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Let E and F be regl ﬁanach spaéés ;' @N(NE;F) ‘the Banach space of nuclear
m-homogeneous polynomials from E to F, the nuclear norm being denoted by
| - IN; E' the dual space to E; EC a normed COmplexificatioﬁ of E and (Ec)'
its dual; and (E')c a normed complex1f1cat1on of E', where (E )¢ and (EC)'
are 1sometr1c under the natural isomorphism between them.

r We shall denote by e\ (E;F) the vector space of all infinitely differ-
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-enttable mappings f:E + F such that

d"f(E) « Py (TESFY

for m ;ﬂb;ﬂl, 2, ..., and each mapp?héwi
d"’f E»@( £ F)

(mE; F) is endowed with its nuclear

is differentiable of first order when §h
norm. An element of eN(E§ F) is referréd to as an infinitely nuclearly dif-

ferentiable mapping from E to F.

We shall also 1ntroduce the vector subspace exp(Es F) of all fiE>F
in ey(E; F) such that every

dme-rP(E F)

is bounded on bounded subsets. An eIement of er(E; F)-is said to be an
infinitely nuclearly differentiable mapping of bounded type from E to F.
Then € b(E F) is a Frechet space with reSpect to the topology def1ned by

5

the following seminorms on it

e et s Uy

fe er(E F) > sup {1l Ixl<n ) e R,

form,n=0,1,2... . . K

. For every ¢ ¢ E' andm =0, 1, 2, ... (the case in wﬁ{éﬁ both “$ ;
andm=0 being excluded), consider the functions ¢" on E, it Béﬁhg'ﬁnders-
stood that ¢° = 1. We shall denote by Enbe(Es F) ‘the closure in ey, (E; F)
of its vector subspace obtained as the set of f1n1te sums of all mappings
of the form ¢ M™: E -+ F, where ¢ < E', m=0;1,2, ...andbe F. An
element of sNbc(E; F) is said to be an infinitely nuclearly differentiable
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mapping of bounded-compact type E to F. Thus erc(E~ F) 1s a Fréchet space
with respect to the topology induced on it by that of er(E F)

The -vector subspace of erc(E F) obta1ned as the set of finite sums of
all mappings of the form
e®b: E~F
where ¢ < E' and b < F, is dense in erc(E F) If F is a complex Banach

space, not only the vector subspace of erc(E, F) obta1ned as the set of

finite sums of a11 mappings of the form

¢”wbs+r

where ¢ < E', W& E' and b F, is dense in erc(E F) but a1so the same as
sertion is true if we focus our attention only on the mappings of the form
| *wre»F

where y « E' and b e F. >
If T is 2 continuous complex 1inear form on erc(E C), its Fourier

transform >T is the complex valued function on E' defined by .
@) - T(e'Y)
for ¢ ¢ E'. The mapping T + T thus defined is 11near and injective.

Each such 3T may be extended in a necessarily unique’way to an enttre'

function on (E'). by setting | o o
| B ETe + t0) = T(eMY)

for ¢ <« E' and w’é E'. Then Z¥T 1s entire of exponent1a1 type on (E )c and

slowly increasing on E' in the sense that there an integer o> 0 and a real
number C > 0 such that \
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HETY (W) ] < Co(1 + Jup®

for v < E'. More precisely, there are an integer a >0 and real numbers C >0

and ¢ > 0 such that

16T < co(1 + e - el

for g ¢ (E')c, where I is the 1maginary part of 7. Notice that this more
stringent condition on the entire function 3T on (E')¢ not only implies“trivial
1y, but also is implied via the Phragmen-Lindel5f theory [2, §47] by the fact

that T is entire of exponential type on (E')C and sTowly increasing on E'.

If we consider the Fréchet'space:ﬁNb(Ec; C) of nuclearly entire complex
valued functions of bounded type onmEC,'thgg,a complex valued function on (EC)'
is the Borel (or equivalently, for that matter, the Fourier) transform of a
continuous complex Tinear form on ﬁNb(Ec; C) if and only if it is entire of
~ exponential tybe on (Ec)' (see [1]). In view of this fact, one might naively
expect to prove that an entire complex valued functioh-of exponential type
on (E')c which is slowly increasing on E' must be the Fourier transform of a
continuous complex linear form on erc(E; C), a true statement if E is finite
dimensional (Paley-wiener-Schwartz).’ This, however, will be discarded for
every infinite dimensiona]{E, even if slow increasingness on E' is guaranteed

by boundedness on E'.

