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A method for peforming quantum state tomography for quadrupole nucle is
presented in this paper. First, it is shown that upon appropriate phase cycling, the
NMR intensities of quadrupole nuclel depend only on diagona elements of the
density matrix. Thus, a method for obtaining the density matrix elements, which
consists of dragging off-diagona elements into the main diagonal using fine phase-
controlled selective radiofrequency pulses, was derived. The use of the method is
exemplified through ®Na NMR (nuclear spin | = 3/2) in a lyotropic liquid-crystal at
room temperature, in three applications. (a) the tomography of pseudo-pure states; (b)
the tomography of the quadrupole free evolution of the density matrix, and (c) the
unitary state evolution of each qubit in the system over the Bloch sphere upon the
application of a Hadamard gate. Further applications in the context of pure NMR and
in the context of quantum information processing, as well as generalizations for
higher spins, are discussed.
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|. Introduction

NMR quantum computing appeared in the late 90's as the main candidate for
implementation of quantum processors’. However, it was soon recognized®” that
exponentia loss of NMR signal upon increasing number of qubits would pose severe
restrictions concerning the scalability of systems for quantum computing in large
scale. Such observations stimulated a very interesting debate™ © about the capability of
NMR to implement true quantum operations, particularly to produce entanglement.
In this context, it is rather surprising that not much effort has been directed to the
experimental demonstrations of quantum information processing by NMR, in spite of
many claims of quantum agorithm implementation™. For instance, to the best of our
knowledge, no experiment has clearly shown the unitarity and reversibility of an one
qubit gate such as the Hadamard gate and its adjoint, or the quantum circuit which
generates entanglement™®. By this we mean experiments where quantum state
tomography is implemented at every step of the gate and the trgectory of the one
qubit state is traced over the Bloch sphere (see however reference®, where quantum
state tomography is implemented for the whole cycle of Grover algorithm).

In this sense, it appears that, from the point of view of pure quantum information
processing by NMR, there is still something left to be learnt from one and two qubit
systems! For this purpose, quadrupole nucle are particularly well adapted.
Implementation of pseudo-pure states™, elementary logic gates”?, simulation of
quantum systems™ and relaxation studies™ have been reported in the recent literature
of NMR quantum computing. All these studies were based only on NMR spectra
andyss, that is, none of them exhibited quantum state tomography. From the strict
point of view of quantum information processing, they are intrinscaly less
informative, since different density matrices can give rise to the same NMR spectrum.
In this paper we report a method for quantum state tomography in quadrupole nuclei.
We show that, upon appropriate phase-cycling of the selective radiofrequency reading
pulses, the NMR intensities will be related only to the density matrix diagonal
elements. After “dragging” the non-diagona eements to the main diagonal, using
phase controlled selective pulses a set of coupled equations was obtained, fromwhich
the real and imaginary parts of the density matrix can be determined. We apply the
method to a spin | = 3/2 (two-qubit) system formed by ®Na nuclei in a lyotropic
liquid-crystal at room temperature. Three applications are shown: (a) the four pseudo-
pure dates; (b) the free-evolution of the density matrix under quadrupole interaction,
and (c) the unitary evolution of a single qubit under the application of a double
Hadamard gate. From this experiment, we rebuilt the evolution of the Bloch vector of
one qubit over the Bloch sphere.

This paper is organized as follows. The experimental details are given in Section II.
Some features of the quadrupole systems are presented in Section |11, and the process
for obtaining the quantum state tomography for quadrupole nuclei is discussed in
Section 1V. Findly, the results are presented in Section V, followed by the
conclusons. The Appendix shows some results of tomographed density matrices
compared to calculated ones using ideal rotations.
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[1. Experimental Procedures

