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Gravitational eternally-collapsing compact objects
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Over the late years a growing discussion has taken on on whether or not there exists a solution
of Einstein’s equations which describes the formation of eternally-collapsing astrophysical compact
objects other than black holes. Here we address the issue using a general relativistic perturbation
theory assessment where dissipation through heat flow produces a null radiation. It is shown that a
purely gravitational eternally-collapsing compact object (GECO) can indeed be formed only during
the collapse of a supermassive star, whose radius after collapse is larger than the Schwarzschild’s.
The self-consistently computed opacity of the material composing the supermassive star, which
radiates at the Eddington luminosity limit, is in agreement with stellar evolution and nuclear physics
standards. Yet the perturbed mass responsible for the GECO luminosity is determined by the heat
flux and the work done by the gas pressure restraining the collapse.

PACS numbers: 04.40.Dg, 04.70.-s, 97.60.Lf

The precise nature of the central compact star in the
astrophysical sources known as Galactic Black Hole Can-
didates (GBHCs) is yet a matter of controversy. The
issue is on the verge as most observations of GBHCs
seem to rule out neutron stars (NSs) and even quark stars
as their primaries, and more specially stellar-mass black
holes because of the lack of evidence for event horizons
in those objects [1].
Motivated in part by this conundrum, a search, within

Einstein’s general relativity, for exotic collapsed com-
pact objects as stars with nontrapped surfaces [5], vac-
uum condensate stars [4], and magnetospheric eternally-
collapsed compact objects (MECOs) [3, 7], and gravas-
tars [8] has started on. It has been suggested that
the general relativistic field equations do admit alterna-
tive extreme collapsed objects other than black holes.
Nonetheless, there seems to be no clear understanding
about the inextricable intricacy between the very restric-
tive constraint on the eternally-collapsing objects emis-
sion having to take place at the Eddington luminosity
limit (ELL) and the nearly-null acceleration requirement
for the collapse, which strictly speaking would demand
a perturbation theory apraisal. Our purpose here is to
describe the evolution to collapse, upon a perturbation
of its hydrostatic equilibrium, of a massive star which is
radiating at the ELL. As the power emitted by the star
is so huge, one must expect that its subsequent collapse
takes place at an extremely slow radius-shrinking rate
with almost vanishing inward acceleration.
Based on these premises, we bring in a general rela-

tivistic perturbative treatment to evolve the star shrink-
ing. As a prove of its self-consistency, we demonstrate

that after imposing the Eddington limit to the luminos-
ity escaping from the collapsing star, one obtains values
of the opacity parameter K of the star material that are
in agreement with what is expected from stellar evolu-
tion and atomic physics, for a wide star mass spectrum
[14]. We also show that there exist a lower limit for
the star mass that allows for the collapse not to end at
the Schwarzschild radius, but rather at one a bit larger.
Thus, our analysis is able to produce a GECO instead of
a standard black hole, as far as K is consistently checked.
To model the collapse of a radiating star we consider a

sphere described by a timelike three-space Σ. It divides
spacetime into two distinct four-dimensional domains ν−

and ν+. The interior spacetime ν− is described by the
general spherically symmetric metric with shear-free fluid
motion in comoving coordinates

ds2− = −A2(t, r)dt2 +B2(t, r)[dr2 + r2(dθ2 + sin2 θdφ2)],
(1)

while the exterior spacetime ν+ is described by
Vaidya’s metric, which represents an outgoing radial flux
of unpolarized radiation,

ds2+ = −
[
1− 2M(v)

R

]
dv2−dvdR+R2(dθ2+sin2 θdφ2),

(2)
where M(v) is the total energy inside Σ and is an ar-

bitrary function of the retarded time v.
We assume that the source in Einstein’s field equations

is given in the interior spacetime ν− by



G−
αβ = κTαβ = κ[(∆+ P )wαwβ + Pgαβ + qαwβ + qβwα],

(3)
where κ is the gravitational coupling constant, ∆ is the

energy density of the fluid, P the isotropic pressure, wα

the four-velocity and qα = qδrα the radial heat flux vector
which has to satisfy qαwα = 0.
Using Darmois´ junction conditions [9, 10] we obtain

together with the field equations the relations

R(v) Σ= rB, (4)
dv

1 + z
Σ= Adt, (5)

