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Using the worldline SUð2j1Þ superfield approach, we construct N ¼ 4 superconformally invariant
actions for the d ¼ 1 multiplets (1; 4; 3) and (2; 4; 2). The SUð2j1Þ superfield framework automatically
implies the trigonometric realization of the superconformal symmetry and the harmonic oscillator term in
the corresponding component actions. We deal with the general N ¼ 4 superconformal algebra Dð2; 1; αÞ
and its central-extended α ¼ 0 and α ¼ −1 psuð1; 1j2Þ ⊕ suð2Þ descendants. We capitalize on the
observation thatDð2; 1; αÞ at α ≠ 0 can be treated as a closure of its two suð2j1Þ subalgebras, one of which
defines the superisometry of the SUð2j1Þ superspace, while the other is related to the first one through the
reflection of μ, the parameter of contraction to the flatN ¼ 4; d ¼ 1 superspace. This closure property and
its α ¼ 0 analog suggest a simple criterion for the SUð2j1Þ invariant actions to be superconformal: they
should be even functions of μ. We find that the superconformal actions of the multiplet (2; 4; 2) exist only at
α ¼ −1; 0 and are reduced to a sum of the free sigma-model-type action and the conformal superpotential
yielding, respectively, the oscillator potential ∼μ2 and the standard conformal inverse-square potential in
the bosonic sector. The sigma-model action in this case can be constructed only on account of nonzero
central charge in the superalgebra suð1; 1j2Þ.
DOI: 10.1103/PhysRevD.91.085032 PACS numbers: 03.65.-w, 11.30.Pb, 12.60.Jv

I. INTRODUCTION

Recently, essential progress has been achieved in
constructing and understanding the rigid supersymmetric
theories in curved superspace which attract attention in
connection with the general “gauge/gravity” correspon-
dence (see, e.g., Refs. [1–3] and references therein). In
Refs. [4,5], two of us elaborated on the simplest d ¼ 1
analogs of such theories, the SUð2j1Þ supersymmetric
quantum mechanics (SQM) models, proceeding from the
SUð2j1Þ covariant worldline superfield approach. Two
types of the worldline SUð2j1Þ superspace as the proper
supercosets of the supergroup SUð2j1Þ were constructed.
Both superspaces are deformations of the standard
N ¼ 4, d ¼ 1 superspace (see Ref. [6] and references
therein) by a mass parameter m. The off- and on-shell
deformed versions of the N ¼ 4; d ¼ 1 multiplets
(1; 4; 3) and (2; 4; 2) were studied and proved to possess
a number of interesting peculiarities as compared with
their “flat” m ¼ 0 cousins. One such new feature is the
necessary presence of the harmonic oscillator terms ∼m2

in the bosonic sectors of the corresponding invariant
Lagrangians. The “weak supersymmetry” model of
Ref. [7] and the “super Kähler oscillator” models of
Refs. [8,9] were recovered as the particular cases
of generic SUð2j1Þ SQM associated, respectively, with
the single multiplet (1; 4; 3) and a few multiplets (2; 4; 2).

It is interesting to inspect the superconformal subclass of
the SUð2j1Þ SQM models. This is the main subject of the
present paper.
As was argued in Ref. [10], conformal mechanics [11]

can be divided into three classes characterized by the
parabolic, trigonometric and hyperbolic realizations of the
d ¼ 1 conformal group SOð2; 1Þ ∼ SLð2;RÞ. Earlier,
supersymmetric extensions of conformal mechanics corre-
sponding only to the parabolic transformations were mostly
addressed [6,12,13]. Motivated by Ref. [10], the classi-
fication of superconformal N ¼ 4 SQM models was
recently extended by the trigonometric/hyperbolic type
[14]. The basic difference of the trigonometric/hyperbolic
superconformal actions from the parabolic ones is the
presence of oscillator potentials. The standard d ¼ 1
Poincaré supercharges present in the superconformal
algebras are not squared to the canonical Hamiltonian in
such models. The actions of trigonometric/hyperbolic
superconformal mechanics cannot be obtained from the
standard N ¼ 4; d ¼ 1 superfield approach, while the
parabolic actions are well described just within the latter.1

It turns out that it is the SUð2j1Þ superfield approach that is
ideally suited for the comprehensive description of the
trigonometric N ¼ 4 superconformal actions. The hyper-
bolic actions can be obtained from the trigonometric ones
by a simple substitution.
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1The possibility of adding an oscillator term to the de Alfaro-
Fubini-Furlan action [11] without breaking conformal symmetry
was first noticed in Ref. [15]. The N ¼ 2 superconformal
extensions of such actions were considered in Refs. [16,17].
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Our construction is based on the appropriate two-
parameter embedding of the superspace supergroup
SUð2j1Þ into the most general N ¼ 4; d ¼ 1 superconfor-
mal group Dð2; 1; αÞ, with the contraction parameter m
being redefined as m → −αμ and μ also appearing in the
basic anticommutator on its own. At any α ≠ 0 the whole
conformal superalgebra Dð2; 1; αÞ can be obtained as a
closure of the original superalgebra suð2j1Þ and its −μ
counterpart, which suggests a simple selection rule for the
superconformal SUð2j1Þ SQM Lagrangians as those
depending only on μ2. At α ¼ 0, the basic suð2j1Þ contracts
into some flat N ¼ 4; d ¼ 1 superalgebra which is still
different from the standard N ¼ 4; d ¼ 1 “Poincaré”
superalgebra and involves the parameter μ in such a way
that Dð2; 1; α ¼ 0Þ ∼ psuð1; 1j2Þ ⊕ suð2Þ (and its central
extension) can be obtained as a closure of this flat super-
algebra and its −μ counterpart as subalgebras of
Dð2; 1; α ¼ 0Þ. This important property makes it possible
to sort out the superconformal actions in the special α ¼ 0
case too. Exploiting the closure property just mentioned,
we find the universal two-parameter family of the realiza-
tions of the conformal supergroup Dð2; 1; αÞ on the
coordinates of the SUð2j1Þ superspace, as well as on
the superfields representing the off-shell multiplets
(1; 4; 3) and (2; 4; 2), at all admissible values of the
parameter α (for the second multiplet, only α ¼ −1 and
α ¼ 0 are allowed). These realizations automatically
prove to be trigonometric, while the corresponding super-
conformal actions necessarily involve the oscillator-type
terms ∼μ2. The parabolic realizations of Dð2; 1; αÞ and
the corresponding actions are recovered in the limit
μ ¼ 0, in which both suð2j1Þ and its α ¼ 0 analog go
over into the standard μ-independent N ¼ 4; d ¼ 1
Poincaré superalgebra.
The paper is organized as follows: The salient features of

the SUð2j1Þ superspace approach are sketched in Sec. II. In
Sec. III, the embedding of suð2j1Þ inDð2; 1; αÞ is discussed
along the lines outlined above, and the relevant SUð2j1Þ
superspace realizations of Dð2; 1; αÞ are explicitly pre-
sented. The study of the trigonometric models of super-
conformal mechanics associated with the multiplets
(1; 4; 3) and (2; 4; 2) is the subject of Secs. IV–VII. We
construct the superfield and component off- and on-shell
actions for various cases, distinguishing those which admit
additional conformal inverse-square potentials in the
bosonic sector. The alternative (albeit equivalent) construc-
tion of the component superconformally invariant actions,
based on theD-module representation techniques, is briefly
outlined in Sec. VIII on the example of the multiplet
(2; 4; 2). Section IX is a summary of the basic results of the
paper. In the appendixes, we collect some details concern-
ing the central extensions of the superalgebra Dð2; 1; αÞ
with α ¼ −1 (or α ¼ 0), the generalized chiral SUð2j1Þ
multiplets (2; 4; 2), as well as the hyperbolic superconfor-
mal mechanics.

II. SUð2j1Þ SUPERSPACE
First of all, we need to define the superalgebra suð2j1Þ.

Its standard form is given by the following nonvanishing
(anti)commutators:

fQi; Q̄jg ¼ 2mIij þ 2δij ~H; ½Iij; Ikl � ¼ δkjI
i
l − δilI

k
j ;

½Iij; Q̄l� ¼
1

2
δijQ̄l − δilQ̄j; ½Iij; Qk� ¼ δkjQ

i −
1

2
δijQ

k;

½ ~H; Q̄l� ¼
m
2
Q̄l; ½ ~H;Qk� ¼ −

m
2
Qk: ð2:1Þ

The generators satisfy the following rules of the Hermitian
conjugation:

ðQkÞ†¼ Q̄k; ðQ̄kÞ†¼Qk; ðIki Þ†¼ Iik; ~H†¼ ~H: ð2:2Þ

The generators Iij are the SUð2Þ symmetry generators,

while the mass-dimension generator ~H corresponds toUð1Þ
symmetry. The superalgebra (2.1) can be regarded as a
deformation of the flat N ¼ 4, d ¼ 1 “Poincaré” super-
algebra by a real mass parameter m. In the limit m ¼ 0, ~H
becomes the Hamiltonian (alias the time-translation
generator), and the generators Iij define the outer SUð2Þ
automorphisms.
One can extend (2.1) by an external Uð1Þ automorphism

symmetry (R-symmetry) generator F which has nonzero
commutation relations only with the supercharges [1]:

½F; Q̄l� ¼ −
1

2
Q̄l; ½F;Qk� ¼ 1

2
Qk; ðFÞ† ¼ F: ð2:3Þ

After redefining ~H ≡H −mF, the extended superalgebra
suð2j1Þ ⊕ uð1Þext acquires the form of a centrally extended
superalgebra ŝuð2j1Þ:

fQi;Q̄jg¼2mIijþ2δijðH−2mFÞ; ½Iij;Ikl �¼δkjI
i
l−δilI

k
j ;

½Iij;Q̄l�¼
1

2
δijQ̄l−δilQ̄j; ½Iij;Qk�¼δkjQ

i−
1

2
δijQ

k;

½F;Q̄l�¼−
1

2
Q̄l; ½F;Qk�¼1

2
Qk: ð2:4Þ

All other (anti)commutators are vanishing. The generatorH
is the relevant central charge. This extended superalgebra is
also a deformation of the N ¼ 4, d ¼ 1 Poincaré super-
algebra. In the limit m ¼ 0, H becomes the Hamiltonian
and Iij, F turn into the outer Uð2Þ automorphism
generators.
In the present paper, we start from the framework of the

SUð2j1Þ superspace constructed in Ref. [4]. The SUð2j1Þ,
d ¼ 1 superspace is identified with the following coset of
the extended superalgebra (2.4):
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SUð2j1Þ ⋊ Uð1Þext
SUð2Þ ×Uð1Þint

∼
fQi; Q̄j; H; F; Iijg

fIij; Fg
: ð2:5Þ

It is convenient to deal with the superspace coordinates
ζ ≔ ft; θi; θ̄kg as in Refs. [4,5]. They are related to those in
the exponential parametrization of the supercoset (2.5) as

g¼exp

��
1−

2m
3
θ̄kθk

�
ðθiQiþθ̄jQ̄jÞ

�
expfitHg; ðθiÞ¼ θ̄i:

ð2:6Þ

The extended supergroup ˆSUð2j1Þ acts as left shifts of
the supercoset element (2.6). The corresponding super-
charges are realized as

Qi ¼ ∂
∂θi − 2mθ̄iθ̄k

∂
∂θ̄k þ iθ̄i∂t −mθ̄i ~F

þmθ̄kð1 −mθ̄kθkÞ~Iik;

Q̄j ¼
∂
∂θ̄j þ 2mθjθk

∂
∂θk þ iθj∂t −mθj ~F

þmθkð1 −mθ̄kθkÞ~Ikj ; ð2:7Þ

and the bosonic generators as

Iij ¼
�
θ̄i

∂
∂θ̄j − θj

∂
∂θi

�
−
1

2
δij

�
θ̄k

∂
∂θ̄k − θk

∂
∂θk

�
;

H ¼ i∂t; F ¼ 1

2

�
θ̄k

∂
∂θ̄k − θk

∂
∂θk

�
: ð2:8Þ

Here, ~Ikj and ~F are matrix generators of the Uð2Þ repre-
sentation by which the given superfield is rotated with
respect to its external indices. According to (2.7), the
supersymmetric transformations ϵi, ϵ̄i ¼ ðϵiÞ of the super-
space coordinates are given by

δθi ¼ ϵi þ 2mϵ̄kθkθi;

δθ̄i ¼ ϵ̄i − 2mϵkθ̄
kθ̄i;

δt ¼ iðϵ̄kθk þ ϵkθ̄
kÞ: ð2:9Þ

The SUð2j1Þ invariant integration measure is defined as

dζ ¼ dtd2θd2θ̄ð1þ 2mθ̄kθkÞ; δdζ ¼ 0: ð2:10Þ

The covariant derivatives Di, D̄j, DðtÞ are defined by the
expressions2

Di ¼
�
1þmθ̄kθk −

3m2

8
ðθÞ2ðθ̄Þ2

� ∂
∂θi −mθ̄iθj

∂
∂θj

− iθ̄i∂t þmθ̄i ~F −mθ̄jð1 −mθ̄kθkÞ~Iij;

D̄j ¼ −
�
1þmθ̄kθk −

3m2

8
ðθÞ2ðθ̄Þ2

� ∂
∂θ̄j þmθ̄kθj

∂
∂θ̄k

þ iθj∂t −mθj ~F þmθkð1 −mθ̄kθkÞ~Ikj ;
DðtÞ ¼ ∂t ð2:11Þ

and satisfy, together with ~Ikj ; ~F, the superalgebra which
mimics (2.4). Under the left ˆSUð2j1Þ shifts of the coset
element (2.5), the spinor covariant derivatives undergo the
induced SUð2Þ transformations in their doublet indices
and an induced F transformation with respect to which Di

and D̄i possess opposite charges. In the limit m ¼ 0, the
formulas of the standard flat N ¼ 4, d ¼ 1 superspace are
recovered. The superfields given on the SUð2j1Þ super-
space (2.5) can have external SUð2Þ indices and Uð1Þ
charges on which the proper matrix realizations of the
relevant generators act.
There exists an alternative definition of the SUð2j1Þ

superspace, in which the time coordinate is associated as a
coset parameter with the total internal Uð1Þ generator
~H ¼ H −mF, while F is still placed into the stability
subgroup [5]. As was already mentioned, in the basis
ð ~H;FÞ, the generator F is split from other generators,
becoming the purely external Uð1Þ automorphism. The
relevant supercoset is schematically related to (2.5) just by
replacing H → ~H:

SUð2j1Þ ⋊ Uð1Þext
SUð2Þ ×Uð1Þext

∼
fQi; Q̄j; ~H;F; Iijg

fIij; Fg
∼
fQi; Q̄j; ~H; Iijg

fIijg
:

ð2:12Þ

The same replacement H → ~H should be made in the
coset element (2.5), giving rise to the coset element ~g. Due
to the relation ~H ¼ H −mF, these two coset elements are
related as

~g ¼ g expf−imtFg: ð2:13Þ

Under the left shifts by the fermionic generators, the
coordinates ζ ¼ ft; θi; θ̄kg are transformed according to
the same formulas (2.9), so they can also be treated as the
parameters of the new supercoset. The difference from the
first type of the SUð2j1Þ superspace is the absence of
independent constant shift of the time coordinate, which
can still be realized under the choice (2.5). The left ~H shift
gives rise to a shift of t accompanied by the proper Uð1Þ
rotation of the Grassmann coordinates. The corresponding
covariant spinor derivatives differ from (2.11) by the
absence of the part ∼ ~F and by some overall phase factor

2For Grassmann coordinates and variables we use the follow-
ing conventions: ðχÞ2 ¼ χiχ

i; ðχ̄Þ2 ¼ χ̄iχ̄i.
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ensuring them to transform only under induced SUð2Þ
transformations. These modifications can be easily estab-
lished from the precise relation (2.13). The corresponding
superfields can carry only external SUð2Þ indices.

III. EMBEDDING OF suð2j1Þ INTO Dð2;1;αÞ
The most general d ¼ 1, N ¼ 4 superconformal algebra

is Dð2; 1; αÞ, with α being a real parameter [6,18]. It is
spanned by eight fermionic and nine bosonic generators
with the following nonvanishing (anti)commutators:

fQαii0 ; Qβjj0 g ¼ 2½ϵijϵi0j0Tαβ þ αϵαβϵi0j0Jij

− ð1þ αÞϵαβϵijLi0j0 �; ð3:1Þ

½Tαβ; Qγii0 � ¼ −iϵγðαQβÞii0 ;

½Tαβ; Tγδ� ¼ iðϵαγTβδ þ ϵβδTαγÞ;
½Jij; Qαki0 � ¼ −iϵkðiQαjÞi0 ;

½Jij; Jkl� ¼ iðϵikJjl þ ϵjlJikÞ;
½Li0j0 ; Qαik0 � ¼ −iϵk0ði0Qαij0Þ;

½Li0j0 ; Lk0l0 � ¼ iðϵi0k0Lj0l0 þ ϵj0l0Li0k0 Þ: ð3:2Þ

The bosonic subalgebra is suð2Þ ⊕ su0ð2Þ ⊕ soð2; 1Þ with
the generators Jik, Li0k0 and Tαβ, respectively. Switching α
as α ↔ −ð1þ αÞ amounts to switching SUð2Þ generators
as Jik ↔ Li0k0 .

3 The Hermitian conjugation rules are

ðQαii0 Þ† ¼ ϵijϵi
0j0Qαjj0 ; ðTαβÞ† ¼ Tαβ;

ðJijÞ† ¼ ϵikϵjlJkl; ðLi0j0 Þ† ¼ ϵi
0k0ϵj

0l0Lk0l0 : ð3:3Þ

TheN ¼ 4, d ¼ 1 Poincaré superalgebra can be defined
as the following subalgebra of Dð2; 1; αÞ:

fQ1ii0 ; Q1jj0g ¼ 2ϵijϵi0j0Ĥ; ð3:4Þ

where Ĥ is one of the generators of the conformal algebra
soð2; 1Þ represented in (3.1) and (3.2) by the generators
Tαβ. The standard conformal soð2; 1Þ generators are
identified as

Ĥ ≔ T11; K̂ ≔ T22; D̂ ≔ T12; ð3:5Þ

½D̂; Ĥ� ¼ −iĤ; ½D̂; K̂� ¼ iK̂; ½Ĥ; K̂� ¼ 2iD̂:

ð3:6Þ

In the degenerate case α ¼ −1, one may retain all eight
fermionic generators Qαii0 and only six bosonic generators
Tαβ, Jij forming together the superalgebra psuð1; 1j2Þ
without central charge. The second SUð2Þ generators
Li0j0 drop out from the basic anticommutation relation
(3.1). Yet, they can be treated as the generators of some
extra SU0ð2Þ automorphisms. Taking α ¼ 0, one can
suppress, in the same way, the generators Jij in (3.1),
ending up with SU0ð2Þ as the internal group and the first
SUð2Þ as the external automorphism group. Thus, in the
cases α ¼ −1 and α ¼ 0 the supergroup Dð2; 1; αÞ is
reduced to a semidirect product:

α¼−1;0; Dð2;1;αÞ≅PSUð1;1j2Þ⋊ SUð2Þext; ð3:7Þ

with SUð2Þext being generated, respectively, by Li0;j0 or Jij.
Note that in these exceptional cases one can extend the
psuð1; 1j2Þ superalgebra by the proper SUð2Þext triplets of
central charges [13]. If these central charges are constant,
the triplet can be reduced to one central charge, which
enlarges psuð1; 1j2Þ to suð1; 1j2Þ and simultaneously
breaks SUð2Þext to Uð1Þext (see Appendix A).
We will be interested in the most general embedding of

the superalgebra suð2j1Þ into Dð2; 1; αÞ. To this end, we
pass to the new basis in Dð2; 1; αÞ through the following
linear relations:

εikQ1k10 ≕ −
1

2
ðSi þQiÞ; Q1j20 ≕ −

1

2
ðS̄j þ Q̄jÞ;

εikQ2k10 ≕
i
μ
ðQi − SiÞ; Q2j20 ≕ −

i
μ
ðQ̄j − S̄jÞ;

T22 ≕
2

μ2

�
H −

1

2
ðT þ T̄Þ

�
;

T11 ≕
1

2

�
Hþ 1

2
ðT þ T̄Þ

�
;

T12 ¼ T21 ≕
i
2μ

ðT − T̄Þ; μ ≠ 0;

L1010 ≕ −iC; L2020 ≕ iC̄; L1020 ¼ L2010 ≕ −iF;

Jij ≕ −iIij: ð3:8Þ

Here μ is a real parameter of the mass dimension. In
the new basis, the (anti)commutators (3.1), (3.2) are
rewritten as

fQi; Q̄jg ¼ −2αμIij þ 2δij½Hþ ð1þ αÞμF�;
fSi; S̄jg ¼ 2αμIij þ 2δij½H − ð1þ αÞμF�;
fSi; Q̄jg ¼ 2δijT; fQi; S̄jg ¼ 2δijT̄;

fQi; Skg ¼ −2ð1þ αÞμεikC;
fQ̄j; S̄kg ¼ 2ð1þ αÞμεjkC̄; ð3:9Þ

3More generally, for a complex form of Dð2; 1; αÞ with
the bosonic subalgebra slð2Þ ⊕ sl0ð2Þ ⊕ sl00ð2Þ, the equivalent
superalgebras are related through the substitutions α →
−ð1þ αÞ; α−1, and α can be a complex number. The real form
ofDð2; 1; αÞwe are dealing with here reveals an equivalence only
under the substitution α → −ð1þ αÞ, with α ∈ R.
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½Iij; Ikl � ¼ δkjI
i
l − δilI

k
j ;

