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ABSTRACT

The combination of Schiff's energy-angle distribution for the
radiated photons and a saussian-like theory of multiple scattering
for the inecident clectrons is gtudicd. The emphasis here isc placed
on a detailed consideration of the influcnce of gscreening as cxpres—
sed in the Schiff's theory.

An expresgion for the forward radiation is first developed,
which io valid for values of A << 1 and for any value of ’/0

( A and ,f) being porameters which cccentially measure the impor-
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tance of mmltiple peattering and sereening, rogpectively). This re-
sult ghows that the deviations of the actvel Lforward spectrum  from
the integroted spectrun of the intrinsic distribution are spprecla-
ble even Coxr small valuee of A , the corrections being largest for
complote screening ond nesligible for no-gereening,

The case c¢f complete screening is then studied exactly voth
for the forward radiation and the angulor distribution. The latter
results show that the integrated spectrum approximation is o goed
one when 8 Miy snd A << 1. In e particular cage, the theory
predicte thet the angular dstribution (normalized to unity at
& = 0) is somewhat broader Ffor complete screening than for no-gere-
ening.

An ecxact trecatment of the forward radistion ig given foxr tha
cages of complete and no-screening. Tinally, an expresslon is deve-
Loped, which yields the smme result as the exact treatment for com=
plete and no-screaening and provides a good approximation for inter-

mediate screening.

INTRODUCTION

In a recent paper, the angular distribution of bremsgtrahlung
from targets of moderate thickness (which are frequently uscd in
betatrons and synchrotrons), was gstudied on the basls of Schiff's
energy-angle distribution for thie radiated photons and ioliere's
conplete theory of multinle scattering for the incident
electrons 1,2, .

The necegsity of using an expression based on the complete
theory of mvltiple scattering in order to obtain accurate agreenent

with eomeriment at moderate and relatively large angles (A > 1)
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wag cmphagizeds On the other hand, -t sufficiently snall ongles, it
is reosonable to empect that the contribution of the
term o the pedtlering theory to the Tinal expressicn for the ener-
gy-angle dietribution of the photons will provide 2 very zood appro-—
xinmation. The treastient of this conitribution, which in I wos called
e Cmereth - oorder termt of the photon digtribution wao crzoaet (in
the Framevori: of the Zehil? theory) in the coge in wvhieh the scrcen-
ing of the muelovo oy the ouler clectrons e nerlecteds On the other
nard, the treatoent oo the sereening and, more specifiecally, the de-
ternination of the “ocerecning o lao“ ){1 g ?{2 (eqs. (9) wnad
(Sa) of I} wers only snnrorimdtiva,
ot theoretilenl and eiperizental srpunents may be cdvanced

to ghow +he nocessity of a more dotailed study of the betatron gpece
trum bt swall angles. In the cnoe in which the characteristic width

/U/Eo o the bremsotrahlang ddotribution is emall in conmparison

]

vith the vidih of the nultiple gcattering cistribution (i.c. when
A KL, sce eq. (2) ), it is & well-lmown theoretical prediction
whiat the shose of the gpectrum is roughly independent of angle and

i given cpprorinntely by the integrated gpectrum of Schifv's in-

)
trinsic diguribution

This argument is valid for angles € large

<

A a3 . . : " .} PR ,,.2
fu/bo (but not large in conporigon with JLCB),

o

in compavicon with
and it ig¢ buscd on the foct that, under those circungtaces, the
clectron onguloi: disteibutlion is & very slowly varyinzg function of
angle oo Tant 1t moy Lo talzen out of the convolution integrals,
T}_Tj o ]\Cﬂ ST SN 1o not o HicEa f.-(-}o.--“ L-Lj )ro Il ] orn \‘[”Ov}' 9 -4- /J/T‘
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Ao it will bhe shovn Loter, due to thie Logorithmic penls of the

geatitering distrivuiion ot © ¢ 0, corrocti terns arise vhich mo-
Ary the shape of the snectrun cven for very enall volues of A and,
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cepeciclly, forx the low cnergy Quantag. Uhen © 0 dincreases viell

beyondlflfﬂo, thege corrective terms boecone negligible, o

85 AUEB cnd. A & 1, the corrcctione arc larzest in the reglon
1

o complete screcning nd they aroe neglicible in the regsion of no -

g
screening. the olfect in the low cnergy nart of thoe spectrwn is to
give a value dover tnon thoat covresponding to the intesgroted epec—
trun of the intrinesic digiributbiorn.

AL1 this noints out vwo the rezult that, for AN « 1, the an-
gulor disteibution (nownclized to unity 2t 9 = 0) of the spectral
componenta corresnoncing to cowmnlaote acrseening 1a concvhat broader

“than that of thoe compenents corresponiing to no-—screening {(the mog-

nitude oi thoeae prodicied did

5y )0,

renees, ig not very large {(see g,

~

Tt is the ain of this papoer to svurdy the shaps of the spectrum
detallied cecount of the influence of
the gsercening on the basgis of Schiff's distribution Ffor the intrin-
sle bromssirahlung. srom the experinental gtand-point, the intercst
of thot situdy 1o basced on the focet thot in some of the modern occoe-
Lerators, duc to the large incidoent encrgiys available, o considerg
ble part of The apcctrum lics on the reglon in which the screcning

is dmportant. llorcover, therce cro already sone indieations of rather

lorge vawiotions in the cxporineatal ongulsr distribution of difie-

rent spectral compenents of betotron radiation'. This, ogoin, indi-
cites the necessity of o thoeory whieh noy nrovide 2 more detoiled
ceseription oi tire vwholu specirun 2t snall ongles,

