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Abstract

In this paper we present a general framework to construct integrable Z2
2-graded

extensions of classical, two-dimensional Toda and conformal affine Toda theories.
The scheme is applied to define the extended Liouville and Sinh-Gordon models;
they are based on Z2

2-graded color Lie algebras and their fields satisfy a parabosonic
statistics. The mathematical tools here introduced are the Z2

2-graded covariant
extensions of the Lax pair formalism and of the Polyakov’s soldering procedure.
The Z2

2-graded Sinh-Gordon model is derived from an affine Z2
2-graded color Lie

algebra, mimicking a procedure originally introduced by Babelon-Bonora to derive
the ordinary Sinh-Gordon model. The color Lie algebras under considerations are:
the 6-generator Z2

2-graded sl2, the Z2
2-graded affine ŝl2 algebra with two central

extensions, the Z2
2-graded Virasoro algebra obtained from a Hamiltonian reduction.
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1 Introduction

This paper presents a general framework to construct integrable Z2
2-graded extensions

(Z2
2 := Z2 × Z2) of classical, two-dimensional Toda and conformal affine Toda models.

The theories under consideration possess a Z2
2-graded color Lie algebra structure (see,

for a definition, [1, 2] and [3]); due to that, their component fields satisfy a parabosonic
statistics.

Two mathematical tools are employed to prove the integrability: the first one is a
Z2

2-graded extension of the so-called Polyakov’s soldering procedure [4]; the second one is
a Z2

2-graded covariant extension of the Lax pair formalism introduced in [5] for ordinary
simple Lie algebras.

The above schemes are applied to construct the Z2
2-graded versions of:

- the Liouville equation, derived from a 6-generator Z2
2-graded sl2 color Lie algebra and

- the Sinh-Gordon model, derived from the Z2
2-graded affine ŝl2 color Lie algebra with two

central extensions; the latter case mimicks the Babelon-Bonora construction [6] of deriving
the ordinary Sinh-Gordon model as a conformal affine Liouville theory with spontaneously
broken conformal invariance.

Before further commenting the issues of Z2
2-graded integrability, we briefly review the

state of the art about the investigations regarding the [1, 2, 3] Z2
2-graded color Lie algebras

and superalgebras. These extensions of ordinary Lie (super)algebras opened new areas
of research which are of interest in both physics and mathematics. Symmetries implied
by Z2

2-graded color Lie superalgebras appear in different physical systems, such as the
de Sitter supergravity [7], the nuclear quasi-spin [8], the equations of the nonrelativistic
Lévy-Leblond spinors [9, 10] and so on.

Color Lie (super)algebras define different types of parastatistics, see [11, 12, 13, 14, 15,
16]. Color Lie algebras imply the presence of both bosonic and parabosonic particles, while
color Lie superalgebras introduce parafermions which obey the Pauli exclusion principle.
It is natural, due to the fact that color superalgebras generalize ordinary superalgebras
and supersymmetry, that they have been more investigated in the literature with respect
to their color Lie algebra counterparts; classical and quantum models invariant under
Z2

2-graded color Lie superalgebras have been constructed in [17, 18, 19, 20, 21, 22, 23].
The interest in the possibilities offered by physical theories presenting color Lie algebra
parabosons is more recent, see [22, 16, 24, 25, 26]. More mathematical topics are the
investigations of graded supergeometry (see [27, 28] for a review), the color superspace
formalism, see [29, 30, 31].

The possibility to detect paraparticles gained traction in recent years. The exper-
imentalists learned how to simulate paraoscillators [32] and even engineer them in the
laboratory [33] by using trapped ions. On the theoretical side it has been shown, see
[15, 16] and also [34, 35], that certain results implied by Z2

2-graded paraparticles cannot
be reproduced by ordinary Bose-Fermi statistics.

For all these reasons the field of Z2
2-graded physics is at present quite an active area

of investigations. Obviously, the notion of integrability in the Z2
2-graded context is one of

the topics which needs to be elucidated. Some papers already started to investigate this
issue, see [36, 37]. The focus of these works has been in presenting Z2

2-graded invariant
extensions of classical, two-dimensional integrable models. The present paper is the first
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one, as far as we know, to directly address the issue of the Z2
2-graded integrability by

the mathematical tools mentioned before. We make some further comments about their
ordinary counterparts. The Polyakov’s soldering [4] is an effective and easy-to-implement
approach (therefore, particularly suited for our scopes) to perform the Drinfeld-Sokolov
[38] Hamiltonian reduction. The Lax pair formulation allows to reconstruct, see [39], the
solutions of the Toda field equations from chiral/antichiral free fields. The ordinary Toda
field theories defined for a simple Lie algebra g are obtained as Hamiltonian reductions
of the free Wess-Zumino Novikov Witten (WZNW) models whose current algebras are
chiral/antichiral copies of the affine Lie algebra ĝ. The [6] Conformal Affine Liouville
model belongs to the general class of Conformal Affine Toda theories which are obtained
as Hamiltonian reduction of free WZNW models defined for ĝ. The associated current

algebras (often denoted as ̂̂g) are [40] “double Kac-Moody algebras”; they are the classical
counterparts, recovered in a limit, of the quantum toroidal algebras which gained attention
in recent years, see e.g. [41].

The formulation of Z2
2-graded Toda field theories shares some common properties with

the formulation of the N = 1, 2 supersymmetric Toda field theories. Just like the N = 1
case, the simple roots are graded; this requires to introduce, for consistency, graded
covariant derivatives and graded space-time coordinates (the N = 1 superToda models
are constructed, see [42], from superalgebras admitting odd simple roots). Just like the
N = 2 case, the simple roots are split into conjugate pairs. It then follows, see [43] for the
N = 2 superToda theories, that the equations of motion are not recovered from a single
Lax pair, but from two, conjugated, Lax pairs.

We postpone to the Conclusions further comments about the construction of Z2
2-graded

integrable systems, the results presented in the paper and the further lines of investigation
which they open.

The scheme of the paper is the following: in Section 2 we recall the definition of Z2
2-

graded color Lie algebras and introduce a color Lie algebra extension of sl2, denoted by
Z2

2-sl2, and its affinization Z2
2-ŝl2. It is shown that Z2

2-sl2 has two Casimir; a quaternionic
matrix presentation of Z2

2-sl2 which is used extensively in the paper is also given. In
Section 3 the Z2

2-graded Liouville equation is derived via the Polyakov’s soldering proce-
dure. The related infinite dimensional color Lie algebras are discussed in Section 4. It
will be shown that the current algebra of the Z2

2-sl2 case is a Z2
2-graded version of the

affine sl2 algebra with a single central extension. As pointed out in [4], the Virasoro
algebra is derived from the Hamiltonian reduction of SL(2) gauge transformations. In
the present case of Z2

2-sl2, we obtain a Z2
2-graded extension of the Virasoro algebra. All

this is formulated in the Hamiltonian mechanics at the classical level. Section 5 presents
the zero-curvature formulation of the Z2

2-graded Liouville equation. Component expan-
sions and matrix presentations of the derived equation are investigated in some detail. In
Section 6 the zero-curvature formulation is also applied to Z2