½Iij; Q̄l� ¼
1

2
δijQ̄l − δilQ̄j; ½Iij; Qk� ¼ δkjQ

i −
1

2
δijQ

k;

½Iij; S̄l� ¼
1

2
δijS̄l − δilS̄j; ½Iij; Sk� ¼ δkjS

i −
1

2
δijS

k;

ð3:10Þ
½C; C̄� ¼ 2F; ½F;C� ¼ C; ½F; C̄� ¼ −C̄;

½C; Q̄j� ¼ −εjlSl; ½C; S̄j� ¼ −εjlQl;

½C̄; Qi� ¼ −εikS̄k; ½C̄; Si� ¼ −εikQ̄k;

½F; Q̄l� ¼ −
1

2
Q̄l; ½F;Qk� ¼ 1

2
Qk;

½F; S̄l� ¼ −
1

2
S̄l; ½F; Sk� ¼ 1

2
Sk; ð3:11Þ

½T; T̄� ¼ −2μH; ½H; T� ¼ μT; ½H; T̄� ¼ −μT̄;

½T;Qi� ¼ −μSi; ½T; S̄j� ¼ −μQ̄j;

½T̄; Q̄j� ¼ μS̄j; ½T̄; Si� ¼ μQi;

½H; S̄l� ¼ −
μ

2
S̄l; ½H; Sk� ¼ μ

2
Sk;

½H; Q̄l� ¼
μ

2
Q̄l; ½H; Qk� ¼ −

μ

2
Qk: ð3:12Þ

The bosonic sector consisting of the three mutually
commuting algebras is now given by the following sets
of the generators

suð2Þ ⊕ su0ð2Þ ⊕ soð2; 1Þ
≡ fIikg ⊕ fF;C; C̄g ⊕ fH; T; T̄g: ð3:13Þ

According to (3.3) and (3.8), the conjugation rules are as
follows:

ðQkÞ† ¼ Q̄k; ðSkÞ† ¼ S̄k; ðFÞ† ¼ F;

ðCÞ† ¼ C̄; ðIki Þ† ¼ Iik; H† ¼ H; ðTÞ† ¼ T̄:

ð3:14Þ
Note the relation

H ¼ Ĥ þ μ2

4
K̂: ð3:15Þ

In the contraction limit μ ¼ 0, the algebra (3.9)–(3.12)
becomes a kind of N ¼ 8; d ¼ 1 Poincaré superalgebra
(with the common Hamiltonian H) extended by the central
charges T; T̄ originating from the soð2; 1Þ generators. The
remaining two suð2Þ subalgebras become outer automor-
phism algebras which form a semidirect product with this
N ¼ 8; d ¼ 1 superalgebra.4 At any μ ≠ 0, the relations

(3.8) defining the new basis contain no singularities, and so
Eqs. (3.9)–(3.12) yield an equivalent form of the original
superalgebra Dð2; 1; αÞ. After coming back to the original
superconformal generators, any dependence of the (anti)
commutation relations on μ disappears while it still retains
in the realizations of Dð2; 1; αÞ on the coordinates of the
SUð2j1Þ superspaces (see below). Taking the μ ¼ 0 limit in
this basis gives rise to the standard parabolic realizations of
Dð2; 1; αÞ in the flat N ¼ 4; d ¼ 1 superspaces.
The suð2j1Þ basis in Dð2; 1; αÞ makes manifest some

remarkable properties of this superalgebra which are
implicit in the “standard” basis:

(i) It is straightforward to see that the superconformal
algebra (3.9)–(3.12) includes as a subalgebra the
following superalgebra suð2j1Þ:

fQi; Q̄jg ¼ −2αμIij þ 2δij½Hþ ð1þ αÞμF�;

½Iij; Q̄l� ¼
1

2
δijQ̄l − δilQ̄j;

½Iij; Qk� ¼ δkjQ
i −

1

2
δijQ

k;

½F; Q̄l� ¼ −
1

2
Q̄l; ½F;Qk� ¼ 1

2
Qk;

½H; Q̄l� ¼
μ

2
Q̄l; ½H; Qk� ¼ −

μ

2
Qk: ð3:16Þ

These relations coincide with (2.4) under the follow-
ing identifications:

mðμÞ ¼ −αμ; ð3:17Þ
HðμÞ ¼ Hþ μF: ð3:18Þ

We observe that the closure of the SUð2j1Þ super-
charges depends on the parameter α, because the
SUð2Þ and SU0ð2Þ generators Jij ¼ −iIij and Li0j0 ∼
fF;C; C̄g appear in the basic anticommutator
(3.1) with the factors α, 1þ α, respectively. The
Uð1Þ generator F in (3.16) comes from su0ð2Þ,
while the first suð2Þ with the generators Iij is just
suð2Þ ⊂ suð2j1Þ.

(ii) We see from (3.9)–(3.12) that there exists another
suð2j1Þ ⊂ Dð2; 1; αÞ generated by the generators
Si; S̄j and corresponding to the identification

mð−μÞ ¼ αμ; ð3:19Þ

Hð−μÞ ¼ H − μF ð3:20Þ

in (2.4). Hence, its (anti)commutation relations are
obtained from (3.16) via the substitution μ → −μ
and passing to the new independent supercharges
ðSi; S̄jÞ. As follows from (3.9)–(3.12), all the re-
maining generators of Dð2; 1; αÞ (i.e. T; T̄; C; C̄)
appear in the cross-anticommutators of the

4The full automorphism group SOð8Þ of the N ¼ 8; d ¼ 1
superalgebra is broken down to SOð4Þ ∼ SUð2Þ × SU0ð2Þ due to
the presence of central charges T; T̄.
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supercharges ðQi; Q̄jÞ with ðSi; S̄jÞ. Thus, the super-
algebra Dð2; 1;αÞ can be represented as a closure of
its two suð2j1Þ supersubalgebras: suð2j1Þ given by
the relations (3.16) and another independent suð2j1Þ
with the (anti)commutation relations obtained from
those of the former suð2j1Þ through the replacement
μ → −μ. We were not able to find such a statement
about the structure ofDð2; 1;αÞ in the literature. This
property is similar to the property that the N ¼
1; d ¼ 4 superconformal group SUð2; 2j1Þ can be
viewed as a closure of its two different OSpð1; 4Þ
subgroups related to each other through the analogous
“reflection” of the anti–de Sitter radius as a parameter
of contraction to the flat N ¼ 1; d ¼ 4 Poincaré
supersymmetry [19]. In what follows, this observa-
tion will be useful for constructing Dð2; 1; αÞ invari-
ant subclasses of the SUð2j1Þ invariant actions.

(iii) In the cases α ¼ −1 and α ¼ 0, the supergroup
Dð2; 1; αÞ is reduced to the semidirect product (3.7),
withSUð2Þext beinggenerated, respectively, byLi0;j0 or
Jij ¼ −iIij. The remainingSUð2Þ subgroups enter the
relevantPSUð1; 1j2Þ factors. Each of the correspond-
ing superalgebras psuð1; 1j2Þ can still be interpreted
as a closure of its two suð2j1Þ subalgebras, like in the
case of α ∈ Rnf0g;Rnf−1g. In particular, the super-
algebra (3.16) at α ¼ −1 is identical to (2.1) withm ¼
μ andH as theUð1Þ generator. The generator F splits
off as an external automorphism.

(iv) One more peculiarity is associated with the presence
of the “composite” deformation parameterm ¼ −αμ
in (3.16). It vanishes not only in the standard
contraction limit μ ¼ 0, but also at α ¼ 0 with
μ ≠ 0. For α ¼ 0, the superalgebra (3.16) is reduced
to the flat N ¼ 4 superalgebra

fQi; Q̄jg ¼ 2δijðHþ μFÞ;

½F; Q̄l� ¼ −
1

2
Q̄l; ½F;Qk� ¼ 1

2
Qk;

½H; Q̄l� ¼
μ

2
Q̄l; ½H; Qk� ¼ −

μ

2
Qk: ð3:21Þ

This algebra is still a subalgebra of Dð2; 1; α ¼ 0Þ.
However, it does not coincide with the standard
flat N ¼ 4; d ¼ 1 Poincaré superalgebra corre-
sponding to the limit μ ¼ 0, because the rhs of
the anticommutator in (3.21) still involves μ and
is a sum of H and the internal Uð1Þ charge F. The
SUð2Þ generators Iji now define automorphisms
of both the superalgebra (3.21) and the α ¼ 0
superalgebra psuð1; 1j2Þ, while F is an internal
Uð1Þ generator. The whole Dð2; 1; α ¼ 0Þ super-
algebra [including the soð2; 1Þ generators and those
of the su0ð2Þ ∼ fF;C; C̄g] can now be treated as a
closure of the superalgebra (3.21) and its μ → −μ
counterpart.5

To avoid a confusion, let us point out that both
(3.21) and (3.4) can of course be regarded as the
Poincaré N ¼ 4; d ¼ 1 superalgebras. However, in
contrast to (3.4), the superalgebra (3.21) is em-
bedded in the superconformal algebra in a different
way, with the Hamiltonian H ¼ Hþ μF defined in
(3.18), instead of the standard Ĥ in (3.4) [recall
Eq. (3.15)]. In the limit μ → 0, any difference
between H, H and Ĥ disappears.

(v) It is worth noting that the parameter α characterizes
only the superconformal mechanics models, while
the generic SUð2j1Þmodels lack any dependence on
it. So in the case of superconformal models, we deal
with the pair of parameters, α and μ. In the particular
case α ¼ −1, we have m ¼ μ.

(vi) Besides the SUð2j1Þ superspaces (2.5), (2.12), we
can now consider another type of the SUð2j1Þ
superspace defined as the supercoset:

SUð2j1Þ ⋊ Uð1Þext
SUð2Þ × Uð1Þint

∼
fQi; Q̄j;H; F; Iijg

fIij; Fg
: ð3:22Þ

According to (3.13), this definition of superspace
matches to the proper embedding of SUð2j1Þ in
Dð2; 1; αÞ for α ∈ Rnf0g:

ð3:23Þ

In the case α ¼ −1 corresponding to the second line in
(3.23), one can omit the generator F in (3.22) since it

becomes an external automorphism. So (3.22) is re-
duced to (2.12) in this case. For generic α ∈ Rnf−1g,
the coset (3.22) “interpolates” between (2.5) and (2.12),
since F appears in the rhs of the anticommutator in
(3.16) along with the generator H, and so cannot be
decoupled.

5In the α ¼ 0 case, one can still define suð2j1Þ ⊂
Dð2; 1; α ¼ 0Þ, which involves su0ð2Þ ∼ fF;C; C̄g as the internal
subalgebra, as well as the proper analog of the Uð1Þ generatorH.
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(vii) In the limit α ¼ 0, the relevant coset is

ðN ¼ 4; d ¼ 1Þ ⋊ Uð1Þext
Uð1Þint

∼
fQi; Q̄j;H; Fg

fFg ;

ð3:24Þ

where ðN ¼ 4; d ¼ 1Þ ⋊ Uð1Þext stands for the
semidirect product of the supergroup with the
algebra (3.21) and the external Uð1Þ automorphism
generated by F ∈ fF;C; C̄g. We can deal with the
coset superspace (3.24) in the standard manner,
just substituting α ¼ 0 into all the relations of the
SUð2j1Þ superspace formalism pertinent to the
choice (3.22).

A. Superconformal generators

Superconformal generators of (3.9)–(3.12) can be nat-
urally realized on the SUð2j1Þ superspace (3.22). An
element of this supercoset is defined as

g1 ¼ exp

��
1þ 2αμ

3
θ̄kθk

�
ðθiQi þ θ̄jQ̄jÞ

�
exp fitHg;

ð3:25Þ

where the superspace coordinates ft; θi; θ̄kg coincide with
those defined in (2.6). Because of the relation (3.18), the
coset elements (3.25) and (2.6) are related as

g1 ¼ g expf−iμtFg: ð3:26Þ

In the particular case α ¼ 0, the relevant superspace coset
(3.24) is parametrized by the flat superspace coordinates
ζðα¼0Þ ¼ ft; θi; θ̄kg. An element of this coset is obtained by
setting α ¼ 0 in (3.25).
Dropping matrix parts of generators, one can obtain the

SUð2j1Þ supercharges for generic α just through the
substitution m ¼ −αμ in (2.7):

Qi ¼ ∂
∂θi þ 2αμθ̄iθ̄k

∂
∂θ̄k þ iθ̄i∂t;

Q̄j ¼
∂
∂θ̄j − 2αμθjθk

∂
∂θk þ iθj∂t: ð3:27Þ

They generate the suð2j1Þ superalgebra (3.16) with the
bosonic generators

Iij ¼
�
θ̄i

∂
∂θ̄j − θj

∂
∂θi

�
−
1

2
δij

�
θ̄k

∂
∂θ̄k − θk

∂
∂θk

�
;

H ¼ i∂t −
μ

2

�
θ̄k

∂
∂θ̄k − θk

∂
∂θk

�
;

F ¼ 1

2

�
θ̄k

∂
∂θ̄k − θk

∂
∂θk

�
: ð3:28Þ

The extra supercharges of the superconformal algebra
Dð2; 1; αÞ are defined as

Si ¼ e−iμt
��

1 − ð1þ 2αÞμθ̄kθk −
1

4
ð1þ 2αÞ2μ2ðθÞ2ðθ̄Þ2

� ∂
∂θi þ 2ð1þ αÞμθ̄iθk

∂
∂θk þ iθ̄i½1þ ð1þ 2αÞμθ̄kθk�∂t

�
;

S̄j ¼ eiμt
��

1 − ð1þ 2αÞμθ̄kθk −
1

4
ð1þ 2αÞ2μ2ðθÞ2ðθ̄Þ2

� ∂
∂θ̄j − 2ð1þ αÞμθjθ̄k

∂
∂θ̄k þ iθj½1þ ð1þ 2αÞμθ̄kθk�∂t

�
:

ð3:29Þ

The anticommutators of (3.27) with (3.29) give the new bosonic generators

T ¼ e−iμt
�
i

�
1 −

1

4
ð1þ 2αÞμ2ðθÞ2ðθ̄Þ2

�
∂t þ μ½1 − ð1þ 2αÞμθ̄kθk�θi

∂
∂θi

�
;

T̄ ¼ eiμt
�
i

�
1 −

1

4
ð1þ 2αÞμ2ðθÞ2ðθ̄Þ2

�
∂t − μ½1 − ð1þ 2αÞμθ̄kθk�θ̄i

∂
∂θ̄i

�
;

C ¼ e−iμtεjl½1þ ð1þ 2αÞμθ̄kθk�θ̄j
∂
∂θl ;

C̄ ¼ eiμtεjl½1þ ð1þ 2αÞμθ̄kθk�θj
∂
∂θ̄l : ð3:30Þ

Under the ε, ε̄ transformations generated by (3.29),
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δθi ¼
�
1 − ð1þ 2αÞμθ̄kθk −

1

4
ð1þ 2αÞ2μ2ðθÞ2ðθ̄Þ2

�
εie−iμt þ 2ð1þ αÞμεkθ̄kθie−iμt;

δθ̄i ¼
�
1 − ð1þ 2αÞμθ̄kθk −

1

4
ð1þ 2αÞ2μ2ðθÞ2ðθ̄Þ2

�
ε̄ieiμt − 2ð1þ αÞμε̄kθkθ̄ieiμt;

δt ¼ iðε̄kθkeiμt þ εkθ̄
ke−iμtÞ½1þ ð1þ 2αÞμθ̄kθk�; ð3:31Þ

the SUð2j1Þ invariant measure (2.10) is transformed as

δεdζ ¼ 2μdζð1 − μθ̄kθkÞðε̄iθieiμt − εiθ̄
ie−iμtÞ: ð3:32Þ

Starting from the new coset given by (3.25) and taking advantage of the relation (3.26), one can calculate the relevant
covariant derivatives

Di ¼ e−
i
2
μt

��
1 − αμθ̄kθk −

3

8
α2μ2ðθÞ2ðθ̄Þ2

� ∂
∂θi þ αμθ̄iθj

∂
∂θj − iθ̄i∂t − ð1þ αÞμθ̄i ~F þ αμθ̄jð1þ αμθ̄kθkÞ~Iij

�
;

D̄j ¼ e
i
2
μt

�
−
�
1 − αμθ̄kθk −

3

8
α2μ2ðθÞ2ðθ̄Þ2

� ∂
∂θ̄j − αμθ̄kθj

∂
∂θ̄k þ iθj∂t þ ð1þ αÞμθj ~F − αμθkð1þ αμθ̄kθkÞ~Ikj

�
;

DðtÞ ¼ ∂t: ð3:33Þ

Together with the matrix generators ~Iik, ~F they mimic the
superalgebra (3.16). In the particular case α ¼ −1, the
matrix generator ~F drops out from (3.33), which is
consistent with the superalgebra (3.16) at α ¼ −1 [5]. In
this case, the supercoset (3.22), (3.25) is reduced to the
supercoset (2.12) with ~H ¼ H and m ¼ μ. In the case
α ¼ 0, the generators ~Iik drop out (they become the outer
automorphism ones). The α ¼ 0 covariant derivatives
correspond to the degenerate supercoset (3.24).
The redefinition (3.17) allows one to avoid singularities

at α ¼ 0. Taking α ¼ 0 in the superconformal generators
(3.27)–(3.30), one can naturally pass to the generators
corresponding to the coset space (3.24) with the relevant
algebra (3.21). Thus, within the SUð2j1Þ superspace
defined as the supercoset (3.22) with the elements
(3.25), the superspace realization of superconformal gen-
erators has been written in the universal form consistent
with both choices α ¼ 0 and α ≠ 0, i.e., with any choice of
α ∈ R. This refers to the covariant derivatives (3.33)
as well.
Any dependence of the superalgebra relations (3.9)–

(3.12) on the dimensionful parameter μ naturally disappears
after passing to the original basis (3.1), (3.2). However, in
the realization of the generators (3.8) on the superspace
coordinates, the dependence on μ is still retained. Thus, the
parameter μ is a deformation parameter of the particular
superspace realization of (3.1), (3.2). This new deformed
realization corresponds to the trigonometric type of N ¼ 4
superconformal mechanics [14]. Sending μ → 0 in these
realizations (and in the corresponding realizations on the
d ¼ 1 fields) reduces the deformed superconformal models
to the standard superconformal mechanics models of the
parabolic type [6,12,13].

To be more precise, the trigonometric form of the
conformal generators fH; T; T̄g,

H ¼ i∂t; T ¼ ie−iμt∂t; T̄ ¼ ieiμt∂t; ð3:34Þ

is obtained as the bosonic truncations of the generators
defined by Eqs. (3.28), (3.30) (or an alternative realization
of these generators given in the next subsection). The
standard soð2; 1Þ generators Ĥ; K̂ and D̂ defined in (3.5)
and (3.8) are expressed, respectively, as

Ĥ ¼ i
2
ð1þ cos μtÞ∂t; K̂ ¼ 2i

μ2
ð1 − cos μtÞ∂t;

D̂ ¼ i
μ
sin μt∂t; μ ≠ 0: ð3:35Þ

These generators satisfy the conventional relations of the
d ¼ 1 conformal algebra:

½D̂;Ĥ� ¼−iĤ; ½D̂;K̂� ¼ iK̂; ½Ĥ; K̂� ¼ 2iD̂: ð3:36Þ

Thus, the definition of conformal superalgebra by
Eqs. (3.9)–(3.12) automatically provides the trigonometric
form for the conformal algebra soð2; 1Þ [10].
In the limit μ → 0, the generators (3.35) turn into the

standard parabolic generators

Ĥ ¼ i∂t; D̂ ¼ it∂t; K̂ ¼ it2∂t: ð3:37Þ

The same properties are inherent to the total set of the
Dð2; 1; αÞ generators (3.8) for μ ≠ 0. Thus, we treat the
superspace realization of the superconformal symmetry
generators found in this paper as a trigonometric

E. IVANOV, S. SIDOROV, AND F. TOPPAN PHYSICAL REVIEW D 91, 085032 (2015)

085032-8



deformation of the parabolicN ¼ 4; d ¼ 1 superconformal
generators constructed in Refs. [6,12,13].
The main reason for considering the basis (3.34) is that

the generator H ¼ Ĥ þ 1
4
μ2K̂ is directly given by the time

derivative, H ¼ i∂t [10]. Another peculiarity of this basis
concerns the Cartan generator (diagonal generator) of
conformal algebra [11]. In (3.34) we have the
Hamiltonian H as the Cartan generator, while in the
parabolic basis (3.37) the Cartan generator of soð2; 1Þ is
associated with the dilatation generator D̂. Thus, the
relevant quantum mechanical system must be solved in
terms of eigenvalues and eigenstates of the quantum
Hamiltonian H ¼ Ĥ þ 1

4
μ2K̂, which just coincides with

the “improved” Hamiltonian of the d ¼ 1 conformal
mechanics [11], ensuring the energy spectrum to be
bounded from below.6 In the next subsection, we will
demonstrate that there is a basis in the SUð2j1Þ superspace
in which the full generatorH defined in (3.28) (not only its
bosonic truncation) becomes just i∂t.

