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Summary: The angular distributions and energy distributions of the
photon are studied in the radintive decay of Pion. For pion decay
degcribed as secondary process the Ferri Interaction is assumed to be
Vector -~ Axial Vector., Second order radiative corrections, when
pion-lepton interaction ié assumed to be elermentary, are alsc studied.
The corrected branching fatid of the radiative torthe.non-radiative
decay is found to be (3.8) x 107% for the Pion decaying into muon and
2

(2.7) x 10" ° for the electron mode of decay. The radiative correc=

tion to the decays is 5 to 6 percent,
I. INTRCDUCTION

Pion 1s known to decay into muon and neutrino with a lifetinme

of 2.4 x 10-8 sec. The corresponding radiative decay is also ob-

served with the branching ratio of 3+3 % 1.3 x 10-LL for radiative to

* Supported in part by the Brazilien National Research Council.
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non-radiative modele The corresponding electron modes have been ob-
served, conclusively, only very recently2’3° The ratio for the elec-
tron mode to the muon mode, found rare earlier, seems to be in agree-
ment with theoretical predictions. The theoretlical estimates are
given by 1.3 x 10%L and _10,6 for the non-radiative and radiative elec-
tron decays respactivelyu.

The present investigation was undertaken to see i1f the earlier
discrepancy of extreme rarity of electron decay could be explained by
the radiative correction, due to its much smaller mass compéred to
that of the muon. Our results are in agreement with the present find-
ingsB. The radiative correction both for the electron and the muon
modes is only 5 to 6 percent. In the next section the expressions for
the probablility distribution of photon in the radiative decay are de-
seribed, The expressions are given for the decay regarded as an ele=
mentary process as well as for the case when the decay mechan-
1sm i1s a secondary effect., For the latter case we assume the Two Com-
ponent neutrino theory with left handed neutrin05 and the Ferml in-
teractlion to be Vector minus Axial vectoré. In the third section the
radiative corrections to the decay are discussed assuming a direct

interaction linear in pion, muon and neutrino fields,
II., RADIATIVE DECAY OF PION

The interaction Hamiltonian (apart from the electromagnetic in-

teraction terms) 1s of the form

X (x) =V—;£- (EYg¥ = (x) + nec.

?.5)) = + )
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when pion decay is an elementary process. For the decay regsrded as
a secondary process, the relevant part of the interaction Hamiltonian

1s given by _
= o(F G [— I
Wr(x) = gl Fen) ® (x) +v——§-[p Full 7)\}5) n][p’}«p)}]+ h.c.

n, ¢, ¥, B and b represent the pion, muon, neutrino, neutron and pro-
ton flelds respectively. g, g' and G represent the coupling constants.
'» is the ratio of the Axlal Vector to Vector coupling constants in
the Permi interaction?.

The matrix element when the pion decay 1s élementary, 1s easily

shown to be
S=3(p) i [ € 9)(x02) + €Blpg vip,)
For the decay regarded as secondsry effect, it is
M = A, + Ay
S, - =G, Wp) (v} )pgvipy)

My = () I:GA (o2) (e + 0puf (2 (e9) (k) + e-P)]75v( Py )

where
2 2 2
=2l - N = I = n
Gy 3 A, e} uiﬁuz cand G =12 3
T
= 12.75.2.)\(.!-.) = iu_ﬂg)\\ L(.IZL) = 12“2 l)
3 M _ ne M

T

m. is the mass of pion and M iIs the mass of the virtual baryons

through which the decay takes place., For gimplicity in calculations
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the difference in masses of the intermediate baryons is neglected,
1% can be taken into account by some averaging process over all pos~

sible baryon palirs. vu is a dusl four~vector defined by

v, = Sasoufr Coke

L i1s the logarithmle divergent integrala‘

L = - f atq
ine/ (P4Me) [ (-q+P)2+M2]

P 1s four-momentum of pion, k that for photon with polarization vec-

tor € and u(p) and v(p) denote the Dirac spinors for muon and neutri-
no with four momenta p and p, respectively, In deriving the above
matrix elements we have made the cholice of gauge so that (€ .p) = 0.
It may be rcmarked that the inner bremsstrahlung disgrams give rise
to simlilar infrared divergent terms for the direct and the indirect
decay. We will see that this term is an Iimportant term for the in-
direct decay as well,

The probablility dilstributions, summed over spins of the leptons
and the polarization of the photon, for the emission of photon making
an angle & with the direction of neutrino are given in the center of

mass frame of pion by (we assume K = ¢ = m. = 1)