In order tc maintain o recgsonable mothenaticsl simplicity, we
ne zeroth order term  in

will Timdt ourccelvoes o thoe trestuont of €

the senoc of I, Ve nust bedr in nind thaw this ic only justirficed in
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the case ol rathor onoll angles (@“é X (5.13 )
In section D, o cimplo cupression for the forword specirum

velid for mny vilue of the sercening parancter o (sce o (42) )
ig developed in the case A <« 1, Leeping terms of order 1nA
and terms independent of A . Yerms of order Al 1nA)° or higher
are negloeeted, It will be apporent th-t the opproximation of the
forwrrd spectirum by the integroted spectrum of the intrinsic dio-
tribution corrcoponds to keeping only terms of order 1n(ﬁr A

In scction C, ~n exprescicn For tihwe ~ngulsr distribution in
the cose of complete sercening is cxoetly worled cut, the resultes
being cxpressed in terus of one-dinencionsl integrals which moy be
calculated mumericolly for ~ny volue of A . In the casce of the
worvard radintion, these intesrals reduce to series which moy be
readily ovaluated for A S 1 (soction D).

This, together with some o the results of I, provide gimple
and exact (vithin the voliddlty of the Schiff theory 'nd the zeroth
order mpproximation) cpressicns for the dipendence of the Forvard
opectrun on the torget thiclhouss T in the extreme coocg of completoe

snd no<scrcenin

o

sinally, in geetion B ~n cipression for the Forward spectrum
is given for A 4% 1, wvhich yielde the same results ns the exact
treatment of geetion I in the casges of complete ond no-scrccening
sné provides & good oorproximation in the c-se of intermedinte

sereening,
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Secording to eaqo. (4), (28) and (%)

chae combined eneirgy-trgsle diotribution in
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of I, the expression  for

the zerothr-order approxis-

e
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Following the notation of T, the oymbol (W ) () ncang

the convorutien of (W) and (&) in

Lthe reost

-

the plane of AY M ic

eierzy of the electron, ™M ig the

& k- o the energy S0 ol the incident

target Lo

ieos ond

,\9 : L-,‘-/-J!:Xc ( m ) ,ﬁ;_._/z ( . ) }

ERFLE | KI ] o )
1o lioliere's reduced ongle (6 io the seon

TUNCT 4L

‘e f

K00 ond BAT) ire given

i..

racio of the photon ener-

electron, T ig the total

(1le)

cirical ~ngle ang the

1

1 the two napers ol refe-

vt/ ) (1b)

1
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The porvancter A, delined by
-

g D, .
A = /u{ EXSLD)n(R)] (2)

nmeaoures e relactive laportonce of the influence of multiple scobtte-
i I

eing on the final distribution of the phoftont: A — O means that

the finel angular dloieibution of the nhwotens 1o escentislly deterni-

ned by the mltinie ceattering dieiribution vhile M —w @ ncono

thet the inflverce oo aulitinle sceaxivoring 1o pegl"lblo » 1t ghould

be noticed that Fowo ‘%ﬁ>b‘}u which ic the cage of interest here

gl . Pt s o - . N n . N - , -
;{05 varics wvith the unergy as 2.7, so that A is independent of

Doe In thie case, then, A ig only a function of "5, the moos number

& and the total thiclnaess T of the tar b,

]

In the zeroth-order cpprowination, occcording to ens. (2d) an
{(11) of I, the clecivon distribution reduccs 1o
- lf) ) . ./' I~ 3 "5' . 2
P = o2l capl- w /T )E%r = 2 ZA(- ) (%)
C

a

-

vihare  Si{-x) dis the ozponential intesral ao definced in Jahn!':e-Zndes
" BN * S T "7‘.(0) ’ B ' ~ ) .

The ¢istrdibution 7 (W)W &Y reprecents, of course, the total
nuaber oif cleetrons which howve beenn seattored throush o reduced ongle

W& cbout the incident Jircetion ot any point of their path throug

thoe gerconing io contoined in the function

e ,/R ), Vig defined by the Tolloving ciprescion

" '-':'7.: ~=n + e ] ( 4)
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a "/8 R hx (:)? "1) - (4

The paramcter g aescurcs the relative importonce of the screening
I
in Schifili'e theory: /3 << 1 meang no gereening vhilo /o S>> 1 moang
comploete SC"'"(‘II‘L"I,_,..
Bao. (1), (1) 2nd (1b)  correspond to cqo. (9), (5a) and (5b)

N . N . - oy, ~ - (OY
of I, Upeful oncd ciract onnregeions for 7! (W, A ) ond J © (ny,x)

A

have been given in coo. (320, (33), (L4), {(142), (B,5) nd (3,9} of

I. On the ether hwad, the sviluction of the Junctiono ;oo (W, )
. s - . ~ - P

and LY (O, A) cdven dm cco. (5), (9) ond (9a) of T wag only

grret In the cage of no=-zeroecning. Thoe inllusnce o gereening vwas

l

only talon into cccount spproiastely.

o ot . . o),
In order to simplify the notation, th:s suporceript in the

NSO TR} B Yo} OV e - o - .
Tune uom T g and LY will be onitted in the Following
gectiono. Ve nust rouenber, however, that all the regultoe of the pre

gont paner cowvrceopond to the Loroth-order opproximation.
D, DOTTARD SPRCTRUC PORN A K 1
T tho cnoo the Lorvard rodiation ( ¢ = 0 ), the following

exact cuproessions valid for o1l valueo of A howve been derived in T

(o, A)/2 = =™ 2i(- ) (5)

L ‘. 2 .
JCO,N)/2 = =" 3= M) (1 A= A%) + A (5z)
bt coeny 3% de cnolly ceon thoat cas. (Le) ond (Lé) reduce

o

CopA) =0 | leR B ) b af (6)
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0,20 = =12 |- A E) )™ i) af (52)

In principle, these intesrols mey be worked out numi orienlly. Unfor-
tunately, they involve throe porometers, 2, A, and /O ; Opreading
over & very linge monge of vhluco of experinental interest, oo that
o tohulation would be prohibitivels: 1:.00:-?101::;.