B. An alternative realization of
superconformal generators

According to (3.9), the supercharges Q form the suð2j1Þ
superalgebra with the deformation parameter μ, while the
supercharges S form the suð2j1Þ superalgebra with −μ.

Analogously, in the case α ¼ 0, the relevant deformed
superalgebras are (3.21) and its −μ counterpart. In the limit
μ ¼ 0 both sets of supercharges reproduce the same flat
N ¼ 4; d ¼ 1 supercharges.
Here we demonstrate that, after the appropriate redefi-

nition of the SUð2j1Þ superspace coordinates, the whole set
of the superconformal generators can be constructed in
terms of the pair of deformed supercharges QðμÞ and
SðμÞ≡Qð−μÞ. This explains why the SUð2j1Þ and super-
conformal transformations of the component fields
obtained below for the multiplets (1; 4; 3), (2; 4; 2) can
be represented as deformations of the standard N ¼ 4;
d ¼ 1 transformations of component fields, with the
deformation parameters μ and −μ, respectively.
The new coordinates ft; ~θj; ~̄θig represent the same

supercoset (3.22) and are related to the previously
employed supercoordinates as

~θj ¼ e
i
2
μtθj

�
1þ 1

2
ð1þ 2αÞμθ̄kθk

�
;

~̄θ
i ¼ ð~θjÞ ¼ e−

i
2
μtθ̄i

�
1þ 1

2
ð1þ 2αÞμθ̄kθk

�
: ð3:38Þ

The supercharges (3.27) are rewritten as

Qi ¼ e
i
2
μt

��
1þ 1

2
ð1þ 2αÞμ ~̄θk ~θk −

1

16
ð1þ 2αÞμ2ð~θÞ2ð ~̄θÞ2

� ∂
∂ ~θi

− ð1þ αÞμ ~̄θi ~θk
∂
∂ ~θk

þ αμ ~̄θ
i ~̄θ

k ∂
∂ ~̄θk þ i ~̄θ

i
�
1 −

1

2
ð1þ 2αÞμ ~̄θk ~θk

�
∂t

�
;

Q̄j ¼ e−
i
2
μt

��
1þ 1

2
ð1þ 2αÞμ ~̄θk ~θk −

1

16
ð1þ 2αÞμ2ð~θÞ2ð ~̄θÞ2

� ∂
∂ ~̄θj þ ð1þ αÞμ~θj ~̄θk

∂
∂ ~̄θk

− αμ~θj ~θk
∂
∂ ~θk

þ i~θj

�
1 −

1

2
ð1þ 2αÞμ ~̄θk ~θk

�
∂t

�
: ð3:39Þ

The new form of the supercharges (3.29) is given by

Si ¼ e−
i
2
μt

��
1 −

1

2
ð1þ 2αÞμ ~̄θk ~θk −

1

16
ð1þ 2αÞμ2ð~θÞ2ð ~̄θÞ2

� ∂
∂ ~θi

þ ð1þ αÞμ ~̄θi ~θk
∂
∂ ~θk

− αμ ~̄θ
i ~̄θ

k ∂
∂ ~̄θk þ i ~̄θ

i
�
1þ 1

2
ð1þ 2αÞμ ~̄θk ~θk

�
∂t

�
;

S̄j ¼ e
i
2
μt

��
1 −

1

2
ð1þ 2αÞμ ~̄θk ~θk −

1

16
ð1þ 2αÞμ2ð~θÞ2ð ~̄θÞ2

� ∂
∂ ~̄θj − ð1þ αÞμ~θj ~̄θk

∂
∂ ~̄θk

þ αμ~θj ~θk
∂
∂ ~θk

þ i~θj

�
1þ 1

2
ð1þ 2αÞμ ~̄θk ~θk

�
∂t

�
: ð3:40Þ

6The orthogonal combination Hh ¼ Ĥ − 1
4
μ2K̂ corresponds to the hyperbolic case discussed in Appendix C. It yields a non-unitary

model.
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We observe that they are obtained from the supercharges (3.39) just through the change of the sign of μ, SðμÞ≡Qð−μÞ. The
bosonic generators (3.28) of SUð2j1Þ are written as

Iij ¼
�
~̄θ
i ∂
∂ ~̄θj −

~θj
∂
∂ ~θi

�
−
1

2
δij

�
~̄θ
k ∂
∂ ~̄θk −

~θk
∂
∂ ~θk

�
;

F ¼ 1

2

�
~̄θ
k ∂
∂ ~̄θk −

~θk
∂
∂ ~θk

�
; H ¼ i∂t: ð3:41Þ

In this new realization the Hamiltonian H takes the correct form as the time-translation generator. The rest of the bosonic
generators (3.30) is rewritten as

T ¼ e−iμt
�
i

�
1 −

1

4
ð1þ 2αÞμ2ð~θÞ2ð ~̄θÞ2

�
∂t þ

μ

2

�
~̄θ
k ∂
∂ ~̄θk þ

~θk
∂
∂ ~θk

�
þ 1

2
ð1þ 2αÞμ2 ~̄θi ~θi

�
~̄θ
k ∂
∂ ~̄θk −

~θk
∂
∂ ~θk

��
;

T̄ ¼ eiμt
�
i

�
1 −

1

4
ð1þ 2αÞμ2ð~θÞ2ð ~̄θÞ2

�
∂t −

μ

2

�
~̄θ
k ∂
∂ ~̄θk þ

~θk
∂
∂ ~θk

�
þ 1

2
ð1þ 2αÞμ2 ~̄θi ~θi

�
~̄θ
k ∂
∂ ~̄θk −

~θk
∂
∂ ~θk

��
;

C ¼ εjl ~̄θ
j ∂
∂ ~θl

; C̄ ¼ εjl ~θj
∂
∂ ~̄θl : ð3:42Þ

Note that the supercharges (3.39), (3.40) acquired the
exponential factors ∼e�i

2
μt, which are needed for ensuring

the correct commutation relations with H ¼ i∂t. Also note
that the suð2Þ and su0ð2Þ generators now include no μ
dependence at all, while the soð2; 1Þ generators T and T̄ are
just related by the reflection μ ↔ −μ; Tð−μÞ ¼ T̄ðμÞ. So
the property that the whole superalgebra Dð2; 1; αÞ is
contained in the closure of ðQiðμÞ; Q̄jðμÞÞ and ðSiðμÞ ¼
Qið−μÞ; S̄jðμÞ ¼ Q̄jð−μÞÞ becomes manifest in the new
parametrization of the SUð2j1Þ superspace.
For further use, we give the new basis form of the

SUð2j1Þ invariant measure (2.10):

d~ζ ¼ dtd2 ~θd2 ~̄θð1þ μ ~̄θ
k ~θkÞ: ð3:43Þ

Under the ε, ε̄ transformations generated by (3.40), it is
transformed as

δεd~ζ ¼ 2μd~ζ

�
1 −

1

2
ð3þ 2αÞμ ~̄θk ~θk

�
ðε̄i ~θiei

2
μt − εi ~̄θ

i
e−

i
2
μtÞ:

ð3:44Þ

IV. THE MULTIPLET (1; 4; 3)

A. Constraints

The multiplet (1; 4; 3) was described in Ref. [4] in the
framework of the SUð2j1Þ superspace (2.5). It is repre-
sented by the real neutral superfield G satisfying the
SUð2j1Þ covariantization of the standard (1; 4; 3) multiplet
constraints

εljD̄lD̄jG ¼ εljDlDjG ¼ 0; ½Di; D̄i�G ¼ 4mG:

ð4:1Þ

They are solved by

G ¼ ½1 −mθ̄kθk þm2ðθÞ2ðθ̄Þ2�xþ ẍ
4
ðθÞ2ðθ̄Þ2

− iθ̄kθkðθi _ψ i þ θ̄j _̄ψ jÞ þ ð1 − 2mθ̄kθkÞðθiψ i − θ̄jψ̄ jÞ
þ θ̄jθiBi

j; Bk
k ¼ 0: ð4:2Þ

For studying superconformal properties of this SUð2j1Þ
supermultiplet, it will be more convenient to reformulate it
in the superspace (3.22). By rewriting the constraints (4.1)
through the covariant derivatives (3.33) as

εljD̄lD̄jG ¼ εljDlDjG ¼ 0; ½Di; D̄i�G ¼ −4αμG;

ð4:3Þ

we obtain

G ¼ x½1þ αμθ̄kθk þ α2μ2ðθÞ2ðθ̄Þ2�
þ ẍ
4
ðθÞ2ðθ̄Þ2 − iθ̄kθkðθi _ψ ie

i
2
μt þ θ̄j _̄ψ je−

i
2
μtÞ

þ
�
1þ 1

2
ð1þ 4αÞμθ̄kθk

�
ðθiψ ie

i
2
μt − θ̄jψ̄ je−

i
2
μtÞ

þ θ̄jθiBi
j; ð4:4Þ

where we have redefined

ψ i → ψ ie
i
2
μt; ψ̄ j → ψ̄ je−

i
2
μt: ð4:5Þ

This field redefinition makes the Uð1Þ generator F act only
on fermionic fields and ensures that the operator H is
realized on the component fields as the pure time derivative
i∂t without additional Uð1Þ rotation terms. We see that the
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irreducible set of the off-shell component fields is xðtÞ,
ψ iðtÞ, ψ̄ iðtÞ, Bi

jðtÞ ðBk
k ¼ 0Þ, i.e., G reveals just the (1; 4; 3)

content. In the contraction limit μ ¼ 0, it is reduced to the
ordinary (1; 4; 3) superfield.
As the most important requirement, the constraints

(4.3) [rewritten through the covariant derivatives (3.33)]
must be covariant under the superconformal symmetry

Dð2; 1; αÞ. From this requirement, one can actually
restore the supercharges (3.29) and the bosonic gener-
ators (3.30) as the differential operators acting on the
superspace (3.22). Moreover, it implies that these extra
generators for the multiplet (1; 4; 3) should be extended
by the proper weight terms. The supercharges (3.29) are
extended as

Si ¼ e−iμt
��

1 − ð1þ 2αÞμθ̄kθk −
1

4
ð1þ 2αÞ2μ2ðθÞ2ðθ̄Þ2

� ∂
∂θi þ 2ð1þ αÞμθ̄iθk

∂
∂θk

þ iθ̄i½1þ ð1þ 2αÞμθ̄kθk�∂t þ 2αμθ̄ið1 − μθ̄kθkÞ
�
;

S̄j ¼ eiμt
��

1 − ð1þ 2αÞμθ̄kθk −
1

4
ð1þ 2αÞ2μ2ðθÞ2ðθ̄Þ2

� ∂
∂θ̄j − 2ð1þ αÞμθjθ̄k

∂
∂θ̄k

þ iθj½1þ ð1þ 2αÞμθ̄kθk�∂t − 2αμθjð1 − μθ̄kθkÞ
�
: ð4:6Þ

Respectively, the bosonic generators are modified as

T ¼ e−iμt
�
i

�
1 −

1

4
ð1þ 2αÞμ2ðθÞ2ðθ̄Þ2

�
∂t þ μ½1 − ð1þ 2αÞμθ̄kθk�θi

∂
∂θi

�
þ αμe−iμt

�
1 − μθ̄kθk þ

1

4
ð1 − 2αÞμ2ðθÞ2ðθ̄Þ2

�
;

T̄ ¼ eiμt
�
i

�
1 −

1

4
ð1þ 2αÞμ2ðθÞ2ðθ̄Þ2

�
∂t − μ½1 − ð1þ 2αÞμθ̄kθk�θ̄i

∂
∂θ̄i

�
− αμeiμt

�
1 − μθ̄kθk þ

1

4
ð1 − 2αÞμ2ðθÞ2ðθ̄Þ2

�
;

C ¼ e−iμtεjl½1þ ð1þ 2αÞμθ̄kθk�θ̄j
∂
∂θl þ αμðθ̄Þ2e−iμt;

C̄ ¼ eiμtεjl½1þ ð1þ 2αÞμθ̄kθk�θj
∂
∂θ̄l − αμðθÞ2eiμt: ð4:7Þ

These modifications of the additional Dð2; 1; αÞ generators
imply the following “passive” transformation law for the
superfield G under the εi; ε̄j transformations:

δεG ¼ 2αμð1 − μθ̄kθkÞðε̄iθieiμt − εiθ̄
ie−iμtÞG: ð4:8Þ

All other transformations are produced by commuting (4.8)
with the odd SUð2j1Þ transformations which are generated
by the pure differential operators (3.27). It is worth pointing
out once more that all additional weight terms in the
Dð2; 1; αÞ generators are necessary for the Dð2; 1; αÞ
covariance of the (1; 4; 3) constraints (4.3) and, in fact,
can be deduced from requiring this covariance. Making the
bosonic truncation of the conformal generators with the
weight terms,

H ¼ i∂t; T ¼ e−iμtði∂t þ αμÞ; T̄ ¼ eiμtði∂t − αμÞ;
ð4:9Þ

one observes that α can be identified with the scaling
dimension parameter λD for the multiplet (1; 4; 3) [14].

Digression.—In Sec. III B, we showed that, after passing

to the new superspace basis ft; ~θj; ~̄θig, the differential parts
of the Dð2; 1; αÞ supercharges in the μ representation
satisfy the relation SðμÞ ¼ Qð−μÞ, thus making manifest
the property that Dð2; 1; αÞ is the closure of two its suð2j1Þ
subalgebras, one defined at μ and the other at −μ. Due to
the presence of the additional weight terms, the super-
charges (4.6) written in the new basis no longer exhibit this
nice correspondence. To restore it, one needs to make the
appropriate θ-dependent rescaling of the superfield G,

G ¼ AG0; ð4:10Þ

and to pick up the factor A in such a way that the extra
weight terms acquired by the supercharges QiðμÞ and
SiðμÞ when acting on G0 ensure the needed relation. The
factor A is defined up to a freedom associated with a real
parameter β:

Að~θÞ ¼ 1þ αμ ~̄θ
k ~θk −

1

2
βμ2ð~θÞ2ð ~̄θÞ2; ð4:11Þ
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G0ðt; ~θÞ ¼
�
1þ 1

2
ðβ − αÞμ2ð~θÞ2ð ~̄θÞ2

�
xþ ẍ

4
ð~θÞ2ð ~̄θÞ2 þ ~θiψ

i − ~̄θ
j
ψ̄ j − i ~̄θ

k ~θkð~θi _ψ i þ ~̄θ
j _̄ψ jÞ þ ~̄θ

j ~θiBi
j: ð4:12Þ

The ϵ and ε variations of G0 are related just through the substitution μ → −μ,

δϵG0 ¼ −μ
�
α −

1

2
ð4β − 3αÞμ ~̄θk ~θk

�
ðϵ̄i ~θie−i

2
μt − ϵi ~̄θ

i
e

i
2
μtÞG0;

δεG0 ¼ μ

�
αþ 1

2
ð4β − 3αÞμ ~̄θk ~θk

�
ðε̄i ~θiei

2
μt − εi ~̄θ

i
e−

i
2
μtÞG0; ð4:13Þ

and imply the following expressions for the total Dð2; 1; αÞ generators in the realization on G0:

Qi ¼ e
i
2
μt

��
1þ 1

2
ð1þ 2αÞμ ~̄θk ~θk −

1

16
ð1þ 2αÞμ2ð~θÞ2ð ~̄θÞ2

� ∂
∂ ~θi

− ð1þ αÞμ ~̄θi ~θk
∂
∂ ~θk

þ αμ ~̄θ
i ~̄θ

k ∂
∂ ~̄θk þ i ~̄θ

i
�
1 −

1

2
ð1þ 2αÞμ ~̄θk ~θk

�
∂t − αμ ~̄θ

i þ 1

2
ð4β − 3αÞμ2 ~̄θi ~̄θk ~θk

�
;

Q̄j ¼ e−
i
2
μt

��
1þ 1

2
ð1þ 2αÞμ ~̄θk ~θk −

1

16
ð1þ 2αÞμ2ð~θÞ2ð ~̄θÞ2

� ∂
∂ ~̄θj þ ð1þ αÞμ~θj ~̄θk

∂
∂ ~̄θk

− αμ~θj ~θk
∂
∂ ~θk

þ i~θj

�
1 −

1

2
ð1þ 2αÞμ ~̄θk ~θk

�
∂t þ αμ~θi −

1

2
ð4β − 3αÞμ2 ~θi ~̄θk ~θk

�
;

SiðμÞ ¼ Qið−μÞ; S̄jðμÞ ¼ Q̄jð−μÞ: ð4:14Þ

One can directly check that their (anti)commutators form the superalgebra Dð2; 1; αÞ. The soð2; 1Þ generators T, T̄ are
given by

T ¼ e−iμt
�
i
�
1 −

1

4
ð1þ 2αÞμ2ð~θÞ2ð ~̄θÞ2

�
∂t þ

μ

2

�
~̄θ
k ∂
∂ ~̄θk þ

~θk
∂
∂ ~θk

�

þ 1

2
ð1þ 2αÞμ2 ~̄θi ~θi

�
~̄θ
k ∂
∂ ~̄θk −

~θk
∂
∂ ~θk

�
þ αμ

�
1þ

�
3

4
−
β

α

�
μ2ð~θÞ2ð ~̄θÞ2

��
;

T̄ ¼ eiμt
�
i

�
1 −

1

4
ð1þ 2αÞμ2ð~θÞ2ð ~̄θÞ2

�
∂t −

μ

2

�
~̄θ
k ∂
∂ ~̄θk þ

~θk
∂
∂ ~θk

�

þ 1

2
ð1þ 2αÞμ2 ~̄θi ~θi

�
~̄θ
k ∂
∂ ~̄θk −

~θk
∂
∂ ~θk

�
− αμ

�
1þ

�
3

4
−
β

α

�
μ2ð~θÞ2ð ~̄θÞ2

��
: ð4:15Þ

The rest of the bosonic generators contain no weight
terms.
The parameter β appears neither in the structure con-

stants of Dð2; 1; αÞ nor in the superconformal component
actions (see following subsections), so it can be chosen at
will. One choice is β ¼ 3

4
α, which ensures the simplest

structure of the weight terms in (4.14), (4.15), (4.13).
Another possible choice is β ¼ α, under which the super-
field G0 in (4.12) contains no μ dependence at all. In this
case, the SUð2j1Þ constraints (4.3) are reduced to the linear
combination of the flat constraints:

εikDiDkG0 ¼ εikD̄iD̄kG0 ¼ 0; ½Di; D̄i�G0 ¼ 0;

ð4:16Þ

Di ¼ ∂
∂ ~θi

− i ~̄θ
i∂t; D̄j ¼ −

∂
∂ ~̄θj þ i~θj∂t: ð4:17Þ

These constraints are still covariant under the relevant
trigonometric realization of Dð2; 1; αÞ [with β ¼ α in
(4.14), (4.15), (4.13)]. The corresponding superconformal
actions of G0 written as integrals over the SUð2j1Þ super-
space do not coincide with the standard ones constructed as
integrals over flat N ¼ 4; d ¼ 1 superspace.
As a final remark, we note that the constraints (4.3) can

be generalized as

εljD̄lD̄j
~G ¼ εljDlDj ~G ¼ 0; ½Di; D̄i� ~G ¼ −4αμ ~G − 4c:

ð4:18Þ

E. IVANOV, S. SIDOROV, AND F. TOPPAN PHYSICAL REVIEW D 91, 085032 (2015)

085032-12



Their solution is

~Gðx;ψ ; ψ̄ ; BÞ ¼ Gðx;ψ ; ψ̄ ; BÞ þ cθ̄jθjð1þ 2αμθ̄kθkÞ;
ð4:19Þ

where Gðx;ψ ; ψ̄ ; BÞ was defined in (4.4). Once again, this
solution can be adapted to the supercoset (3.22). We
observe that the superconformal covariance of the corre-
sponding version of the constraints (4.18) implies the
additional condition

cDlDlð1 − μθ̄kθkÞðε̄iθieiμt − εiθ̄
ie−iμtÞ ¼ 0: ð4:20Þ

Substituting the explicit expressions (3.33) for the covariant
derivatives, one can show that at c ≠ 0 the condition (4.20)
is satisfied only for α ¼ −1. Then the superfield ~G trans-
forms as

δε ~G ¼ −2μð1 − μθ̄kθkÞðε̄iθieiμt − εiθ̄
ie−iμtÞ ~G: ð4:21Þ

Thus, at c ≠ 0 the relevant superconformal group is
reduced to the supergroup PSUð1; 1j2Þ ⋊ Uð1Þ. At

c ¼ 0, any α ≠ 0 is admissible, including α ¼ −1.7 In
what follows, the special case α ¼ 0 will be considered
separately.