2-ŝl2 in order to obtain the
Z2

2-graded Sinh-Gordon model. Component expansions and matrix presentations are also
discussed. Further comments about the results of the paper, the mathematical features of
the Z2

2-graded integrability and further lines of investigations are given in the Conclusions.
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2 Z2
2-graded color Lie algebras Z2

2-sl2 and Z2
2-ŝl2

2.1 Z2
2-graded color Lie algebras

Let us recall the definition of the Z2
2-graded color Lie algebra. Let g be a vector space

and â = [a1a2] an element of Z2
2. Suppose that g is a direct sum of graded components

g =
⊕
â∈Z2

2

gâ = g[00] ⊕ g[10] ⊕ g[01] ⊕ g[11]. (2.1)

If g admits a bilinear operation (the graded Lie bracket), denoted by ·, · and satisfying
the identities

Aâ, Bb̂ ∈ gâ+b̂, (2.2)

Aâ, Bb̂ = −(−1)â·b̂Bb̂, Aâ, (2.3)

(−1)â·ĉAâ, Bb̂, Cĉ + (−1)b̂·âBb̂, Cĉ, Aâ + (−1)ĉ·b̂Cĉ, Aâ, Bb̂ = 0, (2.4)

where Aâ, Bâ, Câ are homogeneous elements of gâ and

â+ b̂ = [a1 + b1, a2 + b2] ∈ Z2
2, â · b̂ = a1b2 − a2b1 ∈ Z2, (2.5)

then g is referred to as a Z2
2-graded color Lie algebra.

It is clear from the definition that the graded Lie brackets are realized by commutators
and anticommutators as follows

[g[00], gâ], [gâ, gâ], {gâ, gb̂}, â 6= b̂ 6= [00]. (2.6)

As an ordinary Lie algebra, one may define the adjoint action of g on itself:

ad : g× g→ g, adA(B) := A,B. (2.7)

It follows from the Z2
2-graded Jacobi identity (2.4) that the adjoint action is an algebraic

homomorphism
adA,B = adA, adB. (2.8)

Thus we have the adjoint representation of g by its adjoint action.

2.2 Z2
2-sl2: Z2

2-graded extension of sl2

In the present work we consider a Z2
2-graded extension of sl2 which is defined as follows.

Its basis and their gradings are summarized in the table below:

[00] [10] [01] [11]

+1 E+ D+

0 H Z

−1 E− D−

(2.9)
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The first column is the eigenvalue of ad1
2
H. The defining relations are given, in terms of

(anti)commutators, by

[H,Z] = 0, [H,E±] = ±2E±, [H,D±] = ±2D±,

{Z,E±} = 2D±, {Z,D±} = 2E±, [E+, E−] = H,

{E±, D±} = 0, {E±, D∓} = Z, [D+, D−] = H. (2.10)

We also denote the basis in the ordered form

(X1, X2, . . . , X6) = (H,Z,E+, E−, D+, D−) (2.11)

and the defining relation by
Xa, Xb = fab cX

c, (2.12)

where here and in the following the sum over the repeated indices is understood.
The matrices of the adjoint representation accommodate the Z2

2-grading according to
the position of the non-vanishing entries:

H Z E+ E− D+ D−

H 00 11 10 10 01 01

Z 11 00 01 01 10 10

E+ 10 01 00 00 11 11

E− 10 01 00 00 11 11

D+ 01 10 11 11 00 00

D− 01 10 11 11 00 00

(2.13)

The diagonal entries are [00]-graded, so one can define the trace of the adjoint matrix.
We now introduce two bilinear forms on Z2

2-sl2:

gab := g(Xa, Xb) := Tr(adXa · adXb), (2.14)

ηab := η(Xa, Xb) := Tr(adXa ·M · adXb), (2.15)

where

M :=

σ1 0 0
0 0 σ3

0 σ3 0

 , adXa,M = 0. (2.16)

gab is the Killing form and ηab is a [11]-graded Killing form, as it can be seen from the
position of the non-vanishing entries of the matrices (gab) and (ηab) :

g =


16 · · · · ·
· 16 · · · ·
· · · 8 · ·
· · 8 · · ·
· · · · · 8
· · · · 8 ·

 , η =


· 16 · · · ·

16 · · · · ·
· · · · · −8
· · · · 8 ·
· · · −8 · ·
· · 8 · · ·

 . (2.17)

The matrix M is [11]-graded; it is not difficult to verify that M is the unique matrix (up
to an overall constant) which Z2

2-commute with all the adjoint matrices.
The bilinear forms have some important properties. The first two properties are

immediately seen from the definition or from (2.17) (â denotes the grading of Xa):
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(i) gab = 0 if â+ b̂ 6= [00], ηab = 0 if â+ b̂ 6= [11];

(ii) gab = gba, ηab = (−1)â·b̂ηba;

(iii) the non-degenerate condition

g−1 = (gab) =
1

8



1
2
· · · · ·

· 1
2
· · · ·

· · · 1 · ·
· · 1 · · ·
· · · · · 1
· · · · 1 ·

 , η−1 = (ηab) =
1

8


· 1

2
· · · ·

1
2
· · · · ·

· · · · · 1
· · · · −1 ·
· · · 1 · ·
· · −1 · · ·

 ;

(2.18)

(iv) g(Xa, Xb, Xc) = g(Xa, Xb, Xc)

(v) η(Xa, Xb, Xc) = (−1)(â+ĉ)·b̂η(Xa, Xb, Xc);

The properties (iv) and (v) are direct consequences of the facts that the trace is cyclic
and â+ b̂+ ĉ = [00] for (iv), while it is given by [11] for (v).

In terms of the structure constants, (iv) and (v) are written as

fab dg
dc = f bc dg

ad, fab dη
dc = (−1)(â+ĉ)·b̂f bc dη

ad. (2.19)

They are equivalent to

fad bgdc = gbdf
da
c, fad bηdc + (−1)â·b̂fad cηbd = 0. (2.20)

Using (2.20), one may verify that there exist two second order (graded) Casimir operators
of Z2

2-sl2; they are given by

C00 = 8gabX
aXb =

1

2
(H2 + Z2) + {E+, E−}+ {D+, D−}, (2.21)

C11 = 8ηabX
aXb =

1

2
{H,Z}+ [E+, D−] + [D+, E−], (2.22)

where the suffices indicate their gradings. They have vanishing graded Lie brackets with
all the elements:

[C00, X
a] = C11, X

a = 0, ∀Xa. (2.23)

Finally, we introduce a matrix presentation of Z2
2-sl2which is important in the present

work. In terms of the 2× 2 Identity and the Pauli matrices

I2 =

(
1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
, (2.24)

one can introduce the 4× 4 complexified quaternionic matrices

M0 := I2 ⊗ I2, M1 := I2 ⊗ σ1, M2 := σ1 ⊗ σ2, M3 := σ1 ⊗ σ3. (2.25)
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They satisfy for i, j = 1, 2, 3 the relations (the totally antisymmetric structure constant
εijk is normalized so that ε123 = 1):

MiMj = δijM0 + iεijkMk. (2.26)

Let h, e± be a basis of sl2 subject to the relations

[h, e±] = ±2e±, [e+, e−] = h. (2.27)

Then, Z2
2-sl2 is realized by the matrices Mk and sl2 as follows:

H = M0 ⊗ h, E± = M1 ⊗ e±, D± = ±iM2 ⊗ e±, Z = M3 ⊗ h. (2.28)

This is due to the Z2
2-graded color Lie algebraic nature of the quaternions. The grading

of the matrix Mk is understood from (2.28).