M(v) Σ=
r3BḂ2

2A2
− r3B′2

2B
− r2B′. (6)

P
Σ= qB Σ=

2
κR2

L, (7)

where Σ= means that both sides of the equation are
evaluated on Σ, and z is the redshift given by

1 + z Σ=
(
1− 2M

R
+ 2

dR

dv

)−1/2

, (8)

and L is the luminosity,

L
Σ= −dM

dv
(1 + z)2. (9)

For the details of these calculations see [11, 12]. Rela-
tions (4) and (5) describe the radius of the fluid distri-
bution and the time in both coordinates systems (1) and

(2), respectively. While (6) describes the total energy
entrapped inside the surface Σ where the dot and prime
represent differentiation with respect to t and r, respec-
tively. Relation (7) represents the continuity of the radial
flux of momentum across Σ and shows that the pressure
at the surface of the sphere does not vanish unless qΣ = 0.
If qΣ = 0 there is no dissipation of heat from the source
and the spacetime in ν+ is that of Schwarzschild.

Slow radiating collapse.— We suppose that the fluid
undergoes slow dissipative collapse, in an almost hydro-
static equilibrium background. Further we suppose that
the perturbation on ∆ and P have the same time depen-
dence. Hence we have for the quantities so far defined,

A(t, r) = A0(r) + εa(r)T (t), (10)
B(t, r) = B0(r) + εb(r)T (t), (11)
∆(t, r) = ∆0(r) + εδ(t, r), (12)
P (t, r) = P0(r) + εp(t, r), (13)

and the radial heat flow q being of the order of ε, with
0 < ε � 1. The subscript zero denotes quantities de-
scribing equilibrium.
Considering Einstein´s field equations together with

(10 - 13) we obtain

κp = −2κP0
b

B0
T + 2

b

A2
0B0

[
α(r)T − T̈

]
, (14)

κq = 4
bβ(r)
A2

0B
2
0

Ṫ , (15)

where

α(r) =
A2

0

B0

[(
A′

0

A0
+
B′

0

B0
+
1
r

) (
b

B0

)′
+

(
B′

0

B0
+
1
r

) (
a

A0

)′] 1
b
, β(r) =

A2
0

2

(
b

A0B0

)′
Σ=
1
b
, (16)

and because of the pressure isotropy condition a(r) and b(r) have to satisfy

[(
a

A0

)′
+

(
b

B0

)′]′
− 2

(
A′

0

A0
+
B′

0

B0

) [(
a

A0

)′
+

(
b

B0

)′]
− 1
r

[(
a

A0

)′
+

(
b

B0

)′]
+ 4

A′
0

A0

(
a

A0

)′
= 0. (17)

For anisotropic systems see [15]. The junction condi- tion (7) with P0
Σ= 0 allows us to obtain a differential



equation for T (t),

T̈ − 2βṪ − αT Σ= 0. (18)

We choose non-oscillatory solutions of (18), by assum-
ing that a(r) and b(r) are such that αΣ > 0 and βΣ ≤ 0.
Then

T (t) Σ= − exp[(−β +
√
α+ β2)t], (19)

which represents a system that starts collapsing at
t = −∞ when T (−∞) = 0 and is static, and goes on
collapsing, diminishing its luminosity radius, while t in-
creases.
Since from (15) β = 0 implies q = 0, then the solution

for b(r) can be assumed b(r) = k[1 + ξf(r)]A0B0, where
k and ξ are constants. Thus, from (15) we have

κq =
2kξf ′

B2
0

Ṫ . (20)

As q > 0 and the fluid is collapsing, Ṫ < 0, then we
assume 1� ξ > 0 and f ′ < 0.
After taking into account (10) and (11), the total en-

ergy entrapped inside Σ, given by (6), becomes

M(v) Σ=M0(r) + εm(t, r). (21)

Considering that (21) can be used for spheres of radius
r inside Σ [16] and using the field equations we obtain
the novel result

