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I. INTRODUCTION

Evidence, both experimenta11’2

‘and theoretical,> has been.
accumulating In recent years that the mean free path of nucleons

in nuclear matter is least in the 20-60 Mev region. (The evidence
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is usually expressed In terms of the imaginary part of the optical
potential which is inversely proportional to the mean free path.)
It might therefore be thought that compound nucleus formation is

a particularly probable event in this energy region and that there
fore the inelastic scatfering of nucleons by rnuclei in this region
would be well described by the statistical theory of compound

nucleus decaynLL This theory makes the following predictions:

(a) The differential scattering cross section at a given
energy 1s symmetrical about 902,

{b) The energy distribution of the scattering cross section
at a given angle is Maxwelllan..

{c) The absoclute cross section for inelastic proton
scattering is very small, particularly for heavy elements, since
the presence of the Coulomb barrier ﬁavors_the_emission of neutrons

from the compound nucleus.

When these predictions were tested by scattering 31-Mev pro
tons inelastically from medium and heavy elements,5 results in
complete contraction to the above were found; i.e., (a) the
differential cross sections were strongly peaked forward; (b) the
energy distribution is nearly flat, and (c) the absolute cross
section is about 250 mb, which is least ten times as large as it
should be according to the statistical theory.

These properties are stirongly réminiscent of two-body
scattering and, while this does not of course mean that compound
nucleus formation does not take place at all, 1t must mean that

there are other processes which are of much greater importance.
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The above are the conclusions drawn by Eisberg and Igo from
their experiments. They thereupon produced a qualitative theory,
according to which inelastic proton scattering was due to two-body
processes in the diffuse rim of the nucleus, while interactions
between the incident proton and the target cors would involve the
whole nucleus, and henze lead to compound nucleus formation and
subsequent neutron emissicn.

A different explanation has been put forward by Hayakawa
et al,6 According to them the scattering is due to knock-on
processes taking p.ace throughout the whole nuclear volume. They
take a semiclassical approximation, and trace the path of the‘in-
cident proton into the nucleus, there being a coefficient of
transmission and one of refraction at the nuclear boundary; the
proton then scatters once inside the nucleus before reemerging
with a second refraction at the nuclear boundary. In their applica
tion to the results of EBisberg and Igo they make several 8implify
ing assumptions, which =nable them to do at least part of the
work analytically, and the result is in very fair agreement with
experiment .

The present work i1s an attempt to decide between the twe
rival theories. To do this it was necessary to perform a calcula-
tion similar to that of Hayakawa et al., but omitting the above-
-mentioned simplifying sssumptions., This is done in Sec.II and
the result is in complete disagreement with the experimental
results. In Sec.IIIwe turn to the scattering by‘the diffuse rim
and find that we must make a distinction here between the transi-

tlon region in which the nuclear density drops from its maximum
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value to almost zero, and the part of the nuclear density which
leaks out into the classically forbidden region. Our conclusion

will be that it is oenly this latter which contributes significan-

tly to the process under consideration,

IT, KNOCK-ON SCATTERING
A, Method
As we are concerned here with an effect due *to the whole
nuclear volume, we shall assume the nucleus to have a conﬁtanﬁ.
density and sharp boundary. We further assume that the interaction
between the incident protcon and the target i1s given by an averaged

constant potential V = =.VQ together with an interaction with in-

P
dividual nuclecons of the target. The former leads to eiastic and
the latter te inelastic scattering, and we shall assume f{or this
latter the usual impulse approximation, i.e., that the two nucle-
ons can be considered independent of the rest of the nucleus,
while they are interaciing. In this way we can use the expsrimen-
tal two-body scattering data. It turns out that the cshoice of nu-
merical values for the constants is not critical. We have taken
the nuclsar potential radius to be given by R = 1.35 x Al/3 in
agreement with Saxon's resultsl (lengths will be measured in units
of 10713 om), and the potential V_ = L0 Mev., We use this value
for both protons and neutrons, i.e., we ignore the Coulomb effect
for protons. This is not as bad as it seems, because recent expe-
rimant89197 have shown that the purely nuclear part of the poten
tial is a good deal deeper for protons than for neutrons; so that

after the addition of the Coulomb potential to the proton well,

the two are not too different from each other. The value chosen is
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also a compromise between the correct value for the target nucle-
ons end that for the incident proton. Because of the velocity de-
pendence of the potential,l these are not the same. It will be
noticed that this potential is somewhat deeper than would be
obtained from the degenerate gas model for the given radius; but
there seems no good reason why this model should give the correct
answer. We take the binding energy of the least bound nucleon to
be 8 Mev.

