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It is now well known (1,2,3,4) that long range
magnetic order cannot exist at finite temperatures in

crystalline spin systems having simultaneously the following

characteristics: a) two-dimensionality; b) the interactions
are isotropic in spin space; c) the range of the interactions
is short. Nevertheless, a phase transition exists, detectable

(2,3,4,5)

in the thermal behaviour of the susceptibility In

order to achieve a more detailed understanding of these

(4) studied the classical XY-model

facts, we have recently
by eliminating the above (a) and/or (b) restrictions. In
this way we obtained long range order at finite temperatures.

We pretend to show in this paper that the same result is

obtained if restriction (c) is the only one to be eliminated.

Let us suppose a cyclic two-dimensional crystal
having identical spins in each one of its N lattice points
(labeled by the index £). The unit cell is taken to be a
square with side length a. Furthermore we assume that the
interactions are given by the classical ferromagnetic

Xy-model, hence the Hamiltonian may be written as follows:

= - TZ S con (Op -Sp)

where Jzz; is the exchange integral between the t - and §' -

sites, and ez is the angular position of the spin located in



the § - site, whose position (relative to an arbitrary lattice
site chosen as origin) will be noted ﬁz . At low temperatures
(T - 0) this system is relatively well described by the

'
Hamiltonian AQ? given below

where a constant term has been eliminated. With the Fourier-

transformation

we may re-write

with ,C



two-dimensional Brillouin
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where RZE’ = Rz, - RE and q € B
zone. The asymptotic behaviour of ca for [ala > 0 will

frequently be given by
c> ~ AgP 1
q q []

where p is a real number and A depends on the direction of 3.
The longest the interaction range is, the smallest p is. In
particular, if interactions exist only between a few

neighbors, then(4) p = 2.

The above considerations were done for the limit
T - 0. Now, at any temperature, we shall treat the Hamiltonian
Jf with a variational method, by using a trial Hamiltonian.&*h ’

given by

i, = % Cs |04

where CE will now depend on temperature. We expect of course

that

T 0pcy oy V3 [2]



The variational Helmholtz free energy is given by
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where So is the entropy, nq = <|®qi > and (- >° means the

canonical mean value associated to }4% . The classical

equipartition principle leads to

Let us define
K;_.,:___((‘,ed(@:(;‘: O = xp - r:7 Z (1 t - Rip) (5

m = order parameter = <C,94 e§> -
. =

where properties of gaussian probatility laws have been used

(see,for example,Ref. (4)). We see immediately that

M =-NT T K
RI



Z a (1 - CM_: 0'): = (L=~ [3-_[
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hence 2. (sum rule).
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We shall verify that T + 0 1mplies KII + 1,

hence Ca - c% , which satlsfles [2]

By using the quasi-continuum limit, this is to

say
a?. ,
N 3§ b))y
we may write (using [?1 ) P

~ AP -

?Z'&Q,TJ'OL&; {+ g .R

Qe

o Up - IA&T“(SM 1‘.‘:(9’.\§~ Iy



. o R
g ixp- &"Tﬂotq(,‘ Cedq

where we have used ‘Eﬂ vy, is a pure number of the order of

1
unity, A is a mean value, and the equivalences hold for

T > 0 and Iﬁzz,]/a > >

If p 2 2, Kzz' is different from zero (as long as p is

inferior to 4), but K}z, vanishes, hence m = 0 (no long range

magnetic order at finite temperature if the range of the

interactions is short).

Concerning Kz let us treat the case p = 2

2,2.’
which is the normal situation for short range interactions:
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where & is a pure number of the order of unity. This result

proves selfconsistently that Kzzy+ 1 if T »0.

Before treating the case p < 2, let us finish
our discussion of the case p = 2 by looking at the correlation
function S(ﬁzz,) and the susceptibility X The correlation

function is defined by

&(Rip) = ( (ea®F ~/w')(w’~x O =™) D
:<C&%ﬁ'08¢9'@>0 (qu, l)
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where we have used that » 3 2 implies m = K%z = 0, and the
equivalence holds for T - 0 and Iﬁzz,!/ a -+ O . This kind of
correlation function (power law with temperature-dependent
exponent) is typical of certain two-dimensional problems(3’4)
and different from the usual one (exponential law involving

a temperaturee-dependent coherence length).

The isothermal susceptibility Xep for vanishing

external magnetic field ﬁ, is defined by

= Qimy 20TH) 0 1 > S(Rgp)

H-o0 JH ‘r T
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This sum diverges if a? kBT/4HK < 2, hence the susceptibility
diverges if the temperature is inferior to a critical value
To, and is expected to be finite if T > To. This is the reason
why we can talk of a phase transition, in spite of the non

existence of long range order.

Let us now see the case p < 2 (long range

.+
interactions). For T » o and IREE’I/ a ~ QO we have

» . 2-
Kt | T (o o kT g P
w VP 3R ), o QT A (2-p)

hence _
Vi DT
T , I
o =(Kgq KET') P~ 7p
where q ~ I/a and D = /&BQZO{,*Z—P/46 W.L A- .

The thermal behaviour of the order parameter m is represented
in the Figure, where we see clearly in which way the long
range order desappears in this classical isotropic two-dimen-
sional magnetic system, when the range of the interactions

becomes too short this is to say when (2-p) + + 0.

We aknowledge fruitful discussions with the

members of SPCI/MEL.
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