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ABSTRACT

This paper presents a study of the dynamics of a pile driven into the
ground under the action of a pile hammer. Due to the effects of friction
one is led to a model consisting of a variational inequality. Results
about existence, uniqueness and stability of solutions of an initial value

problem for this variational inequality are obtained.

1. INTRODUCTION

The objective of this paper is to present some results
obtained in the study of a problem in dynamic visco-elasticity
with friction which appears in Foundation Engineering. Such

results refer only to the mathematical analysis of the adopted

model. In a future paper we shall consider the numerical analysis

and present results of some specific experiments.



The problem consists in analyzing the motion of a pile
penetrating into the soil under the action of the characteristic
force of the pile driver, the resistance force of the soil and
the friction on the contact surface. We shall assume the pile to
be a one dimensional bar, which is a reasonable model for some
types of metallic piles. In consequence, the friction must be
simulated through a body force instead of a surface one, and the
soil resistance through a force acting on the penetrating tip of

the pile.

Our aim is: first, to formulate the problem in terms of a
variational inequality derived from Coulomb's dynamic law for
friction and the principle of the virtual powers; second, to
prove some results about the existence, uniqueness and stability

of its solutions.

The justification of the model will be done in section 2

and the mathematical analysis in section 3.

2. FORMULATION OF THE MODEL

We can visualize the situation we have at hand through the
diagram showed in Figure 1. There, two states of motion are

represented, the initial (t = 0) and at some instant t > 0.
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The two states are related by the motion mapping

me o+ [0,L] — [u(0,t),L+u(l,t)] ,

that carries a '"particle" x from the initial configuration
of the pile to x+u(x,t), which is its position at time t, u(x,t)

being the displacement field.

The parameters involved are L = length of the pile, k, =

s0ll elastic resistance coefficient and k2 = soil viscous resis-

tance coefficient.



The forces acting on the pile are:

F(t) = force transmitted to the system through the
hammer of the pile driver; its action is exerted
only on the "particle" x = 0;

fix,t) = body force; it is due to an external field;

-klu(L,t) = reaction force due to the elastic properties of
the soil; its action is only exerted on the
penetrating tip of the pile, that is, on the
"particle" x = L

—kzﬁ(L,t) = reaction force due to the viscosity of the soilj
its action is only exerted on the "particle" x=L;

g(x,t) = friction force which starts acting on a '"particle"

X just when it penetrates into the ground, that
is, when x+u(x,t) > L; this implies from the very
beginning a representation in the form g(x,t) =
H(x+u-L) -é(x,t), where H is the Heaviside
function and g would be the actual value of the

friction.

The force due to friction is in general a surface
contact force, but in this one-dimensional model of the pile it
will be a body force with a proper dimensional coefficient. This

is a natural idea for such a specific situation. Its behavior



will be given by Coulomb's law, which says (see Duvaut-Lions |}J):

"at a time t and at any point of the contact region,

(2.1) (i) if |g| < F|F then u = 0 ,

N

(ii) if |g| = F|F then there exists a A > 0 such

that u = -Ag,

y!

where F 1is the friction coefficient, F is the force normal to

N
the structure, and u = %% is the velocity field". 1In our case

FN is the pressure exerted by the soil onto the pile, so that

(2.2) |F.| = Kyf&e(x+u-L) ,

N
where K 1is the Rankine coefficient (0.4 < K < 3), y 1is the
specific weight of the soil, and & is the perimeter of the cross

section of the pile at x.

Coulomb's law (2.1)(i)— (2.1)(ii) implies the following rela-

tion, satisfied at any time t and for all contact points:
(2.3) gv-u) + F|F|(|v]-]u]) > 0,

where u is the actual velocity of the system and v would be

a "virtual velocity field".

Indeed, if |[g| < F |Fy|, relation (2.3) would be

gv+ F]FNI |v] > 0, which is obviously true. If |g| = F |Fy 1 s

relation (2.3) reduces to gv+F |F v| > 0 , which also holds.

G

At this point we invoke the "principle of virtual powers',



since for the study of friction problems it is necessary to postu-
late "global" equilibrium conditions. Following P. Germain [2],
"in a Galilean frame, and for an absolute chronology, the virtual
power associated to the inertial forces in a system 4 is equal
to the power generated by all the forces applied to the system,
internal as well as external, and for any considered virtual
motion of system 4". In our case,

L L
(2.4) [ Ap i (v-u)dx = - Ao(vx-ﬁx)dx

0 0

+

[k, u(L,t) - I, u(L,t)] (L) - uL,t)]

F(t) [v(0) - u(0,t)]

+

-+

L
{ Af(v-u)dx
J,

L
! H(x+—u—L)é(v-ﬁ)dx,

J

0

+

where ¢ = stress tensor, p = density of the pile, A = area of
the cross-section of the pile, v-u = virtual velocity field, and
Ju

uo o= oas is the linearized strain tensor.