Pw,8) = const. W(w,8). dlk|.Sin © a6

vwhere 2 -
W(w,0) = LS 26y-) S
w (W-|k]cos 8-1)

F(W,0)

where (dm = (l—m2+A?)/2 is the maximum energy of photon of mass A
and m is the mass of muon,

For direct interaction
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{w,_ -
F(w ,8) = m ) . {[l + L (%)2] ((s)—]-lg.]cos e) +
[w-@ W-]ixlcose)] 2
2 2 2
+ﬂg__w(w_w)(|l§.|sin9+?x }
w ™ [w-u, (W=]k|cos @)]

We have given a mass A to photon to avoid infrared divergence. The

sum over polarization is then made over all three polarizations of a

neutral vector meson. Energy w of photon is then given by W= \II_L_:_]2+)6.2

For the decay via Fermi interaction we have’ (A= 0):

where 2
sin“e _1]

2 20° (W_~w) o[ (W ~w
F, = 'Ile ( m [( m ) ﬁ-w(l-cose)]z

2
F, o= 2(w_~w) [- G awz-{(u -w) sin © -1}
A m | AI m [1-&)(1-0039)]2

2 _ W (w_-w)sine
+ [GA'IE 1 [v(l-cos e) + X 1}
2[( 1-(.Jm)l+wmcosej [(l-mm)+wmco.99]. P
, 2 (W_-w)sinZe
+ 2RB(G:1GT) 1 wW(l-cos 8) + —2 - }
AA 1-0(1-cos0))

2 [ 1-9 +4) cos 6]

2[ 1
2@ -w) [ERC(G* G, ) W_18X1-c050)+c0s8
" VAT New(1-cos e)]

‘xj
H

mzu)( l-cog ©) J

- 2RL(GY @1)
v A 2 (1 -G)m)+wmcos )

On integrating over the angle the following energy distribu-

tions for the photon are obtained.
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For the direct decay we separate from W(w) the infrared diver-

gent part and write it as

W (w) = WO(U) + wi(u))

2W=w )} ) )
Wo (W) = Zw[rl—-z'a”f' v In(259 )] + luy [2- In (1259 -1) —lh‘lwz"’]

2 53w w® 4 (20-1)0n
m[uf(l-wm)a-lglzu}f] (1-20+)2)

SR | nf Gl gy 11 |
w W

2
iy (0) = bg,1-2) & [ - (n

+(wm

Here we have put A= 0 in the non-infrared divergent part Wy. W, re-

duces to
-(l-mg) [2 (l-—m‘?) + (1 + m®) ]-nma](%)

when A is put equal to zero.

For the decay via Fermi interaction we get

Ww) = Wv + WA + WA-V

= 2
where woo= |6 [T I

2 2
WA=|GA[ I°+|G'| I, + 2 RY (G 6;) I,

%
W,., =2 R (G af) T

5
The functions I (W) are defined by

1 =8 0 (0o w) 2 [nP+2(1-2w)]

© 3 (1 - 20)°
2 2
I; = Yym® wlw, -w)2 { (1--20) ¢ A ““’)2 ]n(_lzi.__)}
, Wy~ (1-20)  2(w ~W) 1-20

n’ (W (W) + W, (W)
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2
- 2 | 2{wy-w) m
13 21112(1) [ -Hfzz)—)- +In (——1—2“)}

In Fig. 1 we plet the energy functionslo, Il’ 12, Wo and
Wy (A =0}, The correlation functions I, (W, ) (1 = 0,1,2,3) and
Ié (coefficient of 2R1 (G: G,) , defined likewise are plotted in Fig.
2 for an energy of photon about 1l Mev. It may be remarked that the
infrared dlvergent term is an important term for the case of decay via

Fermi interaction as well,
III. RADIATIVE CORRECTION TO DECAY OF PION

For simplicity, we shall discuss the radiative correction only
for the case when the plon decay 1s elementary. Since the main contri-
bution to the decay via Fermi interaction comes from a term similar to
that Involved in the direct decay, it may indicate the relative values
of radiative corrections in the electron and the muon modes for the in-
direct decay as well.