M0(r) =
κ

2

∫ B0r

0

∆0(B0r)2d(B0r), m(t, r) = −κ
2
(B0r)2

[
(−β +

√
α+ β2)Σ qA0B0

(
1− 2M0

B0r

)1/2

+ P0brT

]
.(22)

We show that the equilibrium mass in (22) entrapped
up to r is Newtonian-like, that is: density times proper
volume, and is clearly positive. While the perturbed mass
in (22) contains both a negative quantity because of the
dissipation (due to q), which is the energy flowing onto
the proper spherical surface κ(B0r)2/2, which dominates
during the initial stages of collapse, and a positive quan-
tity, of purely relativistic origin, representing the work
done by P0 along the proper collapsing distance brT . No-
tice that for m(t, rΣ) there is only a contribution stem-
ming from the dissipative term because P0

Σ= 0.
Eddington limit.— For the Eddington limit, in the slow

collapsing regime, the collapsing fluid radiates at Σ as

LEdd
Σ=
4πGc
K M(1 + z), (23)

where K is the plasma opacity. From (5), (9), and (23)
we have

−Ṁ
A

Σ=
4πGc
K M. (24)

Considering that during this regime the radiation of
M is supplied by m(t, r), then (24) with (22) becomes

− Ṫ

A0

Σ=
4πGc
K T, (25)

which together with solution (19) imposes the remark-
able relation

−β +
√
α+ β2 Σ=

4πGc
K A0 , (26)

linking the internal structure of the star to its opacity.
As we shall discuss briefly, the Newtonian limit is ap-

propriate to describe the dynamics of the collapse of
a supermassive star [13]. In that case A0 = 1 and
B0 = 1 allowing (17) to be integrated and (16) implies
α = constant > 0, which can be chosen as the dynamical
time scale of the system α = (GM0/r

3)Σ, and further
(16) gives also β = ξf ′/2.
Taking into account these limits, including the static

limit of T in order to keep with the calculation up to first
order in the perturbation parameter ε, one can write (9)
and (20) for the heat flux as

L

4πr2
≡ q = 2

κ
ξf ′

√
αT. (27)

By noting that in (16) one can approximate α 	 ξf ′/r,
then the heat flux relation becomes

L =
8π
κ
α3/2r3T. (28)

As we are interested in the evolution of the star be-
ing governed by the Eddington luminosity, then one



can replace the luminosity L in (28) by its Eddington
counterpart: LEdd = 3.28 × 104(Mγ/M�)L�, where
L� = 4πσSBR

2
�T

4
� = 3.83 × 1033 erg s−1 is the solar

luminosity, with R� and T� representing the radius and
surface temperature of the Sun, respectively, and σSB
the Stefan-Boltzmann constant. Besides, Mγ represents
the actual mass responsible for the radiation emitted by
the star [17], as seen by a comoving observer, and in our
case is m(t, r) given by (22), which then reduces to (M�
units)

m(t, r) = −3.41× 10−6
(κq
k
B2

0

)
r2

(
T

Ṫ

)
. (29)

Hence, relation (28) becomes

0.445L�

(
κ2q

k

B2
0

Ṫ

)
= α3/2r. (30)

The full calculation leads to α = 5.19 × 10−16 s−1,
which is obtained by using the radius of equilibrium for
supermassive stars (our starting point to follow the star
collapse) R0 = 1.7 × 1011 (M/M�)

1/2 cm. By substi-
tuting this result into (22), one obtains the value for the
opacity K of the material that should constitute the star
from the beginning of its evolution, it then reads

K = 5.41× 10−2

(
M

10 M�

)−1/4

cm2 g−1. (31)

This value is exactly of the same order of magnitude
as expected from fundamental stellar astrophysics [14],
even if the actual supermassive star mass spreads over
an interval which may encompass several orders of mag-
nitude.
Up to here, our reasoning mainstream has been that in

order to stand on against its own gravitational pull and
avoiding the formation of a black hole after a quasi-static
evolution to collapse, the progenitor star has to be a su-
permassive star emitting at the ELL and possessing an
opacity as computed above. Supermassive stars are rel-
ativistic polytropes [13], that is, stars in where pressure
and density satisfy P = K̄ρ1+1/n, with polytropic index
n = 3, and K̄ the polytropic constant. Next we describe
the dynamics of a collapsing n = 3 polytrope to show
that such a star could indeed give origin to a GECO,
as there exists a minimum radius for such configuration
that is larger than the Schwarzschild radius for a given
mass.

