)] +
D1[01(Aodo — AMAL + Ag g + AgAs) — U2(AoAs — Agho + Aady + At o) +

@3(/\0;\2 — /\25\0 — )\35\1 — )\1/_\3) + gg(/\g/_\g — )\35\2 — )\05\1 — )\1/_\0) +
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Go(—XoA1 + A1 do — Aads + Ao As) + Ga(AoAs + AsAo + oA + Aody) +
G3(—AoXa — AaXo + AsA1 + AsAp)] +

P11 A A A2 As + M A A3A3 + AoA1 A2 As + AoAa Az AL + AgAi Aoz +

oAz A g — A dasNg) +

D11 (AoAo AT AL + AodaAs A + A A Ao ds + A A Az Az + Agdads A + AoAsAi Ay
— A AaAsNg) +

Do (AoAoA2 Az + AoAsAiAg + A A AL + Ao Ao Az Az + Ao ez + Aoz A Ag —
— A A2AsAg) +

®33(AoAoAsAs + AoA1 A2 Az + AsAs A AL + Az Az Ao da + Ao At dads 4+ AgAadsh;
— A AaAsNo) +

D1y (A1 A0A2A3 — Ao A2 Az + AoAz At A + Ao Az A Ao + AoAads A — Aoz
— A A2 Ao — A Ao AsAg) +

D15 AoXaAsAa + XA AoAo + oAz Az + AoAsAi A — AoAs AL — A A Az
— A hoAshs) +

D15(AoA2 A3 A3 + A3Ai AoAo + AoA2 Az Az + oA da A — Ao A A — A Az dads
— Ao ) +

D1 (MoAoAa A — AohoAi A + Ao dsda — Aohadsda + AoAsAi A — Ao As A\
FA1A2A303 4+ Ao A Ags) +

D13(AoAoA3 AL — AoAoA1 A3 + Ao A1 Ao AT — Ao A dads 4+ AoAadsAs — Ao AaAsAs
+A1 230002 + Az A Ao de) +

Do3(ModoAs Az — AoAoA2Az + Ao A1 Ao da — Ao At Ao + Ao AsAi Az — Ao AsA Az
A2 A3 A1 + Az Ao A Ap) +

Q0191 + oo + V22 + D3T3 + Aodo + ML + Aoda + Asg) +

Q1 (D1 M A1 + D2da A + D3A301 + godod1 — GodaAs + Gadods — GzdoAz) +

Qz(@l)\ljm + VadaAg + VA3 Ag — V1 ANz — 905\2)\0 — GoAsA1 + G3hoAr) +
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Q3(01 A1 A3 + D2das 4+ U3AsAs + U1 AoAa — GoAsAo — GoAi Az — GadoAr) +

Q1 (01 (A2 g + A3A3) + UadoAs — UsAoAa — Godads + GoAoAr + Gada At + Gsdsh) +
Q1 (AoAoAM AL + A A Ao + A A Azds) +

Q12 (AoAoA Az + A A Az As) +

Q13(MoAoAiAs + M Az Ao dg) +

Q2 (A2 AoA3Aa — AoAsAiAy) +

Q3 A1 oA A — AoA2AsAz) +

Q23()\1>\0/\25\2 - )\0>\3)\15\3)a

where F'(vy,vq,v3,01) is the unconstrained prepotential, while

Q = OF =0y, F + 09oF + 933F + 011 F,

® = O F (3.11)

and the partial derivative of Q2 (®) w.r.t. v;, Uy is expressed as €);, Q; (®;, $7), respectively.
Similarly to the results of [71], the constraints & = 0 and [J2 = 0 arise as a consequence

of imposing an extra invariance under an N' = 5-Extended Supersymmetry (under such

constraints the resulting off-shell action is also automatically N' = 8-invariant).

For (2,8,6)p the associated Lagrangian is

L = D02+ 02+ g2+ 7+ dodo + oo + Mdi + Ah) + (3.12)
Do[To(Nidi + Aodo) + gi(AoAi — Aido) + Gi(AoAi + Aido)

€ij Y T =
- 2jkgi<>\j)\k — NjAk) — €A\ k] +
Do (Nidi + Xodo) + Gi(AoAi — Aido) — gi( Ao + Aido)

e - _
+7]kgi()‘j)‘k — XjAk) = EigrAidig] +

€ijk
Do
6

P2 [BhoAi ANk + R A M
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—(®g5 + Poo) NoXoNiNi +

By 8’5’“ DA A0 + A Aede — 3(AAidi Ak + Aodid )] +
Qi + Aodo + Aiki + 9:G1)

—Qo(VoAoAo + gidoNi) +

Qo (ToNidi + Gidido) +

QO())‘OS‘O)‘iE\i

_&‘é‘k (Q00XoNidi Ak + Qoo hidiAko),

where now we have

Q = 0wl + Ol

O = OyF. (3.13)
For (2,8,6), the associated Lagrangian is

L = F(Uo—i-gl—i-)\o)\o—i—)\)\) (UO—{—gz—{—)\Q/\D—i-;\;\) (314)

Cotio(AiAi + Aodo) — gi(TodoAi + Todido) — Togi(Modi + Aido) +

gf;jk (Todid; + TodjAe) + Tocinhidign +

To00( i + Aodo) — G:(Tohohs + Todido) — Dogs (Modi -+ Aiko)
5;’“@ Ahs 4 ToAsAr) — TocimAiki g

‘&ék (3T00 Ao XA Ak — TaoXoAidAk) +

Eijk

6 (3Tg5AoAixj Ak — oA AiA;Ae)

—Ji

Ty 5’ék (A Ao + 3A0A A ) + Do E’ék (M Aedo + 3Ao A\,
with

I = 800F(U0,’[)0),

I = a(jﬁF(’U(),’Do). (315)

Apparently it seems, comparing (3.12) with (3.14), that the two equivalent N' = 4 super-

multiplets (2,8,6)p and (2,8, 6), produce inequivalent (for generic values of the functions
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Q,®,I,T') N = 4 off-shell invariant actions, indeed it is not case and one can easily see
that they are related by the corresponding gordian transformation too.

It is interesting to present an explicit example of N' = 4-invariant, first-order action
derived from Construction I. For the (4, 8,4)p non-minimal supermultiplet with connec-
tivity symbol 4344, and component fields (vg, vi; Ao, Ai, Aos Ai; o, Gi) (i = 1,2,3), we have

that the associated lagrangian is

L = Q0ogo + 0igi) + Q()\oj\o + /\kj\k) + (3.16)

ik gr Ao — Qito Ao — QoUiAoNi +

Eijk
2

1 — Eii -
_§€ijk90k)\i)\j)\0)\0 — TJkdqupk)\())\iAj)\q

(Qogr — Qo) Nid; — Q00N — QotioAoAo

€ijk

2 (Q00h0 — QopAr) iy M

where

= 800F + (‘)ZZF (317)

In the next Section we show how, for this one and the other supermultiplets entering (3.7),
by applying Construction II, we obtain a second-order, N/ = 4-invariant action expressed

in terms of a constrained prepotential.

3.3 N = 4-invariant c-models with a constrained pre-
potential

The application of Construction II to the non-minimal supermultiplet (4,8,4)p induces
an N = 4-invariant theory, obtained from a second-order Lagrangian, which is expressed
in terms of the two independent functions ® (v, v;) and Q(vg, v;). The N' = 4-invariance

is however recovered if and only if the constraint
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is satisfied.

The Lagrangian is explicitly given by
L = 205+ 0] +g5+9; + Ao + /;\05\0 + AN + 5\15\1) + (3.19)

—2iik PG (MoNi — Mido) + (Pogi + Pido) (NoAi + Nido)

523’“ (@300 — Povi) NjAe — AjAe) + %(cpjok — D0, (A + AjA)
(Pogo + P;7;) (Aodo + MAk) — Bigs(Aidj — Aidj) — @ogo(Aodo — AoAo)
€ijkAid (Prdo — Pogr) + (€ixPor — Pij) doroAi

Do (MoNj — AoAj)AiA; + %gijk(qu@kp(AOAiAqu — AoAidiAg)

DuA NN~ LB A AN,

~BoodoroNihi + EiTJ"“[@pp(AOAinXk) + oo (oA A Aw)]

€ijk
6
Q(0go + 0:gi) + 2 AoAo + AkAk)

[(Poo + Ppp) NiXj Ak Ao]

ek G0N — QitoAiNg — QovidoNi

€ij _ _ . X N
2]k (Qogr — Qgo) NiXj — Q0NN — Qoo Ao Ao

1 - €ii _
_§€iijOk)\i/\j)\O)‘0 — TJkéqupk/\O/\i)\qu

Eij -
_ ék (Q00X0 — QopAp) Aidj Ak

Requiring an extra, A/ = 5-invariance for the action implies the further constraint = 0.
As expected from [71], the resulting action is automatically N' = 8-invariant.

All actions obtained via Construction II from the supermultiplets entering (3.7) share
the same features. In the case of the supermultiplet (1,8,7),.q4, described by the fields

(V03 Xos Ai, Aoy Ai; Gis Go, Gi), the associated Lagrangian is
L = B2+ + g2+ 32+ Aodo + Ao + Adi + Aihi) (3.20)
®o[go (Moo — i) + gi(Aodi — Aido) + Gi(AoAi + Aido) —

o7



—eik(Gidj Ak + %(j\jj\k — AjAR))]

5;’“A0Xixjxk _ Eék Ao A) +

_CDOO()\OS\O/\iS\i +
Q(vogo + Aodo + Aiki + 9:i) +

. -1
QO[(UO)\O + gl)\l>>\0 + égljkgl)\j)\k} —+

1 _
QOOEEijk:)\i)\j)\k)\Oa

where @, Q are fuctions of vy and

Implementing the AN/ = 5-invariance gives the constraint = 0 (again, the resulting action
is automatically fully A/ = 8-invariant).

The N' = 8 model based on the supermultiplet of field content (1,8,7) was first ob-
tained in [37]. Unlike the present, more general construction, the action was derived
through an “N = 8 covariantization Ansatz” which cannot be applied neither to deduce
the N = 4-invariant action, nor to obtain the invariant actions for the other supermulti-

plets entering (3.7).

3.4 The o-model associated to the N = 4 entangled
supermultiplet

A manifest N/ = 4 off-shell invariant action can be constructed for the entangled su-
permultiplet (3,8,5)y (presented in previous chapter). The action corresponds to a one-
dimensional sigma-model with a three-dimensional target spanned by the bosonic coordi-

nates vy, v1, 0g. The invariant Lagrangian £ is constructed, following [37, 71, 66], through

L = Q3Q:Q1Q"F(vy, v1, 0p), (3.22)

where the four supercharges act as odd Leibniz derivatives on an unconstrained function

F' (the prepotential) of the three target coordinates. The Lagrangian has the correct
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dimension for a kinetic term. It is explicitly given by

with

Ly

L = Lycos6 + Losinb (3.23)

D05 +0f + 95 +93) — T(05 + g7 + g5 + 93)

FT(Rodo + AAr + Aodo 4+ Ashs) — T(oho + Mdt + Aads + Az hs)
—To(t1 (M Ao + Asha) + ga(Aado + Aids) + g3(Asho 4+ Aad1))
—L5(g1(AoA1 + A2As) + G2(MoA2 + AsA1) + G3(AoAs + Arhz))
—T1 (00 (MoA1 + Aads) + ga(Asho + Aadi) + g3(Xoda 4+ AsA1))
—T1(0o(M Ao + XaAs) + g2(Mda + Asho) + gs(Aods + A s)
+31(AoXo + MAL+ Aoda + AsAs) + Ga(Asho + Asho + Aads + A dg)
+3(AoA2 + AoAz + Az + AsA1) — Do(Aodr + A1 + AsAg — AgA3))
—To(01(AoA1 + A3Xa) + g2(AoAa + A A3) 4 g3(AoAs 4+ Ag A1)
+g1(AoA1 + Ao + Azda + Azha) + G2(Moda + Aado + A1 Az + A Az)
+3(AoAs + Azho + Aad1 + A1) — To(Aodo + ALAL + Aadg + Ashs))
+T5(01 (A1 Ao + XoA1 + Azda 4+ Asha) + ga(Xadg + Aoda + At Az + A As)
+93(A3A0 + AoAs + Aad1 + Aad1) — Do(Aodo + AL + Aadg + Ass)
+31(MoA1 + AsA2) + Ga(Aoda + AiAs) + G3(MoAs + AaAy))
+T00 MM A2 A3 — Doo(A1 A2 A Ao + AoA i daAs + A Ao Az Ao + Ao Aa)s)
+T 110001 0223 — T (A A AsAs + A A A e + Aododada + AoAoAsAs)
+T55(AoA 1 dads — AoAidaAs) — Tg(AoAiAa)s)

+T05 (A1 A2A3X0 + AoA1 A Az + At A Az Ao + A daAs o)
—Too(A1A2A300 + A1 AaA3 A0 + AoAi A Az + A Aoz o)
+T15(AMA2x200 — A A Ao s + Aoz As 4+ AsAsAi\o)

_Flﬁ()‘2/_\25\15\0 + AoAaAs Ao + AzAz A g + /_\25\3)\15\1)
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and

L,

+ 01 (A3A3A0A1 + AsAz A1 Ao + AL A AaAs + Ao Az A Ay

+)\25\2)\05\1 + 5\0)\25\3)\0 + )\2/_\2>\15\0 + 5\05\2)\3)\0) (324)

—®(05 + 0 + 03 + g5 + g3 + 31 + G5 + 73)

—D(Xoho + A1+ Aoda 4 Ashs + Ao + AAs 4 Aada -+ Ashs)
+®o(=01(AoA1 — AMAo — A2z + Aads) — ga(Aoda — Aado — AsA1 + As)p)
—g3(AoAz — A3Ao — Mg + A1) — G1(AoAr + Ao + Asha — Aods)
—G2(MoA2 + Ao + A Az — Ash1) — G3(AoAs + Asho + dadr — A o)
+00(—MoAo + AMAL + Ao 4+ Azh3))