The ®Na NMR experiments described in this paper were performed using a9.4 T —
VARIAN INOVA spectrometer in a lyotropic liquid crystal system prepared with
35.9 wt% of sodium decyl sulfate (Fluka), 7.2 wt% of decanol (Supelco), and 56.9
wt% deuterium oxide (D,O, Merck), following the procedure described elsewhere™.
ZNa NMR data were recorded at room temperature using a home-built single-
resonance probe with radiofrequency (RF) Helmholtz-like rectangular coils (only one
loop 2.5 cm high and 1 cm wide) separated by 7.5 mm. The geometry of the coils was
chosen in order to improve RF magnetic field homogeneity along the sample, which
was packed in a5 mm NMR tube 0.5 cm high. Numerical smulations showed that the
RF field homogeneity is higher than 95% over the sample volume. The B, field
homogeneity was about 0.1 ppm. Gaussian shaped RF pulses were used to perform
selective sturation (p/2) and inversion (p) of populations. Pulses durations were set
to provide a multiple of 2p rotation under the quadrupolar interaction in order to
minimize possible effects of the quadrupolar evolution during the pulses. The mean
RF amplitudes and the frequency offsets were carefully adjusted to satisfy the
selectivity condition'®*®. The experimental calibration was checked against numerical
simulations using the full Hamiltonian, which showed that the single-quantum
transition, the case of the Hadamard operation on the first qubit, is not affected by the
guadrupolar interaction. A non-selective hard p/20 pulse 1.5 ns long was applied in
order to measure the differences of populations for the three pairs of neighbor levels.
Experiments were performed with a recycle delay of 500 ms. The ®Na NMR spectra
were obtained averaging the free induction decay (FID) signal, obtained for each
phase (X, y, -X, and -y) of the reading p/20 hard pulse accompanied by the
corresponding receiver cycling (standard CY CLOPS scheme). Findly, al the spectra
were normalized using the intensities of the equilibrium state.

[11. NMR Quadrupole Systems

The most relevant interactions of a quadrupole nucleus are the Zeeman interaction
with a magnetic field and the electric quadrupole moment with an electric field
gradient. The Hamiltonian for this system can be described in first order by eq. 1,

where w, isthe Larmor frequency of the nuclear magnetic moment in the presence of
a magnetic field, and wy, is the effective quadrupole frequency characterized by the
interaction between the nuclear quadrupole moment with the electric-field gradient™.

H =- w1, +hwg (312 12) (1)
For a spin 3/2 system this Hamiltonian gives rise to four unequally spaced energy
levels, originating an NMR spectrum containing three lines, corresponding to
transitions between adjacent levels (see fig. 1). These energy states |3/2), [1/2),
|- 1/2), and |- 3/2) can be labeled as |00), |01), |10), and |11) in analogy to two-
qubit system containing two | = 1/2 coupled spins™ 2 *. From the Hamiltonian, the
density matrix can be obtained according to equation 2, in the high temperature
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regime, where Z is the partition function, n is the number of qubits, b = 1/kgT and
e=b/2" »10°® for n = 2 at room temperature.
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Figure 1. Schematic representation of the energy levels, for a spin 3/2 system,
with their respective labels.
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Since radiofrequency pulses are unitary operations, they act only on the part e H of
Eq. 2. Therefore, the measured quantity in NMR experiments is the traceless
deviation density matrix, which in the equilibrium is given by:

Dr,=-eH (©))
Before performing quantum computing, it is necessary to prepare the system in a
pseudo pure state. This can be done using the pulse sequences described by Fung™
and Sinha®, and then applying a magnetic field gradient to the system, in order to get
rid of undesired off-diagona elements. In this work, the pseudo-pure states were
prepared using the same pulse squences described in references™™, but employing
an additional two-fold phase cycling (X, y) in the p/2 pulses as an aternative to the use
of magnetic field gradient. The quantum operations were applied to the sates obtained
for each phase of the p/2 pulse, which creates the pseudo pure states. Therefore, four
distinct NMR signals were detected, and the final result, obtained after averaging, was
the same as if the quantum gates had been applied to a pseudo pure state. For instance,
the sequences for creating the pseudo pure Sate, represented by

M oo :zin(l- e) +e |00)(00|, are shown in Eq. 4, where Y,, represents a selective p/2

pulse applied to the transition (aU b) along y direction, and X, represents a

selective p/2 pulse applied to the transition @U b) along - x direction. The squared
symbols represent selective p pulses.
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V. Tomography Method