Because of the short wavelengths of the protons at this
energy (A = 1.2 outside the nucleus and A= 0.8 inside) we felt
Justified in using a semiclassical approach. By %his we mean that
we let the proton follow a Coulomb trajectory outside the nucleus,
but calculate the refraction and transmission ccefficients at the
nuclear boundary quantum mechanically. Inside the nucleus the pPro-
ton follows a straight path until it is scattered. After the scat-
tering it emerges from the nucleus in the same way as it entered.
{See Fig. 1.) The three scatterings need not of course take place
in the same plane. The approach is basically the same as in refe-
rence 6, but there are important differences of detail.

Because of the complexity of the problem we have made no
attempt at an analytic formulation, but have instead traced tra-
Jectories through the nucleus. This has been done systematically
(see Fig. 2), not by a Monte Carlo method - i.s., we split the
Incident beam intc contributions of equal flux, J = 1-5; scat-
tering inside fhe nucleus was assumed to take place at equally
probable scattering centers, k = 1-5 (because of the short mean

free path the number of protons traversing the whole nucleus uns-
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cattered is negligible); the scattered beam was analyzed into scat
tering angles in steps of 3009 1=1-6, as well as azimuthally in
steps of 9009 m=l-l; and lastly the energy of the scattered beam
was analyzed into equally likely intervals, r=l-6. Thus a btotal
of 3600 rays had to be traced through the nuslsus, Fortunately it
turned out that only a small fraction of these contributed o
knock-on scattering, since most of the rays led %o compound nu-
cleus formation. The final results, which are shewn Iin Fig.b, are
actually based on 347 rays. These results are given for the scat-
tering by Sn, for which all the caleculations in this section were
mage .
B. Detailed Calsulation

For the meaning of the angles referred to see Fig.l. The
relationship between @ and B8, given by the classical path equation,
is

Za {1-cos@) = 2ER sin@(sinB-siné), (2.1)

where < 1s the atomic number, a the fine structure constant,
and E ine kinetic energy of the incident proton. The refraction
is governed by Snell's law, whilch here follows simply from angu-

lar momentum conservation,

kmsin9= k, sinca,, (2.2)

where ka)and ka are wave numbers at Infinity end inside the
nucleus, respantivelyug At this point we 4id not use the averaged
vaiue of the potentisl V = Lo Mev, but instead used the exact
experimental valuel at the incldent energy of 31 Mev, since the

angle of refraction is rather sensitive to variations in Voo
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To calculate the transmission coefficient, we assume the
surface to be plane at the point of impact. It is clear that the
approximation of a plane surface becomes worse as the angle of in-
cidence dl increases; for, since the proton spends more time than
it should in the strong part of the Coulomb field, the transmission
coefficient will be smaller than it should be. We show below that
1t is poassible to compensate partially for this.

For a plane surface making angle 8 with ths incident beam,
it would appear that the effective momentum at infinity is
keff = k. ¢os3@. However, when we then consider conservation of

iinear momentum parallel to the surface, we are led to the formula

ko, 3inf = k sina,. (2.3)

This is in contradiction with the correct law (2.2), for which it

is necessary to take
Kopp = k, cosf, {(2.1)

This replacement of £ by # is equivalent to curving the surface
away from the path and so make it more nearly spherical. The trans
misgion scefficient T 1is then obtained in standard fashion9 with

