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In this note the Cmnes method 1 of solution of certain
singular integral equations 1s extended to the case of coupled
equations. This problem arises in connection with many-channel
> -reactions. The extension proposed here is the analogue of

Bjorken's generalization of the N/D method 2,

Let us consider a many-channel reaction:

a+b — cq + dl
---- (1)
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and denote by fi tne matrix elements for These transitions.

Let us assume that the elastic channel is negligible
as compared with the inelastic ones. The final state interaction

is thus restricted to transitions Tji from a state (ci di) to

= state (cj dj)' In this approximation unitary gives:

%
. . = . s . f.
Im. £ x Tss PJ 5
or in matrix notation:
In, £ = T7 p r (2)

vhere P 1is the phase space Tactor. Invariance of the

interactions under time reversal implies that Tji is symnmetric.

Now assuning that the final state interaction is known,
we want to calculate The amplitudes fi using the partial wave

eguations obtained from the llandelst:m representation.

They are of the form:

1 00 dw
o (W) + — Im flw) — = £ (w)+F)
T W —w
e

flw) =

]

(3)

where the source function fokﬂ) is real in the physical region

and assumed known. In general one can write T{w) = N(w) D(ew) ™t

where N(w) is real in the physical region and D(w) is an analytic

funetion of w with a branch cut on the real axis in the interval

§ o0) . From unitarity one obtains:
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InD = - pN (4)
We then have:
F,-F_=2iImf,=211ps = 217Tp(s_ +5)

(O

(1-211Tp) F,-F_=211lp s,

Multiplying on the left by DY and using (4) one obtains:

i
T ot o - R, T
p*r, -DT ¥ _=21pT rfpr = 2iwtpr =-zimmd® 1, (5)
wiere from one deduces:
-1 2L ) T
Flw) = - D(w) —- . Im D)™ £ )  (6)
W -w
Wo
Talling this result into (3) one obtains a solution for f(w).
If foﬁn) is an analytic function of the form:
1 dw
flw) = — . U (wh)
T I—-| W~
thern one can obtain directly a solution for f(w) of the form:
1
1 d w
r@) = D) T = DN’ o @) — (7)
T r W - W

The question of uniqueness of (6) and (7) and of
substractions arises as for the single equation and can be digcussed

in much the same way.
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The problem of determining D{(w) from the knowledge of

the S-matrix by means of
* -
S@) = D(w)" Dlw)™t (8)

was solved by Newton and Jost 5 for non~relativistic poten tial

scattering. It is by no means as simple as in the one channel

problem where 2

o0 dw'

D{w) = exp — (6(w) - 6(w0)) —_—
T w'—w

Instead of gquadratures one is led to solve a Fredholm equation.

In the field theoretical case D(w) has the properties

of the Joét functions, exeption made of the behaviour at infinity.

Let us suppose that the eigenphases violate Levinson's

theorem giving:

§(w) =8(0) = (n -0 (9)
which implies that S (o) = e2ITA |y yrite the S-matrix in
the form:

s =g 218 gl (10)

where R is real and unitary and 6 (the eigenphase matrix) is
dlagonal. The removal of the bound state poles can be obtained

by setting:
D(w) = R, Elw) L TT () A (w) RCZ (11)

where
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1 @ w-wl dew’
B{w) = exp — (8 (w) ~8(w ))
T w'—wl w' —w- 1€
w
o (12)

and 11 (W) is a real diagonal matrix whose elements are of the

J
the chamel 1. . One can verify that for large w, BE(w) behaves

ni . — .
Torm A, ;Ii(Go"‘°) where ®; are the bound state energies in

-] , =~ O,
like Ai(e lmu)(nl 1).

Taking (11) into (8) one obtains:

A @) A @) =T E@) BT s@) B B) M @) = uw)  (13)

The matrix M{(w) is no longer unitary anu symmetric but

satisfies the conditions (5.4) of ref. (3).

Now in order to obtain a relation (9), D(w) must behave
at infinity © like R p(e™)® RIS where p is a real,
constant diagonal matrix. Since D(w) is determined but for a
realy constant non-singular matrix multiplied on its right, one
can choose B = 1. Therefore it follows from (11) that A(co) = 1.
Then the method of Newton and Jost can be applied to the determing
tion of A{w). It is important to notice that the transformaticn
(11) depends exclusively on the knowledge of the behaviour of

the S-matrix and not of the functions D{(w),

An investigation of the photodisintegration of the
deuteron along these lines is now in progress. The different
channels are states of different helicities of the triplet

neutron~proton system.



An interesting guestion occurs for J = 1. Following
Goldberger et al. 6 one may atribute the deuteron bond state
to a zero of D(®W) in nucleon-nucleon scattering. Then one need
not introduce the deuteron intermedlate state from the beginning
The deuteron pole will come out in the solution (6) or (7) =and
in principle one is able to determine the residues which are

directly related to the deuteron magnetic and quadrupole nmoments.

I would like to thank Dr. H. . Hussenzveig for a

felpful discussion.
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