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ABSTRACT

We comment on a recent paper by Kaufman and Griffiths which
induces to think that certain types of real-space renormaliza
tion group are not able to preserve standard thermodynamic con
vexity properties. We point out this isnot the case for at least
one of those types, if form-invariance (under uniform trans-
lation of the energy scale) of a central equation 1is de-

manded.
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In a recent paper Kaufman and Griffithsl:lj have analysed
certain types of real-space renormalization group (RG) frame-
works|:2—4] which intend to approximately describe d-dimen-
sional Bravais lattices.These RG's are commonly said to be exact for
the associated hierarchical latticeslzsj (at least as long as
they concern systems which are classical, in the sense that all
relevant commutators vanish). Three interesting questions can
be raised around the exactness of these RG's: (i) do they
provide the exact critical exponent v7 | (ii) assuming a hy-
perscaling law 2 - o = dfv (a0 = specific heat critical expo-
nent), what is the dimensionality df to be put therein?; (iii)
are the standard thermodynamic convexity properties (such as
positivity of the specific heat) satisfied?.

Although Kaufman and Griffiths‘zlj do not state it ex-
plicitely, their paper tends to reinforce the common belief that
the answer to question (i) is "yes" (at least for the RG pres
ented in Ref. 3 and references therein); consequently[6] the
exact v for the g-state Potts ferromagnet (q =2 recovers the

Ising model) in let us say the standard b =2 Wheatstone-bridge

hierarchical lattice (see Fig. 2 of Ref. 1) will be given by

8 +13/q + 59
8+ 7/ +q

v = Ln2/en (1)

With respect to question (ii), Kaufman and Griffiths re-
R

marks ] (see also Ref. 7 and references therein) are con-

sistent (at least for the RG of Ref, 3) with the answer df =

ZnB/&nb, where B is the aggregation number, and b the change in

linear scale (df 1s the fractal intrinsic dimension discussed
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in Ref. 8 and references therein); df equals £n5/&n2 for Fig.2
of Ref. 1, and therefore the Potts ferromagnet exact o for the
associated hierarchical lattice is given by o = 2 - (£n5/&n2)y,
with v given by Eq. (1).

Finally, with respect to question (iii), Kaufman and
Griffithsl:lj induce a sceptical view of the capability of the
above mentioned RG's to reproduce the correct thermodynamical
convexity properties. We want to point out, and this is the
main purpose of the present Comment, that we see no fundamen
tal reason preventing such RG's (at least the type used 1in
Ref. 3) from recovering, for instance, positive specific heats.
More than that, we have shown how this can be done in Ref., 9
(Ising ferromagnet in d = 3, 4 like hierarchical lattices; see
Figs. 2-4 therein) and Ref. 10 (Potts ferromagnet in d=2 like
hierarchical lattices, including that of Fig. 2 of Ref. 1; see
Fig. 2(b) in Ref. 10). In both cases the specific heat is

positive for all finite temperatures. The procedure is very

simple indeed, and can be recalled as follows.
The adimensional free energy f associated with the whole

lattice scales, within the RG, according to
_d '
f(K) = b "£(K") + g(X) (2)

where K and K' respectively are the original and renormalized

adimensional two-body coupling constants of the model and g(k)

is the standard background term (see Refs. 2,3,9,10 and ref-
erences therein). On the other hand, at the graphs (cells) level,

the preserval of the partition function imposes
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rr ¢ (1301025 (03D) - # (KT 501, 09) 4K (3)

{o.}

1
where 4 and M ' respectively are the adimensional Hamiltonians
corresponding to the original (Fig. 2(b) of Ref. 1) and re-
normalized (Fig. 2(a) of Ref. 1) graphs; oy and o, are the

random variables associated with the terminal nodes of the

two-rooted graphs (open circles of Fig. 2 of Ref. 1), and

{Oi} are those associated with the internal nodes of the orig

inal graph (full circles in Fig. 2(b) of Ref. 1); K§ 1is the
additive term that has to be added in order to exactly pre-
serve the cell partition function. This equation completely
determines K' = K'(K) and Kj = KB(K). We introduce now a

proportionality factor D(K) (to be determined) through  the

relation

g(K) = D(K)K¢ (K) 4)

Let us now analyse what happens if we shift the zero-ener

gy point by adding an arbitrary constant ) to the energy as

sociated with each single bond: f transforms according to

f(K) » £(K) + AdK, and consequently Eq. (2) implies
g(K) » g(K) + xd,K-b‘dK'(K)] (5)
At the cell level, Eq. (3) implies

kS (K) > KJ(K) + A'_bde-K'c,K)] (6)
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If we impose now that Eq. (4) remains form-invariant

uniform translation of the energy scale (i.e., D(K) does not

change with 1), in a similar way the Maxwell equations are
form-invariant under the Lorentz transformation, it immedi-

ately follows that

_alb%k -k ] (7)
.bd [b d¢ K- X' (K)] ‘

D(X)

This equation closes the operational procedure as (together
with Eq. (4)) it provides g(K), which (together with the re-
cursive relation (2)) enables the calculation of quantities
such as the specific heat. If we are studying the hierarchical
lattice, then d is replaced by df, therefore D = df/bdf is a
purely topological number. If we are interested in an approx
imation for the d-dimensional Bravais lattice, then D(K)
contains both topological and thermal informations; typical-
1y D(K) smoothly decreases from a finite value to a smaller
finite value when K increases from zero to infinity.
Although 1less analyzed than herein, the whole procedure
is illustrated in detail in Refs. 9 and 10. The consequences
of the apparently inocuous form-invariance hypothesis con-
cerning Eq. (4) are quite instructive indeed: specific heats
presenting (within similar frameworks EEE which do not allow
for appropriate K-dependence of D) strongly negative values

for large regions of K, automatically (without introducing

any adjustable parameter) become positive for all finite tem
peratures. In addition to that, the procedure provides (at

least for the cases we are aware of) a specific heat high-tem
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perature expansion which contains an enlarging set of exact
(for the d-dimensional Bravais lattice) terms if both b and
B (associated with the corresponding hierarchical lattices)
increase in such a way that df = LnB/Lnb ~» d.

Useful discussions with A.0, Caride are acknowledged with

pleasure.
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