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ABSTRACT :

In a narrow enough, half-filled band of interacting fermions, a hole
creates a ferrcmagnetic spin polarization spreading over a large volume around
it. We suggest this model might appiy to the case of a vacancy in b. c. c. 3He.
This would provide a possible explanation of the susceptibility ancmaly near the

Néel Point.

Polarons de spin dans une bande s étroite, presqu'i moitié remplie :

un concept valable dans 3te cubique centrd ?

RESUME @

~ Dans une bande suffisamment &troite et a mitié remplie de fermions
en interaction, un trou crée une polarisation de spin ferrcmagnétique s'éterdant
sur un grand volume autour de lui. Nous suggérons que ce modéle puisse
s'appliquer au cas d'une lacune dans 3He cubique centré. Ceci fournirait une
explication possible de 1l'anomalie de s'isceptibilité prés du point de Néel.



I - INTRODUCTION -

In the first part of this paper (section 2 and 3) we study a
crystal with very nearly one fermion per site, with hard core repulsive
interaction U large compared with the overlap integral t between nearest
neighbour one fermion wave functions. We neglect orbital degeneracy. The
relevant Hamiltonian is the Hubbard Hamiltonian. For large U/i and one
vacancy in a b. c. c. crystal, the ground state seems to be a spin polaron
(sect. 3) ; the spin polaron is stable in a temperature range which can be
large compared with the Néel temperature (sect. 4).

In the second part of this paper, we discuss the validity of this
concept for b. c.’'c. 3He and suggest that spin polarons were observed in

recent SUSéeptibility measurements of the system (l) (sect. 5).

2 - THE INFINITE U/t LIMIT.

Iet us first examine the case of a single vacancy, at T = 0, in

the 1limit U/t - . Then, configurations with two fermions on the same site
are forbidden. Thus we are left with the problem of a. vacancy propadating.
through the lattice by exchanging its place with a neighbouring fermion. The ‘
motion of the vacancy depends on the magnetic order. We know that in a

b. c. c. lattice, the ground state is the fully ferromagnetic state (2). The
physical reason is that any deﬁalfure from the_completé alignment of spins
suppresses walks for the vacancy propagation and thus increases the kinetic
energy of the vacancy. This partial localization is also reflected in the
single particle density of states of the vacancy (2). In the ferromagnetic
configuration, the vacancy band is the full band for non interacting
particles, extending from -zt to + zt, where z is the number of nearest
neighbours. For an antiferromagnetic spin configuration,. the_vacancy band

is narrowed, now stretching from - w_zt to + w_zt (g = 2 ;2-1 y.

However a band tail extends up to the ferrcmagnetic band edge ; this is
because a completely spin aligned cluster of N fermions (S = N/2, SZ%= b)
has a small, and rapidly decreasing with N, overlap with the up and down
"antiferromagnetic"state of these spins. In these large ferromagnetic clusters
the kinetic energy of the vacancy is decreaséd, leading to the exponentially
small band tail mentionned above (2).'



The mobility of the vacancy (of a hole in a Mott insulator in ref. (2})
has been studied : whereas it is infinite in the ferramagnetic case, it is reduced
to that of a Brownian particle for states above the pseudo band edge in the
antiferromagnetic case (2). This is also the case in the paramagnetic phase.

THE SPIN POLARON STATE.

We will consider the problem of one vacancy at T = 0, with a large but
finite value of U/t. Virtual transitions to states with double occupancy of
lattice sites introduce superexchange terms in the hamiltonian. This affects the .
states above the pseudo band edge only slightly (3). However, states in the
tail are profoundly changed.

We now look for the ground state of the system which would be the
antiferromagnetic state, stabilized by the Anderson superexchange in the absence of
the vacancy. ‘In the case of one vacancy and finite U/t, Nagaoka‘s‘theorem (2)
states that it is not the ferromagnetic state, and we show hereafter that it is

not either the antiferromagnetic state.

Following Mott (4), we assume that the vacancy, in order to decrease
its kinetic energy creates a ferromagnetic polarization of the spins in a sphere
of radius R around it. R would be infinite for t/U = 0. Now, the ferromaegnetic
polarization costs an exchange energy proportionnal to the volume of the sphere.
The vacancy energy is written as : ‘

an R s zt?