The contributions to the second order radiative corrections
arise from the vertex part and self energy diagrams. After mass and
wave function renormalizations the contribution from self energy dia-

gram of muon 1s (apart from common factors)t®

(-—?:)o--[]n"a-aln .u]

n 2n m

The meson self energy diagram gives

+ (H_) . -——[ 2IlnA - 2InA -1]

A is the high energy cut-off used to evaluate the divergent inte-

gralsll. The vertex part contribution is given by
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e 2 - mein A 2Ll_+111_l mA
['(-*f:é;n-g)(lnl\ mlnm) (l-m (hflm)( )

+ et { (1-°)=(2+n) (In n°)+2(1+n) ( In m)'?}]
(1-m™)

To these w» must add the contribution of inner bremsstrahlung
integrated from A to a small energy A . This contribution is given

bys

(£2) L {(l—m ) [202-0®) + (0®) Inn® [ IR+ ¢ 4 fu (u)duJ
S hm 2n (l-m)

Here C is the term arlsing due to the summing over the longitudinal

polarization of neutral vector meson AF 0). It is given byl2

2
C = (1-m°) [(’1-m2)(1-21n(2A ) )+(1+m°) {- Qi) . Lme (ln?.+(l+m %)

W{1-m“) 2
2 2y 1 (1#m>\2
+ (Inm™) (—1 + In(1em®)- = (=) )
1-m
2 2y .1 L |2
+In(1-n°) (Im2- In(1-n") + £3 025 ) )
-m

+(sb (- 1*”’2 )) + —(JZ(— = )-Jh(= 1)}]

l1=m

The infrared divergence 1s seen to disappear from the total radiative
correction, The ultraviolet divergence (logarithmic), however, does

not cancel out, This means that the direct interaction of pion muon

and neutrino fields is not renormalizable. For a cut=off about a nu;
cleon mass, the contribution of the cut-off dependent terms 1is 0.2

percent for electron decay while 10 percent for the muon case. The
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total radiative correction iteelf amounts (€ ~ 1 Mev, A= 6,7 mﬂ) to
~5 and ~6 percent for muon and electron modes respectively, The con-
tribution of inner bremsstrahlung (which is mainly due to the term C
arlsing due to the sum over all the three polarizations of photon with
mass tending to zerc) is ~8%5 percent for muon and ~27 percent (with
negative sign) for electron decay. |

The branching ratio for radiative to non-radiative decay 1s

e for the muon mode .

~2,7 x 1072 for the electron mode while ~3.8 x 10~
The contribution of inner bremsstréhlung is ~80 percent for muon

case while it is negative and ~66_percent of that due to virtual pho-
tons for the electron case. The iarge negative contribution in the
case of electron indicates that (1n'so far as direct decay is con~-
cerned) the radiative decay of electron may be difficulf to observe,
The radiative corrections when the pion decay is secondary will be
published in a later report.

The author is grateful to Professors Leite Lopes and J. Tiomno
for their interest and encouragement in. the problem., The author is
grateful to Professo; Leite Lopes for continued guidance in the work.
Thanks are due to Dr. George Sudarshan for stimulating discussions.

The author is indebted to Centro Brasileiro de Pesquisas Pfsi-

cas for hosplitality,

APPENDIX

If Exs gy, and €, - 5/15] for each k are three unit vectors

forming a right-handed orthogonal system then we define

VZ gp= e, 11 e
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where p = 1,2 correspond to the right and left circular polarizations
of the light quantum respectively. The contribution to F(u);e), aris-
ing due to parity non-conservation is given in the center of mass

frame of pion by (m1t =1)

o
1

F +F +F
v
where

! 2 i 2
F, = (-1)P,Gv| ks [(1'ko) (k-2y) = Pyok, ]
F; = ("l)P["IGAlako{p vo(E.B))-pO (_l‘s-nv)‘}

2
1 2 () ¢ E (8 e tay?)

2

-2 RU(a,* G,) K (ko )J
2(kep) © Py

Fy., = (-1)° [23! (@ &) {1 (kopy) + (kopy? + kﬁ(pvo-pvoeg

"

tas
+2r? (G, "6, ) ——H
A A ko(k'p)

2
{ko(kopv) + (k"Ev) "'k p“O}]
Here k,p and‘pv are four-momenta of photon, muon and ‘neutrino respec-
tively and th¢ photon has vanishing mass. The terms corresponding to
the dlrect interaction are contained in the coefficient of FGAIE.
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Figure 1

snergy distribution functions for photon. (The or=-

dinates in the graphs should be multiplied by the

appropriate factors (indicated in parenthesis), to
to get the correct value.)
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Plgure 2.

Angular Correlation functions Ii(w,e) for photon energy

1 Mev, (The ordinates in the graphs should be multi=-

plied by the appropriate factors (indicated in parenther
sis), to get the correct value).



