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ABSTRACT

On the light of the Einstein-Maxwell-scalar theory it

t

is considered a static, bounded, spherically symmetric distribu-
tion of incoherent dust; the constituenss of this dust are suppo
sed to be simultaneously sources of gravitaticnal, eiectrostatic
as well as long fange scalar fields. Two kinds of scalar fields
are considered, the atractive and the razpulsive one. Two classes
of exact external solutions are encounteréd, flat at infinitf
and satisfying the internal boundary conditions: one contains
the attractive scalar field, the other the repulsive one. The in
ternal solutions are presented as derivatives of two arbitrary
(to sonme ex?ent) functions of the radisl coordinate. All soluti=

ons tend straighrforwardly to all knows less general solutions.

One compiete regular example is presented.

% .
Present Address: Ianstituto de Fisica UFRJ, Iiha deo Fundao, Ri-

de Janeiro, Brazil.



" . INTRODUCTION

Spherically symmetric distributions of electrically

charged dust; in static condition, were studied by Bonnor {1960;
he verified that the equilibrium could only be mantained when the
densities of charge and matter beared a constant ratio, ¢ = #p in
units. Later De and Raychaudhuri (1968) proved that the relation
o = *tp was a consequence of the Einstein-Maxwell's equations;
this relation was a general requirement of all static incoherent
charged dust distributions, provided the system did not show
any singularity, no spatial symmetry being necessary. Very recen
tly Wolk et al. (1975) studied a distribution of incoherent dust,
the constituents of which were . supposed to be the sources of gra
vitational as well as‘of reptuilsive long range scalar field. Using
an analysis simiiar to that of De and Raychaudhuri they found
that in static systems free of singuiarity one should have a pro
portionallity betweeﬁ the densities of scajar charge and of mat-
ter, s = *p in their units.

‘ We now generalize all these results by considering a
»static distributicn of incoherent dust, charged bothfin'eiectric
as well as in scalar sense. Our scaiar field can be either of an
attractive kind or of a repulsive kind; like in Teixeira et al.
(1975) we are calling attractive (repulsive) a scalar field that
produces attraction (repulsion) between scalar charges of the
same sign, in static condition, oppositely (similarly) to what
happens in electrostatics. For definiteness we have considered
a distribution with spherical symmetry, and obtained the exter-

nal and internal solutions.



'o BASIC EQUATICHS

In the Einstein's equations (Anderson 1967)

oo U oM
RY = - 8w (Th - 88T/2) (1)

we take as energy momentum density of our system

U ! u u -,

Ty = putu  + ED o+ KO 3 (2)
here p is the mass density of a distribution with ve]ocityhuu, and
ES and Kg are the energy momentum densities of an electromagnetic

and of a long range scalar field. é

The tensor Eg is given by

anEY = FYF% - sMEOFBsa (3)
V) o v v B a
where ¥
Fuv = Avsu ™ Ay (4)

is the electromagnetic field, which satisfies Maxwell's equations

FHv = 4rou” s {(5)

3

o being an electric charge density; subscripted and superscripted

semicolons mean covariant derivatives.

And the tensor Kg is given (Teixeira et al. 1975) by

4WYK$ = s*Mg - 535’“5 /2, (6)

Y ]
where y = +1 when the scalar field S is attractive, and v = -1 for

repulsive scaziar fields. Beth kinds of scalar fields satisfy

= - 4nys (7

where s i35 the density of the source of S.
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The contracted Bianchi identities

2R¥. = R, (8
Vsl sV
jive for our system
v v o
= -+ - 9
puu;vu OFuvu s S;u (9)

In this work we shall be concerned with spherically sy

mmetric static systems; for such symmetry we use the line element

2

ds? = e2n(dx0)2 - e2%gp? . rzea-n(d62+sin ) d¢2) ; (10)

.with n and o functions of r alone; then the components of the Ric
ci tensor are

0 20

. R0 = - (n]? + Zn]/r)e . (11}
1 2 2 - 5

Ry = - (ayq-0]/2-c ny+3n5/2-2n /r)e 2 {12)

R§'= Rg =(n]]/2-a11/2+n]/r-a]/r-r'z)e'2a+r—2en_a »(13)

- where a subscript 1 means d/dr. A1l sources p, o and s are func -

tions of r alone, the same happening to.the fields Au and S, and

to the velocity ut o,

0 _
A spelr) (14)
UURS TR ¢

ut= &g e . (15)