The density matrix of a genera system and, consequently, its deviation contains
complex elements, except in the main diagona, which contains only positive red
numbers. In addition, the elements above the main diagonal are the complex
conjugate of the ones below, so for a spin 3/2 system deviation density matrices have
the general form:

é a Xa+iya Xb+iyb Xc+|ycl;l
Dr :gX Iya b Xd +iyd Xe-'-iye:al (6)
é 'yb Xq - in c X +iyf|;l
e . . u
éX ch Xe= 1Yo Xp - 1Y d Q

Therefore, to obtain the quantum state tomography of any state, it is necessary to
determine 16 variables, which are the four real elements of the main diagonal, and the
other 12 formed by rea and imaginary parts of the nondiagonal elements. For
guadrupole systems, the averaged NMR spectrum, obtained after applying the
CYCLOPS scheme to the p/20 reading pulse and receiver, depends only on the
diagona eements of Dr. In fact, for the spin 3/2 system described by Dr, the
intensities of each peak of the NMR spectrum obtained after applying the reading
scheme are given by eq. 7.

A = J3(eg.a- 8.0~ 68,0 €,8,d)
A =2(eg,a+6,L,0- 6,6,C- €,6,d) (7)

A =+3(e8.a+eeb+e,6,0- €.6,d)

The g; are absolute values of the p/20 reading pulse matrix elements along any
direction, as described in the Appendix. A, A, and A stand for the NMR spectra
intensities for the transitions (0U 1), (1U 2) and (20 3), respectively. Because
observable NMR deviation matrices are traceless, a+b+c+d =0, afourth equation
can be added to the system. Therefore, the four diagona elements can be obtained
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after measuring each of the line intensities of the averaged spectrum and solving the
set of Eq. 7. The first step of the state tomography is to obtain the deviation density
matrix main diagonal, by using the process described above. For a spin 3/2 system,
the result gives the four diagona elements, a, b, c and d of eg. 6. In order to get the
off-diagonal elements and determine the state tomography, RF transition-selective
pulses were used. The evolution operators for these pulses can be constructed
according to Eq. 8, in the rotating frame.

U =expl- idH +awgl, - awl, ], /n) (8)

The parameter wy- isthe selective pulse carrier frequency, w, is the amplitude of the
RF pulse (w, =g B,), |5 is the angular momentum spin operator in the a direction,

and t, is the pulse duration. The effect of the pulse operator is to induce rotations in
the spin system, allowing the manipulation of the phase of the off-diagona elements
of the density matrix, and consegquently controlling the phase of the quantum state.

A complete set of these ideal pulse matrices is shown in the Appendix. The symbols

X,, ad Y,, stand for p/2 pulses applied to the transition (OU 1) along the x direction

and to the trangtion (20U 3) along the y direction, respectively. The effect of the
application of such pulses to the system is to bring the off-diagona e ements of the
density matrix to the main diagonal, as it is shown in Eqg. 9, where only the main
diagonal elements are displayed for simplicity. The experimental procedure for
calibration of the pulses is given in Sec. |1, and the effects of non-perfect selectivity
are discussed in the concluding section.

éa+2y, +b u

(Xo1) = Xy 200 3X! 18 a- 2y, *b G
r = X ==

01 01 01 2@ 20 l;l

g 2dg
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Ascan beseen fromeq. 9, y, and X, are easily determined if the diagona elements

are known. Since the diagonal elements of the density matrix can be obtained by the
method described earlier, the real and imaginary parts of the off-diagonal elements are
easily obtained. A complete set of equations that alow the determination of all off-
diagona elements of the deviation density matrix is shown in Eg. 10.
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Ya = [Fu(Xo)- r2(Xe)l/ 2

