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Abstract - A simple, semi-empirical, one-parameter calculation model based on the quantum me-
chanical tunneling mechanism through a potential barrier has been used to estimate the partial
a-decay half-life, 7}, , of 18Hf™2 jsomer. Alpha-transitions to levels of the ground-state band
J™ = 0%, 2%, ..., 14T of '™Yb have been considered, and the contributions to Ty, due to over-
lapping, Coulomb, and centrifugal barriers have been detailed in each case. Results have indicated
al 1?Q—Value of (0.24 + 0.07) Gyr and a predominance (~ 57 %) of a-particles populating the level
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1 Introduction

The existence of an isomeric state in '™Hf isotope of long half-life (77,5 > 10 yr), high spin-parity
(167), and high excitation energy (~ 2.5 MeV) was reported for the first time as a result of a long-term
experiment carried out by Helmer and Reich [1]. Subsequently, these authors measured the half-life
of ™Hf™2 (16™) isomer as (31 + 1) yr [2], and its excitation energy was determined more precisely
as (2447.5 + 2.5) keV by De Boer et al. [3] (the value accepted today is (2446.09 £ 0.08) keV [4]).
Different aspects of the de-excitation mechanisms by spontaneous gamma quantum emission for the

referred Hafnium isomer have been investigated until a recent past [5].

The exotic characteristics of a long half-life combined with a high excitation energy and spin
makes 1Hf™? (167, 31 yr) a special and unique isomeric state in the sense that possible particle
decay modes, such as a-, 57-, and e- (electron capture) decay, and spontaneous fission as well could
be considered. In the case for a-decay Van Klinken et al. [6] attained experimentally a lower limit

of T\%, > 0.6 Gyr (a-branching ratio < 5 x 10~%).

It was only in 2005 that a group of researchers from the Flerov Laboratory of Nuclear Reactions
(Dubna, Russia), in collaboration with Dr. J.J. Carroll of Youngstown State University (Ohio, USA),
began a theoretical and experimental investigation aimed at determining the partial a-decay half-life,
Ty5,, of 18H{™2 isomer [7]. Firstly, based on the empirical Geiger-Nuttall-type systematics of alpha
emitters extending from Nd to Pb isotopes, complemented by a systematic description for the spin
hindrance of a-decay cases of large spin change (as for 2!'™Po (25/2%), 21?™Po (18T), and 2'*Rn™2
(8T) isomers), the authors were able to estimate T\,-values for a-transitions of I8Hf™2 populating
the energy levels of the ™Yb rotational band. Results indicated a total Tf/“Q estimated as 0.064 Gyr,
i.e., about nine times lower than the lower limit previously reported [6], and the most likely modes of
a-transitions as ¢ = 10 (53%), ¢ = 8 (23%), and ¢ = 12 (19%) (details of the estimates are reported
in [7]).

At the same time, the researchers at the Flerov Laboratory in Dubna were developing an exper-

18Hfm2 jsomer. The Dubna

iment that could measure an alpha activity as low as the expected for
group had prepared years earlier a source containing ~ 3.5 x 10'3 atoms of '™Hf™2 from chemical
separation on a Ytterbium target enriched in '"Yb isotope previously bombarded with a 36-MeV
*He-ion beam according to the ™Yb («, 2n) reaction [8]. A first measurement was performed using

18Hf™2 source and detector in good geometry

a calibrated Si surface barrier detector by placing the
inside a vacuum chamber for two weeks, resulting in a lower limit of 7\9, > 6.6 Gyr [7], i.e., improving

by ~ 10 times the one reported by Van Klinken et al. [6].



CBPF-NF-010/20 3

Another experiment was then conducted by Karamian et al. [7], this time by making use of
high-quality foils of CR-39 as alpha particle track detectors. Basically, the method consisted of
placing the '™Hf™2 source between two plates of CR-39 and sealed the sandwich for a convenient
period of exposure time. By taking care against excessive damage after etching (choosing appropriate
exposure time and adjusting the etching procedure to make visible the alpha particle tracks clearly)
and the background tracks registered on the detector surface not exposed to the active source, such a
detection method allowed, after an exposure of about one year, to reach a value of Tf}z = (25+5) Gyr
for the a-decay of '"Hf™2 isomer, which value is compatible with the result previously obtained with

Si detector, but 390 times larger than the estimated value [7].

In view of the significant differences shown in the Tla/Q—values mentioned above, and since the
literature does not provide other indications of 7,9, for "™Hf™? isomer, either theoretically or ex-
perimentally, we decided therefore to apply our semi-empirical calculation model of heavy-particle
decay [9-12] to obtain an alternative estimate of such a quantity. The present study complements our

recent paper reporting on a reinvestigation of alpha-decay half-lives of all a-emitting Hf isotopes [13].

2 The model

The methodology used in the present work to calculate half-lives for heavy-particle radioactivity
(nuclear decay by one- and two-proton emission, a-decay, and cluster emission processes) is based
on the quantum mechanical tunneling mechanism through a potential barrier as first proposed by
Gamow [14] and Gurney and Condon [15, 16]. Here, the Coulomb, centrifugal, and overlapping
barriers have been considered separately in the spherical nucleus approximation. The description
of the model was done for the first time in 2005 to obtain an estimate for the a-decay half-life of
209Bi isotope [9], which showed good agreement with the measured half-life value determined by
de Marcillac et al. [17]. A number of applications of the model to different cases of heavy-particle
radioactivity are quoted in our recent paper devoted to a reinvestigation of a-decay of Hafnium

isotopes [13], where details of this semi-empirical, one-parameter model have been also reported.

