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We shall be concerned with the theorem stated below. Its
proof depends on the two propositions 1indicated afterwards.

Let us start by expléining some of the pertinent notation
and terminology. For additional information on the background
material, we refer the reader to the biblliography quoted at the
end of this article.

We shall be dealing with a complex Banach space E. For
each positive integer m = Oy 1y ...y P(®E) will denote the
Banach space of all continuous m-homogeneous complex-valued

polynomials on E. Moreover, Y (E) will represent the vector

* This work was done when the author was at the University Rochester, N.Y.

#%# To appear in the Proceedings of the Conference on Functional Analysis
and Related Topies, in honor of Professor Marshall H. Stone. The
preparation of this work was sponsored in part by the U.S.A. National

Science Foundation through a grant to the University of Rochester,
Rochester, New York, U.S.A.
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space of all complex-valued functions on E which are holomorphic
on the entire B. For each fc#(E), we have its Taylor series at
the origin

00 1 -
£(x) =3 — a®r(0)(x)
m=0 mt

for every x€ E, and the corresponding differentials of order
m=0y 1y eoe

c;mf(O)e(P(mE) .

If E' indicates the dual Banach space to E, we shall have
that ™ e ®(E) for every YeE'. We shall denote by ®,("E) the
vector subspace of ®(™E) generated by all cpm when (¢ runs over E',
It consists of those elements of ®(TE) each of which may be
represented as a finite sum

n m
*eee v 0,

f1
where the gaj belong to B for each j = 1y ey . An element of
®(®E) is sald to be of finite type in case it lies in @f(mE).

The Banach space (PH(mE) of all nuclear m-homogeneous complex
~valued polynomials on E is characterized by the following

requirements:

(1) (PN(EE) is a vector subspace of ®(®E);

(2) G’N(’E) is a Banach space with respect to a norm denoted
by || - | y and called the nuclear norm; it is to be distinguished
from the current norm on ®(™E) which is denoted simply by .|| ;

(3) Pf(nE) is contained and dense in @H(mE) with respect to

the nuclear norm;
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(4) PFor each Pe (Pf(mE), its nuclear norm |P]| gy 1s equal
to the infimum of the sums

m m

B B+ oo+ el
for all possible representations

P =(-le + 9 0 +()0rm ,
where the VB belong to E' for each J = 1y eeey Te

A nuclear complex=valued polynomlal on E is by definition a
cqmplex-valued polynomial on E all of whose homogeneous

components are nuclear in the above sense.

A nuclear complex-valued exponential-polynomial on B is
defined to be a function on E of the form P e ¥ s Where P is a

nuclear complex-valued polynomial on E and ¢¢ E'.

In order to introduce the locally convex space ﬁB(E) of all
nuclearly entire complex-valued functions on Ey let us make the

following preliminary considerations.

For every norm o on E which is equivalent to the one
originally given on the same vector space, and every subset X of
Wy, we shall say for short that oc is X-centered if X is contained
in the open ball with respect to o of center at O and radius
equal to 1l.

We shall define £ ¢ f(E) to be nuclearly entire in case we

have -
a"r(0) ¢ @p("E)

for eachm =0, 1, ...y and, corresponding to every compact
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subset K of E, there exists an equivalent norm o« on E which is
K-centered and is such that
(e o}

1 Fy
“ — a®r(0) | ¢+ 003
n! Nee

m=0
here and in the sequel | . || No Stands for the nuclear norm of a
nuclear homogeneous complex-valued polynomial on E when this
vector space 1s endowed with « rather than its originally given
norm. We shall denote by JBH( E) the vector subspace of #L(E) of

all nuclearly entire complex-valued functions on E«

For the purpose of describing the natural locally convex
topology on iﬂN(E) that we shall use, let us introduce the follow
ing concepts.

A seminorm p on the vector épace !@N(E) is said to be
nuclearly ported by a compact subset K of E provided that, cor-
responding to every equivalent norm oo on E which is K-centered,
there exists some real number c¢(x)> O for which the following

estimate

,p(f)\<c(<;c)-Z > | E_me(o)"
m=0 " m No.

holds true for an arbitrary fe','(Lﬂ(E)o We notice, as it 1is
standard in similar situations of seminorms ported by compact
subsets, that the right-hand side of the above estimate is not
necessarily always finite. However, once fe ¥ N(E) and the
compact subset K of E are given, there exists some equivalent
norm occ on E for which the mentioned right-hand side turns to be

finitej; for such a choice of o« the indicated estimate will give



103
us an information on p(f), hence on the seminorm p.

The locally convex topology de on %N(E) that we shall use
is the one defined by all seminorms on #LN(E) each of which is

nuclearly ported by some compact subset of E.