Assuming a linear visco-elastic behavior law for the pile

in the form

(2.5) o = au_ + bu_ ,
x x



we imply its classification in the domain of the "visco-elastic
solids" (with "short memory"!). This assumption, which will be
taken as part of our model, together with the consideration of

(2.3), transforms (2.4) into

(2.6) (pAlL , v-u) + a(AuX > Vo~ ﬁx)

+

bAu_, v - u) + [ku(L,t) +

+

k,ua(L,t)] [v(L) - W(L,t)] +

+ (FHlFNI , v = [ap >
> (Af , v-u) + F(t) [w(0) - a(0,t)] ,
¥ v,
L
where (u, , u,) = J u, (x) u,(x)dx.

0

Such a transformation of the equation is necessary because

Coulomb's law does not give information about g when |g|<F|FN|.

If we define, for each u, the functional

J(us.) HI(O,L) —> R

L
v —> yKF J 2 (x)H(x+u-L) (x+u-L) | v(x) |dx,

0

. 1 . .
with H (0,L) being the usual Sobolev space, we can rewrite the



equilibrium condition (2.6), and the problem of the motion of the

pile will be described mathematically by:

(2.7) u(x,0) = 0,
(2.8) u(x,0) = 0,
(2.9) (pAu , v-u) + a(AuX > Vo T ux)

+ b(AL-lX VT ﬁx) + [ ulL,t) + k,u(L,t)]

V(L) - W(L,t)] + J(u3v) - J(u,Q)

> (Af , v-u) + F(t)[v(0) - u(0,t)] ,

1
¥ v e H(0,L).

Written in this form the "pile driver problem" reduces to a
meaningful mathematical question: an initial value problem for
a variational inequality of evolution type. To establish it, the
physical information contained in Coulomb's dynamic friction law
was fully used, as well as the conservation law implicit in the
principle of virtual powers. For the rest of this paper we shall
pursue answers to the question: what conditions on the data f

and T would guarantee existence, uniqueness and stability of

solutions of (2.7)—(2.9).



3. AN EXISTENCE THEORY

For the sake of simplicity we shall adopt in this section

a system of units in which a b = k1 =k, =L = 1. Further-

2

2(x) = 1. We can easily see

more, we assume p(x) = A(x)
that we are not losing generality, since the general situation
can be handled under natural hypothesis for those three given

functions.

In respect to the notation we adopt the convention Q@ = (0,1)

and
B @) = tvel’(@) | v el (@)

With the scalar product

(u,v) (u,v) + (u_ ,v,))
1 X

X

1

1
{ uv dx + u_ v_ dx ,
X X
0

]

0

1 - . . - 1
H (Q) is a Hilbert space. Functions in H () are continuous and

it makes sense to take u(y) , y & Q.

If X 1is a Banach space with norm denoted by | we

’IX s
denote by LP(O,T;X) the space of (classes of) measurable

functions t » f(t) from [0,T] » X (for the measure dt) such

that

1
T ’p

1£(0) ¥ at = |f| < o
D
0 X L¥(0,T;X)

, 1f p =% o«
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ess sup |f(t)|X = |f] < o
+e(0,T) L (0,T;X)
otherwise.

This is a Banach space.

At this point we mention a result that describes a situa-
tion we will constantly encounter in the following. Let V and
H be two Hilbert spaces, with V € H, V dense in H. Identify-

ing H with its dual, H is then identified with a subspace of

the dual V' of V, whence V < H< vV'. Let then v be given by
(3.1) v e L2(0,T;V) , g—‘é e L2(0,T;v").

It is shown (see Lions-Magenes [ 4], Chap. 1) that
(3.2) "after possible modification on a set of measure
zero, the function t » v(t) 1is continuous from

[0,T] - H."

The following theorem gives an existence theory for (2.7)—

(2.9).

Theorem 3.1: Let

(3.3) £, feli0,=;1" (@) ,

2
e L (0,3 R) , and F(0) = 0.

