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yield the same Z3-graded super-Liouville equation. An algebraic construction of
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1 Introduction

A general framework for constructing integrable Z3-graded extensions (Z3 := Zy X Zs)
of classical, two-dimensional Toda and conformal affine Toda models has been presented
in [1]. A key feature of this construction is that it is based on a Z3-graded Lie algebra
(also referred to as a Z3-graded color Lie algebra) structure [2, 3, 4, 5]; it implies that
the resulting models contain fields obeying a special type of parabosonic statistics [6,
7,8, 9, 10, 11]. The construction was carried out for a Z2-graded extension of sl(2),
denoted by Z2-5[(2), and its affine extension, resulting in integrable graded extensions
of the Liouville and sinh-Gordon equations. Furthermore, by enlarging the Polyakov’s
soldering procedure [12] to a Z3-graded setting, an affine version of Z3-sl(2) with a central
extension was recovered as a Poisson-Lie algebra. It was also shown that a Z3-extension
of the Virasoro algebra naturally arises from a Hamiltonian reduction.

In this paper we extend the analysis of [1] to a Z3-graded Lie superalgebra frame-
work. This corresponds to the more general case where not only parabosons, but also
parafermionic fields are present [8, 13, 14, 15, 16, 17]. This is the most general setting to
investigate Z3-graded paraparticles because it extends, see e.g. [18, 19, 20, 21], the notion
of supersymmetry with all its physical and mathematical implications.

We stress the non-trivial significance of taking both parabosons and parafermions
into account. The experimentalists learned how to simulate paraoscillators [22] and even
engineer them in the laboratory [23] by using trapped ions. On the theoretical side it
has been shown, see [14, 10] and also [16, 24], that certain results implied by Z3-graded
paraparticles cannot be reproduced by ordinary Bose-Fermi statistics. The connection of
the Z3-graded parastatistics with the traditional [25, 26] approach has been established
in [8, 13].

In this paper the Polyakov’s soldering procedure and the Lax pair formalism are ap-
plied to Z3-graded extensions of Lie superalgebras. To illustrate this scheme we examine
a Z2-graded version of osp(1]2) which allows to construct a Z3-graded extension of the
ordinary super-Liouville equation presented in [27, 28].

The Z3-graded extension of a Lie (super)algebra is in general not unique. Many
inequivalent Z3-graded versions of 0sp(1]2) have been discussed so far [3, 6, 13, 15, 17, 21,
29]. The one considered in this work is the ten-dimensional Z2-graded Lie superalgebra
introduced in [21] as a Z3-graded extension of the superconformal mechanics.

Concerning the Lax pair formulation, the Z2 grading shares some feature with the N' =
2 supersymmetry; instead of a single Lax pair as in the A/ = 1 models [30, 31, 32, 33, 34],
the equations are derived by two conjugate Lax pairs like the N = 2 super-Toda models
[35] (the N = 2 super-Liouville theory was originally introduced in [36]).

A genuine new feature of the Z3-graded superalgebra construction, with respect to the
[1] Z3-graded parabosonic algebra case, is that the Hamiltonian reduction of the WZNW
currents induces a nontrivial, color, Z2-graded extension of the super-Virasoro algebra.
This is a new Z3-graded superVirasoro algebra which differs from the one presented in [37];
its four component fields have respective gradings (00, 11,10,01) and scaling dimensions
(2,2, %, %) The (anti)symmetry properties of its brackets imply a nontrivial Z3-graded Lie
superalgebra extension of N/ = 1 superVirasoro. In contrast, the Hamiltonian reduction
from Z32-graded sl(2) produces, see [1], the (00, 11)-graded subalgebra which is isomorphic
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to an ordinary (not colored) Lie algebra.

It should be mentioned that the Z2-graded extensions of integrable systems discussed
here and in [1] reveal the existence of a broader class of integrable systems than those
known so far; it is indeed obvious that the present scheme will be easily extended to more
complex gradings such as Zf := Zgy X Zg X - -+ X Zgy (n times). We remark that alternative
approaches to Z3-graded integrability, based on Z2-graded supersymmetric Lagrangians
in two-dimensional spacetime, can be found in the literature [38, 39].

This paper is organized as follows: in §2 we recall the definition of Z2-graded Lie
superalgebra and introduce a Z2-graded extension of 0sp(1|2) which we denoted by g for
simplicity. We also present representations of g which will be used in our analysis. In §3
the Z2-graded super-Liouville equation is derived via the Polyakov’s soldering procedure.
This is achieved by considering the simplest setting sufficient to produce a nontrivial Z3-
graded equation. It will be shown in §4 that the Hamiltonian reduction [12] for the current
associated with g , supplemented by an additional gauge fixing inspired by [40, 41], gives
rise to a Z3-graded extension of the AV = 1 super-Virasoro algebra. The Z3-grading admits,
for the currents with nontrivial grading, three distinct (anti)periodicity conditions on a S*
circle, leading to three distinct versions of the derived Z3-graded super-Virasoro algebra.
We show in §5 that the Z32-super-Liouville equation, derived by the soldering procedure,
can be formulated in terms of Lax operators. This formulation enables us to construct
explicit solutions in terms of chiral superfields. In §6 two Backlund transformations are
presented: one relating the the Z3-super-Liouville equation to the free equation, and the
other providing the auto-Béicklund transformation for the Z2-super-Liouville equation. A
summary of the present work, together with further remarks and possible directions for
future research, is given in the Conclusion.

2 Z3-graded extension of osp(1]2)

2.1 Definitions

Let us recall the definition of the Z3-graded Lie superalgebra [2, 3]. Let g be a vector space
and a = [a1as) an element of Z3. Suppose that g is a direct sum of graded components

9= @ 9a = Fjoo] D gpio) D gjo1) D ga)- (2.1)

acz?

If g admits a bilinear operation (the graded Lie bracket), denoted by [-, -] and satisfying
the identities

[Aa, Bl € 9414 (2.2)
[4s, Bj] = —(~1)**[B;, 4il, A (2.3)
(=1)*“[Aa, [By, Cell + (=1)"[By, [Ce, Aal] + (=1)*[Ce, [Aa, By]l] = 0, (2.4)

where A;, B;, C; are homogeneous elements of g; and

CAL—FB: [a1+b1,a2+b2] EZ%, &'8:G1b1+a2b2 EZQ, (25)
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then g is referred to as a Z3-graded Lie superalgebra.
It is clear from the definition that the graded Lie brackets are realized by commutators
and anticommutators as follows

[As, By, a-b=0,
[[AﬁaBBH = R (26>
{As,B;}, a-b=1.

