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I. INTRODUCTORY REMARKS

In this note we want to discuss some features (already sug
gested) of a non local theory of fields which is free from diver-
gent integrals and infinite constants and satisfies the claim of
macroscopic causality. The fundamental problem of the mass quanti-
zatlon connected with the gelf-energy calculations, will be analy-
sed in another place. Also the discussion of new limitations in
the interpretation of physical phenomena like those concerning the
measurability on small domains of space and time and the validity
of free particle picture in such domains will be only briefly men-

tioned .

*

The main results obiained in this work were subject of a comunication presen
ted at the Internetional Conference on Fundementols Congbemts in Septenber
&-th, 1858 in Turin,

+  This note will be published in iuovo Cinento.
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A revision of the whole S-matrix formalism and of the way
of uging the second cuantization will be necesrary. We ghall il-
lustrate the method on the example ol a collision problem and 2
self-energy problem in the case of a PS - PV counling  between
pions and nucleons, but the same formalism can be applied equally

well te the electrodynamics and to a non linear coupling of the

type:s
Wy ( R0 1) y
where P renresents a pseudo-scalar boson field.

Let us start with the analysis of the siate of a nucleon
having s delinite avevage momentum and enersy D, . From.the theo-
ry of the ancmalous magnetic moment and of the photo-meson produg
tion on nucleong one can deduce that it is possible to represent
thies state of the nucleon ( with its meeon cloud and with appro-
priate vacuum polarisation effects ) ag & linear sunerposition of
states of bare particles. The coefficients of this expansion can
-than be interpreted as amplitudes of the probability +to find the
micleon without mesons, or with one meson, or with two mesons,
and so one. The creatvion and destruction of particles must be desg-
cribed by the second guantization method of Dirac. But, if the
crealted particie has a definite momentum.and‘energy, its state is
supposed to be statlonary and the dquantized field must have negli
gible interaction with other fields. Thus the created or absorbed
particle should be a '"bare" particle, whersags the "bare! state ig
not a stationary state. This argument shows that only an approxi-
mate description of states of bare particles is possible with the
use of the 2-d guantization, and will induce us to take into ac-

count the Tinite life time of thesge states by means of another ap



proximation.

The introduction of relativistic cut-off operators will
allow us to show that the perturbation exvansion la-rapidly conver
gent and thus te explain the success of the application of pertur-

bation caleculations in the electrodynamics.

II. DEFINITION OF THE CUT-OFF OPERATORS. FIRST APPROXIMATION TO
THE CONSTRUCTION OF THE S-MATRIX,

In order to give in a simple way the ruleg ofAthe new for-
malism let us consider the collicion betwesn particles . having
known momente, spins, polarizatione etc. and let us represent them
as plane wave solutione of the free particle equations { "bare!
particles ). Let R, = zlpy be the total energy-momentum _h~vec~
tor and let U, be the velocity vector of the Center of Mass (CM )

system of the ingoing particles:

U = 1B , wiere n"=gP >0

Taking the scalar product KU UY of any vector K, ( projection

on TY ), we shall form two invariants

- T ¥ =
I, = K, U I, =) 1f - K, K (1)

which we shall call projections on the tinpe axls and respectively

on the space of the CM gystem, becausge in the M system che
has:
T, =K T.= (K|, 12 = K2~ (K2-K2 - K2 - K2 )oiB4 K2 + K2
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The cut-olf operators will be functions of these invariants.
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Let us nov consider all the terms of the S-matrix which
transform the above mentioned set of ingoing narticles in s given
set of outgoing particles ( also plane waves ). This group of terms
will transform covariantly under the Lorentsz transformation, KQQW-
ing the intersction hamiltonian and applying the ususl formaliem ’
we can vwrite down eagily the term of n-th order %1 in the momen-~
tum representation of the collision matrix S, corresponding to a
gilven Feynman graph, Then we can formulate the rule of the Telati-
vistic cut-off method in the following way: every non degenera -
ted intermgilate or final state of a bare particle having the wmo-
mentumn K, has a statistical weight = Ga(IS) « Therefore every
internal boson line ( boson propagator ) receives a G -facton
every directed internal nucleon line ( fermion propagator )} recei-
ves a factor G , every external line receives also & factor G .
Such invariant factors obviously conserve the general covariancy
of the theory.