Frie

(3.1) F,

Then, for any given T > 0, there exists a unique ue Lm(O,T;Hl(Q))
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such that
L [o0] 1
(3.5) ue L (0, T3H (Q)) ,
(3.6) u e L7(0,T;L7 ()
(3.7) u(0) = 0,
(3.8) u(0) = 0,
(3.9) (u, v=u) + (uX > Vo = ux) +
+ (0, vomu )+ [, + ul, )] [v(1)-u(1,t)]
+ J(uyv) - J(usu) >
> (fF,v-u) + F(t) [v(0) - G(0,t)] ,
1
¥ veH(@ , a.e.te(0,T).
Proof. An outline of our demonstration is the following:
Step 1 - Uniqueness;
Step 2 - Convex regularization of J and reduction of (3.9)
to a variational equation;
Step 3 - Solution of this new equation through Galerkin's
method;
Step 4 - Proof of the existence statements of the theorem.
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St 1. We assume that u and u are two solutions and
ep e sum a ) \
take u = u;, - u, . Choosing v = ﬁz in (3.9) written for u,,

v = ﬁl in (3.9) written for u, , and adding the results, we

obtain
(4, u) + (u 0 ) + (O ,u)
+ [u(1,t) + w1, ] 0 (1,t) < J(u,30,)-
- JCuys ) + I, u ) - J(u, b)),
Hence,
T & 1T e F 2 u [fo s i+ L £ u'a,n

1
+ Gz(l,t) < yKF } l‘lﬁz (x,t)| - Iﬁl(x,t)IJ .

0

-[ﬁ(x+u1-l) (xtu, - 1) - H(x+u, - 1) (x+u2-l)]dx
< ggyKF{]u|2<t) +utoy

where |f]| = V/(f ,f). If we integrate from 0 to t:

t
(3.10) |ﬁ|2(t) + ul(1,t) + |uX|2(t) + 2 { a’(1,7t)dr +

0

T, (t
+ 2 ( [uxl (1)dt < yKF J {]ulz(r) + [ﬁIZ(T)}dT.

0 0
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But, in view of

1
u(x,t) = u(l,t) - [ ux(c,t)dg s

P
1 1
p
2 2 2
(3.11) u (x,t)dx < 2 [u (1,t) + { u (z,t)dz].
0 0
By theorem 3.5 of [3],
1
1 1 2
(3.12) sup _u(x,t) < C J uz(x,t)dx + J u;(x,t)dx .
XE:LO,]_] 0 0

with C independent of u. Hence (3.11) and (3.12) imply that
1
1 1 ) ':.2'
2
lul = Y(u,w), = [ J u“dx + J u, dx] ,

and

are equivalent norms for HI(Q).

Carrying this information into (3.10) we get
t
. 2 2 { . 2
|u] " () +]u] (t) + lu|l (t)dr
1 J 1
0
t

. 2
< C {Iulz(r) + |ul (1)}dT,
1

0
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so that, by Gronwall's lemma,

2 2
u| (t) +|u| (t) = 0,
1

that is, U, = u . It should be noticed that, at some point of
this argument, we made use of the initial conditions (3.7) and
(3.8).
Step 2. For a given € > 0 we take functions ﬁg(k) ,¢€(A),
convex and sufficiently smooth, such that ¢_(}) = IX] if [A] > e
and ﬁe(k) = yFK H(A)A if |A] > e. Denoting  the function

v [ux)-(1-x)] by Y _(u), we define

1
Je(u;v) = [ ws(u) ¢€(v) dx,
0

1 . .
for u,veH (Q), and consider an "approximate" regular problem

substituting J by J8 in (3.9). Such a problem is:

(3.13) u_ e L®(0,T;H (R)) ,
(3.14) 4 e L7C0,T3H (@)
(3.15) ﬁs e L7(0,T;L2¢)) |,
(3.16) uE(O) =0 ,

11
o
“

(3.17) u_(0)
€
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(3.18) (u€ ,v—ue) + (ueX >V, " U )

+ (aex ,vX-ﬁ€X> + fu (1,t) + ﬁe(l,t)] EJ<1)—ﬁ€(1,t>]

+ J (u_ 3v) = J (u s u ) >
€ € € € g’ =

> (f,v-u) + F(©) [v(O) -4 _(0,0)]

VveHWQ), a.e. te(0,T).

