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Abstract

Chern-Simons AdS supergravity theories are gauge theories for the super-AdS
group. These theories possess a fermionic symmetry which differs from standard
supersymmetry. In this paper, we study five-dimensional Chern-Simons AdS super-
gravity in a Randall-Sundrum scenario with two Minkowski 3-branes. After making
modifications to the D = 5 Chern-Simons AdS supergravity action and fermionic
symmetry transformations, we obtain a Zs-invariant total action S = Shuik + Shrane
and fermionic transformations 56. While Sﬁgbmk = 0, the fermionic symmetry is
broken by Sprane. Our total action reduces to the original Randall-Sundrum model
when S’bulk is restricted to its gravitational sector. We solve the Killing spinor
equations for a bosonic configuration with vanishing su(N) and u(1) gauge fields.
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1 Introduction

Chern-Simons AdS supergravity [1, 2, 3] theories can be constructed only in odd spacetime
dimensions. As the name implies, they are gauge theories for supersymmetric extensions
of the AdS group.! They have a fiber bundle structure and hence are potentially renor-
malizable [2]. The dynamical fields form a single adS superalgebra-valued connection
and hence the supersymmetry algebra closes automatically off-shell without requiring
auxiliary fields [4]. The Lagrangian in dimension D = 2n — 1 is a Chern-Simons (2n — 1)-
form for the super-adS connection and is a polynomial of order n in the corresponding
curvature. Unlike standard supergravity theories, there can be a mismatch between the
number of bosonic and fermionic degrees of freedom.? For this reason, the ‘supersymme-
try’ of Chern-Simons AdS supergravity theories is perhaps better referred to as a fermionic
symmetry.

D =11, N =1 Chern-Simons AdS supergravity may correspond to an off-shell su-
pergravity limit of M-theory [2, 3]. It has expected features of M-theory which are not
shared by D =11 Cremmer-Julia-Scherk (CJS) supergravity [5]. These features include
an osp(32|1) superalgebra [6] and higher powers of curvature [7]. Horava- Witten theory
[8] is obtained from CJS supergravity by compactifying on an S'/Z, orbifold and re-
quiring gauge and gravitational anomalies to cancel. This theory gives the low energy,
strongly coupled limit of the heterotic Eg x FEg string theory. In light of the above dis-
cussion, it would be interesting to reformulate Horava-Witten theory with D=11, N=1
Chern-Simons AdS supergravity.

Reformulating Hotava-Witten theory as described above may prove to be difficult. It
is simpler to compactify the five-dimensional version of Chern-Simons AdS supergravity
on an S'/Zjy orbifold and ignore anomaly cancellation issues. Canonical sectors of D =
5 Chern-Simons AdS supergravity have been investigated in locally AdSs; backgrounds
possessing a spatial boundary with topology S' x S' x S! located at infinity [9]. In
this paper, as a preamble to reformulating Horava-Witten theory, we will study D =5
Chern-Simons AdS supergravity in a Randall-Sundrum background with two Minkowski
3-branes [10]. We choose coordinates z# = (z,2°) to parameterize the five-dimensional
spacetime manifold.? In terms of these coordinates, the background metric takes the form

gudxtdr” = aQ(a:‘r’)nl(;,é)dxﬁde + (dx®)?, (1.1)

where 7},249) = diag(—1,1,1,1)z, a(z®) = exp(—|2°|/¢) is the warp factor, and ¢ is the
AdSs curvature radius. The coordinate z° parameterizes an S'/Z, orbifold, where the
circle S has radius p and Z, acts as 2° — —x°. We choose the range —7mp < 2° < 7p
with the endpoints identified as 2° ~ 2% + 27p. The Minkowski 3-branes are located at

!The AdS group in dimension D > 2 is SO(D — 1,2). The corresponding super-AdS groups are given
in [3]. For D=5 and D =11, the super-AdS groups are respectively SU(2,2|N) and OSp(32|N).