The electromagnetic and scalar energy momentum tensors become

8ITE]\J) @12 e-Z(n+a) d1ag ("':'*':"s-) ’ (]6)

8ﬁKS = yS]Z e~ 20 diag (+,-,+,+) ; (17)



and the eilectrostatic can scalar field equations are now

(r2 e"2n¢])] = 4mor? 29N , (18

(r? 5); = dnys rf e . (19)
with the Bianchi identity

pny + o e " o +s Sy =0 . (20)

3. GENERAL EXTERIOR SOLUTIONS

We put p = 0 = s = 0 1in the equations of the preceding

Section, and obtain

%

' ~2n, 2 .
nyy + 2ny/r = e PQ] , (21)

2 2 > -2 2
ayq*3n, /2=a;"/2 - nyaq - Zni/r = e n®] = 2YSy7 (22)

(nqq-eyq)/2 + (ny=ay)/r + (eM*O-1)/ref = &2 0,2 . (23)

2

(r Al - 74

From the last equation we get immediately
@1 = - qr e s (25)

where g is a coastant of integration.
The substitution of (25) into (21) gives for n the so-

fution

N

¥ ) . = Z z ! ‘
e” = cosh (d+c/r)+\!+q£/cz)1' sinh (d+c/r) > (2.}



there ¢ and d are constants of integration; we impose n = 0 at
infinity, which implies that d = 0.
The subtraction of (21) from (23) yields the solution

e = (£/r)2 sinh™? (g+f/r) (27)

whith f and g constants of integration; the imposition of nte = 0
at infinity demands g = O.

2

Finally (22) gives for S] the solution

2 4

5,2 = y(£2 - Ayt (28)

this solution is compatible with (19) which in our exterior regi-
on is expressed by (rZS])] = 0.
So the exterior solution of our problem, which tends to

flatness at infinity is (subscript e for exterior)

4 ~2,2./2 172
gOO = exp(zne) = [cosh C/T‘+(]+q /c ) sinh C/T‘J s (29)
g, = - exp (2a.) = - (F/r)* sinh™*(f/r) exp(-2n,) , (30)
Y :
9gg = - " exp (ae-ne) s (31)
¢, = - ar " exp (2n,) (32)
4
$,2 = y(rP-c?)/pf g (33)

with g, ¢ and f constants to be associated somehow to the gravita
tional, electric and scalar charges. While the constant g must be
real in order to have the usual physical meaning in (32), the cons
tants ¢ and ¥ can be real or immaginary, independently. This spie

rically symmetric exterior solution (29-33) is consistent with mo



e yeneral results already obtained by Teixeira et al. (1975).

The familiar Reissner-Nordstré8m exterior solution

- t 2 ‘|2 - - ".l R | - )
gOO = 1-2m/vr +Q VA| ’ gr;r; = 900 s gee = r s & = q/"

is obtained by putting c f and next performing the radial coor-

m+ f coth f/r with m2 = q2+f2; and

dinate transformation r'

Yilmaz's (1958) one-parameter repulsive scalar field solution

ds? = e-2c/r(dx0)2 - ezc/r(dr2+r2d62+r2 sin’o d¢2),

is obtained by putting q=f=0.

4. INTERIOQR SQLUTIONS

-

We consider now a static, spherically symmetric distri
bution of incoherent dust, charged both electrostatically and sca
~larly {long rarge, either attractive y = +1 ur repuisive Yy = ~-1);
we assume that all distributions op(r), o(r) and s(r) are regular.

Qur set of equations is now

nyp*2ny/r = 4mp o2 4 e-2n®12 , (34)

2

2 . ) -
a”+3n,i /2 - ai‘/2~n7a]-2n]/r = - f7p e2a+e Zn<b12~-2yS1 .