Our claim is that in this new situation (3.18) is equivalent

to a variational equation. Taking in (3.18) v = ﬁs + AW,
1 .
weH (@), dividing by X , and carrying out the limit as
we get
(u€ s W) + (u€X R wx) + (u€X ,wX) + [ﬁe(l,t) +

+ 0 (1,0)] w(l) + (B (u)de] () ,w)

> (f,w) + F(t) w(0).

Since we could have taken =-w in place of w , u_ satisfies

(3.19) (4 ,w) + (u _,w.) + (0 ,w) + [u(1,t)
g eX X exX X - £

+ ue(l,t)] w(l) + <¢€<u€>¢;<a€>, w)

= (f,w) + F(t) w(0) ,
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(3.18) (u€ ,v—ue) + (ueX >V, " U )

+ (aex ,vX-ﬁ€X> + fu (1,t) + ﬁe(l,t)] EJ<1)—ﬁ€(1,t>]

+ J (u_ 3v) = J (u s u ) >
€ € € € g’ =

> (f,v-u) + F(©) [v(O) -4 _(0,0)]

VveHWQ), a.e. te(0,T).

Our claim is that in this new situation (3.18) is equivalent

to a variational equation. Taking in (3.18) v = ﬁs + AW,
1 .
weH (@), dividing by X , and carrying out the limit as
we get
(u€ s W) + (u€X R wx) + (u€X ,wX) + [ﬁe(l,t) +

+ 0 (1,0)] w(l) + (B (u)de] () ,w)

> (f,w) + F(t) w(0).

Since we could have taken =-w in place of w , u_ satisfies

(3.19) (4 ,w) + (u _,w.) + (0 ,w) + [u(1,t)
g eX X exX X - £

+ ue(l,t)] w(l) + <¢€<u€>¢;<a€>, w)

= (f,w) + F(t) w(0) ,
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for any weH' (Q), a.e. te(0,T).

Conversely, taking w = v - ﬁe in (3.19), and summing

J (u_s3v) - J (u_;
€ € € €

ﬁe) to both sides we reach (3.18) thanks

to the convexity property
. 1 . .
Eba(v) - ¢€(u€)] - ¢€(u€) (v—ue) > 0.

Step 3. Now by Galerkin's technique we construct a solution

for problem (3.13)—(3.17) , (3.19).

Let (Vh > Py ,rh) be a convergent approximation of HI(Q),

that is,
Ny

(3.20) Vy, = R > Ny integer, Ny >« as h+ 03

(3.21) Py, Vh > H' () , isomorphism from vy, onto its
closed range Ph in H'(Q) H

(3.22) ry o H(Q) - Vi, , linear continuous operator
from HI(Q) onto Vh ;

(3.23) lim |v - p, v v| =0 ¥ veH (Q).

h=0 homh h ’

The Galerkin approximations to u_ associated to the sche-

. h
me (V, ,p ,r ) are mappings u, :[0,T] » Vi, » such that
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(3.24) (ph ﬁ? R phvﬂ) + (Dphuz R Dphvh)
+ (Dphﬁz, Dp, vy ) + Epth(l,t) +
b, UL(1,1)] pv, (1) +
(b, (pyuldol (p 80 5 pyvp)

= (f,phvh) + F(t)phvh(O) s

¥ v, eV

(3.25) u};(O) -0,
(3.26) &};(0) -0,
_ 0
where D = —
99X

Conditions (3.24)—(3.26) for uz represent a second or-
der ordinary differential system with dimension Nh and the re-
quired initial data. In view of the smoothness of the associat-
ed function, such a system has a unique local solution which
can be extended to [0,T] in case (u: R ﬁz) is bounded on the
interval. In the sequel we shall prove two a priori estimates
(I and II) for (3.24) which will fulfill that boundedness con-

dition, so generating a smooth u?(t) R ts{p,I].

For estimate I we take v _ = uh in (3.24), getting
h €
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(3.27) -

1
*h
+ ( Y (phu ) (phug) Py U, dx
= (f,phu ) + F(t) phu (O t).
Now we observe that

2
|phu2|j(t) < 3{[bhu2(l,t)] |Dph | (v},

and also that we can always choose the regularizations so that

h 1 «h «h
we(phue) >0 , ¢€(phu€) Py Y 310.

Hence, integrating (3.27) from 0 to t and using the initial con-

ditions:
t
1 +h 2 h,? 1 *h, 2
jylphu€| () + & |ph [ () + = [ Iphu€|1(T)dT
0
"t
*h
< J {|f|(T)]ph I(T) + [F(O | [pu (0,1 ]}dt
0
t [
h 2 1 2 2
< a Iphuell(T)dT +C, {]f] (1) + F (1)}dT,
0 0
for any o > 0. Observe in the last step the use of the trace

. 1 : .
theorem in H (@) and the independence of the constant C& with
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respect to €, h and T.