Although a definite choice of the cut-off functicn
G (iS(Ki) and of the universal lenght 0 cannot be made on the ba-
sis of general properties of a non local interaction and will de-
pend probably on the solution of the problem o "mass quantization',
some experimentel results concerning ?he masg differences between
charged and neutral particles and the momentun distribution of
pions ( in tle CM frame of reference ) created in a nigh  energy

collision Suggest a cholce of O of the type t

= BESiE£y~ gcoég} = o [T e3/2
G (g) EB 9,,\/_5 g

JB/QCE) or

¢ () = a6 —d (2)

1+ EZ



where [ = g1, ()

The first case corresponds to a form-factor F (ISCq)) in rela-

tive coordinates 7,= x, - x}' , which, in the CM system,  ise

F=7 (J.?J..) $ (:g_.cl) where f (.l.:j_!.> = /\/}%P-Z, if I';[q]< ! ana
F=0,if [7]>1( | (3)

In the second case : f (;?J) — e M1/

" ,
This sharp limitation of the small domain of |M| in which F is
not vanishing is alzo required by the claim of macroscopic causa-

litye In both cascs the asymtotic behaviour for g — 00 of the

- _ b
statistical weisht factor G“ is respectivelv :w— Eﬂﬁ.(g). or
D ¥

tﬁ(l +EZ> 2

ITT. DEFINITION OF A NON LOCAL INTZRACTION HAMILTONTAN AND
OF THE MPUTTIED PROPAGATORS.

The simple rules of the calculation of the non local
S-matrix in the momentum space given ahove can be deduced starting
from the definiti-m of a non local hamiltonian density in space -

time H'(x) and from the acsumptions concerning the new rules of
calculation of the S-matrix in configuration spacece Let us consi-
der the n-th order term Sn of the perturbation expansion of the

S-matrix in the wsgual local theory @
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We shall illustrate the method assuming that the local hamiltonian

It represents a P8 - PV interaction :

Bl = 2 E 0y, T Y00y P | (5)
Bach {ield amplitude 93, qjg @ can be split, as usualy, into
positive and ncgative Irequency components and can be expanded 1n-
to Fourier compeonents containing absorption and creation operators
of particles with momenta X! ko Kt (we shall adopt the for

malism in which the negative energy states are gubstituted by the

"charge conjugateéd solulicns' representing the antiparticles - in
the positive energy states ). For instance in the case . (5). we

shall have 8 terms of H' with given momenta X' K" XK"™ of the 3
interacting fields ﬁorresponding to the different sets of creation

and annihilation operators of the type bﬁbe,aK,.

In order to transform (L) and (5) into non local Qperators.
in a covarlant way we postulate the following rules : considering
a vertex point x and a term of the above Fourier expansion, ~we
substitute in thils term the phase factor exp (- iK'x) belonging
to a positive frequency component by exp[miK‘(fyﬂr)] and the
phace factor exp(iK"x) Tbelonzing to a negative freduency by
exp [1KM( x ™+ M) and introduce lnvasiant form-factors F  oper
ating on the "interisl ccordinatest 7', Mt, MU', Thege inter=
nal coordinates will by definition_trajsform like differences of

coordinates obeying the homogeneous Lorentz tronsformation, and
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will commute with the r‘nomentum opérators.

In genercl case of a graph corresponding to the terﬁ (h)
one shall have at the time . X, of the vertex =x a
number of other "boson!" and "fermion" lines which do net end - or
begin in this vertex pointe Aleo each of these lines, let us say
the one with a momentun Klv, can be consgidered as an ingoing par
ticle arriving with the phase-factor exp [-iK*%( x4 ?]”U] and
outgoing with the phase-factor exp [ 18*Y¢( X—'+‘7fv)].,Sincg e
ghall put in .further calculations-: %= x7 s . X, the above
phase-factors will not modify the values of thé matrix-element: -
{(5)s In the above example 'if the term .bznfbKﬁJ%g s consid-
ered and if there is just one,mor§ ling = (K*¥) not passing

through the vertex X ,.the total phase-<factor will: be :

exp [ =1 (K 4k + KT o p (w4 9]