B. SUð2j1Þ invariant Lagrangians
One can construct the general Lagrangian and action for

the SUð2j1Þ multiplet (1; 4; 3) as

Sð ~GÞ ¼
Z

dtL ¼ −
Z

dζfð ~GÞ: ð4:22Þ

We consider the invariant Lagrangians for the superfield ~G
satisfying the generalized constraints (4.18) with c ≠ 0.
The action for the superfield G subject to the constraints
(4.3) can then be obtained by setting c ¼ 0.
Any action with an arbitrary Lagrangian function

fð ~GÞ is SUð2j1Þ invariant and provides a deformation
of the standard (1; 4; 3) models. Substituting the
expression (4.19) for ~G into (4.22) and doing there
the Berezin integration, we obtain the component off-
shell Lagrangian

L ¼ _x2gðxÞ þ iðψ̄ i _ψ
i − _̄ψ iψ

iÞgðxÞ þ 1

2
Bi
jB

j
igðxÞ − Bi

j

�
1

2
δji ψ̄kψ

k − ψ̄ iψ
j

�
g0ðxÞ

−
1

4
ðψÞ2ðψ̄Þ2g00ðxÞ − ½ð1þ 2αÞgðxÞ þ αxg0ðxÞ�μψ̄ iψ

i − α2μ2x2gðxÞ − cg0ðxÞψ̄ iψ
i − 2cαμxgðxÞ − c2gðxÞ; ð4:23Þ

where g ≔ f00 and primes mean differentiation in x, f0 ¼ ∂xf, etc. The parameter c produces new additional potential-type
terms in the Lagrangian.
The ϵ, ϵ̄ transformation law of (4.19),

δ ~G ¼ −½ϵiQi þ ϵ̄jQ̄j; ~G�; ð4:24Þ

implies the following SUð2j1Þ transformation laws for the component fields:

δx ¼ ϵ̄kψ̄ke−
i
2
μt − ϵkψ

ke
i
2
μt; δψ i ¼ e−

i
2
μtðiϵ̄i _xþ αμϵ̄ixþ cϵ̄i þ ϵ̄kBi

kÞ;

δBi
j ¼ −2i

�
ϵj _ψ

ie
i
2
μt þ ϵ̄i _̄ψ je−

i
2
μt −

1

2
δijðϵk _ψke

i
2
μt þ ϵ̄k _̄ψke−

i
2
μtÞ

�

− ð1þ 2αÞμ
�
ϵ̄iψ̄ je−

i
2
μt − ϵjψ

ie
i
2
μt −

1

2
δijðϵ̄kψ̄ke−

i
2
μt − ϵkψ

ke
i
2
μtÞ

�
: ð4:25Þ

We can simplify the Lagrangian (4.23) by passing to the
new bosonic field yðxÞ with the free kinetic term. From the
equality

_x2gðxÞ ¼ 1

2
_y2; ð4:26Þ

we find the equation

y0ðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
2gðxÞ

p
; y0ðxÞ ¼ 1

x0ðyÞ ð4:27Þ
7At c ¼ 0; α ¼ −1, the whole automorphism SUð2Þext is a

symmetry of the superfield constraints. It is reduced to Uð1Þext
only at c ≠ 0.
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and define

χi ¼ ψ iy0ðxÞ; ~Bi
j ¼

1

2
Bi
jy

0ðxÞ; VðyÞ ¼ xðyÞ
x0ðyÞ : ð4:28Þ

Solving the last of the equations in (4.28) as

xðyÞ ¼ exp

�Z
y d~y
Vð~yÞ

�
; ð4:29Þ

we can cast the Lagrangian (4.23) in the form

L ¼ _y2

2
þ i
2
ðχ̄i _χi − _̄χiχ

iÞ þ ~Bi
j
~Bj
i −

V 0ðyÞ − 1

VðyÞ
~Bj
iðδijχ̄kχk − 2χ̄jχ

iÞ

−
V 00ðyÞVðyÞ þ ½2V 0ðyÞ − 3�½V 0ðyÞ − 1�

4V2ðyÞ ðχÞ2ðχ̄Þ2

− ∂y

�
αμVðyÞ þ cVðyÞ exp

�
−
Z

y d~y
Vð~yÞ

��
χ̄iχ

i −
μ

2
χ̄iχ

i

−
1

2

�
αμVðyÞ þ cVðyÞ exp

�
−
Z

y d~y
Vð~yÞ

��
2

: ð4:30Þ
Here, VðyÞ can be regarded as an arbitrary function due to the arbitrariness of gðxÞ in (4.27). Thus, we have finally obtained
the SUð2j1Þ Lagrangian involving an arbitrary function and extended by additional terms which depend on the parameter c.
In the new representation, the supersymmetry transformations acquire the form

δy ¼ ϵ̄kχ̄ke−
i
2
μt − ϵkχ

ke
i
2
μt;

δχi ¼ e−
i
2
μt

�
iϵ̄i _yþ αμϵ̄iVðyÞ þ cϵ̄iVðyÞ exp

�
−
Z

y d~y
Vð~yÞ

�
þ 2ϵ̄k ~Bi

k þ χiðϵ̄kχ̄k − ϵkχ
keiμtÞV

0ðyÞ − 1

VðyÞ
�
;

δ ~Bi
j ¼ −i

�
ϵj _χ

ie
i
2
μt þ ϵ̄i _̄χje−

i
2
μt −

1

2
δijðϵk _χke

i
2
μt þ ϵ̄k _̄χke−

i
2
μtÞ

�

−
μ

2
ð1þ 2αÞ

�
ϵ̄iχ̄je−

i
2
μt − ϵjχ

ie
i
2
μt −

1

2
δijðϵ̄kχ̄ke−

i
2
μt − ϵkχ

ke
i
2
μtÞ

�

þ ~Bi
jðϵ̄kχ̄ke−i

2
μt − ϵkχ

ke
i
2
μtÞV

0ðyÞ − 1

VðyÞ

þ i_y

�
ϵjχ

ie
i
2
μt þ ϵ̄iχ̄je−

i
2
μt −

1

2
δijðϵkχke

i
2
μt þ ϵ̄kχ̄ke−

i
2
μtÞ

�
V 0ðyÞ − 1

VðyÞ : ð4:31Þ

In the particular case c ¼ 0, the models described by these
transformations and the Lagrangian (4.30) correspond to
the off-shell form of “weak supersymmetry” models [7].

C. Superconformal mechanics with c ¼ 0

The superconformal (1; 4; 3) action with c ¼ 0 can be
written in the superfield formulation as

SðαÞsc ðGÞ ¼ −
Z

dζfðαÞsc ðGÞ; ð4:32Þ

where the corresponding superfield function fðGÞ is
given by

fðαÞsc ðGÞ ¼
8<
:

1
8ðαþ1ÞG

−1
α for α ≠ −1; 0;

1
8
G lnG for α ¼ −1:

⇒ gðxÞ ¼ x−
1
α−2

8α2
:

ð4:33Þ

Using (4.8) and (3.32), one can check that the action (4.32)
is indeed invariant with respect to the superconformal
group Dð2; 1; αÞ.
We can consider a few special cases, e.g., α ¼ −1,

α ¼ −1=2. As we will see in the next subsection, in the
case α ¼ −1 the action (4.32) can be generalized to
incorporate the nonzero parameter c defined in (4.18).
The case α ¼ −1=2 corresponds to the free action. We
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cannot treat the α ¼ 0 case as a particular case of the
SUð2j1Þ models under consideration, since we defined
the SUð2j1Þ superspace for α ≠ 0, while passing to α ¼ 0
amounts to contraction of the original SUð2j1Þ super-
group into the supergroup with the flat algebra
(3.21). Nevertheless, as we will see soon, the α ¼ 0

superconformal action can still be constructed within the
properly modified superfield approach based on the
contracted supergroup.
Taking a θ integral in the superfield action (4.32) and

making the redefinition (3.17), we calculate the super-
conformal Lagrangian as8

LðαÞ
sc ¼ _x2gðxÞ þ iðψ̄ i _ψ

i − _̄ψ iψ
iÞgðxÞ þ 1

2
Bi
jB

j
igðxÞ − Bi

j

�
1

2
δji ψ̄kψ

k − ψ̄ iψ
j

�
g0ðxÞ

−
1

4
ðψÞ2ðψ̄Þ2g00ðxÞ − α2μ2x2gðxÞ: ð4:34Þ

We observe that it depends only on μ2, not on μ. Taking advantage of the redefinitions just mentioned, one can conveniently
rewrite the transformations (4.25) as

δx ¼ ϵ̄kψ̄ke−
i
2
μt − ϵkψ

ke
i
2
μt; δψ i ¼ e−

i
2
μtðiϵ̄i _xþ αμϵ̄ixþ ϵ̄kBi

kÞ;

δBi
j ¼ −2i

�
ϵj _ψ

ie
i
2
μt þ ϵ̄i _̄ψ je−

i
2
μt −

1

2
δijðϵk _ψke

i
2
μt þ ϵ̄k _̄ψke−

i
2
μtÞ

�

− ð1þ 2αÞμ
�
ϵ̄iψ̄ je−

i
2
μt − ϵjψ

ie
i
2
μt −

1

2
δijðϵ̄kψ̄ke−

i
2
μt − ϵkψ

ke
i
2
μtÞ

�
: ð4:35Þ

The Lagrangian (4.34) is invariant under the second SUð2j1Þ transformations with the parameters ε, ε̄,

δx ¼ ε̄kψ̄ke
i
2
μt − εkψ

ke−
i
2
μt; δψ i ¼ e

i
2
μtðiε̄i _x − αμε̄ixþ ε̄kBi

kÞ;

δBi
j ¼ −2i

�
εj _ψ

ie−
i
2
μt þ ε̄i _̄ψ je

i
2
μt −

1

2
δijðεk _ψke−

i
2
μt þ ε̄k _̄ψke

i
2
μtÞ

�

þ ð1þ 2αÞμ
�
ε̄iψ̄ je

i
2
μt − εjψ

ie−
i
2
μt −

1

2
δijðε̄kψ̄ke

i
2
μt − εkψ

ke−
i
2
μtÞ

�
; ð4:36Þ

which correspond to the supercharges (4.6). We see that
(4.35) and (4.36) are related by the replacement μ → −μ in
accord with the structure of Dð2; 1; αÞ as the closure of
these two suð2j1Þ subalgebras.
The parabolic transformations of the (1; 4; 3) component

fields can be obtained from the trigonometric transforma-
tions (4.35), (4.36) in two steps. First, one passes to the new
pair fϵ0; ϵ̄0g, fε0; ε̄0g of infinitesimal parameters with
opposite dimensions by redefining the old parameters as

ϵi ¼
1

2
ϵ0i þ

i
μ
ε0i; εi ¼

1

2
ϵ0i −

i
μ
ε0i; and c:c: ð4:37Þ

This redefinition just corresponds to passing to the original
basis for the Dð2; 1; αÞ supercharges, in which the super
Poincaré supercharges and those of the superconformal

boosts have the opposite dimensions. Only after that can we
send μ → 0 and obtain the parabolic transformations. This
procedure is universal and can be performed for the
transformations of superfields, component fields and super-
space coordinates, regardless of the type of the realization
of Dð2; 1; αÞ. In this way one can, e.g., deduce the para-
bolic transformations of the integration measure (2.10),
which becomes the standard flat measure dtd2θd2θ̄ in the
limit μ ¼ 0.
Using (4.26)–(4.28), we can calculate the function VðyÞ

corresponding to (4.33):

VðyÞ ¼ −
y
2α

; V0ðyÞ ¼ −
1

2α
;

V 0ðyÞ− 1

VðyÞ ¼ 1þ 2α

y
:

ð4:38Þ

As a result, we obtain the superconformal Lagrangian in the
form

8The term ∼ψ̄ψ vanishes because of the identity
ð− 1

α − 2ÞgðxÞ ¼ xg0ðxÞ for (4.33).
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LðαÞ
sc ¼ _y2

2
þ i
2
ðχ̄i _χi− _̄χiχ

iÞþ ~Bi
j
~Bj
i−

1þ2α

y
~Bj
iðδijχ̄kχk−2χ̄jχ

iÞ

−
ð1þ3αÞð1þ2αÞ

2y2
ðχÞ2ðχ̄Þ2−μ2

8
y2: ð4:39Þ

It is invariant (modulo a total derivative) under the following SUð2j1Þ odd transformations:

δy ¼ ϵ̄kχ̄ke−
i
2
μt − ϵkχ

ke
i
2
μt;

δχi ¼ e−
i
2
μt

�
iϵ̄i _y −

μ

2
ϵ̄iyþ 2ϵ̄k ~Bi

k þ χiðϵ̄kχ̄k − ϵkχ
keiμtÞ 1þ 2α

y

�
;

δ ~Bi
j ¼ −i

�
ϵj _χ

ie
i
2
μt þ ϵ̄i _̄χje−

i
2
μt −

1

2
δijðϵk _χke

i
2
μt þ ϵ̄k _̄χke−

i
2
μtÞ

�
−
μ

2
ð1þ 2αÞ

�
ϵ̄iχ̄je−

i
2
μt − ϵjχ

ie
i
2
μt −

1

2
δijðϵ̄kχ̄ke−

i
2
μt − ϵkχ

ke
i
2
μtÞ

�

þ ~Bi
jðϵ̄kχ̄ke−i

2
μt − ϵkχ

ke
i
2
μtÞ 1þ 2α

y
þ i_y

�
ϵjχ

ie
i
2
μt þ ϵ̄iχ̄je−

i
2
μt −

1

2
δijðϵkχke

i
2
μt þ ϵ̄kχ̄ke−

i
2
μtÞ

�
1þ 2α

y
: ð4:40Þ

Changing μ in these transformations as μ → −μ, one
obtains the transformations associated with the extra
generators SðμÞ ¼ Qð−μÞ. Since the Lagrangian (4.39)
depends only on μ2 like (4.34), it is automatically invariant
under these Si transformations and, hence, under the
full Dð2; 1; αÞ.
Thus, in the present case we deal with the superconfor-

mal mechanics corresponding to the trigonometric trans-
formations [14]. Another type of superconformal
mechanics is that associated with the parabolic trans-
formations, and its superfield description is based on the

standard N ¼ 4, d ¼ 1 superspace. The only difference is
that the trigonometric-type action (4.39) has an additional
oscillator term. Thus, by sending μ → 0, the parabolic type
of superconformal mechanics can be restored.
The property that the component superconformal trigo-

nometric actions are even functions of the parameter μ can
be established already at the superfield level. One should

pass to the SUð2j1Þ superspace basis ft; ~θj; ~̄θig, in which
the property SiðμÞ ¼ Qið−μÞ is valid and the integration
measure is defined by (3.43), and express the superfield G
through G0 according to Eqs. (4.10)–(4.12):

SðαÞsc ðGÞ ¼ −
Z

dtd2 ~θd2 ~̄θð1þ μ ~̄θ
k ~θkÞG−1

α

¼ −
Z

dtd2 ~θd2 ~̄θ

�
1þ 1

4

�
α − 1þ 2β

α

�
μ2ð~θÞ2ð ~̄θÞ2

�
ðG0Þ−1

α; α ≠ −1; 0 ð4:41Þ

and

Sðα¼−1Þ
sc ðGÞ ¼ −

Z
dtd2 ~θd2 ~̄θð1þ μ ~̄θ

k ~θkÞG lnG

¼ −
Z

dtd2 ~θd2 ~̄θ

��
1 −

1

2
ð1þ βÞμ2ð~θÞ2ð ~̄θÞ2

�
G0 lnG0 −

μ2

4
ð1þ 2βÞð~θÞ2ð ~̄θÞ2G0

�
; ð4:42Þ

where one should take into account that

Z
dtd2 ~θd2 ~̄θðμ ~̄θk ~θkG0Þ ¼ 0:

All terms with the manifest θ’s in (4.41), (4.42), equally as
the superfield G0, depend only on μ2. Also, it is easy to
show that all β-dependent terms in these actions are
canceled among themselves. For any other trigonometric
superconformal action treated below (e.g., in the α ¼ −1;

c ≠ 0 case), it is possible to show in a similar way that, in
the appropriate superfield formulation, they depend only on
μ2 like in the component field formulations.

D. The model with α ¼ −1; c ≠ 0

Let us consider the case of c ≠ 0 for which the
superconformal invariance requires that α ¼ −1 (m ¼ μ).
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The corresponding supergroup is Dð2; 1; α ¼ −1Þ ¼
PSUð1; 1j2Þ ⋊ SUð2Þext, but the constraints (4.18) are
covariant only with respect to PSUð1; 1j2Þ ⋊ Uð1Þext.
The corresponding superfield action is

Sðα¼−1Þ
sc ð ~GÞ ¼ −

Z
dζ ~G ln ~G: ð4:43Þ

Starting from the general SUð2j1Þ invariant component
Lagrangian (4.23) with c ≠ 0 and substituting there
fð ~GÞ → ~G ln ~G, we obtain, up to an additive constant,
the following c ≠ 0; α ¼ −1 generalization of the super-
conformal Lagrangian (4.34):

Lðα¼−1;cÞ
sc ¼ _x2

x
þ i
x
ðψ̄ i _ψ

i − _̄ψ iψ
iÞ

þ Bi
jB

j
i

2x
þ Bi

j

x2

�
1

2
δji ψ̄kψ

k − ψ̄ iψ
j

�

−
1

2x3
ðψÞ2ðψ̄Þ2 − μ2xþ cψ̄ iψ

i

x2
−
c2

x
: ð4:44Þ

Here, the new term ∼ψ̄ψ is responsible for reducing
superconformal symmetry to PSUð1; 1j2Þ ⋊ Uð1Þ. This
action is invariant under the supersymmetry transforma-
tions, with δψ i being a generalization of the relevant
transformations in (4.35), (4.36):

δψ i ¼ e−
i
2
μtðiϵ̄i _x − μϵ̄ixþ ϵ̄kBi

k þ cϵ̄ixÞ
þ e

i
2
μtðiε̄i _xþ με̄ixþ ε̄kBi

k þ cε̄ixÞ: ð4:45Þ

Transformations of the bosonic fields are the same as in
(4.35), (4.36).
Passing to the action with free kinetic terms, we find the

relevant function VðyÞ to be

VðyÞ ¼ y
2
; V 0ðyÞ ¼ 1

2
;

V 0ðyÞ− 1

VðyÞ ¼ −
1

y
: ð4:46Þ

In accordance with (4.30), we also should take into account
additional terms involving c. Thus the superconformal
Lagrangian (4.39) is generalized to this special case as

Lðα¼−1;cÞ
sc ¼ _y2

2
þ i
2
ðχ̄i _χi − _̄χiχ

iÞ þ ~Bi
j
~Bj
i

þ
~Bj
i

y
ðδijχ̄kχk − 2χ̄jχ

iÞ − 1

y2
ðχÞ2ðχ̄Þ2

þ c
2y2

χ̄iχ
i −

μ2y2

8
−

c2

8y2
: ð4:47Þ

The relevant on-shell Lagrangian,

Lðα¼−1;cÞ
sc ¼ _y2

2
þ i
2
ðχ̄i _χi − _̄χiχ

iÞ − 1

4y2
ðχÞ2ðχ̄Þ2

þ c
2y2

χ̄iχ
i −

μ2y2

8
−

c2

8y2
; ð4:48Þ

as a superconformal Lagrangian, was previously found in
Ref. [17].9 The SUð2j1Þ superspace approach allowed us to
find the off-shell superfield form of (4.48).