2.3 Z2
2-ŝl2: affine extension of Z2

2-sl2

The loop extension of Z2
2-sl2 is an infinite dimensional Z2

2-graded color Lie algebra defined
by the relations

Xa
n, X

b
m = fab cX

c
n+m, n,m ∈ Z. (2.29)

One may easily verify that the loop Z2
2-sl2 algebra admits two central extensions; the first

one, c00, is [00]-graded while the second one, c11, is [11]-graded:

Xa
n, X

b
m = fabc X

c
n+m +

n

8
(gbac00 + ηbac11) δn+m,0. (2.30)

Equivalently,

[Hn, Hm] = 2nc00 δn+m,0, [Hn, E
±
m] = ±2E±n+m,

[Hn, D
±
m] = ±2D±n+m, [Hn, Zm] = 2nc11 δn+m,0,

[E+
n , E

−
m] = Hn+m + nc00 δn+m,0, [E±n , E

±
m] = 0,

{E±n , D±m} = 0, {E±n , D∓m} = Zn+m ± nc11 δn+m,0,

{E±n , Zm} = 2D±n+m, [D±n , D
±
m] = 0,

[D+
n , D

−
m] = Hn+m + nc00 δn+m,0, {D±n , Zm} = 2E±n+m,

[Zn, Zm] = 2nc00 δn+m,0 (2.31)

The central elements of a Z2
2-graded color Lie algebra are defined as those elements having

vanishing graded Lie brackets with any element. Therefore

[c00, X
a
n] = [c00, c11] = c11, X

a
n = 0. (2.32)

The relation (2.30) is compatible with the Z2
2-graded Jacobi identity (2.4). Furthermore,

(2.30) is also compatible with the graded derivations d00, d11 defined by the relations

[c0̂0, db̂] = 0, [d00, X
a
n] = nXa

n,

[d11, Hn] = nZn, [d11, Zn] = nHn,

{d11, E
±
n } = ±nDn, {d11, D

±
n } = ±nE±n . (2.33)
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We define the affine extension of Z2
2-sl2 by

Z2
2-ŝl2 = C〈 Xa

n 〉 ⊕ Cc00 ⊕ Cc11 ⊕ Cd00 ⊕ Cd11 (2.34)

with the relations (2.30), (2.32) and (2.33).

3 Z2
2-Liouville equation by Polyakov’s soldering

We mimick the standard procedure of soldering for deriving the Z2
2-graded version of the

Liouville equation. We introduce the Z2
2-graded color Lie group Z2

2-SL(2) generated by
the algebra Z2

2-sl2 defined in §2.2. A group element of Z2
2-SL(2) is given by

g = exp(α10E
+ + α01D

+) exp(β00H + β11Z) exp(γ10E
− + γ01D

−), (3.1)

where the group parameters α, β and γ are also Z2
2-graded and their grading is indicated

by the suffix. Throughout this article, the suffices 00, 10, 01, 11 indicate the Z2
2-grading

of the associated quantities. We assume that the group parameters are functions of the
[10]-graded variables

u, ū, [u, ū] = 0. (3.2)

Alternatively, one could assume that the parameters are functions of [01]-graded variables.
It is obvious that both assumptions lead to the same equation, so we consider only the
case of [10]-graded variables. In any case, the group parameters are regarded as graded
fields on the graded coordinates.

We introduce the holomorphic and antiholomorphic WZNW-currents which are defined
in terms of the group element (3.1):

J(u) := ∂ug · g−1, J̄(ū) := g−1∂ūg. (3.3)

By definition, the currents J(u), J̄(ū) are [10]-graded and take values in Z2
2-sl2. Employing

the matrix presentation (2.28), one may rearrange the components of the currents in terms
of the sl2 generators h, e±. First, the group element (3.1) is given by

g = exp(a⊗ e+) exp(b⊗ h) exp(c⊗ e−), (3.4)

where the non-graded matrix valued fields a, b and c are defined by

α10E
+ + α01D

+ = (α10M1 + iα01M2)⊗ e+ = a⊗ e+,

β00H + β11Z = (β00I2 + β11M3)⊗ h = b⊗ h,

γ10E
− + γ01D

− = (γ10M1 − iγ01M2)⊗ e− = c⊗ e−. (3.5)

It follows immediately from the definition (3.3) that

J(u) = J+ ⊗ e+ + J0 ⊗ h + J− ⊗ e−,

J̄(u) = J̄+ ⊗ e+ + J̄0 ⊗ h + J̄− ⊗ e−, (3.6)
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where

J+ = au − 2abu − a2cue
−2b, J0 = bu + acue

−2b, J− = cue
−2b,

J̄+ = aūe
−2b, J̄0 = bū + caūe

−2b, J̄− = cū − 2cbū − aūc2e−2b, (3.7)

with au := ∂ua, aū := ∂ūa etc. The components J±, J0 (and their conjugates) are also
[10]-graded and matrix valued.

The transformations of J±, J0 are induced from the left action of the group element:

g → g′ = gεg,

gε = exp(ε+ ⊗ e+) exp(ε0 ⊗ h) exp(ε− ⊗ e−). (3.8)

where ε±(u), ε0(u) are [00]-graded chiral functions. Considering the infinitesimal transfor-
mation of g, one may obtain

δεJ+ = −2ε+J0 + 2ε0J+ + ∂uε+,

δεJ0 = ε+J− − ε−J+ + ∂uε0,

δεJ− = 2ε−J0 − 2ε0J− + ∂uε−. (3.9)

According to [4] we impose constraints on the currents. Taking into account the
grading and the matrix nature of J±, J0, the appropriate constraints will be

J0(u) = 0, J−(u) = M1,

J̄+(u) = −M1, J̄0(u) = 0. (3.10)

The constraints on J0, J− and J̄+ give

a = −buM1, aū = −M1e
2b. (3.11)

Eliminating a from these, one obtain

buūM1 = M1e
2b. (3.12)

Recalling the definition of b in (3.5), it follows that

∂uūβ00M1 + ∂uūβ11 iM2 = e2β00 cosh 2β11 ·M1 + e2β00 sinh 2β11 · iM2. (3.13)

Thus we obtain the following system of equations:

∂uūβ00 = e2β00 cosh 2β11, ∂uūβ11 = e2β00 sinh 2β11. (3.14)

Setting β11 = 0, we recover, although the coordinate variables u, ū are [10]-graded, the
Liouville equation. The Z2

2-graded nature of the equations will be discussed in §5.2.