ER) ¥ —zt+n2t(%)2+—3—(5 e (1)

where a is the lattice spacing.
In (1), the first term is the lowest vacancy energy in a ferromagnetic medium ;
the second one is the energy necessary to localize the vacancy inside the ferro-

magnetic sphere, and the third one is the exchange energy cost of the polarizaticn
Minimizing E(R) with respect to R, we obtain the minimm energy of the vacancy :
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EO is a variational approximation for the ground state energy. In this state,

the vacancy is dressed with a ferromagnetic polarization over a large volume,
forming a spin polaron. We call it a "strong® spin polaron, by contrast with "weak"
spin polarons, where the magnetization per site within the spin polaron is small

compared with the nuclear magneton (5).

A polaron of radius R contributes to the vacancy density of states a term
proportional to %ER— Thus, this density of states exhibits an infinite peak at Eo.

For smaller values of %, it may hanpen that E exceeds the antiferrcomagnetic band
edge enerqgy. The critical value (———) is given by :

E ((%)c) =-2/z -1t

o

Then the vacancy does not stabilize a strong magnetic polaron, which would decay
by Brownian motion of the vacancy. We have (%)c =460 for z = 8 and (—[é)C =J460

for z = 6. A large number of nearest neighbours is favourable to the spin polaron.

- formation.
Remarks

- a) We only considered spherical polarons Non spherlcal geanetries should
lead to slightly different kinetic energy. ThJ_S should probably give a polaron
peak with finite width and finite amplitude.

b) We have .asswned that the spin polarization was uniform inside the polaron,
whereas vit seems more plausible that <SZ > decreases away from the pol&%ron center.
However, we think that < SZ> = % over most of the polaron volume in strong
polarons and decreases only near the surface ensuring a sharp frontier between
the polaron and the antiferromagnetic medium, at least at T =0 g . Thus, this
effect is not expected to change very much the radius and the energy of the
pola.ron

c) We have assumed the vacancy to be campletely localized inside the ferro—-

magnetic volume. In fact, for % > (%)c’ the vacancy wave function decreases expo-

nentially outside the polaron. This effect decreases the energy. (%)c is lowered
to about 160 ).

d) If a lattice relaxation is allowed, the polaron energy is reduced again.
We estimate that this decreases also (H) by about 20 & (5}.

e) We expect the lifetime of the spin polaron to be large below kBT << 4, vhere
A(-) is the energy difference between E_ and the pseudo band edge in the antiferro-
magnetic confiquration.
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. £) The spin polaron discussed in this letter is qualitatively different
fram the spin polaron formed by an excess electron in an empty conduction
band when it interacts through sf,sd or df exchange interaction with a set
of localized jonic spins (4 ].The difference is analogous to that between
itinerant electrun magnetism in 3d metals and Rare Earth magnetism.

PROPERTIES OF THE SPIN POLARON

Whereas the bare vacancy is strongly scattered by the system of
spins in the antiferramagnetic medium,it is free lto propagate inside the
polaron with an infinite mobility.The spin polaron state in the antiferro-
magnetic phase is also an eigenstate of the wave vector,in contradistinction

. *
to the bare vacancy state,but the polaron has a high effective mass m

which may be estimated by calculating the matrix element between states where
the center of the polaron is at site i and at site i + §, nearest neighbour
of i :

——;ﬁz——'=teff=<i|ﬁ | i+6>=£2¢

2m~ a? '
NS/4

-0,2 N_ | ‘
voe S is the overlap of the ferrcomagnetic state of E_s_

Z

where £ = ()

spins with the up~down "antiferrcmagnetic state" of these spins, N, being the

number of spins at the surface of the polaron. This gives a very low value for

B; . The result is a very low inobility (5) 1_n the presence of a fmlte mean
o :

free path (phonons, impurities, spin fluctuations).