In thig section, cxprecsions valid for A << 1 will be ziven,
reepling v ternc of ovder IlnA  ad terms independent of A . Terna
0 ondor A, A{InA )"?, AlnA or highor will be neslected., In
this croe, IC 0, A) one J0 0, A) wrcduce to -2in(F A ) where
Iny ie Duler's conctnts The negleet of torms ol order A,AlnA,

and hizher 1o ccudvslent to the replacement of Uil -~ A E ) by

11(’}?\{) in cos.  (6) wnd (52), po thot

o0

0, A) = =2 | 1aly A§)(1+} )"‘21n;-_;c§)a§ + O0(A,AlnA ...}  (6b)

{ |
L (0, %) = -«12) @A §0 ) mfref + ok, alnn L) (6e)
o

These integrele moy be solved oxaetly by portizl integrations or by

contour uethods and the folloving recults ~roe obtrined

{

K(O, A1) = =21n{¥ A) [1oii(0)+ 2 - Zfittnn"lf?/f)]-%- c,l(/o)-=-o(h, AlnA ) (7)

A%

L(0, A) 21nly A) [1ni(0)- --,5 ~ «-i; 1 (1 W-- —*- tn gy +
= F P

f

- Ch(/zf)) S 0(A, ALNA .. ) (7

Ly
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e Fly) Lo the Tpenee's function defind by

3 . ) 10

T A Tev e T R . . e - X
Jooful ormroensiong won thie ovelwstion of (s e oglven in Anpe AT,

¥

— L

Lo tae coneribuiion of () f;/O) y i

~—

0 ~ad the ternms of  ordoer

Nt

OLA, ALaA ...) 2o neglected in cooe (7) rnd (727, the Torvard
covctiun siven by coe. (1) 1o proportionsl to the integroted cpectrum
it dntringle dlotidbution, whieh ig the rwproxinction used in the
Iitenntuee . Thue, Jov A« L, the fctions G, (p) -nd G,)(ﬁ) sive
. — [

L N -2 R B T St . L + 4 ! ' /
LAl lil Jevionion Doon the intooroted oneetman.

In sne cogs on nesgercening ( O —a Q) G, (p) 0 (i=] ")1:L

1 Cl 0 LT y h s <4 P e Lay a2 °
To m‘-».‘.),lm.\ Seroening (/)___. o), Oy (o) = - 21/ and GZ(OO) =
4= 2575, oy Timdde P the vilues off G, {(p)  1ic between zero
- =/

-

io i

p

et
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3
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5
5
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-
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i
o
<
~
a
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2
L
=z
L
pa—
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lugtra-
tod Tom oo piotioulor ance. Yhe drndensity opectrun given by eq. (1)
(cmveosion botrion cusly broeicihn)  ond anee (7)) et oede ic comprs

PR B I S Top oy ey e e el T L e b perq e - L H
rod vl Yhe dnte oomed dtonod pg}' cpoctrun of the intrinscice distri--

pution nmultiplic’ Lo - 21n{ 9% )\) The lotlier ic given by the exproeg

peocliets An ee (3) of wel. 2. It Lo apporent

P T et 4 B N ER R . } H
CITC UG GCVANTLOTD Dot uine Intosootod aneoctum ave opprecisble Tor
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lowr ond inteomedinte encersy ausnt .

The main 2initotion of bhe “ouu1t~ o this ceetion i thwe Tact

v

3

that the terus ol owder O(A, %JJ(A...) hove been neglectoed, For-
tunately, thece hishor order termo in the cipprrecosion For the Tormrard
radiction noy be worked out cilnetly in the cxtrome crceg off no-—screc
aing  onc completo percening. The pesults Por these tuo limiting co-

Geo Vi1l be shoum in ocetion D

TITANTT TNV T TN Ty TR AT Y
ARSI LU U O

the probloem -0f @

i~
-
L
i
I
CW
4
~~
)
@]
C..:.
!
o
F
+

-~
¢
o

o e
O mpgular digotsibution ia

gtudied in the cmirome cnooe of comnloto screcning (o W™ 1). The

liniting coos 1o brood, of courso 3y, on the foet
thot in sone of the nodern sec. slerntore, cue to the high cnorgiés
available Tor the incidont cleetrons, o cons iﬂo“Wblo past ol the

Pioton spoctrun lice in the Tesion 2> 1.

in the 1ir @) @, remenbering cgo. (12) ond (4), it i

cleor that (Je) 2oducoes to
- - P S -7
TP, A = 2mna(2n1/e )y T, N e T e (a/m ) (1 WesA )" x

x In(1 QYE/A ) (3)

In order to cvalunte the intemral of eg. (2), voe ic nade of the Folm

ding theorun Tor +he Beoscl function Joeo liemenbering cqe (3) ond
using the well "mowm wmeesoion Ffor the Desool (Fourier) tronsform

4

o

oi the gouvguinn function (uce eq. (13,1) of Appendiz B) , we get
@ 1

aly) = I (7)Y ) aw c::;p(--,yz T/4yav (82)