E. The α ¼ 0 model

Inspecting the Lagrangian (4.34), we observe that the
limit α → −0 is divergent and the opposite limit α → þ0

yields Lðα¼0Þ
sc ¼ 0. Nevertheless, we can unambiguously

define this limit for the Lagrangian (4.34) by introducing an
inhomogeneity parameter ρ [14].
The limit α → 0 can be obtained, if we redefine the

Lagrangian (4.34) by shifting the field x as

x → xþ ρ

α
: ð4:49Þ

The homogeneous Lagrangian (4.34) is rewritten as

Lðα;ρÞ
sc ¼ α

1
α

8
ðαxþ ρÞ−1

α−2
�
_x2 þ iðψ̄ i _ψ

i − _̄ψ iψ
iÞ þ 1

2
Bi
jB

j
i

�

þ α
1
αð1þ 2αÞ

8
Bi
j

�
1

2
δji ψ̄kψ

k − ψ̄ iψ
j

�
ðαxþ ρÞ−1

α−3

−
α

1
αð1þ 2αÞð1þ 3αÞ

32
ðψÞ2ðψ̄Þ2ðαxþ ρÞ−1

α−4

−
α

1
αμ2

8
ðαxþ ρÞ−1

α: ð4:50Þ

Detaching the divergent factor ∼ðαρÞ
1
α and sending α → 0 in

the remainder, we obtain the Lagrangian Lðα¼0;ρÞ
sc as

Lðα¼0;ρÞ
sc ¼ e−

x
ρ

�
_x2 þ iðψ̄ i _ψ

i − _̄ψ iψ
iÞ þ 1

2
Bi
jB

j
i

�

þ Bi
j

ρ

�
1

2
δji ψ̄kψ

k − ψ̄ iψ
j

�
e−

x
ρ

−
1

4ρ2
ðψÞ2ðψ̄Þ2e−x

ρ − μ2ρ2e−
x
ρ: ð4:51Þ

Following the same procedure as in (4.26)–(4.28), we can
obtain the Lagrangian which coincides with (4.39) at α ¼ 0
[14]. For ensuring the superconformal invariance in this
case, one needs to extend the transformations (4.35), (4.36)
for α ¼ 0 by the inhomogeneous parts

9One needs to perform a redefinition of fields in order to show
the coincidence of these two Lagrangians.
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δðρÞψ i ¼ ρμðϵ̄ie−i
2
μt − ε̄ie

i
2
μtÞ; δðρÞx ¼ δðρÞBi

k ¼ 0:

ð4:52Þ

This modification entails the appearance of inhomogeneous
pieces in the conformal transformations of x,

Tx ¼ e−iμtði_xþ ρμÞ; T̄x ¼ eiμtði_x − ρμÞ: ð4:53Þ

The standard conformal soð2; 1Þ generators defined in
(3.5), (3.8) act on x as

Ĥx ¼ i
2
ð1þ cos μtÞ_x − i

2
ρμ sin μt;

K̂x ¼ 2i
μ2

ð1 − cos μtÞ_xþ 2i
μ
ρ sin μt;

D̂x ¼ i
μ
sin μt_xþ iρ cos μt: ð4:54Þ

The superconformal superfield action (4.32) is not
defined at α ¼ 0. Nevertheless, the superfield description
of (4.51) can be given in the framework of the supercoset
(3.24) associated with the α ¼ 0 superalgebra (3.21).
According to (4.4), the superfield G is written as

G ¼ xþ ẍ
4
ðθÞ2ðθ̄Þ2 − iθ̄kθkðθi _ψ ie

i
2
μt þ θ̄j _̄ψ je−

i
2
μtÞ

þ
�
1þ μ

2
θ̄kθk

�
ðθiψ ie

i
2
μt − θ̄jψ̄ je−

i
2
μtÞ þ θ̄jθiBi

j

ð4:55Þ

and satisfies the standard “flat” (1; 4; 3) constraints

εljD̄lD̄jG ¼ εljDlDjG ¼ 0; ½Di; D̄i�G ¼ 0; ð4:56Þ

where the covariant derivatives are10

Di ¼ e−
i
2
μt

� ∂
∂θi − iθ̄i∂t − μθ̄i ~F

�
;

D̄j ¼ e
i
2
μt

�
−

∂
∂θ̄j þ iθj∂t þ μθj ~F

�
; ð4:57Þ

DðtÞ ¼ ∂t; fDi; D̄jg ¼ 2δijði∂t þ μ ~FÞ: ð4:58Þ

Then the component Lagrangian (4.51) is reproduced from
the superfield action

Sðα¼0;ρÞ
sc ðGÞ ¼

Z
dtLðα¼0;ρÞ

sc ¼ −ρ2
Z

dtd2θd2θ̄e−
G
ρ−μθ̄

kθk :

ð4:59Þ

The “passive” superfield infinitesimal transformation of G
involves only the inhomogeneous piece

δðρÞG ¼ −ρμðϵ̄kθk − ϵkθ̄
kÞ

þ ρμð1þ μθ̄kθkÞðε̄kθkeiμt − εkθ̄
ke−iμtÞ; ð4:60Þ

since its standard homogeneous part (4.8) vanishes
at α ¼ 0.
Note that the superfieldG at α ¼ 0, though being defined

in fact on the flat N ¼ 4 superspace, still possesses an
unusual inhomogeneous transformation law (4.60) under
the N ¼ 4; d ¼ 1 Poincaré supersymmetry to which, at
α ¼ 0, the ϵ; ϵ̄ transformations are reduced. We can
reformulate this model in terms of the superfield u having
the standard homogeneous transformation law under the
N ¼ 4; d ¼ 1 Poincaré supersymmetry

u ¼ Gþ ρμθ̄kθk; δϵu ¼ 0; ð4:61Þ

εljD̄lD̄ju¼ εljDlDju¼ 0; ½Di; D̄i�u¼ −4ρμ: ð4:62Þ
The inhomogeneity of the full odd superconformal trans-
formation law of u is retained only in the part ∼εi; ε̄k
associated with the generators Si; S̄k:

δðρÞu ¼ 2ρμð1 − μθ̄kθkÞðε̄kθkeiμt − εkθ̄
ke−iμtÞ: ð4:63Þ

The action (4.59) is rewritten in the form in which it does
not involve explicit θ:

Sðα¼0;ρÞ
sc ðuÞ ¼ −ρ2

Z
dtd2θd2θ̄e−

u
ρ: ð4:64Þ

We also note that the μ dependence in the solution (4.55)
is fake because it can be removed by the inverse phase
transformation of fermionic fields as ψ i → ψ ie−

i
2
μt. Then

the whole μ dependence in the component actions (4.50),
(4.51) is generated by the θ ¼ dependent term in (4.59) or
the θ-dependent additional term in u defined in (4.61) (if
one prefers the u representation (4.64) for the super-
conformal action). The definition of the fermionic fields
as in (4.55) is convenient since it ensures the absence of the
fermionic “mass terms” ∼μψ iψ̄ i in (4.50), (4.51). Despite
the fact that at α ¼ 0 we deal with the standard flat N ¼ 4
superfield u, the superconformal transformations (4.63)
still correspond to the trigonometric realization of the
conformal subgroup SOð2; 1Þ, as well as that of the full
PSUð1; 1j2Þ. The parabolic realization is achieved by
redefining the fermionic parameters as in (4.37) and then

10Though the superfieldG has no externalUð1Þ charge and the
generator ~F yields zero on G, it is nonvanishing when acting on
the covariant derivative itself. Nevertheless, it is direct to check
that in the α ¼ 0 constraints (4.56) such contributions are
canceled against terms coming from the phase factors in the
definition (4.57).
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sending μ → 0 in the resulting transformations, like in
other cases.
As a final remark, we notice that the α ¼ 0 analog of the

superconformal action (4.43) with c ≠ 0 and α ¼ −1 can
be obtained [20] by considering the superfield action dual
to (4.43):

Sðα¼0;ρ;~cÞ
sc ðGÞ¼

Z
dtd2θd2θ̄½−ρ2e−G

ρ−μθ̄
kθkþ ~cðθ̄1θ1− θ̄2θ2ÞG�

¼
Z

dtd2θd2θ̄½−ρ2e−uþ ~cðθ̄1θ1− θ̄2θ2Þu�:

ð4:65Þ

It can be checked that the relevant component Lagrangian
coincides with the off-shell Lagrangian (4.47), modulo the
replacements of all SUð2Þ indices by the SU0ð2Þ indices (on
which the generators fF;C; C̄g act) and the substitution
c → ~c.

V. THE MULTIPLET (2; 4; 2)

A. Chiral SUð2j1Þ superfields
In this section, we will consider the multiplet (2; 4; 2),

proceeding from the superspace (2.5). Also, in Ref. [5] the
multiplet (2; 4; 2) was generalized by exploiting the super-
space coset (2.12). Such a generalization will be addressed
in the next section.
Employing the covariant derivatives (2.11), the standard

form of the chiral and antichiral conditions is as follows:

ðaÞ D̄iΦ ¼ 0; ðbÞ DiΦ̄ ¼ 0: ð5:1Þ

This implies the existence of the left and right chiral
subspaces [4]:

ðtL; θiÞ; ðtR; θ̄iÞ; ð5:2Þ

where

tL ¼ tþ iθ̄kθk −
i
2
mðθÞ2ðθ̄Þ2; and c:c: ð5:3Þ

These coordinate sets are closed under the SUð2j1Þ
transformations

δθi ¼ ϵi þ 2mϵ̄kθkθi; δtL ¼ 2iϵ̄kθk; and c:c: ð5:4Þ

One can require that the complex superfield Φ with the
minimal field contents (2; 4; 2) possess a fixed overall Uð1Þ
charge:

~FΦ ¼ 2κΦ; ~IikΦ ¼ 0: ð5:5Þ

The general solution of (5.1) for an arbitrary real κ reads

Φðt; θ; θ̄Þ ¼ ð1þ 2mθ̄kθkÞ−κΦLðtL; θÞ;
ΦLðtL; θÞ ¼ zþ

ffiffiffi
2

p
θiξ

i þ ðθÞ2B; ðξiÞ ¼ ξ̄i: ð5:6Þ

The chiral superfield Φ transforms as

δΦ ¼ 2κmðϵ̄iθi þ ϵiθ̄
iÞΦ; δΦL ¼ 4κmϵ̄iθiΦL: ð5:7Þ

This transformation law implies the following off-shell
SUð2j1Þ transformations of the component fields in (5.6):

δz ¼ −
ffiffiffi
2

p
ϵkξ

k; δξi ¼
ffiffiffi
2

p
ϵ̄iði_z − 2κmzÞ −

ffiffiffi
2

p
ϵiB;

δB ¼ −
ffiffiffi
2

p
ϵ̄k

�
i_ξk −

�
2κ −

1

2

�
mξk

�
: ð5:8Þ

As in case of the multiplet (1; 4; 3), for analyzing the
superconformal properties of the multiplet (2; 4; 2) it will
be convenient to pass to the supercoset (3.22), in which the
time-translation generator is H ∈ soð2; 1Þ. Imposing the
constraints (5.1) with the covariant derivatives defined in
(3.33) and choosing κ ¼ 0, we come to the left chiral
subspace parametrized by the same coordinates ðtL; θiÞ as
before, with the definition (5.3) being valid. It is straight-
forward to check that this set of coordinates is closed under
the superconformal transformations generated by (3.27)
and (3.29) only for α ¼ −1. The relevant coordinate
transformations read

δθi ¼ ϵi þ 2μϵ̄kθkθi þ εie−iμtL ;

δtL ¼ 2iϵ̄kθk þ 2iε̄kθkeiμtL : ð5:9Þ

This agrees with the observation that under the action of the
generators C, C̄ (3.30) belonging to the group SU0ð2Þ the
constraints (5.1) are not covariant. Thus, the chiral sub-
spaces are closed, and, respectively, the chirality constraints
are covariant, only for the conformal supergroup
Dð2; 1; α ¼ −1Þ ¼ PSUð1; 1j2Þ ⋊ Uð1Þext. Note that the
chiral superfields in the flat N ¼ 4 superspace are also
known to preserve the superconformal Dð2; 1; αÞ covari-
ance only for the values α ¼ −1; 0 [12,13].
At α ¼ −1, the overall Uð1Þ charge operator ~F drops out

from the covariant derivatives (3.33), so the only solution of
(5.1) in this case, i.e. the solution consistent with the
superconformal covariance, corresponds to the choice
κ ¼ 0 in (5.6). As follows from (5.7), the Qi; Q̄k trans-
formations of ΦL at κ ¼ 0 (i.e. those with ϵi; ϵ̄i) do not
involve any weight terms. Since in the appropriate basis
SiðμÞ ¼ Qið−μÞ; S̄iðμÞ ¼ Q̄ið−μÞ, the same should be true
for the εi; ε̄i transformations, i.e.

δϵΦL ¼ δεΦL ¼ 0: ð5:10Þ

On the other hand, the measure of integration over the
SUð2j1Þ superspace dζ is not superconformally invariant at
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any α [recall (3.32)], so it is impossible to construct a
homogeneous superconformally invariant action out of the
superfield ΦL transforming as in (5.10).
One way to construct the superconformal action is to

pass to its inhomogeneous version, as was done for the
α ¼ 0 case of the multiplet (1; 4; 3) in Sec. IV E. This will
be performed in Sec. V C. Another way which allows one
to construct a more general class of superconformal actions
is to start from the embedding of SUð2j1Þ into a central-
charge extension of PSUð1; 1j2Þ, i.e., the supergroup

SUð1; 1j2Þ with the superalgebra given in Appendix A,
Eqs. (A4)–(A6). The corresponding suð2j1Þ subalgebra is
specified by the anticommutator

fQi; Q̄jg ¼ 2μIij þ 2δijðH − μZ1Þ; ð5:11Þ

where the central charge generator Z1 commutes with all
other generators. The natural modification of the supercoset
(3.22) for α ¼ −1 is as follows:

SUð2j1Þ ⋊ Uð1Þext
SUð2Þ ×Uð1Þint ×Uð1Þext

∼
fQi; Q̄j;H; Z1; F; Iijg

fIij; Z1; Fg
∼
fQi; Q̄j;H; Z1; Iijg

fIij; Z1g
; ð5:12Þ

where SUð2j1Þ in the numerator is defined through the Z1

extended anticommutation relation (5.11) and we placed Z1

into the stability subgroup. Recall that the former internal
generator F becomes an outer automorphism generator at
α ¼ −1 and is completely split from the remaining
suð1; 1j2Þ generators.
An element of the coset (5.12) coincides with (3.25).

However, due to the appearance of the new generator Z1 in
the stability subgroup and the modification of the basic
SUð2j1Þ anticommutator as in (5.11), the covariant spinor
derivatives (3.33) at α ¼ −1 should be extended as

Di ⇒ Di
Z ¼ Di þ μe−

i
2
μtθ̄iZ1;

D̄j ⇒ D̄Zj ¼ D̄j − μe
i
2
μtθjZ1: ð5:13Þ

Now we can require that the superfield Φ have a nonzero
charge with respect to Z1:

Z1Φ ¼ bΦ: ð5:14Þ

Then, imposing the chirality condition (5.1) with the
modified covariant derivative (5.13), i.e.,

D̄ZjΦ ¼ ðD̄j − μe
i
2
μtθjZ1ÞΦ ¼ 0; ð5:15Þ

one obtains the solution

Φðt; θ; θ̄Þ ¼ ð1þ 2μθ̄kθkÞ−b
2ΦLðtL; θÞ;

ΦLðtL; θÞ ¼ zþ
ffiffiffi
2

p
θiξ

ie
i
2
μtL þ ðθÞ2BeiμtL ; ð5:16Þ

which looks like (5.6), with b ¼ 2κ and the fields
redefined as

ξiðtÞ → ξiðtÞei
2
μt; BðtÞ → BðtÞeiμt; and c:c: ð5:17Þ

To preserve this b ≠ 0 chirality, the holomorphic
chiral superfield ΦL should have the following ϵ and ε
transformation laws:

δϵΦL ¼ 2bμϵ̄iθiΦL; δεΦL ¼−2bμε̄iθieiμtLΦL; ð5:18Þ

or, in terms of the superfield Φ,

δϵΦ ¼ bμðϵ̄iθi þ ϵiθ̄
iÞΦ;

δεΦ ¼ −bμð3ε̄iθieiμt − εiθ̄
ie−iμtÞð1 − μθ̄kθkÞΦ: ð5:19Þ

Under the odd transformations (5.9), (5.18), the component
fields in (5.16) are transformed as

δz ¼ −
ffiffiffi
2

p
ϵkξ

ke
i
2
μt −

ffiffiffi
2

p
εkξ

ke−
i
2
μt;

δξi ¼
ffiffiffi
2

p
ϵ̄iði_z − bμzÞe−i

2
μt −

ffiffiffi
2

p
ϵiBe

i
2
μt þ

ffiffiffi
2

p
ε̄iði_zþ bμzÞei

2
μt −

ffiffiffi
2

p
εiBe−

i
2
μt;

δB ¼ −
ffiffiffi
2

p
ϵ̄k

�
i_ξk −

�
b −

1

2

�
μξk

�
e−

i
2
μt −

ffiffiffi
2

p
ε̄k

�
i_ξk þ

�
b −

1

2

�
μξk

�
e

i
2
μt: ð5:20Þ

To avoid a possible confusion, let us point out that,
leaving aside the issues of superconformal covariance, the
SUð2j1Þ chirality based on the coset (2.5) and the covariant
derivatives defined in (2.11) [Eqs. (5.1)–(5.8)] is equivalent
to that based on the coset (5.12) and the covariant

derivatives (5.13). Indeed, using the relation H¼H−μF,
one can rewrite (5.11) as

fQi; Q̄jg ¼ 2μIij þ 2δij½H − μðF þ Z1Þ�;
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which has the same form as the anticommutator in (2.4),
with m ¼ μ and the substitution F → F þ Z1. The gen-
erator F þ Z1 cannot be distinguished from F, since Z1

commutes with anything and does not act on the superspace
coordinates. Then one can start from the supercoset (2.5),
make the shift F → F þ Z1, and impose, instead of (5.5),
the condition ð ~F þ Z1ÞΦ ¼ 2κΦ, which can be realized
either with ~FΦ ¼ 2κΦ; Z1Φ ¼ 0 or with ~FΦ ¼ 0;
Z1Φ ¼ 2κΦ; b≡ 2κ. The relevant covariant derivatives
(2.11) and (5.13), equally as the solutions (5.6) and
(5.16), have the same form for both options. The difference
between F and Z1 is displayed at the full superconformal
level: In the basis ðH; FÞ, the generator F entirely splits
from all other superconformal generators, while there is no
way to make Z1 not appear on the right-hand sides of the
relevant anticommutators [see Eqs. (A4)–(A6) for the
case Z2 ¼ Z3 ¼ 0].

B. Superconformal Lagrangian

The general SUð2j1Þ invariant action of the chiral
superfields is defined as

SðΦÞ ¼
Z

dtL ¼ 1

4

Z
dζfðΦ; Φ̄Þ; ð5:21Þ

where fðΦ; Φ̄Þ is a Kähler potential. The corresponding
component Lagrangian reads

L ¼ g _̄z _zþ i
2
gðξ̄i _ξi − _̄ξiξ

iÞ − i
2
ξ̄kξ

kð _̄zgz̄ − _zgzÞ −
1

2
ðξÞ2B̄gz

−
1

2
ðξ̄Þ2Bgz̄ þ gB̄Bþ 1

4
ðξÞ2ðξ̄Þ2gzz̄ þ ibμð _̄zz − _z z̄Þg

−
i
2
μð _̄zfz̄ − _zfzÞ − μξ̄kξ

kU − μ2V; ð5:22Þ

where

V ¼ b
2
ðz̄∂ z̄ þ z∂zÞf −

b2

4
ðz̄∂ z̄ þ z∂zÞ2f;

U ¼ b
2
ðz̄∂ z̄ þ z∂zÞgþ ðb − 1Þgþ g

2
: ð5:23Þ

Here, the lowercase indices denote the differentiation in
z; z̄, fzz̄ ¼ ∂z∂ z̄f, and g ≔ fzz̄ is the metric on a Kähler
manifold. Performing the redefinition (5.17) in (5.22) and
choosing b ¼ 2κ, one can see that this Lagrangian coin-
cides with the chiral SUð2j1Þ Lagrangian given in Ref. [4]
on the basis of the supercoset (2.5), in accord with the
equivalency of two definitions of chirality, as was discussed
in the end of the previous subsection.
According to (5.19), in order to render the action (5.21)

superconformal, one needs to define the Kähler potential as

fðbÞsc ðΦ; Φ̄Þ ¼ ðΦΦ̄Þ 1
2b: ð5:24Þ

Then the Lagrangian

LðbÞ
sc ¼ ðzz̄Þ 1

2b−1

4b2

�
_̄z _zþ i

2
ðξ̄i _ξi− _̄ξiξ

iÞþ B̄B

�

þð2b− 1Þ2
64b4

ðzz̄Þ 1
2b−2ðξÞ2ðξ̄Þ2þ 2b− 1

8b3
ðzz̄Þ 1

2b−2

×

�
i
2
ξ̄kξ

kð _̄zz− _z z̄Þþ 1

2
ðξÞ2B̄ z̄þ1

2
ðξ̄Þ2Bz

�
−
μ2

4
ðzz̄Þ 1

2b

ð5:25Þ

is invariant under the superconformal transformations (5.20).
The simplest case of (5.25) corresponding to the choice

b ¼ 1=2 and yielding the free action,

Lðb¼1=2Þ
sc ¼ _̄z _zþ i

2
ðξ̄i _ξi − _̄ξiξ

iÞ þ B̄B −
μ2

4
zz̄; ð5:26Þ

was previously worked out in Ref. [4].11

Thus we observe that the superconformal sigma-model-
type action for the multiplet (2; 4; 2) exists only for the
nonzero central charge Z1; i.e., the relevant invariance
supergroup is SUð1; 1j2Þ, not its quotient PSUð1; 1j2Þ. It is
worth noting that the action (5.21) with the superfield
Lagrangian (5.24), at any b ≠ 0, is in fact related to the free
bilinear action through the field redefinition

ðΦLÞ 1
2b ¼ Φ̂L;

SðbÞsc ðΦÞ ¼ Sðb¼1=2Þ
sc ðΦ̂Þ ¼ 1

4

Z
dζð1þ 2μθ̄kθkÞ−1

2Φ̂L
¯̂ΦR:

ð5:27Þ

In other words, without loss of generality, we can always
choose b ¼ 1=2 and deal with the Lagrangian (5.26). The
same equivalence to the free actions is valid also for other
types of the superconformal sigma-model term of the
multiplet (2; 4; 2).