+®1 (g1 (Moo + AAL + Xada + Ashs3) — G2 (A Ae + Aadi — Aoz + Az)g)
+3(A2Xo — Aoz — A Az — AsA1) — g2(AoAs + Asho + A da + A )
+93(AoA2 + AsA1 + AsA1 + Aadg) + Do( Ao + AoAr) + To(Ashe — AaAs))
+®5(—g1(AoA1 — Mo + Aoz — Aads) — Ga(Xoda — Aado + AsA — Az)p)
—35(AoAs — A3ho + MAa — A Ag) — ga(Aids — As A — Aoda — Aado)
—g3(A2A1 — At ha — AoAz — Azhg) + Do(Modo — AAL — Aada — AzA3)
—01(AsA2 — Aads — Ao — A o))

+®00( A1 A2 A3 A0 — oA Aoz 4+ Ao AsAads — AoAi Ao As)

+®11 (M A A2 A + AoAsho At £ AoAsAa A — AsAsAi A — AgAadsA;
—A0A0A3A3 — AgA1 Aoz + AgAoA2s)

+®go(AoAz A2 A1 + AoAsAads + AoAz A A + AgAzAa))

+®01 (A2 A3 A1 AL + AoAodads — AoAaAa AL + A A Aads + AgAsAs A

+A0A0 23 + AodaAaAr — AgAsAsA;)

+Do5(AoAA2As + oA Aads + Ao Aads + Ao dads + AoAi Ao

FA0A1 23 — AoAt A As + AoAsha ;)
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+®15( A1 A A3 2 + Ao AoAs A + Ao oA + Ao Ao Ao A — AoAsAsh;

— XAz A3A1 + Ao Ao Aoz + A A Ao s)

—(C +T) (0000 + 0151 + 9292 + 9373)

—(T +T)(AoAo + Mt + Aoka + Ashs)

+(T + T)o(0120M + g2XoAs + gzhods — GiAeds — GaAsAi — GzsAi Az — ToAoAo)
—(T + D)g(t1 X2 + g2 Az A1 + gzsdida + 1A Ao + Gadado + GzAz o

+00(A1 A1 + Aada + Az)3))

— (T 4+ D)1(g2A2A1 + g3A3A1 + Gadods + Gadado — DoAi Ao — V1AM — ToAes)
+(T + D) 15(AoA A Az + oAz )

+(T + D)gorodAzda + (T 4 D)1 doA dods + (T + D)gghodi Ao

+<F + f)gl()\oj\())\g)\g — )\15\1)\2)\3). (325)
The functions I', T and ® are expressed through the prepotential F' as
['=gF + 0*1nF = Fyo + Fu1, ['= 0% F = Fy, = PF = Fpp.  (3.26)

In the above formulas the partial derivative with respect to vy is denoted with the suffix
“0” (and similarly for v; and vyg).

Comparing (3.24) with (3.25), it turns out that the two inequivalent ' = 4 supermul-
tiplets (3,8,5)p and (3,8, 5);, produce inequivalent N = 4 off-shell invariant actions, while
sharing the same field content and the same connectivity symbol (43 + 45), but differing
their commuting groups (as well, their node choice groups , see 2.10 and 2.7).

By setting equal to zero all the fermionic fields in the action we obtain the bosonic

part Ly,s of the Lagrangian

Lios = [T(0F+07+ g5 +93) —T(05 + 7; + 75 + 73)] cos 0 (3.27)
—[®(0f + 07+ 05+ 95+ 95+ G + 35+ G3)

+(T + T) (0000 + 01G1 + 9202 + g3G3)] sin 0.
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By solving the algebric equations of motion for the auxiliary fields and up to total deriva-
tives we can write

‘Cbos = ginina 27] = 17 27 37 (328)

where X = (vo,v1,0p) and the metric g;; is given by

['cosf — Psind 0 —@Siﬂ@
gij = 0 (T —TA%) cosf + [(T +T)A — ®(1 + A?)]sin b 0 ;
—@sin& 0 —T'cosf — Psind
(3.29)
with
(T +T)sinf (3.30)

" 2T cosf + Psinf)’

The non-vanishing components of the diagonalized metric are

1 _ r+T
g1 = §(F—F)c089—¢s1n9+%,
g2 = (D—TA%cosf+ [T +T)A— &(1+ A?)]siné,
1 _ r+T
g3z = 5(F—F)cos@—<1>sin0—( —; ) (3.31)

Extra supersymmetry generators can be consistently applied on the (3,8, 5)y supermulti-
plet so that an N' = 8 Extended Supersymmetry can be defined on (2.27) (in the language
of [71], the N' =5 (3,8,5)y supermultiplet can be “oxidized” to an N' = 8 supermulti-
plet). This property is a consequence of the fact that both (3,8,5),a—0 and (3,8,5)p
can be “oxidized” to the same N = 8 (3,8,5) supermultiplet, with supersymmetry gen-
erators @7, I = 1,2,...,8. The eight supertransformations acting on (3,8,5)s, besides
Q1,Q2,Q3,0Q, are Q", Qg, Q7,Qs. Q" is obtained, similarly to @', by rotating the Q4, Qs
plane (Q" = Q4sinf — Q5 cos ).

Imposing the N' = 8 invariance for the action given by (3.22) requires constraining

the prepotential F'. The A/ = 8 invariance implies the constraint

r+0 = 0. (3.32)



The metric of the N/ = 8-invariant sigma-model is conformally flat,
gi; = oijH, (3.33)
with the conformal factor H given by
H = T'cosf— ®sind. (3.34)

The N = &-invariant constraint implies that the action given by (3.23) is a function of the

conformal factor H (the dependence on I', ® enters only through the conformal factor).

3.5 Discussion

We obtained evidences that supermultiplets, sharing the same field content but differing
in connectivity symbol, can induce inequivalent supersymmetric-invariant actions (one
should compare, e.g., the actions given in formulas (3.10) and (3.19)). It was known,
from the analysis of [88, 89, 63, 69], that inequivalent representations, discriminated
by their respective connectivity symbol, can be found. On the other hand, so far, no
dynamical characterization was associated to the connectivity symbol. In [71] the N' = 5-
supersymmetric off-shell invariant actions, induced with respect to inequivalent N' = 5
supermultiplets of a given field content, were proven to coincide and possess an overall
N = 8 supersymmetry invariance. The crucial feature here is the fact that the inequivalent
N = 4 off-shell invariant actions are induced by inequivalent non-minimal N° = 4 linear
supermultiplets (with the same field content).

As we emphasized in the previous chapter, the non-minimal N = 4 linear supermulti-
plets are progressively oxidized to minimal N = 5,6, 7, 8 linear supermultiplets possessing
8 bosonic and 8 fermionic component fields. It is clear, from these considerations, that the
N = 4 off-shell invariant actions based on non-minimal supermultiplets are not of mere
academic interest. Indeed, an N = 2, D = 4 theory, dimensionally reduced to 1D, pro-

duces a supersymmetric model with N = 8 extended supersymmetries; on the other hand
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the partial spontaneous breaking of N = 2 into N = 1 produces an N’ = 4 invariant 1D
supersymmetric model whose component fields belong to A/ = 8 supermultiplets and are
therefore non-minimal supermultiplets w.r.t. the A/ = 4 invariant supersymmetries. The
inequivalent ' = 4 non-minimal supermultiplets and their inequivalent N' = 4-invariant
off-shell actions can therefore be regarded as building blocks for constructing supersym-
metric models obtained from dimensional reduction of partial spontaneous supersymmetry
breaking of N = 2, D = 4 supersymmetry.

It is worth mentioning a paper [90] in which the A" = 4-invariance for a non-minimal
supermultiplet in presence of a Yang monopole is discussed (see also [68]).

We also provided the first explicit construction of a supersymmetric one-dimensional
sigma-model based on an entangled supermultiplet (which does not admit a graphical
presentation). The entangled supermultiplet has dynamical consequences. An N = 4,
one-dimensional, off-shell invariant sigma-model with a three-dimensional target is based
on it. Its action (3.23) carries an explicit dependence on 6. This model is supersymmetric
only under the supertransformations specified by the entangled supermultiplet. Therefore,
entangled supermultiplets allow to enlarge the class of supersymmetric actions so far
considered.

In the case of the (3.23) action the dependence on 6 can be reabsorbed only if the
constraint (3.32), which implies an N' = 8 invariance, is imposed. The N' = 8 action
turns out to be dependent on the conformal factor (3.34). The N' = 8 invariance is made
possible by the fact that the two A/ = 4 pure supermultiplets recovered at § = 0 and 6 = %
can be extended (“oxidized”, see [71]) to the same N = 8 (3,8, 5) supermultiplet. On the
other hand, when (3.32) is not satisfied, the action (3.23) is N' = 4 supersymmetric and

possesses a genuine #-dependence.

64



Chapter 4

D-module representations of N' = 3,
4, 7, 8 Superconformal Algebras and

the Critical scaling dimensions

This Chapter is a slightly edited version of the first part of [91]which was written in

collaboration with F. Toppan.

4.1 Introduction

In this chapter we extend the construction of [92] proving that all finite N' = 7,8 super-
conformal algebras are recovered as D-module representations for a critical value of the
scaling dimension A of some given global supermultiplet. Therefore, together with the
results concerning N/ = 4, a criticality is encountered for D-module representations of
the AN/ = 4,7, 8 finite superconformal algebras. This criticality has deep consequences in
constructing and constraining the admissible one-dimensional superconformal mechanical
models in a Lagrangian setting.

In one dimension the superconformal invariance can be characterized by the super-

conformal algebras, which are recovered from the list of finite simple Lie superalge-
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bras [93, 94, 95, 96] with further restrictions. Their even sector Ge,e, is a direct sum
Geven = Sl(2) ® R (where R is known as the R-symmetry), while the odd sector G,qq is
spanned by 2N odd generators (N denotes the value of the extended supersymmetry).
The superalgebras are closed under (anti)commutators and satisfy the graded Jacobi iden-
tities. The sl(2) generators will be denoted as D, K, H (D is the dilatation operator).

Explicitly, they satisfy the commutation relations
[D,H] = H, [D,K| =—-K, [H, K| =2D. (4.1)

A grading is induced by the dilatation operator D, so that (G; is the sector of grading i

and for any ¢ € G; the commutator [D, %] = ig® holds)

geven = g,1 ©® gO ) gl, godd - g,% D g% (42)

The sector G; (G_1) contains a unique generator given by H (K'). The odd sectors G, and

G_1 are spanned by the NV supercharges QQ;’s and their A/ superconformal partners @ 1’s,

M

respectively. The Gy sector is given by the union of D and the R-symmetry subalgebra

(Go ={D} U{R}).
We have, in particular, that the following anticommutation relations are satisfied for

I,J=12 ... N:

{QDQJ} = 25IJH7

{Qr.Q;} = 20K, (4.3)

with furthermore

It follows that the positive sector G~ = Q% @ G1, spanned by the generators @);’s and
H, is isomorphic to the one-dimensional, N-extended, global supersymmetry, namely the
superalgebra underlying the Supersymmetric Quantum Mechanics.

The si(2) algebra admits a (non-critical) D-module representation, expressed by the

differential operators
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H = —
dt’
d
= —t—— A\
a7
K = 29 oy (4.5)
y7 : :

This representation is non-critical since it closes the (4.1) si(2) algebra for any value of
the scaling dimension A.

On the other hand, linear D-modules representations for the N-extended global su-
persymmetry algebra [15] spanned by the generators Q;’s and H have been intensively
studied in the last decade [38]-[67]. They are surprisingly rich and intricated. They
can be divided into several classes: minimal versus non-minimal representations, homo-
geneous versus inhomogeneous representations, admitting (or not, see [67]) a graphical
presentation, etc. Those features which are relevant were briefly recalled in Introduction.

Following [92], we require the compatibility condition of the (4.5) si(2) D-module rep-
resentations with the D-module representations of the N-extended global supersymme-
tries. The H, D, K generators are assumed to act diagonally on the component fields of the
global supermultiplets. The relative scaling dimension of the component fields entering the
global supermultiplets are unambiguously fixed by the dimensionality ([Q;] = 3,[H] =1)
of the generators of the global supersymmetry. A unique free parameter is left. It is the
overall scaling dimension A\ of the global supermultiplet which, by definition, coincides
with the lowest scaling dimension of its component fields.

The finite superconformal algebras introduced above admit the following properties.
Their generators can be recovered by repeatedly applying the (anti)commutation relations
involving the supercharges (J; and the conformal generator K. We have therefore the
possibility to check, for any given global supermultiplet with 2n component fields and
any overall assignment A\ of the scaling dimension, whether the Ansatz for K expressed

by

K = —t2%12n—2t/\ (4.6)
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(A is a diagonal matrix whose diagonal entries coincide with the scaling dimensions of
the component fields so that, for a length-/ supermultiplet A is given by A = diag(\; =
Ao Ao = A+ I’Tl)) induces a D-module representation for a finite superconformal
algebra (to be determined).

To this end we recall that in a finite superconformal algebra the conformal superpart-

ners @ ; of the global supercharges )7 are recovered through the position

[K.Q1] = Q1. (4.7)

which can be assumed to be the definition of the Cj 1 generators. The closure of the

superalgebra requires the introduction of new even generators

Sty = {Q1,Q.}. (4.8)

By making use of the Jacobi identities one can easily prove that, for any I, S;; = —2D
while, for I # J, the antisymmetric property S;; = —S;; holds. For I > J the Si;’s

generators commute with H and K,

[Hv SIJ] = [Ka SIJ] = 07 (I > ‘])’ (49)

so that they can be identified with the R-symmetry generators. The S;; generators
are not, in general, linearly independent.

