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Abstract

We present some new*identities satisfied by double and triple products of the Weyl tensor

Wapup and its dual Wopgup-

§(1): Introduction and Notation

In this paper we present some new identities satisfied by the Weyl conformal
tensor Wyg,,, and its dual W* 4 guv- Such identities generalize previous work by
Lanczos [1] and Debever [2], who have derived two relations among the Weyl
tensor and its dual. We complete here the task of finding all possible relations
between Wygy, and W¥yp,, and analyze the similitude and dissimilitude to
analogous relations which can be derived for the antisymmetric Maxwell tensor

Fu, (actually, for any second-order antisymmetric tensor).
In order to fix notation we review briefly, in this section, some formulas and

results which will be used in the text.
Following Weyl, we define the tensor Wygy, in terms of the curvature tensor

Rapuy and its contractions Rgy =Ropuvg " and R =Rug"":
u”aﬁuv = Raﬁuv - %’ (gapRﬁv +g6uRau - go;vRﬁ/.t - g{i/.lRav)
+ %R(gaugﬁv - gowgﬁu) (11)
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872 * NOVELLO AND DUARTE DE OLIVEIRA

This tensor has the same symmetries as the curvature tensor. Furthermore, it is
trace free. Thus it has only ten degrees of freedom. For a given observer with
four-velocity V* the Weyl tensor can be decomposed into its electric and mag-
netic parts by using as definitions of the electric (£,,,) and magnetic (H,,,)
tensors ‘

EaB =—Wa”ﬁ,,V“V" (123)
Hag = - Wy, VEV" (1.2b)

The dual, represented by the symbol *, is defined for any antisymmetric tensor
fuv by the expression

fﬁvz %nyvpafpo (13)

in which 1,,,°¢ is given in terms of the Levi-Civita completely antisymmetric
symbol €,,,”° by

Nuvpo = (—g)l/2 €uvpo (1.4)
Thus,
nyvpo — _(_g)—llz eHvee

The Lorentz metric will be represented by n,,,,. We have 0, = diag (+ - - -).
Because of the symmetries of the Weyl tensor, we can write

*
wﬁvpo = w;w;o = wpvpo (15)

It is trivial to see that f¥ = -f,,,,. From the definition of £,,, and H,,, we obtain
the following properties:

Eyy=Epy

EVh=0

E/.wglwzo (1.6)
Hyy =Hyy

H,Vk=0

Huvguv"'o

Thus, the Weyl tensor is given in terms of £, and H,,,, through the expression
Wagh” = 2V o Egy V) +8LLEL) - o pr o VB LEY)
- T]“V)\OV;\HolaVﬂ] (17)

The sqgarg brackets indi'cate antisymmetrization: 4y ,,,] =4a,, - 4,,: the paren-
theses indicate symmetrization: Quvy = Quy T Ay
Somefimes it is convenient to write the Weyl tensor under another form,
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equivalent to (1.7), given by (cf. {4])
panby = (nrHronfrTe - QRGBT Yy V B
@R+ AT YV Hoe (18)
in which
Sappr = 8ap8uv ~ av8pu

The comparison of the electric and magnetic parts of the Weyl tensor which
describe free gravitational field with analogous expressions for the electro-
magnetic field are given in Table 1. From the definition of the electric (£) and
the magnetic (H,) parts of the Maxwell tensor we can write

Faﬁ = - VaEﬁ + VBEDI + naﬁponHa
§(2): Dual Identities: Old and New Relations

In the study of the antisymmetric electromagnetic tensor F,,, use is generally
made of two important identities, relating F,,, to its dual F,,,. They are

1'5‘”1’57*”_ #AFAV =hguy 2.1
Fu FX=F B =1 1,88, (2.2)
in which the two invariants [, and /, are defined by
I, =Y F\F**=E? - 1 (2.3)
I =L F, F* =2E,H® (2.4)

Table 1. Electromagnetic and Gravitational Fundamental Quantities

Field Electromagnetic Gravitational

Variables Fuy Waguy
Symmetries Fuy=-Fyy Waguy = ~Waaur = ~Wagvu = Wuvag
Electric part Eq=FouV¥ Eog=~WoupV*v?
Magnetic part Hqy= ;‘ayV“ Hqg= —‘:’Q“B,,V“Vv
Quadratic Iy =} F,F* A =§ WoguWPH = E g™ _ b gH™

invariants - EO,EQ _ HaHa

I =3 FuoF™ = 2E,HY B =} WeguWP = 2E o1

Cubic C=1 waﬁwwuvpawpoaﬁ

invariants

= EgpEPPEg% + 3Hq, HPPE S
D = {5 WoguW PO, %
= HopHPPH® - 3E 4, EPPH ™
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Such relations allow great simplification of certain expressions. For instance,
the stress-energy tensor of the electromagnetic field, given by