2For example, in D=5 Chern-Simons AdS supergravity [1], the number of bosonic degrees of freedom
(N? 4 15) is equal to the number of fermionic degrees of freedom (8N) only for N =3 and N =5.

3We use indices u,v,... =0,1,2,3,5 for local spacetime and a,b,... = 0,1,2,3,5 for tangent space-
time. The corresponding metrics, g,,, and 74, = diag(—1,1,1,1,1)4, are related by g,, = ene Nab,
where e,* is the fiinfbein. Barred indices i, 7,... = 0,1,2,3, and a,b,... = 0,1,2,3 denote the four-

dimensional counterparts of u,v,... and a,b, ..., respectively.
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the Z, fixed points 2° = 0 and 2° = mp. These 3-branes have corresponding tensions 7 ()
and 7 ™) and may support (3 + 1)-dimensional field theories.

This paper is organized as follows: In Section 2, we construct a Zs-invariant bulk
theory. This bulk theory is obtained by making modifications to the D=5 Chern-Simons
AdS supergravity action and fermionic symmetry transformations which allow consistent
orbifold conditions to be imposed. The variation of the resulting bulk action Sy, under
the resulting fermionic transformations J. vanishes everywhere except at the Z, fixed
points. We calculate 0.Sp,, in Section 3. In Section 4, we modify Sy, and d. to obtain a
modified Zs-invariant bulk theory. The modified bulk action Spuik i invariant under the
modified fermionic transformations d.. In Section 5, we complete our model by adding
the brane action Sy,.qn.. We show in Section 6 that our total action

S = gbulk + Sbrane (12)

reduces to the original Randall-Sundrum model [10] when gbulk is restricted to its grav-
itational sector. In Section 7, we solve the Killing spinor equations for a purely bosonic
configuration with vanishing su(N) and u(1) gauge fields. Our concluding remarks are
given in Section 8. Finally, in the Appendix, we work out the fiinfbein, spin connection,
curvature 2-form components, Ricci tensor, and Ricci scalar for our metric (1.1).

2 Zs-invariant bulk theory

In this section, we construct a Zs-invariant bulk theory. The bulk theory is obtained
by making modifications to the D =5 Chern-Simons AdS supergravity [1] action and
fermionic symmetry transformations which allow consistent orbifold conditions to be im-
posed.

The field content of D =5 Chern-Simons AdS supergravity is the fiinfbein e,*, the spin
connection w,*, the su(N) gauge connection A, = Al7;, the u(1) gauge connection B,,,
and N complex gravitini 1, which transform as Dirac spinors in a vector representation
of su(N).* These fields form a connection for the adS superalgebra su(2,2|N). The action
and fermionic symmetry transformations are given in [9] in terms of the AdSs curvature
radius /. The only free parameter in the action is a dimensionless constant k. To allow
consistent Zs orbifold conditions to be imposed, we make the following modifications:

1. Rescale the su(N) and u(1) gauge connections:

A — gsA, B — ggB.

4We use indices 7,7,... = 1,..., N2 — 1 to label the N x N-dimensional su(N) generators 7;. The
indices r,s,... = 1,..., N label vector representations of su(N). We will use the notation A7 = A¥(r;)".
Spinor indices «, 3, ... will sometimes be suppressed.
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2. Replace g4, gp, ¢7%, and k by the Zj-odd expressions®

Ga=gasgn(e®), Gp=gpsgn(z®), L' ={"sgn(z”),
K = ksgn(z).