Let us now investigate the stability 6f the polai:on at temperature
T > TN (Néel point). The radius of the polaron R(T) and the magnetization of
the spins inside the polaron m(T) = 2 < Sz > are temperature dependent quantities.
First consider low encugh temperatures, so that m(T) = 1 - €(T) with e << 1.
The free energy . ©of the - » polaron . ~ may be written, in the mean
field approximation (3) : ' ‘

2
F = —zt{I-oc 2 @2, 47T Ry 2 2zt” 4T Ry £ £_E
b ) +m t(R)+3 @ m It ) kT(Log2+2Logz =) (@)

Here we have used the fact that the band edge enerqy corresponding to a magneti-
zation 1 - € is - zt(1 - ag) (a = 0,35 for a s. c. lattice (3)). The last term
in (4) is the entropy term. Minimizing with respect to R and € , we get :

kTN + 2KT Iog 2

ozt 3 )
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KT, + 2KT log 2
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The physical meaning is clear:the spin polarization results from an effec-
tive magnetic field gp h 2 azt/N.Through the variation of R, h increases
with T, so that the polarlzatlon remains large up to temperatures of the
order of kT = at (a~I in a b.c.c. lattice).

We have to mvestlgate the stability of the polaron with respect

to the decay of the vacancy into the band of diffusive motion (with density
of states p(w) ).The cordition of stability is

wozt
P o< kT Log[ e (=/KT) p () (5)
P wozt :

the fulfilment of this condition is very much affected by the approximation
made in the kinetic energy term.In a better treatment,taking into account the
exponential decay of the vacancy wave function'outside the polaron,this term
may be reduced by a factor b?(T) ( I < b(T) < 2) (5).When this correction is
taken into account,the condition (5) is always satisfied when b < 2.

With increasing T,the decrease of R(T) causes an increase of b(T).

When b reaches the value 2,the potential well with depth zt—w zt and radius

R

does not anymore bound a state.The polaron dlsappears This happens at

~ temperature kT, = 0.6t (5).

3

5 - APPLICATION TO b. c. c. "He.

3 . . .
’ 3He might be properly described by the Hubbard model with one fermion per site (6,
He atoms interact through a short range potential U, the strenght of which is

The Hubbard model has been used extensively to account for the

properties of Mott insulators (2, 3, 4) . It has alsoc been proposed that b. c. c.

large compared with the hopping intecjral t.accounting for the tunneling due to

the large zero point motion of 3he ataus’ (7) .This model has been used by

Widam and Sckoloff (I2) to _predict a ferromagnetlc transition near the melting

curve ( with a vacancy concentratlon =~ 510 ) .In this simple model,there is a

3

complete analogy between b. c. ¢. "He and the electronic system of .a b. c. c.
Mott insulator. At T =0, 3He spins, localized on lattice sites should be anti-
ferrcamagnetically ordered by the Anderson superexchange, of order of

t
U

2 .
=~ (7). A vacancy in this lattice is equivalent to an excess hole in an antiferre

magnetic insulator. Differences between the two systems (a hole in a magnetic

. .3
insulator and a vacancy in "He) may only come from different values of E. In

‘the well known Mott insulators, such as NiO, a typical value of 3.10"2 is

U

commonly admitted [A) . Inb. c. c. 3He , there is no direct and precise measu-

rements of t and Uf Furthenmore X rays measurements, spin diffusion coefficient
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values,NMR experiments,isochoric pressu.ré measurements (8) ,magnetic ordering
temperature values (7) do not yield the same estimate for t/U for the same
molar volume.An indirect determination of t has been obtained from N.M.R. expe-
riments.The value t = 50 mK has been proposed (7).From X Rays measurements,which
give the creation energy of Schottky vacancy,we obtain a lower .ljmit for U
(i.e. the creation energy of an interstial-vacancy pair) U = 6 K.With £ = 50 mK‘
we get U/t > UI/t = I20.Fran J = 2t2/U = 0.75 nK (V = 24.5 cm®/mole) we get
U,/t = I33,and fram Uy/t = 5.52t/kTy (9) ,Uy/t = 240.
These discrepancies, according to us, probably mean that the Hubbard model is
too simple to describe quantitatively all the magnetic properties of b. c. c. 3He
Presumably, other physical quantities should be introduced, such as next nearest
neighbour tunneling to have a better description. This situation is reminiscent
of the difficulties encountered when one tries to describe the magnetic propertie.
of JHe with a nearest neighbour exchange Heisenberg Hamiltonian (7, 8) .
However,it is clear that the effects discussed in this letter are
not restricted to the simplest Hubbard model, but still persist when other
exchange terms are included,provided that t remains small compared with the
vacancy creation energy and large campared with the exchange energy.Then,we
only have to replace U/t by q = zt/AE in the results of sect.3 and 4.AE is
the energy cost per spin of the ferramagnetic polarization.With only nearest
neighbour exchange,q = t/J = I33.When next nearest neighbour exchange §nd
four spins exchange are included,as in the Hetherington's model (13) ,q = T44
in the "SCAF" phase and 178 in the "NAF" phase,according to the numerical va-
lues of ref. (13) .These values are above the variationnal critical value g = I30
of sect.3 ,remark d).Then,the results of sections 3 and 4 should apply. We ex-
pect thermal vacancies to be self trapped below T, * 30 mK.Those self trapped
strong spin polarons should be independent at low enough concentraticn X,such
that x(R/a)? << 1.