(35)

(nyq-oqq)/2 + (ny-aqyd/r + (en+a—1)/r2 = 4wme2a+ e-dn®]2 R {36)

2 - -
(r" ¢"®91)y = = 4mor? 297N , (37)

)
(rmS1)1 = 4y ps r2 e?a

-
—~

a3
S



with the contracted Bianchi identity
..n -
pny + oce @1 + s S] =0

The subtraction of (34) from (36) gives again the so-
lution (27); however in ocur interior system we can only have re-
gularity at the origin when both constants f and g vanish in

such a way that
n. + a, =0 ’ "(40)

where the subscript i means internal.
We next add (34) and (35), consider (40) and get the

.quadratic first order relation

N n]2 - e-2n®]2 + YS]Z =0 3 (41)
rem the system {32) and (41) we get
Q] = - Q en n1 ’ - (42)
2 2
;% = v(e® - 1n, %, (43)

where the function Q(r) is a combination of p, o and s given by

Q% - 1)s? - y(p - Q)2 =0 . (44)

The interior solution of our system can then be speci-
fied by the two functions n(r) and Q(r); having chosen these
two functions we get %, and S] from (42) and (43), respectively ;

next we obtain

2n 2 .
- (D} s (45

bnp = (n1]+2n]/r)e

drg = « r e (r° a ¢1)] R (46°



d7s Y r-g e2n (PZS])] . (47)

He see from (43) that Qz(r) must be everywhere greatev
(less) than unity, for attractive (repulsive) scalar fields. And
we see that the choice of n(r) and Q(r) are not completely arbi-
trary, since the density of mass p(r) in (45) must be positive
Some small additional restrictions on n and Q will arise from the
continuity conditions on the boundary of the sphere. One accepta-
ble choice of n{r) and Q(r) will be given at the end of Section 5.

Bonnor's (1960) well known electrostatic solutions cor
respond to the particular case Q2=1; his radial coordinate r' is
related to our r by r' = v exp(-n). Another particular case is
that of vanishing density of electric charge, a situation which
can be represented by Q = 0; then (43) demands that y = -1. In -
deed, in absence of electrostatic repulsion a repulsive scalar
field is5 required fér balancing the g?avitationa] attraction; this

particular case was studied by Yiimaz {1958).

5. COMPLETE SOLUTIOHNS; ONE EXAMPLE

In matching the regular interior solutions with the
asymptotically Tlat exterior solutions we impose the continuity of
the fields 9007 Ipp: &, S, and of the radial derivatives ngO/dr,
d®/dr, dS/dr on the boundary "o of the sphere.

The continuity of 900 and g

- inpiies, from (29), (30;

and (40), that ¥ = 0, or equivalently Gy = 7 Mge Then from (23)

e see that for attractive scalar fields (v = +1) the parameter

- must be immaginary, ¢ = § b (b real), and from (29) one notes



- -iy-

that we must have b2 < q2 for y = +41. And we see that for repuisi

se scalar fields (y = -1) the parameter c is real. So if we defi-

ne a positive constant m according to
n% = q% - yb? (48)

we have two different expressions for the exterior 900 metric coe

fficient:
: -2 '
900 = exp(2ne)=[§os b/r+(m/b)sin b/é} (y= +1) s (49)
-2
9pp = exp(Zne)=[}osh b/r+(m/b) sinh b/ﬁ] (v= -1), (50)

in both cases y = #1 we have the exterior quantities

' -2
Ger = 77 9gq = - exp(e2ng) (51)
'2 ’
®1e = -0 r " exp (2n,) , (52)
Sy. = v b/r? (53)
e Y . . )

The continuity of 900 and dgoo/dr implies that the in-
ternal “i(r) used in (42) - (47) must satisfy
Tii(ro) = ne(?‘o)_ s n]i(ro) = n]e(Y‘o) s (54)

where ne(r) is that given in (49) or (50). Finally the continuity
of do/dr and of dS/dr on the boundary "o give both the same res =~

triction, say from (42) and (52

a(ry) = afry? n]e(ro)]-] exp [ng(rgl] - (55)

Since there is a number of restrictions on the possi. -~

2te functions ni(r) and Q(r), we close this Section by giving the



~omplete solution of one particular system: let the spherical
distribution have m = 5¢ and q = 4e, with e<<1; we are consider-
ing units such that G = ¢ = 1 and the radius rog = 1. Then from

(48) we get y = -1 (repulsive scalar field), and b = +#3¢. From

{50) one obtains to the first order in ¢

ne(r) = ~5¢/r ,
and from (32) and (33)
Qle = -4e/r2 . S]e = 3 3€/r2
Let us choose the functions
2
nar) = AxrT+ wo, 0 Q(r) = v(r-1/2) ,

j
%

with X, u, v three constants such that the three boundary equa-

tions (54), (55) be satisfied; in our linear approximation we get

from these equations

ni(r) = 5(r®-3)e/z L Q(r) = 4(2r-1)/5

Then from {4.9) to (4.14) we obtain after trivial calculations

¢]1 = 48”(1'2F) s S1i= ter(9+64r - 641‘2)”2 .