The explicit construction of the differential operators Q7 and Sy from repetend (anti)-
commutators involving K and the Q);’s does not yet guarantee that we have a D-module
representation for a finite N -extended superconformal algebra. We need to verify that the
superalgebra of differential operators H, K, D, Q;, @ 1,917 closes without the introduction
of further generators. For this purpose it is sufficient to check whether the commutators

involving the S7;’s generators and the QQk’s close on the global supercharges, namely that
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(S, QK] = O‘%J,KQL (4.10)

is verified for some structure constants af; . Indeed, by making use of the Jacobi iden-

tities the (4.10) equation implies the closure of the commutators [Sy s, @ i) and [Sr, Sun].

We have
1517, Qx] = O‘%J,K@La
[S17,Sun] = —{Qu, @N, St} + {CN?N, [S17,Qum]} = Oéﬁ],NSML + Q%J7MSLN(4-]-1)

The condition (4.10) on the differential operators will be called the “closure condi-
tion”. In the cases that we investigated three possibilities are encountered, associated

with the choice of the global supermultiplet and its scaling dimension A:

i) the closure condition is automatically satisfied for any value of A (no criticality in

this case),

ii) the closure condition leads to a linear equation for A which pinpoints the critical

value A,

iii) the closure condition admits no solution. In this latter case the global supermul-
tiplet cannot be lifted to a D-module representation for a finite superconformal algebra.
To perform the needed computations we developed a package for Mathematica. We
report here the results. All four N/ = 8 finite superconformal algebras are recovered from
a D-module representation induced by the N' = 8 (k,8,8 — k) global supermultiplets

for k # 4 at the critical values A\, = with the following identifications: D(4,1)

1
k=4
for k = 0,8, F(4) for k = 1,7, A(3,1) for £ = 2,6 and D(2,2) for £k = 3,5. For

k = 4 the closure condition admits no solution. Furthermore, the unique N = 7 global
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supermultiplet which cannot be extended to an N' = 8 supermultiplet (identified by its
field content (1,7,7,1) and first introduced in [37]) induces, at the critical value A = —1,
a D-module representation of the exceptional superalgebra G(3).

For NV = 4 the class of exceptional superalgebras D(2,1;«), parameterized by «, is
recovered for the (k, 4,4 —k) global supermultiplets with the identification o = (2—k)\ in
terms of the scaling dimension A. The unique global N' = 3 supermultiplet which cannot
be extended to an NV = 4 supermultiplet (identified by its field content (1,3,3,1)) induces
the D-module of the B(1,1) = osp(3|2) N = 3 superconformal algebra for any value of
the scaling dimension A (no criticality).

Besides these results we also proved that the inhomogeneous extension of the N' = 8
global supermultiplet (3,8,5) induces a D-module representation for the D(2,2) superal-
gebra. The inhomogeneous term is essential, see [?, 92|, to introduce Calogero-type terms
[97] in superconformal mechanics [98]-[101]. We further analyzed a few cases of N' = 6
global supermultiplets and their induced D-module representations.

The scheme of this chapter is the following. In Section 2 we review the results of
[92] about D-module representations of the A" = 4 superconformal algebras from min-
imal global A/ = 4 supermultiplets and we present the derivation of the non-critical
D-module representation of the B(1,1) simple superalgebra from the N' = 3 (1,3,3,1)
global supermultiplet. In Section 3 the four finite N' = 8 superconformal algebras are
realized as D-module representations from the A = 8 global supermultiplets (k, 8,8 — k)
for critical values of the scaling dimension A associated with k& # 4. The unique N =7
finite superconformal algebra G(3) is recovered, at the critical value A = —1, from the
(1,7,7,1) supermultiplet, namely the unique N' = 7 minimal supermultiplet which cannot
be extended to an A/ = 8 representation. Other cases, both critical and non-critical, of
D-module representations for N’ = 6 superconformal algebras are presented in Section 4.

In the Discussion we make more comments on the obtained results.
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4.2 D-module representations of A/ = 3,4 Supercon-
formal algebras

We summarize at first the results of [92] concerning the D-module representations of
finite NV = 4 superconformal algebras induced by the minimal linear representations of
the N' = 4 global supersymmetry. We postpone to next chapter a detailed discussion
of the finite NV = 4 superconformal algebras and the interpretation of the results here
reported.

The minimal homogeneous linear global N = 4 supermultiplets are expressed in terms
of their field content (k,4,4—k), with k = 0,1,2,3,4. The k = 0,1 global supermultiplets
admit a inhomogeneous extension [92].

For k = 2, the D-module representation of the A(1,1) = si(2|2)/Z superalgebra is
encountered at the A = 0 value of the scaling dimension, while a D-module representation
of s1(2]2) is found at A # 0.

For k # 2, D-module representations of the A' = 4 exceptional superalgebras D(2, 1; a)

are found. The identification between « and the scaling dimension is expressed by
a = (2—=Fk)\ (4.12)

where the A(1,1) superalgebra is recovered as a degenerate case for a = 0, —1 (see
Section 5.4).

The (0,4, 4)innom inhomogeneous extension of the & = 0 global supermultiplet does
not induce D-module representations for finite N' = 4 superconformal algebras. The
(1,4, 3)inhom inhomogeneous extension of £ = 1, on the other hand, induces a D-module
representation of the A(1,1) superalgebra. The presence of the inhomogeneous term in
the supertransformations forces the scaling dimension of the (1,4, 3);unom inhomogeneous
supermultiplet to be given by A = —1. Since formula (4.12) continues to hold, the « = —1
value is recovered.

At this stage we have already encountered, for A/ = 4, the phenomenon of “critical
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scaling”. Indeed, due to (4.12), inequivalent D(2,1;«) superalgebras are identified for
different values of A (and k). It is worth mentioning that, for a € C\{0,—1}, two
D(2,1; a) superalgebras are isomorphic if and only if their parameters are related by one
of the six transformations belonging to the S3 group given by (5.15).

In the next chapter Section 5.4 we will discuss the implications of the N = 4 crit-
ical scaling for D-module representations of the N/ > 4 superconformal algebras and in
constraining the Lagrangian formulation of N’ = 4 superconformal theories.

There exists a unique global A/ = 3 supermultiplet which cannot be extended to an
N = 4 supermultiplet (see [38]). Its field content is (1,3,3,1) and its component fields
will be denoted as x,;, g;,w (i = 1,2,3). Their scaling dimensions are, respectively,
2] = A W] =X+ 1% o] = A+1, [w = X+ 2 (X is the scaling dimension of the
supermultiplet). The fields z, g; are assumed to be bosonic, while v;,w are assumed to
be fermionic. They can be rearranged in the supermultiplet |m > such that |m >T=<
m| =< x, g1, g, g3; W, U1, Vo, 13|. The three global supercharges acting on |m > are given
by the 8 x 8 supermatrices J; obtained from the “root” supercharges Q¥ by applying the
dressing transformation S = diag(1, 0;, 0y, 0y, 0y, 1,1, 1).

The (1,3,3,1) supermultiplet induces a D-module representation of the N' = 3 su-
perconformal algebra B(1,1) = osp(3,2), with 6 even and 6 odd generators. Its bosonic
subalgebra is sl(2) @ so(3). The D-module representation is obtained for any A, since the
“closure condition” (4.10) gives no restriction on A (there is no critical scaling in this case).
The construction outlined in the Introduction produces, besides the generators H, D, K
and ();’s, the superconformal partners @i’s and the three independent R-symmetry gen-
erators S;;, for i > j.

An explicit presentation of the D-module generators of B(1, 1) is given by the following
supermatrices acting on (4]|4) supermultiplets (here and in the following F,,, denotes the

matrix with entry 1 at the crossing of the m-th row and n-th column and 0 otherwise)

H = 18 : 8757
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Q1
@2
@3
@1

Q2

@s

S

S3

—1g - t0; — A,

—1g - 20, — 2tA,

(=Ess + Eyr — Esy + E61)0; + Eig — Eas + By — Fgs,

(Eos — Eyg — Es3 + E71)0 + Erg — B35 — Egy + Eso,

(=Ear + Esg — Esq + Eg1)0; + Eig — Eus + Ees — Ena,
(=Ess + Eyr — Esy + Ee1 )t0; + (Ere — Eos + Ery — Fgz)t +
~Esp(2X\ +2) + (—Eag + Ex)(2X + 1) + Egi2),

(Bog — Eys — Es3 + Eqi)t0; + (Eir — E35 — Eey + Ego)t +
—F53(2A+2) + (Fas — Eg)(2A + 1) + E72),

(—Eor + Ess — Esy + Es1)t0; + (Erg — Eys + Ees — Ena)t +
—E54(2M+ 2) + (—Ea7 + E36)(2A + 1) 4+ Eg12),

FE34 — Ey3 + Erg — Egr,

—Eoy + Ego — Egs + Ese,

Eos — B39 + Eer — Ere,

(4.13)

where A is the diagonal matrix A = diag(A, A+ L, A+ 1L, A+ 1, A+ %, A+ %,)\ + %, A+ %)

and S; = €55 (€123 = 1).

In this basis the (anti)commutation relations of the B(1, 1) superalgebra reads as

[H, K] = 2D,

(D, H| = H, D, K| = —-K,

[D,Qi] = 3Q D,Q] = -1qQ,

[H,Q] = Qi K,Q] = Qi (4.14)
{QiQ;} = 20;H, {QiQ;} = —20;K,

{Qi,Q;} = =20;D+epSk, [5,Q)) = —eipQr,

1S,Q;] = —€Qn, [Si,S;] = —€ijnSk-
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With this N’ = 3 derivation we have shown explicitly our construction. In the follow-
ing, in order to avoid reproducing too cumbersome formulas, we limit ourselves to report
the main results.

It could be instructive to close this Section with an example of a derivation of an N' = 4
superconformal algebra from a non-minimal global NV = 4 supermultiplet (whose number
of component fields is doubled with respect to the minimal supermultiplets, see [66]). The
unique length-5 A" = 4 supermultiplet is the “enveloping supermultiplet” [37], with field
content (1,4,6,4,1). It induces a D-module representation for any A (the (4.10) closure
condition is automatically satisfied) and the derived superalgebra is unique (it does not
depend on the scaling dimension A). It is given by D(2,1;« = 1). At this special value of
a, D(2,1;1) is also denoted as D(2,1). It corresponds to a superalgebra which belongs

to the D(m,n) = osp(2m|2n) classical series [95].

4.3 Critical scaling dimensions and D-module repre-
sentations of N’ = 7,8 Superconformal Algebras

The minimal homogeneous linear global N = 8 supermultiplets are expressed in terms of
their field content (k,8,8—k), with £k =0,1,2,...,8. The k =0, 1,2, 3 global supermulti-
plets admit a inhomogeneous extension [32]. There exists a unique minimal, global N = 7,
linear supermultiplet which cannot be extended to N' = 8. It is a length-4 supermultiplet
whose field content is (1,7,7,1), see [37].

Before reporting the results of their D-module induced representations for finite su-
perconformal algebras we recall that, over C, there are four finite N' = 8 superconformal
algebras and one finite N/ = 7 superconformal algebra [95]. The finite N' = 8 supercon-

formal algebras are:

i) the A(3,1) = sl(4]2) superalgebra, possessing 19 even generators and bosonic sector

given by sl(2) @ sl(4) @ u(1),
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it) the D(4,1) = osp(8,2) superalgebra, possessing 31 even generators and bosonic

sector given by sl(2) @ so(8),

iii) the D(2,2) = osp(4|4) superalgebra, possessing 16 even generators and bosonic

sector given by sl(2) @ so(3) & sp(4),

iv) the F'(4) exceptional superalgebra, possessing 24 even generators and bosonic sector
given by sl(2) & so(7).

The finite N' = 7 superconformal algebra is the exceptional superalgebra G(3), pos-
sessing 17 even generators and bosonic sector given by sl(2) @ go.

without loss of generality we used the following conventions for the AN/ = 8 root

supermultiplet. The 8 supercharges are given by

0 YJ
QY = ,
_'YJat 0
0 1
Q= " (4.15)
1gat 0

where the ~; matrices (J = 1,...,7) are the generators of the C1(0,7) Euclidean Clifford

algebra: {v;,7.} = —20,,1s. We have, explicitly,

N=T@R®TH®T3, N=TaQ@MnRLly, YB=TmQT T3,
YT=T3R 1L, ®1y, B=TI®1LAT, Y%=T7T QT73T,

Y =T1® T3 1. (4.16)

01 1 0 0 1
The three 2 X 2 matrices 7; are 7, = , Ty = Ty =

10 0 -1 -1 0

supermultiplets of higher length are obtained from the given root supermultiplet via a

dressing transformation determined by a dressing operator S. S is a diagonal differential
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4

operator whose diagonal entries (for the cases here considered) are 1 and 0; =

Let QF be the supermatrices expressing the supercharges in the root representation.
I p p g p g p

The supermatrices (); of a dressed representation are given by

Qr = SQfs™. (4.17)

One should note that S~! is a pseudo-differential operator. The requirement that the
supermatrices ); are differential operators (see the analysis in [38, 37]) puts a constraint
on the admissible dressings and, as a consequence, on the admissible higher length super-
multiplets.

The N' = 8 minimal global supermultiplets (k,8,8 — k) admits an inhomogeneous
extension for & = 0,1,2,3. Among them, the (3,8,5)innom global inhomogeneous su-
permultiplet is the only one which induces a D-module representation for an N = 8
superconformal algebra.

The hamiltonian H is H = 0, - 1, while the conformal generator K is given by formula
(4.6). The diagonal matrix A entering (4.6) is unambiguously determined in terms of the
dressing transformation S and the overall scaling dimension A. The remaining generators
of the superconformal algebras (@I,D, S1y) are obtained from equation (4.7) (@1) and
(4.8) (D and Sy;). The closure condition (4.10) admits no solution for the global N' =8
(4,8,4) supermultiplet. In the remaining cases it fixes the critical value A of the scaling
dimension.

The results of the D-module representations of the A/ = 8 finite superconformal al-
gebras present a (k,8,8 — k) <> (8 — k, 8, k) duality which is already encountered in the
global supersymmetry (see [37]).

The results are the following:
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4.3.1 Critical D-module representations of D(4,1) from (8,8,0)

at A =1 and (0,8,8) at A\ = —1.

