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ABSTRACT

This letter studies the Sp(2) covariant quantisation of gauge theories. The geometrical
interpretation of gauge theories in terms of quasi principal fibre bundles Q(Ms,Gs) is
reviewed. It is then described the Sp(2) algebra of ordinary Yang-Mills theory. A consis-
tent formulation of covariant lagrqangian quantisation for general gauge theories based on
Sp(2) BRST symmetry is established. The original N = 1, ten dimensional superparticle
is considered as an example of infinitely reducible gauge algebras, and given explicitly its
Sp(2) BRST invariant action.
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1. Gauge theories in terms of quasi-principal fibre bundles.

Gauge theories have a nice geometrical interpretation in terms of connections on a
principal fibre bundle (pfb) P(M, G), where M is the base space-time manifold and G is the
gauge group (1,2, 3, 4]. However, quantisation of gauge theories requires the introduction
of fields (¢2,,7%). It would be then desirable to have a formalism where those extra
fields fit into some representation of a larger group and all the fields are components of
a superfield. This is a step in the direction of recovering a geometrical interpretation of
quantum gauge theories. The main ingredients in the construction of geometrical quasi-’
principal fibre bundles (gpfb) are a space-time base manifold M, a gauge group G, an
extended superspace manifold Mg which is obtained by adding two extra Grassmann
variables 8° (@ = 1,2) to M, in the case of Sp(2) symmetry, and a supergroup Gs. The
construction is performed basically in three steps [1,2, 3]. It starts with a pfb P(M, G) and
extend the gauge group G to a supergroup Gs. The composition of G with a Grassmann
algebra B prolongs P(M,G) to a pfb P'(M,Gg). The most general supergroup Gg can
be represented in matrix form. In particular, OSp(N/M) groups are represented by block

matrices of the form A B
(0 D) 1.1)

where A, D are (N x N) and (M x M) matrices whose elements are taken from the even
part of the Grassmann algebra B constructed over a complex vector space W, whilst E,
C are (N x M) and (N x M) rectangular matrices whose elements belong to the odd part
of B. Next, it is enlarged the base space manifold M to a superspace Mg in P'(M,Gs)
by adding Grassmann variables. At this stage, a pfb P"(Mg, Gg) is obtained. Finally, the
pfb P"(MsGs) is transform into a quasi-principal fibre bundle Q(Ms,Gs). For instance,
given a one-form valued function a(x) = A.dz* on M this induces a connection w on the
pfb P(M,G). Then a one-form valued function o' on Mg is found by

o (z,0%) = g7 Audz®g + g7 dg (1.2)

where g = g(z*,6"), (a = 1,2,...) which induces a connection ' on the qpfb Q(Ms,Gs)
[1’2,3’4]'

2. The Sp(2) BRST Algebra of Yang-Mills Theory.

It has been realized for some time [5,6,7,8] that a geometrical construction can be
useful for the discussion of BRST and anti-BRST symmetry. The idea is to use a superspace
with coordinates ZM = (z#,6°), where (¢ = 1,2) and 4* is an anti-commuting scalar
coordma.te and the BRST generators 8% are realized as differential operators on superspace,
8% = as« , so that s®s®+2%s% = 0 holds automatically !. For example, in Yang- -Mills theory
the gauge potential A}, and the Faddeev-Popov ghost (c* ) (where i is an adjoint group

! It iz usually defined a bosonic operator ¢ = ied,s 8® where €4 is the symplectic mva.na.nt

form of Sp(2), so that €;5 = —epq, €’ € = 840 and €12 = 1. The generator o is invariant
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index) can be combined into a super-gauge field A},(Z) whose lowest order components
are AY(Z)|gey = (A Aje)|gece = (AL,c**). Then the standard Yang-Mills BRST
transformations arise from imposing the constraints }'";9. =0, Fjogs = 0 on the superfield
strength F} . [5,6]. This gives an elegant geometrical description of BRST and anti-BRST
symietry.