Ty = FuaF®, + % 8., FagF®® (2.5)
can be written using (2.1) under the equivalent manifestly dual symmetric form
2Ty, = FuoF®, + Fuo B2, 25"

The great similarity of the properties of Weyl (Wqg,,) and Maxwell (F,,)
tensors induces us to believe that analogous relations should exist relating weBry
and its dual W*#¥¥_ There are, however, important formal differences between
these two cases, related to the fact that the W tensor has ten degrees of freedom
and the F tensor has only six. Thus, one should suspect that probably in the case
of the Weyl tensor the number of such relations should be greater than 2. In
addition, in the case of {ree gravitational field (R,,,, = 0), which will be the case
treated in this paper, the number of invariants we can construct with the W
tensor is twice the equivalent number formed with the electromagnetic field.
There are two invariants constructed with products of three Weyl tensors, which
have no correspondence in the electromagnetic case.

We will show that, indeed, this suspicion was correct and that we can form
more identities with the W tensor than in the analogous case of electromagnetic
field.

We find, in the literature, that only two such identities are known. They are

* *
wozp;m pr)\o - wap)\a Wap/.to zAgAugaﬁ (2.6)
Wopro WP = 24845 (2.7)

The first one is quoted by Debever [2] and the second one has been pre-
sented by Lanczos [1]. Identity (2.7) can be obtained by contraction of expres-
sion (2.6) although the proof of (2.6) given by Debever makes explicit use of
(2.7). We remark that Lanczos has shown (2.7) independently of (2.6). Contract-
ing (2.7) once more we obtain the definition of the invariant A (see Table I).

Using expression (2.6) twice and interchanging the role of p and A we obtain
the identity

W, WP Wl B, 0 =0 ge g (2.8)

We have developed a direct proof of this identity which does not make any
reference 1o the previous relations. We have decided to give this demonstration
here since some results. like the values of W®,,, W#?,° and ﬁ’o‘pw L:/Bp;\"
given in terms of the electric and the magnetic tensors £, and H,, . are of great
interest and help.

In order to make this proof we use the decomposition of th Weyl tensor
into its electric and magnetic parts. The evaluation of W®,,, WPP,° is greatly
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simplified by noting that the dual operation is nothing but the transformation
of the pair (E,,,H ) into (Hy,, - Eyyp), respectively: i

‘ wa“ﬂuwcxeﬁ‘r = [(nappqnﬁwx ” gaupqgﬁurs) Vp VrEq: + (nappqgﬁvr.\'

+gBPAPYY VLV, Ho o} ((MaeavTpred ~ BacavBprea) VIVE®?
+ (Nacav8sred * BacapNprea) VAVEH?) (2.9)
Collecting all these terms we obtain
WP W, oy = E2848Y - 8EEQ, E® - 8L Ho H - V V'8 (E* + H?)
~ EE 6%, + 2E  EMY + 2V, V' (Eqe E* + Hoc H*")
-V VHSYE? + HY) + 2V VH(ELE®Y + Hy r HYY)
S 2V V,EMESY - V; V,g"E* + 2VFVPV(E? + H?)
- VPV g E? +2VFEVYEL E®, + 2H."H" . - V V'8 L H?
+ 2V VPHFgHR  + 2VEV HO H,P - V*V,8YH? - §YH"°H,,,
+ 0P YSE YV E® JHog - 1PV VEV,V,E® Hup
~ PNV Eey HY g 4+ n*FPO8YV YV Hoyn By
Ve ViV VHoy Eg 0% - V VAHO E "™
* Nocap VEVIESPHY + g eap VEV VAV EXTH,®
+VYVAERPH Tng s + VEVIV VAE®H T ng,
+ Ngray VIVIHPE 8 - VYV PE# 0,5
= Ve VRV VAYPE, O + 0NV VAHL PE,, i
N VPV H  EqoVa + NaepaV VEHTE? 8%, l

e

" Naery V)\ |48 VVVTHQOE’YO T Naery V)\ V“HQTE’YV
~ PNV VL HE  Eg + VRV YV, VanP O TH PE g (2.10)