In this manner, we obtain the bulk action

Sputk = Sgrav + Ssu(n) + Su) + Sterms (2.1)
where
Sgrav = [ §K€apede (1 RR“e® + 555 R ee’e” + zeebetee”)
Seuvy = [iK str (GHAF? — LG4 APF + -GS A°) |
Suy = J K |~ (3 — 72) GhBWB) + 5 (T°T, — 5 R Ry
—R%¢,e,)GpB — %GiGBF;“FﬁB] ,
Sterm = [ SK (ULREVYE + Q3FIVYL) + c.c., (2.2)
and the transformations
5. = —%(@T“Er _ETay,), Sw®™ = i@rraber _ Ty,
Ocpr = =V, 0Y" = —VEe',
0 AL =i (e, — €y, 6B =1i(¢"e, —EY,). (2.3)

In these expressions, I'* are the Dirac matrices®, I = 1 (T°T* —T*I'*), R = dw"® +
w*w,b is the curvature 2-form, T% = de® + w%e’ is the torsion 2-form, F = dA+ G4 A% =
Fir; is the su(N) curvature,

RG = L T4L)5 + LR + Le"e®) (D)5 + LGp dB &g — Ly,

Fi = F + £GpdBo, — P, (2.4)
str is a symmetrized trace satisfying str(m;7;7) = 55tr ({7, 75} 7%), V is the adSs x su(N) x
u(1) covariant derivative, and

Vi, = (d+ 2w™T gy + -eTy) ¥ — GaAihs +1i (3 — +) GgBYy,

Ve, = (d+ 10T o + 5-eT,) 6 — GaAles +i (2 — L) GpBe,. (2.5)
Note that the results in the Appendix can be used to show that the torsion vanishes for

our metric.
We impose the following orbifold conditions:

5The signum function sgn(z°) is +1 for 0 < 2° < mp and —1 for —mp < 2% < 0. It obeys sgn?(z°) = 1
and 95 sgn(z®) = 2[§(25) — §(a® — 7p)].
6We choose a chiral basis for the 4 x 4 Dirac matrices

o) -([ % £ )

where 0% = (1,7) and ¢* = (1, —&). These matrices satisfy tr ([ TpLc['qle) = —4i€apede, Where Egpede 1S

the Levi-Civita tensor and ¢
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1. Periodicity on S'. The fields and the fermionic parameters ¢,, denoted generically
by ¢, are required to be periodic on the circle S'. That is,

o(a*,2%) = p(aP,a® + 2mp). (2.6)

2. Zo parity assignments. The bosonic field components
o = e,ﬁ,e55,Ag, By, ©= eﬂ5,65a,Ag, B
are chosen to satisfy
(2", 2°) = +® (2, —2°), O(z",2°) = —O(a*, —2°). (2.7)

That is, the ® components are Zs-even and the © components are Zs-odd. For the
gravitini, we require

FS wﬂr(xﬂa 555) =+ ¢ﬂr($ﬂ7 _-IS)a
0 4ps, (27, 2%) = — s, (2, —2P). (2.8)

Finally, the fermionic parameters €, are required to satisfy

[P e, (2", 2°) = + e, (2", —2°). (2.9)

These conditions imply that the Zs-odd quantities vanish at the orbifold fixed points. It
is straightforward to check that Sy, is Zo-even and that the transformations (2.3) are
consistent with the Zs parity assignments.

3 Calculation of 9.5,

The D =5 Chern-Simons AdS supergravity action is invariant (up to a boundary term)
under its fermionic symmetry transformations. In Section 2, we modified this action and
its fermionic transformations to obtain a Zs-invariant bulk theory. Due to the signum
functions introduced by the modifications, .S, contains terms which have no counter-
part in the unmodified theory. More specifically, the extra terms arise from 05 acting
on the signum functions to yield delta functions. Such ‘delta function’ contributions to
0cSpur can potentially spoil the fermionic symmetry only at the Z, fixed points. Thus,
Spuik 18 invariant under its fermionic transformations everywhere except perhaps at the
7 fixed points. In this section, we will calculate d.Spu.
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For our metric and Zs parity assignments, the uncancelled variation d,Sp,;. arises from
the variation of the 4-Fermi terms. The 4-Fermi terms are

Sy =3 [ K (Wisg Vil + 03050l Vee) + ce.
= 3 [ KoVl + cc.
=3[ K (¥s) (0°Ve,) + cc.
= 3L [ dPx et K (i) (V5Vohn) + c.c.