O O

1
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The Becoel tromcforn of the second folding foctor of cq. (8) admito

L

the Tollovling dutegral reprccentntion (sec Anpendis B)

Qo

. 4 ) ) .
BGp) = S | I w0 PG w20 WY =

° | |
L2 ®

. 7oA - ; .
w2 s (—a - éua~)1n a da 4 2 VIL) fep(-a - %u%L)Ga (3

"
i
D

G O

where V(1) is the logovithnic derivitive ol the foctorinld function .
&g defdned in dohnke-lnde. 3By virtue of the folding theorem wo get
.0

POT)£CA/A (e 9/A ) P in(as YRR = | I (Wn()aly)ydy (5c)
0

Obgerving cqo. (82) mnd {8b), we notice ot in eq. (3e) the integra~-

tion over y io cocoentinlly thoe DBeocel tronsform of o rﬁu“~ an fune-

tion, so that it moy be corricd out immedintely usin

‘
gl -

ca. (B,1). -

repregentivion of W, A) given in ca. (10)

nenbering the intosood
o L and performing the intesration over 4 y the following result ig

finally obiained

S0, N) = [1:«({%}__}) » \/(1)} TN )

vhere x ® AYT. An cnnlogous mothod lends to

=
=
>

!

2(1 (j}l) - )‘/(3)} JCY,A) -

. i a A e :
23 =3)y n oxp (- a*% - cxp(~ éﬁg)ldq (

b}

9a)



Ihe dntesrole dnrolving Bi(~ and oxp. (~ S ) in CGS e () ang

) .

(920 nny Do cooily reduced to elosed Form (soo fppendiz C). lowover,
N0 simmle clogoed emnresgilons for tho integrolo involving

T (- é‘—;—_X ) hove l_)eon found, Tor o given volue of n  anad A, the ex-
ise () -na (Sn) oy be oimply ovoluated by o combi-
nztion o nunerictl mnd anclviical nethods (oco Aop. Che

In ige 2, the intencity opoctrn nredietod by ca. (1) (expre

silon between curly broclicts) and cose (9) ond (Sa) for A = .01 At

I

various gl do coupored with the approwinction in which tihe energy-

ongle cictribution 1o ropreccnted by the mhtogr:tgc cpectrun melitipli-~
ed by the ngle dependent function =22i(-2 ~ A), Streic tly opcaking,
the approuinmttion uced in the litoer: ~ture, in vwhich thoe clectron dig-
tribution (VW) ig »agorded oo clowly vorying in comporigon with
the intrincic photon digtribution ((¥) lends to on cnergy-ongle
dlovribution given by the intesrated spoctrum nuleiplicd by T( ).
sowever, co FOW) O diverges ot W = 0, in order to comporc that op-
prroximntion LA the ciaey regulic off this seetion, the next beot
cholce hoo been of wepl-eing (W) by ~2RiCx - A ), that gives tho
value queted in the litoroture To VW = 0 tnd A << 1 ~nd io o sood
Shpromimczion o the tumetiong I{W)  ond J(VW) Tor A <« 1 and
Vvoe 1, (soooeque (12) and (I%) of I). e sec that the eifrorenco
botwveen thic coprozinstion mnd the omoet veoults o 1o roest Tor
8 =0, i¢ rother onoll Tor  © = I.::}J/.'SO ond de negligible for @ =
5}1/;30.
Thic behrviouvr io encily underctood o follows. The integroted
cpectrum Sprooxinntion ic baced on the fhet that, For A <« L, the
clectron divtribution (W) io o very slovly vorying function of

angle dn comncrdicon with the intrincic distribution (which in the



imdit A — 0 wohowes like - f-digtribution) so thot it ney be
tolren out of thoe convolutlon integsrelo. This orgument io volid for

Y

anzlces €0 Jorger thon W/E (but not lorgs in comn.wrigon writh
X (Ts” Yz (T}, cee below). Vhen © £ p/5, thio ic not o good op=
proxwimation duv Lo the logiritimic divergence of (W) ot W= 0.
In order to hove o more physic-l plcture, let ws Tirst lindt
ourcelves to the cose € = 0, liogt of the »odintion nt © = O comeo

snown by

&

from o cene of width ,P/Eo owout thrt dircetion. Mo, ¢
the logryitlmic pead of (W) ot VW = 0, in thot cone the colectrons

-

vored in the Zorinad diroction. Thio mecno thot

o

2re prodominmntly oo

the contribution to the totl forwr? rodi~tion oF the Torvardly cmit-

C

ted photons 1o nors heavily weishted thon that o the photons cnitted

through = Tinite wnzle. This eploine the deviation of the forwerd
pectrum froa the intesrated speetirum. Ao we seo Pronm Tigo. ¥ and

the exnct ealeulations in the region of S complote sereening give ot

V =0 - voluc lowoer than that corrcoponding to the integrated opee-

trurie Il wo now consilder the fin:l eadiation at an angle 9 well

- beyond )yQ%” cthe Torwerdly cceattercd cleetrons will not contributo.

Then, if A << 1, 7)) will bo nearly 2 constant in the intervol

oL width ‘p EO aoout 9, so thot the contribution of all *he photons

vill boe couelly welghtcd theoughout that conc, Thus, in thic crue, we

nny expect the cxoet soluticn to coincide with the integr-ted spee-

trun approximnation oo is chown in Tig. 2 Tor the ¢ase of complete

screoening.

s A1/ 2 i . . C

for @ > )%ﬁ ; this intuitive discussion io complicoied by

’

] v

the foet that the zeroth-order pproxinction (coe (3)) 4o not corpoct

. - . -1 -
and the terms of order B muact be talien into acccount (seoc cge (20)

-

of I). i1 that cope, the ©insl diotribution te demlironend o 49 oo oo
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ve values of the porometers A ~nd 3. Jo oholl not enter, hove-
ver, dnvo o dlscuscion of thig roegion.