THEOREM - If E is infinite dimensional, there is an entire complex

valued function of exponential type on (E')c bounded on E' which is not the

Fourier transform of any continuous compTex linear form on eNSc(E;C)'

The proof will be based on the following known result.

LEMMA - For every integer n > 1 there is a distribution T, on R"
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with bounded support, such that its Ft;urier transform ¥T, is bounded on R"

" and the order of T, tends to infinity as n + 4o,

PROOF OF THE THEOREM - Set E, = E and construct inductively a vector
subspace D, of E of dimension n and a Closed vector subspace En of E such that

En-i =D, ® En in the topological vector space sense for every n = 1,2,3 ...
Notice that ‘

E-DIQ ces @ Dn @ En
in the topological vector space sense; let T denote the continuous projec-
tion of E onto Dn corresponding. to such a decomposition. By virtue of the
above lema-, Tet T, be a distribution §n D, with support contained in the
closed ball fn D, centered at 0 and. of rad‘ius 1, having a Fourier transform
‘ ¥T, bounded in modulus by 1 on the.dual space (Dn)','and such that
_IT,g_(F)I < 1 sup {u-n-:- @" f(X)”; x e Dy fIx]l < 1}
o<ms v -1,
for every f e ¢(D; C),.where vn.is; subposed to be the order of T, and to
tend to infinity as n ~ + =, We may .also assume that Tn('l) = 0 for every

n, since it suffices to replace Tn by

Ty - T, (1)8

2
If f ¢ ey (E; C), then

L '
[T(fID) < T . sup l —d f(x)‘uzN:ix e £, x| <1

[}
D<m< + o m.

and therefore |
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'| .
I S IT(fID) <
1 SN<t+ ‘
1 -
I sup[“-— d" f(x)“ :xeE, fIxll< 1} .
0 <M<+ me | N

We define the continuous complex Tinear T on SL‘Nb(Ec; C) by setting

A R
L AU

for féﬁNb(Ec; C) and by noticing that then f |E ¢ er(E; C) and

1 sup {“ %;;mf(x)"N: X € Ec;, Ix] < 'l} <'+ w,

O_<_m<+co

" The Fourier— transform 3T is an entire complex valued function of exponential
type on (Ec)' and thus can be 100 ked upbn as an entire complex valued func-
tion of exponential type on (E')c in the natural way. For every w‘ e E' we

have

| -
(v = L = T (e'¥1%n)

1 <N <o

: _
D BT 5

1<n<tn

hence T is bounded in modulus by 1 on E’'. We claim that 2T is not the
Fourier transform of any continuous complex 1inear form U on erc(E; C). In

fact, assume that it were.  Then we would have (¥T)(¢) = (¥U)(¥), that is




\J}'e (Dn)', then ¥ o m
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1 _—— ‘
3 o5 Tate™¥I%) < uge™)
1<n<+w :
for every y'c E'. Continuity of U means that there are real numbers C >0 and
r >0 and some in}t‘eger v>0 such that - S

1 -
"— d™f(x)
m!

JU(f)l <Cc- ] Sup{

0<m<v

:xeE, [Ix] 5r}

for aevery f e erc(E; C). Define a distribution Un on Dn by setting -Un.(fe-) =
= U(f o»nn) for every f ¢ e(Dn; C), and by noticing that f o Ty € erc(E; C)
and | ' |
: m 1
U (f)] < C I llmll ™ sup ” — d f(x)nN: x e Dpo fIxll < b
Hence Un is of bounded support and of order at most equal to v. If now

¢ E'and ¢ o T vanishes on e.very Dk with k # n.

n
Therefore
S 1
I Fn e T (™) «u (e .

T < k <4, kfn

that is ¥T = 2"-‘éun and so T, = 2"-Un2 - This implies that v, < v for every

n, a contradiction. QED

ABS" i ACT .
On the complexification'of the dual space E' of a real Banach space E of
infinite dimension, there is an entire complex valued function of exponential

tyre, bounded on E', hence slowly increasing on E', which is not the Fourier

transform of any distribution with bounded support on E.
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