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ABSTRACT. Let the direct sum c(I) have the topology induced by the

], where 1 1is a set. It is shown that c‘I) “is

cartesian product' C
hb]omorphical]y bornological, hence ho]bmorphica1]y infrabarreied; but
it is holomorphically barreled if and only if 1 1is finite. 1t is
known [1], [5] that, if C(I) has the inductive 1imit topology, then
it is ho]émorphica]]y bernological, or holomorphically infrabarreled,

or holomorphically barreled, if and only if I is countable.

1980 Mathematics Subject Classification: 46620'Infinite dimensional
holomorphy. ' ' '
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INTRODUCTION 0. Letting I be a set, it is known that ¢! with its
cartesian product topology: is borndlbgica] if and only ff the following
equivalent conditions hold: (HN) 1 1dis a Hewitt-Nachbin space; (U) there
is no Ulam measure on 1. .See [9], [3], [6], [4]. These conditions

are known to be satisfied if the cardinal number of 1 1is not too big.
The problem whethef they hold in general seems to be unsolved. If a-

' space is holomorphically bornological, then it is bornological, but not
conversely. See [7], [8], [1]. Thus the above equivaient conditions (HN)
and (U) are necessary for CI to be,ho]omorphica]]y bornolocical. On
the other hand, the direct sum c(l) wiih its inductive limit topo]pgy

is always bornoiogica]. It is ho]omorphicaily bornological if and only

if 1 ds countable. .See []j, [5]. 1In the present note, we want to sﬁow
that C(I) is a]way#ﬁho]omorphica1]y borno]ogicallwith-the topology induced
by c]ﬂ This is an offshoot of an attempt by us to prove that cl is»
always bornological. :What we prove in this article is not the most general
result corresp@ﬁdingﬁtﬁlits title (rather the simplest such one), but it
js enough tofﬁiids#;;ﬁé the idea of the proof. On the other hand, we plan
-later to rebpﬁs;aé¥'£his matter, in the more general setting that an in-
ductive 1iﬁ;t'i;‘ﬁo]omorphica11y bornological with the tobo]ogy induced

’ by a projeétiQé i;$if;

NOTATION 1. We-1et  fs(I) be the set of all finite subsets of 1. If

J€ 1, then py:ci-c! is the projection defined ac follows:

1 for

pJ(x) Eq:lz has all j-coordinate equal to the j-coordinate of x €cC
i €J, and éqpai to 0 for i€ I-J. By Di we denote an i-partial
derivative 6f first order for i € I. Let F be a complex Hausdorff

locally convex space, and U be open and nonvoid in some complex locally
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convex space. By ¥(U;F) we denote the vector space of all holomorphic
mappings of U to F; and by _ua(u;r) the vector space of all algebraically

holomorphic mapp%hgs of U to F.

LEMMA 2. Let K be compact in c[:I. Then L =U pJ(K) is compact
J=I

in _c;I. - .

PROOF. We éqhsider— the continuous pointwise multiplication mapping

(x5y) ECI, xclt—r xy € cl. If Jc1, let Id be the characteristic

function of J in I. The set € of all such characteristic functions

1 1

is compact in ¢ . Note that pJ(x)'= | if Jc1, x €¢~, hence

g X
L 1is the image of C x K by that continuous mapping. QED

1 1

LEMMA 3. Llet a:(]) csSce’, where S is a vector subspace of ¢
endowed with the induced topology. If UCS s open, nonvoid and |
connected, -F - has sqﬁ;e continuous norm, and X< #(U;F) 1is bounded on

every compact SUbs_e‘t.-df U, then there is H é-fs('I)_ such thaf“’:
--Dif= 0 f_o.rj'éver_y‘ f€x,1€1-H. .

I

The pi‘dof..-is the same as the known oné when S =¢°. See [2].

LEMMA 4. Llet ~C(I) be endowed with the topology induced by ‘that of
cI. If U ¢a:(1) is open, nonvoid and connected, .F has some continuous
. norm, and X C:.’.a(U;F) is bounded on every compact subset of U, then

there is H € fs(I) such that D].f=0 for every f €y, i € 1-H.

lstOF. .With_bu—t;,:]oss of -generality, we may aséume that © € U. If
f:U->F, Jd CVI, -then f & pd is defineq pretise’ly on pS](U‘):' Let

V be a connected oben subset of C(I) sucﬁ that 0 € vc U, and _
»pJ(V) cy qu- every .VJ < 1.' We then have ve pS](U) if Jc i, because

pJ(V) cvcy. Thus f ° P is defined at least on V if f:U~->F,
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JCc 1. Now, if f EHa.(U;F) and J € fs{I), we have that

(fopJ)]V E.ﬁ(V.;F'). Every compact subset K of V is contaih-ed in
some compact ‘su:i‘)'set L of V such that pJ(L) c L for every JC'I,

by Lemma 2. }t-fo'l]ows that fhe family (fopJ)IV (f €X, 3 € fs(I)) s
bounded on every compact subset of V. By Lemma 3, there is H € fs(1)
such that

1) Di(fopJ)lV=0

if f €Y, € fs(1), i € I-H. Call V, the connected component of

J
PS](U) containing V, for J< 1. By uniqueness of holomorphic con-

tinuation, (1) gives

2) Dy(fo PJ):|VJ=0

if FEL JE fg.(l).j_% €I1-H. If x €U, wecanjoin 0 to x bya
_fin'ite po]ygoh'a-y.’ r A'-c'.:.onta'ined-'in U. The union ‘30 of the supports of
all t € fj‘_f._‘is f.ir‘l:ite (the sup;')oArt of t€ a:(.I) being the smallest
finite subséi of_‘_I eoﬁtside which all coordinates of t do vanish).
Therefore, if t €1, J, cJCc 1, we have py(t) = t; since tE€TCU,
then’ pJ(t) €U, that is tE€ psz](U). Hence, T < PS]'(U) if

JO cJc . 1t follows that T < .VJ’ thus x € Vj; if JOC Jco 1. If
w.e'ther:hoose J € fs(I), | ‘]0 <J, pJ(x) =x because X GC(I), we get

from ‘2) that

(0,0 = (0;7)py(0)] = 0

if f€X, i€ I-H, thatis Dif=0 on U if f€X, i €I-H. QED

- (]
PROPOSITION 5. a:_(_l) _is holomorphically bornological when it is endowed

with the topology induced by CI.
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PROOF. Let U be a nonvoid open subset of C(I), and f Glia(il;F) be
bounded on every compact subéet of\ U We want to conclude that f €Y (U;F).
Without loss —of Qenera'lity we may assume U connected and F normed.

By Lemma 4, there is H € fs(I) such that D.f=0 if §€I-H. It
follows that f 1is continuous, hence f €¥ (U;F). QED

REMARK 6. Under the éssumption of Proposition 5,it follows from it that
C(I) is ho]omorphicaﬂ.y infrabarreled [7], [8], [1]. However, C(I) is
ho]omorpﬁicaﬂ_y ba.rre'led [7], [8], [1] if and only if 1 is finite,
because it is not barreled if I dis infinite; in fact, if ¢»1. is the
continuous linear form on C(I) assigning to each point its i-coordinate
for i € I,; .tvh.en' the_fami'ly_.i(cti)].el is pointwise bounded, but it is

rot equicontinuous, on "C(I). ' -
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