From this expression we can obtam by the substitution of (£, H,,) by
(Hyv, -E,yp) the product of the duals w‘““*"waeﬁ, Then adding these terms
gives the desired identity (2.8):

u/a(uﬁ'vwae)ﬁr - ﬁk’a(”ﬁu l:1.;&5)‘37 = 2(E2 - Hz)g“sgv'r (28')

Such an identity has no analog in the ejectromagnetic case, as the product

FuoF®, is already symmetric in the p, v indices. Contracting indices ue in (2.8)

we obtain the Lanczos identity (2.7). i
The above relations are similar to the relation (2.1) of the electromagnetic :

tensor. We will now show that expression (2.2) has a gravitational analog.
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Let us start by computing L:"'“ﬁp Wo .. Unfortunately, we cannot guess the

value of such expression by comparison with the product of the Weyl tensors i
which we previously evaluated. Thus, let us evaluate it by direct calculation.
We have

Wonsy Weepr = [(q®HPanbreo - gorPEGPYPO) AN
- (n™#PIgPIPY + g PPN Y Y E o) [(MaeabNpred
- Bacav8pred) VIVEE" + (Maeab8prea + BueanMprea) VOV H]
Q.11

Notice that the Latin and Greek alphabet are used to denote the same kind of
tensor indices. We follow the procedure used in the previous case and will give
only the final results of the product. Collecting all terms we obtain

WM Wy g = 84 87 1 Epo HP® + Heg EXY = 1V, V Heo B
- PV Y Ho Hy' + H*Eep + VPV HPEye
S EHY, - VVPE H* - VPV, HeoE®*
Ve VIREyoHP® ~ Ve VP E™ Hoy + V,VH8" EpoHP°
— V,VFE H® - V,VPEHy o - EF L HY + V V,H*Eg"
- Vo Vg"E o HP® + V V H " EL + VEV H o E®,
- VEVgerEpoH?? + VAV HroE® e 4 Macas V'V H " H'

t NBrecd Ve VVHMBHed * NBred v VCEeﬁE”d
- Tla“pq Vp VeEqVEa'r + Noerpf VAV“E&TEﬁV
- nﬁvro VTVI'E#OEGﬁ (2~12)

Symmetrizing the above expression in €, u a straightforward calculation gives to
the new identity

*
R wa(#ﬂuwaE)ﬁT = Bg‘“gvr (213)
Contracting (2.13) in y, € we obtain
WesB W, o7 = 2B8 2
vWau — v (-—-14)
or, due to the dual property
WerE BT = 2887, (2.14"

Which generalizes the Lanczos identity (2.7). Let us show now a simple conse-
quence of such identity. We have

* 1 *
W o W, HE, + Wk WP, = Beheg,, (2.15)
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and also
W g, Wol®, 4 Wk g, Wof, = Bg" 81y (2.16)
Adding (2.15) and (2.16) we obtain
D, W, 4 WO, WokB, = - Wohg, WaP, - Wk, Wo® o + 288" g,
=-Whe g Lf,eavﬁ - Wuaﬁuﬁ“,ewﬁ +2Bg"g,,
Using the identity (2.13) we obtain a new relation which is given by
Wt g, WaP, + WOE s, WoHP, = Bghg,, (2.17)

From these identities one can obtain a very useful corollary. Subtracting
(2.15) and (2.17) we have

W W5 = Wi, WP (2.18)
Now, from the dual property we have identically
Wapu W2 = W, WP (2.19)

These two identities (2.18) and (2.19) allow us to enunciate the following
result (which can be understood as a rule). Given the product of a Weyl tensor
and its dual (represented symbolically by W W*) and if two indices which
belong to any pair are contracted, then it is always possible to mterchange the
asterisk symbol. Symbolically, this rule can be represented by W W W W if
there are any two contractions not necessarily in the same pair.

8(3): Dual Identities of Third Order

In the preceding section we have investigated some identities satisfied by the
Weyl tensor, which have analogies for the electromagnetic field. We will now
show that the Weyl tensor satisfies further identities, which have no counterpart
for the Maxwell tensor F,,. The ultimate reason for such dissimilitude is related
to the existence of four invariants (4, B, C, and D) in the free gravitational field
although only two invariants can be constructed with the Maxwell tensor.

