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ABSTRACT

Soft photon and gluon radiation off a fast quark propagating through nuclear matter is
discussed. The close anology between the Landau - Pomeranchuk - Migdal (LPM) effect
in QED and the emission of soft gluons, suggested in ref. [1] for “hot” plasma, is confirmed
and the relation between Mueller’s approach and traditional calculations is established.
It is shown that perturbative QCD can be applied to take into account the LPM coherent
suppression both for photon and gluon induced radiation. The formulae for the photon

and gluon radiation densities are presented.
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1 Introduction

The goal of this paper to study the Landau - Pomeranchuk - Migdal (LPM) effect [2] for the emission of
photons and gluons in nuclear matter. We show that the typical distances which characterize the succesive
rescaterring of quarks and gluons in nuclear matter are small enough to justify the QCD approach to this
case. We shall generalized the formalism suggested in refs. [3][1] to the case of nuclear matter using the
QCD approach for the interaction of quarks and gluons.

We consider the emission of soft gluons ( photons ) with energies w <« F, where E is the energy of the
projectile. The assumption that the mean free path A of the projectile is much larger than the screening
radius in the nuclear matter, A > !, allows one to treat successive rescatterings as independent ( see
ref. [2] ) and simplifies all formulae reducing the problem to an eikonal picture of classical propagation
of a relativistic particle with £ > p through a medium.

As is well known, the QED emission amplitude for a single scattering can be written in terms of a
transverse velocity u; = ’% where k| is the transverse momentum of the photon with respect to the

direction of the fast (massless) charged particle. For the emission of a photon from the scattering center

1 it reads:
7o Uil Ui—1L o 5 qil 1
i = > T 32 ;o Uil = UG—-1)L — B ()
Uiy Ui 1,1

where ¢;) is the momentum transfer to the scattering center .
The LPM effect comes from the intenference between the amplitudes (1) in the calculation of the
inclusive cross section of photon production. The relative eikonal phase of the two amplitudes due to

centers 7 and j in relativistic kinematics is equal to:

2w

j—1
Zm — Zm+1 2
o= kM — 1), = om  Amdl = — _ : 9
¢z] (xz x])l mz=:z Tm(W) Tm (km,L)Q wugnl ( )

where 7, is the radiation formation time and z,, is the longitudinal coordinate of the m-th centre.
One can easily estimate the average phase [2], assuming that all z,,, — 2,41 are equal to the mean
free path A, and obtain:

T n(n—1) p?

¢(n=j—z ~ Z U’erm ~ {nuu_ + Tﬁ} (3)

Aw
2
Here we have used the assumption that the transverse momentum of the projectile, after m collisions
with a typical momentum transfer <q3_> = p2, can be treated as a random walk in the transverse plane
which gives : uf+m7l = u}, + m¥z. Since the amplitude of Eq.(1) is small at u7, > g—i the second
term in Eq. (3) dominates at large N > 1. The cross section vanishes if ¢ > 1. It means that the

number ( n ) of scattering centres that act coherently and can be treated as a single radiator, is restricted

from above by the value N op(w):

n < Nep(w) = 24/ ~——— (4)
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Considering a group of centeres with ¢ — j < N, as a single radiator, we can estimate the radiation

density ( see refs. [2] [1] [4] for details):

L1 L dr L O -
dodz — NV dwlonecentre Neon(w) ANcon

One can see three kinematic regions in which Eq. (5) gives different answers for the radiation density:

2E% . _E _ 1,2
NE F oo where Erpy = Spu“A. Here

1. Neop(w) > lorw < wpy =

d2I 12 Oem, w
em - 6
dodz " VAE2Y T X \wsn (6)

w

This equation gives the Migdal result [2].
2. Neon(w) = 1orw > wpy. In this kinematic region each scattering centre radiates separately

and we derive the well known Bethe - Heitler limit:

d*I 1 dl Qem

w dw dz - X {W%}one centre X ) (7)

3. In a medium with a final longitudinal size L, we have to assume that L is large enough so as to

have N, successive interactions. It means:

AE?