Let us review the construction of gauge theories in the superspace with coordinates
ZM — (z#,6%), which gives a geometric formulation of Sp(2) BRST symmetry. We consider
matter fields ®'(z,0%) and a gauge potential A}, (z,0%) = (A}(z,8%), A} (,6%)). These
can be used to define a covariant derivative

Dud' = Iud’ — (T*) ;A3 P’ (2.1)
and the field strength |
Fiun = O Ay — (-1)MNoy Ay, + fijkAigA?v (2.2)

where (—1)M¥ is 1 unless both M and N are indices referring to anti-commuting coor-
dinates, in which case it is —1. The gauge potential A»s contains more component fields
than the physical gauge and ghost fields and so, as in supersymmetric theories, constraints
should be imposed on the field strength F. Appropriate constraints are [5,6]

fgcgb = 0, fpoa = 0 (2.3)

These can be written more explicitly as

By Age — Dge Ay + [Ap, Age] = 0 (2.4)
Boe Age + %[Aa. Ag] =0 (2.5)
&t (Bge Ay + [Ase, Ap]) = 0. | (2.6)

Defining the component expansions
Ay (2,6%) = Ay(z) + 0° Agu(z) + 0°0°Qupy(2) 2.7)
Ab(z,8%) = cf(2) + 0° T2 (2) 4 6°0°wl (), (2.8)

however, it was found that if A,, ¢*, = are identified with the gauge, ghost (anti-ghost)
and auxiliary fields respectively then the supergauge fields have the expansions *

A, = A, +6%(s°A,) + 0°6°(s°s°A,,) (2.9)

under Sp(2) and satisfies s = 0. The Sp(2) generators o* (i = +,0) and the fermionic
charges s° together form an algebra which is a contraction of OSp(1,1/2) and denoted as
15p(2) [9).
* In Ref [6], it was obtained explicitly a geometrical formulation of BRST and anti-BRST
symmetries and given the field content of A, T, © and w. The components in the expansion
can also be read as conditions on the mapping of the coordinates ¢' of the fibres over {14;}
- (covering set of Mg) and expressed as cocycle conditions.
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Ab. = b+ 8°(s%P) + 62 0°(s%5°CP). (2.10)

The BRST and anti-BRST generators s® are then identified with the superspace differential

operators g [5,6], and the complete set of BRST and anti-BRST transformations are given
by [10 ,11 ,12] |

3“(6'. = Ri com sacab = eu&ﬂa - }_fa cﬁac‘yb
(2.11)
% = _fa aPcre — _(fﬁ'rf&r + f&r, R} )cﬁacreee c-yb,

where the generators R:, for the gauge field A:" read off from s"A:; = (Dyc*), and 7%
an auxiliary field which connects ghost and antighost sectors.
For the matter fields ®*(x,8%), we impose the constraint

Dpe @' = 8pe @' — (T*) A ¥ =0 (2.12)

which implies _ _ _
&' =o' + 6%(s*Y'), (2.13)

and the BRST and anti-BRST transformations again corresponds to translations in the 8*
direction with % realized as differential operators on the extended space manifold Ms.

3. Sp(2) formalism for General gauge theories.

Consider a general gauge theory with classical fields A'(z#) (i = 1,2,...,n) and
classical action Sp(A?). The action is invariant under gauge transformations

— R, (3.1)
where £® is the local gauge parameter. The Noether equations are given by
Se,i RR=0, a=12...,m (0<m<n), (3.2)
and the generators of the gauge transformations satisfy
R ;R — (=)’ R} ;RS = — R\ " 05 — So,iM, (3.3)

To construct a covariant lagrangian formalism for general gauge thecries either with
open (M R/ s#0) or closed algebras, and based on Sp(2) BRST symmetry, it is needed to
enlarge the base manifold M to Mg. It is then defined a superspace Mg to include classical
fields @4 and Sp(2) doublets of anti-fields %, ®%* [13,14,15]. The properties of these fields
and anti-fields are e(34) = e4, €(D%) = €4 + 1 (%) = ea, gh(®%) = (=)* — gh(®4)
and gh(®%*) = —gh(®4). An extended Poisson superbracket is defined by

5, b Ly

EREgG
594 JQ*G (=) 6¢AG6<I>*

(F,G) = ——F, (3.4)
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where eF, eg denotes the Grassmann parity of the F, G functions on Ms, and left (right)
derivatives are understood with respect to anti-fields (fields) unless otherwise stated. The
extended anti-bracket (3.4) satisfies

