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Abstract
Alpha decay half-life of heavy and superheavy nuclei has been investigated
using a potential barrier penetration model that adapts semiclassical WKB calculations to incorporate a coordinate-dependent effective mass for the alpha particle. This effect is a consequence of a dynamic property of nonlocality in the
particle-nucleus interaction, as implemented in the barrier tunneling calculations
of Ref. [1]. Calculations have been performed for a recent set of experimental
data of 255 alpha-emitting nuclides, all selected with angular momentum ` = 0
experimentally assigned. Results show a good agreement when compared to experimental half-life data, obtaining a standard deviation σ = 0.306, and fully
satisfying the universal NUP and UDL systematics of alpha decay. Additionally,
the present model has been applied to make half-life predictions for thirty-four
possible, new alpha decay cases.

1

Introduction

Alpha emission has been an important topic of research in physics since the beginning
of the era of radioactivity [2–4] and the consequent studies that led to the proposal
of the nuclear atom [5, 6], passed through the first general laws of this type of nuclear
emission [7] and evolved into the complex theories of quantum tunneling [8, 9].
Despite over a century of studies on this subject, a complete theory of α-decay still
remains open. In recent decades, technological advances have allowed new experimental
techniques to make more accurate measurements and discoveries of chemical elements
with high atomic number [10–12], very unstable nuclei with exotic structure.
∗
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Currently, several α-decay models are applied to make predictions of decay chains
in the mass region of superheavy nuclei, leveraging knowledge towards the limits of
the production of nuclei of large atomic number [13]. In this context, evaluating the
validity of universal systematics of decay in this region of superheavy mass may be a
good indicator of the reliability of these studies.
In order to improve the theoretical results in relation to the experimental data,
studies with different approaches on α decay, such as a more realistic nuclear potential to
apply to this system, half-life calculations, universal systematics, decay chains, nuclear
deformations, adjustments of preformation factors, analytical formulas to describe the
α-decays, and other properties of heavy and superheavy nuclei have been reported in
the literature [14–49].
In this work, we calculate alpha emission half-lives for a set of 255 experimental
data covering a large mass region of heavy and superheavy nuclei (52 ≤ Z ≤ 118) and
assigned angular momentum ` = 0. Our theoretical model considers the nonlocality
effect of the particle-nucleus interaction [1, 50–52] in a version of the WKB approximation [1], resulting in an effective alpha mass dependent on the radial coordinate
tunneling through the potential barrier [1, 23]. The proposal that a global potential
to represent the particle-nucleus interaction must be non-local in nature was launched
in the late 1950s [53, 54]. In the version of a local potential representing the particlenucleus interaction, an effective mass variable with the radial coordinate of the particle
can be defined as a consequence of a velocity-dependent potential that expresses the
nonlocality effect of the interaction [1, 50–52].
First, we apply the model to 239 α-emitters (52 ≤ Z ≤ 103), whose experimental
measurements are more abundant and accurate. We then expanded the dataset by
incorporating 16 more decays in the superheavy mass region (104 ≤ Z), totaling 255
decays. Thus, we find that, in both cases, our calculations are in good agreement with
the experimental data, satisfying the usual universal decay systematics (NUP [21] and
UDL [20]) covering a large mass range of heavy and superheavy nuclei. After these
successful checks, we applied the calculations to make predictions for thirty-four new
α-decay cases with no experimental half-life data for the alpha channel, but only the
total half-life.

2
2.1

Theoretical Model
Alpha-Cluster Potential Model

Alpha decay half-lives are calculated using the semi-classical WKB approximation with
an implementation that considers a coordinate dependence on the particle mass. The
application cases of our interest are those decays in the mass region of heavy and
superheavy nuclei with strong experimental evidence of angular momentum ` = 0, for
which we have compiled a set of recent experimental data with 255 alpha emitters. In
this context, considering only decay modes with zero angular momentum, Coulomb’s
interaction becomes the main contribution to produce the potential barrier for the
quantum tunneling of the alpha particle. Despite that, in the vicinity of the diffuse
nuclear radius, the nuclear potential well plays an important role to locating the internal
return point and defining the rise of the barrier. Thus, the total potential is formed by
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the superposition of the nuclear potential well (VN ) plus the Coulomb potential (VC ):
V (r) = VN (r) + VC (r).
The VN potential was obtained from Ref. [15], in which the set of parameters was
adjusted to give a good agreement with experimental data of half-lives and excitation
energies for α-decay, covering a variety of light, medium and heavy nuclei: V0 = 220
MeV; β = 0.3; a = 0.65 fm, and an improved nuclear radius taken from Ref. [39]:
(
)
1−β
β
+
.
(1)
VN (r) = −V0
−R 3
) [1 + exp( r 3a
)]
1 + exp( r −R
a
This nuclear potential was taken from the empirical adjustments made by Buck et
al. [15]. They found that the cubic term, in addition to the usual format of the WoodsSaxon potential, led to a better fit of their alpha-cluster model in reproducing energy
spectra and half-lives of nuclei for a large range of nuclear mass, from light to heavy
nuclei [15].
As we only treat situations with zero angular momentum, the potential barrier is
generated by the Coulomb potential with the α-particle interacting with a daughter
nucleus treated as a uniformly charged sphere of radius R:

Zα ZD e2 [3 − (r/R)2 ] /2R for r ≤ R
.
(2)
VC (r) =
Zα ZD e2 /r
for r > R

2.2

Half-life calculation

The semi-classical WKB approach was applied to calculate the barrier penetrability
factor P that determines the half-life (T ):
T =

ln(2)
.
FP

(3)

The F factor relates to the internal structure of the nucleus, giving a measure of the
readiness rate for the alpha particle to initiate the escape through the penetration of the
potential barrier. This factor accounts for the product between two usual parameters,
namely, preformation S and assault rate λ0 , F = Sλ0 , as they were used in our previous
work [23]:
s
Q − Vmin
,
(4)
λ0 =
4µ(R2 − R1 )2
and the S values given in Ref. [25]: Sodd-odd = 0.15, SA-odd = 0.21, and Seven-even = 0.34.
The barrier penetrability P is defined as the usual form, with the alpha particle tunneling the barrier between the two classical turning points R2 and R3 (radial coordinates
at which V (r) = Q, with Q = Qα ; see Figs. 1c and 1b):


Z
2 R3 p
P = exp −
2µ(V − Q) dr .
(5)
h̄ R2
In the Eqs. 4 and 5 above, R1 is the innermost classical turning point within the
potential well (R1 = 0 in cases with ` = 0), the particle oscillates between R1 and R2
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in the assault on the barrier, µ is the reduced mass of the α-daughter nucleus system,
Vmin is the minimum value of the potential well [23] and the Q-value was calculated as
reported in Ref. [41] with the recent atomic mass excess given in Ref. [10].

2.3

Nonlocality Effect

In the present study, the difference from our previous calculations [23] is due to a
redefinition of the reduced mass µ of the system, now including an effective mass m∗
for the alpha particle:
m∗ M
,
(6)
m∗ + M
where M is the nuclear (rather than atomic) mass of the daughter nucleus. The modification implemented here in the effective mass considers a dynamic effect of nonlocality,
intrinsic to the particle-nucleus interaction, whose effect can be incorporated by making
a mass dependent on coordinates [1, 50–52]:
m
,
(7)
m∗ =
1 − ρ(r)
µ=

where m is the free mass of α particle and the ρ(r) function is defined in [1, 50–52]:


−1
d
r − RS
ρ(r) = ρS as
1 + exp
.
(8)
dr
aS
The RS parameter is defined as RS = R + ∆R, giving the centroid location of the
effective mass function ρ; aS is related to the width of this function. We take the
values aS = a and R defined as in nuclear potential VN ; ∆R = 3.44 fm was adjusted
keeping a very close connection with the α-radius experimental data (∆R = 2Rα ).
The mass parameter ρS was adjusted globally for the entire set of experimental data
(see Section 3). In Ref. [1] we showed that the nonlocality effect can be introduced
as a dynamic contribution represented by an energy-dependent term in the particlenucleus interaction. Anyway, this implementation in the WKB calculations keeps the
penetrability factor P in the same form as the one with constant mass during the
quantum tunneling. In practical terms, this adjustment occurs consistently only by
exchanging the free mass m for its effective counterpart m∗ in the reduced mass µ [1].
To illustrate the contribution of effective mass m∗ to the tunneling calculations, Fig. 1
shows the functions for the reduced effective mass µ (Fig. 1a), the components
VN and
p
VC of the potential, Qα -value (Fig. 1b) and the function f (r) = µ(V − Q) within
the integrand in the barrier penetrability P (Eq. 5) for the case of α-decay of 185m
Pt
78
(Fig. 1c). It is observed that the nonlocality effect produces a pronounced contribution
on the reduced effective mass in the region around the nuclear surface (Fig. 1a),
modifying the penetrability integrand function in relation to the standard calculation
considering the free mass of the alpha particle (Fig. 1c).