ANgoh < L or w > wpaer = L2—u2 (8)

For w < wyqct one recovers the factorization limit in which the whole medium radiates as one centre

with an amplitude

n — —

j’ o Un | Uy . 9

> = 5 = 9)
im1 U1 Ui

At first sight, the factorization region is irrelevant for the emission in a nuclear matter. However, it is not

so, since each produced quark or gluon lives only a finite time ( Tz ﬁ where p, is the transverse
L

momentum of the produced charged particle which embodies successive rescattering) inside a nuclear

o)
u?

matter. Substituting L = Tpqz in Eq. (8) we obtain wyeer = . Therefore we expect the LPM effect

for the photon energy range

A{p? E?
fu;_> = Wsqet < W < WBH = Errr (10)

The situation becomes even more interesting in the case of gluon emission. As was discussed in ref.[1],
the produced gluon itself embodies the successive rescatterings in a medium. The life time of the gluon
el % To discuss the contribution of gluon rescattering to the LPM effect we have to
€

demand that

1S Tmaz X

1 1
ANeon(w) < Timaz(gluon) ~ o 7Y Nonn (11)

Therefore we anticipate for gluons the classic LPM suppression only forw < min{ wBH,m}

and  some new behaviour of  the radiation density for min{wpm, m} < w <

max{wpm, m }.
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From the above sketch of the physics of the LPM effect it is clear that there are a number of questions
that we have to answer: (i) what is the value of the mean free path A in QCD; (ii) what is the correct
procedure of averaging over transverse momentum and what is the value of p; and, (iii) what kind of
LPM supression do we expect for gluon emission. We will answer these questions in this paper, starting
with the photon emission from a fast quark in a nuclear matter in the second section. In the third section
we shall consider the interconnection between the LPM effect and the Mueller technique [5], which was
widely used to calculate the inclusive spectra of produced particles. In the fourth section we discuss
the LPM like supression for gluon emission in a nuclear matter. A summary and final discussion are
presented in the conclusion.

In general, we attempt to adjust our notation and normalization to agree with those of Baier et al [1],
using F and p for the energy and momentum of a projectile which propagates through a nuclear matter;
w and k for the energy and momentum of a radiated photon (gluon) and ¢;; for the momentum transfer

to the i-th scattering centre.

2 The LPM effect for photon radiation

The inclusive soft photon spectrum from a fast quark with energy E can be written in the form ( see for

example [1]):

dI O L R
womm = (D e ) = (12)
i=1

N N N
Qe - = ik (25— )" =9
- <2Rez > JiJj[er @5) —1} + |;Ji| >

i=1 j=i+1

The brackets ( ) indicate the averaging procedure discussed in [3] [1], and we shall discuss it below in

detail. The differential energy distribution of photons radiated per unit length is given by [1]

dl Qem d?U, . 1 ntl
Ydwodz 7 / 7r0 <2Re ZJlJn+2 [GXP{Z;Z Ul (i —z) p =11 ). (13)

n=0 =1

Here we have expressed the relative phases in terms of the rescaled transverse velocity,

k l k
2 1 i, = 1L
U=4-E = — — G1; Uy = — (14)
TR TR
i=1
where xp = % is the fraction of quark energy carried by the photon. We also introduced the charac-
teristic parameter
1 w
- = =2 15
T 2 E2 (15)

Now we shall define the averaging procedure that has to be implemented in Eq. (13), starting with the
simplest problem, namely, with the propagation of the quark through a nuclear matter. This problem

was solved a long time ago [6]. Indeed, let us consider the inclusive spectrum of a fast quark produced at
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a point z, with respect to its transverse momentum ( p,; ) after n rescatterings with nucleons at points
21, %2, ...2n. This spectrum can be written as [6] ( see Fig.1)

da
d2q

do

do
) dzy p 5o
Zn P dgq%l

cemret (272 gz p d?q3,

doy,
d’py.