((F,6)) =e(F) +(G) +1 - (3.5)
gh((F,G*) = =(=)" +gh(F) + gh(G), a=1,2 (3.6)
(F,G) = —(=)"°(G, F) (3.7)
and
(=) ec((F,G), H) + [cycl. perm (F,G,H)] = 0. (3.8)

A bosonic action functional § = S($4, &%, %) is constructed on Ms. This action
satisfy the following generating equation

A% exphS@H#4,87) _ ¢ (a=1,2), (3.9)
together with the boundary condition

S(®4, 8%, %) . = 5(®4). (3.10)

A=er=0
The operator A® is defined by

5 & b,

AR __ AB : a a _ ( \EA a _ abpw
The algebra of operators (3.11) satisfy the important property 2
Al=A% =, (3.12)

The solution to the generating equation (3.9) is given as a power series of the Planck
constant

+oo
S(®4,8%,3%) = Y_ h"S(n), (3.13)
n=0

where the classical approximation S(g) satisfies
1
E(S(o)’ S))* +V*S) =0. (3.14)

For a theory in which the Sp(2) algebra closes off-shell the classical solution S(g) takes the
form

S0y = So + B8 d* + % M eapst st @A 4 Fapeays®dsP®8, (3.15)

For more complicated theories like superparticles or superstrings, S(o) has terms of higher
order in the fields %, &% to compensate those terms which makes the Sp(2) algebra to
close on-shell. The classical solution to the generating equation is Sp(2) BRST invariant
under modified BRST generators §* which satisfy 5%3% + 3%3° = 0.

3 A supercommutative, associative algebra A equipped with an extended Poisson anti-bracket
structure plus a nilpotent property it is known as a BV-algebra, or coboundary Gersterhaber

algebra (CGA) [16].
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4. Orthosymplectic Structure of the Original BSC Superparticle.

The original BSC superparticle Sggc and further models are known to yield the same
spectrum as that of D = 10, N = 1 super-Yang-Mills theory [17}. It is used here as an
illustrative example to construct its Sp(2) covariant lagrangian, since the model has an
infinitely reducible algebra. The BSC superparticle action is given by [18]

So = f drlpyi* — 04 - sep']. (4.1)

This action describes a particle with world-line parametrized by 7 moving through a ten-
dimensional N = 1 superspace with coordinates (z#,04). The superparticle action Sgsc
is invariant under a 10 dimensional super-Poincaré symmetry

80 = e, Szt = 1M 9, (4.2)
together with world-line reparametrisations and a local fermionic symmetry

60 =pr,  be =4ikb + &,
dz# = 0" P + Ep,.

The Grassmann spinor &4 parametrizes the local symmetry while £ parametrizes a linear
combination of world-line diffeomorphisms and a local #rivial local symmetry. To construct
a covariant Sp(2) orthosymplectic structure for this model, it is required the formalism of
the previuos section since the classical infinitely reducible gauge algebra A closes on-shell,
It is then defined a superspace Ms to include the classical fields 4 = (z#,p,,e,84) and
Sp(2) doublets of anti-fields &%, ®%'. The classical approximation S¢) which satisfies
(3.14) is given by

(4.3)

Sy = Spsc + S1+ 53 + S, (4.4)

where Spgc is the classical action of the original superparticle and 57, 52, and S5 are
Se= [ arlBupet + e4(bint+ ) + mna( B RE s + Hr)
+ 254 (167" Pt + puc) + € (=217 w1BKT + )],
Sy = /d’r [0**(—peas f22RE) + e (—dieas fPRSPO + ZiennndPrt)

+ K (P eas T F K ya + F Tnt) 46)
+ T3 (P ea)(FRO7# 5 — wi7"A2)
4 e (—4ig? ) ean 5 £ KRS + F kT,

(4.5)

and
1
S = f drie:[ﬂg(—ng)@ 4 e, f)
+ 25(2i] 7 KkS + 1€ ek Ty 6] — i0YPR5(2F% + €ern f172)) (4.7)
+ Kk ap(—Ke (€% epa FAA FP 4 2f A £40) — mpp1 (26 F4E + €2 f24Y) "
— dich (KT R5(e P epa fo2 P34+ 232 £90) + imi(*P £22 + €22 f24).
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