= 8k [ K [ () (B3Vots,) + P (G10s,) (95Vots,)
TSN (Prapy) (D3Vss,) + PPN (Ylaby,) (V5 Vsts,)
4 hPpo5 (ZEE@UES) (@ESV@@/JE'W) } +c.c. (3.1)

Let us now compute .Sy, by applying d. to (3.1) and dropping all terms which contribute
no delta functions. For our metric and Z, parity assignments, we can drop all but

1. The 8, part of V,,.
2. The —d,€, part of 6, = —V €,
The only contributing terms are thus contained in the expression
Q=44 [ da K {7 (05 ) ($30005,)
+eMP7X (yrdse,) (Usdsts,) + 77 (Grtbps) (950505,
HgRPPSA [(Qﬁriﬁps) (V30505,.) + (Vpdoes) (V30515,)
+ (Gns) (05 Dn,) + (Uns) (030505¢,) |
T (i) (V50 056,) |+ . (32)

More specifically, the delta function terms contained in () are obtained by integrating by
parts and keeping only the terms in which 05 acts on K. Thus,

Sk = 5 [ PO I {73 (€ 455s) ($30505,)
+eMIX (Yre,) (050515,) + M5 (Yhahys) (€0,1)3,)
e (D) (B30n) + (B100cs) (B5s,)
+ (Fgtns) (O°0n,) + (Fns) (P305,) |
9% (i) (U505er) | + cc (3.3)

where

05K =2k [0(2°) — 0(z° — 7p)] . (3.4)
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4 Modified Zs-invariant bulk theory

The result (3.3) for 6.Spur demonstrates that Sy, is not invariant under the fermionic
transformations .. In this section, we will modify Spux and d. by replacing the adSs x
su(N) x u(1) covariant derivative V with V, where

%o—qp)\r = va¢kr + 2535)5\\ [5(I5> - 6(1:5 - Wp)} sgn(m5)F5¢;r,

Voer = Vaer + 207 [3(a") — 3" — 7p)] sgn(a”)Tser. (4.1)
We will show that the modified bulk action
Sttt = Spur(V — %) = Spuik + ASpuik (4.2)
is invariant under the modified transformations
0e = 6.(V — V) =6+ Ad.. (4.3)
That is, we will show that
OcSbute = 0cSputts + (A8e) Sputr + be (AShur) (4.4)

vanishes. It is straightforward to check that gbulk is Zo-invariant and the transformations
56 are consistent with our Z, parity assignments.

We begin by computing (Ad) Spuk. For our metric and Zs parity assignments, the
only part of Sy, which is not invariant under Ad, is Sy4 (given by (3.1)). Note that

(ASe) by, = —263 [6(2°) — 6(z° — wp)] sgn(z”)Tze,. (4.5)
Thus, after using K sgn(z°) = k, (2.9), and (3.4), we obtain
(86.) Sy = — 54 [ PO |73 (€445,) (830503,)
+e7P (Ues) (V3050x,) + €777 (Vfins) (€05105,)
+€ﬂﬂﬁ65 (&Ewﬂs) (1538567«)] + c.c. (46)

Now, let us compute Se (ASpur). For our metric and Z, parity assignments, the

only part of Sy, which is changed by the replacement V. — V is Sys. After using
K sgn(z%) = k, (2.8), and (3.4), we obtain

ASpur = %% [ &Pz K gh7P5A (@E@DDS) (&gw;\r) + c.c. (4.7)

Applying 4. to (4.7) yields

e (ASpuar) = ~ %4 [ &2 05K 70| (0ens) (G30n,) + (B1006,) (S55,)

+ (Fpthos) (0205, + (Bjtons) (B305er) | + e (4.8)
Using the results (3.3), (4.6), and (4.8) in (4.4) yields
OcShui = 0. (4.9)
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5 Brane action

To complete our model, we add the brane action Sy.q.... In the absence of particle exci-
tations, the brane action consists of brane tensions. That is,

Sbrane = — / d°x e [T(O)(S(:E5) + T §(2° — 7p)| + excitations, (5.1)

where e® = det(e;?). As discussed in Section 2, Zy-odd quantities vanish at the Zs fixed
points. Thus, it is clear that Sp.ane 18 Zo-even. Further discussion of 3-brane actions can
be found in [11].