If [A, B] = 0, we say that A and B are Z3-graded commutative. Tt is also observed from
the definition that g has Z,-grading, too:

9=200Dg, 9o := Gjo0] D 9111), 91 1= 9p10] © Gjo1)- (2.7)

For a given Lie (super)algebra, one may consider its Z3-graded extension which is
generally not unique. Many inequivalent Z3-graded extensions of the Lie superalgebra
0sp(1]2) have been discussed so far [3, 6, 13, 15, 17, 21, 29]. In the present work, we con-
sider one of them which was the ten-dimensional Z3-graded Lie superalgebra introduced
in [21] as a Z32-extension of the superconformal mechanics. Its basis, their Z3-gradings
and scaling dimensions (eigenvalue of the grading operator G := %Ko) are summarized in
the table below:

[00] [10] [01] [11]
‘I—l K+ L+
1
] A A (2.8)
Ko Lo
- P Qo
~1| K L

We keep using g to denote this Z3-graded extension of 0sp(1]|2). The non-vanishing defining
relations of g are given, in terms of (anti)commutators, as follows.
— go-Yo sector:

(Ko, Ki] = £2K4, [Ky, K| =Ko, [Lo,Li] = £2K4, [Ly,L-] = Ko,
(Ko, Ly] =+2L,, [Ky,Ly]=+Lo, [Lo,Ki]==+2L., (2.9)

— go-g1 sector:

[Ko, Py] = +Py, Ky, Pr] = —Py,

(Ko, Q] = £Qx, K+, Q] = —Qx,

{Py, Lo} = +iQx, {Py, Lz} = —iQ+,
{Q+, Lo} = FiPy, {Qs, L+} = iP5, (2.10)

— @1-¢1 sector:
{Py, P} =4+2K,, {Py, P} =Ky, [Py,Qs]==2iL,, [Py, Q+] =1Ly,
{Q+,Q+} = 22K, {Q4+,Q-} = K. (2.11)
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It is easy to see that the algebra g admits the triangular decomposition;

g=9+0bhdg-, (2.12)
g+ = {K-i-a P—i—a Q-H L+}’
b ={Ko, Lo},

o ={K_., P, Q, L}
where b is the Cartan subalgebra of g.

Structure and some representations of g are studied in [42, 43, 44].

2.2 Representations

In order to study integrable models associated with g, the representation of g induced
from the standard (Z-graded) osp(1|2) is useful. We denote the basis of osp(1]2) by

0] H, FEi, 1] Fy (2.13)
which subject to the non-vanishing relations
[H, Ey] = £2F.,  [Ey, E_]=H, [H, Fy] = £F},
(F,F.}=H, (Fy,F.} = +2B,, [Ey, Fe] = —F\. (2.14)
Let |vg) be the lowest weight vector of the fundamental representation of osp(12), i.e.,
F_|vy) =0, H |vg) = —|vo) , (volvg) = 1. (2.15)
Define |v,) := F7 |vg), then

Hion) = (n=1)[on), Fylon) = lonsa), Filvs) =0,
Fofoy) = =vo) , F_Jvg) = |v1) - (2.16)

Now we introduce the 4 x 4 complexified quaternionic matrices
My:=L®l, M =0L&o, M :=0®0, M;:=0Q0; (2.17)

which are defined by the 2 x 2 Identity and the Pauli matrices

10 01 0 — 1 0
HQZ(O 1>, 0'1:(1 0), 0'2:<Z. 0), 0'3:(0 _1> (218)

They satisfy for i, 7 = 1,2,3 the relations (the totally antisymmetric structure constant
€k 1s normalized so that €193 = 1):

MZ'MJ' = (5ijMO + Z.GijkMk‘ (219)
We identify the Z2-grading of the matrices as follows:

[00] : Moy; [10] : My, [01] = Moy; [11] = Ms. (2.20)
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Then, g is realized by the matrices M;, and osp(1]|2) generators as follows (Cf. [45, 1]):

Ko=My®H, Ki=M®E, Pro=M®F, Qi=DMQeIF,
LO - M3 ® H, Li - M3 ® Ei' (221)
This realization gives the six-dimensional lowest weight representation of g. There are
two linearly independent lowest weight vectors on which (2.21) act. They are given by

|00) = My ® |vg) and [11) = M3 ® |vg) and have the grading indicated. Is is easy to verify
that

P_100) = @-[00) = P_[11) = Q- [11) =0,

Ko |00) = —[00), Ko|ll)=—[11), Lg[00) = —[11), Lo[1l)=—|00) (2.22)
and
Py |00) = —iQ |11), Q4 |00) = iPy |11),
PyQ4 la) = —Q4 P a), PrQY @) =0, a=00,11 (2.23)

where n + m > 3. Therefore, the Z3-graded representation space induced on |00),|11) is
six-dimensional and its basis is taken to be

00 1) = K. [00),  [2) == [00),
10 [3) = Lo [00),  |4) = [11),

[10]; |5) = Py [00).

01); [6) = Q4 100) (2.24)

The action of g on this space is readily obtained. Setting ¢ := (|1),|2),|3),[4),]5),6)),
we obtain the followings:

0

|1>7_’2>7|3>7_|4>7070);
0,[1),0,13),0,0 ),

0l

F Il

(
(
755 (12),0,14),0,0,0),
7= ([3),—14).[1),—12),0,0),
75 (0,13),0,]1),0,0),
755 (14),0,12),0,0,0),
75 (0,05),0,—i(6),[1),7[3) ),
7= ([5),0,i[6),0,—[2), —i |4) ),
75 (0,16),0,i]5), —i [3) (1)),
795 (16),0,4]5),0,0]4), — |2)). (2.25)
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It follows the following matrix representation of g:

04 0 0
Ky = diag(1,-1,1,-1,0,0), K,=]0 o, 0],
0 0 0
o 0 0 0 o3 0
K =0 o 0], Lo=|os 0 0],
0 0 0 0 0 O
0 o+ O 0 o- 0
L.=|o. 0 0], L_=|o_ 0 0],
0 0 0 0 0 0
0 0 011 0 0 —0_
Po=(0 0 o], P=|0 0 —ioynl,
04 —2'022 011 —10_ 0
0 0 04 0 0 —0929
Q+ = 0 0 —’i011 s Q_ = 0 0 10_ (226)
0922 ia+ 0 o_ ’iO'H 0

where
(10 (01 (00
=\o -1)0 “~\oo)r 777\ o)
10 0 0
011:(0 0), 0222(0 1>. (2.27)

3 Zsi-super-Liouville equation by Polyakov’s solder-
ing

We mimick the standard procedure of soldering for deriving [12] the Z3-graded version
of the super-Liouville equation. We introduce the Z3-graded Lie group Z3-Osp(1]2)
generated by the algebra Z32-osp(1]2)defined in §2. A group element of Z2-Osp(1]2) is
parametrized by

g = exp(apo Ky + a1 Ly ) exp(A Py + A1 @+ ) exp(Boo Ko + Si1Lo)
x exp(p10P- + po1@Q-) exp(yoo K- + v11L-) (3.1)

where the group parameters «, 3, A\, u and v are also Z2-commutative and their grading
is indicated by the suffix. In particular, Aig, A\o1, ft10 and pp; are nilpotent. Throughout
this article, the suffices 00, 10, 01, 11 indicate the Z2-grading of the associated quantities.
We assume that the group parameters are superfields which are functions of the [00] and
[10]-graded Z3-commutative variables

00] z, 7, [10] 6, 4. (3.2)



CBPF-NF-004/25 7

Alternatively, one could assume that the parameters are superfields on [00] and [01]-graded
variables. It is obvious that both assumptions lead to the same equation, so we consider
only the case of [00] and [10]-graded variables.