Yo = [1(Xpp)- 15(X,)]7 2

Yi = [re(Xyp)- rua(Xg)l/ 2

Xa = [ru(¥or)- 122(Yo)l/ 2

Xg = [ 5(Yp)- T(Y,)1/ 2

Xi = [re(Yas)- 1Y)l /2

X, = [1 5 (XpXo)- o (XpXop) - v2y,1/ 2 (10)
Yo = [1 (o Xor) - 15 (Y Xep) +4/2%,1 7 /2
X, = [1 5(XpuXp)- (X Xp)- N2y, 1/ /2
Ve = [F as(YesXuo) = T a5 (Yoo Xao) #/2, 1/ 2
X, = Ty (YosYioYor) = T aa(YasYioYor) - V/2X; + %

Yo = T a(X5XpX01) - 1 (XXX ) +'\/§yf X
The expression r , (X,,,...Y;) stands for the diagonal element (K" line and K™ column)

of the deviation density matrix after the application of the respective (X ,....Y; ) pulse

sequence, from right to left. Because the main diagonal was obtained beforehand, the
whole matrix is known. In summary, the method to obtain the deviation density
matrix — state tomography — consists of determining its diagonal elements, after
performing operations on the system, which drag the off-diagona elements into the
main diagonal. Double-quantum selective pulses can aso be used for determining the

elementsr ,;, r,, and r,, and this method has the advantage of utilizing a smaller

number of pulses, as it is shown in Eg. 11. However, al the results described in this
paper were obtained using single-quantum selective pul ses.

X, = [rll(YOZ)' rss(Yoz)] /2

Yo = [Fu(Xep)- 1as(Xep)l/ 2

Xe = [rzz(Y13)' r44(Y13)]/2

Yo = [ 2(Xz)- 1 a(Xy3)]/ 2 (11)

Xe = [ 4a(Yos¥is) - T 53(YosYis) +\/§Xf] /2

Yo = [ aa(YosXiz) - 1 55(YpsXy3) +\/§Xf 1/ V2
It is aso possible to use multi-frequency pulses, so that many imaginary (or real) parts
of different elements can be obtained smultaneoudy. As an example, for spin 3/2,
one can excite the transitions (OU 1) and (2U 3) using a single two-frequency pulse.
Since these pulses operate on completely different quantum states, parts of the
dlements r,, and r, can be obtaned from the new diagonal elements,
smultaneoudy (see Eg. 9). The use of multi-frequency pulses becomes more
interesting for higher spin systems. The operators of the selective pulses are easily
obtained for other quadrupole systems with higher values of spin, and they have the
same form of EQ. 8. In addition, the equations for each matrix element are easily
found by applying the ideal pulse operators pulses on Dr . As a result, the quantum
state tomography process described here can be straightforwardly extended to any
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guadrupole system, provided that the NMR spectrometer alows the application of
selective pulses with reliable phase control.

V. Experimental Results

The procedure of quantum state tomography described in this paper was applied to a
spin 3/2 system, using single-quantum selective pulses. The deviation density matrix
was obtained experimentally for several coherent states. The tomography of the
equilibrium state was aso found, and is presented in Fig. 2. The rea and imaginary
parts of the measured matrix are shown on the left and right hand side of figure,
respectively. The smulated and experimentally determined deviation density matrices
for this state are described in the Appendix.

Real Imaginary

% e

%
< SN

<=

Figure 2. Quantum state tomography the deviation matrix of the equilibrium
state of ?Na (I = 3/2, two qubits). The real and imaginary parts of the density
matrix are shown on the left and right hand side, respectively (Color online

only).

Pseudo pure states

The tomography of the deviation density matrices representing the four pseudo pure
states, which we will label Dr , Dr,, Dr,, and Dr , were obtained, and they are
presented in Fig. 3, where only the real part is shown for smplicity, since the
contribution of the imaginary part is irrelevant to these states (see the numerica
results in the Appendix). The smulated and experimentally determined deviation
density matrices for each one of the pseudo pure states are aso described in the
Appendix.
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Figure 3. The real part of the quantum state tomography for the deviation
matrices representing the four pseudo pure states, as described in the text (Color
online only).