In what follows subscripts P and D refer to parent emitter and daughter product nuclei, re-
spectively. According to our calculation model, for a given a-particle decay case, the half-life,

7 = logy 112, is obtained from the summation

T = loglo T1C/¥2 = Tfa(Qa) + 7_ov(cgaa £7 g) + 7—coul(CQa) _'_ Tcent(Qaa g) 9 (1)

where 7, is the contribution due to the frequency of assaults to the barrier, and 7, comes from
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the semi-classical WKB-integral approximation calculated in the overlapping barrier region where
the a-particle drives away from the parent nucleus until the configuration of contact at the nuclear
surface. The sum 7oy + Teent = Tee comes from the semi-classical WKB-integral approximation
calculated through the external, separation barrier region formed by the Coulomb-plus-centrifugal
contributions. (), denotes the total energy available in the a-decay process, and ¢ represents the
minimum value of the mutual orbital angular momentum of the product nuclei around their common

center of mass.

The main expressions to be used in calculating the various quantities in Eq. (1) are here repro-
duced from our previous paper [13] (note that lengths and distances are expressed in fm, masses in

u (atomic mass unit), energies in MeV, and time in year (yr)):

T = —29.5 4 logy, a-(uo/Qa)l/Q], 2)
Tw = g-7, 1=019-(c—a)-(no-Qu)"* H(z,y), (3)
Teou = 0.54716 - Zp - (110/Qa)"? - F(0,y), and (4)
Teent = Teou " [F(2,9)/F(0,y) — 1] . (5)

Here, a = Rp — R, , where 2a represents the linear displacement of the a-particle between two
successive assaults to the barrier, and ¢ = Rp + R, defines the configuration at contact of the
preformed fragments (daughter nucleus and emitting a-particle). In this way, the length ¢ — a =

2R, — (Rp — Rp) gives the width of the overlapping barrier region (see Fig. 1-a).

The routine calculation to estimate nuclear radius, R; (i = P, D), has followed the finite range
droplet model of atomic nuclei as it has been described by Moller et al. [18], where the spherical
approximation of the nuclear volume has been adopted in the present analysis (see also [19]). This
nuclear radius parametrization has been updated recently by Méller et al. [20]. The new radius data
have been obtained from a significantly improved treatment that took into account more accurate
experimental ground-state nuclear mass data [20]. The expressions that enable to calculate the

average equivalent root-mean-square radius of the proton, (Jp, and neutron, @)y, density distributions,
RleZ,A:(Z/A)Qp+(1_Z/A)Qn7 Z:PvDa (6)

have been reported elsewhere [12, 13]. This procedure reveals that the ratio r = R/AY3 decreases
a little when one passes from intermediate-mass to heavy nuclei, thus indicating a clear degree
of nuclear compressibility, making, therefore, the simple radius formula R = r - A3 not valid in

estimating nuclear radius in the whole range of mass number.

Concerning the alpha-particle radius, it has been adopted the value R, = (1.62 & 0.01) fm, in

accordance to the a-particle radius-value derived from the charge density distribution measured by
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Sick et al. [21] in electron scattering experiments on “He target. Excellent reproducibility of alpha-
decay data was attained using the above mentioned R,-value coupled with a simple Gamow’s-like
model applied to a large number (more than three hundred cases) of measured alpha-decay half-lives

covering the mass-number interval 106 < A < 264 [22].

The only adjustable parameter of the model, g, results from a combination of exponents p and

q,

g=[+@+qe/2" 0<g<2/3, (7)
of two assumed power functions to describe the reduced mass of the disintegrating system, pu(s), and
the potential barrier, V' (s), respectively, in the overlapping barrier region, a < s < ¢ (s is the distance
of separation between the centers of the forming product nuclides). The g-value depends upon the
source of input data for both nuclear mass and radius, the adopted values for the different physical
constants, and, of course, the measured half-life data of a given set of alpha-decay cases. Once a mass
table and /or a nuclear radius parametrization were chosen, subsequent half-life determinations should
be done using these sources of data for mass- and radius-values as well as the physical constants with
which the g-value was obtained. Parameter g is related to the strength of the spectroscopic factor,

i.e., the a-particle preformation probability, whose value is given by S = 1079 (see Eq. (3)).

The Q,-value and effective reduced mass, ug, of the disintegrating system have been obtained

by
Qo =mp — (mp +my), and pg = (mg1 + m;l)f1 , (8)

where the m's represent nuclear (rather than atomic) masses, calculated by the usual way, namely
My = A — Zs - me + (AMZ- + ka) /F, i=P,D. 9)

Here, m, = 0.54857990907 x 1072 u is the electron rest mass, m, = 4.001506179127 u is the alpha
particle mass, AM/s are the atomic mass-excess values (expressed in MeV) as tabulated in [23], k;Zf
represents the total binding energy of the Z electrons in the atom, and F' = 931.4940038 MeV /u is
the mass-energy conversion factor. The k- and [-values come from an analysis of calculated data for

electron binding energies of neutral atoms by Huang et al. [24]. From the analysis it is obtained

k=8.7x10"%MeV and 3 = 2.517, for nuclei of Z > 60. (10)
k=13.6 x 10°°MeV and 8 = 2.408, for nuclei of Z < 60. (11)

For the general case of a-transitions from an a-emitter nuclide in an excited state at EJ to a

product, daughter nuclide in an excited state at EJ, (),-value has been calculated by

Qo = AMp — AMy, — 2.42491561 + W + B — Ef MeV, (12)
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where the AM'’s refer to ground-state nuclides, and
W = [8.7- (25" — Z3°'") — 72.18] - 107° MeV, Z; > 60 (i = P, D) (13)
is the screening effect to the nuclei caused by the surrounding electrons.