Now we choose o = %& to obtain estimate I:
.hz hz
(3.28) lpu. | } ) + |phu€| i} 1
L (0,T);L (Q)) L (0,T;H (2))
+h
+lppugl

1 (0,T5H (2))

2

1 2
< 6C {]|f] + |F| }.
- 1 5 2 2
L°(0,=;L (Q)) L (0,»; IR)

For estimate II we first differentiate equation (3.24)

with respect to t:
h °h «h
(phu8 R phvh) + (Dphus ,Dphvh) + (DphuE , Dphvh)

- h «h -
+ LPhuE(l,t) + phus(l,t)J phvh(l) +

d h 1] oh
+ (a¥ we(phu€)¢€(phu€), phvh) +

h ad, «h
+ (we(phue) a;¢€(phu€) s phvh)

= (f )+ F(t)phvh(O) >

> Pn'n

and then take vy F ﬁ: , to get
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(3.29) + £ |phﬁ21 (v + = 2 |Dphﬁ2!2(t) ,
+ IDph{:11;| (t) + é (%C!:Phﬁ};(l,t)] +
s pina,nl’ s
¥ (w;(phu2)1%1ﬁ2¢;(phﬁ2) phu )
F(yp (phu ) dt¢ [‘hu )] , u2>

- (f ,phﬁg) + () pha2<o,t).

Notice that we have

h d -
(we(phug) EJE ¢ I_ph (t):] > 3% phu Dy =

¢ [ph Dlrsaty] - [phﬁh(t)]
= (¥ (phu ) lim i 2 R
At~0 At

*h *h
pLu (t+At) - Phue(t)

1im -E ) =
At-+0 At
;1
. 1 h t «h
= 1im — (pou ) u_ (t+At) -
At>0 At Ve Prie) e Lo .
0
- ¢ [phu (t)]} {[phu (t+At)] - (t)j}dx
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by the monotonicity of ¢; and the positivity of we' Further-

more,
t 1
v O] < yFK, o D] 21,

for any argument A, and thus (3.29) implies, after integrat-

ing from 0 to t:

1 . =h? 1 «h 2
+lp,u €| (t) - S lpyugl (00 + = [Dpu’| () +
t
+h, 2 -
+ l [Dphu€| (1)dt + = [_p (1 t)]
0
t t

“h 2
+ I [bhue(l,T)] dt < yFK J Iph El('r)lph [(T)dT
0

0

t [t
+ { |f[(T){ph ](T)dT + J If(T)l |pha2(O,T)|dT.
0

0

If we operate in this inequality through the trace theorem in

1
H (Q) and Cauchy-Schwarz inequality we reach

t 2
2 h ¢ 2
+ COc J{Iphusll(T) + |f] (1) +
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L3 2
+ |F(t)| }Ydr ,

so that, if we choose a = %?, and take (3.28) into account,
we get

t
(3.30) I 8817 ) + Ip P o) + | [p iRl (0a

. pul (¢ lphu8 Lt P |, (T)dr
0
"h2 2 [ L
< 3|phu€| (0) + 6 ci{ | |£] (t)art +
6

o0

2
j 1£1° (t)dr +

® . 2 1
+ |F(t)| dt + 6 C;
& 0

0 —

o]

2
+ { IF(t)| dt| }.
0

1
We emphasize the independence of the constants C; and C on
6

mi»—- N

€, h and T.

But we still need a bound for lphﬁzl(O). For this we
evaluate (3.24) at t =0 and take into consideration the initial

conditions and hypothesis (3.4) of the theorem, obtaining

~h _
(phue(O), phvh) = (f(0), phvh)

Choosing v, = GE(O), we get

..‘_h
(3.31) |phu€|(0) < |[£]C0),
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which, combined with (3.30) gives estimate II:

uh 2 .h 2
(3.32) Iphuel ) ) +[phu€| } 1
L (0,T;L (Q)) L (0,T3H (8))
“h
+ |pull®

12 ¢o,T3H Q)