The respective diagonal dressing matrices S (and their associated diagonal matrices A

with the scaling dimensions of the component fields) are explicitly given by

k=8 : S=diag(1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1),
1111111133333 333
A =diag(=.~ -~ > > - - 22229299979
Za’g(4747474747474747474747474747 74>7
k=0 : S:diag(@t,3t,8t,8t,8t,8t,8t,8t,1,1,171,1,1,1,1),

A=diag(=,=, =, =, =, =, ==, =, =, =, =y =y =y = — ). (4.18)

In both cases the 28 Sy generators for I > J are all linearly independent (unambiguously
identifying the finite superconformal algebra as D(4, 1)). The non-vanishing values of the

structure constants Ozh , entering the closure condition (4.10) are
I J
argy =1, app=-1L (4.19)

For k = 8 we recover the result of [92].

4.3.2 Critical D-module representations of F'(4) from (7,8,1) at

A=y and (1,8,7) at A = —1.

The respective diagonal dressing matrices S (and their associated diagonal matrices A

with the scaling dimensions of the component fields) are explicitly given by

k=7 : S=diag(1,1,1,1,1,1,1,8,,1,1,1,1,1,1,1,1

~—

Y

A diggl L 1111145555555 5
- g3’3,3’3’3’3’3,3’6’6’6’676’6’6’6'
k=1 : S:diag(l,@,3,:,@,@,@,@,8,:,1 1,1,1,1,1,1 1),

) Y Y ) Y

1222222211111111
A:diag(__v_a_7_7_7_7_a_7_7_7_7_a_7_7_7_)' (420)
3333333366666 66

In both cases 7 relations reduce the number of linearly independent S;; generators (for

I > J) to 21, unambiguously identifying the A/ = 8 finite superconformal algebra as F'(4).
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For (7,8,1) we have

Sa1 = Se5 — S74 + 583 = 0,
Sz1 — Sea + 575 — 52 = 0,
Ssg + Ssa+ 576 + 551 = 0,
Sa1+ Se3 + 512+ 58 = 0,
Sz — Ss3 — 511+ 58 = 0,
Suz + Ss2 — Se1 — 57 = 0,

551 + S62 - 573 - 584 = O (421)
For (1,8,7) we have

So1 — Ses + S74 — Ss3 = 0,
S31— Sea — S5+ 582 = 0,
Szz + Ssa — 576 — Ss1 = 0,
Su + Sez — 72— S5 = 0,
Stz — 853+ 51— 53 = 0,
Sz + Ss2 — Se1 — Ss7 = 0,

Ss1+ Se2 + 573 + 584 = 0. (4.22)

These relations have the following general form :

€15ij, + €255y, + €354, + €45i,5, = 0

or in a more compact:

ZQEGS[GJG =0 a,b = 1,2,3,4

with coefficients ¢, = +1.
The structure constants of the superconformal algebra are explicitly computed. Non

zero structure constants are :
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I J
Orrg = L, Qryr = —1, (4.23)
Apart of these cases, another set of non zero constants appear when [1,J, # I,J, and
both I,J, and I,J, appear in one of the above relations, then we have :

Iy _ _1 Jp _ 1
Xadady = 3%l Xogo,r, = 3

4.3.3 Critical D-module representations of A(3,1) from (6,8,2)

at A\ =3 and (2,8,6) at A\ = —1.

The respective diagonal dressing matrices S (and their associated diagonal matrices A

with the scaling dimensions of the component fields) are explicitly given by

k=6 : S=diag(1,1,1,1,1,1,8,,0,1,1,1,1,1,1,1,1),

A=diag(=, =, =, =, =, =, =, = 1,1,1,1,1,1,1,1).
Za’g(2727272727272727 sy Ly Ly Ly by Ly )
k =2 : S = dlag(l, 1,8t,at,3t,@t,at,at, 1, 1, 1, 1, 1, 1, 1, ),

1 1111111
A=diag(—=,—=, 2,5, 75,20 = 0,0,0,0,0,0,0,0). 4.23
Za’g( 27 272727272’2727 Y Y Y ) Y Y Y ) ( )

In both cases 12 relations reduce the number of linearly independent S;; generators (for
I > J) to 16, unambiguously identifying the A/ = 8 finite superconformal algebra as
A(3,1).

For (6,8,2) we have

So1 + Ss3 =0, Ses + 574 =0,
Sg1 — Sga =0, Sea — S75 =0,
Sa1 + Sgs =0, Sez + S72 =0,
Sag — S53 =0, S71— Sge = 0,
Sag + S50 = 0, Se1 + Sg7 = 0,
Ss1— Ssa =0, Sea — S73 = 0. (4.24)
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For (2,8,6) we have

So1 — Ss3 =0, Ses — S7a = 0,
S31+ Ss2 =0, Sea + S75 =0,
Sy — Sg5 =0, Sez — S72 = 0,
Sz — S53 =0, S71— Ss6 = 0,
Sy3 + S5 = 0, Se1 + Ss7 = 0,
Sii+ S =0,  Sep+Ses—0. (4.25)

These relations have the following general form :

615@’1]& + 6251'21'2 =0

or in a more compact:

ZQGQS[GJQ = OCL, b= 1, 2.

with coefficients ¢, = +1.
The structure constants of the superconformal algebra are explicitly computed. Non

zero structure constants are either:

or when I, J, # I,J, and both I,J, and I,.J, are connected in one of the above relations,

then we have :

I _ Jp _
L g = —€af, QL 1, = €ab
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4.3.4 Critical D-module representations of D(2,2) from (5,8, 3)

at A\=1and (3,8,5) at A = —1.

The respective diagonal dressing matrices S (and their associated diagonal matrices A

with the scaling dimensions of the component fields) are explicitly given by

k=5 : S=diag(1,1,1,1,1,8,,8,0,1,1,1,1,1,1,1,1),

33333333
A =diag(1,1,1,2,2,2,2,2,5, -, 5 5 = 25 2 .
dlLa‘g( ) ) Y Y ) ) Y 7272727272727272)

k=3 : S:diag(LL1aat78t>ataat>ata17171717171717 )7

1 1 1 1 1 1 1 1
A = diag(—1, -1, -1 g 718
Zag( ) ) 70’0707070’ 2’ 2’ 2’ 27 27 27 27 2)( 6)

In both cases 15 relations reduce the number of linearly independent Sy, generators (for
I > J) to 13, unambiguously identifying the N/ = 8 finite superconformal algebra as
D(2,2).

For (5,8,3) we have

So1 — Ses — S7a + Ss3 = 0,
Sa1 4 Sea — S5 — Sg2 = 0,

Sgo — S50 — S76 + 581 = 0, (4.27)

together with

541 = _863 = 872 = _‘9857
542 = 553 = _871 = _5867
543 = _‘952 = 861 = _5877

Ss51 = Se2 = S73 = Ssa. (4.28)

For (3,8,5) we have
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So1 — Ses + 574 — Ss3 = 0,
Sa1+ Sea + S75 +Ss2 = 0,

Szz — Ssa+ 576 —Ss1 = 0, (4.29)

together with

541 = _563 = _S72 = SSSa
S42 = 553 = S?l = 5867
543 = _S52 = S61 = _5877

Ss51 = Se2 = —S73 = —Ss4. (4.30)

The structure constants of the superconformal algebra are explicitly computed. Their
expression is too cumbersome to be given by closed formulas, they are explicitly reported

in Appendix A at the end of this chapter.

4.3.5 Critical D-module representations of G(3) from (1,7,7,1)

_ 1
at \ = —7

In this case the diagonal dressing matrix S can be chosen, without loss of generality, to

be given by
S = diag(lvatvat7ataat78taat)ataata171717]-’]-)171)' (431)

After dressing, 7 global supercharges Q;’s (I = 1,...,7) remain as differential operators.

14 out of the 21 generators Sy, (for I > J) are linearly independent, due to the 7
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relations

So1 — Ses +S7u = 0,
S31—Ses — S5 = 0,
Ssa+ S50 — S = 0,
Su1+ Se3 — 52 = 0,
Sig — Ss3+ 51 = 0,
Suz + S50 —Se1 = 0,

S51 + Sﬁ2 + 573 = 0. (4.32)

These relations have the following general form :

€15, + €255, + €35i555 = 0

or in a more compact:

EaeaSIaJa =0 a,b = 1,2,3.

with coefficients ¢, = +1.

At the critical scaling dimension A = —}l, the closure condition satisfies and one
recovers the exceptional superalgebra G(3).

At this critical value the diagonal matrix A with the scaling dimensions of the com-

ponent fields is given by
A = diag(—=,=, =, =, =, =, =, =, =, =, =, =y =y =y = — ). (4.33)

The structure constants of the closure condition are explicitly computed. Non zero

structure constants are either:

CdJ,J =1, 04{],] =—1, (4.34)
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or another set of non zero constants appear when I,J, # I,.J, and both I,.J, and I,.J,
appear in one of the above relations :

Ib _ _1 Jb J— 1
Hadardy = T 5% Appe 1, T 5

4.3.6 D-module representation of D(2,2) from the inhomoge-

neous (3,8,5) supermultiplet.

There exists a unique inhomogeneous global supermultiplet which induces a D-module
representation for a finite AN/ = 8 superconformal algebra. The presence of the inhomoge-
neous extension fixes the scaling dimension of the auxiliary fields to be 0 (see [92]). This
implies that the overall scaling dimension of the supermultiplet has to be A = —1. The
homogeneous (3,8, 5) supermultiplet is the only one inducing a D-module representation
at this critical value of A, the superconformal algebra being D(2,2). It remains to be
checked whether the presence of the inhomogeneous extension is compatible with the D-
module representation for D(2,2). The answer is positive. We adapted the construction
discussed in [92] for the D-module representation induced by the inhomogeneous (1,4, 3)
supermultiplet. The eight supercharges act now on a (9|8) supermultiplet |m > such that
<m|" = (zi,95, ;%) (i =1,2,3,j=1,...,5, a=1,...,8). They are explicitly given
by

Q1 = Ein— Eypo— Esi3+ Eoa+ Eug — Eiss — Eies + Eirg +
(E112 — Es15 + Eg1a + Erir — Es 16 — B2 + Ei11 — Eis3)0,
Q2 = FEiio+ Eyi3— FEsi0— Eia+ EBuugr+ Eisg — Eies — Firg +
(—Es11 — Es16 — o7 + Erpa + Eg15 — Evos + Ei2q + Ei32)0),
Qs = FEii3— FEyio+ Esin — Eia+ Eiag — Eisg + Eige — Eirp +

(—Es10 — Es17+ Ee16 — Er15 + Es1a + Ev13 — B2 + E131)04,
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Qi = FEiuu+ Fois+ Esie — Fis — Fiie — Fiogr — Fisg + Fira + cEirg
(Es17 — Es510 — Esq1 — Eri2 — Es 13 + Eia1 + Eis 2 + Ei63)0,

Qs = FEiis— Esa+ Ezir — Ee + B — Eiog+ Eisr — Figa — cEigo +
(—Es16 + Es11 — Ega0+ Erps — Es1o — B + Eis1 + Ei73)0,

Qs = Fiie— Foir— E31a— Foqr+ Eiig+ Fios — Fige + Eisa + cEis9 +
(E415 + Es12 — Eg13 — Er10 + Es 11 — Eas + Eie1 — Ei72)0,

Q7 = FEiir+ By — Esis — Eog — Fug+ Eioe + Eiss — Fiaa — cBigg +
(—Espa+ Es13+ B 120 — Eri1 — Es 10 — Evs 3+ Eea + Ei7.1)0),

Qs = FEii0+ By + Esio+ Eizy+ Eus + Eisg + Eigr + Eirg +
(E113+ Es14+ Ee15 + Er16 + Esa7 + Evoq + Ev12 + Ei23)0:. (4.34)

One should notice the presence of the inhomogeneous constant ¢ in the Q4, @5, Qg, Q7
transformations.

The conformal generator K (4.6) is uniquely specified by the diagonal matrix A given
by

1 1 1 1 1 1 1 1
A = diag(—1,—1,-1,0,0,0,0,0,0, —=, —=, —=, —=, —= —=, —= —=). (4.
/l/ag( ) Y ) Y ) ) ) Y ) 2’ 2’ 2’ 27 27 27 27 2) ( 35)

The D(2,2) superalgebra closes as in the homogeneous case (recovered for ¢ = 0).
The explicate calculations has been reported in the Appendix A, where we use a different
basis. Its explicit presentation and the discussion of its properties is left to a forthcoming

paper in preparation.

4.4 Some extra, critical and non-critical, D-modules
with NV =6

The strategy of searching for D-module representations of superconformal algebras re-

quires, as an input, the supermultiplets of the global N-Extended supersymmetry. For
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low values of N these supermultiplets have been classified. In these cases it is therefore
possible to look for their possible, associated, superconformal D-modules. We limit here
to discuss some further selected cases, besides the ones that we have already presented.
To be definite, let us focus on the length-4 N' = 6 global supermultiplets. Their resulting
D-modules are of interest in the light of the analysis, based on their N' = 4 decomposition,
discussed in next chapter .

The three length-4 global N’ = 6 supermultiplets are [37] (2,6,6,2), (1,6,7,2) and
(2,7,6,1). In all three cases we obtain a D-module representation for the A(2,1) = si(3]2)
N = 6 superconformal algebra, whose R-sector is the bosonic subalgebra si(3) @ u(1).
The 15 generators S;; (with 4,5 =1,...,6 and ¢ > j) are not linearly independent. 6 of
them are determined in terms of the 9 remaining generators, unambiguously identifying
the S;;’s as the R-sector of A(2|1). The request that no further odd generator is obtained,
besides the 6 global supercharges @);’s and their 6 conformal superpartners @’s, produces
no constraint on A for the (2,6,6,2) case (no critical scaling dimension). On the other
hand the scaling dimensions of (1,6,7,2) and (2,7,6,1) are constrained to the values,
respectively, A = 0 and A = —%. We can summarize these results in the following table.