Finally, the functions H(x,y) and F(z,y) contain the dependence upon mutual angular mo-
mentum, ¢ (if any), which comes from the nuclear spin (J) and parity () conservation laws

(Jp = Jp+Jo+ £ mp = 7p -7y - (—1)5) to the a-decay process. These functions are written

as
H(z,y) = (v +2y - 1)"/2, (14)
1/2
o2 2 PH(z,y) +xty 1 y—1 H(z,y)
F(x,y) = -In d + arccos{ =+ [1 — —— - = 15
( ) 2y /x+y2 /I+y2 2y ( )

and the quantities x and y are defined as
x=20.9008 - £({ + 1)/ (1o - - Qn), y = Zpe*/(c-Qa). (16)

Here, e? = 1.43996444 MeV-fm is the square of the electronic elementary charge, and expressions

(14) and (15) are valid for all values of z > 0, y > 1/2.
In cases for which ¢ = 0 it results x = 0, Teent = 0, and, in addition,
1 1/2
71=019(c—a) [po- Qo -(u " —1)] "7, and (17)

F(0,y) = arccosu? — [u- (1 —u)]'?, v =2y. (18)

3 Preliminary predictions

Different levels of excitation and spin-parity of 1"Yb can be populated by a-transitions from "8Hf™?

parent isomer (J™ = 16T, B = 2.44609 MeV). The energy levels of the ground-state band of ™Yh
increase from (0 keV, 07) up to (2457 keV, 1471) [25], so that such a-transitions exhibit high @Q,-values
which decrease from ~ 4.56 MeV down to ~ 2.10 MeV, at the same time that the corresponding

spin changes (angular momentum) also decrease from ¢ = 16 down to ¢ = 2.

It is not difficult to identify the energy level (or levels) that should be the most populated ones as
a result of the a-transitions mentioned above. In fact, according to the current tunneling mechanism

through a potential barrier to a-decay, the half-life can be expressed as

7 = logyo T\, = log [(In2) /Ao] + (Goy + Gse) - 0.4343, (19)
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where \g ~ (1.6-2.3) x 10?' s7! represents the frequency of assaults on the barrier, and G, and G,
are the semi-classical WKB-integral approximations (Gamow factors) calculated in the overlapping

and separation regions, respectively (see Fig. 1-b).

The first term in (19) is practically constant (a variation of only ~ 0.16) because Ay does not

vary significantly. Therefore, the trend of 7 is essentially dictated by the quantity Go, + Gse , which

is given by
c b
Govt+Gse = [(Bu0)'?/h) x G,, G, = / fou(s) ds + / fee(s) ds (20)
with fou(s) = QY2 H(z,y) - (c—a)™ (s —a)” (21)
and  fuols) = QY- [xc?/s* + 2yc/s — 1] "7, (22)

as in the example shown in Fig. 1-b. In these expressions, b is the outer turning point obtained from

the condition fs(b) = 0, which gives
b=c-[y+(x+y)"?], (23)

and v > 1/2 is an unknown parameter. We will call G, = G + G3* (definition (20)) as reduced

Gamow factor.

The first integral in (20) is the area of the overlapping region (shaded region in Fig. 1-b),

G =Qy* H(z,y)-(c—a)- (v+1)7". (24)

Since v is still unknown and, in addition, calculations have indicated that G®/G, < 10%, G

has been approximated to the area of the triangle of base ¢ — a and height f(c), i.e.,

—_

G~ ~(c—a) QY H(z,y). (25)

[\

On the other hand, the area of the separation region (¢ < s < b in Fig. 1-b) can be calculated

exactly to give

p g PPH@y) ety Ly
. Y - arccos
VT +y? VT +y?

(recall that H(z,y) is defined by (14), and = and y by (16)).

G = cQl*

— H(z,y) (26)

Results of G, = G?¥ 4 G3¢ calculated in this way are reported in Table 1 for the modes of a-decay
of 1™ Hf™? isomer to levels of the ground-state band of 1™Yb. Since T , increases quite exponentially

with G, , this latter quantity can serve to anticipate the most probable modes of a-decay to occur.
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The lower G, the more likely is its corresponding a-transition. For the case under analysis Table 1
indicates the a-transitions of ¢ = 10, £ = 12, and ¢ = 8 (in this order) as the most likely to occur.
This conclusion is partially in agreement with that found by Karamian et al. who reported ¢ = 10,

¢ =38, and ¢ = 12 as the order for the most probable a-transitions [7].

4 Semi-empirical parameter g

To determine the partial a-decay half-lives for the transitions "®Hf™? — 7Yb* the task of finding
semi-empirical values for parameter g of the present calculation model must be first carried out. The
set of known cases of a-decay to be used as input data should contain a number of isomeric states
as parent and daughter nuclear species, decays with spin differences as high as ¢ = 16 or greater,
and should cover a large interval of half-life values. Table 2 lists the main data for twenty-nine cases
of selected a-decays of 63 < Z < 98, 151 < A < 251, 0 < ¢ < 18, covering e-e, e-0, o-e, and 0-0
nuclei, 38 % of the cases being isomeric a-decays, and a variation of thirty-seven orders of magnitude

in half-life.
Then, by using (1)—(5), one derives

ge = (7_6 — Tfa — Tcoul — Tcent) /7_1 ) (27)

from which the g®-values have been deduced (superscript “e” indicates that the g-values come from
experimental data, and 7¢ from experiments). Table 2 reports in the last column the semi-empirical
ge-values thus obtained. It is seen that all g®-values resulted within the range 0 < g < 2/3 allowed
by the present model.