In this section, contrary to the procedure we used before, we will apply a
slightly different technique to arrive at*the desired relatlons

Let us evaluate the triple product umeﬁw“ "W;\p‘,,7 We have

* * * % *
1ETAC TETAO 1)
WigepW WM,M “Wiaegh Wioay

€eTcd_mnio ki

- ab
1‘5 NefabM n MApkl W uawcdmn W ay
— 7cd yyab mno gkl
= - 8Ea W o Weamnb pki” W ey

= (53856 - 576550 - 638560+ 6,058F +815504
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- 816559) (576 R87 - 6685 - 8"6R6, + 6810,
- 878087 + 87856 WP yaWedmn WK oy

=- L (W aWapmnb s+ 2 W o Wopmn) (67 8R87
- 8IS NG - 6B R6) + OO N6S - 8K6 8]
+878 R8sy WH

=- L85 W™ o Wapkp woke, + WP o Wapi W '8 9)
- W aWospk W ay = 3 WP aWepiWar85  (3.1)

This is the fundamental expression which will be used to prove the identities
we are looking for.
Contracting (3.1) in the g, v indices we obtain

* *
WoaegW ™  Wapay = - § W uaWapia W' 585 = 5 W2 uaWppiaW 'ap  (3.2)
Contracting once more, in $, 7 we find
b AY I _ Kk k
WiaegW PN Wapay = - WP uaWarta W'y = 5 WP uaWppaW"lap  (3.3)
Now,
A - A
weB 7w}\pa‘y - % WEB 7(w)\pa'y - w’ypa)\)
- A
- 17 weﬁ 7(w>\pa7 + W)\a'yp)
and the cyclic identity satisfied by the Weyl tensor gives
wesry Wipay =~ % WEﬁ}\yW)wpa (3.4)
Thus, equation (3.3) turns into
* A *
w/.taeﬁ WGB 7W;\70a = '2W/.1cxab wabkl Wklpa + wuaab wabklwklpa
or, finally
H A - A
w;metiweﬁ 7w>\7pa - 'wnaeﬂweﬁ 7w>\7pa

which is a trivial identity.
Let us go back to expression (3.2) and contract it in u, p. We obtain
* *
Wuaeﬁwe‘r}\’yw}\“ay - _‘1T wpouawpoexwexa,lSE _ % wrpﬂawpﬁe}\wekau
(3.5)
or, using (3.4),
WaaesW N Wy = -8C) + Wyare Wogay WA
naef AyHa B8 unarte BAY (36)

or

* *
- u/uueﬁu!€1)\7 u;}\vﬁio. + u'uufTM’(ﬁ}\'yul}\‘y'ua - 8C(SE

A e st i Ak 5 450 el <. s T 3 i
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Table 11. Dual Identities for the Weyl Tensor
(Double Product)

Wappa wﬁpko - ':'apko ‘:"pro = AgxuBap
w(a“w wB)p)\o _ u",(apw ;,ﬁ)p)\v - 2Ag)\,,g°“6
‘:/a(”ﬁv Wae)ﬁ‘r =Bg peg vr

Wangn WP = Wopup, WP
Waﬁ vwaﬁp - 2A6"
Wepu WP, = 2857

*
wa#ﬁv waeﬁ'r+ woe By W #6 —Bguegur

Finally, we arrive at the desired identity
WoaegW N Way S = 4Cep, (3.7

This expression has the same formal structure as the Lanczos identity 2.7,
and is in this way its generalization. The generalization of (2.15) to the case of
a triple product of the Weyl tensor can be obtained along the same lines. Indeed,
let us evaluate the expession W“o,eﬁW” "Waypa-

We have

*

l:‘/uordiwﬂ)\’y Wxypa =~ W#GSBWETM Wxypa
=~} nepny WA Lot " Wous w W&wpa
=+ L BT WAY L W WO 0
=L (Woao WO g - WWoarp WP WA, (3.8)
Then, :
Waaes W Wayp® * Waiaer W Wayp® = 5 Woao e WO N Wy 0%, (3.9)

Contracting u, p in (3.9) we obtain
*

*
WanegWS M T Way b+ Wyger WM YWy, M = 8 Dgg, (3.10)

Table I1l. Dual ldentities for the Weyl Tensor
(Triple Product)

€ Ay po *e A, Y
WiaepW s Wan" = WigerWg" Wiy '" = 8Cegr
Woaeg"™ N Wiy, = 4Cep,
*
PO -
w#aeﬁu H 7w>\761 = 4Dgﬂ-r

, ; Ay X a , K Ay X
Muaeﬁ“'ef ’yw)\'y“ + M/.uxeTM'Eﬁ ’yw}\'yua = 8Dgg,

e e e P S
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or, finally, we obtain the identity
3
WaaegWH N Wy, ¢, = 4Dgg, (3.11)

We collect all these identities in Table 11 and Table I1I for double and triple
Weyl products, respectively.
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