2 2 [P e
< 3|f| (o) + 8 CI{J |£] dr +
s 0

~

o«

. 2 1 ” 2
|F(t)| dt + 6 c |f] dt +

0 60

o} T

f 2
N f ITCo | dt|}.
J

0 -

Estimates T and II tell us that the Galerkin approximations

are well defined on_[p,Tj, for any given 0<T<~, and much more,

that

(1) phuz are all in a bounded set of Lm(O,T;Hl(Q)),

(ii) phﬁg' are all in a bounded set of Lm(O,T;Hl(Q)) N L?(O,T;HI(Q)),
(1ii) phii}; are all in a bounded set of L7(0,T;12 () N L(0,T3H (@),

For a finite T, phug remains in a bounded set of
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2
L°(0,T;H'(Q)), this set now depending on T. Hence phug and

phﬁz remain in a bounded set of HI(QT), where Qp = (0,TI)xQ.

If we invoke Rellich's theorem (see [3]) we can pass to the

1imit in the dimension (h+ 0) and conclude the existence of a

i 2 . 2
function u, € L (QT) such that u € L (QT) and

uh N .
PpYe U a.e. 1n QT .
(3.33)
eh .
P U U a.e. 1n QT s

where we really mean convergence of a certain subsequence.

In view of (i)—(iii) we can further extract a subsequence,

still indexed by the same h, such that

phuz > u, weakly® in L7(0,T;H (Q)),
( % . © 1
(3.34) phﬁh N weakly 1n2L (O,T;H (2))
€ & | weakly in L (0,T3H (Q)),
( g -] 2
Phﬁz . ae weakly 1n2L (O,TiL (2))
L | weakly in L (0,T;H (Q)).

Hence, if we take the 1limit h+ 0 in

T T

.h h
j (phu€ , phrhv) a(t)dt + J (Dpyu, Dphrhv)a(t)dt
0 0
T T
(Dp, &, Dp. v w)alt)dt + ( poul(1,t) +
+ h e > “Ph'h h e 72

|
J
0 0
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+ Phaz(l,t)] phrhv(l) a(t)dt +

T
h *h
+ I (9 _(pyul)o. (p, ), p,r, via(t)dt

0

T T

J (f ,phrhv)a(t)dt + F(t)phrhv(O)a(t)dt,

0
0

¥ veH (2) , ael (0,T; R) ,

we obtain
T T

(3.35) J (ﬁe,v) a(t)dt + [ (Due,Dv) al(t)dt
0 0

T T
+ [ (Du_,Dv) alt)dt + [ [u_(1,t) + G_(1,t)]v(Dalt)dt
€ 14 €

J

0 0
B e i
.+ } (we(u€)¢€(u€),v) a(t)dt =

T T
= J (f,v)alt)dt + [ F(t)v(0)al(t)dt,

0 0

1 1
¥ veH (@) ,0¢el (0,T; R) ,
since

1
PPV * v strongly in H (2) and

. 1 *h h _ 1 e .
iig ¢€(phu€)w€(phu€) = ¢€(u€)w€(u€) > a.e. in Qg.
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. 1 .
On the other hand, for any function a e C (0,T) with

a(0) =1 and o(T) = 0, and VEZHI(Q), we have

T

T
0 = -(phu?(O),v) = [ (phﬁz , Vo dt + [ (pul , vda' dt

0 0

T T

> { (u , vyodt + { (u ,v)a'dt = =(u_(0),v),

c € €

0 0
T T

0= -(phh2<o>,v) = { (phﬁz,v)adt " { <phﬁ2 , Vo dt

0 0
T T

> [ (G, Vadt + [ (U, v)o dt = -(u_(0),v),
e J £ £

0 0
as hv 0, that is, u_(0) = ﬁe(O) = 0.

With this result and those expressed in formulas (3.34)
and (3.35) we conclude that the limit function U is a "weak"
solution of problem (3.13)—(3.17), (3.19), the adjective being

defined by (3.35).

We need then, following our proof program, to show now that ueis

really a "strong" solution in the sense of (3.19) or (3.18).

For this we take v—ﬁe for v in (3.35), add
[J_(u_3v)-J_(u_3;u_)] under the sign /T to both sides, and use
€ ¢ e €’ ¢ 0
the convexity property of ¢€. We reach:

T

(3.36) J {(4_,v=u) + (u__,v_-u_ ) +
€ € eX X X

0

+ v ma )+ [u (L,1) + 0 (1,0)] [v()-0 (1,)]
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+ J (u 3v) - J (u ;ﬁ Yo (t)dt
€ € € € €
T
> [ {(f,v-ﬁe) + F(t) [&(O)-ﬁe(o,t)]}a(t)dt,

J

0

1
¥ veH' (Q) , ael (0,T3 R), a > O.