As expected, there should be a dependence of ¢¢ upon ¢. To find this dependence, firstly the
fourteen g®-values of £ = 0 have been replaced by their average value, g§ = 0.16140.021. In addition,
the same was done for the six cases of ¢ = 2, four cases of ¢/ = 5, and two cases of £ = 6, thus obtaining

g5 = 0.217 4 0.029, ¢¢ = 0.474 + 0.062, and g§ = 0.532 4 0.035, respectively.

In this way, the initial set of twenty-nine pairs of ¢°- and their associated ¢-values has been
reduced to seven ones. These points are plotted in Fig. 2, through which points a smooth curve by
eye fit has been drawn. In this way, estimated g°-values for 0 < /-values < 20 have been picked out

from the curve of Fig. 2 within ~ 10 % of average uncertainty.
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5 Calculated partial alpha-decay half-life

The calculated a-decay, 17, (or 7¢ = logy, T1C/2) can now be obtained for i) all cases listed in Table 2,
and i) the eight a-transitions "™Hf™* —1"Yb* of £ =2, 4, ... 16. It suffices to insert back into (3)

the calculated (or estimated) g-values as described above and then make the summation (1).

Defining the calculated “reduced” half-life, 77, and experimental “reduced” half-life, 77, by sub-

tracting from the half-life 7 (Eq. (1)) all its contributions other than the Coulomb one, i.e.,
T:: =7°— (Tfa + gc " T1+ 7_cent> and 7—re =7°— (Tfa + gC Tt Tcent) ? (28)

one has

Ar, =1 —17=7"—1°=AT. (29)

Definition (28) means that 7¢ = Teou = C - 2z, where C' = 0.54716, z = Zp - (1o/Qa)*? - F(0,7y) and,
therefore, it does not depend upon ¢. On the other hand, from (1) and (3) one has AT = 7 - Ag,
which combined with (29) gives

w=C0z=7- (6= 9 (30)

In this way, both sets i) and i) of decay cases mentioned above can be displayed in a linear form
when the quantities 7¢ and 7¢ are plotted against z = Zp - (110/Qa)"? - F(0,7), where F(0,y) is given
by (18).

Figure 3 displays the reduced a-decay half-life data following the present methodology for the
twenty-nine decay cases selected (Table 2) that have been used to obtain the variation of the semi-
empirical parameter ¢g¢ with . It is found that in 93 % of cases 0.010 < |7¢—7¢| < 0.270, i.e., a ratio of
Tlc/2 to T’ 16/2 less than ~ 1.9, with the observation that in twenty cases the calculated and experimental
half-life values differ from each other by less than 50 %. The smallest differences (less than ~ 7%)
are found for ?Ho™, 15"Lu™, 1860s, and #'8U™ parent nuclei, and for ?*"Np (5/27) — 233Pa (5/27),
9Py (1/27) — 25U (1/27), and ?*Pu (1/2%) — 2°U (3/2%) a-decays. Only in two cases (filled
squares near z = 53 in Fig. 3 for ?*'Cf parent nucleus) did the ratio of TS, to T, become ~ 3.
However, it should be noted that the data analyzed here cover a range of thirty-seven orders of

magnitude in half-life.

Agreement between calculated and experimental half-life-values for the twenty-seven cases men-
tioned above can be considered quite satisfactory, mainly because six of them (located in 15 < z < 35)
are a-transitions of 5 < ¢ < 18, which makes the present estimates of ¢g¢ reliable for the purposes of
this study. In the case for 2'?Po™ — 2%Ph? (¢ = 18) a-decay (semi-darkened point at z = 16.2), for

instance, one obtained Tf/2 / Tle/2 ~ 1.27. Results of partial a-decay half-life of cases of special interest
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of the present work are reported in Table 3, where the last two columns show Tlc/2 and a-intensity
with which the levels of 1™Yb daughter are expected to be populated. And in Fig. 3 the half-life
data are also presented in the form of reduced half-life by open circles which represent calculated

1o-values, and that are located on the 77 = C' - 2 line.

The total alpha half-life combining all cases listed in Table 3 has resulted as 777, = (0.24 +
0.07) Gyr. According to the present analysis, the most frequent a-transitions from "Hf™2? are
to levels of '™Yb when ¢ = 10(16"7 — 67,Q, ~ 4.032MeV,57%), { = 12(167 — 47,Q, =
4.305MeV,36 %), and ¢ = 8 (167 — 87, Q, = 3.669MeV,4.7%), thus confirming the previous
prediction reported in Table 1. These results differ slightly from those of Karamian et al. [7], who
have indicated ¢ = 10 (~ 53 %), £ = 8 (~ 23%), and ¢ = 12 (~ 19%) as the most likely modes of
a-decay [7]. Also, the total Tf/‘2 estimated by the present methodology resulted higher than the
one reported in [7] by a factor just under 4, and ~ (100 & 35) times lower than the value obtained
experimentally in [7]. The fact that the two estimates of 7| 1 for I8Hf™2 jsomer are relatively close
to each other may be an indication of some fault in the experiment described in [7], since a high
measured Tl‘jz—value may be indicative of loss of events in the detector, which may be related to

uncertainties in the determination of the detection efficiency, or eventually to other causes.