The A(2,1) N = 6 superconformal algebra D-modules are recovered from

(2,6,6,2): A(2,1), VA€R,
(1,6,7,2): A(2,1), for A=0,

(2,7,6,1): A(2,1), for A= —%. (4.36)

4.5 Discussion

In this chapter we constructed a class of D-module representations for one-dimensional
superconformal algebras. These representations exhibit, for N' = 4, 7,8, the property of
criticality. This means that they only close at critical values of the scaling dimension A

characterizing the supermultiplets of time-dependent component fields. The superalgebras
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under consideration are a given subclass of finite, simple, Lie superalgebras. Their D-
module representations are an extension of the D-module representation (4.5) of the sl/(2)
algebra (this representation is non-critical, being recovered for any value of \).

The connection with the D-module representations [37] of the N-Extended global
supersymmetry (the superalgebra of the one-dimensional Supersymmetric Quantum Me-
chanics) is given by the fact that the latter is a subalgebra of the superconformal algebras.
Certain minimal global supermultiplets induce, at a given A, their associated D-module
representations of a superconformal algebra. In particular, the exceptional finite Lie su-
peralgebras [93, 95| D(2,1;«), G(3) and F(4) (which are superconformal algebras for
N = 4,7,8, respectively) admit a D-module representation. Quite interestingly, the D-
module representation of G(3) is only induced from the minimal (1,7,7,1) global N' =7

supermultiplet, first introduced in [37].
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4.6 Appendix A: Superconformal D-module rep. based

on inhomogeneous (3,8,5) supermultiplet

‘We report here for clarity, explicitly the generators and closure condition for a specific and important case, the only N = 8 inhomogeneous
supermultiplet which admits superconformal representation: inhomogeneous (3,8,5) supermultiplet. Its explicit presentation and the discussion
of its properties is left to a forthcoming paper in preparation. Please note that we have used a slightly different basis. The superconformal

algebra is closed on under the condition of A = —1 which has been applied.

Q1 = Ei111— E210— Es,15 + E12,4 — E13,3 + E1a,6 — E16,8 + E17,7
+(—E3,13 + E4,12 + E6,14 + E7,17 — Eg 16 — E10,2 + E11,1 — E15,5)0
Q2 = Ei12+ E213— Es516 — E10,3 — B11,4 + E14,7 + E158 — E17,6 — cE179
+(=E3,10 — E4,11 — Eg,17 + E7,14 + Eg 15 + E12,1 + E13,2 — E16,5)0t
Qs = Ei113— E212 — E5,17 — E10,4 + E11,3 + E14,8 — E15,7 + E16,6 + cE16,9
+(E3,11 — E4,10 + FEe,16 — E7,15 + Eg,14 — E12,2 + E13,1 — E17,5)0t
Qe = FEi114+ E215— Es,10— E11,6 — E12,7 — E13,8 + E16,3 + E17,4
+(F3,16 + Ba,17 — E6,11 — E712 — Eg 13 — E10,5 + E14,1 + E15,2)0t
Qs = Ei1,15— E214+ E511— E10,6 — E12,8 + E13,7 — E16,4 + E17,3
+(E3,17 — Ea,16 — E6,10 + E7,13 — Eg,;12 + E11,5 — E14,2 + E15,1)0t
Qe = FEi,16— F2,17+ Es5,12 — E10,7 + E11,8 — E13,6 — cE13,9 — F14,3 + E15,4
+(—=E3,14 + Ea,15 — E6,13 — E7,10 + Es,11 + E125 + E16,1 — F17,2)0¢
Q7 = Ei17+ E216 + E513 — Fi0,8 — E11,7 + E12,6 + cE12,9 — E14.4 — E15,3
+(=E3,15 — E4,14 + Eg,12 — E7,11 — Es,10 + E13,5 + E16,2 + E17,1)0t
Qs = Ei10+E211+E514+ E123+ E134+ E156 + E16,7 + E17,8

+(E3,12 + E4,13 + F6,15 + E7,16 + Eg,17 + E10,1 + E11,2 + E14,5)0t

H = 84117, (4.37)
= 20,117 — 2tA, (4.38)
D = —tdl17 —A. (4.39)

Where A = diag(—1,—1,0,0,—1,0,0,0,0, —1/2, —1/2, —1/2, —=1/2, —1/2, —1/2, —1/2, —1/2) is a diagonal 17 X 17 matrix.

another generators of the algebra are explicitly are as following: Q; = [K, Q;]
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Q1 = (Ei111—E210— E5,15 + E12,4 — E13,3 + E14,6 — F16,8 + E17,7)t
+(=E3,13 + B4,12 + Eg,14 + E7,17 — Es,16 — E10,2 + E11,1 — E15,5)(t9¢ — 1)
—(=E10,2+ E11,1 — E15,5)

Q2 = (Bi,12+ E2,13 — E5,16 — F10,3 — F11,4 + F14,7 + F15,8 — E17,6 — cE17,9)t
+(=FE3,10 — Ea,11 — E6,17 + E7,14 + Eg 15 + E12,1 + E13,2 — E16,5)(t0t — 1)
—(F12,1 + F13,2 — E16,5)

Qs = (E1,13 — E2,12 — E5,17 — E10,4 + E11,3 + E14,8 — F15,7 + E16,6 + cE16,0)t
+(E3,11 — Ea,10 + E6,16 — E7,15 + Eg,14 — E12,2 + E13,1 — E17,5)(t0¢ — 1)
—(=Ei122+ E131 — E175)

Qs = (Er14+E215— E510— E11,6 — E12,7 — F13,8 + F16,3 + E17,4)t
+(E3,16 + E4,17 — Ee,11 — E7,12 — Eg;13 — E10,5 + E14,1 + E15,2)(t0¢ — 1)
—(—F10,5 + F14,1 + E15,2)

Qs = (E1,15 — E214 + E5,11 — E10,6 — E12,8 + E13,7 — E16,4 + E17,3)t
+(E3,17 — BEa,16 — E6,10 + E7,13 — Es,12 + E11,5 — F1a,2 + E15,1)(t9¢ — 1)
—(=Eg12 + E11,5 — E14,2 + E15,1)

Qe = (F1,16 — E2,17 + E5,12 — E10,7 + E11,8 — E13,6 — cF13,9 — F14,3 + E15,4)t
+(—E3,14 + E4,15 — E¢,13 — E7,10 + Eg 11 + E12,5 + E16,1 — E17,2)(t0; — 1)
—(B12,5 + E16,1 — F17,2)

Q7 = (F1,17 + E2,16 + E5,13 — E10,8 — E11,7 + E12,6 + cE12,9 — E14,4 — E15,3)t
+(—E3,15 — E4,14 + Ee,12 — E7,11 — Eg,10 + E13,5 + E16,2 + E17,1)(tdt — 1)
—(E13,5 + E16,2 + F17,1)

Qs = (E1,10 + E2,11 + E5,14 + E12,3 + E13,4 + E15,6 + E16,7 + E17,8)t

+(E3,12 + E4,13 + E¢,15 + E716 + Eg 17 + E10,1 + E11,2 + E14,5)(td¢ — 1)

—(F10,1 + F11,2 + F14,5)

There are another set of generators in bosonic sector which complete the set of generators of the algebra, defined by S;; := {Q;, (j]}
We do not present them explicitly here. Apart of the relations S;; = —Sji and S;; = —2D, the following relations are hold between them
(i>j):

S21 = S¢5 = S74 = Ss3,
S31 = —Se4 = S75 = —Ss2,
Sa2 = Ss3 = S71 = Ss6,

S43 = —Ss52 = —Se1 = Ssr
and:

S32 — Ssa — S76 + Sg1 =0
S41 + Se3 — S72 — Sg5 =0

S51 — Se2 — S73 + Sga =0

By these relations, only thirteen out of S;;s are genuinely independent. The “closure condition” for this algebra is satisfied only when

A = —1, as we applied already. We report the “closure condition” result.
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[S21,Q1] = Q2, [S21,Q2] = @1, [S21,Q3] = Qs, [S21,Q4] = Q7

[S21, Q5] = Qe,  [S21, Q6] = —Q5, [S21,Q7] = —Q4, [S21,Q8] = —Q3
[S31,Q1] = Q3, [S31,Q2] = —Qs, [S31, Qs3] = —Q1, [531,Q4] = —Qs¢
[S31, Q5] = Q7,  [S31, Q6] = Qa, [831,Q7] = —Qs5, [531,Q8] = Q2
[S32, Q1] = Qs, [S32,Q2] = Qs, [S32,Q3] = —Q2, [532,Qu] = —Qs
[S32, Q5] = Qa, [S32,Qe] = 3Q7, [S32,Q7] = —3Q¢, [S32,Qs] = —Q1
[S41, Q1] = Qa, [S41,Q2] = —Q7, [S41,Q3] = Qe,  [S41,Qu] = —Q1
[Sa1,Q5] =3Qs, [S41,Q¢] = —Q3, [S41,Q7] = Q2,  [S41,Q8] = —3Qs5
[S42, Q1] = Q7, [S42,Q2] = Qua, [S42, Q3] = Qs5, [S42,Q4] = —Q2
[Sa2, Q5] = —Q3, [S42, Q6] = Qs, [Sa2,Q7] = —Q1, [S42,Q8] = —Qs¢
[S43, Q1] = —Qe, [543, Q2] = —Qs, [S43, Q3] = Qa, [S43,Q4] = —Q3
[S43, Q5] = Q2, [S43,Q¢] = Q1, [Sa3,Q7] = Qs, [S43,Qs] = —Q7
[S51, Q1] = Q5, [S51,Q2] = —Qs, [S51, Q3] = —Q7, [S51,Q4] = —3Qs
[S51, Q5] = —Q1,  [S51, Q6] = Q2, [S51, Q7] = Q3, [S51,Q8] =3Q4
[S52, Q1] = Qe,  [S52,Q2] = Qs, [S52, Q3] = —Q4, [S52,Qu] = Q3
[S52, Q5] = —Q2, [S52, Q6] = —Q1, [S52, Q7] = —Qs, [S52,Q8] = Q7
[S53, Q1] = Q7,  [S53,Q2] = Qua, [S53, Q3] = Qs,  [S53, Q4] = —Q2
[S53, Q5] = —Q3, [S53, Q6] = Qs [S53, Q7] = —Q1, [S53,Q8] = — Qs
[S54, Q1] = 3Qs, [S54,Q2] = —Q3, [S54,Q3] = Q2, [S54,Q4] = Q5
[S54, Q5] = —Qa, [S54, Q6] = Q7, [S54, Q7] = —Qe, [S54,Q8] = —3Q1
[S61, Q1] = Qe,  [S61,Q2] = Qs5, [S61, Q3] = —Qa4, [S61,Q4] = Q3
[S61, Q5] = —Q2, [S61,Q6] = —Q1, [S61, Q7] = —Qs, [S61,Q8] = Q7
[S62, Q1] = —Q5, [Se2, Q2] = Qs [S62, Q3] = —3Q7, [Se2,Q4] = —Qs
[S62, Q5] = Q1,  [Se2, Q6] = —Q2, [S62, Q7] =3Q3, [S62,Qs] =Qa
[S63, Q1] = Qa, [Se3, Q2] = 3Q7, [S63, Q3] = Qe,  [S63, Q] = — Q1
[S63, Q5] = —Qs, [S63, Q] = —Q3, [Se3, Q7] = —3Q2, [Se3,Qs] = Qs
[Se4, Q1] = —Q3, [Se4, Q2] = Qs, [Se4, Q3] = Q1, [Se64,Q4] = Qs
[S64, Q5] = —Q7, [Se4, Q6] = —Qa, [S64, Q7] = Q5, [S64, Q8] = —Q2
[S65, Q1] = Q2,  [Se5, Q2] = —Q1, [S65, Q3] = Qs,  [Se5,Qa] = Q7
[S65, Q5] = Qe,  [Se5, Q6] = —Qs, [Se5, Q7] = —Q4, [Se5, Q8] = —Q3
[S71, Q1] = Q7,  [S71,Q2] = Qua, [S71, Q3] = Qs,  [S71,Q4] = —Q2
[S71, Q5] = —Qs3, [S71,Q¢] = Qs, [S71,Q7] = —Q1, [S71,Qs] = —Qs¢
[S72, Q1] = —Q4, [S72,Q2] = Q7, [S72, Q3] =3Qs, [S72,Q4] = Q1
[S72, Q5] = Qs, [S72, Q6] = —3Q3, [S72, Q7] = —Q2, [S72,Q8] = —Q5
[S73, Q1] = —=Qs5, [S73,Q2] = —3Qs, [S73, Q3] = Q7, [S73,Q4] = —Qs
[S73, Q5] = Q1, [S73, Q6] =3Q2, [S73,Q7] = —Q3, [S73,Q8] = Q4
[S74, Q1] = Q2,  [S74,Q2] = —Qx, [S74, Q3] = Qs,  [S74,Q4] = Q7
[S74, Q5] = Q6,  [S74, Q6] = —Q5, [S74,Q7] = —Qa4, [S74,Q8] = —Q3
[S75, Q1] = Q3, [S75,Q2] = —Qs, [S75, Q3] = —Q1, [S75,Qul = —Qs
[S75, Q5] = Q7,  [S75, Q6] = Qua, [S75, Q7] = —Q5, [575, Q8] = Q2
[S76, Q1] = —Qs, [S76, Q2] =3Qs3, [S76, Qs3] = —3Q2, [S76,Q4] = Q5
[S76, Q5] = —Q4, [S76, Q6] = Q7, [S76, Q7] = —Qe6, [S76, Q8] = Q1
[S81, Q1] = Qs, [S81,Q2] = Qs3, [S81, Qs3] = —Q2, [S81,Q4] =3Qs
[S81, Q5] = —3Q4, [S81,Qe]l = —Q7, [S81,Q7] = Q6. [S81,Q8] = —Q1
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[Ss2, Q1] = —Q3,
[S82,Qs] = —Q7,
[S83, Q1] = Q2,
[Ss3, Q5] = Qs
[Ss4, Q1] = —3Qs,
[Ss4, Qs] = 3Q1,
[S85, Q1] = 3Qa,
[S85, Q5] = Qs,
[Ss6, Q1] = Q7,
[Ss6, Q5] = —Qs,
[Ss7, Q1] = — Qs
[S87, Q5] = Q2,

[Ss2, Q2] = Qs,
[S82, Q6] = —Qu4,
[S83, Q2] = —Q1,
[Ss3,Qel = — Q5.