10 and the resunlts are

the help of Coulomb wave function tables,
shown in Fig.35. The largest value of & for which a classical tra-
jectory enters the nucleus is € = 550o It is ¢lear then that the
inclusion of a quantum mechanical leakage of the incident beam
into the nucleus would not change the reaults significantly, since
for angles larger than 550 the transmission coefficient is so

small., It is also clear that at the energy considered the smcothing

out of the nuclear boundary would not significantly increase the
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the “ransmission coefflclent, since it is already of the order
0.8 - 0.9 for most @, |

The method for calculating the differential cross-section
daﬂ/dwdEf fer the scattering of the incldent proton by a target
nucleon into solid angle dW and final kinetic energy E. (in the
laboratory system) was first developed by Goldberger,ll using the
impulse approximation and assuming that the two-body scattering
¢ross-section inside nuclear matter is the same as for free par-
ticlea of the same relative momentum. At the energies concerned
this 1é isotropic for »p-p scattering and not far from isotropic
for n-p saczttering. The total two.body cross section 13 very
nearly.inverﬂely proportional to the energy of the particles and

12

the best fit tc the data 1s given by

6°F = B/EL barns, O°F = 3/EL barns, {2.5)

where R is the energy in the lab system in Mev. For the total

L
cress ss~tion inzide nuclear matter we can take esither the value -

of ET 11

2l

zorreszponding to the lab energy of the incident particle
or elay takz into account also the enérgy of the target particle.
The latter msthod is of céurse“ﬁore correct, but it leads to con-
siderably more complicated formulas. It is important to use it in
estimating mean free paths, but at the energy with which we are
dealing it gives almost identical results as the simpler method

6 The result13 is best express

for the differential cross sections.
ed in tsrms cof Pi’ Pf and PF’ the momenta of the iIncident and one
of the final particles, and of the most energetic target particle,

respectively:
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a6 38p, { g - 28, Q - Pp<s,
- 4
MOAE,  2APIP? (P2- $°)/2q, § - Po2 s,

where

Q = [F,-2., s =(a°- P,%+ P7) /20,
and [see (2.5)]

@= (8N + 32)/a.,

This is plotted for our case in Fig. L. When (2.6) is integrated
(the integration is troublesome, but not difficult) over all scat-

tering angles, we obtain the energy distribution of the scattered

particles,

dg 26 (1, 2P2 g2
el 212 2 132 ap 52 (2.7
dE. P{ 71=.[1m(1-Pf)/FJ s 2Pp 2P{ .

From this formula we obtain the division into energy intervals of

equal prcbability, » = 1-6. The average energy loss E,-~ Ef is

given by
~E
T ae 1 4
— By =« -0 (2.8)
En £

where EF 1¢ the kinetic energy corresponding tc momentum PF°
It should be moted that the above formulation takes account of
the exclusion principls, according to which the initial momentum
of the target nucleon is less than PF and the final momenta of
the two particles are both greater than PF o

The question next arises whether a particle could scatter
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twice before emerging from the nuecleus, or whether after two scat-
terings the particle has lost so much energy that it will be bound
in the compound nucleus., This problem 1s not so simple as it seems,
because as long as the particle has sufficient kinetic energy, i.e.,
more than L0 Mev, to leave the nucleus at all, then the less ki-
netic energy it has, the longer 1s its mean free path and so the
greater 1ts chance of leaving the nucleus. This argument 1s cor-
rect for neutrons and more detailed calculations, using (2.8),
show that about half the neutrons which are knocked-on in the first
collision and then suffer a further collision; leave the nucleus
after that. Because of the Coulomb barrier this is not true for
protons at this energy, and in fact we can assume that the number
of protons leaving the nucleus after two collisions is negligible.
We therefore take it that protonsremerging from the first
collision proceed along a straight path to the nuclear boundary,
being attenuated on the way according to the usual exponential law
asgocliated with the correct mean free path. The transmission and
refraction coefficients at the nuclear boundary are calculated as
before, but it is clear that the lower the energy of the emerging
protons, the less valid becomes the éppfoximation of a sharp nu-
clear boundary. For a more reallistic model the transmission coeffi
cients, as given in Fig. 5, would all be somewhat larger. However,
and this is the crucial result of this calculation, the angle at
which the transmission coefficient drops abruptly ié'practically
independent of the sharpness of the nuclear boundary. This is the
angle at which classically total internal reflection occurs, i.e.,

1t is a function simply of the component of linear momentum of the -
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particle perpendicular to the boundary, and so is not a function
of the sharpness of the boundary. Now for about 90% of the rays
traced through the nucleus, the angle 03 turns out to be larger
than this critical angle., It is for this reason that the knock-on
cross section comes out so small.