3

Results

Firstly, we compiled a set of alpha emitters with accurate half-life measurements, all
selected with predominantly zero angular momentum decays. These experimental data
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were compiled from recent publications [10]. The dataset covers a wide region of nuclear
mass, divided into two atomic number groups: 239 heavy nuclei with 52 ≤ Z ≤ 103 and
16 superheavy nuclei with 104 ≤ Z ≤ 118 , totalizing 255 emitting nuclei (heavy and
superheavy). The parameter ρS in the half-life calculations of the dataset was adjusted
to minimize the standard deviation σn− ρS :
(
σn− ρS =

n

1 X
(∆τi )2
n − 1 i=1

)1/2
;

∆τi = log10 (Tical ) − log10 (Tiexp ) ,

(9)

where Tical and Tiexp are the calculated and experimental half-lives of the i-th decaying
nucleus, respectively, and ∆τi measures the logarithmic deviation between calculated
and experimental data. At this point, for a measure of the contribution of the nonlocality effect on the half-life results, it is worth mentioning that in the previous work [23],
with no nonlocality effect (ρS = 0) and n = 164 decay cases with 51 ≤ Z ≤ 103, a
standard deviation σ164− 0 = 0.36 was obtained (the subscript 164− 0 in the notation
σ164− 0 refers to n = 164 and ρS = 0; this type of notation will be used later in the
text). In current calculations, we consider the group of heavy nuclei (n = 239) first.
The best results for the calculated half-lives, in comparison with the experimental data,
were obtained through an adjustment with ρS = −0.366, which provided a minimum
standard deviation σ239− 0.366 = 0.312 . This result shows a significant improvement over
our previous work with σ164− 0 = 0.36 [23], further emphasizing that now the number of
decay cases has increased by approximately 46%. It is noteworthy that in the current
theoretical formulation the distances between the calculated and experimental values
(∆τi ) have decreased in relation to the previous results with σ164− 0 , although the number of studied cases has increased considerably. In a second step, now considering the
larger dataset with n = 255 heavy and superheavy emitters and making only a small
adjustment of ρS = −0.375, we can still get good results obtaining σ255− 0.375 = 0.306,
which is a little better than the previous value σ239− 0.366 = 0.312, or a good improvement over the case without the nonlocality effect, ρS = 0, resulting in σ255− 0 = 0.352.
These results are summarized in Table 1.
Table 1: Global ρS adjustments for both sets of alpha emitters n = 239 (heavy nuclei)
and n = 255 (heavy and superheavy nuclei). The ρS parameter is adjusted to minimize
the standard deviation σn− ρS and, in addition, to centralize at zero the ∆τi distribution
of the logarithmic deviations of the calculated half-lives from the experimental ones.
ρS
σn− ρS
∆τ
n
239 −0.366 0.312
0
0
255 −0.375 0.306
255
0
0.352 −0.18
Although the results in Table 1 show that the standard deviation σn− ρS is a little
better for the adjustments considering the ρS parameter, the nonlocality effect has an
additional contribution on the results, as we can see in Fig. 2. This figure shows the
distribution of deviations ∆τi , for n = 255 group, through two types of calculation
to illustrate the effect of the contribution of nonlocality in these calculations. Fig. 2a
presents the deviations ∆τi with ρS = 0, where we can see that the centroid ∆τ =
−0.18 of the distribution is shifted to negative values of ∆τi . In this case, most of the
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calculated half-lives are smaller than the experimental values, which is an indication
that some additional contribution to the previous theoretical model (ρS = 0) needs
to be considered. On the other hand, the centroid is shifted to ∆τ = 0 when the
nonlocality effect is considered in the decay calculations using the adjusted value of
ρS = −0.375 in Fig. 2b.
At this point, it is important to note that a consequence of the dynamic effect of the
nonlocality of the potential is to produce an increase of the reduced effective mass of
the alpha particle, having an increased peak value of approximately 10% at the radial
Pt isotope, which directly influences
coordinate r = RS , in the case for α-decay of 185m
78
the results in relation to the model with the free mass of the particle (see Fig. 1).