[S84, Q2] = — Qs
[S84, Qe] = Q2,
[S85, Q2] = Q7,
[Ss5, Q6] = Qs,
[S86, Q2] = Qa,
[Ss6, Q6] = Qs,

[Ss7, Q2] = —Qs,
[Ss7, Q6] = Q1,
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[Ss2, Q3] = Q1,
[Ss2,Q7] = Qs,

[S83, Q3] = Qs,
[S83, Q7] = —Qa,
[S84, Q3] = —Q7,
[S84, Q7] = Q3,
[S85, Q3] = —Qs;

[S85, Q7] = —Qa2,
[Ss6, Q3] = Qs,
[Ss6, Q7] = —Q1,
[Ss7, Q3] = Qa,
[Ss7, Q7] = Qs,

[S82, Q4] = Qs
[Ss2, Q8] = —Q2
[S83, Q4] = Q7
[S83, Qs8] = —Q3
[S84, Q4] = Qs
[S84,Qs] = —Q4
[S85, Q4] = —3Q1
[S85, Q8] = —Qs
[S86, Q4] = —Q2
[Ss6, Q8] = —Qs
[Ss7, Q4] = —Q3
[S87,Qs] = —Q7



Chapter 5

Superconformal models

This Chapter is basically a lightly edited version of the second half of [91], written in

collaboration with F. Toppan.

5.1 Inroduction

We reviewed the construction of superconformal mechanics (in a Lagrangian setting)
recovered from the D-module representations of the finite superconformal algebras. As an
example, we proved that the N” = 8 global action associated to the (1,8, 7) supermultiplet,
under a homogeneity condition and in presence of a non-trivial interaction (see (5.4) and
the following discussion), is invariant under the exceptional F'(4) superalgebra. We thus
recovered, in a different framework, the finding of [80]. The previously cited N' = 8
inhomogeneous (3, 8, 5) supermultiplet induces, on the other hand, a new D(2, 2)-invariant
superconformal mechanical model that will be presented elsewhere.

In application to classical superconformal mechanics in a Lagrangian framework the
scaling dimensions of the component fields have to satisfy a reality condition.

On the other hand the D-module operators can be applied to quantum systems. In
this case they should satisfy a Hermiticity condition which depends on a chosen metric 7).

For the dilatation operator D the chosen metric can be constant (either 1 or depending
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on the momentum operator p;) or non-constant. It is well-known that, by assuming
the metric to be 1, the Hermiticity condition of the dilatation operator implies that the
scaling dimension A should belong to the critical strip A = % + 17, with v € R. This is the
critical strip where the non-trivial zeros of the Riemann’s zeta function are encountered
(the Hermiticity property of D is at the basis of an attempt [79] to prove the Riemann
hypothesis). We linked the Hermiticity constraints on the scaling dimensions with the
choice (constant and non-constant) of the metric 7.

The last part of the chapter is devoted to a thorough investigation of the constraints on
N = 4 superconformal mechanics resulting from the N = 4 criticality condition. Multi-
particle superconformal mechanics is based on several interacting supermultiplets which
carry a representation of the same finite superconformal algebra. The N = 4 exceptional
superconformal algebras D(2, 1; ) are isomorphic for values of o which are related by an
S3 group of transformations (see (5.15)). This fact, together with the critical relations
between o and the scaling dimension A for the various global N = 4 supermultiplets, has
deep and non-trivial consequences in constraining multiparticle superconformal mechan-
ics. The origin of these constraints are of representation theoretical nature. We derived
in particular, see Appendix B, the admissible common scaling dimensions A which allow
inequivalent global A" = 4 supermultiplets to induce D-module representations for the
same superconformal algebra. As an application we find that in certain cases irrational so-
lutions for A exist. The superconformal models based on these interacting supermultiplets
are N’ = 4 invariant, but cannot be extended to a full ' = 8 invariance. One particular
superconformal example, obtained from the (5.25) prepotential, involves the interaction
of the (1,4, 3) and the (3,4, 1) supermultiplets and is based on a scaling dimension related
to the golden mean.

The representation theoretical nature of the N = 4 constraints has implications for
the critical scaling dimensions of the N' = 7, 8 superconformal algebras D-modules. This
is due to the fact that the minimal ' = 7, 8 supermultiplets admit (at least) one decom-

position in terms of two minimal N = 4 supermultiplets. The critical scaling dimensions
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can be sometimes partly and sometimes completely determined (as it indeed happens for
the N'=28 (5,8,3) and (3,8,5) D-modules) by the N' = 4 analysis. In Appendix B it is
shown how the A/ = 4 constraints imply the absence of N' = 8 superconformal algebras
induced by the (4,8,4) supermultiplet.

The scheme of this chapter is the following. In Section 2 we review the construction of
the superconformal mechanics in a Lagrangian setting derived from D-module represen-
tations of superconformal algebras. In Section 3 we analyze the Hermiticity conditions of
the D-module representations in association with a constant or non-constant metric. In
Section 4 the constraints on (multiparticle) superconformal mechanics are derived from
the criticality condition of A = 4 superconformal algebras and the isomorphism of the
D(2,1; ) superalgebras under the S5 group of transformations acting on the parameter
a. The existence of N' = 4 multi-particle superconformal mechanics for certain irrational
values of the scaling dimension A of the supermultiplets is pointed out (in the Appendix
the admissible real values ), associated to pairs of N' = 4 supermultiplets which carry
a D-module representation for the same N = 4 superconformal algebra, are explicitly
presented).

In the Discussion we comment about these results.

5.2 Superconformal mechanics in Lagrangian frame-
work

The superconformal algebras that we are dealing with admits the following decomposition

in terms of the grading induced by the dilatation operator D (G; is the sector of grading
i)
g = g_l@g_%@go@g%@gl. (5.1)

The sector G; (G_1) contains a unique generator given by H (K). The odd sectors G 1

and G_ 1 are spanned by the supercharges );’s and their superconformal partners @ I's,
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respectively. The G, sector is given by the union of D and the R-symmetry subalgebra
(Go — {DYULR)).

The invariance under the global supercharges );’s and the generator K implies the
invariance under the full superconformal algebra G.

D-module representations can be employed to induce superconformal mechanics in
a Lagrangian setting [92]. Let the N' = 4 supermultiplet (k,4,4 — k) (k > 1) being
expressed by k component fields z; (the propagating bosons), 4 — k auxiliary fields g,

and 4 fermions 1),. A global N' = 4-invariant action is obtained from the Lagrangian

L = QsQ3Q:Q:[F ()], (5.2)

where F'(x;), known as the prepotential, is an arbitrary function of the propagating bosons.
The N = 4 superconformal invariance is obtained by suitably constraining F, so that the

equation

d
KL = —M .
L= = (5.3)

(M is some function of the component fields and their derivatives) is satisfied.

This approach is straightforwardly extended to the multiparticle superconformal me-
chanics (based on several N' = 4 interacting supermultiplets and such that the prepotential
F' is a function of all propagating bosons entering the different supermultiplets) and to
N = 8 superconformal mechanics. In this case the N'= 8 (with global supercharges @y,
I=1,...,8) (k8,8 — k) supermultiplet is at first decomposed into two N = 4 supermul-
tiplets under @Q;’s with i = 1,2,3,4 ((k,8,8 — k) = (K, 4,4 —F)® (k—F,4,4—k+k')).
The global N' = 8 invariance is obtained by constraining the Lagrangian to satisfy the
equations Q;£ = %Pj, for  =5,6,7,8.

Further details of this approach to the construction of invariant Lagrangians are found
in [92]. In Chapter 3 a slightly more general approach than the one here discussed is
presented. It allows to construct N = 8-invariant actions for N’ = 4 decompositions with

k" =0 (so that it can be applied to the (1,8,7) = (1,4,3) & (0,4, 4) decomposition).
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Let us discuss now some applications of the A/ = 8 critical scaling dimensions we
obtained in this work. We revisit at first the N’ =8 (1,8,7) model with a unique propa-
gating boson x, fermions ¢, 1); and auxiliary fields g; (j = 1,2,...,7). Its global N' = 8

action has been derived in [37]. It is given by

s = [ate= [ dei(ar+ Dl - 00— bty + 07+ alovig, — 3Congt (5

for some real coefficients a,b. The connection between N = 8 supersymmetry and oc-
tonions implies that, without loss of generality, the totally antisymmetric coupling con-
stants Cj;;, can be identified with the octonionic structure constants. A consistent choice
is Cha3 = Car = Ce5 = Cop7 = Cz54 = Csg7 = 1.

It was later shown in [80] that the (5.4) model can be made superconformally invariant
with respect to the F'(4) exceptional superalgebra. The D-module analysis of this model
goes as follows. The scale-invariance and the dimensionless of the action requires the
homogeneity of the Lagrangian. Therefore, either we have a = 0 or b = 0. In the a =0
(for b # 0) case we obtain a constant kinetic term. The scaling dimension A of = coincides
with the scaling dimension of the (1,8,7) supermultiplet. It is given, see formula (5.10)
for 5 =0, by A = —%. This value, however, does not coincide with the critical scaling
dimension for the N/ = 8 supermultiplet with & = 1. In the second case (b = 0 and
a # 0) we obtain a nontrivial Lagrangian, due to the presence of the cubic term. The
scaling dimension A is now recovered from (5.10) with 5 = 1. We obtain for this value
the critical scaling dimension A = —% of the NN = 8 k = 1 supermultiplet. At this
critical value the (1,8,7) supermultiplet induces a D-module representation of the F(4)
superconformal algebra. Straightforward computations show that, at A = —%, the action
of the K generator on the (5.4) Lagrangian satisfies the (5.3) condition. We recover,
with a different method, the F'(4) superconformal invariance of the (5.4) model for b = 0.
Unlike the superspace approach of [80], the F'(4) generators act linearly on the (1,8,7)
component fields.

The next model we analyze is based on the inhomogeneous N' = 8 (2, 8, 6) supermulti-
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plet and was introduced in [32]. In the Lagrangian D-module approach the inhomogeneity
(expressed by a real parameter c) is essential to produce Calogero-type terms in the ac-
tion. The presence of the inhomogeneous term in the global N/ = 8 transformations
implies that the 6 auxiliary fields have the same scaling dimension (= 0) of the real in-
homogeneous parameter c¢. This requirement unambiguosly fixes the scaling dimension
of the (2,8,6) inhomogeneous supermultiplet to be A = —1. The present analysis proves
that A = —1 does not coincide with the critical scaling dimension of the N' = 8 k = 2
case. As a consequence the scale-invariant, global N' = 8, model of [32] does not possess
a superconformal invariance under a finite superconformal algebra.

Quite a different picture is recovered for the uniquely defined scale-invariant and global
N = 8 model based on the inhomogeneous (3,8, 5) supermultiplet (the only arbitrariness
is the value of the inhomogeneous parameter ¢). For k = 3, A = —1 is a critical scaling
dimension. It can be proven that the action of this model, derived from the inhomogeneous
(3,8,5) N = 8 transformations introduced in subsection 4.3.6 and in the Appendix A, is
invariant under the D(2,2) = osp(4|4) superconformal algebra. Its explicit presentation

and the discussion of its properties is left to a forthcoming paper in preparation.

5.3 Classical versus quantum D-module representa-
tions

The D-module representations of finite superconformal algebras that we introduced before
can be called “classical representations”. Two equivalent viewpoints can be applied to
their entries. They can be regarded either as differential operators in the variable ¢ (the
“time”) or, alternatively, they can be regarded as elements of an abstract Poisson brackets
algebra generated by the relation {m;,t} = 1, where m; (which, as a differential operator,
can be identified with %) is the conjugate momentum of ¢.

In Section 2 we presented the construction of classical superconformal mechanics in a

Lagrangian formalism from the classical D-module representations that we discussed so
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far.

The extension to quantum mechanics can be achieved in at least two different ways.
The Lagrangian mechanics can be reformulated in the Hamiltonian framework, so that
standard methods of quantization can be applied, at least in principle, to the classical
Hamiltonian dynamics.

A more direct approach (the one we discuss here) consists in realizing the generators
of the D-module representations as Hermitian operators. The entries will be expressed

%. We introduce at first the Hermitian

in terms of the Hermitian operators ¢ and p; = @
generators for the sl(2) diagonal subalgebra and the A global supercharges @;. The
hermiticity properties of the remainining generators are determined as a consequence.

It is convenient to express the Hermitian sl(2) generators D, H, K acting on a given

component field as
H=p;, D=—(tp;+i)), K =—(t’p;+ 2i\t) (5.5)

(the constraint on the scaling dimension A will be determined in the following), while the
“quantum” D-module representation for the ();’s is obtained from the classical one by re-
placing the :I:% entries (:I:% — =£p¢), while leaving unchanged the c-number entries (£1).
We will see that this is the correct prescription to obtain Hermitian global supercharges.