Unitary Hadamard evolution

The Hadamard is an one qubit quantum gate, and for quadrupole systems it can be
constructed using two selective pulses, as reported in™. Both pulses have the same
frequency — the same as the first transition (OU 1) —, however, the first oneis a p/2
pulse applied along the y direction, and the last one is a p pulse aong the -x direction.
The evolution of this gate was followed, for each individua stage — after the
application of each selective pulse — when it was applied twice to the initial pseudo

pure state r ,,. The real part of the state tomography for the four stages (one for each
pulse) of the H? (Hadamard gate applied twice) sequence are presented in fig. 4,
where the symbols in the figure stand for: Dr, (after Y,,), Dr, (after X2 %¥,,), Dr,
(after Y, xX2 %Y,) and Dr, (after X2 XY, xXZ2 xY,,). At the first stage of the
process the populations of the first two levels, |00) and |01), are equally splitted
between the two lower levels. At the second stage, the relative phases are

manipulated. The system is then taken to the pseudo pure state r ,, at the third stage.

The initial dtate is recovered at the fourth and final stage. An important imaginary
contribution was detected after the first stage of the Hadamard, which does not appear
in the simulations with ideal pulses. This shows that the action of the experimental
selective pulse applied to the system deviates from the ideal (theoretical), which is
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due to several factors and will be discussed in the conclusions. Nevertheless, this
imaginary part disappears at the end of the whole process, and the self-reversibility of
the Hadamard gate is demonstrated. The simulated, and experimentally determined
density matrix for the four stages of the Hadamard, are also presented in the
Appendix.
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Figure 4. The real part of the quantum tomography after each stage of the
Hadamard, asexplained in the text (Color online only).

As it can be seen in the Appendix, the experimental results have a fairly good
agreement with the smulated ones. The small difference observed before and after the
application of the double Hadamard gate is due a number of different causes, one of
which is the transverse relaxation. The application of Hadamard takes about 2 ms (~
500 ns for each pulse), and the preparation of the pseudo pure state takes about 1 ms.
Therefore, the full operation of the Hadamard takes ~ 3 ms, which is of the order of T,
in this system. We investigated the effects of other contributions performing
numerical simulations, which included the relaxation effects, B, and RF field
inhomogeneity, errors in the pseudo-pure state preparation, deviation from perfect RF
pulse selectivity, and, finally, phase deviation, which includes RF phases and phase
errorsin the states. These simulations indicated that all these effects contribute to the
error in the phase of the final state, as observed in Fig. 6. As can be observed in Fig.
4, the Hadamard gate is acting only on the qubit b (|ab)), while the qubit a remains

practically unchanged during this operation.
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Quadrupolar Free-evolution

As a third example of quantum state tomography application, the free evolution of the
density matrix was studied after the application of a single p/2 hard pulse, where the
carrier frequency was set on the transition (1U 2). The result is shown in fig. 5, where
the points are experimental data and dashed lines are computer ssimulations for this
particular quadrupole system. As can be seen from fig. 5, the components of the

eementsr, (r, =X, +iy,) and r; oscillate with the quadrupolar frequency, while r 4

remains unchanged, because, contrarily to the transitions (OU 1) and (2U 3), in first
order the transition (1U 2) does not depend on the quadrupol e interaction.

T

(ki) 5 me

0.5+ e,

-1.04

MNon-diagonal elements

T J T d T y T y
i 1040 2000 300 400 500
Time (ps)

Figure 5: Free evolution of the Xa, Ya, X4, Y4, X, @nd ¥ elements, after a hard p/2
pulse. The points are experimental results while the lines are numerical
simulations of the system (Color online only).
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VI. Discussion and Conclusions

The evolution of an one-qubit state represented by a density matrix r can be
visualized through the motion of its Bloch vector over the Bloch sphere. The density
matrix for the individual qubits can be obtained from the partia trace™ of the full
density matrix of the system, which in this case involves two qubits. In order to do so,

1/4-th of a unity matrix was added to e Dr (e » nHo/kBT »10°), where Dr isthe

tomographed deviation density matrix for each individual qubit, the Bloch vector for
each one of them was obtained according to eg. 12 *°.
_1+r(t)ss

A

The symbol s represents a vector, whose components are the Pauli’s matrices, and
r (t) stands for the unit Bloch vector, at atime t, which can be followed even during a
logical operation, for each qubit. As a result, the trgjectory on the Bloch sphere was
determined, during the application of a double Hadamard on the qubit b (|ab)) as

presented in Fig. 6, where the points were obtained from Eq. (12). The (red)
continuous line is a numerical smulation, using ideal pulses (see Appendix), and the
dotted blue line is an interpolation of the experimental points. As it can be seen from
the figure, the qubit b evolves according to the theoretical predictions, while the qubit
a remains basically unchanged during the whole process.