4 Current algebras

In this Section we consider the current algebra associated with the currents given in (3.3).
This is done in the framework of classical mechanics, i.e., making use of the Poisson
brackets. Nevertheless, we observe the existence of a central term in the Poisson Lie
algebra (an example, see [44], of a classical anomaly).
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4.1 Z2
2-graded affine algebra

Since the current J(u) is Z2
2-sl2 valued, it is expanded as

J(u) = I+
00E

+ + I+
11D

+ + I10H + I01Z + I−00E
− + I−11D

−, (4.1)

where each I component has a Z2
2-grading. The components also carry the Z2

2-sl2 charges
which are indicated by the upper suffices (no upper suffix implies charge zero). By the
matrix presentation (2.28), one may find the relations between the currents J±, J0 and
I’s:

J(u) = (I+
00M1 + iI+

11M2)⊗ e+ + (I10I4 + I01M3)⊗ h + (I−00M1 − iI−11M2)⊗ e−,

J± = I±00M1 ± iI±11M2, J0 = I10 I4 + I01M3. (4.2)

Similarly, the non-graded transformation parameters εa in (3.8) are expanded as

ε± = ε±10M1 ± iε±01M2, ε0 = ε00I4 + ε11M3, (4.3)

where ε’s are graded transformation parameters. Using these, one may read off the trans-
formation laws of the graded currents I’s as follows:

δεI±00 = 2(±ε00I±00 ∓ ε±10I10 + ε±01I01 + ε11I±11) + ∂uε
±
10,

δεI±11 = 2(ε11I±00 ± ε±01I10 − ε±10I01 ± ε00I±11) + ∂uε
±
01,

δεI10 = ε+
10I−00 − ε−10I+

00 − ε+
01I−11 + ε−01I+

11 + ∂uε00,

δεI01 = ε+
01I−00 + ε−01I+

00 − ε+
10I−11 − ε−10I+

11 + ∂uε11. (4.4)

All the variables appearing in (4.4), including the coordinate u, are graded. Thus,
one may consider the matrix presentation, as in (2.28), for this system. The matrix
presentation of the coordinate u is introduced by

u = zM1, z ∈ C (4.5)

It follows that the derivative with respect to u is presented by

∂u = M1∂z. (4.6)

The current I10(u) may be expanded in a Taylor series in u:

I10(u) =
∑
n=0

(I2nu
2n + I2n+1u

2n+1), (4.7)

where the expansion coefficients have the grading: [I2n] = [10] and [I2n+1] = [00]. The [10]-
graded coefficient I2n is also expressed, via the matrix M1 and the non-graded constant
I2n, as I2n = I2nM1; this leads to the expression

I10(u) =
∑
n=0

(I2nz
2n + I2n+1z

2n+1)M1 ≡ I1(z)M1, (4.8)
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where I1(z) is a non-graded complex function. In this way one may introduce the following
matrix presentation:

I±00 = I±0 I4, I±11 = I±3 M3, I10 = I1M1, I01 = iI2M2,

ε00 = ε0I4, ε11 = ε3M3, ε±10 = ε±1 M1, ε±01 = iε±2 M2, (4.9)

where all I(z)’s and ε(z)’s are non-graded complex functions. The transformation laws of
the non-graded currents follow immediately from (4.4):

δεI
±
0 = 2(±ε0I±0 ∓ ε±1 I1 − ε±2 I2 + ε3I

±
3 ) + ∂zε

±
1 ,

δεI
±
3 = 2(ε3I

±
0 ± ε±2 I1 + ε±1 I2 ± ε0I±3 )− ∂zε±2 ,

δεI1 = ε+1 I
−
0 − ε−1 I+

0 + ε+2 I
−
3 − ε−2 I+

3 + ∂zε0,

δεI2 = ε+2 I
−
0 + ε−2 I

+
0 + ε+1 I

−
3 + ε−1 I

+
3 − ∂zε3. (4.10)

The next step consists in finding the algebra which generates the transformations
(4.10). The formulas (4.10) may be replaced by the Poisson bracket:

δεZ(x) =
1

2π

∮
dy{K(y), Z(x)},

K(y) := s1ε
−
1 I

+
0 + s2ε

−
2 I

+
3 + s3ε0I1 + s4ε3I2 + s5ε

+
1 I
−
0 + s6ε

+
2 I
−
3 , (4.11)

where Z stands for the non-graded currents and the si constants have to be determined.
For the complex integral we take the counterclockwise contour and use the argument of a
complex number as a variable of integration. The form of K(y) in (4.11) was determined
by the following considerations.

It is possible to introduce Z2-gradings to the non-graded currents in a way that is
compatible with the transformation laws (4.10). There are three possible assignments of
Z2-gradings:

I±0 I1 I2 I±3 ε0 ε±1 ε±2 ε3
(i) 0 0 1 1 0 0 1 1
(ii) 1 0 0 1 0 1 1 0
(iii) 1 0 1 0 0 1 0 1

(4.12)

The grading (iii) is not independent as it is the sum of (i) and (ii). The currents also have
the sl2 charges:

+1 : I+
0 , I

+
3 , ε

+
1 , ε

+
2

0 : I1, I2, ε0, ε3
−1 : I−0 , I

−
3 , ε

−
1 , ε

−
2

(4.13)

Their scaling dimension is 1. K(y) should have [0]-grading, zero sl2 charge and scaling
dimension one. Therefore, if we employ the Z2-grading (i), then (4.11) is the only possible
form of K. If we employ the grading (ii) and repeat the computations given below, it
turns out that the results (the Poisson brackets of the currents) are the same as those
derived from grading (i). Thus, in the following, only the grading (i) is considered.

In order to find the Poisson brackets for the non-graded currents, by taking into
account the Z2-grading, the sl2 charges and the scaling dimension we make the following
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Ansatz:

{I±0 (y), I±0 (x)} = 0,

{I+
0 (y), I−0 (x)} = a1I1(y)δ(y − x) + a2∂yδ(y − x),

{I±0 (y), I1(x)} = a±3 I
±
0 (y)δ(y − x),

{I±0 (y), I2(x)} = a±4 I
±
3 (y)δ(y − x),

{I±0 (y), I±3 (x)} = 0,

{I±0 (y), I∓3 (x)} = a±5 I2(y)δ(y − x),

{I1(y), I1(x)} = b1I1(y)δ(y − x) + b2∂yδ(y − x),

{I1(y), I2(x)} = b3I2(y)δ(y − x),

{I1(y), I±3 (x)} = b±4 I
±
3 (y)δ(y − x),

{I2(y), I2(x)} = c1I1(y)δ(y − x) + c2∂yδ(y − x),

{I2(y), I±3 (x)} = c±3 I
±
0 δ(y − x),

{I±3 (y), I±3 (x)} = 0,

{I+
3 (y), I−3 (x)} = d1I1(y)δ(y − x) + d2∂yδ(y − x), (4.14)

where our convention for the delta function is

δ(x− a) =
∑
n∈Z

ein(x−a), (4.15)

1

2π

∮
dxδ(x) =

1

2π

∫ 2π

0

dxδ(x) = 1. (4.16)

The constants ai, bi, ci, di and si in (4.11) are fixed by the requirement that (4.11) and
(4.14) reproduce the current transformations (4.10). For each non-graded current, (4.11)
gives the following conditions:

Z conditions
I+

0 s5a1 = 2, s5a2 = −1, s3a
+
3 = −2, s4a

+
4 = −2, s6a

+
5 = 2

I−0 s1a1 = 2, s1a2 = −1, s3a
−
3 = 2, s4a

−
4 = −2, s2a

−
5 = 2

I1 s1a
+
3 = −1, s5a

−
3 = 1, s3b1 = 0, s3b2 = −1, s4b3 = 0,

s2b
+
4 = 1, s6b

−
4 = −1

I2 s1a
+
4 = 1, s5a

−
4 = 1, s4c1 = 0, s4c2 = 1, s2c

+
3 = −1,

s6c
−
3 = −1

I+
3 s5a

−
5 = 2, s3b

+
4 = 2, s4c

+
3 = 2, s6d1 = −2, s6d2 = 1

I−3 s1a
+
5 = 2, s3b

−
4 = −2, s4c

−
3 = 2, s2d1 = −2, s2d2 = 1

(4.17)
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Solving these conditions give the results:

a1 = 2, a2 = −1, a±3 = ∓1, a±4 = 1, a±5 = 2,

b1 = 0, b2 = −1

2
, b3 = 0, b±4 = ±1,

c1 = 0, c2 = −1

2
, c±3 = −1, d1 = −2, d2 = 1,

s1 = s2 = 1, s3 = 2, s4 = −2, s5 = s6 = 1. (4.18)

Therefore, the non-graded currents satisfy the relations

{I±0 (y), I±0 (x)} = 0,

{I+
0 (y), I−0 (x)} = 2I1(y)δ(y − x)− ∂yδ(y − x),

{I±0 (y), I1(x)} = ∓I±0 (y)δ(y − x),

{I±0 (y), I2(x)} = I±3 (y)δ(y − x),

{I±0 (y), I±3 (x)} = 0,

{I±0 (y), I∓3 (x)} = 2I2(y)δ(y − x),

{I1(y), I1(x)} = −1

2
∂yδ(y − x),

{I1(y), I2(x)} = 0,

{I1(y), I±3 (x)} = ±I±3 (y)δ(y − x),

{I2(y), I2(x)} = −1

2
∂yδ(y − x),

{I2(y), I±3 (x)} = −I±0 δ(y − x),

{I±3 (y), I±3 (x)} = 0,

{I+
3 (y), I−3 (x)} = −2I1(y)δ(y − x) + ∂yδ(y − x). (4.19)

By expanding the currents into their modes

I(x) =
∑
n∈Z

Ine
inx (4.20)

we obtain the infinite dimensional Poisson-Lie algebra

{I±0,n, I±0,m} = 0, {I+
0,n, I

−
0,m} = 2I1,m+n − inδn+m,0,

{I±0,n, I1,m} = ∓I±0,n+m, {I±0,n, I2,m} = I±3,n+m,

{I±0,n, I±3,m} = 0, {I±0,n, I∓3,m} = 2I2,n+m,

{I1,n, I1,m} = − i
2
nδn+m,0, {I1,n, I2,m} = 0,

{I1,n, I
±
3,m} = ±I±3,n+m, {I2,n, I2,m} = − i

2
nδn+m,0,

{I2,n, I
±
3,m} = −I±0,n+m, {I±3,n, I±3,m} = 0,

{I+
3,n, I

−
3,m} = −2I1,n+m + inδn+m,0. (4.21)
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We now restore the Z2
2-grading by multiplying the non-graded currents by the matrices

Mk. However, it is impossible to restore the original Z2
2-grading given in (4.9). This can

be seen, for instance, from the second relation of (4.19). The relations (4.19) or (4.21)
require that

• I1 has to be assigned to the [00]-grading,

• I+
1 and I−1 (also I+

3 and I−3 ) have to be assigned to the same grading.

It follows that the gradings of I±0 , I2, I
±
3 should respectively be [10], [11], [01] (or their

permutations). As an example, we assign [10], [11], [01] to I±0 , I2, I
±
3 :

Î00,n = I1,nI4, Î11,n = I2,nM3, Î±10,n = I±0,nM1, Î±01,n = ±iI±3,nM2. (4.22)

Then, we obtain the following Z2
2-graded affine Poisson-Lie algebra:

{Î00,n, Î00,m} = − i
2
nδn+m,0, {Î00,n, Î11,m} = 0,

{Î00,n, Î±10,m} = ±Î±10,n+m, {Î00,n, Î±01,m} = ±Î01,n+m,

{Î11,n, Î11,m} = − i
2
nδn+m,0, {Î11,n, Î±10,m} = ∓Î±01,n+m,

{Î11,n, Î±01,m} = ∓Î±10,n+m, {Î±10,n, Î±10,m} = 0,

{Î+
10,n, Î−10,m} = 2Î00,n+m − inδn+m,0, {Î±10,n, Î±01,m} = 0,

{Î±10,n, Î∓01,m} = ±2Î11,n+m, {Î±01,n, Î±01,m} = 0,

{Î+
01,n, Î−01,m} = −2Î00,n+m + inδn+m,0. (4.23)

The main difference between (4.23) and the Z2
2-ŝl2 algebra introduced in §2.3 is that (4.23)

does not have the [11]-graded central extension.

4.2 Z2
2-graded Virasoro algebra

We impose the constraints (3.10) on the currents in (4.2) and repeat the same analysis as
§4.1 to get a Z2

2-graded extension of the Virasoro algebra. The constraints on the currents
are given by

J− = I−00M1 − iI−11M2 = M1, J0 = I10 I4 + I01M3 = 0. (4.24)

This implies that
I−00 = I4, I−11 = I10 = I01 = 0. (4.25)

Then, one may obtain the following transformation laws from (4.4):

δεI−00 = −2ε00 + ∂uε
−
10 = 0,

δεI−11 = 2ε11 + ∂uε
−
01 = 0,

δεI10 = ε+
10 − ε−10T + ε−01 U + ∂uε00 = 0,

δεI01 = ε+
01 + ε−01T − ε−10 U + ∂uε11 = 0 (4.26)
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and

δεT = 2(ε00T + ε11 U) + ∂uε
+
10,

δε U = 2(ε11T + ε00 U) + ∂uε
+
01, (4.27)

where we set T := I+
00, U := I+

11.
The first two relations in (4.26) give

ε00 =
1

2
∂uε

−
10, ε11 = −1

2
∂uε

−
01. (4.28)

Substituting these expressions into the third and fourth relations in (4.26) one obtains

ε+
10 = ε−10T − ε−01U −

1

2
∂2
uε
−
10,

ε+
01 = −ε−01T + ε−10U +

1

2
∂2
uε
−
01. (4.29)

With these relations we have the transformation laws of T and U :

δεT = 2(∂uε
−
10)T + ε−10∂uT −

1

2
∂3
uε
−
10 − 2(∂uε

−
01)U + ε−01∂uU ,

δε U = 2(∂uε
−
10)U + ε−10∂uU +

1

2
∂3
uε
−
01 − 2(∂uε

−
01)T + ε−01∂uT . (4.30)

We now introduce the matrix presentation

u = zM1, T = T I4, U = UM3, ε−10 = ε1M1, ε−01 = iε2M2, (4.31)

where z, T, U and εk are [00]-graded. The transformation laws of the non-graded currents
are readily obtained from (4.30):

δεT = 2(∂zε1)T + ε1∂zT −
1

2
∂3
z ε1 + 2(∂zε2)U + ε2∂zU,

δεU = 2(∂zε1)U + ε1∂zU −
1

2
∂3
z ε2 + 2(∂zε2)T + ε2∂zT. (4.32)