For our purposes here it is sufficient to discuss the hermiticity properties of the dilata-
tion operator D and of the global supercharges ();. We require in particular that, acting

on given supermultiplets |m; >, the equalities

/dt < mqn|Dmy >= /dt < Dmq|n|ms >, /dt < my|n|Qimy >= /dt < Qima|n|ms >,

(5.6)

(with n a given metric to be specified) have to be satisfied. Let us discuss, for simplicity,
the |my >= |mgy >= |m > case and let us take |m > as a (k, N, N — k) supermultiplet
for NV = 4,8 (the extension to other length-3 supermultiplets for arbitrary values of N/

is immediate). The component fields in the |m > supermultiplets are z; (I = 1,... k),
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gm (m =1,...,N — k) and the fermionic (anticommuting) fields ¢, (n = 1,...,N). A
constant metric 7 can be chosen to be n = diag(1,...,p?, ... ,ps,...) with the 1 entry
repeated k times, the p,? entry repeated N'— k times and the p, entry repeated A times.
The global supercharges )i’s, recovered from the classical ones with the prescription
introduced before, satisfy formula (5.6). For what concerns the dilatation operator D,
the requirement of satisfying (5.6) implies constraints on the scaling dimensions A,, A,

and Ay of the component fields z;, g, and 1, respectively. We obtain
Ao + A5 =1, Ag+ A" =—1, Ay + Ay = 0. (5.7)

The hermiticity condition for the scaling dimension A, (associated with the metric n = 1)

implies that A, belongs to the critical strip

1
Ae = 3 + i, (v € R). (5.8)

This is the critical strip where the non-trivial zeros of the Riemann’s zeta function are
encountered. This fact is at the core of a well-known strategy which has been elaborated
for proving the Riemann’s conjecture by linking it with the hermiticity property of the
dilatation operator.

The hermiticity condition implies Ay, Ay belonging to the strips A, = —%—i—i”y’ and Ay, =
iv" (with 7/,~4"” € R), respectively. By setting the scaling dimensions of the component
fields to be real, it turns out that they differ by £ (Ay = Ay + 1, A\, = Ay + 3) as it should
be, also in accordance with the classical analysis.

The hermiticity conditions depend on the choice of the metric n, which is not neces-
sarily constant. We illustrate this fact with the example of a single component field |z >

with scaling dimension A. In the classical framework the real action (for 3 real)

S = /dtﬁ:/dt(x%z) (5.9)

is scale-invariant and dimensionless provided that the scaling dimension A for the field x

satisfies the condition

AN = ———— (5.10)



(the scaling dimension of ¢ is assumed to be [t] = —1).
Its quantum counterpart is the hermiticity condition [dt < z|n|Dx >= [dt <

Dzx|n|x > for a non-constant metric n of the form
n = Am+ B,  m=pa’p, o =plta +27pd (5.11)

with A, B some real constants.
After straightforward computations, one can show that fulfilling the hermiticity con-
dition implies the vanishing of the coefficients a,b multiplying two types of terms (the

only ones surviving after integration by parts), given by

(/ dt < zln| Dz >— /dt < Daln|z >) — (a/dt(x%Q) + b/dt(mﬁ—lﬁ) :ga)yz.)

The vanishing of b fixes the relative coefficient between A and B to be given by
A= —pN, B=N, (5.13)

where N is just a normalization factor.

The vanishing of a requires A to satisfy the condition

A4+ = ———. 5.14
B+ 2 ( )

As in the previous cases (for a constant metric 1) we obtain a critical strip. The classical
value for the scaling dimension is recovered by requiring A to be real. In the non-constant
case the metric 7 has to be conveniently fine-tuned, see formula (5.13), in order to obtain
non-empty solutions for the hermiticity condition.

From this analysis we learn that, for any A, the dilatation operator D can be made
Hermitian by suitably choosing the metric 7 (specified by the real parameter (). For su-
perconformal algebras, the hermiticity conditions can be defined in terms of the admissible
metric n’s or, alternatively, by quantizing the classical real Lagrangians.

We are now in position to discuss the criticality conditions (the relation between

N = 4,7,8 superconformal algebras and the scaling dimensions, which coincide with the
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scaling dimensions of the z; component fields of their associated global supermultiplets)
for Hermitian operators. The sl(2) diagonal operators are expressed in (5.5), while the
global supercharges ();’s are obtained from the % — p;y prescription discussed above. The
remaining hermitian generators (the superconformal partners @i’s and the R-symmetry
generators) are determined from the (anti)-commutation relations of the previous gener-
ators. For the scaling dimension A defined in (5.5) the criticality conditions coincide with
the classical criticality conditions. The N = 8 superconformal algebras are recovered at

A= k—14 (N=Tat A= —%) and the A = 4 relation between o and A is once more given

by a = (2 — k).

5.4 The S5 a-orbit of D(2,1;«) and the constraints on
multiparticle superconformal mechanics

The finite N' = 4 simple superconformal algebras are A(1, 1) and the exceptional superal-
gebras D(2,1; ), for a € C\{0, —1} [95]. The superalgebras D(2, 1; «a)’s are isomorphic if
and only if the parameters « are connected via an S3 group of transformations generated
by the moves a +— i and o — —(1 + «). We have therefore at most 6 different a’s

producing, up to isomorphism, the superconformal algebra D(2,1;«). They are given,

explicitly, by

a(l) = «, @(3) = _(1_'_04)7 05(5) = _ngTaa

(5.15)
2 _ 1 4 _ 1 6 _ e}
a® = 1 a® = i a® = o

It is convenient to regard A(1,1) as a degenerate superalgebra recovered from D(2,1; «)
at the special values a = 0, —1 (at these special values three even generators decouple
from the rest of the generators; the remaining ones close the A(1,1) superalgebra).

The inequivalent A/ = 4 simple superconformal algebras are therefore expressed by the
fundamental domain obtained by quotienting the complex plane (o € C) under the action

of the S3 group. In application to classical superconformal mechanics, « is restricted to
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be real (o € R). With this restriction a fundamental domain under the action of the S

group can be chosen to be the closed interval
a € [0,1]. (5.16)

Some points in the interval are of special significance. We have that
i) - the extremal point aw = 0 corresponds to the A(1, 1) superalgebra,
i1) - the extremal point o = 1 correspond to the D(2, 1) superalgebra, belonging to the
D(m|n) = osp(2m|2n) classical series,
iii) - the midpoint ov = § corresponds to the F/(4) subalgebra D(2,1;3) C F(4),
iv) - the point @ = 3 corresponds to the G(3) subalgebra D(2,1;3) C G(3).
We will see in the following the special role played by these points.
The combined properties of having different o’s producing isomorphic N' = 4 super-
conformal algebras (5.15), together with the set of critical relations between a and the

scaling dimension A of the (k,4,4—k) N' = 4 supermultiplets (with k = 0, 1,2,3,4), given
by

a = (2—k)\, (5.17)

produce highly non-trivial constraints on the admissible N' = 4 superconformal mechanics
models and their scaling dimension. For the o = 0,—1 case, e.g., we have that the
solutions are recovered for any real A for the (2,4,2) supermultiplet (for A # 0 the
superalgebra is sl(2|2), see [92]) while, for k # 2, they are obtained for A = 0 or A = 1.
It is convenient to summarize some results in a table presenting the admissible scaling
dimension A associated to the (k, 4, 4—k) supermultiplets for the above four cases, specified
by app (the value a in the (5.16) fundamental domain) given by, respectively, arp =
We have

11
0,1,5,5.
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app — 0:

aApp = 1:

Qpp =

N

(S

app =

103

(5.18)

The N = 4 superconformal invariance for several (at least two, let’s say (k,4,4 — k) and
(k',4,4 — k') interacting supermultiplets requires that they should carry a D-module
representation for the same D(2, 1; ) superalgebra. Given two supermultiplets with &’ #
k, this requirement produces a) a constraint on the admissible values for a and b) a

consequent constraint on the mutual scaling dimensions of the two supermultiplets (both



these constraints will be called the “compatibility condition”).
The table above shows that, for app = 0,1, %, two supermultiplets with &' # k and
the same scaling dimension A can be found for
arpp=0: A=0 (k, k' # 2), A
app=1: A=-1,1 (k =0,k =3), A=1,—
&FD:%: )\:—%,—é (k=0,k =1), A
Some conclusions can be drawn from this result. For instance, the decomposition of N = 8

D-module representations into N' = 4 supermultiplets can (partly) explain the NV = 8

critical scaling dimensions. The (7,8, 1) supermultiplet gets decomposed into (4,4,0) @

1

(3,4,1). Its critical scaling dimension is therefore constrained to be either A = % or A=z

(its actual value). The (4,4,0) & (2,4,2) decomposition of the (6,8,2) supermultiplet

5 (its

implies that its critical scaling dimension can only be found at A = 0 or A =
actual value). The (5,8,3) supermultiplet admits the decompositions (4,4,0) @ (1,4, 3)
and (3,4,1) @ (2,4,2). Their combination uniquely implies a possible critical scaling
dimension at A = 1 (its actual value).

The app = % case does not admit a common scaling dimension \ if k& £ k’. This value
of a corresponds to the decomposition of the N' = 7 (1,7,7,1) supermultiplet into the
N =4 (1,4,3,0) @ (0,3,4, 1) supermultiplets. Let us denote with A, A3 the respective
scaling dimensions of these N' = 4 supermultiplets. Clearly it must be A3 = A\ + %
An inspection of the (5.18) table shows that the unique pair of values differing by % are
recovered for \; = —}1 and \3 = }1. This analysis corroborates the finding of A = —}l as
the critical scaling dimension of the (1,7,7,1) D-module representation of G(3).

We are also able to partly explain the arising of N/ = 6 superconformal algebras from
length-4 supermultiplets, obtained in Section 4.4. The (2,6, 6, 2) supermultiplet produces
the N = 6 superconformal algebra A(2,1) for any value of A (no criticality). Its N =4
decomposition reads as (2,6,6,2) = (2,4,2,0) & (0,2,4,2). One should note, from table
(5.18), that no restriction on A is put from the (2,4, 2) supermultiplets. On the other hand

the (1,6,7,2) supermultiplet induces the A(2, 1) superalgebra at the critical value A = 0.
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The N = 4 decomposition is expressed as (1,6,7,2) = (1,4, 3,0)®(0, 2,4, 2). The presence
of both supermultiplets (1,4,3) and (2,4, 2) requires @ = 0, —1. The admissible values
of critical A, obtained from this analysis, are A = 0,—1. The (2,7,6,1) supermultiplet
induces the A(2,1) superalgebra at the critical value A = —%. Let Ay, A3 be the scaling
dimensions of the respective N' = 4 supermultiplets entering the A" = 4 decomposition
(2,7,6,1) = (2,4,2,0) & (0,3,4,1). Ay coincides with the scaling dimension A of the
(2,7,6,1) supermultiplet, while A\3 = Ay + % The o = 0, —1 constraint on Az (A3 =0, 1)
implies that in this case the critical A is constrained (necessary condition) to be A = j:%.

Let us deal now with the general case of finding the compatibility conditions on o and
the common scaling dimension A for two N' = 4 D-module representations with k # k. Tt
is sufficient to discuss the k, k' # 2 restriction, since the remaining cases are immediately
recovered from the A solutions at a = 0,—1. Without loss of generality we can set
a =a) = (2 - k) for the k supermultiplet. The o/ value obtained as o/ = (2 — k')A
from the k&’ supermultiplet must coincide with one of the o in the Ss-orbit of a. Let us

introduce the ratios

N® = (5.20)
and

Wk =

2k 1

: 21

The values obtained by wy in varying k, & with the given constraints are —1, j:%, +2.
For a given pair [k, k'] the admissible values « satisfying the compatibility condition
are recovered by @ and its Ss-group orbit (5.15), with @ a solution of one of the five

equations (for i = 2,3,4,5,6, since N") = w has no solution for w # 1)
NO = (5.22)

(since no confusion will arise, for simplicity, we set w = wyr).

The compatibility conditions are recovered from the (5.22) system of equations for
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three inequivalent values of w, given by w = —1, —2,2. This is due to the fact that the
transformation w <+ % reflects the k <+ k' exchange.

Two of the (5.22) equations are linear in «, while the three remaining ones are
quadratic (producing, in some cases, complex solutions).

The @ solutions can be divided into three classes: real and rational, real and irrational,
complex.

The complex solutions (associated to scaling dimension A’s which do not satisfy the

reality condition) are found to be

+i), =14+ iV7. (5.23)

For what concerns the real solutions the following results are obtained.

In the rational case, the unique solutions are encountered for w = —2 (the @ Ss-orbit is
specified by app = 1) and w = 2 (with orbit specified by app = %) We therefore recover
the solutions already encountered in (5.19) and their corresponding scaling dimension \’s.
No further rational solution is found.

For what concerns the irrational case the encountered results are summarized in the
table below, which specifies the [k, k'] pairs, the value w, the S3 orbit representative app

in the fundamental domain and, finally, the compatible scaling dimension \’s. We have
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[k K| w QFD A

13 | -1 -}+F | -peppa g
0,4] | 1| -1+ | —1+£5,1+/5
1,4 | 2| -1+% 144
3.0] | 2| -3+ 1Y
[1,0] | 2 7 V2

3,4] | 2 % -2
[1,0] | 2 | v2-1 -2
3,4 | 2 | vV2-1 V2

(5.24)

These results give the necessary condition for the existence of N' = 4 superconformal
mechanics based on several inequivalent interacting supermultiplets with the same scaling
dimension A.

Unlike the app = 1 with A = 1 (for [k, k] = [1,4]) and A = —1 (for [k, k'] = [0, 3])

and app = & with A = & (for [k, k] = [3,4]) and A = —3 (for [k, k'] = [0,1]), the

5
irrational cases and the remaining rational cases do not allow the extension of the N' = 4
superconformal invariance to a broader A/ = 8 superconformal invariance.

A particularly interesting case involves the irrational solution of the k =1, k' = 3 su-
permultiplets. The value app coincides with the golden mean conjugate ® = —1(1 — V/5)
(the golden mean ¢ = %(1 + /) belongs to its Sz-orbit). This case admits four com-
patible solutions for the scaling dimension A (given by +¢ and +®). N = 4 supercon-
formal actions, invariant under D(2,1;a = ¢), are obtained for the pairs of N' = 4
supermultiplets (x;v,1;;9;) and (y;;€,&;h), @ = 1,2,3, in terms of the Lagrangians
L = QuQ3Q2Q1F(x,y;). The z,y; fields are the propagating bosons. A class of solu-

tions, satisfying the (5.3) constraint, is obtained for the prepotential F'(x,y;) given by
/8 1
F(r,y)) = Ca%r",  BHy=— (5.25)
¥
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(here r = \/y? + y3 4+ y2 and C is an arbitrary constant) and linear combinations thereof.