Additionally, Tf/g—data of Table 3 are also shown in graphical form (Fig. 4) to make easier to
understand how does T}, varies upon the physical caracteristics (Qq,¢) which govern each of the
eight a-transitions. In Fig. 4 it can be seen that the quantity 74, is almost constant (a decrease of
only ~ 0.6 %). Both 7o, and 7Teen increase significantly. The former increases by a factor ~ 3.6 due to
simultaneous increasing of parameter g and ¢, while the latter (an increasing by a factor ~ 39) to a
rapid increasing of the term £- (¢4 1). Recall that the probability of preforming of the disintegration
products is given by S = 107, therefore S shows a decreasing from ~ 0.06 down to ~ 3.7 x 1075,
Finally, the decreasing seen in 7.y -values exceeds the increasing of 7., plus Teen: until it reaches the
minimum in @, ~ 4.032MeV and ¢ = 10, when then the half-life 7¢ = 7, + Toy + Teoul + Teent Starts to
increase, showing that the effect of (), on 7¢ is stronger than the hindrance created by ¢ until ¢ = 10.

This is the first time the four components 7., oy, Teent, and Teou are depicted to some detail.

6 Towards a systematization of a-decay half-life

The observation that both the quantity associated to the frequency of assaults on the potential
barrier, 7, = log [(In2)/)e], and ,u(l)/ ? can be considered constant within ~ 0.6 % for the a-emitting

isotopes along the Nuclide Chart, led us to search for a single correlation between half-life 7 =
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logyo T}, and reduced Gamow factor G, = GY¥ + G7°.

Starting from eq. (19), and by comparing
(loge) - [(8u0)/2/n] - G = 0.19 - (¢ — a) - (10Qa)"/* - H(w,y) - (v + 1) (31)

with (3) it results in ¢ = (v + 1)7!, so that the approximate values for G® as given by (25) is now

substituted by the correct one,
G =(c—a)-g-Qy* H(zy). (32)

Therefore, the correct value for reduced Gamow factor, G, can be obtained semi-empirically, and the
dependence of half-life 7 upon G, should appear very close to a straight line. The general expression

for G, (any f-value) is obtained by combining (26) with (32) to give

1/2H 1—
G, = Q};/Q {cwl/z.lnx (.y) + oty +cy-arccos—y —le=(c—a)g]- H(ffay)}- (33)

VT +y? VT +y?
In particular, for favored a-transitions of ¢ = 0, one has

G,:Q;ﬂ{cy-arccos G-l) —[c—(c—a)g]\/ﬁ}. (34)

Figure 5 shows such an expected linear relationship between 7 and G, achieved from a sample
of twenty experimental data of 0 < ¢ < 18, a-transitions either from ground or isomeric states,
irrespective of being e-e, e-0, 0-e, and o0-o nuclides, and covering thirty orders of magnitude in half-
life (darkened points in Fig. 5; location for some a-emitting nuclides are indicated by arrows). Also
plotted in Fig. 5 are the eight cases of calculated half-lives for '"™Hf™2 isomer decaying into excited
states of Yb isotopes as reported in Table 3 (open circles). From inspection of Fig. 5 it appears that
the half-life is strictly related to reduced Gamow factor, G,, and it works as a universal-like law

which can be used to estimate half-lives of alpha transitions in general.

A few examples of using of the dependence 7 vs G, in Fig. 5 to obtain calculated a-decay half-life
values are given in Table 4, where it is seen that calculated values differ from the measured ones by

no more than a factor ~ 2 (two exceptions are for »2Gd and 22At™ a-emitters). The single formula
7¢ = log T}, = (0.3805 £ 0.0014) - G, — (29.23 £ 0.12) (35)

can then be used to estimate half-lives for a-transitions with uncertainties not greater than a factor
~ 4, whatever the value of ¢, the type (e-e, e-0, 0-e, or 0-0) of a-emitting nuclide, and whether

the transition occurs from the ground or isomeric states of the parent nucleus. A better accuracy
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in a-decay half-life estimates by a formula like (35) can be achieved from a much larger sample of

measured data than the input data of Table 2 that have been used in the present analysis.

It is worth mentioning that very recently Deng, Zhang, and Royer [32] have published their
results on an improved general a-decay half-life systematics covering 606 alpha-emitter nuclides
(ground and isomer states) where the blocking effect of unpaired nucleons has been also incorporated
into the analysis. With only eight adjustable parameters such a study showed that ~ 96 % of all

measured data have been reproduced with standard deviation of o = 0.356.

7 Final comments and conclusion

In this paper a semi-empirical calculation model based on the quantum mechanical tunneling mecha-
nism through a potential barrier is applied to rare cases of a-transitions from a parent, a-emitter nu-
clear species at an isomeric state of very high spin (J = 16™) and excitation energy (E* = 2446keV):
this is the case for '™Hf™? (T}, = 31yr) isomer decaying to the energy levels of the ground-state

rotational band of ™Yb daughter isotope.