3.1

Universal Systematics

In addition to comparing the minimization of the standard deviation σ255− 0.375 = 0.306,
the confidence of our results was also tested in two forms of universal systematics,
namely, NUP (New Universal Plot [21]) and UDL (Universal Decay Law [20]). Fig. 3
shows the NUP systematics by comparing our results with experimental data for heavy
and superheavy nuclei. This systematics is a useful way of interpreting the results of
the set of half-lives calculated by Eq. 3: log10 T = −a log10 P − log10 S + c. The fitting
parameters of this straight-line are given in Table 2.
Table 2: NUP-systematics parameters for heavy and superheavy
n α-emitters
ρS
a
c
Ref.
Present work 255 (52 ≤ Z ≤ 118) −0.375 1.0 −21.7631
[23]
164 (51 ≤ Z ≤ 103)
1.0 −21.7615
163 (+27 clusters)
1.0 −22.16917
[21]

nuclei.
σn− ρS
0.306
0.360
0.428

On the other hand, the UDL systematics [20] is presented in Fig. 4. The Y function
is defined as:qis defined as: Y = log10 T − bϑ = aχ + c, where a, b and c are adjustable
q
1/3
1/3
AD
Ar
,
variable
χ
=
(Z
Z
)
and
values, ϑ = Ar Zα ZD (Aα + AD ) with Ar = AAαα+A
α D
Q
D
the half-life T should be expressed in second. In Table 3 is showed the parameters of
UDL systematics in comparison with the others adjusted in our previous work.
Table 3: Parameters adjusted in the UDL systematics for 255 α-emitters, heavy and
superheavy nuclei, minimizing the standard deviation σn− ρS (Table 1).
Ref.
n
a
b
c
σn− ρS
ρS
Present work 255 0.4174 −0.4175 −22.949 0.306 −0.375
Present work 239 0.4175 −0.4182 −22.920 0.312 −0.366
[23]
164 0.4171 −0.4311 −22.364 0.360
[20]
0.4065 −0.4311 −20.7889 0.3436
The data presented in Fig. 4a show that the results of our calculations, using the
parameters in Table 3, are perfectly well represented by the UDL systematics, while the
experimental data suffer a small deviation from the UDL (see Fig. 4b), which, equally,
also happens in relation to our results (Fig. 4c and Table 3).
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Predictions for some unknown alpha-decay emitter channels

After some successful tests of comparing our model results with known experimental
data, we can apply these calculations to make predictions of some α-decay cases that do
not yet have experimental data for this specific channel, but only for the total half-lives.
In this way, we found a set of thirty-four possible new α-decay cases with zero angular
momentum, for which the experimental total half-life is known, but not the α-channel
branching ratio. The results are shown in Table 4.
Next, in Fig. 5 we present the results of the predictions superimposed on the graph of
the UDL systematics showed in Fig. 4a, in which we can also observe a good agreement
between our calculations with this systematics, noting that the experimental data from
predictions are not placed in this figure because only their total half-lives are known.

5

Concluding remarks

The calculations certify our previous results [23] that the α-decay for heavy and superheavy nuclei can together satisfy the same universal systematics, a powerful tool
that can allow good predictions of half-lives or new α-decay chains. Furthermore, the
inclusion of the nonlocality effect of the particle-nucleus interaction produces a better
adjustment of the mean field potential in the calculations and, therefore, presents an important contribution in the sense of minimizing the deviations between the theoretical
and experimental results, making them closer and more centralized. On this opportunity, encouraged by the good fits between the results of our theoretical model and the
experimental data, we have expanded the calculations to make half-life predictions for
thirty-four new possible α-emitters.
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Table 4: Prediction for thirty-four new cases of ` = 0 α-emitting nuclei: the total halflives in column 4 are experimental data from Ref. [11], and the α half-lives in column
5 have been calculated by using the model of the present work with ρS = −0.375, this
parameter value being obtained from the half-life data of 255 heavy and superheavy
α-emitters (see Table 1).
i
Z
1 52
2 69
3 71
4 73
5 73
6 75
7 75
8 77
9 79
10 79
11 81
12 92
13 92
14 94
15 96
16 96
17 100
18 100
19 102
20 103
21 104
22 104
23 104
24 105
25 106
26 106
27 106
28 106
29 108
30 108
31 112
32 112
33 112
34 114
* Case