5.5 Discussion

The action of the generators of a D-module representation on a set of component fields
allows to construct superconformal mechanical models in a Lagrangian framework. With
our analysis based on D-module representations we have been able to prove the invariance
of certain superconformal models, to check that the [32] model is not invariant under a
finite simple Lie superalgebra while, on the other hand, we pointed out the existence of a
D(2, 2)-invariant superconformal model based on the inhomogeneous (3,8, 5) supermulti-
plet.

The isomorphism of the D(2,1;«) superalgebras under an S3 group of transforma-
tions acting on the parameter «, together with the relation between o and A for the
(k,4,4—k) N = 4 supermultiplets, gives non-trivial restrictions on the admissible N' = 4
multi-particle superconformal mechanics (based on several interacting supermultiplets).
In Appendix B we presented the constraints on the scaling dimensions of the supercon-
formal models with interacting supermultiplets. We proved in particular the existence of
an N = 4 superconformal mechanics (see formula (5.25)) for the interacting (1,4, 3) and
(3,4, 1) supermultiplets, with scaling dimension based on the golden ratio.

The representation theoretical nature of the constraints on multi-particle NV = 4 super-
conformal mechanics allows to partly explain the critical scaling dimensions A encountered
at N =7 and N' = 8. This is due to the fact that the N’ = 7,8 supermultiplets admit

(at least one) decomposition into two separate N' = 4 supermultiplets.
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5.6 Appendix B: admissible common real scaling di-

mension for pairs of N' = 4 superconformal mul-

tiplets

We report here for clarity a table containing the admissible, common, real values of

the scaling dimension A for pairs of A” = 4 superconformal multiplets transforming under

the same N = 4 superconformal algebra. This information, extracted from the tables

(5.18) and (5.24), is important in constraining the admissible multiparticle superconformal

mechanics. We have

(4,4,0) @ (4,4,0)
(4,4,0) @ (3,4,1)
(4,4,0) @ (2,4,2)
(3,4,1) @ (3,4,1)
(4,4,0) ® (1,4, 3)
(3,4,1) @ (2,4,3)
(4,4,0) @ (0,4, 4)
(3,4,1) @ (1,4,3)
(2,4,2) @ (2,4,2)
(3,4,1) @ (0,4, 4)
(2,4,2) @ (1,4,3)
(2,4,2) ¢ (0,4, 4)
(1,4,3) @ (1,4,3)
(1,4,3) ® (0,4, 4)

(0,4,4) & (0,4, 4)

A €ER,
31
A= —, -, £V2
2’37 \/_7
1
A=0,=
’27
A eR,
Aol L 1. ¥8
2° 2 2
A=0,1,
A=—-1++51++5,
1
)\:__j:£7lj:§
272727 2
A ER,
A= L1, V8
2'27 2
A=0,-1,
1
A=0,—=
’2’
A eR,
3 1
A= —=, —=,+Vv2
27 37 \/—7
A€eR

(5.26)
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This table allows to explain why there is no A/ = 8 superconformal D-module based on
the (4, 8,4) supermultiplet. Indeed, depending on the choice of the N' = 4 subalgebra, this
supermultiplet admits the three N' = 4 decompositions (4,4,0)®(0,4,4), (3,4, 1)®(1,4, 3)
and (2,4,2) @ (2,4,2). There is, however, no common scaling dimension A belonging to
both (4,4,0) & (0,4,4) and (3,4,1) & (1,4, 3).

One should note that the (k,n,n — k) <> (n — k,n, k) “mirror duality” of the global
supermultiplets (see [37]) extends to a duality for the scaling dimension of the supercon-

formal multiplets.
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Chapter 6

Conclusion

Extended Supersymmetries in 1D can be used to constrain possible higher-dimensional
supersymmetric theories (for instance, constraining the number of auxiliary fields in su-
pergravity theories)[56, 70, 65]. A much more ambitious task, would consist in the recon-
struction of a higher-dimensional theory from its one-dimensional supersymmetric data
[101, 54].

An N-extended supersymmetric theory in the ordinary D = 4 Minkowskian spacetime
(SuperYang-Mills or supergravity) produces a 1D dimensionally-reduced supersymmetric
theory with N/ = 4N supercharges. On the other hand, NV = 2 can be obtained from the
dimensional reduction of D = 6 (SYM or sugra), N = 4 from the dimensional reduction of
D =10 (SYM or sugra) and N = 8 from the dimensional reduction of the D = 11 sugra.
As a result, a necessary condition for higher-dimensional oxidation consists in producing
large N-Extended supersymmetric theories in 1D. The concept of oxidation, which is
a pun, employed in superstring/M-theory literature, to denote the process opposite to
dimensional reduction, see [70].

We started this thesis with investigation non-minimal pure ' = 4 supermultiplets us-
ing the information contained in connectivity symbol, commuting group, the node choice
group and its possible inequivalent presentations (colorings) under local moves. We have

distinguished and emphasized the difference between two types of moves (local and global)
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acting on graphs and the so-called “gordian transformations” acting on pure supermulti-
plets. As a result a given pure supermultiplet can be associated with inequivalent (under
local and global moves) graphs. In certain cases, in particular, a given supermultiplet can
be associated to both a disconnected and a connected graph. In order to avoid overcount-
ing, the notion of connected pure supermultiplets (the supermultiplets which are associated
to connected graphs only) has been introduced. The classification of the non-minimal,
N = 4, pure, connected supermultiplets has been presented in chapter 2.

The notion of “coloring”, similarly to the notion of “chiral” supermultiplets [61], plays
an important role in supersymmetry representations. It is well-known that minimal N" = 8
supermultiplets are non-chiral [61], being necessarily obtained by linking together (with
extra supertransformations) two minimal A/ = 4 supermultiplets of opposite chirality.
We have shown (see the discussion at the end of Section 2.3.5) that inequivalent non-
minimal N' = 4 supermultiplets are obtained by linking together two N = 3 (2,4,2)
supermultiplets based on the fact that their coloring is either the same or different. This
property naturally extends to the construction of non-minimal N' = 5 supermultiplets
by linking together non-minimal A" = 4 supermultiplets (whose respective colorings have
been listed here). A forthcoming paper discusses the issues of the representations of the
N = 5 supersymmetry.

We provided an explicit construction of a supersymmetric one-dimensional entangled
supermultiplet (which does not admit a graphical presentation). The possibility of non-
adinkrizable supermultiplets (here called “entangled”) was raised in [73]. Till very recently
no explicit example was produced (so that it was even unclear whether this notion could
be applied to a non-empty set). Constructions of non-adinkrizable supermultiplets (in
a different context and using different methods from the one proposed here) has been
recently discussed in [74, 75]. Our given example (based on the interpolation between
two non-minimal N = 4 supermultiplets of (3,8,5) field content) was suitably chosen to
simplify the proof that there exists no linear combination of the component fields which

guarantees a graphical presentation (“Adinkra”) of the interpolated supermultiplet in the
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interval 0 < 6 < § of the interpolating angle . An important observation is that the in-
terpolating mechanism is a general phenomenon and that entangled supermultiplets tend
to proliferate for large A/ values of the one-dimensional N-Extended Supersymmetry. It is
also important to notice that the entangled supermultiplet has dynamical consequences.
An N = 4, one-dimensional, off-shell invariant sigma-model with a three-dimensional
target is based on it. Its action (3.23) carries an explicit dependence on 6. This model is
supersymmetric only under the supertransformations specified by the entangled supermul-
tiplet. Therefore, entangled supermultiplets allow to enlarge the class of supersymmetric
actions so far considered.

In the case of the (3.23) action the dependence on 6 can be reabsorbed only if the
constraint (3.32), which implies an N' = 8 invariance, is imposed. The N' = 8 action
turns out to be dependent on the conformal factor (3.34). The N' = 8 invariance is made
possible by the fact that the two A/ = 4 pure supermultiplets recovered at § = 0 and 6 = 5
can be extended (“oxidized”, see [71]) to the same N = 8 (3,8, 5) supermultiplet. On the
other hand, when (3.32) is not satisfied, the action (3.23) is N/ = 4 supersymmetric and
possesses a genuine f-dependence.

We obtained evidences that supermultiplets, sharing the same field content but dif-
fering in connectivity symbol, can induce inequivalent supersymmetric-invariant actions
(one should compare, e.g., the actions given in formulas (3.10) and (3.19)). It was known,
from the analysis of [88, 89, 63, 69], that inequivalent representations, discriminated by
their respective connectivity symbol, can be found. On the other hand, so far, no dy-
namical characterization was associated to the connectivity symbol. In [71] the N' = 5-
supersymmetric off-shell invariant actions, induced with respect to inequivalent N' = 5
supermultiplets of a given field content, were proven to coincide and possess an overall
N = 8 supersymmetry invariance. The crucial feature here is the fact that the inequiv-
alent A/ = 4 off-shell invariant actions are induced by inequivalent non-minimal N = 4
linear supermultiplets (with the same field content).

Following [69], the word ozidation has been here consistently used in a specific and
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restricted sense, referring to the operation of enlarging the number of extended super-
symmetries (from N to N + 1) acting on a supermultiplet with the same number of
component fields. As we emphasized , the non-minimal AN/ = 4 linear supermultiplets
are progressively oxidized to minimal N = 5,6, 7,8 linear supermultiplets possessing 8
bosonic and 8 fermionic component fields. It is clear, from these considerations, that the
N = 4 off-shell invariant actions based on non-minimal supermultiplets are not of mere
academic interest. Indeed, an N = 2, D = 4 theory, dimensionally reduced to 1D, pro-
duces a supersymmetric model with /' = 8 extended supersymmetries; on the other hand
the partial spontaneous breaking of N = 2 into N = 1 produces an N/ = 4 invariant 1D
supersymmetric model whose component fields belong to N/ = 8 supermultiplets and are
therefore non-minimal supermultiplets w.r.t. the A’ = 4 invariant supersymmetries. The
inequivalent N' = 4 non-minimal supermultiplets and their inequivalent N' = 4-invariant
off-shell actions can therefore be regarded as building blocks for constructing supersym-
metric models obtained from dimensional reduction of partial spontaneous supersymmetry
breaking of N =2, D = 4 supersymmetry.

It is worth mentioning a recent paper [90] in which the N' = 4-invariance for a non-
minimal supermultiplet in presence of a Yang monopole is discussed (see also [68]).

The presented results can be applied to investigate supersymmetry representations in
presence of inhomogeneous terms [32], non-linear realizations of supersymmetry [80, 65],
D-module representations of superconformal algebras and their associated superconformal
mechanics . All these extensions (inhomogeneous representations, non-linear realizations,
D-module representations) are induced and derived from linear homogeneous supermul-

tiplets, such as those investigated in this chapter.

Based on available representations of global supersymmetry in one dimension, we con-
structed a class of D-module representations for one-dimensional superconformal algebras.

These representations exhibit, for N’ = 4, 7,8, the property of criticality. This means that
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they only close at critical values of the scaling dimension A characterizing the supermul-
tiplets of time-dependent component fields. The superalgebras under consideration are a
given subclass of finite, simple, Lie superalgebras. Their D-module representations are an
extension of the D-module representation (4.5) of the si(2) algebra (this representation
is non-critical, being recovered for any value of \).

The connection with the D-module representations [37] of the N-Extended global
supersymmetry (the superalgebra of the one-dimensional Supersymmetric Quantum Me-
chanics) is given by the fact that the latter is a subalgebra of the superconformal algebras.
Certain minimal global supermultiplets induce, at a given A, their associated D-module
representations of a superconformal algebra. In particular, the exceptional finite Lie su-
peralgebras [93, 95] D(2,1;a), G(3) and F(4) (which are superconformal algebras for
N = 4,7,8, respectively) admit a D-module representation. Quite interestingly, the D-
module representation of G(3) is only induced from the minimal (1,7,7,1) global N' =7
supermultiplet, first introduced in [37].

The action of the generators of a D-module representation on a set of component
fields allows to construct superconformal mechanical models in a Lagrangian framework.
With our analysis based on D-module representations we have been able to prove the
invariance of certain superconformal models, to check that the [32] model is not invariant
under a finite simple Lie superalgebra while, on the other hand, we pointed out the
existence of a D(2, 2)-invariant superconformal model based on the inhomogeneous (3, 8, 5)
supermultiplet.

An updated review on several issues of superconformal mechanics (including applica-
tion to test particles moving near black hole horizons, C' F'T;/AdSs correspondence, etc.)
can be found in [101] (see also the references therein).

The isomorphism of the D(2,1;«) superalgebras under an S3 group of transforma-
tions acting on the parameter «, together with the relation between o and A for the
(k,4,4—k) N = 4 supermultiplets, gives non-trivial restrictions on the admissible N' = 4

multi-particle superconformal mechanics (based on several interacting supermultiplets).
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We presented the constraints on the scaling dimensions of the superconformal models
with interacting supermultiplets. We proved in particular the existence of an N' = 4
superconformal mechanics (see formula (5.25)) for the interacting (1,4,3) and (3,4,1)
supermultiplets, with scaling dimension based on the golden ratio.

The representation theoretical nature of the constraints on multi-particle V' = 4 super-
conformal mechanics allows to partly explain the critical scaling dimensions A encountered
at N =7 and N = 8. This is due to the fact that the A’ = 7,8 supermultiplets admit
(at least one) decomposition into two separate N' = 4 supermultiplets.

A natural extension of this work consists in investigating D-module representations for
twisted superconformal algebras. A D-module representation for a twisted version of the
N = 2 superconformal algebra was constructed in [45]. The investigation of D-modules
for larger values of (twisted) A superconformal algebras seems a promising tool to analyze

the dimensional reduction (to one dimension) of the N = 4 super-Yang-Mills theory.
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