. exp [ K"+ x)x™ + i (xmmm 4 TN (6)
The form-factors F will be chosen in such a manner as
to limit the values of the variables =m', m', M, Uk xt
and x~ to a small domain DP of space and time containing the
vertex-point =x. These Fl's are functions of invariants defined

similar to those I, I, introduced in the cut~off operators in

pel

the momentum spacee. Let 8; indicate the derivative  .9_
3 x;
and 0, the derivative 9., Then the form-factors limiting

. ; . ; Jd x, |
the domains of intornal coordinates 'n are defined asg func-~
‘ +

tlons of the invariant operators If and Iy @



i 19519
. (7)
Vi <t e
Ii = -"2l€?£h%r-= 7”Uj where UI z-jLJiEQiﬁaw
FEMER | K+ K14kt

in the case of a positive frequency component, and as function of

o o LA,
(IS' l1dy 1 37" T

iv

- m o4 K
U = L ———
where Y | B+ K]

i

AL
(7"

in the case of a negative frequency component. Here the expression

. . £ + . ,
of the invariants I7 and I in function of the momenta K, K", KM

and IV 1s specified for the case of the term containing ~b;,,,bi{,,aK,

and must be substituted by similar expressions in other casese. The
vectors Ut and Uy, and the invariants Ii, Ii are obviousgly ana-
logous to U, and TI_, I, defined in II. Also the function
rF(IS,It) mist be of the‘type (3) of II in ordef to have in
the reference gystem in which the Ui components are (1,0,0,0)
g (”TO) dependence of the time and satisfy the limitation

F = const. % 0, if |5U < !

The next step in the calculation is the integration over
all "internal coordinates ’ﬂ','q”,fq’", and this gives us the cut-~
of'f operators G(IS(Kj) for each momentum K', K*, K", and a faptor

= 1 for K because u/%(ﬁrﬁduﬁfxé 1 ). Turther step concerns

s + - :
the condition x =x =x . We can aesgociate 3 ( xt - X ) and

- , + -
S { x7 - x ) factors and integrate over x and X . ( The in-

troduction of new form-factors of the type (%) instead of
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these 8 does not give any new result, due to our special choi~
ce of the se form-factors ). After this integration'remains the
phase-factor exp g-&&K' + K'" - K")x] . Successive integra-
tion over x  will éive us the usual ISQ(K‘4~K” -~ K'"') factor.
It is easy to see that one obtains in this way s Uj =U, = Uy in
all vertex-points, and therefore one has the importapt result that
all the cut-off and form-factors are refered to the same li-vector
U, 1in all vertex-points and this l-vector U, is defined as the
velocity-vector of the CM system of the incident ( and aleo of
the outgoing ) particles. |

The remaining part of the calculation of the Sn can be
performed applying the usual commutation relations between the
creation and annihilation operators dK’ 5 a;"?ibxy. etc. in the
momentum space ( obvicusly the commutators, anti-commutators  and
propagators in space~time are modified by the cut-off ) . One
obtains instead of the usgual causal boson propagator 430( X -y )

the following non-local propagator :

— 'k (8)

and similar expressipn for SC « Since 4}0 is an invariant , we
can calculate it in the CM system where IS(K) = {ﬁl. Then the
first integration over K  in (8) can be performed with'tbe usg-
ual  prescription about the contour. In this manner the causality

condition of Stueckelberg and Feynman ( which requires that for

—
x% - y°> 0 only the pole K, = A KS + m contributes to (8)
0 o] - . 22 2
and for xV - yY < 0 only the pole K,==VEK"+m Y .

A simple analysis shows that making the choice (2) and (3} of the
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cut-off, and considering particles having a rest-mass mufﬁe"q‘,

one finds that the domaing of x -y , in which these propaga-
tors 130 and Sc do not vanish, of the order of 93 .nn
the space and ere of the order of ? in the time, if measured

in the CM  gystem. In other reference systems these domalns ap
pear naturally Lorentz contracted in space and expanded in‘ time.
In the case of particles of vanishing rest-mass, as photons or
neutrinos, the domain is a gmall zone on both sides of the  light

cone. In this last case an elementary calculation gives:

ft

. 3 T
Dc(x) = e a"K G@I‘I‘{"De pX

(ZW)B 2|

14 G(QK)[SL'LK (r=t) eiK(r+t)]

(2r)2 ¥
L 1y (E__:.._) -t (.z.__t_i:) %)
plem¥ T 4 ¢
— =3 '
where r o= |x| 3 K = |K} 5 t = X, > 0 and f is the

form-factor (3).