C. Conformal superpotential

One can define the chiral superspace measure dζL which
is invariant under the superconformal transformations (5.9):

dζL ¼ dtLd2θe−iμtL ; δϵðdζLÞ ¼ δεðdζLÞ ¼ 0: ð5:28Þ

Taking into account the explicit form of the superconformal
transformations with b ≠ 0, Eq. (5.18), the only super-
potential term respecting superconformal invariance is

11These actions become identical after choosing κ ¼ 1=4 and
making the redefinition (5.17) in the action of Ref. [4], which
eliminates there the term ∼ξ̄ξ. Note that the suð2j2Þ symmetry
found in this problem in Ref. [4] appears only at the quantum
level and is not related to the superconformal symmetry
SUð1; 1j2Þ ⋊ Uð1Þ which is present already at the classical level.
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Spotsc ðΦÞ ¼ ν

Z
dζL lnΦL þ c:c: ð5:29Þ

The corresponding superconformal Lagrangian reads

Lpot
sc ¼ ν

�
2B
z

þ ξiξ
i

z2

�
þ c:c: ð5:30Þ

After summing it with (5.26) and eliminating the
auxiliary fields, the on-shell superconformal trigonometric
Lagrangian acquires the standard conformal potential

−4
jνj2
zz̄

; ð5:31Þ

in addition to the oscillator term − μ2

4
zz̄. Thus, the nontrivial

dynamics in the Lagrangian of the multiplet (2; 4; 2)
invariant under the trigonometric realization of the super-
conformal group arises solely due to the superpotential
term (5.29). For the parabolic realization, the same state-
ment can be traced back to Ref. [21].

D. Inhomogeneous superconformal action at b ¼ 0

As was already mentioned, at b ¼ 0 (or, equivalently, at
κ ¼ 0) we encounter difficulties when trying to construct
the superconformal action. It is still possible to define the
inhomogeneous superconformal action with b ¼ 0 by
resorting to the same procedure as in Sec. IV E. Indeed,
the parameter b can be identified with a central charge of
suð1; 1j2Þ, and therefore one can identify −b with the
scaling dimension λD of the chiral multiplet [14,22,23].
Making the redefinition

z → zþ ρ

b
; z̄ → z̄þ ρ

b
; ð5:32Þ

detaching the singular factors, and finally sending b → 0,
we obtain the Lagrangian

Lðb¼0;ρÞ
sc ¼ e

zþz̄
2ρ

�
_̄z _zþ i

2
ðξ̄i _ξi − _̄ξiξ

iÞ þ B̄B

�

−
i
4ρ

ξ̄kξkð _̄z − _zÞezþz̄
2ρ −

1

4ρ
½ðξÞ2B̄þ ðξ̄Þ2B�ezþz̄

2ρ

þ 1

16ρ2
e
zþz̄
2ρ ðξÞ2ðξ̄Þ2 − μ2ρ2e

zþz̄
2ρ : ð5:33Þ

It can be derived from the following SUð2j1Þ superfield
action:

Sðb¼0;ρÞ
sc ðΦÞ ¼

Z
dtLðb¼0;ρÞ

sc

¼ ρ2
Z

dζð1þ 2μθ̄kθkÞ−1
2e

ΦLþΦ̄R
2ρ : ð5:34Þ

The relevant supersymmetric transformations (5.20) with
b ¼ 0 should be extended by the inhomogeneous pieces

δðρÞξi ¼ −
ffiffiffi
2

p
ρμðϵ̄ie−i

2
μt − ε̄ie

i
2
μtÞ;

δðρÞz ¼ δðρÞB ¼ 0: ð5:35Þ

This is equivalent to saying that, at b ¼ 0, the “passive”
variation of the holomorphic chiral superfield ΦL under
both supersymmetries involves only the inhomogeneous
parts

δðρÞΦL ¼ 2ρμðϵ̄kθk − ε̄kθkeiμtLÞ: ð5:36Þ

It can be obtained from the transformation (5.18), whereΦL
is shifted as

ΦL → ΦL þ ρ

b
ð5:37Þ

in conjunction with the shift (5.32). Then we can write the
invariant superpotential term as

S0potsc ðΦÞ ¼ ν

Z
dζLΦL þ c:c:

⇒ L0pot
sc ¼ 2νBþ 2ν̄ B̄ : ð5:38Þ

The action (5.34), like its b ≠ 0 counterpart, can be reduced
to the bilinear action by means of the redefinition

e
ΦL
2ρ ∼ Φ̂L; ΦL ∼ ln Φ̂L:

Then the full b ¼ 0 superconformal superfield action
amounts to a sum of the free kinetic action and the
logarithmic superconformal potential.
Note that the action (5.34) can be rewritten as

Sðb¼0;ρÞ
sc ðΦÞ ¼ ρ2

Z
dζe

ΦþΦ̄
2ρ ; ð5:39Þ

where

Φðt; θ; θ̄Þ ¼ ΦLðtL; θÞ − ρμθ̄kθkð1 − μθ̄iθiÞ; ð5:40Þ

and

δΦ ¼ ρμðϵ̄iθi þ ϵiθ̄
iÞ

− ρμð1 − μθ̄kθkÞð3ε̄kθkeiμt − εkθ̄
ke−iμtÞ: ð5:41Þ

The superfield (5.40) can be regarded as a solution of the
chirality condition (5.1a) with the covariant derivative
(5.13), in which the central charge Z1 acts on Φ as the
pure shift

Z1Φ ¼ ρ: ð5:42Þ
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In this way, the parameter ρ ≠ 0 activates a nonvanishing
central charge in suð1; 1j2Þ. Thus, the superconformal
sigma-model-type action at b ¼ 0 exists only on account
of a nonzero central charge in suð1; 1j2Þ, like in the
b ≠ 0 case.

E. The limit μ ¼ 0

As an instructive example, we consider the parabolic
chiral model obtained in the limit μ ¼ 0.
In this limit, the superconformally invariant action of the

chiral multiplet becomes

Sðμ¼0Þ
sc ðΦÞ ¼ 1

4

Z
dtd2θd2θ̄ðΦΦ̄Þ 1

2b: ð5:43Þ

The chiral superfield Φ transforms under the superconfor-
mal charges as

δΦ ¼ −4ibε̄0iθiΦ; ð5:44Þ

while transforming as a scalar under the d ¼ 1 Poincaré
supersymmetry with the parameters ϵ0i; ϵ̄0i. The whole
amount of superconformal transformations is derived from
the trigonometric ones according to the procedure (4.37).
The parameter b is still interpreted as the central charge of
suð1; 1j2Þ. Then the superconformal component off-shell
Lagrangian

Lðμ¼0Þ
sc ¼ ðzz̄Þ 1

2b−1

4b2

�
_̄z _zþ i

2
ðξ̄i _ξi − _̄ξiξ

iÞ þ B̄B

�
þ ð2b − 1Þ2

64b4
ðzz̄Þ 1

2b−2ðξÞ2ðξ̄Þ2

þ 2b − 1

8b3
ðzz̄Þ 1

2b−2
�
i
2
ξ̄kξ

kð _̄zz − _z z̄Þ þ 1

2
ðξÞ2B̄ z̄þ 1

2
ðξ̄Þ2Bz

�
ð5:45Þ

is invariant under both the Poincaré and the superconformal
N ¼ 4; d ¼ 1 transformations

δz ¼ −
ffiffiffi
2

p
ϵ0kξ

k þ
ffiffiffi
2

p
tε0kξ

k;

δξi ¼
ffiffiffi
2

p
iϵ̄0i _z −

ffiffiffi
2

p
ϵ0iB −

ffiffiffi
2

p
iε̄0iðt_z − 2bzÞ þ

ffiffiffi
2

p
tε0iB;

δB ¼ −
ffiffiffi
2

p
iϵ̄0k _ξ

k þ
ffiffiffi
2

p
iε̄0k½t_ξk − ð2b − 1Þξk�: ð5:46Þ

The inhomogeneous superconformal Lagrangian at
b ¼ 0 reads

Lðμ¼0;b¼0;ρÞ
sc ¼ e

zþz̄
2ρ

�
_̄z _zþ i

2
ðξ̄i _ξi − _̄ξiξ

iÞ þ B̄B

�

−
i
4ρ

ξ̄kξkð _̄z − _zÞezþz̄
2ρ −

1

4ρ
½ðξÞ2B̄þ ðξ̄Þ2B�ezþz̄

2ρ

þ 1

16ρ2
e
zþz̄
2ρ ðξÞ2ðξ̄Þ2; ð5:47Þ

and it can be deduced from the superfield action

Sðμ¼0;b¼0;ρÞ
sc ðΦÞ ¼

Z
dtLðμ¼0;b¼0;ρÞ

sc

¼ ρ2
Z

dtd2θd2θ̄e
ΦþΦ̄
2ρ : ð5:48Þ

In the inhomogeneous case, the superconformal trans-
formation of the superfield Φ involves only the inhomo-
geneous piece

δðρÞΦ ¼ −4iρε̄0kθk: ð5:49Þ

Since the superpotential terms (5.30) and (5.38) do not
depend on μ, their form is preserved in the parabolic limit
μ ¼ 0. The only peculiarity is that the invariant chiral
integration measure (5.28) turns into the flat measure
dtLd2θ. Obviously, the kinetic superfield term (5.48) is
reduced to the free one after the appropriate holomorphic
redefinition of Φ.

VI. GENERALIZED CHIRAL MULTIPLET

A. Another type of chiral SUð2j1Þ superspace
In Ref. [5], there was defined a different kind of SUð2j1Þ

chiral superfield. Let us consider the general coset (5.12).
The chiral condition (5.1) can be generalized as

ðaÞ ~̄Diφ ¼ 0; ðbÞ ~Diφ̄ ¼ 0; ð6:1Þ

where the spinor derivatives ~Di; ~̄Di are the following linear
combinations of the covariant derivatives defined in (3.33):

~̄Di ¼ cos λD̄i − sin λDi;

~Di ¼ cos λDi þ sin λD̄i: ð6:2Þ

One can treat such combinations as the result of particular
rotation by an extra SU0ð2Þ group with the generators
fC; C̄; Fg. In general, the SU0ð2Þ transformations break the
covariance of the constraints (6.1). The latter remain
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covariant only under the special combination of the SU0ð2Þ
generators,

F0 ¼ F cos 2λþ 1

2
ðCþ C̄Þ sin 2λ: ð6:3Þ

Thus, the constraints (6.1) are covariant under the
superconformal group Dð2; 1; αÞ only for α ¼ −1, when
it is reduced to the supergroup PSUð1; 1j2Þ, and under the
external automorphism Uð1Þ group with the generator F0
(6.3). The Hamiltonian H is identified with the whole
internal Uð1Þ generator of the nonextended subalgebra
suð2j1Þ ⊂ psuð1; 1j2Þ for α ¼ −1, m ¼ μ.
The conditions (6.1) amount to the existence of the left

and right chiral subspaces:

ðt̂L; θ̂iÞ; ðt̂R; ¯̂θiÞ; ð6:4Þ

where

t̂L ¼ tþ i ¯̂θ
k
θ̂k;

θ̂i ¼ ðcos λθiei
2
μt þ sin λθ̄ie−

i
2
μtÞ

	
1 −

μ

2
θ̄kθk



: ð6:5Þ

As expected, the coordinate set ðt̂L; θ̂iÞ is closed under the
SUð2j1Þ transformations

δθ̂i ¼ cos λðϵiei
2
μt̂L þ μϵ̄kθ̂kθ̂ie−

i
2
μt̂LÞ

þ sin λðϵ̄ie−i
2
μt̂L þ μϵkθ̂kθ̂ie

i
2
μt̂LÞ;

δt̂L ¼ 2i cos λϵ̄kθ̂ke−
i
2
μt̂L − 2i sin λϵkθ̂ke

i
2
μt̂L : ð6:6Þ

The second SUð2j1Þ transformations

δθ̂i ¼ cos λðεie−i
2
μt̂L − με̄kθ̂kθ̂ie

i
2
μt̂LÞ

þ sin λðε̄iei
2
μt̂L − μεkθ̂kθ̂ie−

i
2
μt̂LÞ;

δt̂L ¼ 2i cos λε̄kθ̂ke
i
2
μt̂L − 2i sin λεkθ̂ke−

i
2
μt̂L ð6:7Þ

are generated by (3.29) for α ¼ −1 and also leave the
left chiral subspace invariant. The chiral subspace (6.5) is
not closed under the SU0ð2Þ transformations generated
by fC; C̄; Fg, except those generated by the Uð1Þ
generator (6.3).
Since at α ¼ −1 the superconformal group admits the

central extension, in what follows we will assume that the
α ¼ −1 spinor covariant derivatives in the definition (6.2)
are replaced by the central-extended ones Di

Z; D̄Zi (5.13),
i.e. in the chirality constraints (6.1), we will use

~̄Di ¼ cos λD̄Zi − sin λDZi;

~Di ¼ cos λDi
Z þ sin λD̄i

Z: ð6:8Þ

Assuming that the central charge acts on the superfield as12

Z1φ ¼ b cos 2λφ; ð6:9Þ

the solution of (6.1) is given by

φðt; θ̂; ¯̂θÞ ¼ e−bμ cos 2λ
¯̂θ
k
θ̂kφLðt̂L; θ̂Þ;

φLðt̂L; θ̂Þ ¼ zþ
ffiffiffi
2

p
θ̂kξ

k þ ðθ̂Þ2B: ð6:10Þ

As we will see, the parameter jbj is associated with the
norm of the triplet of central charges like in the previous
section, since in the case under consideration the super-
algebra psuð1; 1j2Þ turns out to be extended by three
constant central charges. This is consistent with the limit
cos 2λ ¼ 1 in the generalized conditions (6.1).
The transformations of the superfield φ are given by

δϵφ ¼ bμ cos 2λϵ̄ie−
i
2
μt
h
cos λθ̂i

	
1þ μ

2
¯̂θ
k
θ̂k


− sin λ ¯̂θi

	
1 −

μ

2
¯̂θ
k
θ̂k

i

φ

þ bμ cos 2λϵie
i
2
μt
h
cos λ ¯̂θ

i
	
1þ μ

2
¯̂θ
k
θ̂k


þ sin λθ̂i

	
1 −

μ

2
¯̂θ
k
θ̂k

i

φ;

δεφ ¼ bμ cos 2λε̄ie
i
2
μt
h
cos λθ̂i

	
1 −

μ

2
¯̂θ
k
θ̂k


− sin λ ¯̂θi

	
1þ μ

2
¯̂θ
k
θ̂k

i

φ

þ bμ cos 2λεie−
i
2
μt
h
cos λ ¯̂θ

i
	
1 −

μ

2
¯̂θ
k
θ̂k


þ sin λθ̂i

	
1þ μ

2
¯̂θ
k
θ̂k

i

φ

− 4bμ
h
cos λε̄iθ̂i

	
1 −

μ

2
¯̂θ
k
θ̂k


e

i
2
μt þ sin λεiθ̂i

	
1þ μ

2
¯̂θ
k
θ̂k


e−

i
2
μt
i
φ: ð6:11Þ

12The eigenvalue of the central charge Z1 in this case is not obliged to be the same b as in Sec. V. We hope that denoting it also by b
will not give rise to any confusion.
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The relevant “passive” transformations of the holomorphic
superfield φL are

δϵφL ¼ 2bμ cos 2λðcos λϵ̄ie−i
2
μt̂L − sin λϵie

i
2
μt̂LÞθ̂iφL;

δεφL ¼ 2bμ cos 2λðcos λε̄iei
2
μt̂L − sin λεie−

i
2
μt̂LÞθ̂iφL

− 4bμðcos λε̄iei
2
μt̂L þ sin λεie−

i
2
μt̂LÞθ̂iφL: ð6:12Þ

Then the full set of the off-shell transformations of the
component fields is generated by (6.12) and by the
coordinate transformations (6.6), (6.7):

δz¼−
ffiffiffi
2

p
cosλϵkξke

i
2
μt −

ffiffiffi
2

p
sinλϵ̄kξke−

i
2
μt;

δξi ¼
ffiffiffi
2

p
ϵ̄iðicosλ_z−bμcos2λcosλz− sinλBÞe−i

2
μt

−
ffiffiffi
2

p
ϵiði sinλ_z−bμcos2λsinλzþ cosλBÞei

2
μt;

δB¼−
ffiffiffi
2

p
cosλϵ̄k

�
i_ξkþμ

2
ð1−2bcos2λÞξk

�
e−

i
2
μt

þ
ffiffiffi
2

p
sinλϵk

�
i_ξk−

μ

2
ð1þ 2bcos2λÞξk

�
e

i
2
μt; ð6:13Þ

δz¼−
ffiffiffi
2

p
cosλεkξke−

i
2
μt−

ffiffiffi
2

p
sinλε̄kξke

i
2
μt;

δξi¼
ffiffiffi
2

p
ε̄i
h
icosλ_zþ2bμcosλ

	
1−

1

2
cos2λ



z−sinλB

i
e

i
2
μt

−
ffiffiffi
2

p
εi
h
isinλ_z−2bμsinλ

	
1þ1

2
cos2λ



zþcosλB

i
e−

i
2
μt;

δB¼−
ffiffiffi
2

p
cosλε̄k

h
i_ξk−

μ

2
ξkþ2bμ

	
1−

1

2
cos2λ



ξk
i
e

i
2
μt

þ
ffiffiffi
2

p
sinλεk

h
i_ξkþμ

2
ξk−2bμ

	
1þ1

2
cos2λ



ξk
i
e−

i
2
μt:

ð6:14Þ
The new set of the transformations (6.13), (6.14) closes

on the centrally extended superalgebra (A4)–(A6) with the
central charges

Z1 ¼ b cos 2λ; Z2 ¼ b sin 2λ;

Z3 ¼ −b sin 2λ; ðZ1Þ2 − Z2Z3 ¼ b2: ð6:15Þ
The precise realization of the central charges on the
superfields φ; φ̄ is given by the following transformations:

δφ ¼ 2ibμða1 cos 2λþ a2 sin 2λÞφ; ð6:16Þ

where a1, a2 are infinitesimal parameters associated with
Z1 and Z2 ¼ −Z3.

B. The superconformal Lagrangian

The most general sigma-model part of the SUð2j1Þ
invariant action of the generalized chiral superfields

φðt; θ̂; ¯̂θÞ is specified by an arbitrary Kähler potential
fðφ; φ̄Þ:

SðφÞ ¼
Z

dt ~L ¼ 1

4

Z
dζ̂fðφ; φ̄Þ; ð6:17Þ

where the SUð2j1Þ invariant measure is

dζ̂¼dtd2θ̂d2 ¯̂θ

�
1þμcos2λ ¯̂θ

k
θ̂k−

μ

2
sin2λð ¯̂θÞ2−μ

2
sin2λðθ̂Þ2

�
:

ð6:18Þ

This measure is not invariant under the second-type
SUð2j1Þ transformations (with μ → −μ).
The transformations of dζ̂ can be canceled, using the

inhomogeneity of the chiral superfield φ transformation
(6.11) for b ≠ 0. One can check that the superconformal
action is uniquely specified by the following Kähler
potential:

fðbÞsc ðφ; φ̄Þ ¼ ðφφ̄Þ 1
2b: ð6:19Þ

The corresponding full superconformally invariant off-shell
component Lagrangian reads

~LðbÞ
sc ¼ðzz̄Þ 1

2b−1

4b2

�
_̄z _zþ i

2
ðξ̄i _ξi− _̄ξiξ

iÞþB̄B

�

þð2b−1Þ2
64b4

ðzz̄Þ 1
2b−2ðξÞ2ðξ̄Þ2

þ2b−1

8b3
ðzz̄Þ 1

2b−2
�
i
2
ξ̄kξ

kð _̄zz− _zz̄Þþ1

2
ðξÞ2B̄z̄þ1

2
ðξ̄Þ2Bz

�

−
2b−1

16b2
ðzz̄Þ 1

2b−2μsin2λ½z̄2ðξÞ2þz2ðξ̄Þ2�

−
ðzz̄Þ 1

2b−1

2b

�
μ

2
sin2λðB̄zþBz̄Þþbμ2

2
cos22λzz̄

�
: ð6:20Þ

In the particular case cos λ ¼ 1, one comes back to the
Lagrangian (5.25).