We introduce the [10]-graded covariant derivatives

D = 9y +i00,, D = 95 +i00; (3.3)
which satisfy
{D, D} = 2i0,, {D, D} = 2i0;, {D,D} =0. (3.4)

We introduce also the holomorphic and antiholomorphic WZNW-currents which are de-
fined in terms of the group element (3.1):

J(z,0) :=Dg-g ", J(z,0) =g 'Dg. (3.5)

By definition, the currents J(z,), J(z, ) are [10]-graded and take values in Z2-osp(1|2).
Employing the matrix presentation (2.21), one may rearrange the components of the
currents in terms of the osp(1|2) generators. First, the group element (3.1) is given by

g=exp(a® E;)exp(b® Fi)exp(c® H)exp(d® F_)exp(f ® E_) (3.6)
where the matrix valued fields a, b, ¢,d and f are defined by

a := ago Mo + o1 M, b= MoMy + Aot Mo,
¢ 1= BooMo + Bi11Ms, d := oMy + poi Mo,
J = 00Mo + 11 M3 (3.7)

and due to the nilpotency of Aig, A\o1, pt10 and pp; we have the relations
v’ = d* = {b,d} = 0. (3.8)
It follows immediately that the currents (3.5) takes the following form:

J:J++®E++J+®F++JO®H+J_®F_—|—J__®E_,
J=Jy QE, +J,F, + JhyQH+J QF_ +J _®FE_ (3.9)

where

Jiy = —2¢7>(Df — (Dd)d)a® — 2e(Dd)ab — 2(Dc)a + (Db)b + Da,
Ji = —e*(Df — (Dd)d)ab — e *(Dd)a — (Dc)b + Db,
Jo=e*(Df — (Dd)d)a + e “(Dd)b+ D,
J_=e*(Df — (Dd)d)b+ e “Dd,
J__ = (Df — (Dd)d)e* (3.10)
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and

j++ = 6_26 (Da + bDb)

Jy = — (Da—i—bDb)d—i—ecf ,
Jy= —e~%¢ (Da + bDb) ¢(Db)d + Dc,
J_ = 2C( a+bDb)fd+e Db)f — (De)d + Dd,
—e *(Da + bDb) f* — 2¢~°(Db) fd — 2(Dc) f + (Dd)d + Df. (3.11)

According to [12] we impose Hamiltonian constraints on the currents. Taking into
account the grading and the matrix nature of the components of J, .J, the appropriate
constraints will be

J__=Jy=0, J_ = M, (3.12)
Jip =Jy=0, Ji = M. (3.13)
The constraints on J__,J_ and Jy give
Dc = —bM, (3.14)
and the constraints on J,,.J, gives
Db = e“M,. (3.15)

Acting D on (3.14) and using (3.15), we obtain
DDc = €. (3.16)
Recalling the definition of ¢ in (3.7), it follows that
e = ePooMoghuMs eﬂll(cosh P11 My + sinh 511 M3). (3.17)
Thus we obtain the following system of equations:
DD By = € cosh fi1, DDy = € sinh ;. (3.18)
Due to the nilpotency of 8,6 one may expand the superfields into their components:

Boo = woo(w,T) + 0r1o(x, T) + Ohro(x, T) + 00 Fpo(z, T),

Bll = @11(&3, f) + 91#01(%, Q_I) + «9%1(56, Lf) + 9(9F11(37, f) (319)
Although we started with only [10]-graded superspace, the superfield f;; ensures the
existence of [01]-graded component fields so that the Z3-super-Liouville equations (3.18)

are a system of coupled equations for [00], [11], [10] and [01]-graded fields defined on two-
dimensional spacetime. More explicitly, from the first equation in (3.18) we get

854,000 = e ( cosh 9011(?/)101/310 - ?/)oﬂ%l — Fyo) + sinh <P11(¢10@Eo1 - @001&10 - Fn)),
01 = €9 (— cosh @1y - thyg + sinh 1y - Y1),
(0o = € (cosh gy - 910 — sinh @iy - Poy),

Foo = —€¥% cosh 11, (3.20)
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where 9 = 0,,0 = 0; and from the second we get

0011 = € (cosh @11 (Y1othor — Vo110 — Fi1) + sinh @11 (Y10¥10 — Y1001 — Fuo)),
0o = €9 (— cosh 1y - o1 + sinh g1y - P1p),
iOhor = € (cosh @11 - Y1 — sinh 1y - 1),

Fi1 = —e¥ sinh ;. (3.21)

It is observed that Fyo and Fj; are non-propagating auxiliary fields. Elimination of them
gives the following equations of motion of g9 and 17 :

0@y = €27 cosh 2¢1;

+ €9 ((cosh @11 (Y10th10 — o1tbor) + sinh i1 (Y1othor — Yo1t0)),
0011 = e*7 sinh 21,
+ €% ( cosh 11 (10801 — Yo1th10) + sinh @11 (Yrgtho — woﬂzm))- (3.22)

Setting @11 and o1, o1 (or 10, %10) equal to zero, the super-Liouville equations dis-
cussed in [27] are recovered. Setting all the fields with non-trivial grading zero, the
Liouville equation is recovered. Therefore, the Z2-super-Liouville equations constructed
here are a natural generalization of the (super-)Liouville equation. The integrability of
the system of equations (3.18) is ensured by its formulation as a zero-curvature represen-
tation which we discussed in §5. Following the method of Leznov and Saveliev, we also
construct solutions to the equations presented in §5.4.

4 Zs-graded super-Virasoro algebras

In this Section we consider the current algebra associated with the currents given in
(3.5). Polyakov showed that the Virasoro algebra emerges from constraining the current
algebra associated with SL(2,R) [12]. This construction was extended to Osp(1]2) by
Sabra [40, 41], where the N' = 1 super-Virasoro algebra is obtained. In our case, a Z3-
graded generalization of the super-Virasoro algebra is found. This analysis is carried out
within the framework of classical mechanics, i.e., making use of the Poisson brackets.
Nevertheless, as in the case of Z3-graded Liouville equation based on Z3-sl(2) discussed
in [1], we observe the existence of a central term in the Poisson Lie algebra (an example,
see [46], of a classical anomaly).

Only the holomorphic sector will be considered here, as the treatment of the anti-
holomorphic sector proceeds in a similar fashion. The transformations of the component
currents defined in (3.9) are induced from the left action of the group element:

g— 4 = gey,

ge — €€++®E+ e€+®F+ 660®H+ 66_®F_ 66__®E_ (41)

where €’s are holomorphic functions and e, are nilpotent and anticommute. Considering



CBPF-NF-004/25 10

the infinitesimal transformation of g, one may obtain

0Jyy = =2e4Jo + 2e4 Jy + 26044 + Degy,
0y = —€eivJ_+erJo+ ey —e_Jiy + Dey,
0Jo=¢€rrd _+erJ e J. —e__Ji + Dey,
0J_ =—e,J _—eJ_ —e Jy—e__J, + De_,
0J__ = —=2eyJ__ —2e_J_+2e__Jy+ De__. (4.2)
Besides the constraints given in (3.12), following [40, 41] we impose an additional

gauge fixing

Then, the infinitesimal transformations preserving (3.12) and (4.3) reduce to a single
parameter:

' .
€. = EDG__Ml, | €9 = %6’,,,
€= e _J M — %De’ M,
1 1 1,
€ = —<D€,,)J++ + —G,,DJJFJF 4+ —€__. (44)
2 2 2
So that 3; )
5T s = 526’_ s+ (Deo)Dyy +ie T+ De’ (4.5)

where the prime stands for the derivative with respect to x : @’ = 0,a. Recalling that
J,, consists of Z3-graded superfields and matrices M;, one may recover the Z2-graded
currents Jig and Jy; by

J—H— = Jl[)MQ + J01M3. (46)
€__ is also parametrized as:
€E__ = EooMo + 611M3. (47)
The transformations of Jio and Jy; can be readily obtained from (4.5):
3, , 1
5J10 = 5 (600J10 — 611J01) + 5 [(DEOO) DJlO + (DEH) DJOl]
1
+ 7:600(]{0 - Z.EHJ(,)l + §D€go, (48)
3, , 1
5J01 = 5 (600‘]01 — 611J10) + 5 [(DGOO) DJQl + (DEH) DJlo]
1
+ i€00J61 - anJ{O + §D€/1/1. (49)
By assigning the scaling dimension [z] = —1, the scaling dimensions of the remaining
quantities are determined as follows:
1 3
0]=~-5  [l=Ual=35  leo] =len] =1 (4.10)
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One may expand the currents and the parameters in their components:

Jlo(.x, 0) = uw(:c) —+ GUOU(Z'), JOl(.Z', (9) = UOl(QZ’) -+ 9’&11(1’),
600(!17, 0) = 800(1‘) + 9810(1‘), 611(1‘, 9) = 811(1’) + 0801(1’). (411)

The transformations of the components are readily obtained

1
. / / n . / /
dugy =1 (2500u00 + €0y + €0 + i (2eh unn + enuyy)

3

810U10 -+ 610u10> 801U01 + 801u01> ,

"

51/41 =1 (2511u00 + 811U00 + €11> +1 2800u11 + 600U11)

N W

3
5’10U01 + 510U01> 58 o110 + 501u10) (412)

and
. 3 / / . 3 / / 1 "
(5’LL10 =1 55001610 + EooUpg | — ¢ 5811’&01 + €11Ug -+ 5 (810U00 + Epru11 + 510) ,

(3 (3 1
5’&01 = (5860'&01 + 600U61> —1 (§€'Hu10 + enu’w) + 5 (801U00 + E10U11 + 56/1) . (413)

It can be readily verified that the scaling dimension is determined as follows:

3 1

[woo] = [un] =2, uo] = un] = 5, eoo] = [en] = =1, [er0] = [e] = =5 (414)

It follows from these results that the currents ugg, 111, 419 and ug; can be identified with
a Zs-graded generalization of the Virasoro algebra. To see this explicitly, we need to
introduce a correct Poisson brackets structure.

The infinitesimal transformations (4.12) and (4.13) may be reproduced by the Poisson
bracket:

1
Su(e) = 5 $ du{K (), u(w)),
K(y) := kieoouoo + koe11un + kseiouio + kscoruon, (4.15)

where u(z) stands for the Z3-graded component currents and the k; constants have to be
determined. The Z2-graded Poisson bracket is defined by the relations

{ua, uy} = —(=1)% {uz, s} ] (4.16)
{uawy, ue} = ua {uy, ue} + (=1)"¢ {Uff» ue} ug, (4.17)
{U@, {uiﬁ ué}} = {{U@, ué}v ué} + (_1)@}) {ui)’ {uda ué}}’ (418>

where a, b, ¢ € Z3.
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By taking into account the Z2-grading and the scaling dimension we propose the

following Ansatz:

{Uoo Y), Ugo\T
{un Y), Ugo\T
{u10 Y), Uoo

{U01 Y), Uoo

8

8

8

(), uoo(x)} =
(), uoo(x)} =
(), woo(x)} =
(), woo(x)} =
{uin(y), unn(z)} = 6 )
{u10(y), urn (@)} = baugy (y)o(y — =
{uo1(y), uii (@)} = beuio(y)
{wio(y), wio(z)} =

(), wio(x)

(), vor ()} =

)
{uo1(y), uio(x)} = czuai(y)o(y —
)

(4.19)

where the prime stands for the derivative with respect to y and our convention for the

delta function is

JI—CL § eznx a)

ne’

L dé()—i/%dé()—
5 20(2) = 3 i xo(x) =

™

(4.20)

(4.21)

The constants a;, b;, ¢;, d; are fixed by the requirement that (4.15) and (4.19) repro-
duce the current transformations (4.12) and (4.13). We note that the Poisson brackets
{uy0, u11}, {wo1, w11}, {u10, w10} and {ug, ug1} are symmetric, but all others are antisym-

metric.
For each Z3-graded current, (4.15) gives the following conditions:

U conditions

Uoo - klag = /{2615 —22 k1a1 = k2a4 = —7/-, klag = —%,
—k3a7 = k4a9 32 —]{73(16 = ]{74CL8 =1

Uiy kiras = kaoby = —21, kras = koby = —, kobs = —35
—ksbs = ksby = %, —ksby = kybg =1

u: krag =kobs = =%, kyag = kobs = —i, kscr = kyco = kycs = 4

uor : kiag = koby = =3, kiag = kabg = —i, —kscy = kudy = kydy =1

(4.22)
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Solving these conditions give the results:

]{?1 =1, ]{32 = i, ]Cg = i, ]{?4 = —i,
1
a; = —1, a9 — —2, as — —5, ay = —1,
3 3
ag = —1, a7 = =3, ag = —1, g = —3,
1
bl = _17 b2 - _27 b3 - _57 b4 = _17
3
b = —1, by = 5
1 1
Cl =C = —— C3 = —
1 2 27 3 2a
1
dl — d2 - 5

Therefore, the Z3-graded currents satisfy the relations

{uoo(y),
{un(y),
{u10(y),

{uoi(y),
{un(y),
{u10(y),
{uo1(y),
{u10(y),
{uoi(y),

{uoi (),

o)} = —tho(4)3(y — ) — 2uon()8'(y — 1) — 2"y ),

ugo ()} = —uly (y)0(y — ) — 2u11 (y)o'(y — ),
uoo(2)} = —ulo(y)o(y — ) — Sur0(y)d'(y — ),

uoo ()} = —ug; (¥)0(y — ) — suoi(y)d'(y — x),

()} = —tho()3(y — 7) — 2uon()6'(y — 1) — 25"y )

un(z)} = —ug (¥)o(y — ) — suoi(y)d'(y — ),

unn(e)} = —uo()3(y — ) — Suo()5 (y — )

i

uyo(r)} = —§U00(y)5(y —r) - 55”(9 ),
wio(w)} = Sun(¥)d(y — )
uon ()} = Suoo(y)3ly — ) + 55"y — ).

13

(4.23)

(4.24)

These relations define a Z3-graded extension of the N' = 1 super-Virasoro algebra which
is recovered by either ugg, 119 or ugg, ug; subalgebras.

By expanding the Z2-graded currents into modes, we obtain from (4.24) the infinite
dimensional Z2-graded super-Virasoro algebra equipped with a Poisson-Lie structure. As
is well known in string theory, fermionic sectors are subject to either periodic (Ramond
sector) or antiperiodic (Neveu-Schwarz sector) boundary conditions [47, 48]. Assuming, as
usual, that the [00]-graded current is periodic, consistency with the current algebra (4.24)
imposes specific (anti)periodicity conditions on the remaining graded sectors. One should
note that even the exotic bosonic current uy; could satisfy either periodic or antiperiodic
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boundary condition. Therefore, three possible alternatives are admissible in association
with [11]/[10]/[01] graded sectors:

(i) R/R/R (i) R/NS/NS (i) NS/NS/R = NS/R/NS

where R and NS stand for the Ramond and Neveu-Schwarz sector, respectively. We
remark that these three admissible boundary conditions already appeared in the string
model induced from 1D Z3-graded supersymmetry [45].

Under these periodicity conditions, the Z2-graded currents may be expanded as

ugo(x) = Z L,e™, u(z) = Z H,e™*
P
urp(x) = Z G,e"*, upr () = Z F.e'® (4.25)

where n € Z is the index for [00]-sector (Ramond sector) and p,r, s are the indices for
[11], [10], [01]-sectors, respectively. The indices p,r, s take their values in Z if they are
in the Ramond sector or in Z + % if in the Neveu-Schwarz sector. Then we obtain the
relations of Z32-graded super-Virasoro algebra:

{Ln, Ly} =i(n —n) Ly + %n3(5n+n/70,
{H;m Ln} = Z(n - p)Hp+n7

(G Ly} =i (g - 7“) Gy, 4.28)
(F, L} =i (g - s> Fon, 4.29)
{Hy, Hy} = i(p' — p)Lpsy + %p35p+pf,o, (4.30)
(G H)Y =i (g - r> Frip, (4.31)
(Pt} =i (5 =5) G, (4.32)
{Gri G} =~ Lo+ 210040 (4.39)
(F.G) = LHaorr (4.34)
(PP} = L — 25600 (1.35)

where the indices take the following values according to the boundary conditions. (i) all
the indices are integer, (i) n,n’,p,p’ € Z and r,7’,s,s' € Z + %, (iii) n,n’,s,s" € Z and
p.p,rr €L+ 3.