= e Ot (5172) g, P —0tot (21+L—2n

.. €

n
6(2)<Z le _ﬁl>Hd2qu‘ (21<22 < ...< zp <Zl+(L:Tmam)) (16)

Here, p is the nucleon density, d2((11—JL is the spectrum of the quark due to rescattering with momentum
transfer ¢,, 1 which can be written through the unintegrated parton density ¢ [6] ( see also relevant papers
7 ) o
do 87 ag(qn, )
A2 G 1 94p,1

- (zon (2. g5 ) (17)

where z¢x (x,¢%) is the nucleon parton density with z = . The relation between the unintegrated

Tmaz
parton density ¢ and the nucleon’s gluon structure function Gy (z,q3) can be calculated using the

following equation: o

0s(@) - 56(@.@") = [ datas(a?) dla.a?)
The factor exp(—otot (#m — zm—1)) in Eq. (16) describes the fact that the quark has no inelastic
collisions between the centres z,,_1 and z,,. The total cross section is equal to oo = f Pqm 1 dz‘; —
and it is formally divergent at ¢,,1. — 0. However, this divergency cancels against the divergency of
the inelastic cross section. To see this fact, it is convenient to describe the process in the transverse
coordinate space r, using the well know representation of the ¢ function:

/éTT)exp[ Z(ﬁmL - pL) T = 5(2)<Z dm.i — PL)

m

Summing over n we obtain

/— Jo(prry) exp(—o(ri)pL) (18)
with (4)
2y _ 2 _ rd_U:asqwzﬁ " ix
o) = [ (1= dar) g = 5wt (wOn(o) ) (19)

Let us investigate d2 , adopting the following method of integration over ) in Eq. (18):(i) we consider

xG N( , ) as a smooth function of 72 4 since it depends on r2 4 only logarithmically; (ii) we integrate over

Ty taking only into account o o r?; and, (iii) we put in iEGN(rz, x) r3 = r2,, where 12 is the typical
€

value of % in the integral. The result of the integration is obvious, namely

_ )
do 1 N (20)
= [ oL
Ppr ApLw? [ Gn (7))
oL

One can find the value of 72, by calculating the saddle point in r integration, which gives:

2
2 b1 2 2
ro, = aﬂ for pirg, > 1; (21)
AL e Gy ))? ’
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2 _ 2 .2 .
ToLr = 5] 1 fOT P1ToL < 1,

We can trust our calculation in pQCD only if r| < 75, Where 744 is the scale at which the

nonperturbative QCD corrections become essential. It means that the value of p; should be smaller

than 2(pL aST’Tza:GN(Tzi,x)). For bigger p), in Eq. (18), we take r| o E which gives dd" o
oL

piz U(piz) p L. The main message from this calculation is that the typical distances that work in the
L L

rescattering inside the nuclear matter turns out to be small. This justifies the use of pQCD in this case.
Therefore, we can make a guess that the parameter p that has been discussed in the introduction is equal
to u? =N . However, we have to be very carefull because the p, - distribution has a tail at large values
of p1. We will show that we can safely use Eq. (20) to study the LPM effect.

The value of the mean free path A can also be estimated from Eq. (18) and it is equal A = L

a(rz )p’
This is clear if we rewrite Eq. (18) as

do(Az) dr?

Bprds / QL a(rl)pJo(piri) exp(—o(rl)pAz) (22)
where Az is  the longitudinal distance that  the quark passes in a nuclear  matter
(o(r?)pAz > 1).

Actually, Eq. (22) sets the averaging procedure for Eq. (13). Indeed
n+2 9 n+2
d*U do(
<> H lLHdlL);2’1<2:2...<Zl_1<21<...<Zn+2<21+L (23)

2
Pl d?p; ) dz

Using the explicit expression for J; of eq.(1), one can see, after integration over the azimuthal angle, that
only big transfer momenta ¢; | > ’;—; contribute to Eq. (13). It means that p;; — U;. This fact allows
us to make the integration over U; in Eq. (23) explicitly which leads to

dI, o o do(zp—z1) 1,
= dUf| ———= -U, — 24
(&) =/ ud%mem@lm4m (21)
Introducing a new variable z; = pz D = ( ,x) one can take the integral over U; and
obtain:
dI; d 1 Ug . 9 A ~
(1) = Doz g - el g2 + i)} (25)

= {16ikAZ —U—g} [—U—g+' U2 Az]
= 1kAZ 212 exp e ikUj AZ
where Kk = - ]1:)p and AZ; = Z;41 — Z;. We anticipate that kZ;AZ; < 1 and have expanded the answer

with respect to this parameter.