C. Remark

Let us make the following redefinition in (6.20):

B ¼ ~Bþ bμ sin 2λz; and c:c: ð6:21Þ

The redefined superconformal Lagrangian (6.20) exactly
coincides with the previously constructed superconformal
Lagrangian (5.25) (with B → ~B). However, it is invariant
under the following modified transformations:

SUPERCONFORMAL MECHANICS IN SUð2j1Þ SUPERSPACE PHYSICAL REVIEW D 91, 085032 (2015)

085032-25



δz ¼ −
ffiffiffi
2

p
ðcos λϵk þ sin λε̄kÞξkei

2
μt

−
ffiffiffi
2

p
ðsin λϵ̄k þ cos λεkÞξke−i

2
μt;

δξi ¼
ffiffiffi
2

p
ðcos λϵ̄i − sin λεiÞði_z − bμzÞe−i

2
μt

−
ffiffiffi
2

p
ðsin λϵ̄i þ cos λεiÞ ~Be−i

2
μt

−
ffiffiffi
2

p
ðsin λϵi − cos λε̄iÞði_zþ bμzÞei

2
μt

−
ffiffiffi
2

p
ðcos λϵi þ sin λε̄iÞ ~Bei

2
μt;

δ ~B ¼ −
ffiffiffi
2

p
ðcos λϵ̄k − sin λεkÞ

�
i_ξk −

�
b −

1

2

�
μξk

�
e−

i
2
μt

þ
ffiffiffi
2

p
ðsin λϵk − cos λε̄kÞ

�
i_ξk þ

�
b −

1

2

�
μξk

�
e

i
2
μt;

ð6:22Þ

which are just (6.13), (6.14) rewritten in terms of ~B defined
in (6.21). These transformations are induced by (6.6), (6.7)
and the superfield transformations

δ ~φL ¼ 2bμ½ðcos λϵ̄i − sin λεiÞθ̂ie−i
2
μt̂L

− ðcos λε̄i − sin λϵiÞθ̂iei
2
μt̂L � ~φL: ð6:23Þ

The newly defined chiral superfield ~φL encompasses the
field set ðz; ξk; ~BÞ and is related to (6.10) as

φLðt̂L; θ̂Þ ¼ ½1þ bμ sin 2λðθ̂Þ2� ~φLðt̂L; θ̂Þ;
~φLðt̂L; θ̂Þ ¼ zþ

ffiffiffi
2

p
θ̂kξ

k þ ðθ̂Þ2 ~B: ð6:24Þ

Note that the εi; ε̄k transformations in (6.22), (6.23) are
obtained from the ϵi; ϵ̄k ones just by the replacement
μ → −μ in the latter, in agreement with the general state-
ment of Sec. III.
After passing to the new independent linear combina-

tions of the infinitesimal parameters fϵ; ϵ̄; ε; ε̄g as

~ϵk ¼ cos λϵk þ sin λε̄k;

~εk ¼ cos λεk þ sin λϵ̄k; and c:c:; ð6:25Þ

the above transformations take just the form of (5.20).
These new combinations of the parameters correspond
to the following redefinition of the Dð2; 1; α ¼ −1Þ
supercharges:

~Qi ¼ cos λQi − sin λS̄i;

~Si ¼ cos λSi − sin λQ̄i; and c:c: ð6:26Þ

The redefined supercharges close on the superalgebra
(A4)–(A6) with the single central charge Z1 ¼ b, i.e.,
the superconformal models of the generalized chiral multi-
plet prove to be equivalent to the superconformal models
associated with the standard chiral multiplet. One can

check that the generator (6.3) is the Uð1Þ automorphism
generator of the suð1; 1j2Þ superalgebra with the super-
charges ~Qi, ~Si. Thus, as far as the superconformal SUð2j1Þ
mechanics is concerned, the generalized SUð2j1Þ chiral
multiplet does not give rise to new models compared to the
“standard” chiral multiplet.
More details on connection between the standard and

generalized SUð2j1Þ chiralities from the superspace point
of view are given in Appendix B.

VII. THE “MIRROR” MULTIPLET (2;4;2)

The α ¼ 0 version of the chirality conditions (5.1) or
(6.1) is not covariant under the full second SU0ð2Þ ∝
fF;C; C̄g and, hence, under the superconformal group
Dð2; 1; α ¼ 0Þ which necessarily contains SU0ð2Þ as a
subgroup.
However, one can define the “mirror” chiral multiplet

(2; 4; 2) which respects the covariance under the α ¼ 0
superconformal group realized in the coset (3.24). Using
the α ¼ 0 covariant derivatives (4.57), we may impose the
relevant chiral conditions as

D̄1
~Φ ¼ D2 ~Φ ¼ 0: ð7:1Þ

It is straightforward to show that at α ¼ 0 these conditions
are covariant with respect to the superconformal symmetry
PSUð1; 1j2Þ ⋊ Uð1Þext, with the internal SUð2Þ group
generated by fF;C; C̄g and H as the Hamiltonian. The
generator I11 ¼ −I22 plays the role of an external auto-
morphism Uð1Þext generator, while the generators I21, I

1
2

violate the covariance of (7.1) and so should be thrown
away. Since the SU0ð2Þ generators fF;C; C̄g form a
subalgebra of psuð1; 1j2Þ, allowing the chiral superfield
to have an external Uð1Þ charge with respect to ~F would
entail the necessity to attach the whole SU0ð2Þ index to
~Φ. This would result in extension of the field contents
of ~Φ. In order to deal with the chiral multiplet possessing
the minimal field contents (2; 4; 2), we are so led to
require that

~F ~Φ ¼ 0: ð7:2Þ

The conditions (7.1) amount to the existence of the chiral
subspace ðtL; θ1; θ̄2Þ, where

tL ¼ tþ iθ̄1θ1 − iθ̄2θ2: ð7:3Þ

It is closed under the superconformal transformations

δtL ¼ 2iðϵ̄1θ1 þ ϵ2θ̄
2 þ ε̄1θ1eiμtL þ ε2θ̄

2e−iμtLÞ;
δθ1 ¼ ϵ1 þ ε1e−iμtL þ 2με2θ̄

2θ1e−iμtL ;

δθ̄2 ¼ ϵ̄2 þ ε̄2eiμtL − 2με̄1θ1θ̄
2eiμtL : ð7:4Þ
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As in the case of the α ¼ −1 chiral multiplets, we extend
the algebra (3.21) by the central charge generator:

fQi; Q̄jg ¼ 2δijðHþ μFÞ þ 2μðσ3ÞijV;

½F; Q̄l� ¼ −
1

2
Q̄l; ½F;Qk� ¼ 1

2
Qk;

½H; Q̄l� ¼
μ

2
Q̄l; ½H; Qk� ¼ −

μ

2
Qk: ð7:5Þ

The superfield ~Φ can have a nonzero charge under V:

V ~Φ ¼ a ~Φ: ð7:6Þ

Then the extended algebra (7.5) is embedded in the α ¼ 0
counterpart of (A4)–(A6). Like in the coset (5.12), we place
the central charge in the stability subgroup

fQi; Q̄j;H; F; Vg
fF; Vg : ð7:7Þ

The modified covariant derivatives are as follows:

D1 ¼ e−
i
2
μt

� ∂
∂θ1 − iθ̄1∂t − μθ̄1 ~F − μθ̄1V

�
;

D̄2 ¼ e
i
2
μt

�
−

∂
∂θ̄2 þ iθ2∂t þ μθ2 ~F − μθ2V

�
: ð7:8Þ

Keeping in mind the condition (7.2), the solution of (7.1)
can be written as

~Φðt; θk; θ̄kÞ ¼ e−aμθ̄
kθk ½zðtLÞ þ

ffiffiffi
2

p
θ1η

1ðtLÞei
2
μtL

þ
ffiffiffi
2

p
θ̄2η̄2ðtLÞe−i

2
μtL − 2θ1θ̄

2BðtLÞ�: ð7:9Þ

Thus the number a is an analog of the charge b, and it can
be identified with the central charge of the conformal
superalgebra suð1; 1j2Þ of the α ¼ 0 case.
The α ¼ 0 chirality-preserving odd transformations of ~Φ

read

δϵ ~Φ ¼ aμðϵ̄1θ1 − ϵ2θ̄
2Þ ~Φ − aμðϵ̄2θ2 − ϵ1θ̄

1Þ ~Φ;

δε ~Φ ¼ −3aμðε̄1θ1eiμt − ε2θ̄
2e−iμtÞ

�
1 −

μ

3
θ̄kθk

�
~Φ

− aμðε̄2θ2eiμt − ε1θ̄
1e−iμtÞð1 − 3μθ̄kθkÞ ~Φ: ð7:10Þ

They generate the off-shell transformations of the compo-
nent fields

δz ¼ −
ffiffiffi
2

p
ϵ1η

1e
i
2
μt −

ffiffiffi
2

p
ϵ̄2η̄2e−

i
2
μt −

ffiffiffi
2

p
ε1η

1e−
i
2
μt

−
ffiffiffi
2

p
ε̄2η̄2e

i
2
μt;

δη1 ¼
ffiffiffi
2

p
ϵ̄1ði_z − aμzÞe−i

2
μt þ

ffiffiffi
2

p
ϵ̄2Be−

i
2
μt

þ
ffiffiffi
2

p
ε̄1ði_zþ aμzÞei

2
μt þ

ffiffiffi
2

p
ε̄2Be

i
2
μt;

δη̄2 ¼
ffiffiffi
2

p
ϵ2ði_zþ aμzÞei

2
μt −

ffiffiffi
2

p
ϵ1Be

i
2
μt

þ
ffiffiffi
2

p
ε2ði_z − aμzÞe−i

2
μt −

ffiffiffi
2

p
ε1Be−

i
2
μt;

δB ¼ −
ffiffiffi
2

p
ϵ2

�
i_η1 þ

�
a −

1

2

�
μη1

�
e

i
2
μt

−
ffiffiffi
2

p
ε2

�
i_η1 −

�
a −

1

2

�
μη1

�
e−

i
2
μt

þ
ffiffiffi
2

p
ϵ̄1
�
i _̄η2 −

�
a −

1

2

�
μη̄2

�
e−

i
2
μt

þ
ffiffiffi
2

p
ε̄1
�
i _̄η2 þ

�
a −

1

2

�
μη̄2

�
e

i
2
μt: ð7:11Þ

The superconformally invariant superfield action

Sðα¼0;aÞ
sc ð ~ΦÞ ¼

Z
dtLðα¼0;aÞ

sc

¼ −
1

4

Z
dtd2θd2θ̄ð ~Φ ~̄ΦÞ

1
2a ð7:12Þ

yields the following component superconformal
Lagrangian:

Lðα¼0;aÞ
sc ¼ ðzz̄Þ 1

2a−1

4a2

�
_̄z _zþ i

2
ðη̄i _ηi − _̄ηiη

iÞ þ B̄B

�

−
ð2a − 1Þ2
64a4

ðzz̄Þ 1
2a−2ðηÞ2ðη̄Þ2

þ 2a − 1

8a3
ðzz̄Þ 1

2a−2
�
i
2
ðη̄1η1 − η̄2η

2Þð _̄zz − _z z̄Þ

þ η̄2η
1B̄ z̄þη̄1η

2Bz

�
−
μ2

4
ðzz̄Þ 1

2a: ð7:13Þ

One can cast it into the form of the Lagrangian (5.25)
by passing to the fermions ξi

0
with the primed doublet

indices as

η1 ¼ ξ1
0
; η̄1¼ ξ̄10 ; η2¼ ξ̄20 ; η̄2¼ ξ2

0
; ð7:14Þ

ðξi0 Þ ¼ ξ̄i0 ; ðηiÞ ¼ η̄i: ð7:15Þ

This redefinition makes manifest the property that the
fermionic fields are transformed as doublets of the SU0ð2Þ
group with the generators fF;C; C̄g.
As in the case of α ¼ −1, we can add the superconformal

superpotential term
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Spotðα¼0Þ
sc ð ~ΦÞ ¼ s

Z
dtLdθ1dθ̄2 ln ~ΦL þ c:c:

⇒ Lpotðα¼0Þ
sc ¼ 2s

�
B
z
þ η̄2η

1

z2

�
þ c:c:; ð7:16Þ

which yields on shell the standard conformal mechanics
potential in addition to the oscillator-type term ∼μ2 coming
from the superconformal superfield kinetic term. The latter
can be reduced to the free one as in the previous cases.
Thus, the superconformal action at α ¼ 0 can be con-

structed using the superfield approach associated with the
α ¼ 0 supercoset (3.24), while the α ¼ −1 action (5.25)
was based on the SUð2j1Þ supercoset. In the parabolic limit
μ ¼ 0, both supercosets are reduced to the standard flat
N ¼ 4; d ¼ 1 superspace.

VIII. D-MODULE REPRESENTATION APPROACH

Here we sketch a different approach to the d ¼ 1
superconformal actions based solely on the component
field considerations [14,22,23].

A. The N ¼ 4 linear supermultiplets

As a preamble, it is instructive, following Ref. [14], to
give a concise account of the general superconformal
properties of the set of linear N ¼ 4 supermultiplets
ðk; 4; 4 − kÞ for k ¼ 0; 1; 2; 3; 4, despite the fact that in
the present paper we deal with the cases k ¼ 1; 2 only.
The linear supermultiplets ðk; 4; 4 − kÞ for k ¼

0; 1; 2; 3; 4 exist in parabolic and hyperbolic/trigonometric
variants [14]. The parabolic variant leads to actions which
both are superconformally invariant and show up the
manifest Poincaré supersymmetry. The hyperbolic/trigono-
metric variants lead to superconformally invariant actions in
which the d ¼ 1 Poincaré supersymmetry is implicit (the
corresponding supercharges are not a “square root” of the
canonical Hamiltonian as the time-translation generator), so
they look nonsupersymmetric or weakly supersymmetric.
The potentials are bounded from below in the trigonometric
version (i.e., they are well behaved). They are unbounded
(badly behaved) in the hyperbolic version. In the parabolic
case, the Hamiltonian is a Cartan generator of the conformal
soð2; 1Þ subalgebra. In the hyperbolic/trigonometric case,
the canonical Hamiltonian is a root generator of soð2; 1Þ.
The connection of these N ¼ 4 linear supermultiplets

with the N ¼ 4 superconformal algebras and the corre-
sponding scaling dimensions λD is as follows [14,22,23]:

(i) (0; 4; 4): Dð2; 1; α ¼ 2λDÞ.
(ii) (1; 4; 3): Dð2; 1; α ¼ λDÞ. At α ¼ −1 and α ¼ 0, the

extra inhomogeneous constant parameter c is
allowed.

(iii) (2; 4; 2): suð1; 1j2Þ. The scaling dimension λD is
associated with a central charge of suð1; 1j2Þ
as λD ¼ −b.

(iv) (3; 4; 1): Dð2; 1; α ¼ −λDÞ.

(v) (4; 4; 0): Dð2; 1; α ¼ −2λDÞ.
For all multiplets except (2; 4; 2), the superconformal
algebra at α ¼ −1; 0 can be reduced to the superalgebra
psuð1; 1j2Þ.
Another type of inhomogeneous linear transformation [14]

is only present at λD ¼ 0. The inhomogeneous parameter isρ.
The supermultiplets ðk; 4; 4 − kÞρ carry a representation of
psuð1; 1j2Þ fork ¼ 0; 1; 3; 4 and its central-extendedversion
suð1; 1j2Þ for k ¼ 2. One should note that the superconfor-
mal actions based on ðk; 4; 4 − kÞ at a given λD are not
defined at λD ¼ 0. On the other hand, the superconformal
actions based on ðk; 4; 4 − kÞρ are well defined.

B. Superconformally invariant (2;4;2) actions from
the D-module approach

In Ref. [14], all hyperbolicD-module representations for
the N ¼ 4 linear multiplets ðk; 4; 4 − kÞ were obtained,
and the trigonometric D-module representations can be
easily derived from the hyperbolic representations. Then
one can construct the hyperbolic/trigonometric supercon-
formal actions proceeding from the D-module representa-
tions. The method of construction is described in Ref. [22].
Some superconformal actions of the supermultiplet (1; 4; 3)
were found in this way in Ref. [14]. Here we present the
realization of the N ¼ 4 superconformal algebras and
perform the construction of the superconformal actions
for the supermultiplet (2; 4; 2) in this alternative approach.
We use the same notation and definitions for the

component fields and superconformal generators as in
the previous sections. The action of generators of the
conformal algebra is given below:

Hz ¼ i_z; Hξi ¼ i_ξi; HB ¼ i _B;

Tz ¼ e−iμtði_z− bμzÞ; Tξi ¼ e−iμt
�
i_ξi −

�
b−

1

2

�
μξi

�
;

TB ¼ e−iμt½i _B− ðb− 1ÞμB�;

T̄z ¼ eiμtði_zþ bμzÞ; T̄ξi ¼ eiμt
�
i_ξi þ

�
b−

1

2

�
μξi

�
;

T̄B ¼ eiμt½i _Bþ ðb − 1ÞμB�: ð8:1Þ

The fermionic generators are specified by

Qiz¼ −
ffiffiffi
2

p
ξie

i
2
μt; Qiξk ¼

ffiffiffi
2

p
εikBe

i
2
μt; QiB¼ 0;

Q̄iz¼ 0; Q̄iξ
k ¼ −

ffiffiffi
2

p
δki ði_z− bμzÞe−i

2
μt;

Q̄iB¼ −
ffiffiffi
2

p
εik

�
i_ξk −

�
b−

1

2

�
μξk

�
e−

i
2
μt;

Siz¼ −
ffiffiffi
2

p
ξie−

i
2
μt; Siξk ¼

ffiffiffi
2

p
εikBe−

i
2
μt; SiB¼ 0;

S̄iz¼ 0; S̄iξk ¼ −
ffiffiffi
2

p
δki ði_zþ bμzÞei

2
μt;

S̄iB¼ −
ffiffiffi
2

p
εik

�
i_ξk þ

�
b−

1

2

�
μξk

�
e

i
2
μt: ð8:2Þ
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Since all (2; 4; 2) Lagrangians can be reduced to the free
Lagrangian (5.26), it is enough to consider the free case
b ¼ 1=2. Then the superconformally invariant action is
generated from the prepotential fðz; z̄Þ by acting with the
supercharges Qi on the propagating bosons z; z̄ as

Lðb¼1=2Þ
sc ¼ 1

16
QiQiQ̄kQ̄kfðz; z̄Þ: ð8:3Þ

The prepotential fðz; z̄Þ can be found from the constraint
that the action of conformal generators on the Lagrangian
produces a total time derivative:

TLðb¼1=2Þ
sc ¼ d

dt
M; T̄Lðb¼1=2Þ

sc ¼ d
dt

M̄; ð8:4Þ

where the explicit form of M is of no interest for
our purposes. Solving these constraints, we obtain the
prepotential

fðz; z̄Þ ¼ zz̄: ð8:5Þ

The corresponding superconformal action (8.3) generated
from the D-module representations can be shown to
coincide with the superconformal action (5.26) derived
from the SUð2j1Þ superspace approach.
The superpotential term (5.30) can also be equivalently

constructed using the D-module approach. We define

Lpot
sc ¼ 1

2
QiQihðzÞ þ 1

2
Q̄iQ̄ih̄ðz̄Þ ð8:6Þ

and impose the conformal constraints in the same way as
for (8.4). As their solution we uniquely obtain

hðzÞ ¼ −ν ln z; h̄ðz̄Þ ¼ −ν̄ ln z̄: ð8:7Þ

It is direct to check that (8.6) for such hðzÞ coincides
with (5.30).
Note that the superfield and D-module approaches

can be regarded as complementary to each other. The
second method directly yields the component off-shell
Lagrangians. On the other hand, the superfield techniques
bring to light some properties which are hidden in the
component formulations. For instance, the reducibility of
the general sigma-model-type action of the multiplet
(2; 4; 2) to the free one is immediately seen, when using
the chiral SUð2j1Þ superfield language, as in Secs. V–VII.