On the othor hownd, 4in the coe of no=gereening amd A KL 1,
the integented opootrun approxinoation i very £ood cven Tor the fore

oo prdiotion. Whic o commoeetod writh the rather Tortultous e ncc?-

Lotion of thic funciians /p) fop p 0 {zec footnote 11).

."

Lo eoncelucnee of the dlocuunion siven above, we should ox-—

peey the angulor Clstoibution (normclined to uwnity at zero angle) to

o

1

e gormvnmat Lroldews Dot She cpeetral compononto PO““‘upOM' ing to no=-
sereening (coo Dootnote 6). Thin 1o Illustroted din fiz. 5 For A S
0.0%. The curve “or corplete sercening hoo been erleulated for the
cpeetral comnonaont N = 0 fron cas. (1), (9) and (Sa) and moy be

~ a3 I i

aleo porticlly obising: Hze 2. The curve for no-ser ~ocning hag
beon czleulricd For 7? = 1 ooad do then given by thc function

IO, A) (eoe (02) of I). It 4o soon that, for A = 0.01, the A@fe-
rence betveen thoesoe two ountyenc eoscs Lo nos very Inege, being ot
noot ol the ovder of ton porcont. Sor the enoe of dntermedinte serce-
nigy the rnesios :iuuwwoubloﬁ ior A = 0,01 ig cipected to lic bet-
vecn the o cusvos of

"o s
—,e e

- S ey -
LT SO Gy DOARD SDecTrn

In theachses of the Domverd rodiziion (A = M), case (9) onad

-y

(02} roduco to

(0, A)/4 = [m (—;71)) - ‘,«’/(:1)][ T(O, AN/ = LN Te 5 (10)

L(O, A)/4 =

- ?TB)}J(O, AV G AHCA) - T(0, X )/2)

VL) = (3 A)Y(AY .8, (104)
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where the abbreviations C.S. mean complete serecening and

w
X(A) :fo"c‘lnaln(y a/A )da {10b)
o :
N :
Y(A) :.j ¢ @ alnaln{i+ a/% )da | (10c)
o

For A = 1, these integrals may be readily computaed from the
following exact expressions; whosce derivation is sketched in

Appendix D

X(A) = Bi(= AY[Ei( A)- 1n(} M+ & [Ei(- A)-1n Al x

. ) )
*[Bi(~A)- 1n(p A)]+ !2'-((-3;\' +1)_(—%—— +(1ny )‘"]-f- %—(1—- &I (In X)% «

00 no
+ InplnAd + o Z: L= 7&)2 + 2@ (- )8 S, (104)

n=1 ni n n£1
F(A) = B=- ) [E1(N)- 106G )]+ & [Bi(-A) - 1aA]
“ (B2 1 DT = AJ+ 31 (1= )+ 2] [HE + (ang.)?) -

{1+ e")ln(?*?t)--%[ox (1~ X))~ 1] (1n X)? + {1+ 1n9)InA -

w0
AT - n O_Q_‘

= -2 T % S .___3] - ) AT (10c)
s (n-2)! | n (n-1) £

where (o9 5

S‘ = L __(__3'_’_' “'1’1“1) » S_J. __;_L_' (lof>

- 5 hed 1 -

Pt la-us, -g ) 4 (10g)
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In Lppendixz D, 2 simple and exact method to evaluabe the
[

leading S is czplained. The results up to n = 4 are fhe

Tollowing

e, 7 o
) - 15 o] —_ ]’ l1- ~ '] ’T‘—
‘ = = = i o~ = ofd - .
LTE R T T s 8 By T gt L)

(10h)

k (SR

The funections (A ) and Y(A) are plotied in fis. 4 op Tune—
-4 - r'!‘ - R 5 e e -, e 4 +

tions of An A in the range 0.0L £ A £ 1 (gee aloo table T).
In that reglon T{A) =y bo reprosented very accurately by a

-~

lincar funetion ol 1A,

™ - =Y . - . 7,7‘ o s
Bas. (1), (3) and (5a)  together with cos. (1) ot 8Gq.

1

provide an omact ocupression (in the Tramcwork of the Sehitita
thcory and thoe wowotl order sopproxinoation) for the forward spee-
L TR + e Kl ISV e Ty Y N L Vel % M e K B - Sy ]

crum in the ease ol conplote sercening. The corresponding roesults

ror the case of no-scroening ave siven by cas. (1), (%), (5a)

L] K

and by the »oelotions

I
1

{0, A)

0310, 2 (11)

h
H
[
&

L
P
O
-
g
il
}._l
o
=
[l
N

0)J(0, A) (11a)
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e INTTRITNDIATE SCRETNTKC, FORVARD RADIATTON

In this seetion, an cxpression ig given for the forward
spectrun, which yicldes the saﬁo reoults oo the exact treatment
of seetlon T in the cases of complete and no~gercening and
provides a good approximation ih the region of intermediate
seroecning.

According to cun. (4)  and (6), wo may writc
K(0, WISE(0, M)y o+ 2lmi(-i §) (1 )1+ (2 £)%/,2 Jaf
A 3 L Ly, ) /C ~ ..,iJ_.L { 5 / t },_")C.