We can now see why the previous calculatiané obtained so
much larger a cross section. Apart from some other approximations,
which are more defensible or at least have less affect on the fi-
nal result, it was assumed there that particles after the scatter-
ing take on the whole the shortest possible path out of the nuc leus,
This means of course that 0%:10 for all rays, so that fhﬁ reduc -
tion in the cross section due to total internal reflection never
arises,

The total scattering angle @ is 2a3ily obtained for cases
m = 1 or 3, when the two refracting angles and the scattering an-
gles are in the same plane., For m = 2 or lj, the geometry is more
complicated, but nesrly a8ll the work cam be done graphically. Las-
tly it must be remembered that for cases where protons knock on
protons the cross section must be counted twice. The final results
are given in Fig? 6, where the error brackets indicate the uncer-
tainties due to the small number of rays used. The total cross
section is about 15 mb and so more than %en times smaller than the
experimental one. Knock-on processes are thereiore no more impor-
tant than compound nucleus processes for inslagtic proton scatter-
ing at this ensrgy.

The situation would be very different if wWe wWere discussing

(p,n) reactions. Then the total internal refisction effect would
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be very much less important, double and maybe even triple scatter-
ing would have to be included in the knock-on cross section, and
- the compound nucleus cross section would of ccurse be at least an
ordef of magnitude larger. It 1s clear that a discussion of the
(p,n) reaction along the lines of this paper would be a formidable
undertaking. |
ITI. DIFFUSE RIM SCATTERING

As the kncck-on process does not lead to a iarge ¢ross sece
tion, 1%t is natural next to investigate the scattering by the dif-
fuse rim of the nucleus. For this purpose we compare the nuclear
potentiall and the nucleaf mass distribution which wz take to be
proportional %tc the nuclear charge distributionolu Although this
may not be absolutely correct, it is csrtainly a good approxima-
tion.t? We then see (Fig.7) that even the surface region in which
the density drops from its maximum value to almost zero is still
well within the nuclear force fielid, and 80 the remarks we made
about total internal veflesction apply to this region too. To obtaiﬁ
scattering effects of any size we must therefore consider as tar-
gets those rucleons which have leaked out into the classically
forbidden region and sco are temporarily almost unbound. In this
region the Coulomb barrier is highest, and so the kinetic energy
of the incident protons least. This of course leads to increased
cross sections. That this region extends ocutwards to a fairly
considerable distance (~~1.7 x AI/B) has been shown by inelastic
cross section measurements at high energiesol6

The momentum distribution of particles in the diffuse rim

can be otained by a Fourier analysis of the tail of the wave
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function. In this region the wave function is of course given by
ykr) = pe"/r, where A is a normalization constant, and o =

= (2MB)1/2/hg where B is the binding energy of the leaszt bound
nucleons. This wé take to be 8 Mev. Kow as far as the inelastically
scattered protons are concerned, the scabtering is due entirely

to the tail of the wave functicn, and we therefores Fourler-analy-

ze the function

'Y(r) =0, r<R: y(r)s.ﬁ.a”ja?rs r>R_; {z.1)
where Rocz lnh.x Al/so This is in accord with the impulse appro-~
ximation, and the validity of this approzch has been discussed by
Austern et alolT The result is

KA |
jﬂ(k) - b (o 8inkR - k coskR e~ ®o, {(3.2)
K (e4k2) ° © .