We note that the non-graded currents have a Z2-grading which is compatible with the
relations (4.32)

0 : T, ε1, 1 : U, ε2. (4.33)

Their scaling dimension is two. Taking into account these observations, we set the fol-
lowing Ansatz:

{T (y), T (x)} = a1T
′(y)δ(y − x) + a2T (y)δ′(y − x) + a3δ

′′′(y − x),

{U(y), U(x)} = b1T
′(y)δ(y − x) + b2T (y)δ′(y − x) + b3δ

′′′(y − x),

{T (y), U(x)} = c1U
′(y)δ(y − x) + c2U(y)δ′(y − x), (4.34)

where the prime denotes the derivative with respect to y. The constants ai, bi and ci are
determined by the equivalence of the transformation laws (4.32) and the relation

δεZ(x) =
1

2π

∮
dy{ε1T (y) + ε2U(y), Z(x)}, Z = T, U. (4.35)
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This condition uniquely determines the constants:

a1 = b1 = c1 = −1, a2 = b2 = c2 = −2, a3 = b3 =
1

2
. (4.36)

We obtain the Poisson-Lie algebra of the non-graded currents:

{T (y), T (x)} = −T ′(y)δ(y − x)− 2T (y)δ′(y − x) +
1

2
δ′′′(y − x),

{U(y), U(x)} = −T ′(y)δ(y − x)− 2T (y)δ′(y − x) +
1

2
δ′′′(y − x),

{T (y), U(x)} = −U ′(y)δ(y − x)− 2U(y)δ′(y − x). (4.37)

This algebra contains, as expected, a Virasoro subalgebra. Expanding the currents ac-
cording to (4.20), we see that the modes satisfy the algebraic relations:

{Tn, Tm} = i(m− n)Tn+m +
in3

2
δn+m,0,

{Un, Um} = i(m− n)Tn+m +
in3

2
δn+m,0,

{Tn, Um} = i(m− n)Un+m. (4.38)

The restoration of the Z2
2-grading is straightforward since the only non-empty sectors have

[00] and [11] grading. We set

Tn := TnI4, Un := UnM3; (4.39)

then Tn,Un satisfy the same relations as (4.38). The current T is a Virasoro field, while
U is a primary field of dimension 2. The fact that the only surviving currents are [00] and
[11]-graded could have been anticipated from the (4.24) constraints. This construction,
which does not produce from Hamiltonian reduction [10] and [01]-graded currents, is a
consequence of Z2

2-sl2 being a color Lie algebra. In the Conclusions we make comments
about the Z2

2-graded color Lie superalgebras Hamiltonian reductions. It should be men-
tioned that a Z2

2-graded color Lie superalgebra extension of the Virasoro algebra has been
discussed, in a different context, in [45].

5 Zero-curvature formulation of Z2
2-Liouville equation

5.1 Derivation of the Z2
2-Liouville equation

Let us introduce the [10] and [01]-graded coordinates

[10] u, ū, [01] v, v̄ (5.1)

and the fields Φ,Ψ with values in the Cartan subalgebra of Z2
2-sl2:

Φ(u, ū) =
1

2

(
ϕ00(u, ū)H + ϕ11(u, ū)Z

)
, (5.2)

Ψ(v, v̄) =
1

2

(
ψ00(v, v̄)H + ψ11(v, v̄)Z

)
. (5.3)
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We assume that the fields Φ and Ψ are [00]-graded; it follows that the component fields
have a non-trivial grading.

Following the general construction of the Toda systems we define

Lu = −∂uΦ + eadΦE+, Lū = ∂ūΦ + e−adΦE−,

Lv = −∂vΨ + eadΨD+, Lv̄ = ∂v̄Ψ + e−adΨD−, (5.4)

where e±adΦX = e±ΦXe∓Φ. We then consider the following linear system for T ∈ Z2
2-

SL(2):
(∂u − Lu)T = 0, (∂ū − Lū)T = 0. (5.5)

Similar relations for Lv, Lv̄ are also introduced; we do not need to write them explicitly
since the following procedure is applied to them as well. The compatibility of the two
equations in (5.5) gives the zero-curvature condition which has the same form as in the
non-graded case:

∂ūLu − ∂uLū + [Lu, Lū] = 0. (5.6)

After straightforward computations one can see that (5.6) is equivalent to

2∂uūΦ = e2ϕ00(cosh 2ϕ11 ·H + sinh 2ϕ11 · Z), (5.7)

which gives the Z2
2-Liouville equation

∂uūϕ00 = e2ϕ00 cosh 2ϕ11, ∂uūϕ11 = e2ϕ00 sinh 2ϕ11. (5.8)

These equations are identical to the ones obtained in §3 by Polyakov’s soldering.
A similar set of equations is obtained from Lv, Lv̄ :

∂vv̄ψ00 = e2ψ00 cosh 2ψ11, ∂vv̄ψ11 = e2ψ00 sinh 2ψ11. (5.9)

5.2 Equations for the component fields

We examine the Z2
2-graded nature of the equations in (5.8). To this end, we expand

the fields ϕ00, ϕ11 in a power series of u, ū. Since y := u2, ȳ := ū2 are [00]-graded and
commute with all other variables, it may be natural to rearrange the power series in a
linear combination of the functions of y, ȳ as follows:

ϕ00(u, ū) = a00(y, ȳ) + ua10(y, ȳ) + ūb10(y, ȳ) + uūb00(y, ȳ),

ϕ11(u, ū) = a11(y, ȳ) + ua01(y, ȳ) + ūb01(y, ȳ) + uūb11(y, ȳ). (5.10)

We call the functions on the right hand side component fields of ϕ00 (or ϕ11) and decompose
the equations in (5.8) into the ones for the components.

Noting the identities

∂u = 2u∂y, ∂ū = 2ū∂ȳ, ∂uū = 4uū∂yȳ, (5.11)
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the LHS of the equations in (5.8) yield

∂uūϕ00 = 4uū∂yȳa00 + 2ū(∂ȳ + 2y∂yȳ)a10 + 2u(∂y + 2ȳ∂yȳ)b10

+ (1 + 2y∂y + 2ȳ∂ȳ + 4yȳ∂yȳ)b00,

∂uūϕ11 = 4uū∂yȳa11 + 2ū(∂ȳ + 2y∂yȳ)a01 + 2u(∂y + 2ȳ∂yȳ)b01

+ (1 + 2y∂y + 2ȳ∂ȳ + 4yȳ∂yȳ)b11. (5.12)

These equations are simplified by introducing the [00]-graded commuting variables

x :=
√
y, x̄ :=

√
ȳ. (5.13)

In terms of these variables (5.12) is a power series of ux−1 and ūx̄−1:

∂uūϕ00 = ∂xx̄(xx̄b00) +
u

x
∂xx̄(x̄b10) +

ū

x̄
∂xx̄(xa10) +

uū

xx̄
∂xx̄a00,

∂uūϕ11 = ∂xx̄(xx̄b11) +
u

x
∂xx̄(x̄b01) +

ū

x̄
∂xx̄(xa01) +

uū

xx̄
∂xx̄a11. (5.14)