IX. SUMMARY AND OUTLOOK

In this paper, we presented the superspace realization of
the trigonometric-typeN ¼ 4; d ¼ 1 superconformal sym-
metry. This realization can be given in terms of the SUð2j1Þ
superspace at α ≠ 0 or in terms of the Uð1Þ deformed flat
N ¼ 4; d ¼ 1 superspace at α ¼ 0. In the contraction limit
μ ¼ 0, the relevant superconformal models are reduced to

the standard models of the parabolic superconformal
mechanics, with the superconformal Lagrangians con-
structed out of the standard N ¼ 4, d ¼ 1 superfields.
The main advantage of the SUð2j1Þ superfield approach (or
its degenerate α ¼ 0 version) is that it automatically yields
the trigonometric-type realization of the superconformal
symmetry, with the correct-sign harmonic oscillator term
∼μ2 in the component actions.
Our construction is based on the new observation that the

most general N ¼ 4; d ¼ 1 superconformal algebra
Dð2; 1; αÞ at α ≠ 0 in the SUð2j1Þ superspace realizations
can be represented as a closure of its two suð2j1Þ
subalgebras, one of which defines the superisometry of
the underlying SUð2j1Þ superspace while the other is
obtained from the first one by the reflection of the
contraction parameter as μ → −μ. This suggests the simple
selection rule for singling out the superconformally invari-
ant actions in the general set of the SUð2j1Þ invariant
actions constructed in Refs. [4,5]. The superconformal
SUð2j1Þ actions are those which are even functions of μ.
The superalgebra Dð2; 1; α ¼ 0Þ ∼ psuð1; 1j2Þ ⊕ suð2Þ
(and its central extensions) admit a similar closure struc-
ture, this time in terms of two μ-dependent Uð1Þ deformed
flat N ¼ 4; d ¼ 1 superalgebras.
We gave an off-shell superfield formulation of the

trigonometric superconformal actions of the multiplet
(1; 4; 3), some of which were constructed earlier at the
component level in Ref. [14], and presented new trigono-
metric superconformal actions for the chiral multiplet
(2; 4; 2). For the latter multiplet, the superconformal actions
exist only for α ¼ −1 and α ¼ 0, and they are always
reduced to a sum of the free kinetic (sigma-model-type)
SUð2j1Þ superfield action and the superconformal super-
field potential, yielding, in the bosonic component sector, a
sum of the standard conformal mechanics potential ∼ 1

jzj2
and the oscillator term ∼μ2jzj2. The SUð2j1Þ superfield
approach provides a simple proof of this notable property.
Another feature easily revealed in the SUð2j1Þ superfield
approach is that the superconformal α ¼ −1 models cor-
responding to the generalized (2; 4; 2) chirality [5] proved
to be equivalent to the superconformal models associated
with the standard chiral SUð2j1Þ multiplet. The common
property of all superconformal sigma-model type (2; 4; 2)
actions (at α ¼ −1 and α ¼ 0) is that they exist only on
account of nonzero central charge in the corresponding
superconformal algebras suð1; 1j2Þ. We also presented an
alternative way of deriving the component superconformal
(2; 4; 2) actions, based on the D-module representation
approach developed in Refs. [14,22,23], and found a nice
agreement with the superfield considerations.
It would be interesting to use the SUð2j1Þ superspace

approach to construct analogous models with the trigono-
metric realization of superconformal symmetry for other
off-shell SUð2j1Þ supermultiplets, with the field contents
(3; 4; 1) and (4; 4; 0), as well as the multiparticle
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generalizations of all such models (including those studied
in the present paper). Also, it seems important to better
understand the relationship between the SUð2j1Þ superfield
approach and the component approach based on the
D-module representations of the superconformal sym-
metries, including Dð2; 1; αÞ. Finding out the possible
links with the superconformal structures in the higher-
dimensional theories based on curved analogs of flat rigid
supersymmetries (see, e.g., Ref. [24]) is also an urgent
subject for future study.
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APPENDIX A: CENTRAL EXTENSION
OF SUPERCONFORMAL ALGEBRA

At α ¼ −1 (or α ¼ 0) it is possible to extend the
superalgebra Dð2; 1; αÞ by additional central charges. In
this particular case, the (anti)commutators (3.1), (3.2) can
be cast in the form

fQαii0 ;Qβjj0g¼2ðϵijϵi0j0Tαβ−ϵαβϵi0j0Jij−ϵαβϵijCi0j0 Þ;
½Tαβ;Qγii0 �¼−iϵγðαQβÞii0 ; ½Tαβ;Tγδ�¼ iðϵαγTβδþϵβδTαγÞ;
½Jij;Qαki0 �¼−iϵkðiQαjÞi0 ; ½Jij;Jkl�¼ iðϵikJjlþϵjlJikÞ;

ðA1Þ

where the central charges Ci0j0 commute with all other
generators. They form a vector with respect to the auto-
morphism SU0ð2Þext transformations acting on the indices
i0; j0. The norm of the vector Ci0j0 of central charges,

jCj2 ≔ 1

2
Ci0k0Ci0k0 ; ðA2Þ

is an invariant of these SU0ð2Þext transformations. Hence, in
the case of constant central charges, we can choose the
SU0ð2Þext frame in such a way that only one nonvanishing
central charge remains, e.g., its third component:

C1020 ≠ 0; C1010 ¼ C2020 ¼ 0: ðA3Þ

Simultaneously, SU0ð2Þext is reduced to the automorphism
Uð1Þext.

One can equivalently rewrite the superalgebra (A1) as
the appropriate extension of (3.9)–(3.12) at α ¼ −1:

fQi; Q̄jg ¼ 2μIij þ 2δijðH − μZ1Þ;
fSi; S̄jg ¼ −2μIij þ 2δijðHþ μZ1Þ;
fSi; Q̄jg ¼ 2δijT; fQi; S̄jg ¼ 2δijT̄;

fQi; Skg ¼ 2μεikZ2; fQ̄j; S̄kg ¼ 2μεjkZ3; ðA4Þ

½Iij; Ikl � ¼ δkjI
i
l−δilI

k
j ;

½Iij;Q̄l� ¼
1

2
δijQ̄l−δilQ̄j; ½Iij;Qk� ¼ δkjQ

i−
1

2
δijQ

k;

½Iij; S̄l� ¼
1

2
δijS̄l−δilS̄j; ½Iij;Sk� ¼ δkjS

i−
1

2
δijS

k; ðA5Þ

½T; T̄� ¼ −2μH; ½H; T� ¼ μT; ½H; T̄� ¼ −μT̄;

½H; S̄l� ¼ −
μ

2
S̄l; ½H; Sk� ¼ μ

2
Sk;

½H; Q̄l� ¼
μ

2
Q̄l; ½H; Qk� ¼ −

μ

2
Qk;

½T;Qi� ¼ −μSi; ½T; S̄j� ¼ −μQ̄j;

½T̄; Q̄j� ¼ μS̄j; ½T̄; Si� ¼ μQi: ðA6Þ
According to (3.8), the central charges appearing here are
related to the central charges defined in (A1) as

C1020 ¼ C2010 ¼ iZ1; C1010 ¼ iZ2;

C2020 ¼ iZ3; jCj2 ¼ ðZ1Þ2 − Z2Z3: ðA7Þ

APPENDIX B: MORE ON SUð2j1Þ CHIRALITIES

As was demonstrated, the superconformal SUð2j1Þ
models of the (2; 4; 2) superfield defined by the gener-
alized (central-charge-extended) chirality condition (6.1)
are in fact equivalent to those constructed on the basis
of the superfield subjected to the “standard” chirality
condition (5.1) [or its central-charge-extended version
(5.15)]. So in the superconformal case, the parameter λ
entering (6.1), (6.2), (6.8) is unessential. This is in
contrast with the pure SUð2j1Þ invariant models in which
λ is a physical parameter specifying a new class of such
models [5].
Let us discuss the interplay between two types of the

SUð2j1Þ chirality in more detail, based upon the superspace
considerations. It will be useful to pass to the coordinates

ft; ~θj; ~̄θig defined by the relations (3.38). Being specialized
to α ¼ −1, these relations read

~θj¼ e
i
2
μtθj

	
1−

μ

2
θ̄kθk



¼ e

i
2
μtLθj; tL¼ tþ i ~̄θ

i ~θi;

~̄θ
i¼ e−

i
2
μtθ̄i

	
1−

μ

2
θ̄kθk



¼ e−

i
2
μtR θ̄i; tR¼ t− i ~̄θ

i ~θi: ðB1Þ

The SUð2j1Þ supercharges (3.39) are rewritten as
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Qi ¼ e
i
2
μt

��
1 −

μ

2
~̄θ
k ~θk −

μ2

16
ð~θÞ2ð ~̄θÞ2

� ∂
∂ ~θi

− μ ~̄θ
i ~̄θ

k ∂
∂ ~̄θk þ i ~̄θ

i
�
1þ μ

2
~̄θ
k ~θk

�
∂t

�
;

Q̄j ¼ e−
i
2
μt

��
1 −

μ

2
~̄θ
k ~θk −

μ2

16
ð~θÞ2ð ~̄θÞ2

� ∂
∂ ~̄θj þ μ~θj ~θk

∂
∂ ~θk

þ i~θj

�
1þ μ

2
~̄θ
k ~θk

�
∂t

�
: ðB2Þ

The extra generators Si completing SUð2j1Þ to
Dð2; 1; α ¼ −1Þ are represented in this basis as
SðμÞ ¼ Qð−μÞ. The covariant derivatives (5.13) take the
form

Di
Z ¼

�
1þμ

2
~̄θ
k ~θk−

μ2

16
ð~θÞ2ð ~̄θÞ2

�� ∂
∂ ~θi

− i ~̄θ
i∂tþμ ~̄θ

i
Z1

�
;

D̄Zj ¼
�
1þμ

2
~̄θ
k ~θk−

μ2

16
ð~θÞ2ð ~̄θÞ2

��
−

∂
∂ ~̄θjþ i~θj∂t−μ~θjZ1

�
:

ðB3Þ

We ignore the matrix SUð2Þ generators ~Ilj in Di; D̄j,
because the generalized chiral superfields defined by
(6.1) cannot carry external SUð2Þ indices owing to the
compatibility relation

f ~̄Dk; ~̄Djg ¼ −2μ sin 2λ~Iij; and c:c:

Using the explicit expressions (B3), the generalized

chirality condition (6.1) with ~̄Dj defined according to

(6.8) can be rewritten in the basis ft; ~θj; ~̄θig as

~̄Djφ ¼
�
1þ μ

2
~̄θ
k ~θk −

μ2

16
ð~θÞ2ð ~̄θÞ2

�

×

�
cos λ

�
−

∂
∂ ~̄θj þ i~θj∂t − μ~θjZ1

�

− εji sin λ

� ∂
∂ ~θi

− i ~̄θ
i∂t þ μ ~̄θ

i
Z1

��
φ ¼ 0: ðB4Þ

It is easy to check that the coordinates θ̂i defined in (6.5)
and parametrizing the left chiral superspace (6.4) can be
represented, for generic λ, as a particular SUð2Þ rotation of

the coordinates ~θj, ~̄θ
i
:

θ̂i ¼ cos λ~θi þ sin λ ~̄θi;
¯̂θ
i ¼ cos λ ~̄θ

i − sin λ~θi: ðB5Þ

In the basis ft; θ̂j; ¯̂θig the condition (B4) becomes

~̄Djφ¼
�
1þμ

2
cos2λ ¯̂θ

k
θ̂k−

μ

4
sin2λð ¯̂θk ¯̂θkþ θ̂kθ̂

kÞ−μ2

16
ðθ̂Þ2ð ¯̂θÞ2

�

×

�
−

∂
∂ ¯̂θjþiθ̂j∂t−μθ̂jZ1

�
φ¼0: ðB6Þ

Comparing (B6) with the “standard” chirality constraint
(5.15) written through D̄Zj from (B3), we see that they have
the same form, up to an unessential nonsingular scalar
factor and the change of Grassmann coordinates as ~θ ↔ θ̂.
One can define the new supercharges

~Qi ¼ cos λQi − sin λS̄i; and c:c:; ðB7Þ

and check that they coincide with the generators (B2) in

which the same substitution ð~θ; ~̄θÞ → ðθ̂; ¯̂θÞ has been
performed. The same applies to the ~Si supercharges

~Si ¼ cos λSi − sin λQ̄i; and c:c:; ðB8Þ

and the corresponding conformal subgroup generators. We
also observe that the Uð1Þ generator (6.3) takes the form

F0 ¼ F cos 2λþ 1

2
ðCþ C̄Þ sin 2λ

¼ 1

2

�
¯̂θ
k ∂
∂ ¯̂θk − θ̂k

∂
∂θ̂k

�
; ðB9Þ

which, up to the coordinate change just mentioned,
coincides with the definition (3.41) of F.
As was shown in Sec. VI C, the transformations (6.22) of

the component fields under the supercharges (B7), (B8)
with the parameters ~ϵi; ~εi defined in (6.25) have the same
form as the original ðQ; SÞ transformations (5.20) with the
parameters ϵi; εi. Accordingly, the superfield ðQ; SÞ trans-
formations (5.18) of ΦL can be given the same form as the
transformations (6.23) of the superfield ~φLðt̂L; θ̂Þ under
the supercharges (B7), (B8) by rewriting (5.18) through the
coordinates ðtL; ~θÞ:

δΦLðtL; ~θÞ ¼ 2bμðϵ̄i ~θie−i
2
μtL − ε̄i ~θie

i
2
μtLÞΦLðtL; ~θÞ: ðB10Þ

Thus we observe the full similarity between ΦL and ~φL

modulo the change ðtL; ~θÞ ↔ ðt̂L; θ̂Þ.
This phenomenon can be summarized as follows: In the

basis ft; θ̂j; ¯̂θig, the rotated superconformal generators
(B7), (B8) have the same form as the original supercharges

Qi; Si in the basis ft; ~θj; ~̄θig. The superconformal subclass
of the actions of the generalized multiplet (2; 4; 2) is
invariant under both Q and S supersymmetries, hence it
is invariant under their ~Q and ~S realizations as well.
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The generalized chiral SUð2j1Þ superfield defined for the
Q; S realization of the superconformal group looks just like
the standard chiral SUð2j1Þ superfield with respect to the
equivalent ~Q; ~S realization. So the superconformal (2; 4; 2)
actions actually cannot distinguish on which kind of the
chiral SUð2j1Þ superfield they are built and, respectively,
cannot involve any dependence on the parameter λ.
To make the latter property manifest, let us proceed from

the superconformal action of generalized chiral superfield

φðt; θ̂; ¯̂θÞ as the solution (6.10) of (B6):

SðbÞsc ðφÞ ¼ 1

4

Z
dζ̂ðφφ̄Þ 1

2b; ðB11Þ

where the integration measure dζ̂ in the SUð2j1Þ super-

space basis ft; θ̂; ¯̂θg is defined in (6.18). Since the compo-
nent action (6.20) has no dependence on λ, the λ
dependence of the superfield action (B11) is also expected
to be fake. Using the relations (6.10) and (6.18), we rewrite
(B11) through the (anti)holomorphic superfields φL, φ̄R as

SðbÞsc ðφÞ¼ 1

4

Z
dtd2θ̂d2 ¯̂θ

�
1−

μ2

4
ð ¯̂θÞ2ðθ̂Þ2

��
1−

μ

2
sin2λðθ̂Þ2

�

×
�
1−

μ

2
sin2λð ¯̂θÞ2

�
ðφLφ̄RÞ 1

2b: ðB12Þ

One can absorb the (anti)holomorphic factors in this action
into the redefinition of φ̄R, φL as in (6.24) and cast (B12) in
the following final form:

SðbÞsc ðφÞ ¼ 1

4

Z
dtd2θ̂d2 ¯̂θð1þ μ ¯̂θ

k
θ̂kÞð ~φ ~̄φÞ 1

2b: ðB13Þ

Here, the newly introduced superfield ~φ is a solution of
(B6) with Z1 ~φL ¼ b ~φL:

~̄Dj ~φ ¼ 0;⇒ ~φðt; θ̂; ¯̂θÞ ¼ e−bμ
¯̂θ
k
θ̂k ~φLðt̂L; θ̂Þ; ðB14Þ

and it does not display any λ dependence, equally as the
action (B13). Comparing it with the superconformal action

(5.21), (5.24) rewritten in the basis ft; ~θi; ~̄θkg,

SðbÞsc ðΦÞ ¼ 1

4

Z
dtd2 ~θd2 ~̄θð1þ μ ~̄θ

k ~θkÞðΦΦ̄Þ 1
2b;

Φðt; ~θ; ~̄θÞ ¼ e−bμ ~̄θ
i ~θiΦLðtL; ~θÞ; ðB15Þ

where the expression (3.43) for the d~ζ integration measure
was used, we observe its identity with (B13), up to the
interchange ~θ ↔ θ̂, as was anticipated above. Note that the
integration measure in (B13),

dtd2θ̂d2 ¯̂θð1þ μ ¯̂θ
k
θ̂kÞ; ðB16Þ

is invariant with respect to SUð2j1Þ generated by the
rotated supercharges (B7).
The nonconformal SUð2j1Þ invariant chiral actions are

invariant under the transformations generated byQi and Q̄i,

but not under the ~Qi; ~̄Q
i
transformations, since the defi-

nition of the latter involve the superconformal generators Si
and S̄i. Hence, they differ for the standard and generalized
chiral (2; 4; 2) multiplets and depend on λ as an essential
parameter. It labels nonequivalent SUð2j1Þ actions and the
corresponding SQM models [5].

APPENDIX C: HYPERBOLIC
SUPERCONFORMAL MECHANICS

The hyperbolic superconformal mechanics can be
obtained by substituting the deformation parameter in
the trigonometric models as μ → iμ . One can see that
the superconformal generators defined in Sec. III B go over
to the new generators

Qi ⟶ Πi; Q̄k ⟶ Θ̄k; Si ⟶ Θi; S̄k ⟶ Π̄k;

T ⟶ T2; T̄ ⟶ T1; H⟶Hh; ðC1Þ

which behave under the Hermitian conjugation as

ðΠkÞ† ¼ Π̄k; ðΘkÞ† ¼ Θ̄k

⇒ ðT2Þ† ¼ T2; ðT1Þ† ¼ T1; ðHhÞ† ¼ Hh: ðC2Þ

In this basis, the basic anticommutation relations of
Dð2; 1; αÞ can be rewritten as

fΠi; Θ̄jg ¼ −2iαμIij þ 2δij½Hh þ ið1þ αÞμF�;
fΘi; Π̄jg ¼ 2iαμIij þ 2δij½Hh − ið1þ αÞμF�;
fΘi; Θ̄jg ¼ 2δijT2; fΠi; Π̄jg ¼ 2δijT1;

fΠi;Θkg ¼ −2ið1þ αÞμεikC;
fΘ̄j; Π̄kg ¼ 2ið1þ αÞμεjkC̄: ðC3Þ

The bosonic truncation of the corresponding conformal
group generators (3.34) yields their hyperbolic realization:

Hh ¼ i∂t; T1 ¼ ie−μt∂t; T2 ¼ ieμt∂t: ðC4Þ

The corresponding hyperbolic realization of (3.35) now
reads

Ĥ ¼ i
2
ð1þ cosh μtÞ∂t; K̂ ¼ −

2i
μ2

ð1 − cosh μtÞ∂t;

D̂ ¼ i
μ
sinh μt∂t; μ ≠ 0: ðC5Þ

In contrast to the trigonometric case, the time-translation
generator Hh is now
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Hh ¼ Ĥ −
μ2

4
K̂: ðC6Þ

Due to the minus sign before μ2K̂, we face the quantum
mechanical problem in which the potentials accompanying
the kinetic terms are not bounded from below, like in the
parabolic case [11]. This difficulty could, of course, be
cured in a similar way by passing to

Htrig ¼ Ĥ þ μ2

4
K̂ ¼ cosh μt∂t ðC7Þ

as the correct time-evolution operator. The discrete energy
spectrum with the canonical Hamiltonian can be obtained
only in the trigonometric models of superconformal
mechanics. Note thatDð2;1;αÞ contains no self-conjugated
subalgebra with four real supercharges, in whichHh would
appear on the rhs of the basic anticommutator, in contrast to
the parabolic and trigonometric cases.

1. Example

As an instructive example, we consider the simplest free
case b ¼ 1=2 of the multiplet (2; 4; 2)

Lðb¼1=2Þ
sc ¼ _̄z _zþ i

2
ðξ̄i _ξi − _̄ξiξ

iÞ þ B̄B −
μ2

4
zz̄; ðC8Þ

and the relevant superconformal transformations

δz ¼ −
ffiffiffi
2

p
ϵkξ

ke
i
2
μt −

ffiffiffi
2

p
εkξ

ke−
i
2
μt;

δξi ¼
ffiffiffi
2

p
ϵ̄i
�
i_z −

μ

2
z

�
e−

i
2
μt −

ffiffiffi
2

p
ϵiBe

i
2
μt

þ
ffiffiffi
2

p
ε̄i
�
i_zþ μ

2
z

�
e

i
2
μt −

ffiffiffi
2

p
εiBe−

i
2
μt;

δB ¼ −
ffiffiffi
2

p
iϵ̄k _ξ

ke−
i
2
μt −

ffiffiffi
2

p
iε̄k _ξ

ke
i
2
μt: ðC9Þ

These transformations correspond to the superalgebra
(A4)–(A6) with Z1 ¼ 1=2.
After the change μ → iμ in (C8), (C9), we obtain the

hyperbolic mechanics Lagrangian as

Lðb¼1=2Þ
sc ðhÞ ¼ _̄z _zþ i

2
ðξ̄i _ξi − _̄ξiξ

iÞ þ B̄Bþ μ2

4
zz̄; ðC10Þ

and the superconformal transformations as

δz ¼ −
ffiffiffi
2

p
υkξ

ke−
1
2
μt −

ffiffiffi
2

p
ςkξ

ke
1
2
μt;

δξi ¼
ffiffiffi
2

p
iῡi

�
_zþ μ

2
z

�
e−

1
2
μt −

ffiffiffi
2

p
υiBe−

1
2
μt

þ
ffiffiffi
2

p
iς̄i

�
_z −

μ

2
z

�
e
1
2
μt −

ffiffiffi
2

p
ςiBe

1
2
μt;

δB ¼ −
ffiffiffi
2

p
iῡk _ξ

ke−
1
2
μt −

ffiffiffi
2

p
iς̄k _ξ

ke
1
2
μt: ðC11Þ

The parameters υ; ῡ and ς; ς̄ correspond to the supercharges
Π; Π̄ and Θ; Θ̄, respectively. Note that the original SUð2j1Þ
transformations are embedded in (C11) as

δz ¼ −ϵkξkðe−1
2
μt þ ie

1
2
μtÞ; δB ¼ −iϵ̄k _ξkðe−1

2
μt − ie

1
2
μtÞ;

δξi ¼ iϵ̄i½_zðe−1
2
μt − ie

1
2
μtÞ þ μ

2
zðe−1

2
μt þ ie

1
2
μtÞ�

− ϵiBðe−1
2
μt þ ie

1
2
μtÞ; ðC12Þ

where ϵk ≔ 1ffiffi
2

p ðυk − iςkÞ.
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