The scattering c¢ross section is now cbtained by a method
very similar to thet cof Goldbergefoll There are two differences:
{a) the momentum Aistribution of the target particles is not uni-
form up to a maximum, aa L3 the case in a Fermi gas, but is given
by ‘pik)mljp(k)|29 eand (b) the Pauli principle is not operative
in the diffuse rim. Instead we have the requirement that the fi-
nal state of the target nucleus haa more snergy than the initial
one, which is the ground state.

Because of the algebraic complexity of jfﬁk)g-we have re-
placed k%p(k)g which is the expression that coccurs in the inte-
gral for the scattering cross saction, by & Gaussian function
K° exp(=k2/K2)° For K°m 1/2 d?s this fits the exact expression

well up to ko2 2o . For larger values of %k the Gaussian rapldly
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falls below the exact expression, but this is probably realistic
physically, sirce the higher momenta are due tc the gharp cutoff
of the wave function at r ='R00

The normalization constant A is obtained from the experi-
ments on electron acatteringalh These show that for a medium-sized
nucleus about three nucleons are cutside a radius R = 1. x Al/Bu
However, not all three will be effective for our purpose. Clearly
nucleons at the back of the nucleus will not contribute to the
scattering, and scattering from the front of the nucleus 1ls likely
to lead to compound nucleus formation. We shall therefore consider
the number N of effective nucleons in the rim to be close to N=L.

The differential scattering cross section can now be written

down. It is given by

2 -
a=e lePf

ﬂ“S/a QKP {

8xpl{ - SZ/Qz)g (3.3)

anaE,

where the notation is thai of Eq.(2.6). The parameters K and N
are not of ccurse inflexitly given by the theory outlined so far,
and in fact the actual values given above were chosen tc give the
best fit to the experimental resuits. These and the corresponding
theoretical curves &re plotted in Fig. 8. The agreement is very
reasonable, especially when it i3 remembered that at small angles
it was particularly aiffisult in the experiment considered to di-
sentangle experimentally the inelastic from the elastic scattering
and that we have ignored the Coulomb effedt on the scattering an-
gle. This again is nost serious 8t smell angles; being of the or-

der 5=10°u The Coulomb effect on the energy of the scattered pro-
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tons has of course been taken into account. The discrepancy at the
lower end of the spectrum is due to the neglect of particles that
have leaked through the Coulomb barrier,

Once the two parameters have been fixed for a particular tar
get nucleus and incident energy, we should be able to use the sa-
me parameters for different nuclel and different energles. By this
we mean that K should be fitted as before, while N should be pro-
portional to Al/S9 since the number of effective nucleons is given
by the rim area rather than by the whole surface area. There are
no experimental resulis at different energies in the region 30.50
Mev, where our theory may be considered valid, but there are re-

18

sults for Ta . ,Au,and Pb at 31-Mev incident energy. The nuclides
Au and Pb are not sufficiently different from each other in A and
Z to give significantly different results on our theory, although
they certainly give results different from those for Sn. In Fig.9
we have compared the theoretical curves with the expsriments for
Pb, since the experimental results for Au are incomplete. The a-
greement is quite satisfactory except that the experimental cross
sections are scmswhat lower than the calculated ones. This may be
due to the magic nature of the Pb nuclide, which would tend to re
duce N and increase the binding energy of the least bound nucleons.
The cross sections for Au that are available are actually slightly
larger than the corresponding ones for Pb. The experimental cross
sections for Ta are nearly identical with those for Sn, in spiteof
the fact that the A value of Ta is of course much nearer to that

of Au. This may be due to the considerable asphericity of the Ta-

nucleus.
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IV. CONCLUSION

We can summarize the results as follows. We have shown con-
clusively that knock-on processes taking place throughout the nu-
clear volume contribute only in a minor way to the inelastic pro-
ton scattering cross section. The same 1s undcubtedly true also
of processes taking place via compound nucleus formation., It is
difficult to escape the conclusion that the main effect must be
due to scattering by almost free nucleons in the extreme rim of
the nucleus,

To obtain a quantitative estimate_of thiz rim scattering
with at least some pretence at quantum mechanical rigor is extre-
mely difficult and has in fact not been attempted. The present
semiclassical calculation is based on an estimate of the momentum
distribution of the nucleons in the extreme ouber region and the
number of nucleons Iin %hils regicn at any time. There are thus two
free parameters; and the above zonclusions are fortified by the
reasonableness of vhe values of these wWith which we can fit the
experimsntal results. We are aware of, but have not solved the
difficulty that lies in a search after the momentum distribution
of part of a quantum mechanical system. All we can say is that the
experiments do seem toc be measuring such a thing.