We derive the Lie-Poisson algebra with a [00]-graded central extension, in which the
central charge takes a fixed value. The most general Z2-graded extension of the super-
Virasoro algebra admits two central extensions: one [00]-graded and the other [11]-graded
[44]. However, the extension admitting a [11]-graded central charge is not obtained within
the present framework. Another open problem is the possible isomorphism between two
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algebras characterized by R/R/R and R/NS/NS boundary conditions. It is known that
the N = 2 Ramond and Neveu-Schwarz superalgebras are isomorphic [49]. A similar
structure appears in the N' = 2 super-Virasoro algebra and the Z3-graded super-Virasoro
algebra derived in this section, as the latter also possesses two fermionic currents: one
[10]-graded and the other [01]-graded. Therefore, it is important to clarify whether the
isomorphism exists.

Finally, we comment that a different type of Z3-graded extension of super-Virasoro
algebra is discussed in [37] where the (00, 11,10,01)-graded currents have the scaling
dimensions (2,1, %, %), respectively. In contrast, the Zs-graded super-Virasoro algebra
presented in this work features scaling dimensions (2, 2, %, %) and is associated with the
Z3-super-Liouville equation (3.18).

The possibility of having inequivalent Z2-graded extensions of superalgebras was al-
ready mentioned in Introduction. Another illustrative example is provided by the two-
dimensional superPoincaré algebra, which admits Z3-graded extensions with two [11]-
graded translations [19], two [00]-graded translations [50] and one [00]-graded plus one
[11]-graded translation [45].

5 Zero-curvature formulation of the Z3-graded super-
Liouville equation

In this section and the following one, we investigate the integrability of the Z3-super-
Liouville equation derived via the soldering procedure described in §3. We first show that
the Zz2-super-Liouville equation can be formulated within the zero-curvature framework.
Three inequivalent Lax operators are found to be admissible for this formulation. Then,
we explicitly construct a solution to the equation.

5.1 Lax operators and zero-curvature equation

We return to the superfields defined on superspace with [00] and [10]-graded coordinates.
We now adopt a notation more suitable for the zero-curvature framework. The coordinate
of superspace are denoted by

[00] x4, x_, [10] O, 6_ (5.1)
and we write the corresponding covariant derivatives as
Dy = 0p, +1i0.04, Oy := 0y, . (5.2)
They satisfy the following relations:
{D+,D.} = 2i0y, {Dy,D_} =0. (5.3)

Denoting the superfields by ®go(zy,0+) and Pyq(z4,0+) we define the [10]-graded Lax
operators

Li=FDid+ 6:‘:(I)P:|:6:F<I> =FDiP + Ago Py +iA11Q+, (54)
1
(I) - 5(@00[(0 —|— (I)llLO) (55)
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where 1 1
AOO = e%‘boo cosh 5(1)11, All = G%(I)OO sinh 5(1311. (56)

Following the general construction of integrable systems, we consider the linear system
(D: —LL)T =0 (5.7)

where T is an element of the group generated by g. The compatibility condition of the
system is the zero-curvature condition which is in the present case given by

D+£7 + D7£+ — {£+, ,C,} == 0 (58)

Using only the algebraic structure of g, one may obtain the following equations from the
zero-curvature condition:

D D_®g = e*® cosh @y,  DyD_&y; = e®®sinh &y, (5.9)
and

1
Dy Ay = §(Di¢’00 - Ago + Di®yy - Anr),

1
DiAll = §(Diq)00 . All -+ Diq)ll : Ago). (510)

As is readily seen from (5.6), the equations in (5.10) are identities. Whereas the equations
in (5.9) are non-trivial dynamical equations which are identical to (3.18).

5.2 Alternative Lax operators

We show that the Z2-super-Liouville equation in the component form (3.20), (3.21) admits
an alternative Lax operator formulation. Let us consider a Z3-graded superspace with
coordinates

[00] Ty, T, [10] 910, [01] 901 (511)

where 61, 6y; are nilpotent and mutually commuting. The corresponding covariant deriva-
tives are defined as

DlO - 8910 + i9106+, DOl - 8901 + 2’901(9, (512)

and satisfy the relations:

{Dlg, DlO} = 2i6+, {D(n, DOl} = 22'8_, [Dlg, D[)l] = 0. (513)
We introduce the [00]-graded superfield ® (., 619, 6o1) defined by
1 3
@ = 5 (@ooKo + BuiLo) (5.14)

where ®gy and ®1; are also superfields on the Z3-graded superspace (5.11). We define the
[10] and [01]-graded Lax operators:

L= —Dy® + eéPJre*cb = —Dyg® + Ag Py +iA1Qy,
EOl = D[)li) -+ 67&>P+€Ci) = Dlo(i + AOOQ* - izzlllp, (515)
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where 1 1
AOO = e%‘boo cosh 5&)11, All = G%(I)OO sinh 5&)11. (516)
The zero-curvature condition for these Lax operators takes the form
D1oLo1r — Do1L1o — [L10, Loi] =0 (5.17)

Using only the algebraic structure of g as in the previous subsection, one may obtain the
following equations from the zero-curvature condition:

D10D01&)00 = Z.G&)OO sinh élla DlODﬂli)ll = z'eéoo cosh &)11 (518)

The difference from the previous choice of Lax operators is that no equations correspond-
ing to (5.10) are obtained in this case.
By expanding the superfields ®q, and ®;; as

Doo = @oo + Or0t10 + 100101 — 010001 F11,
D1y = @11 + 1001 + 001910 — 1610001 Foo,
one readily verifies that the equations (5.18) are equivalent to (3.20) and (3.21).

(5.19)

5.3 Lax operators with spectral parameter

It is possible to formulate the component equations (see (3.20), (3.21) and (3.22)) by
the Lax operators with a spectral parameter and without using the superfields. Let us
introduce the loop extension of g defined by

K, = \"® K,, Kf:=\"® Ky, LY =\"® Ly,

PE=X"®@ P, QfF =)\"®Q:. (5.20)
where n € Z and X is a parameter. These form an infinite dimensional Z3-graded Lie
superalgebra. This algebra has central extensions and derivations with non-trivial grading

[44]. However, these are not necessary for our current purpose.
We define the [00]-graded Lax operators using the elements of (5.20):

Ly = =0, 000K — OypiLo — i(KS + Ky) + P + i QF,

Ln = )\n X Lo,

L =ie**(cosh 2y - Ky +sinh 201 - L,) + e (AjgP7, +iA1 Q). (5.21)
It is then straightforward to verify that the zero-curvature condition
87.,%4, — a+$7 + [34,,37] == 0 (522)

gives the component form of the Z3-super-Liouville equation.
To show the spectral parameter dependence more explicitly, we present the matrix
representation of .2, in the space of six-dimensional representation of g given in §2.2:

[ —0ip00  —iN? —0ipn 0 Mg iAo
—iA2 L0 0 Oy 011 0 0
2, —(96%011 ; 0 —34‘#,0200 —iX? | =M1 —iddyg (5.23)
o1 —IA D400 0 0
0 — Ao 0 — o1 0 0
i 0 —iMo1 0 I 0 0
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[ 0 0 0 0 0 0 1
N 2o 0 iNTEfi 0 =ATlePA g —iATTetw Ay
v _ 0 0 0 0 0 0 (5.24)
- iINT2 1 0 A 2fy 0| A levohy  iATle®oo Ay, '
A TP, 0 —ATe*0Ay 0 0 0
i —iATtePO Ay 0 —idTtefA,, O 0 0 ]

where foo 1= €27 cosh 211, f11 1= %% sinh 2¢p;.