Acanvolution operator © in a'ﬂH(E) is defined to be a
continuous linear mapping of ¥ (E) into itself commuting with all
translations in E, that is@w, = Ty O for all t e Ej here the
translation mapping v of %H(E) into itself is defined by
(T, £)(x) = £(x-%t) for all x€E and an arbitrary fe #y(E), where
t € BE. Such a convolution operator 1s actually a constant coef-
ficient linear differential operator of finite or infinite order
acting in ¥ (E).

THEORBM: The vector subispace © 1(0) on which a_convelution

As it 1s standard in this type of an approximation result,
the proof of the theorem is reduced via the Hahn-Banach theorem
to two propositions: one of them concerns a characterization of
Borel transforms df all the elements in the dual space ﬂl& (E)
to f(K(E); and the other one refers to a division property between
such Borel transforms. We pass now to a deseription of these

propositions.

If Te %;,(Eﬁ, that 1s T 1s a continuous linear form on
A
ﬂN(E), its Borel transform T is the complex-valued function on
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E' defined by

T(¢) = 2(e?)
for every Y€ B*. The mapping T —-*'T\ is linear and one~to-one.
In order to characterize its image set, we shall introduce the

following concepts.

Let o« be a seminorm on the vector space E. Denote by Eo
the completion of the normed space assoclilated to E when this
vector space is seminormed by «. We shall say that o is compact
in case the‘ natural linear mapping E — E_ is compact. This
means that the closed ball in E with respect to the norm
originally given in E of center at 0 and radius equal to 1 is
totally bounded with respect to «3; that is, given any &> 0,
there are Xy9000y X, € E such that, for every x¢ E for which
f x | {1, we can find some j = ly...y r satisfying oc(xj-x)<5.m

An entire function fEHW(E) is sald to be of compact
exponential type in case there exists a compact seminorm o« on E
such that, for every £ > O we can find a real number c(€). O for
which the following estimate

[£(x)] < e(€)oexploc(x)+€ .| x |]

holds true for every x¢ E.

In case, however, instead of having an entire funection on
E, we are dealing with an entire function on E', as it will be
precisely our case, we will have the following more stringent
notion besides the already acquired one of an entire function of

compact exponential type on B'. Letting « denote now a seminorm
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on E', denote by E', the completion of the normed space assoclated
to B' when this vector space 1is seminormed by o. In case the
natural linear mapping E' —>E|, 1s continuous, that 1s oL 1s
continuous, we may consider the continuous linear transpose map-
ping (E', )* — E", which is actually one-to-one in our case, where
(B, )* stands for the dual Banach space to E), and E" represents
the double dual Banach space to E. We shall say that o« is E-
compact if not only o is compact, that is E —*E:x_ is compact,
hence continuous, but in addition the transpose mapping (E% )'—E"
which 1s necessarily compact does map( E'OL)' into the natural image
of E in E"; that is, § being any o~continuous linear form on E',
there is a necessarily unigue x¢ E such that $(¢) = ¢(x) for every
We B,

An entire function Fe¥{(E') is sald to be of E-compact
exponential type 1in case there exists an E-compaét seminorm « on
E' such that, for every € > O we can find a real number c(€)>0
for which the following estimate

IF(P)| < ele)eexp[a(@) + el @]
~holds true foi' every (YEE'. |
PROPOSITION 1. A complex-valued function F on E' is the

Borel transform T of some continuous linear form T op ¥y (E)_if
and only if F is an entire function of E-compact expopential type
ogq E'.

PROPOSITION 2. Fy, F, and F3 being entire complex-valued

functlops on E' such that F) = F,F; and F, ls not ldentlcally
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zero, then F3 will be of E-compact exponential type along with F1
apd F,e

Gupta's previous work was concerned with results analogous
to the preceding theorem and propositions for convolution
operators in the FPrechet space of all nuclearly entire complex-
valued functions of bounded type #Nb(E). The results indicated
in the present note were obtalned from the bounded nuclear case

by a sort of an inductive limit process.

There are 6ther natural possible candidates for the concepts
of nuclearly entire functions and of nuclearly entire functions
of bounded type. It 1is not yet known whether they are equivalent
to the definitions given here or in Gupta's work, and whether
results similar to those we proved for the considered versions of
'#Nb(E)'and of %%(E) can also be established for such alternative

concepts.

The same kind of theory should be developped for the spaces
H(E) of all entire complex~valued functions on E, and ‘ﬂb(E) of
all entire complex-valued functions of bounded type on E, that is

for the current holomorphy type.

Once these various cases are Settled, there will be hope of
establishing a similar theory by means of the concept of a
holomorphy type () to collect feN(E) and H(E) into fB@(E), and
‘to collect Wy, (E) and ¥ ,(E) into :,fB@b(E).

Finally, through the use of weights on E, it should become
possible toeollect ﬂ@(E) and %@b(E) into a single type of a
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locally convex space of entire complex-valued functions on E

leading to a synthesls of these various aspects of the theory.

Detailed proofs of the above mentioned results will appear

elsewhere in a joint paper with Gupta.

*® *k ¥k
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