A
110
155
157
161
163
161
167
165
169
171
183
220
236
224
232
250
242
244
258
257
260
264
266
257
258
262
264
268
274
276
278
280
282
284

exp
Ttot
(s)
1.86 × 101
4.50 × 101
7.70 × 100
3.00 × 100
1.06 × 101
4.40 × 10−4
5.90 × 100
5.00 × 10−8
1.50 × 10−4
2.23 × 10−5
6.90 × 100
6.00 × 10−8
1.20 × 10−7
1.00 × 10−5
1.00 × 101
2.62 × 1011
8.00 × 10−4
3.12 × 10−3
1.23 × 10−3
2.70 × 10−1
2.10 × 10−2
3.60 × 103
1.44 × 104
6.70 × 10−1
2.70 × 10−3
1.03 × 10−2
7.80 × 10−2
1.20 × 102
5.00 × 10−1
1.00 × 10−1
2.00 × 10−3
5.00 × 10−3
1.10 × 10−3
3.10 × 10−3

Tαcalc (s)
1.28 × 106
3.83 × 103
1.19 × 102
1.74 × 102
5.60 × 104
4.09 × 10−2
2.33 × 102
4.89 × 10−3
4.63 × 10−4
3.77 × 10−3
3.27 × 102
7.97 × 10−8
9.25 × 100
3.47 × 10−6 *
1.17 × 101
2.07 × 1013
3.66 × 10−1
9.65 × 10−1
7.33 × 101
1.71 × 10−1 *
1.45 × 100
9.56 × 102 *
3.77 × 104
3.65 × 10−1 *
4.99 × 10−2
6.57 × 10−2
8.22 × 10−1
6.41 × 102
3.01 × 10−1 *
2.30 × 100
2.98 × 10−4 *
5.32 × 10−3
1.28 × 10−1
2.09 × 10−2

for which α-branching ratio > 1. Roughly 18% of the cases listed fall into this category; they have been kept to
allow for the possibility of uncertainties in the data and calculations.
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Figure 1: The contribution of the nonlocal effect on tunneling calculations. Selected
example for α-decay from 185m
78 Pt: (a) effective reduced mass µ considering nonlocality
effect with ρS = −0.375; (b) components of the potential: nuclear VN , Coluomb VC ,
Total V , and Q-value; (c) comparison between the functions f (r) in the integrand of
the barrier penetrability: considering the reduced masses µ (blue line, ρS = −0.375)
and µ0 (red line, ρS = 0).
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Figure 2: ∆τ -distributions for 255 α-emitters. (a) Results for the calculations with
ρS = 0 (without nonlocality effect). In this case, most of the calculated half-lives are
smaller than the experimental values, which can be observed with the centroid being
shifted to the negative value ∆τ = −0.180. (b) However, the centroid is exactly on
∆τ = 0 when the nonlocality effect is considered in the calculations with ρS = −0.375.
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Figure 3: NUP systematics for 255 heavy and superheavy α-emitters nuclei with
52 ≤ Z ≤ 118: (a) theoretical results with ρS = −0.375 (for all decay cases shown in
Fig. 2b); (b) the experimental data are displayed on the fitted NUP straight line from
part-a. The σ-value in parts a and b measures the standard deviation of the data from
the straight line in part-a. The theoretical results are well adjusted on the NUP line
(σ = 0.021), while the experimental ones show a small deviation (σ = 0.304).
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Figure 4: The UDL systematics for 255 α-emitters with the parameters given in Table
3. (a) The UDL systematics (dashed green line) adjusted for our theoretical results
(blue dots); (b) UDL systematics (dashed blue line) adjusted for experimental halflives (blue dots and white dots); (c) the experimental data (blue dots and white dots
in Fig. 4b) are superimposed on the dashed green line of the adjusted theoretical UDL
(Fig. 4a). The σ-value in parts a and b measures the standard deviation of the data
from the UDL straight line. The theoretical results are well adjusted on the UDL line
(σ = 0.099), while the experimental ones show a small deviation (σ = 0.329).
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Figure 5: Half-life predictions of thirty-four new α-emitters are displayed by overlaying
the same UDL systematic in Fig. 4a. It is observed that the prediction cases follow
the same line adjusted previously for the 255 decays with the known alpha half-life
experimental data. These new results are shown in Table 4.

NOTAS DE FÍSICA é uma pré-publicação de trabalho original em Fı́sica.
Pedidos de cópias desta publicação devem ser enviados aos autores ou ao:
Centro Brasileiro de Pesquisas Fı́sicas
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