3)‘*//,;)::' ] T(0, ™) (12)

TG él ic o ecertoln intermedinte voluo of { and

( ) Lo ol oo Lm0 i ES ) s T e

, r\ 13 eng proejoion. or AN O, v in tho CQase O
uuo . .
complete sercening (sce cg. 20Y. Eq. (12) gives automatically
the correct anower for the case ox complctoe screening 9D—ﬁeoo).
The idea of the approzimation ig, then, to determine the intep-
mediate value by requiring the right hand momboer of ca. (12} to
coincide o2loo with the correet recult in the limiting cose of
[

noe=screening (¢ % 1), In the latiom case, it is cacily scen
H

from c¢co. {(4) ond (12 thet

BACCIE D Sl = 21n iillf°/Zl/J) 100, A) (12a)

How we require ihe right bond mewber of oa. (12) 1o coinecide

With cge (322) in the limit A O Remenboring ca, (10), we



find taat ig determined by tho lollowing rclation

In(l + jl) = ML) - 2 XCAY/I(O,A ) (12B)

The solution of this cquation is plottod o Tunetion

jat
o
"
y
1_1-
Gn
B
A%
0

o InA and we notice that it behaves practically as o straight
. - . - rd .
line in the region 0.010 £ A 4 1. In fact, with on cecuracy

of a fcw porcents, woe may fpproximate I £

Jl(rm) 2 in that re-
1-

gion by tho formuln

L+ §0A) 21,22 ~ 0.14%InA for 0.014 A< 1 (12¢)

A short table of 1+ ., ag 2 function of » ic given in
Table I. Onc way of testing the validity of this opnroximation
in the region of intermediato screening, ic o compore the pre-
dietions of cqo. (12) and (12b) with those of éq. (7) for

A << 1. Thig comporicon has boen mode Torp A= 0,01 2onaé the
difference found to be loas than onc percont throughout the
wholo spcctrumlj. Bao. (123 and (12b) has been aloo compared
vith the value of (0, ) ecaleulates by numerical intogration
Tor =1 and A= 1 and the wrror was found to be o Proce

tion of o percent.

in anologscus nonesimetion fop L(O, 2) iy given by

L(0, V) = R N T IR R ¢ {2)3/52JJ(O,A ) (13)

The fuaction HE S ic plotted in fi~. 5 2z o Tunetion of
Ind  (sce aloe toblic I).
The Zorward Intensity cpectra given by ceqg. (1) (expreccion

between curly braclkets) and cg

|}
e
\‘l_
pa—
“n
~~
]
)
A —
P
e}
a8
o

ond (1%) for
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toree “didlerent volues of A ig Allugtrated in fig. 6 in the
oZalele Zo= 7% ond QEOZl/;(ll%p) = 5. The curve for A= 0Ll
1o alse comparcd with the ferward and integrated intensity opec-
tro ealculated srom Schizxf'c intrincic distributions Thc ¢ oare
given by the cvpressions between curly brackets in eqs. (1)

and (%) 0¥ rcf. 2, respectively. In Tig. 6, the integrated cpec-
trum has been normalized to the valuce of the corrected cpectrum
at the maxinun v~iluce of oy dlecs At N e 1jP/EO. Then the
ferward intrincic spoeetrum ig normalized co ac to prescrve the

original ratio to the integr téd spectrum (in our casce the &if-

Terence between the two lags gtributions i otill gignificant
at M, T 0,975, although thoy are identicol for an hypothe-—
tical value of 47m = 1). It is scen that the integrated

spectrun lics oonove ine forward intrinsic opecetrum, the diffe-
rence belng groatest at M=.0 (about 12%). On the other hand,
e correet gpoctrum lies boiow the Porward intringic gpeetrum
in the low and intermediate encergy region., Thig chows that in
thizc region the forwoard intrinsic spectrum ic & better approxi
mation thon tac intesrated speétrum. In the high encrgy rcegion,
however, Tho corrcctoed spectrum o better approminated by the
Integrated cpeetrwa, though thic cannot be cbocrved in fig. 6.
An cnalogoun compari wn with the two corrected gpectra for
A= 1 and A = 0.01 leads to identiecl conclucions.

Thio behaviour of the normnlized curves of fig. 6 may be
underotood agzain on the basis of the intuitive argunent uuod in
ceetion € to exnlcoin the behaviour of the curves of figso. 2 and

%e 1T by d(8, %) we reprecent the intrincic distribution,
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then it is easily cecen that, in our case and for small values of
'ﬁ?, 5(9,7?) J(@,??max)/[ ?(6,7Aﬂax) J(9,77)] Tirst decreases
when @ varlcs from zero up to a certain small angle and then

1t beging to increass with € +to such an crxtent that the sum

over angles off  J(9,7M)  (integrated cpcetrum) lies appreciably
above the value for @ = 0, if the normalization deseribed above
15 uced. On the cther hand, when we take into account the influ-
ence ol multisle zentiering, the contriution to the Torward ra—
Giation of photons omltlicd at small engles io weightoed morce heay
ily than thot of those wmitted at lorger angles. Thig may yield,
then, a value lower than that of the intrinsic Forward spectrun.
For A-—w (T--2C ), of ecoursy, the weizhting factor beha-
ves like a d-distribution, go ﬁﬁat in that limit the actual speg

trum ceincides with the forward intrinsic spectrum, as cxpected.
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APPENDIX A

The Zollowins are uvoeful GXOEQ””IOHS for the evaluation of

the function F(y) defined in cc. (7d)
2 (="
Ty) = = §_J 5 Tor |yl £ 1 (A,1)
n=1 n
A2, !
ly) = ~%~ + 5(1ny)2 - F(?) for oy o= 1 (A,2)
Ty) = = 7 - =2=) + =[1n(1+y)]? for y 20 (2,3)
HAY l_:.y 2 J S = ~3

Uoe of the relation (A,B) ig convenient when 0.5 < y < 1.