The RHS of (5.10) are also expanded in the power series of ux−1 and ūx̄−1. From these,
one obtains a system of eight equations for the component fields. Before presenting the
system of equations, we take the linear combination of the component fields

f±00 := a00 ± xx̄b00, f±10 := xa10 ± x̄b10,

f±11 := a11 ± xx̄b11, f±01 := xa01 ± x̄b01. (5.15)

Then the system of equations is presented in the following form

∂xx̄f
±
00 = ±e2f±00

[
cosh 2f±10 cosh 2f±11 cos 2f±01 − sinh 2f±10 sinh 2f±11 sin 2f±01

]
,

∂xx̄f
±
10 = ±e2f±00

[
sinh 2f±10 cosh 2f±11 cos 2f±01 − cosh 2f±10 sinh 2f±11 sin 2f±01

]
,

∂xx̄f
±
01 = ±e2f±00

[
sinh 2f±10 sinh 2f±11 cos 2f±01 + cosh 2f±10 cosh 2f±11 sin 2f±01

]
,

∂xx̄f
±
11 = ±e2f±00

[
cosh 2f±10 sinh 2f±11 cos 2f±01 + sinh 2f±10 cosh 2f±11 sin 2f±01

]
. (5.16)

These are the equations for Z2
2-graded functions whose arguments are [00]-graded com-

muting coordinates.
It should be pointed out that the same set of equations is derived from the alternative

Lax pair defined by Lv, Lv̄ . This is a consequence of the compatibility of the two conjugate
sets of (5.4) Lax pairs which respect the Z2

2-grading.
The (5.16) system of equations is reduced to the Liouville equation if all the functions with
non-trivial gradings are eliminated. Setting ϕ11 = 0 is equivalent to set f±11 = f±01 = 0.
Then (5.16) is reduced to the following equations:

∂xx̄f
±
00 = ±e2f±00 cosh 2f±10, ∂xx̄f

±
10 = ±e2f±00 sinh 2f±10. (5.17)

The Liouville equation is recovered by further setting f10 = 0. Therefore, (5.16) is a
Z2

2-graded extension of the Liouville equation which is, by construction, integrable.
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5.3 Z2
2-Liouville equation in Matrix presentation

The equation (5.8) admits another interpretation if we use the matrix presentation.
Let us introduce the matrix presentation of the coordinates, cf. (4.5), (4.6)

u = M1z, ū = M1z̄. (5.18)

It follows that
∂u = M1∂z, ∂ū = M1∂z̄ ∂uū = ∂zz̄I4. (5.19)

This gives the matrix presentation of the component functions of ϕ00(u, ū) in (5.10), cf.
(4.8)

a00(y, ȳ) = a(z2, z̄2)I4, a10(y, ȳ) = α(z2, z̄2)M1,

b00(y, ȳ) = b(z2, z̄2)I4, b10(y, ȳ) = β(z2, z̄2)M1, (5.20)

where a, α, b, β are non-graded complex functions. Therefore, one gets

ϕ00(u, ū) =
[
a(z2, z̄2) + zα(z2, z̄2) + z̄β(z2, z̄2) + zz̄b(z2, z̄2)

]
I4 ≡ ϕ(z, z̄)I4. (5.21)

Similarly, one may write

ϕ11(u, ū) = ϕ̃(z, z̄)M3. (5.22)

Inserting these expressions in (5.8) we obtain the system of equations without Z2
2-

grading
∂zz̄ϕ = e2ϕ cosh 2ϕ̃, ∂zz̄ϕ̃ = e2ϕ sinh 2ϕ̃. (5.23)

This system is equivalent to two decoupled Liouville equations, as seen from the positions:

φ± := ϕ± ϕ̃ ⇒ ∂zz̄φ± = e2φ± . (5.24)

The system (5.23) is also equivalent to the split-complex (C̃) version of the Liouville
equation. Introducing the split-complex field

ϕC̃ := ϕ+ jϕ̃, j2 = 1, (5.25)

then the two equations in (5.23) are combined into a single one:

∂zz̄ϕC̃ = exp(2ϕC̃). (5.26)

This result requires some comments. Even if, in the matrix presentation, one can
obtain two decoupled Liouville equations from the fields ϕ, ϕ̃ which do not possess Z2

2-
grading, the original (5.16) system of equations is non-trivial. It consists of eight coupled
Z2

2-graded functions f±ij (for i, j = 0, 1) which cannot be linearly combined, as in (5.24),
without breaking the Z2

2 grading. The [ij] grading of the f±ij functions plays an important
physical role. The [00] sector corresponds to ordinary bosons, while the [10], [01], [11]
sectors correspond to parabosons which obey a different type of statistics, see [16]. It
is the explicit expression of the (5.16) coupled system of equations which guarantees the
compatibility of the derived Z2

2-Liouville equation with the Z2
2-graded parastatistics.
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6 Zero-curvature formulation of Z2
2-graded Sinh-Gordon

model

We construct the Toda system associated with the Z2
2-graded affine algebra Z2

2-ŝl2 intro-
duced in §2.3.

Let us define the operator

G :=
1

2
H0 + 2d00. (6.1)

The elements of Z2
2-ŝl2 have eigenvalues 0 or ±1 with respect to adG, according to:

[00] [10] [01] [11]
+1 E+

0 , E
−
1 D+

0 , D
−
1

0 H0, d00, c00 Z0, d11, c11

−1 E−0 , E
+
−1, D−0 , D

+
−1

(6.2)

We introduce, following [6], the [00]-graded fields

Φ(u, ū) =
1

2
ϕ00H0 + ξ00 d00 +

1

2
η00 c00 +

1

2
ϕ11Z0 + ξ11d11 +

1

2
η11c11,

Ψ(v, v̄) =
1

2
ψ00H0 + ζ00 d00 +

1

2
ρ00 c00 +

1

2
ψ11Z0 + ζ11d11 +

1

2
ρ11c11 (6.3)

and define

Lu = −∂uΦ + eadΦ
+, Lū = ∂ūΦ + e−adΦ

−,

Lv = −∂vΨ + eadΨ
+, Lv̄ = ∂v̄Ψ + e−adΨ

−, (6.4)

where

± := E±0 + E∓±1, ± := D±0 +D∓±1. (6.5)

The zero-curvature condition for Lu, Lū, given by

∂ūLu − ∂uLū + [Lu, Lū] = 0, (6.6)

is equivalent to

2∂uūΦ = [eadΦ
+, e

−adΦ
−]

=
(
e2ϕ00 cosh 2ϕ11 − e2ξ00−2ϕ00 cosh(2ϕ11 − 2ξ11)

)
H0

+ e2ξ00−2ϕ00 cosh(2ϕ11 − 2ξ11) · c00

+
(
e2ϕ00 sinh 2ϕ11 + e2ξ00−2ϕ00 sinh(2ϕ11 − 2ξ11)

)
Z0

− e2ξ00−2ϕ00 sinh(2ϕ11 − 2ξ11) · c11. (6.7)

In terms of the graded fields on the RHS of (6.3) one obtains:

∂uūϕ00 = e2ϕ00 cosh 2ϕ11 − e2ξ00−2ϕ00 cosh(2ϕ11 − 2ξ11),

∂uūϕ11 = e2ϕ00 sinh 2ϕ11 + e2ξ00−2ϕ00 sinh(2ϕ11 − 2ξ11),

∂uūη00 = e2ξ00−2ϕ00 cosh(2ϕ11 − 2ξ11),

∂uūη11 = −e2ξ00−2ϕ00 sinh(2ϕ11 − 2ξ11),

∂uūξ00 = ∂uūξ11 = 0. (6.8)
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Similar equations are obtained from the zero-curvature condition for Lv, Lv̄:

∂vv̄ψ00 = e2ψ00 cosh 2ψ11 − e2ζ00−2ψ00 cosh(2ψ11 − 2ζ11),

∂vv̄ψ11 = e2ψ00 sinh 2ψ11 + e2ζ00−2ψ00 sinh(2ψ11 − 2ζ11),

∂vv̄ρ00 = e2ζ00−2ψ00 cosh(2ψ11 − 2ζ11),

∂vv̄ρ11 = −e2ζ00−2ψ00 sinh(2ψ11 − 2ζ11),

∂vv̄ζ00 = ∂vv̄ζ11 = 0. (6.9)

Obviously, one may set ξ00 = ξ11 = ζ00 = ζ11 = 0. Then, (6.8) is reduced to

∂uūϕ00 = 2 sinh 2ϕ00 cosh 2ϕ11,

∂uūϕ11 = 2 cosh 2ϕ00 sinh 2ϕ11,

∂uūη00 = e−2ϕ00 cosh 2ϕ11,

∂uūη11 = −e−2ϕ00 sinh 2ϕ11. (6.10)

A similar reduction can be applied to (6.9).
Since the dynamics of the fields η00, η11 is governed by ϕ00, ϕ11, we can focus only on

the first two equations. They contain only fields of [00] and [11]-grading. However, by
expanding ϕ00 and ϕ11 into component fields as we did in §5.2, a full set of Z2

2-graded
equations can be obtained.

We employ the expansion (5.10) and introduce the non-graded variables x, x̄ defined
in (5.13). After lengthy calculations, one obtains the following equations for the fields f±a
defined in (5.15). From (6.8)

∂xx̄f
±
00 =± 2 sinh 2f±00 cosh 2f±10 cosh 2f±11 cos 2f±01

∓ 2 cosh 2f±00 sinh 2f±10 sinh 2f±11 sin 2f±01,

∂xx̄f
±
10 =± 2 cosh 2f±00 sinh 2f±10 cosh 2f±11 cos 2f±01

∓ 2 sinh f±00 cosh f±10 sinh 2f±11 sin 2f±01 (6.11)

and from (6.9)

∂xx̄f
±
11 =± 2 cosh 2f±00 cosh 2f±10 sinh 2f±11 cos 2f±01

± 2 sinh 2f±00 sinh 2f±01 cosh 2f±11 sin 2f±01,

∂xx̄f
±
01 =± 2 sinh 2f±00 sinh 2f±10 sinh 2f±11 cos 2f±01

± 2 cosh 2f±00 cosh 2f±10 cosh 2f±11 sin 2f±01. (6.12)

Setting in (6.11) ϕ11 = 0, which is equivalent to f±11 = f±01 = 0, we get

∂xx̄f
±
00 = ±2 sinh 2f±00 cosh 2f±10, (6.13)

∂xx̄f
±
10 = ±2 cosh 2f±00 sinh 2f±10. (6.14)

Under the further position f±10 = 0 we recover the Sinh-Gordon equation.
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We can also consider the matrix presentation of the system (6.10). As done in §5.3, the
fields ϕ00, ϕ11 can be written as a product of non-graded functions coupled with matrices,
see (5.21), (5.22). Then, the first two equations in (6.10) yield

∂zz̄ϕ = 2 sinh 2ϕ cosh 2ϕ̃, ∂zz̄ϕ̃ = 2 cosh 2ϕ sinh 2ϕ̃. (6.15)

These equations are equivalent to two decoupled Sinh-Gordon equations:

φ± := ϕ± ϕ̃ ⇒ ∂zz̄φ± = 2 sinh 2φ±. (6.16)

The equations (6.15) are also equivalent to

∂zz̄ϕC̃ = 2 sinhϕC̃, (6.17)

where ϕC̃ is defined in (5.25) in terms of a split-complex number.
The (6.11), (6.12) system of coupled equations for eight Z2

2-graded functions, obtained

from Z2
2-ŝl2 after setting ξ00 = ξ11 = ζ00 = ζ11 = 0, is the integrable Z2

2-graded extension
of the Sinh-Gordon equation. The interpretation of the results parallels what already
discussed in the construction of the Z2

2-Liouville model.

7 Conclusions

The paper presented integrable Z2
2-graded extensions of both classical Liouville and Sinh-

Gordon equations, obtained as systems of eight coupled Z2
2-graded functions obeying a

color Lie algebra parastatistics. Besides the obtained results, a general framework was
presented to covariantly define Lax pair formulations for Z2

2-graded extensions of finite
semisimple and affine Lie algebras. Subtle issues had to be solved like the introduction
of graded coordinates, the formulation in terms of conjugated Lax pairs which produce
compatible equations and so on. Following the original [5] construction, the reconstruc-
tion theorem in [39] and the [6] extension to affine Lie algebras, the introduction of the
covariant Lax pair formulation guarantees the integrability of the models. We also intro-
duced the alternative derivation of the Liouville model in terms of a Z2

2-graded version of
the [4] Polyakov’s soldering procedure.

For the Liouville extension, the covariant Lax pair formulation was based on the finite
Z2

2-graded color Lie algebra Z2
2-sl2; for the Sinh-Gordon extension, on the affine Z2

2-graded

color Lie algebra Z2
2-ŝl2 which admits two central charges, one of them [11]-graded.

The Z2
2-ŝl2 algebra plays a role in the Z2

2-Liouville theory as well; it generates the
transformations of the WZNW currents which, under Hamiltonian reduction, produce
the Z2

2-Liouville equation. It is interesting to note that, in this application, only one
central charge appears (the [11]-graded central charge is vanishing). By imposing the
Hamiltonian reduction, the current algebra induces a Z2

2-graded version of the Virasoro
algebra.
The classical theories under investigation can be easily expressed in a Z2

2-graded La-
grangian formulation following [17] and quantized with the prescriptions discussed in
[20].
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Further lines of research consist in extending the zero-curvature formulation to Z2
2-

graded superToda theories derived from Z2
2-graded color Lie superalgebras; the simplest

of such type of models is obtained from the Z2
2-graded osp(1|2) superalgebra whose irreps

are studied in [46]. The extra ingredient to take into account, with respect to the Z2
2-

graded color Lie algebra formulation, is the introduction of (para)Grassmann coordinates.
It should be finally mentioned that, quite likely, the Z2

2-graded Lax pair formulation
could be adapted to introduce Z2

2-graded non-abelian Toda field theories, mimicking the
construction presented in [47]. For these models the dynamical fields are no longer as-
sociated with the Cartan sector of a semisimple Lie algebra g, but with a non-abelian
subalgebra.
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NOTAS DE FÍSICA is a preprint of original unpublished works in Physics.
Requests for copies of these reports should be addressed to:

Centro Brasileiro de Pesquisas F́ısicas
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