Since in the non local thecry proposcd here the particle
which emits or absorbs photons can at best be localized with _ o an
uncertainty uf*E corresponding to the form-factor (3}, §9) is nat
in contradiction with the claim that no signal propagates with wve..
loecity > Co

Similar calculationg show - that also in the case of m# 0

the propagator (8) has no singularitie~ on the light cone .
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If the masg of the particle ig ~~ ?'al s then the propagator (8)
vanishes ( with a law depending on the form-factor ) for

r= |¥X-7] > [ and also in the case of t = |x,- vl >0,
The cagse of m & P"l requires a special consideration and has
a particular importance in electrodynamics. Here we shall restrict

ourselfs to the consideration of mesons and nucleonsa.

iV. CONVERGENCY OF THE PERTURBATION SQLUTION.

In the introduction we made a remark concerning the bare
state of a particle being not a stable states Also the states of
a nucleon with n mesong in the cloud or of a pion which can e
substituted by a pair ( nucleon + anti-nucleon ) are not sta-
ble having a finite life time, determined by the total probabili-
ty of all transitions from these states. The introductiop of the
cut~off factors makes the total life~time of each of these states
Tinites

The process described by a given Feynman diagram of n-th
order can be thought of as a chronological sequence of n  trangi-
tiéns having each a definite probability. From the discussion of
the propagators modified by the cut-off follows that the average
life-time of intermediate state=s is @, 1f measured in the CM
systeme In order to take it into account approximataly we can ag-
sume that the n succesgsive processes are statistically indepen-
dent and have all the same probability ( total width ) ~——~ {1,
Then, as is well known, the Poisson formula gives us the approxl -
mate probability of the procegs of n-th order. Since the usual

perturbation theory does not take into account the finite life-ti-
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mes of the intermediate states, we shall take them into account ag
secciating to each term of the perturbation expansion the Pcilsson

factor 3

0T _ y
~ A e ¢ (z? 17‘)n SN Ei s {10)
ni , nl -
when J 5 0 and 0 < lzg] € 1

-Thig approximate method indicates thet the convergency of the per-
torbation  @kpansion can depend om Bhe finite life-time of. . the
intermediate statess
Peieris and Mac Manus suggested the use of form-factors

which are functions only of the Li-dimensional intervals (x' - x'&
C. Bloch showed that such factors do not always give convergent re
sults and Stueckelberg and Wanders showed that thege factors give
rise to a contradiction with the claim of macréscopic causality .
Our methcd is free from both objectionse Naturally we cannot.. ha-
ve microscopic causality condition satisfied in small domains D?
defined by the form~factors, but the macroscopic causality is sa-
tisfied due To the propertiee of the propagators illustrated abpve.
This question and the applications of the above methed will be sub

Ject of another paper.

Ve RELATIVISTIC INVARIANCE. CONCLUDING REIMARKS

The formalism suggested above differs from the formaliesm
of the relativistic local theory of fields by the introduciion in
the hamiltonian deneity and in the S-matrix of invariants opera-
tors. These operators do not change the covariant vroperties of
any single term of the S-matrix and thus also do not destroy the

general ceovarilancy of the thecory. The macroscopic causality is



w1Fm

fulfilied as was shown above and as follows from the remark  that
the local interaction is by us substituted by -an interaction |

wnich is limited Zo a finite domain restricted as well in gpace as
in time « In the CM gystem this domain can be, eefs» & sphere of
radius ( in space and a time-interval At~ § in  tima.
The hermitian nature of the hamiltonian and thus the unitarity of

the S-matrix is algo conserved. Indeed terms of the hamiltonian

sie

containing epcrator:s .b;mbm,aK! and be,b;.a ¥ receive the
X!
same cut-off lactors and remain conjuzated.

The method of relativistic cut~off allows a natural desa~
cription of the muitiple meson production if one introduces non
linear coupling e.z. of the type mintioned in T. The.theory of
this multiple production and of the mass quantization will be <ub-
ject of a next publication. -

The significance of the internal coordinates and their con
nection with discontinous parameters ag spin, iso~spin and «tran-
geness parameters will be alsc discussed with reference to the

mass duantization problem.

(1) TUnits - we use ; &

metric tensors goo — - g — - g o - g



