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ABSTRACT

A stochastization procedure applied to mini-universes

(friedmons) leads to a nonzero average minimum radius and thus to

the exclusion of classical singularities.
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Although one of the most basic concepts concerning the
Universe, nowadays, be that of its unity — associated to the
image of totalization we commonly use to picture it — recently
there have been speculations about more complex structures, in
which totalities like (e.g.) de Sitter cosmos were able to exist
as distinct entities. Some authors have proposed to think of
such mini-cosmos making up gatherings of bubbles, each evolving
inside almost unconnected regions; others, as nuclei of (elemen-
tary) particles. The main known effort in this direction is

[1]

due to Markov ., who analysed the case of "friedmons" :

mini-Friedman-like universes.

Of course, one such idea, in order to be seriously
considered, should provide a mechanism of interaction among these
mini-cosmos, lest their isolate existence, closed around
themselves, would render senseless any collective affirmation
about their behaviour. It seems that the most direct way to do

that would be to split such collections of mini-cosmos into

individual systems, each one perceiving the remaining systems

as a perturbative effect of random character — as in a stochastic
process . Here we develor a simple example of this procedure;
other stochast:c approaches to cosmological questions are due

[2], Novello[3], and Gruszczak et al.[4].

to Ginzburg et al.

De Sitter universe is characterized by a Riemannian
metric line element (written in the Gaussian co-moving system
of coordinates) of the form

dsz = dt2 - Rz(t)d@2 , o (1)
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where

ags = day° + £(y) (65%+sin 6d¢

and

£ (x) siny,sinhx or x . (3)

Einstein's equations, concerning the only free funct-

ion, the radius R(t), are, in the vacuum,

3R% + 25 - o) (4a)
R
2
R R (3
2=+ — - = ~-A (4b)
R~ g2 7 g2
where & = 0, i} is the curvature index, and A a cosmological
constant.
If we take ¢ = -1 ("open" case), these equations

reduce to
+ % R2 =1 (5)
which is nothing but the "conservation of energy" condition for

an harmonic oscillator.

Setting R = q, R = p (for the associated unit-mass
2 A
momentum) and w = 3 we have for the associated Hamiltonian

H(g,p) the usual expression,

2 w 2
o e (6)
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The corresponding equations of motion are

. . 2
qg=p/(m) =p , p = -« (m)g = —wzq ’ (7)
with general classical solution
ch(t) = q, coswt + Py sinwt (8)
pcg(t) = py coswt - dq sinwt (9)
where (qo,po) are initial data at t = 0, and the frequency w is

related to the cosmological constant A by

w = v/igj . (10)

The Schrbdinger equation for the wavefunction Y (x,t) associated

to this classical harmonic oscillator structure, that is,

I+ (m)wa 4 (11)

admits solutions of the form

v = vp /RS (12)

such that the guantum probability density p(x,t) and phase S(x,t)

are
X
1 cL, 2 .

_ 1 -3 (—5—) (13)

p = e
V2T O

_ 1 fiwt

S = XPop =3 P t (14)
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along with (Gaussian) mean value and variance given by

<X> = 7 r 3
X kcL ; (153)

02 = (<x2> - <x>2) = om (15b)

In the so-called hydrodynamical or Madelung-fluid des-
cription of gquantum mechanics[s], density p, phase S and Hamiltonian
H of the classical correspondent of a given quantum system are

related to a fluid velocity $, defined by
v =2 (16)
and which satisfies a law of conservation of probability,

ap > _
Nt + Ve (pV) =0 ' {(17)

in such a way that the dynamics is expressed by

35S .
3¢ THe 0 (18)
where HM is built as
2 2
= B + S _E__‘]_72 s
HM - hclassical ' Hdiffusion = 7m T U 2m  — Vioovo . (19)

Ve

Using the phase given by eg. (14), we obtain

P
VS cf
(m) | = (m) (20)

v - |

and using the density diven by eqg. (13), we can also obtain the

osmotic velocity §v defined by
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L - Ve .
v = v = ; ' 21
. (21)

with diffusion coefficient v equal to the usual value,

v = h/2(m) (22)

“this amounts to

v = —wi{x - <x>) . (23)

Then Nelson's forward and backward drift velocities Vi) and

(6]
(=)

v turn out to be

Vi) TV o+ OV o= pcg((m) - w(x—§x>) (24a)

v - §v

v /M) + wix-<x>) (24Db)

(=) Pey

so that the pertinent Langevin equation can be written as

dg(t,W) = v (gl(t),t)dt + aw(t) = [pci/(m)—w(X—<X>)]dt+dW(t) /

(+)

(25)
in which dwW({t) is a VWiener process[7] such that
L1
EldW™] = 0 (26a)
Eldwiawl] = 2vetdat = hstlat (26b)

where E[ ] stands for an expectation value procedure. Hence, for
de Sitter case we obtain

ar (t,W) =[§Cg(t)—w(R(t)—R (ENMAt+dw(t). (27)

cf
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-6 -
. D e e A : : [8]
The manifestly Gaussiar nature of the problem implies that
E[R(t,W)] = Rcﬁ(t) (28a)
rs -
E[R®(£,0)] = B2, (£) + o° = RZ (t) + 2 &
- VA
(28b)
according to eg. (15b). We can see from these expressions that the

net effect of the environment is the preclusion of the collapse
of the model: the classical (i.e., non-stochastic) singularity
disappears, since the minimum of the average of the square radius
Rz(t) (which is the relevant guantity to be put into the line
element d82 of the geometry) results proportional to A_1/2

Thus, if A 1is small, then the radius is great. In fact, a
simple evaluation (in units m =H =c = 1) gives fAi/VA ~ 10_9cm, SO
that the corresponding minimum radius lenght is of the order of
10—2cm — by many orders of magnitude greater than Planck's lenght.
This results seems at first glance very strange, since there is

a widely spread belief that the classical singularity could be

avoided by quantum effects, whose occurrence would become important

near Planck's lenght — and here, instead, stochastization 1led toc a
stopping of the collapse at almost macroscopic dimensions (in this

connection, see also the work of Trautman[gl). We note, however,
that our evaluation employed the present, very small, value of
the cosmological constant; if this is allowed to change, then

it is possible that in the past those "pure" guantum effects
have played their admitted role. We remark also that it is

possible to fix arbitrarily the value of the cosmological constant
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for each bubble or mini-cosmos, thereby resulting different sorts

of minimum radii.

The authors wish to thank Dr. Hans Heintzmann for

valuable discussions.
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