5.4 Reconstruction of the superfields

In this subsection, we solve the Z3-super-Liouville equation (5.9) by the method developed
in [30, 31, 32]. First, note that solutions of the zero curvature condition is pure gauge:

L. = (DT)T7 (5.25)
We write T" in two different ways (generalized Gauss decomposition)
T =e"NyiB:, Ni€exp(gs), B € exp(h @ gs) (5.26)
Substituting this into (5.25) and comparing with (5.4), we obtain
Ny(DyB:)B:'N'= —DyNy - Ni' + P Pre™?. (5.27)
The RHS is in g4, while the LHS is in h & g+ which implies the followings
D.B; =0, (5.28)
(DLNi)Nit = e Pe™® = P (cosh y; - Pe +isinh @y - Q). 5.29)
On the other hand, substitution 7' = e*® N2 By into (5.25) gives
(DiBL)Bi' = —N;lDiNjF + N;I(ZFQDiq) + Py)N+
= P, + (terms in h & g). (5.30)
Now we parametrize By as
By = ef+Kogo=logtKs grsLs gosPr Qs (5.31)

where the parameters are superfields (functions of z, 0) with the following Z32-gradings

[00] fs, s, [01] S+

and are Z3-commutative. The condition (5.28) implies that all the superfields are chi-
ral, ie., fi(xy,0y), f-(x_,0_), etc. From (5.30) we obtain several constraints on the
superfields:

[11] gs, 7+, [10] o, (5.32)

Digy = (Diay)oy £ (Dify)pse =0,

Diri + Qi(DiBi)Oéi =0 (533)
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and
Diay = e™/* cosh gy, D, By = FieT/*sinhg,. (5.34)

Let | ) be a lowest weight vector introduced in §2.2. The following relations follow
immediately from the lowest weight nature of | ) :

(le*T=(|B-, (e"T)7'|)=B:"]) (5.35)
which give the reconstruction of ®oy and ®;; in terms of the chiral superfields in (5.31):
(1e**]) = (| B-(2-,0-)B (2+,0,) ] ). (5.36)

The LHS is easily computed to get
(00]€**|00) = e~®* cosh @, (11]€**|00) = —e~® sinh ® ;. (5.37)

After a lengthy computation, the corresponding RHS can be obtained, providing the
solution to the Z2Z-super-Liouville equation:
e cosh @1y = e+ /- (Woo cosh(gy — g—) + Wiy sinh(gy — g-)), (5.38)
e~ *® sinh @1y = —e/+ 7/~ (Wog sinh (g — g—) + Wiy cosh(gy — g-)) (5.39)

where

Woo =1+aya+ 516 —qrqg- — By R,
W11 = —Z'Oé+ﬁ7 -+ Z'CY,B+ — Q+R7 — q7R+ (540)

with Ri =T+ + z'aiﬁi.

5.5 Checking the solution

We here present a proof that (5.38) and (5.39) are indeed the solutions to the Z2-super-
Liouville equation. We do this by direct computation. Solving (5.38) and (5.39) for
cosh ®1; and sinh ®;; and using cosh? x — sinh? 2 = 1, we get

e 2%00 — 62(f+*f—)(W020 _ W121>7 (541)
Woo sinh(g+ — g—) + Wiy cosh(gy — g-)

tanh ®;; = — .
e Woo cosh(gy — g-) + Wiy sinh(gy —g-)

(5.42)

Then, it is not difficult to compute the covariant derivatives of the superfields:

1
(73— WA
— 2WooW11(D+Woo - D-Wiy — D_Wy - D1 W)

— (Wo = W) (Woo Dy D-Wog — Win Dy D_Wh)] (5.43)

D, D_®y = (W + W) (D Woo - D-Woy — Dy Wiy - D_Why)
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and
1
W —WAP
— 2WooWi1 (D4 Woo - D_-Woo — DiWiy - D_Why)
— (Wgo = W) (Woo Dy D-Wyy — Wiy Dy D_Wo)]. (5.44)

D, D_&y; = (W + W) (DsWoo - D-Wyy — D_Wyg - DL Why)

We rewrite the above equations by using the constraints (5.33) and (5.34). Using the
constraints (5.33), one may see that

D Wy =+ Doy F B+D4 By,

DiWH = :F7;<=@:|:Diai + ﬂ:':Diﬁi) (545)
where
Ay = og + qrog + iR By, deg(a) = [10],
By = Py + QiﬂiF - iRi@¥> deg(%i) = [01]- (5-46)

It follows that

DyWoo - D-Woo — DyWhy - D_Why = (A + BB _)Doo + (7B — . PB_)Du,
D Woo- D-Wyy — DyWiy - D Wy = —i(, A+ B PB_)Diy + i(F- By — 1B )Duo

(5.47)
where
. (5:34) g 4f
Doy :=Dyay-D_a-—Dyfi-D_p_ ="¢ cosh(g+ —g-),
Dy = Diay D f_+D_a_ D,y "2 ief++-sinh(g, — g_) (5.48)
and the following relations hold true:
Ao+ BB = (ara_ + i )Woo + i(a_fBt — ar S )W,
M—‘%-F — MJ’_(%_ = —7:<Oé+06_ + 6+6_)W11 + (06_5+ — Oé+/8_)W00. (549)
Then, we obtain the second order derivatives:
DD Wy = —(1 —ara_ — B:8-)Doo + (a-f+ — af-)Dn
D+D_W11 = 7,(]. — L — 6+6_),D11 + i(()é_6+ - Oé+B_)D00. (550)

With these, one may compute (5.43) and (5.44) as follows:

1 .
DyD_®y = W(Woopoo + W11 Dy1)
o0 — Wii
—fr+r-
(5.48) € _
- W2 — W2 (WOO COSh(g_,,_ - g—) + Wi Slnh(g+ - g—))
00 i1

= €% cosh ®y; (5.51)
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and
—1
D.D_ &, = ———— (WD WooD
+ 11 W[?O—Wfl( 11Doo + iWooD11)

P [

(5.48) —e )

-4 TR (Wii cosh(gy — g—) + Wog sinh(g; — g-))
= %00 cogh Py (5.52)

This completes the check of the solutions.

6 Z3-graded Backlund transformations

It is known that the Liouville equation has two Béacklund transformations, one is the
transformation to the free equation and the other is the auto-Backlund transformation.
These play important roles of integrability of the equation and the corresponding trans-
formations for the super-Liouville equation is also known [27]. In this section, we present
a Zz2-graded version of those transformations.

Suppose that ®gy and ®y; solve the Z2-super-Liouville equation (5.9). We denote the
transformed superfields by ®gg, ®1; and write the linear combination as

1 - 1 =
Vi:= 5(‘1’00 + @), Wy = 5(@11 + dyy). (6.1)

To define Backlund transformations we need introduce two additional superfields:
Azxy,0y), T(zs,0i), deg(A) = [10], deg(T") = [01]. (6.2)
Then, a Backlund transformation is defined as follows
D.V, = gev‘ (AcoshW_ + I'sinh W_),
D V. = %ew (Acosh W, + I'sinh W)
D W, = ger (Asinh W_ + T cosh W_),
D_W_ = %eVJr (Asinh W, + T cosh W,)

1
D A =¢e""coshW_, D_A=—=¢" coshW,
a

1
D.I' =¢"sinhW_, D_T'=——¢"*sinh W, (6.3)

a

where a is a non-zero constant. We claim that @00, &Dn solve the free equations:
D,.D_&y = D, D_&y; = 0. (6.4)
This can be verified straightforwardly. The relations (6.3) imply
2D, D_Vy = ¢®® cosh @y, 2D, D_Wy = e sinh ;. (6.5)
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Assuming that ®gy and ®; solve the ZZ-super-Liouville equation (5.9), these relations
lead directly to the free equations (6.4).