Fortunately, neither ihe size of the twe parameters, nor the
functional form «f %he momentum distributicn of the target nuclecons
is given very critically by the theory. Thus, for instance, almost -
identical results can be obtained with a distribution which is u-
niform up to a momentum correspending to & kinetic energy cof 54?

Mev and then vanishes. It is, however, not at all easy to ses in:
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what way to refine the theory so as to obtain more detailed informa
tion. Not only is it difficult to obtain numerical estimates of
correctlons to the theory, but we would certainly also have to in
clude then the contributions from knock-on scattering and the
very inexactly known compound nucleus processes., Perhaps the most
Important conclusion that we can draw is that the experiment in-
vestigates a very particular region of the nucleus, i.e., the ex-
treme 1imit of the mass distribution, to the practisal exclusion
of all others,

We should like to thank Professor V.F. Weisskopf for many

helpful discussions.

1. Melkanoff, Moszkowski, Nodvik, and Saxon, Phys. Rev. 101, 507 (1956).

2, T. B, Taylor, FPhys. Rev. 92, 891 (1953)}; thesis, Cornell University,
1954 (unpublished).

3+ Ao Mo Lans and Y. Fo Wandel, Phys. Rev. 98, 1524 (1955); Morrison,
Mumirhead, and Idmdmh Phil, Mag. VII, 4:6 795 (1955), K.A, Brueckner,
Fhyse Rev. 103, 172 (1956),

4, Vo Fo Weisskopf, Fhys. Rev. 52, 295 (1937).

5S¢ Ko Mo Bisherg and G. Igo, Fhys. Reve 93, 1039 (1954).

6. Hoysakows, Kawai, and. Kikuc.hi, Progr. Theoret, I-°hys.'Japa.n 13, 415 (1955).

7. Feshbach, Porter, and Weisskopf, Fhys. Rev. 90, 166 (1953},

B This result is given in reference 6, bul urnder much more restrictive
conditions.

9, Jo Mo Blatt and V. ¥, Weisskopf, Theoretical Nuclear Physics (John Wiley
and Sons, Inc. New York, 1952), p.358. o



~ig-

10. I. Bloch ot ale., Rovs. Modern 8. 23, 147 (1951); C.-B, Fr8verg,
~ Kevs. lodern Phys. 27, 399 (1955). .

1l. M. L. Goldberger, Phys. Rev. 74, 1269 (1948).

12, Beretta, Villi, and _Fer.frar-i, Supple Nuovo cimento 12, 499 (1954).
13. This result is given incofrectiy in both referencé’s 1l and 6.

14. Hshn, Ravenhall, and Hofgbadter, Fhys. Rev. 101, 1131 (1956).

15, Re W, Will'i‘amé',_r‘;_l’}qg#'. Hev. 98, 1387 end 1393 (1955); S.D. Drell, Phys.
Reve 100, 97 (19556); L. Wilets, Phys. Rev. 101, 1805 (1956).

16, Millburn, Birnbaum, Crandsll, and Schecter,: Phys. Rev. 95, 1268 (1954).,
17. Austern, Butler, and McMenus, Phys. Rev. 92, 350 (1953).

18. G. Igo, thesis, University of Celifornias, 1953 (unpublished); University
of California Radiation Leboratory Report UCRL~2242, 1953 (unpublished).



Fig. 1. The trajectory of a proton through the nucleus, @ is the tobel scatter
ing engle. (The diasgram is drawn for the special cases in which the
initial and final trajectories are coplanar.)

Fig. 2. The scanning scheme for knock-on scattering.



1.0

0.4

0.2

l I 1

0 20° 40° 60°

S/
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