There are other studies directly related to a-decay from nuclear isomeric states. For instance, the
effective liquid drop model-ELDM of heavy-particle radioactivity [33] has been successfully applied,
by Zhang and Ren [34], in obtaining a-decay half-lives of ground and isomeric states in a unified
theoretical framework to a variety of heavy and super-heavy parent nuclei. In a more recent past, a
generalization of Geiger-Nuttal law for a-decay of heavy nuclei has been developed by Ren and Ren
(the so-called new Geiger-Nuttal law) [35], with which the a-decay half-lives of the high-spin isomers

of 212Po have been well reproduced.

The present study has revealed that the most likely alpha transitions to occur from "“8Hf™2
isomer are those of angular momentum ¢ = 10 (~ 57 %), ¢ = 12(~ 36 %), and ¢ = 8(~ 4.4 %)
corresponding to half-lives of (0.43 £ 0.18) Gyr, (0.68 4+ 0.30) Gyr, and (5.2 £ 2.1) Gyr, respectively,
and a partial half-life for all modes of a-decay as Ty, = (0.24 £ 0.07) Gyr. Considering the rarity
of the a-decay case under investigation, and the uncertainties associated with the various quantities
involved in the calculations, the above results differ little from those previously found by Karamian
et al. [7] who report £ = 10(~ 53 %), ¢ = 8(~ 23 %), and ¢ = 12(~ 19 %) for the most likely
a-transitions, and a total a-decay half-life estimated as 172 = 0.064 Gyr, thus differing from the

present calculated result by a factor ~ 3.7 & 1.1.

However, both 1‘72—Values quoted above do not agree with the unique measured value for
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ISHf™ (167) — Yb* (0, 2%, ..., 14%) decays available in the literature, (25 + 5) Gyr, which was
also achieved by Karamian et al. [7], differing from their estimated value by a factor ~ 390, but only
by two orders of magnitude from the present estimate. Clearly, new experiments on this subject
using alternative a-particle detection methods, as well as other theoretical and/or semi-empirical
approaches that can lead eventually to more reliable estimates, are needed for clarifying the differences

in half-life values mentioned above for such an exotic a-disintegration process.

In the present semi-empirical calculation model, besides the usual Coulomb and centrifugal con-
tributions to the potential barrier, it is taken into account the overlapping region of the nascent
fragments where both the reduced mass and the potential barrier for the disintegrating system have
been described by power functions of unknown exponents, p and ¢, respectively, thus leading to an
adjustable parameter of the model, g = [1+ (p+ ¢)/2]7' (0 < g < 2/3). It should be noted that the
value of this single, semi-empirical parameter found by this methodology depends on the sample of
a-decay cases to be analyzed, as well as the choice for the data source of mass-excess values of the

nuclei involved, and the parameterization to be used in determining the nuclear radii as well.

Firstly, the WKB integrals were used in tunneling through the potential barriers of both the
overlapping and separation regions (including the centrifugal contribution) to obtain the reduced

Gamow factor, G, = GY¥ + G}°

;¢, as an indicator for the a-transitions most likely to occur from

178Hf™?2 jsomer. Then, from a sample of twenty-nine alpha-decay cases of e-e, e-0, o-e, and 0-o nuclei
covering a large range of Z, A, /, and a variation of thirty-seven orders of magnitude in the measured
half-life values, including cases of alpha-emitting isomers, a correlation between parameter g and
angular momentum ¢ was constructed (Fig. 2), thus making it possible to estimate the half-lives

I8Hf™2 parent isomer into the different energy levels of the ground state

of the a-transitions from
rotational band of Yb daughter isotope. Results confirmed the preliminary prediction about the
most favorable a-decay modes, also allowing through the use of this methodology to obtain the total
a-disintegration half-life of '"*Hf™? isomer as two orders of magnitude lower than the value measured
in [7]. Besides, for the first time a detailing of the different parts that compose the calculated half-life

for each decay mode has been reported (Fig. 4).

Additionally, as a byproduct of this analysis, it was possible to establish the expected linear
correlation between a-decay half-life, 7 = log Tl%, and reduced Gamow factor, G, (Fig. 5), which,

like g vs ¢ correlation (Fig. 2), is not absolute, although both may have a universal character.

Finally, we believe that the present calculation model will be useful in predicting half-lives of
other possible a-active isomeric states (if any), as well as in the a-disintegration chains of super-heavy

nuclei, both those synthesized and the ones not yet artificially produced. We want to conclude with
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two examples for this latter research area by noting in Table 4 that the observed a-decay half-lives

for both 2%Ts and 2°*Og super-heavy nuclei have been satisfactorily well reproduced by the present

semi-empirical approach.
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Table 1 - Anticipating by G,-values [Eq. (25) plus (26)] the most likely modes of a-decay
of '™Hf™2 isomer (J™ = 16T) to levels of the ground-state band of '™Yb. The lower G,

the more likely is its corresponding a-transition expected to occur.

Level of 17Yh? o-transition G,-value
E:(MeV)  JE | Qu(MeV)P ¢ | (fm-MeV'/2)
0 0" | 4.55855 16 107.35

0.07647 2% | 4.48208 14 101.93
0.253117 4% | 4305433 12 98.91
0.526034 6% | 4.032516 10 98.58

0.88993 8t | 3.66862 8 101.52
1.3360 107 | 3.22255 6 108.67
1.8610 127 | 2.69755 4 122.02
2.4570 147 | 2.10155 2 145.54

@ Data taken from [25].

b Qo = 4.55855 — Efy MeV (screening of 0.0281 MeV considered).
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Table 2 - Input data for selected a-emitting ground and isomeric states to determine values of

parameter g (last column) of the present heavy-particle decay calculation model.?