Now let s¢ (0,T) be fixed arbitrarily for the moment. We
take the family O!z of neighborhoods of s:

Oh:(S—%,S+%) Py

and let a(t) be defined by

0 if t ¢ Ok s
a(t) =

1 if +t ¢ 0’2

Then (3.36) yields

(

{(u€ , V) o+ (uEX » V) + (u€X ,VX) +

Op

+ [u (1,t) + 4 _(1,£)] v(1) + J (u_;v) - (£,v)
€ € € €

- F(t) v(0)} dt - [{(ﬁ , U ) +
[ €

Op

+ (u__, uex) + (uex’ uex) + [pg(l,t) + ug(l,t)]ue(l,t)
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+J (u 3u) - (F,0) - F(t) u_(0,t)}dat > 0,
€ € € € € -

from which again follows — denoting the measure of 0, Dby |0k| —
o .
(3.37)’ (]Ok] j u_ dt , V) o+ (IOhI j u_, dt » V. )t
O Or
-1 . -1 °
+ (IOhI J u_, dt s V) ¥ IOh[ { &kfl,t)+u€(l,t)]dt v(1l)
) Ok
-1
+ yKF (IOkl J we(ug)dt,¢€(v)) -
O
- (|Oh|—1 ( fdt,v) - |Oh!—1 l F dt v(0) -
J
O Op
—1 X3 . L] L]
- ]Oh[ {(u€ ,ue) + (u€X ’uex) + (uEX s ex)
O
+ [u (1,t) + 0 (1,8)] 0 (1,t) + J_(u_su) - (£,0)
-¢ € € e e’ g €

- F(t) 4_(0,t)} dt > 0.

But, in general, for a scalar-valued or vector-valued integrable

function G, we have, by a theorem of Lebesgue's,

0,177 | ettt »6(s) , ko>
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for almost all s.

Therefore, we conclude from (3.37) that, except possibly

for s 1in a set of measure zero, we have
(U (s) , v=u_(s)) + (u_,(s), v -u_ (s)) + (u_(s), v -u_ (s))
+ [u (1,80 + u (1,8)] [v(1) - u_(1,8)] + J_(u_(s) 5 V)
- I (u (s) 50 (s)) 2 (£(s) , v-u_(s)) + F(s) [v(0)-u_(0,5)],
which is (3.18).

Step 4. We now are able to exhibit a function u with the
desired properties (3.5)—(3.9), by passing to the limit e - 0
in the defining conditions for u . In view of estimates I and
IT (the bounds are independent of €) we can extract from {ue} a
subsequence, still denoted by {ue}, such that there exists

ue LP(0,T3;H (Q)) with

u_ > u weakly®* in Lw(O,T;Hl(Q)),
, % . oo 1
4 s weakly”® in L (O,T;HI(Q)),
€ | weakly in L*(0,T;H (2)),
(3.38) 5os 3 weakly® in LW(O,T;LZ(Q)),
€ \weakly in L7(0,T;H'(Q)),
u. > u a.e. in QT )
L u€ > u a.e. in QT s
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by the same argument used in step 3 for the study of
the convergence phuz > ou. The function u 1is the candidate

for solution.

Conditions (3.5) , (3.6) are satisfied, and the initial
conditions (3.7), (3.8) are obtained for u with exactly the
same argument in step 3 for u - To conclude the proof of the

theorem we need then, finally, to show that u satisfies (3.9).

. . 1
Relation (3.18) yields, for any vel (O,T;HI(Q)),

T
I {(u_,v) + (u__,v.) + (U _,v.) + [u(1,t) +
£ ex > 'x ex > 'x —¢

0

+ ﬁe(l,t):l v(l,t) - <f,v-{1€) - P(t) [v(0,t) -

T
- G_(0,t)]}dt + [ J(u_ 3 v)dt >
€ € =

0

| ———

(3.39)
1, ;2 1 2 1 2
S u [(T) + 7?|u€X| (T) + 5 u (1,T) +
T T T
. 2 .2 .
uaxl (t)dt + | u (1,t)dt + J.(u_ s u_)dt.
0 0 0
But, by the weak® lower semi-continuity property of the norm

in a Banach space and (3.38),

2
lim inf F%—

. 2 1
u ](T) +7!U
e~+0 €

2
(T) + %? ue(l,T) +

ex|

T T
[ ] 2 *2 _]
]u€X| (t)dt + | u_(1,t)dt| >

J

0 0
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T

2 2 2 [ 2
. 1 .
> [% ul (T) + —:2L—|uX[ (T) + 5 u (1,T) + J |uX{ (t)dt
0
T T
+ J wi(1l,t)dt = J[ {((u,q) + <ux,ﬁx) + (ax,ﬁx) +
0 0

+ [u(1,t) + W(1,t)] ull,t)}dt.