APPENDIX B

Coapidor the Soeaooel (Fourier) tranciora oi the gauscian

Tunction
0
Ll wawd (3 e (= as ) = Lexp (=2 A/ (4a) (B,1)
D Ta ST e Yo = atEp Ay A ta), : s L
-0
By multiplying cq. (B,1) by o * cxnl-a) and integrating with

regpect to a from O to o, wo got

~

{X }(‘1‘?'.’?1" JO(‘Y ¥ ) (1 -+ g P/;L )_'p
dyl
Eee
= Tp—’“]_-—).— ’ CENpNY “‘O. =% P\/([Q)JG u%@g ('_),c:)
O .

hl o

By diffcrontiating both members of cqe. (3,2) with reopect to p



N

The method we Jound the most convenient for evaluating the
integral of cg. ($) ig the following. The roange of intcgration
ic divided intce two intervals,'onc from a = O up to.a value

Gy > A (say un to a; = 10 A7), and then from A up to .
The integration over the firct region ig corricd out numerically
uocing the dliffercnce between the two cponcntial integrals ond
congidering cufficicntly cmall intervols. The integratiosn over
the second interval involving BFi[- za/{a + A)] may be caleula-~

ted by means of the expansion

Til- co/(a + )] = Bi(-x) = ¢ F2 /a + %(h,/a)z e~x[l - %]

~ l(?k/mJ5 [A.2 ~ 4o+ 2]+ (C,1)

e ay = 104 , the integrals O”lgi ated by thic cxpansion arc
clenentory and converge very vopidly. The integration over the
interval @y = o = oo involving Zil- xa/a ) may be calcu-
lated by using-thc well-known coerico exponcion for 2i(-z) (sce
ref. O, page 1L ¢t seo.). For the snle of completeness, we give
now the cxoct recults for the integrale involving BEi(- xa/A )

from O to oo, waich con be sdven in closed Torm

+ In(1 + R/x)lﬁyn T (C,2)



X))

N, = ¢t 51nami(

~zo/ A Jda = /\1

111['}. (1 + a/x2)]

[ (Inywh ~1n(i+ w3 )] (C,3)

1+ %/

cnergy-onzle diciribution depends much

funetion KO0, N ) thon on LY, A ).

comctimes oufdiclort, thann, 1o oot ™ =0
3

-
F

.

involving  Fil = zo/{a+ )] in the evolua

which c¢oco we obtoin thoe

LW, A ) 2 «[1n(113/2Y7) + 5/6)mi(~

+ [1+ =/2 17 [

Zollowing cppreximate ¢

+ox/n In(p(1+x/

more oencitively on

I A « 1, it is
in the integration
tion of IK'W ,h ), in

Dr‘SDlOH

)] (C,4)

Due to the approximations involved, cg. (C,4) hos not the pro-
per asymptotic behoviour for lorze = (it uld bchave coymp-
totically as = 7)) oo that e {€,4) is not volid Tfor X > A
A sinilor simnlification in the covaluation of (v, ) would
lead to o much poorer opproximotion. Thic is duce to the foet

that cetting A = C  in the

introduces a larse corror near 0. In the
however, the additional {factor a  toendo

vuticn oi thot resion. Ao the

Tinal

intemsration invo

to diminich the

CCTEY 21

olving Eil-vwo/(a+ 2 )]

croe of LW, X)),
contri
lotribution de-

nglo

pends very censltively on (W, X)), it iz convenient, then, to
evaluate thiz Junetlon uvoing the nccurcte method deneribod at



the beginning of this Aspondix.

APPENDIX D

In order to cvaluate X{A)  (cq. (10b) ), we write

@ fa)
Za) = “Ha[ln(a+;l)32da ﬁj ¢Hanw Cda -
© o
w0
- ¢ 1n(1 + W) ]%ax (9,1)
o

The cecond intesrcl ic triviol. For ovalunting the Pirest inte—
) ' (&)

gral wo introduce  w = d+ A 5o that

o
St

8y
;

(L"G[ln(a~ﬁk)]zda =
J .

]

2

! = 2 * -1

= ¢ | o Mainu)Tau = o 39[;! ~/[; Y uau S (D,2)
3 L =

The dntegral in cu. (5,2) i cimply cupressed oo o serics in A

il

by ciponding Ul crponenticl. The Isst intesral in cq. (D,1) is -
evaluated by introducing u = o+ A ong moiing ucse of the ox=

pancion

Il
k%]
gy

[1n(1 - u) " for |ul <1 (D,3)
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Then, we get

00 ) /‘w
8¢ n n-1 u
-1 2 . A
M In(L + M) ]Tax = 26 ) 211—{ & L i
n=¢ u=1i }'1 u
o ‘ / A
The iogt exprecsion ic

An analogouc method io

used in the caleulation of Y(AX).
In order to evaluate cxactly the leading

S

n defined in
cge (10F), the cosential iden is to dntcrchange the order of
summations. For example,

(D,4)

+

casily evaluated by partial integrations.

the
S5 o sty b ] 7 2 I ek (D,5)
= | = /o, = = = » ---.--_-:_- . D,5
R =y S =i e
Ohoerving that
-& 1 )11 1 P
= (5= == ) =1 - 1/p D,6)
%;ngnl) ﬁgf -1l v F (3,
egs (D,5) reduces o |
o ,
5 = ....]..... = _—-/”2
1 }le }12 6

A simdlor
84.

the ovoluation of
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1o Sirliz, A , Fiyse Kevs 101, 1219 (195¢). Hereafter, this paper will be
referred Lo ap L.