(12)

|0

qubit a qubit b

Figure 6. The trajectory of the Bloch vector, for each individual qubit, during
the Hadamard evolution. The points are experimental results, the dotted blue
line is an interpolation of the experimental data and the continuous red line is a
numerical smulation. Numbers indicate the end of each step (RF pulse), and the
points between the numbers correspond to matrices tomographed from the
application of the selective rf pulses in several steps along their gaussian
envelopes (intermediate angles), acquired for completeness (Color online only).
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After the application of the first pulse of the Hadamard (/2 around y, number 1 in
Fig. 6), one can notice that the state of qubit b does not evolve as predicted by the
simulations using the ideal pulses and the state after the first pulse of the Hadamard is
off the x-axis (the possible causes for this effect are discussed below). Therefore,
when the second pulse of the Hadamard gate is applied, the qubit b undergoes a
rotation of p around the x direction, as clearly seen in the semi-circle from number 1
to number 2 in Fig. 6. The initia and fina one-qubit states are very close, which
demonstrates the self-reversibility of the Hadamard gate.

In the quantum tomography procedure proposed in this paper, we neglected a number
of effects, which — added together — contribute to the errors in the tomographed
deviation density matrix and to the difference between the idea trgectory and the
experimental data observed in Figure 6 (a relative error of about ~15°360° = 4%).
The possible sources of errors are: (1) non-perfect selective pulses, (2) relaxation
effects, (3) By and B, field inhomogeneities, and (4) relative phase errors associated to
rf pulses applied along £x and ty axes in the rotating frame. Most of them can be
minimized through a good calibration of the selective rf pulses and the use of high
homogeneity for By and B; magnetic fields (as described in the experimental section).
However, residual imperfections will always remain. Because the tomography method
has to distinguish the imaginary from the real components of each element of the
deviation density matrix, phase errors are expected to be more important in the case of
superposition states like the Hadamard gate. Such errors were numerically estimated
by introducing spurious phase contributions in the ideal pulse matrix, and simulating
the tomography process. The full Hamiltonian was also considered in these
smulations, allowing an estimate of the error introduced by the use of ideal rotations.
Theresults are asfollow.

First, we consider the selectivity. Because in our experiments was w, /WQ chosen to

be approximately 0.02, the error due to non-perfect selectivity is less than 1% per
applied pulse. This small effect is apparent in Fig. 6 as a dight change for the Bloch
vector associated to qubit a. Another important source of error is the spin-spin
relaxation (spin-lattice relaxation time is too long, compared to the time scale of the
experiment™), which combined with the non-selectivity produces a phase error of at
most 2° per applied pulse. Also, small uncertainties in the quadrature of the
spectrometer (maximum of 2°, for the equipment used) and B, field inhomogeneity
can produce a total phase deviation of at most 4° per applied pulse. Added together,
these sources account for a total phase deviation per applied pulse of at most 5°.
Assuming this phase error per pulse, it is possible to estimate the intrinsic uncertainty
involved in the tomographed data introducing them into the matrices that represent the
pulses in the smulation. With this, we arrived to a percent error of at most 6% (for the
main diagonal) up to 9% (for high order coherences). It should be noted that this error
tends to increase for higher order coherences. This is confirmed by the good
agreement between the experimenta and simulated density matrices, for the
equilibrium and pseudo states, where fewer pulses with proper phase cycling were
used. However, these errors accumulate during the execution of a quantum gate such
as the Hadamard, producing states deviations, such as observed in Figure 6.