On the physical properties of GECO progenitor
stars.— The theory of stellar structure and evolution [14]
shows that a supermassive radiation-pressure-dominated
star must be a polytrope of index n = 3. Supermas-
sive n = 3 polytropes have a free polytropic constant K̄,

which means that the star mass M can be chosen arbi-
trarily (in constrast to the relativistic degenerate poly-
trope of the same index, where K̄ and M are fixed). In
the case where the mass is given, there still exists an
infinite number of models for different radii R. This is
possible because K̄ is independent of R. For this reason,
a supermassive configuration is in neutral equilibrium:
one needs to take no work at all for dispersing it to infi-
nite or compress it to its minimum radius, which is not
the Schwarzschild’s (see below). Therefore the polytrope
n = 3 is indifferent to radial changes. In our view, it
is this bizarre behavior of n = 3 polytropes that may
allow for the appearance of relativistic stellar configura-
tions of equilibrium like a GECO at the end of a pure
gravitational collapse.
If one now perturbes that equilibrium configuration by

suddenly reducing slightly the pressure, because the con-
stant K̄ is thus also slightly reduced, then the gaseous
sphere begins to (homologously) contract following, in
the Newtonian approximation that we have been using
since (26), the modified Emdem’s dynamics for the spa-
tial dependence [14]

1
z2
d

dz

(
z2
dω

dz

)
+ ω3 = λ, (32)

which is obtained from the Poisson’s equation by using
the definition of variables: r(t) = R(t)z, ρ = ρcω

3(z),
with R(t) and ω(z) as scaling factors for the radial
distance and density, respectively, z is a dimensionless
length-scale, and ρc is the star central density. Here
λ(> 0) measures the star deviation from its hydrostatic
equilibrium. Meanwhile, its temporal evolution (also ob-
tained from Poisson’s equation) follows the relation [14]

3
4

(
πG

K̄3

)1/2

R2R̈ = −λ . (33)

Hereby, a collapse that starts at R0 for T (t = −∞) = 0
evolves its scaling factor R(t) in time as [14]

R3/2(t) = R3/2
0 +

√
6λ

(
K̄3

πG

)1/4

T (t). (34)

As the equilibrium is independent of radius, it follows
that a star that is contracting toward its equilibrium po-
sition may reach a configuration of equilibrium for any
radial value that is greater than, or equal to [13]

Rmin 	 0.18 RSchw

(
M

M�

)1/2

, (35)

providing an energy source exists to replace the en-
ergy lost to space. Here RSchw ≡ 2GM/c2 defines the



Schwarzschild radius. We stress in passing that an equi-
librium radius does exist for ELL stars which generate
energy from burning hydrogen via the Carbon-Nitrogen-
Oxigen (CNO) cycle (typical nuclear energy-source of
high-metallicity supermassive stars [13]). Notice, be-
sides, that most of the energy derived from the gravita-
tional collapse goes into supporting the star, and very lit-
tle is available to supply the Eddington luminosity. This
is because the total energy of these stars is small com-
pared to the gravitational energy.

Discussion and Conclusions.— Apart from (22) and
(31), the existence of a minimum radius (35) other than
the Schwarzschild’s is the most important result of our
Letter. It states that there is a minimum mass Mmin 	
31 M� (a kind of lower limit; as several effects may render
it higher) for which the resulting collapsed compact ob-
ject produced by a pure gravitational collapse restrained
by the ELL can become an actual GECO instead of a
standard Schwarzschild black hole. If we then bring in
this result to the discussion on the nature of the compact
object in GBHCs, we are forced to conclude that as the
mass in those objects is MGBHC � 10 M�, each of those
can be a canonical Schwarzschild black hole rather than
a GECO, as far as no other interaction is called for, as
for instance the intrinsic magnetic fields in [7].
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