The above equation allows us to obtain the functional equation for

%%@—HQ“> (26)

Namely,
o N/ uo _ >
®,_1(Uy, z— Az) {16ikAz p }-exp| 1 + ixkAz] = ®,(Uy, %) (27)
1
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Considering Az < z, we can solve Eq. (27) and obtain

uz\"*! U2 o, 16ik3®
D, (k,UZ, 2) = (—2—3) eXp[—4—g(n+1) + kUG Z + 370.3] (28)
Substituting Eq. (28) in Eq. (13), summing over n and substructing the value of the integral at x = 0,

which corresponds to 1 in Eq. (13), we obtain the answer:

. 53 = U3 _u
Al aen avg [ sin{5[35z + UFZ]H(—3)%e =
wdd = 4DP/F/dZ 0 2 02 (29)
wdz T F 1+ %6_4_2
Introducing a new variable £ = %g one can rewrite Eq. (29) in the form:
; Us 116 17, -4
dr dvg [ sin? (5L (3% + e 3
w = %mypy / W [" e el (30)
dwdz s UO o Ug + 52 e 17
2
The lower limit in the ¢ integral is § = p]U)OL. For kU§ > 1 & ~ 1 contributes to the integral

and we recover the BH limit. For kUj < 1 the main contribution comes from the region of small ¢,

1

4
but & > &nin = (%)s. In this region the argument of the sin in Eq. (30) turns out to be small.

Expanding sin and doing all integrations we get

1
Al Qemyp,8 Jp

Yiawdz ~ x 9

320em wDp
97 2 E?

(31)

To obtain the final answer we need to specify the argument of the gluon structure function in D. It turns
out that the value of the typical 72, o /& and it is small for small x for which we have derived Eq. (44).

Therefore we are justified in our approach and the final answer is

agm? 2 1
dl 320em \/ w = (2 G, 72) P (32)

w =
dwdz 97 2 E2
The region of applicability of Eq. (32) can be found from the condition that the typical distances in our
calculations are small so as to use perturbative calculation. In other words, it can be found from the

integral of Eq. (30) in the region ¢ ~ 1,k Uj > 1. It gives
_ 2 2
WBH = J(rsoft) P E (33)

where 7"30 e 1s the scale from where we can use perturbative QCD (rﬁ_ < r?o ft), and which should be
calculated in a nonperturbative QCD approach.
The factorization limit comes from the contstraint that &,,;, < & and gives
(1)
po ()

)
Summarizing this section we want to mention that we did not obtain the

wfact = (34)

sqrtkappa Ink behaviour of the radiation density in a nuclear matter as it was done for “hot” deconfined
plasma in ref.[1]. The difference comes from the averaging over momentum transfers ¢;; which turns out

to be quite different from the screened Coulomb potential applied in ref.[1] for a “hot” plasma.
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3 The LPM effect and Mueller technique.

In this section we are going to discuss the interrelation between our approach and the Mueller’s technique
[5], which, together with the AGK cutting rules [9], remarkably simplify the calculation of the inclusive
spectra of produced particles. It is widely used in all Reggeon inspired calculations. The Mueller diagrams
for the inclusive spectra of emitted photons are shown in Fig.2. There are two main assumptions that
make the Mueller technique simple and attractive: (i) the spectrum of a produced particle does not
depend on the kinematics of the incoming one; and, (ii) the longitudital part of the momentum transfer
turns out to be so small at high energy that it can be neglected.

The first assumption holds for the emission of sufficiently soft particles and it corresponds to the
factorization properties of the production of particles from sufficiently small distances in QCD [10]. At
first sight one can prove that the diagrams of Fig.2b do not contribute to the inclusive cross section using
the AGK cutting rules and factorization. However, we are dealing with the emission from the fastest
particle and factorization does not work in this case. As a result the sum of the diagrams of Fig.2 gives
the factorization limit, or in other words the second term in Eq. (12). We plan to discuss this term in
a separate paper where we shall consider the inclusive cross section for the emitted photon or gluon.
However, even the sum of all Mueller diagrams cannot reproduce the LPM effect.