An auto-Backlund transformation, which transforms the Zz2-super-Liouville equation
to themselves, is defined by

DV, = a(A cosh V_ cosh W_ + I'sinh V_ sinh W,),
D_V_ ="+ (Acosh W, + I'sinh W),
D W, =a (A sinh V_ sinh W_ + I" cosh V_ cosh W,) ,
D_W_ = e (Asinh W, + T coshW,),

1
DA =sinhV_coshW_, D_A = —=e" cosh Wy,
a
1
D.T' = coshV_sinhW_, D_I' = —=¢"* sinh W, (6.6)
a

where a is a non-zero constant. It is readily seen that if ®yy and ®q; satisfy (5.9), then
éoo and &)11 do so as well.

The generalized current conservation laws arise from the (auto-)Bécklund transforma-
tions. We define the following Z2-graded currents:

Ji5 = D=A, Ji& = DT,
Jio = +JsAF IS0, J5 = £J50 F J5A. (6.7)

Here J3 and Ji& are given by (6.3) for the Bécklund transformation and by (6.6) for the
auto-Backlund transformation. These currents satisfy the generalized conservation laws

D,JF+D_J; =0, «e€{00,11,01,10} (6.8)
which can be readily verified by using the relations

(DxJgo)A = (D J55)T = 0,
(DLJ3)T — (DL J5)A = 0. (6.9)

7 Conclusions

We have derived an integrable Zz2-graded extension of the super-Liouville equation and
investigated its properties, along with the associated current algebra, which constitutes
a new Zs3-graded extension of the super-Virasoro algebra. This was done within the
framework of Polyakov’s soldering and the zero-curvature formulation. Explicit solutions
of the derived equation were constructed by extending the method developed by Leznov
and Saveliev. An auto-Backlund transformation was presented, along with a Bécklund
transformation to the free equation.

The graded extension of the super-Virasoro algebra was defined as a Poisson-Lie alge-
bra, and we observed the presence of a non-vanishing [00]-graded central charge, despite
the fact that the present theory is formulated within the framework of classical field theory.
We pointed out that three inequivalent (anti)periodic boundary conditions are admissible
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in the mode expansion of the Z3-graded currents. As a consequence, we obtained three
distinct Z3-graded extensions of the super-Virasoro algebra. However, the question of
whether these algebras are equivalent remains an open problem.

The present work is based on a Zz2-graded extension of 0sp(1|2), and we have considered
only [00] and [10]-graded superspace coordinates. This suggests the possibility of further
Z3-graded extensions of the super-Liouville equation. For instance, one may consider
alternative Z3-graded extensions of osp(1]|2), as the algebra admits some inequivalent
Z3-graded extensions [3, 6, 13, 15, 17, 29]. It is also possible to formulate the theory
on a superspace that includes [11]-graded coordinates. The square of the [11]-graded
coordinate can be regarded as an emergent [00]-graded coordinate [45, 51, 39]. Therefore,
incorporating [11]-graded coordinates into the superspace may lead to integrable systems
formulated in higher-dimensional spacetime.

Another interesting direction for future research is the study of integrable systems
based on higher-rank Z2-graded superalgebras such as Z2-graded version of 5[(2]1), 0sp(2]2)
and their affine extensions. Repeating the present analysis within a simplified superspace,
as considered in this work, may lead to integrable systems that go beyond the Z3-super-
Liouville equation, since higher-rank algebras allow for the introduction of additional
fields and interactions associated with the increasing number of simple roots. In this way,
Z3-graded superalgebras are expected to give rise to a rich landscape of novel integrable
systems.

Acknowledgments

The authors are grateful to Z. Kuznetsova for her contributions at the early stage of
this work and for the stimulating and fruitful discussions throughout the project. This
work was partially supported by the Global Strategy Fund of OMU. N. A. and R. I. are
deeply grateful to CBPF and UFABC, where this work was completed, for hospitality.
N. A. is supported by JSPS KAKENHI Grant Number JP23K03217. R. L. is supported
by JST SPRING, Grant Number JPMJSP2139. F. T. is supported by CNPq (PQ grant
308846/2021-4).

References

[1] N. Aizawa, Ren Ito, Z. Kuznetsova, Toshiya Tanaka and F. Toppan, Integrable Z3-
graded extensions of the Liouville and Sinh-Gordon theories, J. Phys. A: Math. Theor.
58, 055201 (2025).

[2] V. Rittenberg and D. Wyler, Generalized superalgebras, Nucl. Phys. B 139, 189 (1978).

[3] V. Rittenberg and D. Wyler, Sequences of Zo ® Zs graded Lie algebras and superalge-
bras, J. Math. Phys. 19, 2193 (1978).

[4] R. Ree, Generalized Lie elements, Canad. J. Math. 12, 493 (1960).

[5] M. Scheunert, Generalized Lie algebras, J. Math. Phys. 20, 712 (1979).



CBPF-NF-004/25 24

[6] H. S. Green and P. D. Jarvis, 1983 Casimir invariants, characteristic identities, and
Young diagrams for color algebras and superalgebras, J. Math. Phys. 24, 1681 (1983).

[7] W. M. Yang and S. C. Jing, A new kind of graded Lie algebra and parastatistical
supersymmetry, Sci. in China (Series A) 44, 9 (2001).

[8] V. N. Tolstoy, Once more on parastatistics, Phys. Part. Nucl. Lett. 11, 933 (2014).

9] Z. Kuznetsova and F. Toppan, Classification of minimal Zs X Zs-graded Lie (su-
per)algebras and some applications, J. Math. Phys. 62, 063512 (2021).

[10] F. Toppan, Inequivalent quantizations from gradings and Zo X Zo-graded parabosons,
J. Phys. A: Math. Theor. 54, 355202 (2021).

[11] N. I. Stoilova and J. Van der Jeugt, On classical Zo X Zs-graded Lie algebras, J.
Math. Phys. 64, 061702 (2023).

[12] A. M. Polyakov, Gauge transformations and diffeomorphisms, Int. J. Mod. Phys. A
5, 833 (1990).

[13] N.I. Stoilova, J. Van der Jeugt, The Zo X Zy-graded Lie superalgebra pso(2m + 1|2n)
and new parastatistics representations, J. Phys. A: Math. Theor. 51, 135201 (2018).

[14] F. Toppan, Zy X Zo-graded parastatistics in multiparticle quantum Hamiltonians, J.
Phys. A: Math. Theor. 54, 115203 (2021).

[15] N. L. Stoilova, J. Van der Jeugt, The Zy X Zy-graded Lie superalgebras pso(2n+1|2n)
and pso(oo|oo), and parastatistics Fock spaces, J. Phys. A: Math. Theor. 55, 045201
(2022).

[16] M. M. Balbino, I. P. de Freitas, R. G. Rana and F. Toppan, Inequivalent Z}-graded
brackets, n-bit parastatistics and statistical transmutations of supersymmetric quantum
mechanics, Nucl. Phys. B 1009, 116729 (2024).

[17] N. L. Stoilova, J. Van der Jeugt, Orthosymplectic Zo X Zo-graded Lie superalgebras
and parastatistics, J. Phys. A: Math. Theor. 57, 095202 (2024).