In summary, the quantum state tomography has been successfully implemented for
the first time (to the best of authors knowledge) for a quadrupole system. The
experimental results are in good agreement with the calculated ones, and this process
can be easlly extended for higher spin vaues. The quantum state tomography of the
Hadamard evolution and the trgjectory of the Bloch vector on the Bloch sphere
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demonstrate that one and two qubits logical operations can be implemented on
gquadrupole systems.
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Appendix

Ideal selective pulses used to derive the equations that determine the non-diagonal
density matrix el ements.
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The g; coefficients, which are the absolute val ues of the p/20 hard reading pulse.
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Experimental results compared with smulated ones, for the equilibrium state and the
pseudo pure ones.
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Dr &F = & 0.02+0.01i 0.43 -001- 0.0 -0.03 0
| & 004- 005 -0.01+0.01i -0.51 -0.03
£004+008i -0.03 - 003 -142 ¢
é 1.50 -0.01- 0.01i 0.03- 0.02i -0.04+0.02u
Dr & = é-0.01+0.01i -0.44 0 -001
°© —&0.03+0.02 0 -0.51 0.03+0.02 G
g 0.04- 0.02i 0.01i 0.03- 0.02i -055 §
é -0.60 0.04+0.03 0.03- 0.02i 0.04- 0.03iu
Dr & _€0.04- 0.03i 1.50 -0.04- 0.04i 001 U
0~ @0.03+0.02 -0.04+0.04i -0.42 -0.01 u
€0.04+0.03] 0.01 0.01i -048 ¢
é¢ 058 0.01 -0.03+0.02i -0.09- 0.12iy
Dr & = é 001 0.54 -0.04- 0.04i -0.01+0.06iu
& 0.03-002 -0.04+0.04i -1.50 0.07- 0.01i G
g 0.09+0.120 -0.01- 0.08 0.07+0.0% 0.38 §]
é 052 0.02+0.03 0.01- 0.01i -0.01- 0.01iw
Dre® = €0.02- 0.03 0.53 0 0 U
1 7 &0.01+0.02i 0 0.44 0.01+0.0%i U
& 0.01+0.01i 0 0.01- 0.01i -150 §

Experimental results compared with smulated ones, for the four stages of the
Hadamard sequence.
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él -2 0 Ou
sim _1 é‘ 2 1 O O L]
1 7760 0 -1 04
g0 0 0 -1§
él1 -2 0 Ou
osm-1&2 1 0 0uq
2 "280 0 -1 0u
g0 0 0 -1§
&1 0 0 Oy
Drsm=180 3 0 O0u
s 7280 0 -1 040
g0 0 0 -1§
& 0 0 Oy
Dr sim :lé) -1 0 O l:|
7280 0 -1 0d
€0 0 0 -1y
é 044 -0.75+0.26i 0.00+0.000 0.02-0.02i y
ep — €-0.75 - 0.26i 0.50 -0.03-0.03i 0.02-0.02i u
€0.00-0.00i -0.03+0.03i -0.45 -0.00+0.02i0
€0.02+0.018i 0.02+0.02i -0.01- 0.00i -0.49 3]
é 064 -0.87-0.15i -0.03+0.03 0.01-0.01%iu
Dr ¢ = €-0.87+ 0.15i 0.5000 -0.030-0.03i 0.03+ 0.00i i
€-0.03-0.03 -0.03+0.03i -0.53 -0.00 - 0.00iu
£0.01+0.01 0.03-0.00i -0.00 + 0.00i 061 §
é -023 -0.03-0.09i 0.03-0.02i 0.07-0.03iu
ep — £0.03 + 0.09i 15 -0.07-0.08 0.02-0.03i G
€0.03+0.02i -0.07 + 0.08i -0.59 -0.03-0.02iu
g0.07+0.03 002+003 -003+002 -0.68 4
é 15 -0.08+0.21i -0.06 + 0.02i -0.08+ 0.00iu
_&0.08-0.21i -0.23 -0.00-0.01i -0.01+ 0.00iu
~é-0.06-0.02i 0.00+0.01i -0.58 0.04 + 0.03i U
g-0.08-0.00i -0.01-0.00i 0.04-0.03i 0.6934 §
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