The LPM effect comes from a more carefull consideration of the dependance of the production am-
plitude on the longitudinal part of the momentum transfer ¢;. From Fig.3 we can see that the interaction
with the centre ‘I’ in the first term of Eq. (12) has the longitudinal component of the momentum transfer

q- (z is the direction of the incoming quark) which is equal:

1 1

q. = E . {(p+k)2 — (p’+k)2} = ﬁ . {Qkﬂqll‘«} = %{Ul%rl _UZQ} (35)

where we have neglected the change in the energy of the fast quark due to the photon emission, as well
as due to rescattering. On the other hand, the longitudinal part of the momentum ¢; is small. At high
energy we are doing all calculations for quark - nucleon interactions in the leading log(1/x) approximation
( see for example ref.[11] ), in which we neglect the longitudinal momentum dependance for all gluon
and quark propagators. The only dependance on the longitudinal momentum comes from the fact that
the total momentum transfer for the scattering off the i-th centre (Q; = ¢; + ¢]) differs from zero and
it is equal @,; = g¢.;. Considering nucleons, in a nuclear matter, as nonrelativistic particles, we have

neglected the change of the energy component of @;. Finally, we have for each rescattering

Vinitar (1) - Upinat(l) = p e @2t = peiv (V= Ui, (36)
where ¥([) is the wave function of the I-th nucleon in a nuclear matter. One recognizes the phase that
we have taken into account in Eq. (13).

Therefore, the LPM effect can be derived from Mueller diagrams if one takes into account the de-

pendance on the longitudinal part of the momentum transfer. We will show that the Mueller diagrams
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will be very useful to reach simple and transparent understanding of the LPM - like effect in the case of

gluon emission.

4 The LPM effect for gluon emission.

In this section we consider the gluon radiation in a nuclear matter using the Mueller diagrams of Fig.3.
To write down the diagrams of Fig.3 we have to specify the expression for J; for gluon emission and
calculate the longitudinal part of the momentum transfer (see Eq. (35) ).

The first ingredient in the soft limit ( w <« F ) was calculated many years ago by Lipatov and
collaborators [12] and has been confirmed using quite different technique (see ref. [3] in which such a
calculation was done just for the case of induced gluon radiation in a medium. It is very relelevant to
our approach). The answer is (see Fig.4):

R R 57)
k1 (kL — @i1)?
with the colour factor which is equal to the colour factor of the Feynman diagram of Fig.4(2). To simplify
the calculation of the colour factor we perform them for QCD with a large number of colours N, neglecting
all terms of the order of 1/N..

For a gluon we have two rescatterings which are shown in Fig.4b and Fig.4c. The value of ¢, for the

quark rescattering, has been calculated ( see Eq. (35) ) and it is small in the soft region where E > w.

For the gluon rescattering ¢, is equal to:

1

1 w
= 55 AP+ R = P+ K} = 52 {2pean} = 5o (U8 — UB} (39)

where

!
Ugys = ki — Z(Tu; Ugo = ki . (39)
i—1

Comparing Eq. (35) and Eq. (38) one can see that ¢, due to quark rescattering is much smaller than ¢;,
for a gluon collision. Therefore, we can neglect the quark rescattering in the first approximation to the
problem.

Therefore, we can write an equivalent expression to the one in Eq. (13) for gluon radiation density,

using the following substitutes:

- - 1
Uu — UG71 i K — Kg = 2pr. (40)

We have to make two comments:
1 . Inspite of the fact that we are dealing with gluon rescattering in the averanging procedure over
the transverse momentum of the produced gluon k; given by Eq. (23), we should use the same quark

cross section given by Eq. (19). Indeed, the gluon - quark pair scatters in the medium and the transverse
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separation between them due to many rescatterings off nucleons in the limit ¢;, — 0, as we will show

below, is of the order 72 oc ,/kg. The average momentum transfer in a single collision (g ) is of the

order of (¢? ) =~ ri—ll\lmz < %, where N, is the number of collisions which is big enough o< \/i—

Therefore, each gluon in the nucleon cross section carries a transverse momentum ¢;; which is much
smaller than % It means that such a gluon interacts with the total colour charge of the gluon - quark
pair, which is equal to the charge of the quark at N. > 1. The typical time that a gluon lives is 7¢ = >

0

which is much smaller than the life-time of the quark 7 = (TI§>' It means that for each emitted gluon

the quark plays the role of a spectator that neutralizes half of ‘;he gluon colour charge.

2. It was shown in ref.[3] ( see also ref. [1]) that quark rescattering contributes to the radiation
density of gluons, if one takes into account the 1/N. corrections. The origin of this contribution is the
dynamic gluon correlations that have been studied in ref. [13]. Such correlations change the Glauber-type

formula of Eq. (18) that was used for the averaging in the nuclear matter.