By (3.38) and the definition of b and oo >

' " {
{Js(u€ s v) - J(uy v)idt = J J {WE(U€)¢€(V) -

0

J

0 0

yFKH(x+u-1) (x+u-1)|v|}dx dt =

T 1

{ [ {we(ue) - we(u)}¢€(v) dx dt +
0

0
T 1
I [ {o (v -[v[lp (w) dx dt +

0 0

+

T

|

J

+

{ {we(u) - yFKH(x+u-1) (x+u-1)}|v]dx 4t

0 0

goes to zero with ¢ , since ¢€ and ws are Lipschitz conti-
nuous with constants independent of ¢ . Also by (3.38) and the
mentioned property of ¢€ and we )
T T !
{Je(ue ;ﬁe) - J(u; w}dt = ] { {we(u€)¢€(ﬁ€) -

0 0 0
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- yFKH(x+u-1) (x+u-1)|u]}dx dt =

= [ J[ (v () -y (Wle_(u ) + [o_(0) - ¢ (W] _(w) +
J

+ [pe(u) - yKFH(x+u-1) (x+u—l)]¢€(ﬁ) +

+ yKFEbE(ﬁ) - |uJH(x+u-1) (x+u-1)}dx dt

Therefore (3.39) gives, through (3.38),

T

| .o _. _. . —o
(3.40) J{(u , v-u) + (uX > Vo uX) + (uX > Vo ux)

0
+ [u(1,t) + W(l,t)] [¥@,t) - wl,t)] + J(u;v) -
- JCu ) - (f,v-1) - F(t)[v(0,t) - u(0,t)]}dt > 0 ,

1 1
¥ veL (0,T;H (Q)).

From (3.40) we pass to the pointwise inequality (3.9) by
the same procedure applied to relation (3.36) in step 3, now
with

alt) if t 40

v(t) =
\Y if te Ok R
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. . 1
where v 1is any function in H (Q).

Thus the proof of theorem 3.1 is brought to an end.

Remark. Since estimates I and II are also true for T = =,

we actually have:

ue L2(0,03H(Q))
(3.u1) He L2000 (2)) N L7(0,w3H (2)),

L GeL™(0,0;L°(2)) N L20,e3H (2)).

Now we turn ourselves to the question of the asymptotic
behavior of the motion of the pile when t increases without

bound. The following stability result was obtained:

Theorem 3.2. Under the conditions on the data assumed in

theorem 3.1, the motion is stable and tends to rest as t - «,

in the sense that
(3.42) lu[l(t) is bounded on [0, + «) ,

(3.43) lal (t) =0 as t »

1

Remark. Claim (3.42) says that the LZ(Q)—norms of the dis-
placement and strain fields (a kind of "average" of the field
on the pile) remain bounded during all times, and (3.43) says
that the velocity field and the rate of deformation of the pile,

measured for each t in the same LZ(Q)—norm, decay to zero as
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we proceed into the remote future. The claims allow us also to
infer the behavior of the stress field, in average, in that time

region.

Proof. The first claim is a consequence of the basic esti-

mate (3.28):

1
2

ul < /sy |lf] . |7

o == 2
L™(0,@3H (2)) ° L' (0,=5L° (2)) L (0,3 1R>J

For the second, observe that

t
2
Alx, 1) - Alx, t)) = 4 Sx,tdr , t ., t, > 0,
t dt

1

that is,

t2
)| <[ lu] (1)dr.
1 - 1

t

]|u|1(t2) - |u

. i 2
Since by (3.41) uel (O,w;Hl(Q)) , gilven € > 0 arbitrary,

there exists § > 0 such that, if ltl -t | <8 then
2
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t,
. 1
- 2
{ ]ull(T)dT < |t1 t, |

t

! -t
hence
||&|1(t2) - ul ] < e

This tells us that |ﬁ|1(t) is uniformly continuous on [0 , +»).

Therefore (3.43) is true, because by (3.4l) |ﬁ[1 is square-

integrable on [0, + «).
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