Alpha-decay case | Qu(MeV)P | Jz Jr o uc T, bo (%) | ¢©
PIEu — 3TPm | 1.9874 5/2 7/2 2 | 4.6x10%yr | 100 | 0.267
13IHo™ — HYITh 4.7611 /2t 12t 0 4725 77 | 0.142
132Ho™ — 138Tb™ | 4.6025 9+ 9t 0 49.8s 10.8 | 0.155
23Ho™ — 139Th | 4.1455 /2t 1/2t 0 9.3 min 0.18 | 0.185
19Tu — PdTm | 5.8303 | 11/2= 11/2= 0 68.6 ms 90 | 0.135
150Tu — 122Tm 5.6233 2” 2= 0 494 ms 95 |0.136
BT um — 183Tm | 5.1563 11/2= 11/2= 0 4.79s 6 0.153
137 Tam — 133Lu 6.4053 11/2= 11/2= 0 4.3ms 99 | 0.141
18OW — USHf | 2.5446 0F 0F 0 | 1.8x10%¥yr | 100 | 0.196
1860s — 182w 2.8518 ot 0t 0 | 20x10%yr | 100 | 0.157
29Bi — 2RT1 | 3.1723 9/2= 1/2% 5 | 201 x10¥yr | 98.8 | 0.447
2iPom — 2Tpp™ | 7.4588 | 25/2F 13/2T 6 25.2s 91 | 0.497
Hlpom — 2Pb | 9.0922 | 25/2F  1/27 13 25.2s 7.04 | 0.586
Hpom — 208Ph | 11.9128 18+ 0t 18 45.1s 97 | 0.576
23Ra™ — 2W¥Rn | 8.6680 17/2=  5/2 6 2.2ms 0.41 | 0.567
HIAC™ — 2B8Fm | 10.2921 | 29/2F 21/2= 5 740 ns 3.87 | 0.509
28um — 28Th | 10.9248 8+ 0t 8 560 us 100 | 0.560
BU — 280Th | 4.5137 7/2  7/2 0 | 7.04x10%yr | 57.73 | 0.196
BOU — 2Th | 4.4821 7/27  9/27 2 | 7.04x10%yr | 18.92 | 0.196
BINp — %3Pa | 49125 5/2%  5/2F 0 | 2144 x 105yr | 47.64 | 0.190
BIND — %3Pa | 4.8953 5/2F  7/2F 2 | 2144 x108yr | 23.2 | 0.184
BIND — Z5Pa | 4.7611 5/2t  5/2F 0 | 2144 x10%yr | 6.42 | 0.155
BIPu — U 5.2867 /2% 1/2t 0 | 2411 x 10*yr | 70.77 | 0.163
BPu — 235U 5.2738 /2t 3/2% 2 | 2411 x 10*yr | 17.11 | 0.214
BIPu — 23U | 5.2351 /2% 5/2F 2 | 2411 x 10*yr | 11.94 | 0.199
WICm — %3Pu 4.9947 9/2=  9/2= 0 | 1.56 x 107 yr 71 | 0.147
WICm — %3Pu | 4.9423 9/2= 11/2= 2 | 1.56 x 107yr | 4.7 |0.244
BIOf — 3ICm | 6.2221 /27 9/2= 5 900 yr 2.6 | 0.552
BIof — 23ICm | 6.1604 /2 11/2= 5 900 yr 12.5 | 0.387

aJ7-values [i = P (parent nucleus), D (daughter product nucleus)] are those reported in [4]; total half-life values, T}t /2

were taken from [4, 26]; total a-branching values, b, were computed from data available in most recent Nuclear Data
Sheets publications or in [4].

b Screening effect due to surrounding electrons taken into account [eq. (13)].

€ This is the minimum, mutual angular momentum associated with the rotation of the producing nuclei around their

common centre of mass.



CBPF-NF-010/20 19

Table 3 - Partial a-decay half-lives of '"™Hf™? isomer to levels of the ground-state-band

of 1™YD isotope according to the present calculation model.?

Level of 174YpP alpha transition a-half-life and Intensity
Ey(MeV)  J™| £ Qa(MeV)®  ge-valued | T, (Gyr)® 1.(%)
0 0+ | 16 4.55855 0.585 | (1L5+0.7) x 10> ~0
0.07647 2T | 14 4.48208 0.578 114£5 ~ 2.2
0.253117 4T 112 4.305433 0.570 0.68 + 0.30 ~ 36
0.526034 67 | 10 4.032516 0.560 0.43+0.18 ~ b7
0.88993 8T | 8 3.66862 0.555 5.24+2.1 ~ 4.7
1.3360 107 | 6 3.22255 0.525 (1.74£0.7) x 10> ~0
1.8610 127 | 4 2.69755 0.400 (3.8+1.4) x 107 ~0
2.4570 14T | 2 210155 0.217 (2.8+1.0) x 10 ~0

3 1T8H{™2 jsomer: Ty = 3Lyr; J™ = 16%; Ep = 2.44609 MeV; measured total alpha-decay
half-life, 779, = (25 £ 5) Gyr [7].

b Data taken from [25].

©Qq = 4.55855 — £}y (MeV); screening of 0.0281 MeV considered.

d Estimated values from curve of Fig. 2.

¢ Calculated total alpha-decay half-life, T\9 = (0.24 £ 0.07) Gyr.
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Table 4 - Comparison between experimental and calculated partial a-decay half-life values for

some selected a-transitions.