6 Connection with original RS model

In this section, we will show that our total action S = Shutk + Sprane reduces to the original
Randall-Sundrum model [10] when gbulk is restricted to its gravitational sector.

The gravitational sector of Sputi i Sgrav, given by the first equation of (2.2). Sgrq
consists of three terms:

1. The ‘Gauss-Bonnet’ term [ 1 Keqpeqe R R/ L.
2. The ‘Einstein-Hilbert’ term [ £ - 2 Kegpeqe R e/ L2
3. The ‘cosmological constant’ term f % . %K Eapede?eleCelel | L5,

For our metric, the first term can be expressed as a linear combination of the other
two. Summing the three terms yields an effective Einstein-Hilbert term and an effective
cosmological constant term. To demonstrate this explicitly, let us evaluate Sg,q, for our
metric. Using the results in the Appendix, we obtain

120 192
<C:abcdeRabRCd ‘= d5.1' € <—€_4 + 6_3 [(5(555) — 5(1’5 — 7Tp):|) ,

Eavede R e“e%e® = d°x e (—6R),

Eapedece’ecede’ = d°x e (—5!), (6.1)
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where e = det(e,*). Thus,

1 [k 120 192
Sgrav = d%eg{z <—€—4—|—£—3 [(5(%5)—5(m5—7rp)])

(—i—g + 22 [5(a%) — ba° - wp)}) SR+ 2—3}
|

= /d% e (2M°R — A), (6.2)

where M is the five-dimensional gravitational mass scale”, A is the bulk cosmological

constant, and

k 24 M3
=— A=- : :
Combining the result (6.2) with (5.1) , we obtain the action of the original Randall-
Sundrum model. It is shown in [10] that the five-dimensional vacuum Einstein’s equations

for this system,

M3

1 1 e® .
R#V - §guuR - _m {g,uVA + 7656119!717 [T(O)5<JJ5) + T( p)é(xf) - ﬂ'p)]} ) (64)

are solved by our metric provided that the relations
TO = 7@ —24M3 /0, A = —24M3 /2 (6.5)

are satisfied.

7 Killing spinors

In this section, we will solve the Killing spinor equations for a purely bosonic configuration
with vanishing su(N) and u(1) gauge fields. In this case, the Killing spinor equations
reduce to

ld
0= 54/’;27‘ = —8ﬂ67~ — §EF’E (F5 — 1) €r,
1 !
0 = 05, = —Os€, + §%F5€r —2[6(z°) — 6(z° — mp)] sgn(a’)Te,. (7.1)

"M is related to the four-dimensional gravitational mass scale My = 2.43 x 10'® GeV by M(24) =
M3 fj:: dz® a?(x5%) = M30[1 — exp(—2mp/l)]. The effective mass scales on the 3-branes at z°> = 0 and

x® = mp are respectively M4y and M(4)e*”p/l. If the Standard Model fields live on the 3-brane at

x5 = mp, then M(4)e*’”’/€ can be associated with the electroweak scale.
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To solve these equations, split €, into Zs-even (€,) and Zs-odd (€,) pieces:
€& =€ +e, (7.2)

where
et =1 (e £Tse,) = £l se, (7.3)

We obtain the following system of equations:

Ope, =0,
Ose = +1 (d/a) el —2[0(z°) — 0(z° — 7p)] sgn(a”)e,
Ose, = —1(d'/a)e, +2[0(z°) — 0(z° — 7p)] sgn(a’)e, (7.4)
These equations are solved by
e = a? [ (d'/a?) 2T Dy sgn(2”) x, @ + x, O]
=a'/? [(1/5) a6, Tal's X;(O) + Xff(o)} ’
e, =a Psgn(a®) x, (7.5)

where v, © and Xr © are constant (projected) spinors.® Thus, our solution for the Killing
spinors is

/
6 = a2 O 1 g7 2 5on(27) (1 - %xﬁFﬁFS) X9, (7.6)

8 Conclusion

We have constructed a Randall-Sundrum scenario from D=5 Chern-Simons AdS super-
gravity. Our total action S = Spur + Sprane 18 Zp-invariant. Sp,y is invariant under the
fermionic transformations J.. However,

55 = /d% 5.6 [TO§(%) + T §(2® — mp)] + - , (8.1)

where

e = e [—L (yrThe, — ETPYy, )] . (8.2)

Thus, the fermionic symmetry is broken by Sp.qn.. Nevertheless, the Killing spinors of
Section 7 are globally defined.

Our model reduces to the original Randall-Sundrum model [10] when S’bulk is restricted
to its gravitational sector. The original Randall-Sundrum model involves the fine-tuning
relations

TO = 70 —240M3 /0, A = —24M3 /12,

81t is straightforward to check that (7.5) satisfies the first, second, and fourth equations of (7.4).
There is, however, a subtlety in checking that (7.5) satisfies the third equation of (7.4). Unlike €, €, is a
smooth function of z5. Thus, the second term on the right side of the third equation of (7.4) contributes

nothing.
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Randall-Sundrum scenarios constructed from standard D =5 supergravity theories yield
these relations (up to an overall normalization factor) as a consequence of local supersym-
metry (some examples are given in [12]). In our case, the relation A = —24M3 /¢* follows
from our metric choice. We do not obtain the relations 7 = —7() = 24M3/( as a
consequence of local fermionic symmetry. These are fine-tuning relations in our model.

A Appendix

In this Appendix, we work out the fiinfbein, spin connection, curvature 2-form compo-
nents, Ricci tensor, and Ricci scalar for our metric (1.1). For the flinfbein, we obtain

a_ a _ b pa __ v
en' =adg",  epa = e€p M, € =g"er",
i -15 [ 7 ap ab ,_i
eg" = a 5", €ag = €a Yop, € " =n"e",

5 _ . _ .55 _ R - R
e’ =egp =€ =1, e’ =65 =€ = 1. (A.1)

Our conventions for the spin connection, curvature 2-form components, Ricci tensor, and
Ricci scalar are respectively

ab
w,” =

1 b b 1 _vb

5€7(0ue,” — Ope,”) — 5e”°(0ue,* — Oye,®)
1 b

— 5€7€7(0pege — OxCpe)ey,

R ab a ab a ab ac b ac b
72 ,uwz/ - lxw,u + w,u Wye — Wy w,uc )

ab v ab
Rya = R,uz/ eaﬂebaa R = 6aueb R,u,u .

For the metric (1.1), the nonzero quantities here are

wﬁas _ _wﬂSa = 0" = —e;"/ L, (A.2)
Rﬂpal} = _a/2(5ﬂ&5175 — 5/255,7&) = _(eﬂae,jij — eﬂl;e,;a)/fz,
Rep® = 78,7 = e {1/  26(a”) - 3(a° — )€}, (A3)

Ryp = —(a0” + 3a"?)n5 = — {4/02 = 2[6(2°) — 6(2° — 7p)] /€} Guw,
Rss = —4a o’ = — {4/62 — 8[8(2°) — 0(x° — 77,0)]/6} , (A4)
R=—8a'a" — 12a2a’? = —20/0* + 16[0(2°) — §(2° — 7p)] /¢, (A.5)
and those related to (A.3) by R, = —R,,** = —R,,*. The prime symbol / denotes

partial differentiation with respect to z°.
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