Recently Bernier. and Delrieu [l) have measured the magnetic su'sceptibi-
lity of solid He (V = 24 cm ¥mole) down to 1 m°K. Below about
5 m°K they found a departure frcm the Curie Weiss law obeyed at higher tempera-
tures ': when T decreases, the susceptibility increases faster and at T = TN, it
is about twice as large as expected from the Curie Weiss law. This anomaly is
difficult to understand in terms of pretransitiamal effects near T., in a
temperature range as large as TN <T <5 TN - We propose an explanation for this
effect. If there exists a concentration x of vacancies they form polarons. Their
contribution to the susceptibility obeys a Curie Law, since they are indepencent
‘at low concentration. The effective moment per polaron is Hopge = N where N is the
nutber of spins belonging to one polaron and u is the magnetic moment of one 3He
atom. The total susceptibility is then



(M ca)?
C{1-x) + x eff

T+o BKST
4 o o
=S+ xS Ghe £ )
THY bk (Tg+ 2 T Log 2)

(Below TN' we expect polarons to gradually freeze magnetically in the AF lattice

their contribution to X ‘'should decrease to a constant at 0°K (5)).

; we obtain the right order of magnitude with a concentration of vacancie

Above TN
.In this experi-

X = 2.5 IO:ﬁ {tising here.kTN =4J =3 mK ) ‘
meat, the solid was grown in a Pomeranchuk cell,. and the susceptibility measured
along the melting curve. Under such conditions, this concentration is not
unreasonable. (II)

Clearly, the susceptibility should depend, through x on the conditions

of the solidification. If the solid had been grown at high temperature and then’
A

cooled down to T = T, we should expect X to have the equilibrium value at T K:kE

N
since they are trapped at QQEE‘Eéngéiéture. This value is extremely small
for thermal vacancies [6, 7). An ancmalous increase of the susceptibility in
these conditions could only come, in our model, from zero point vacancies (10).
This would provide a measurement of their concentration, if we accept our
interpretation of the anomaly. At a given concentration, the effect of vacancies
may be increased by applying a pressure at low temperature (kBT < A ). x remains
" constant . since the vacancies are trapped, but J = gi-rapidly decreases (8).
Thus the extra suscéptibility is expected tb‘increase.But,the simplest check of
our interpretation would be to observe‘the rapid saturation of the polaron magne-
tization,which should.occur'mdthAéppliéd fields‘as‘low as 2kT/uN(I4)'

The magnetic transition at I mK is a first-order transitién with an
unusually low critical temperature (TN = o.@le[ ).we insist on the fact that we
have no explenation for these ancmalies. , Would the polarons have such effects

(which has to be proved) ,we think that given the orders of magnitude in the problem,
the vacancy concentration is much too small to explain the experimental data in

We believe that the formation of strong spin polarons in b. c. c. 3He
is plausible. If the concentration of vacancies is large enough, these polarons

this way.

may have detectable effects on the properties of the solid, such as magnetic
susceptibility, but also the spin diffusion, the ultrasonic absorption, the

phonon modes, etc... (5). Further experiments below 5 m°K would be of interest.



In usual transition metal oxyde magnetic semiconductors,the
U/t values seem to barely reach the critical value for polaron formation
at O K;we are not aware of experimental data allowing to discuss this in
more details but when U/t is large enough,strong polarons of large size
must be trapped around excess holes at low temperatures in magnetic semi-

conductors.
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