[18] M . A. Vasiliev, de Sitter supergravity with positive cosmological constant and gener-
alised Lie superalgebras, Class. Quantum Gravity 2, 645 (1985).

[19] V. N. Tolstoy, Super-de Sitter and alternative super-Poincaré symmetries, in Lie The-
ory and Its Application in Physics (Ed. V. Dobrev), Springer Proceedings in Mathe-
matics, v. 111, 357 (2014).

[20] A. J. Bruce and S. Duplij, Double-graded supersymmetric quantum mechanics, J.
Math. Phys. 61, 063503 (2020).

[21] N. Aizawa, K. Amakawa, S. Doi, N -Eztension of double-graded supersymmetric and
superconformal quantum mechanics, J. Phys. A: Math. Theor. 53, 065205 (2020).



CBPF-NF-004/25 25

[22] C. Huerta Alderete and B. M. Rodriguez-Lara, Quantum simulation of driven para-
Bose oscillators, Phys. Rev. A 95, 013820 (2017).

(23] C. Huerta Alderete, A. M. Greene, N. H. Nguyen, Y. Zhu, B. M. Rodriguez-Lara and
N. M. Linke, Ezperimental realization of para-particle oscillators, Scientific Reports,
15, 41498 (2025).

[24] F. Toppan, Transmuted spectrum-generating algebras and detectable parastatistics of
the Superconformal Quantum Mechanics, J. Phys.: Conf. Ser. 2667, 012014 (2023).

[25] H. S. Green, A generalized method of field quantization, Phys. Rev. 90, 270 (1953).

[26] O. W. Greenberg and A. M. Messiah, Selection rules for parafields and the absence
of para particles in nature, Phys. Rev. 138, B1155 (1965).

[27] M. Chaichian and P. P. Kulish, On the method of inverse scattering problem and
Bdécklund transformations for supersymmetric equations, Phys. Lett. B 78, 413 (1978).

28] A. N. Leznov, M. V. Saveliev and D. A. Leites, Superalgebra b(0,1) and explicit
integration of the supersymmetric Liouville equation, Phys. Lett. B 96, 97 (1980).

[29] R. Liuand Y. Tan, Construction of color Lie algebras from homomorphism of modules
of Lie algebras, J. Algebra 620 (2023), 1.

[30] A. N. Leznov and M. V. Savel’ev, Representation of zero curvature for the system

of non-linear partial differential equations x, .z = exp(kx), and its integrability, Lett.
Math. Phys. 3, 489 (1979).

[31] A. N. Leznov and M. V. Savel’ev, Two-dimensional exactly and completely integrable
dynamical systems: Monopoles, instantons, dual models, relativistic strings, lund-regge
model, generalized Toda lattice, etc., Comm. Math. Phys. 89, 59 (1983).

[32] A. N. Leznov and M. V. Savel’ev, Two-dimensional supersymmetric nonlinear equa-

tions associated with embeddings of the superalgebra osp(1,2) in Lie superalgebras,
Theor. Math. Phys. 61, 1056 (1984).

[33] F. Toppan, On the superLiouville theory, Phys. Lett. B 260, 346 (1991).

[34] F. Toppan, Y.-Z. Zhang, Superconformal affine Liouville theory, Phys. Lett. B 292,
67 (1992).

[35] E. Ivanov and F. Toppan, N=2 Superconformal Affine Liouville Theory, Phys. Lett.
B 309, 289 (1993).

[36] E. A. Ivanov and S. O. Krivonos, U(1)-supersymmetric extension of the Liouville
equation, Lett. Math. Phys. 7, 523 (1983).

[37] A. A. Zheltukhin, Para-Grassmann extension of the Neveu-Schwartz-Ramond alge-
bra, Theor. Math. Phys. 71, 491 (1987) (Teor. Mat. Fiz. 71, 218 (1987)).



CBPF-NF-004/25 26

[38] A. J. Bruce, Is the Zy X Zsy-graded sine-Gordon equation integrable?, Nucl. Phys. B
971, 115514 (2021).

[39] N. Aizawa, Ren Ito and Toshiya Tanaka, Z3-graded supersymmetry via superfield on
minimal Z3-superspace, J. Phys. A: Math. Theor. 57, 435201 (2024).

[40] W. A. Sabra, Hidden Kac-Moody symmetry and 2D Quantum Supergravity, Nucl.
Phys. B 375, 82 (1992).

[41] W. A. Sabra, Classical Hamiltonian Reduction and Superconformal Algebras, Phys.
Lett. B 313, 68 (1993).

[42] K. Amakawa, N. Aizawa, A classification of lowest weight irreducible modules over
Z3-graded extension of osp(1]2), J. Math. Phys. 62, 043502 (2021).

[43] F. S. Alshammari, Md F. Hoque, J. Segar, The osp(1|2) Zy X Zs graded algebra and
its irreducible representations, arXiv:2306.12381 [math-ph)].

[44] N. Aizawa and J. Segar, Affine extensions of Z3-graded osp(1|2) and Virasoro algebra,
Int. J. Geom. Methods Mod. Phys. to appear.

[45] N. Aizawa, R. Tto, Z. Kuznetsova and F. Toppan, New aspects of the Z3-graded 1D
superspace: induced strings and 2D relativistic models, Nucl. Phys. B 991, 116202
(2023).

[46] F. Toppan, On anomalies in classical dynamical systems, J. Nonlinear Math. Phys.
8, 518 (2001).

[47] P. Ramond, Dual Theory for Free Fermions, Phys. Rev. D 3, 2415 (1971).

[48] A. Neveu and J. H. Schwarz, Factorizable dual model of pions, Nucl.Phys. B 31, 86
(1971).

[49] A. Schwimmer and N. Seiberg, Comments on the N = 2,3,4 superconformal algebras
in two dimensions, Phys. Lett. B 184, 191 (1987).

[50] A. J. Bruce, Zy X Zsy-graded supersymmetry: 2-d sigma models, J. Phys. A: Math.
Theor. 53, 455201 (2020).

[51] N. Aizawa and Ren Ito, Integration on minimal Z3-superspace and emergence of
space, J. Phys. A: Math. Theor. 56, 485201 (2023).



NOTAS DE FISICA é uma pré-publicagao de trabalho original em Fisica.
Pedidos de cépias desta publicacao devem ser enviados aos autores ou ao:

Centro Brasileiro de Pesquisas Fisicas
Area de Publicagoes

Rua Dr. Xavier Sigaud, 150 — 42 andar
22290-180 — Rio de Janeiro, RJ

Brasil

E-mail: alinecd@cbpf.br/valeria@cbpf.br
http://portal.cbpf.br/publicacoes-do-cbpf

NOTAS DE FISICA is a preprint of original unpublished works in Physics.
Requests for copies of these reports should be addressed to:

Centro Brasileiro de Pesquisas Fisicas
Area de Publicacoes

Rua Dr. Xavier Sigaud, 150 — 4° andar
22290-180 — Rio de Janeiro, RJ

Brazil

E-mail: alinecd@cbpf.br/valeria@cbpf.br
http://portal.cbpf.br/publicacoes-do-cbpf



	1
	2
	Introduction
	Z22-graded extension of osp(1|2)
	Definitions
	Representations

	Z22-super-Liouville equation by Polyakov's soldering
	Z22-graded super-Virasoro algebras
	Zero-curvature formulation of the Z22-graded super-Liouville equation
	Lax operators and zero-curvature equation
	Alternative Lax operators
	Lax operators with spectral parameter
	Reconstruction of the superfields
	Checking the solution

	Z22-graded Bäcklund transformations
	Conclusions

	3