drp= 15e R dno = &e(8r - 3) ,

ns = £256e(r-0,98)(r+0.108)(9+64r+64r2) /2,

Jne sees that in this example the mass density p is constant (tc¢
first order of approximation in £), the density o of electric

charge changes sign nearly at r=3/8, the electric field =6y Ccha,
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ges the orientation at r=1/2, and the density s of scalar charge
is everywhere finite and changes sign near the boundary, at r =

= 0.98.

6. DISCUSSIONS

One sees from the asymptotic expressions of (49) -(53)
that the parameters m, q and b represent in the weak field appro-
ximation the mass, the electric charge and the scalar charge of

the sphere, respectively. While in the absence of scalar charges

one observes that q2 = m? (with a relation between the correspon
) .

ding densities, o = pz), and in the absence of electric charge

2 (with the relation 52 = pz)

one has b° = m
- 2 2 2 . .
one has m~ - g~ 4+ yb~ = 0, but the relation (44) between the cor

responding densities involves a somehow arbitrary function Q(r)§

» in our general case

in Fhe particu]ar example of the end of Section 5 we had 02 - 62-
52 = 0 only at the origin.

Aiso in connection with the rejation m2 = 62 - ybz one
should remark that for attractive scalar fields (y = +1) the pa-

rameter m can only be interpreted as a mass parameterbwhen b2<q2;
a classical picture to see the origin of this result has dlready
been tried by Teixeira et al. (1975).

) In case of vanishing total scalar source (b » 0) the
two external metric coefficients (49) and (50) approach each other,

giving as a limiting case.
2 - -
ds™ = (T+m/v) Z(de)Z«(?+m/r)2 [§r2+r2(d92+sin26 d¢2?] ;

this result was already obtained by Papapetrou (1947), his radic:



soordinate r' being related to cur r by r' = rim,

‘Thé generation of the external spherically symmetric
solution (50) - (53) according to recent prescriptions (Teixeirc
et al. 1975) presents an interesting peculiarity. One has to

start from the Schwarschild 1ine element

2 2.,2

dsZ = (1-2¢/r' ) (dx0)2-(1-2¢/r" ) Vdrt2-rr 2d0?,

next perform the coordinate transformation 1-2f/r' = exp{-2f/r)

and get

~ - 3
ds2 = e'Zf/r(dxo)é - e?f/r [}f/r)4sinh'4(f/r)dr2+f25inh Z(f/r)dQ?J;

from this static spherically symmetric vacuum solution, the pres-
criptions lead to the generalized electrovac solutions (29) - (33).
However, we have seen that the continuity conditions on the bounda
ry of the sphere have imposed that f=C. Since f is the original
Schwarzschild mass, we see that the original vacuum solution was
indeed a flat solution. So we have had‘to use the mass f only to
the extent required to the imposition of our particular spatial
symmetry, the spherical one.

It is known (De and Raychaudhuri, 1968) that two dis-
tributions of incoherent dust charged only electrically, in static
equilibrium, are insensitive to zach other, in the sense that their
mutual gravitational attraction balances the electrical repulsion.
This is generally not the case when the dust has an additional
scalar charge. Indeecd, consider two spheres (j=1,2) with densities
of mass pj(r), of electric charge oj(r), and of scalar charge sj(r)w
and corresponding parameters mj, qj, b.s the densities are such

J
that each spihere would have an internal static equilibrium in tie
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ibsence of-the other. When these two spheres are put in the pre -
sence of éach other, they will feel not only a mutual force pro -
portional to (m]m2 - qy9, + yb]bz)R°2: also the various fields ori
ginated by each sphere will destroy the original internal equili-
brium of the other one, since in general mipp = Qq0, + yb]sz # 03
This is a peculiarity of structures based purely on long rénge
interactions; distributions containing short range fields (Teixei
ra et al. 1975a) are of a more difficult mathematical treatment,

but allow the systems to have their internal structures more blin

ded against influences coming from neighbouring similar systems.
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