2o Schifd, Le L., rhys. acve 83, 252 (1651).

v - < N o [ T et - : a v < [} T . P P

3o NoliSre, G., L. lUsburiursche 38, 78 (1948) =ad bethe, H.4,, fhys. hev,
89, 1gbs (lub3 ‘

4y Bchii'ty, Le dey Fhyse nove 70, 87 {1946) and Lewson, JeDe, Nucleonics 10,
'N'o. 11, 61 (L9o2). i course, in thai approximation the whole spectrum
multiplicd by an angle-dependent function.

e The rether lorge deviation of thé actual forward spectrum from the inte-
grated spoctrum was also found independently by B. Hisdal by numerical
methodse Dr. tigdel's resgults will oppear in a forthcoming paper in the
Yhyse Kove

6. It is convenienmt ©o boor in mind that the region of complete screening
cxtonds from loiwr cocrpy limit of' the photon specotrum up to vaiues of the
photon cnwrgy consictent with the condition o~ » 1, «»  being the screcon-
ing pargmoter Sefinoed in oy. (4a). Similerly, the region of no-8Creoning
cxeends from the high enorgy 1imit up to a value of the photon cnergy
comsistent witlh the coaditicon o <« 1.

e

Te Wornur, bede and Shrudur, Her., Hove Sci. In:str. 25, 863 (1954)

8. The Tact thet the voiue of the runciion X, (L)D (t) ig taken ot t =
hos boen methalaticolly JLLuul.L.Lud. in pager I (discussion after og. 8)
of I)e 1f the use of euny other gausslan=-lilko thoory of rultiple scatto-
‘ &
ring is desircd, it is suificicnt to replace in ca. {2) Xc (t)s(r) by

the squere of the wiith ol such distributiocon law.

Teblecs oi runccoions (Dover fublicstions,

Qe Jahmko, N. cxe B
Low Yori, 19435).

clations invelving this function are

10, Tobles OJ L[\A) 5 well ST
40, I, 351 (1949).

i3 ual
glven by N ;:-cl*.:,-.L s lﬂilo HOZ

11, The foet thet u-i(fr)) (i =1,%) wvaonlsh for A= 0 noay be esasily undor- .
sPood mathumeticolly os Tollowss IU is clowr that tho G (p) come from
the contribution o 1nf in egs. (8b) and (8¢). low, ior A - 0,
1ak(s)  is indornoadens ol g, so thot lng contrivutes integrals of
the f{orm

B.=En g?.:1—]. la ES d3

e

whore 1 is o pousrbive intoger, It is cosy to see thob these integrals

e crde
QXL Oile

18. If desired, 000 WMLy UST Gl (1?0) to obtain an cpproAante clogud e:rpres-
sion for tho TeLien a{M). Inserting cge (lie) bock into €q. 12’0),
the following cop:owinoiion for _L(?\) iw obtoined in the range
GL0L = A = 1
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A(QA) ¥ [In(1.22 - 0,143 1nN) = Y(1)] ™ Bi(- A)

13« In doing this comparison, we hove replacod in eqe (12) the exacﬁ

K(O Alg. g, by the approximate value given by egs. (7) for

The difftrence betweon these two values is due, of course, to the nce
gleet in scction B of the terms of order

The fainctions

_Q (A i L(k)
b o e ! -
C.0L thy | ?.766

0.019 ~C56

0.03 =0 U9 1 2295
0.055 |-0.157

0.1 ~0.05391 1,780
0.17 C.CE15

0.3 0.122 1 L.27h
0.6 .1l |

1.0 .1ul i o.76h

X(\), Y(A),

TABLE T

O(}\ P\ln“ LI} )l

i 1 U

| 1+ gl(k)

h80
1797
L.73U
1;6uu
1.552
1;h69
1.382
1;252

1,213

Vo e e e T

1+§l())

1.7h9

and 1+ ga(k)o
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rlelE CAFTIONS

Fipure 1 - Comparison between the inteprated intensity spectrum of the in-
trinsic distribution {(multiplied by ~-2In(p2) ) with the forward
intensity (es given in scction 8) in thc case Z = 79,
A = 0,01 and 23021/5/7(111}1) = 3, The latter is calculated
on the basis of eqe (1) (expression between curly brackets),
end ogs. (7) et scqge in which terms of order M ond higher arc
negleetede.

Fipurc 2 - Comparison of the inbegrated spuctrum approximetion with the
cxact results at various angles in tho case A = 0,01, Z = 79
and complotc scrucning. The lefttor arc coleulated on the basis
of cgs. (12) ond (13) of I and cgs. (1), (9), (2) end (C,4) of
THLS POAper.

Figure & - Comporison of the ecngular distribubion (normelized to 1 ot
& = U} Tor complote end no-scrooning in the cosce 2 = 79 cnd
X = 0U.0l, the curve for comploube screening is coleuloted for
7 = U and noy bo porticlly vood from fig. 2, The curve for
no-sereening is caleuleted for 7 = 1, in which ease it ie-gi-
von cxactly by I )/I(u)  (cq. (12} of I).

Figure 4 - The functions X(X) and Y(A).
Figuro 6 ~ The functions 1 + §4(R3) aud L+ {o(a),

Figurc €

Forword intomsiily spectres for various valucs of A in tho

CLSC 4 = TY  ond ZEOZl/B/(lllp) = 34 The curveeg cre cal-
culoted on the basis off cqs. (1), (5), (52), (12) and (13).
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