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ABSTRACT:

We try to evaluate a solution of the I equation 1 with spherical symmetry
and statical condition. We arrive at Schwarzschild's solution, as it would be
expected. Some comments about the possibility of obtaining other solutions are

set up.

1. INTRODUCTIN

In a recent paper 1 we have shown that it is possible to consider Einstein's
gravitational theory as a consequence of an interaction between "internal"
cbjects. In this paper it is our purpose to cbtain an exact solution of the
fundamental I' equation and to relate this solution to Einstein's equétions.

2. THE FUNDAMENTAL VARIABIES
lLet us resume, briefly, the properties of the fundamental objets FuAB(x). In
a change of coordinates the TI''s behave as a vector, that is,

ax.u
') = — 1 (1)
IxX
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Besides this, they have internal indices, such that they may suffer a transforma
tion like

e =t P o 0P (2)
where A,B,C,D may have the values O,1,2,3.
We do not need, for the time being, to specify the properties of MAﬁ‘(x). We
only assume that they are non-singular, everywhere.

The I''s have £he property that
"), el =2 gV 1 | (3)

{A, B} = AB + BA (4)
g"V(x) is the metric tensor. 1 is the identity of the Clifford algebra.

F‘url:hermore1:hereisaI‘SAB

I"S AB(x') - MA

(x) such that

) T° Px) M pBrx) . (5)

c
As a consequence of (1) and (2) we see that the usual derivative is not a

good gearetrical dbject, and we cbliged to introduce a covariant derivative,

defined by

Topv® =T - {5} Te* [, ru] - (6)
where 2I‘u(x)

T (x) =

UI\) 2x\)
{uf)} is the Christoffel symbol. T  is a sort of internal affinity.

We introduce here an hypothesis that makes a strong restriction on the
permisible internal transformations. We assume that the M(x) that generates an
infinitesimal transformation (5) is of = the form

M0 = Ae e £,00 P + e gy a0 B 06 )
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B 1 AB
UQB ] [ra’ PB] .

This choice is such as to permit us to consider the internal transformation

as a ocoordinate transformation of the type

~a o o
R =x+ €& (x) .

If we loock for the conditions necessary to make this identification we

arrive at

A3 __ AB .

i@ = [0, ] (8)
If we lock for an dbject U\) which is a menber of the Clifford algebra but such
that it does not introduce any new field, we see that this object has the form

e = e+ @ et )

A straightforward calculation shows that the covariant derivative is not

camutative and that we may write

€
Tal 812" Taf|n][8™ Roegr T'* l-:'“sx'ra] (10)
where
RaeBA is the Riemann tensor.
28

RBX is the internal curvature.

3. RADIAL SYMMETRY

It is an easy matter to show that Einstein'’s equations of the gravitational
theory are odbtained as a consequence of the equation
R = 11
LR 8 T 0 (11
in the absence of matter.

We will lock now for a solution of this equation such that
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I‘u = I‘u (r) (12)

where r is the radial distance. We will use a spherical system of coordinates
and we identify

XX =t
x! =r
(13)
x> =0
x}=¢

Condition (12) implies that the metric tensor has spherical symmetry too. We

next assume that

r o I =™ g (14)
@ I = 4 (15)
T, I =-r° 1 (16)
I, (r,0) Iy(r,8) = - r” sen’® 4 (17)

These conditions are equivalent to assume that the infinitesimal length is
ds? = () (ax®)2 - 2 (ar)? -r2(d0)2 - r? sen26(dp)?  (18)

Fraom equations (14), (15), (16) and (17) we cbtain

|

=Y
I‘0|r 2 I‘o (19)
A 0
Fllr =57 (20)
_ 1 | ‘
P2|r =t 0 (21)

1
Tsir =5 T3 ‘ (22)
F3|6 = cotg 0 T, (23)



dv

v = —

dr

Fraom (6) and (19) we obtain

Foilr T lolr T {Ji} e * Erl’ I’o]
Tofe = 271 Ty
Then,
v, T =2r, T,
In a same manner we cbtain

[‘rl, F11 =2t

[‘rl, 1‘2] =2T. T,

[11, 1‘3] =2T T

Expressions (26) to (29)

1
By the same manner we arrive
]:To’ Fo]
[TO’ P),]
) 7]
o 7]
and we see 1:0 has the form

T =T

implies that a non-trivial L has the farm

T =T +7T T°
1 1

at the following expressions

Ty
=2e\)}‘I‘-2e\)I‘s
2 1
\)'
=2T TI' += T
0 1 2 0
=27 T
0 2
=27 T
0 3
| .
+T S+ YA
) 4 10

(24)

(25)

(26)

(27)
(28)

(29)

(39)

(31)
(32)
(33)

(34)

(35)
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Analogously, we have

[k,r]=2rT (36)
2 0 2 0
1
s T = 2 T —
[x, ] LT o+gT, (37)
[T,I’z:]=2r21“5-re—>\r' (38)
2 1
-
T =
[z, a] ar T, (39)
and we dbtain
-
= -5 - &
12 = F2 + F2 T 5T FzyI‘1 (40)

And, by the same procedure,

[rs, ro] =2 1"3 ro (41)
1
[rs, 1‘1] 2 1"3 P+ T (42)
Er,l"]=21"1"+cotgel" (43)
3 2 3 2 3
[’ta, I‘SJ =21r?sen’0I° - r s‘e‘rvtzee_)\ 1"1— senf cosd I‘2 (44)
and we ocbtain
-A cotgf

T =T +T I -&r1 1 - r r . (45)

3 3 3 21' 3 1 2 r2. 3 2

With these values of the internal affinities we may evaluate the internal

curvature by the expression

Rag ™ Talg ” T8la T [TB’ ToJ (46)
If we evaluate this, we{dotain
-A VAt y'?
M =5 {v - +# —— ST T (47)

01 4 2 2 1 0



] = & v
’R'oz 4 r
_}\' ,
= e \Y
’Roa —z;‘. '1'_""
e—)\ Al
TR R —
12 4 r
- Al
R, -2, - =
4 r
1
R,-— -
2r?

-A
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.rr (48)
2 0 ,

.rr (49)
3 0

R U (50)
2 1

.T T (51)
3 1

-1. T T (52)

3 2

From these expressions and fram the equation (11) we dbtain the following

equations
gives
\)12 2\)1
W' b = VA 4 — =0 (54)
2 r
[T%, rﬂ =0 (55)
gives
v'? 2"
W' e = YA - — = O (56)
2 r
n -
[TRéu ,r‘j =0 (57
gives
1~e =1\’ (58)
rliR,su’ Pu] =0 (59)
gives
1-e& =1 (60)

Fram these equations we see that
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v+ A" =0 (61)

(r EA) = constant (62)

With the Minkowskian boundary condition we arrive at the Schwarzschild's:
solution of Einstein's equation. This is not surprising becausé, as we said,
the equation (11) may give origin to Einstein's equation. What we have cbtained
is another way to arrive at the solutions of these equations, and we expect
that others solutions may be cbtained by this method.
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