The final answer is Eq. (30) with the substitutions defined in Eq. (40). The value of & is equal to

& = p]U)gL = 2kq UZ. For kgUJ < 1, we derive the answer:
agm? 1
dle  Neag 8 16N.as | 5 @G z-—7)p
w = 4Dp- VK = . (41)
dwdz 2w 9 97 2w

r?oft in Eq. (41) is a scale of the “soft” interaction. We can trust a perturbative calculation for the

nucleon gluon distribution only for 7| < 7. The value of 1/x in Eq. (41) is equal to T:zt where
Q@ = Uig = /Egw and Tyt is a typical time for the “soft” processes which we cannot specify in the
leading log (1/x) approximation (LL(1/x)A) which we have used to obtain the answer. To trust the
LL(1/x)A we have to assume that thr emitted gluon energy is so big that asln% > 1. It means that
VEGW > Tsoft

The value of wpy can be obtained from the equation \/k = r?o I which gives

. 1

wBH = rgoft U(rgoft) P (42

It should be stressed that unlike the QED case we cannot find the factorization limit for induced gluon

emission. The physical reason for this is obvious since the phase of the propagating gluon cannot be

small due to its rescattering in a nuclear matter, at least in the kinematic region where k¢ is small. We
would like to recall that we cannot trust our formulae for big valus of k¢ as has been discussed above.

The radiation density of Eq. (41) is very close to the result of ref. [1] and quite different from other

attemps to estimate the LPM effect for gluon radiation [3] [14]. The main difference between Eq. (41)

and the result of ref. [1] is the fact that the gluon nucleon density enters our answer while the radiation

density of ref. [1] is proportional to ﬁ Inw. Since HERA data [15] shows sufficiently steep energy

behaviour of the gluon structure function [15] which could be parametrized as with the value of

1
x“0

wo ~ 0.3—0.4, the w behaviour of the gluon radiation density can be evaluated as w d(ggz x wo it T,

The energy losses of the fast quark due to gluon emission can be estimated integrating Eq. (41) over w
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up to E :
dE N.as 1

x —_—
i
dz 2m 5+

[N

CEITE (43)

However, we shall be very careful with such kind of estimates since the value of wy depends crussially
on the value of the gluon virtuality which depends on w in its turn (see Eq. (41)). The integral over w
dE

in %7 concentrates at w ~ F where the soft energy approximation is not valid. Because of this we can

consider Eq. (43) only as a rough estimate which we are going to improve later.

5 Conclusions

In this letter we have considered the LPM effect for photon and gluon radiation off a fast quark prop-
agating in a nuclear matter. The close analogy betwen photon and gluon emission suggested in ref. [1]
has been confirmed and the relation between the Mueller approach [5] and traditional calculations has

been established. The main result reads:

as™ (1 Gz,
A (@G, ) P w0
dwdz 97 T
2
where k is defined in Eq. (25) and for QED: o = aep, ;% = 5p7;T = <:):§> For QCD: o = % ;% =
2
it = U

The answer does not depend on the nonperturbative QCD scale. It depends on the ratio “72 =
p-{ QST’Q (x Gz, W } which depends on the QCD scale only in the argument of the gluon structure
function. However,\ the value of w for which we can apply the above formula comes from k < 12, t
and crucially depends on the value of rZ,;, ( see Eq. (42)) . 7o establishes the scale of distances (
1 < Tsopt ) Where we can trust the perturbative QCD approach for nucleon interactions. This scale
has clear nonperturbative origin, however, it becames large and grows with x in the small x region where
the saturation of gluon density in a nucleon should be reached [11]. Taking r?oﬁ = 0.5GeV~2 and
p = 0.17Fm~3 we derive that our formula for gluon induced radiation can be justified for w > wpy =
100GeV. We are going to present more reliable estimates, as well as the application to the gluon inclusive

cross section, in further publications.
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Figure 1: Propagation of the quark through a nuclear matter.
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Figure 2: Mueller diagrams for the photon emission.
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AREEE

Figure 3: Diagrams responsible for the LPM effect.
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Figure 4: Mueller diagrams for the gluon emission.
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