Decay case Qo MeV)2 | £ | g-value Alpha-decay half-life, 7}7,

Calculated? Experimental Ref.

MTSm — BN | 233327 | 0 | 0.093€ | (1.3 £ 0.6) x 101 yr | (1.063 £ 0.005) x 10" yr | [11]
BIEy — WP | 198735 | 2 | 0.217 | (29+£14)x 108 yr | (46+£1.2) x 10%yr | [4]
192Gd — M8Sm | 222786 | 0 | 0.161 | (4.5+£2.1)x 10M yr | (1.08 £0.08) x 104 yr | [4]
TARE 5 170YL | 252262 | 0 | 0.161 | (5.9+£2.8) x 100 yr | (T.0+£1.2) x 101 yr | [27]
180\ 176t 254460 | 0 | 0161 | (L1£05)x10% yr| (1.84£0.2) x10%yr | [4]
18605 —y 182y 2.85182 | 0 | 0.1039 | (1.04£0.5) x 10 yr | (2.0%£1.1) x 1055 yr | [12]
190py 15605 | 3.30036 | 0 | 0.161 | (2.7£1.2) x 10" yr | (4.97+0.16) x 10" yr | [28]
. — 1BAy™ 7.69369 0 | 0.161 (309 £ 98) us 367 £ 122 us 4]
2098 _y 2057 317227 | 5 | 0474 | (2.6 +1.3) x 10" yr | (2.04£0.08) x 101 yr | [29]
2Upgm 5 27ph | 9.09219 | 13| 0.586 | (5.141.7) min (5.97 4 0.14) min [30]
H2pgm . 208pY, 11.91282 18 | 0.570 (44 £15) s (45.13 £0.06) s 4]
202Atm s 198Bm | 630012 | 0 | 0.161 (0.15 4 0.05) h (0.58 £ 0.01) h [4]
2BLpm s M9Md™ | 8.89682 | 0 | 0.161 (0.91 £ 0.30) s (1.47 £ 0.15) s [4]
93Ty — 29)\c | 11.35333 | 2 | 0.217 (10 £ 3) ms 22 ms [31]
210g — MLy 11.90011 0 0.161 (0.34 £0.11) ms 0.69 ms [31]

3 Values obtained by egs. (12) and (13), with AM’s taken from [23].
b This work, eqs. (33)-(35).

¢ Quoted in [11].
4 Quoted in [12].



CBPF-NF-010/20

40

30

20

Potential barrier, V' (s) [MeV]

Jov(s) or fse(s) IMev'?]
N w SN

—

178Hfm2 — 174Yb

£=10, 0, =4.0325

separation, s [fm]

21

Fig. 1 Part (a): Potential barrier for a-decay of '"™Hf"? isomer (J™ = 16%) to the level of excitation

at 0.526 MeV, J™ = 67, of 1"Yb. Dotted line indicates the centrifugal barrier; short-dashed line

the Coulomb barrier; full line the total potential barrier. The long dash-dotted line indicates the

(Q.-value of the decay process. The overlapping region a—c is emphasized by the shaded area,

and the separation region is defined in the interval ¢—b. Part (b): The corresponding functions

fils) = [V
WKB-integrals that give the reduced Gamow factor, G, (eq. (20)).

(s) =

Qo] [i = ov (overlapping region), se (separation region)] to calculate the
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Fig. 2 Showing the correlation between parameter g and angular momentum /. Points represent
average semi-empirical g®-values listed in Table 2 (last column) (for ¢ = 8, 13, and 18 there is

only one g®-value). The curve is an eye-fit through the points.
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Fig. 3 Reduced half-life, 7, = 7o (Eq. (28)), plotted against the quantity z. The line 7¢ = 0.54716-z
represents the location of calculated 7°-values. The darkened points are experimental 7°-values
(obtained by (30)) for the twenty-nine cases of a-decay listed in Table 2 (grouped by ¢) that
have been used to obtain the dependence g vs ¢. Open circles correspond to 7 -values for a-
decay of '™Hf™ isomer to eight levels in the ground-state band of '™Yb (¢-values are indicated
near the points). The distribution of 7¢ — 7& = 7¢ — 7¢ is depicted in the inset graph (in 93 %

of cases 7¢ differs from 7¢ by only 33 % on the average).
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Fig. 4 Showing the contributions to partial half-life, Tlo/‘z, for a-transitions of '"SHf™? (J™ = 16%)
isomer to different levels of '™Yb (J™= 0T, 2%, ... 14T): frequency of assaults to the barrier,
Tra (a); overlapping region, 7o, (b); Coulomb separation region, 7o, (c); and centrifugal contri-
bution, 7eent (d). Part (e) displays the values of T = T, + Toy + Teoul + Teent = 10g10 T1‘72 (Gyr).
Points joined by lines represent calculated values of this work. Minimum angular momentum, ¢,

used in 7o, and Teent 1S indicated. It is seen a clear minimum of 7. 1‘72 at Qo ~ 4.03MeV, ¢ = 10.
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Fig. 5 Dependence of a-decay half-life, 7, upon reduced Gamow factor, G, = G¥ + G°. The

twenty darkened points represent measured values taken from the literature. G, is calculated

from (34) if £ = 0, or from (33) if £ # 0. Open circles are calculated values of the eight cases for

I8Hf™2 5 YDh (¢ =2,4,...,16) decays, and crosses locate some of the calculated data listed

in Table 4. A number of parent emitter nuclides are indicated by arrows, and the line is the

linear least-squares fit to experimental data.
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