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Abstract
In the spirit of microfoundations of macroeconomic theory. we in-
troduce # coupled map lattice model to describe time evolution of
relevant quantities associated with stock exchange. In particular, com-
puter simulations exhibit the stabilizing effect, on stock exchange, of

dispersion of the external parameters which control the coupled map.

KEY-WORDS: Microfoundations of economy; Nonlinear dynamical system;

Chaos; Coupled map.
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The methods used in Statistical Physics have proved their efficiency in
“extraphysical” areas such as Biogenesis ([1] and references therein). Im-
munology ([2] and references therein}, Evolutionary Genetics ([3] and refer-
ences therein), Neural Networks ([4] and references th.erein) and Economy
([5,6] and references therein). In what concerns the area of Economy, all the
attempts of microfoundation of macroeconomic theory can be. in some sense.
put into this category. This is, in particular, the case of L.Summers proposal
for treating fluctuations in the stock market in terms of nonlinear dynamies.
To do this, he introduced the concept of “noisy traders” and “sophisticated
traders” and achieved some success. Nevertheless his model has not been
considered fully convincing (page 248 of [5]). Within this t-y;;;* of philos-
ophy, we propose here a simple theoretical model, based on coupled map
latti.oes[?'], for understanding some interesting phenomena currently occuring
in stock exchanges, such as the influence of the massive use of computers
by the brokers.

Let us assume N stock brokers(traders) buyiﬁg (X = 1) or not buy-
ing (X = 0) stocks of an unique and big company. All the brokers are
assumed to operate in competitive regime, and having free access to market

information. We associate with each broker the following distribution law
PAX) = (1-p)8(X) +p%8(X - 1) (i=12...N) (1)

where é denotes Kroenecker’s delta function (4(X) equals 1 f X = 0, and

vanishes otherwise), and p{” ¢ [0,1] represents the probability that he wishes.
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at time 1, to buy stocks (we refer to the “potential demand”, not to be

confused with the probability thal he indeed buys the stocks). The {pf-” }

are coupled as follows:

_ 0 |
P = a4 PP S0 BT (=120 ()
N-1 ik N-1 J#i

where {a;, 8i,vi} represent a set of positive external parameters, and IR pf”
€ [0,N]. The a,-parameter measures the mertial persistency of the wish of the
i—thbroker (if §; = % = 0, p!" decreases with time if 0’ < a; < 1,
remains constant if a; = 1, and increases with time if a; > 1). The 3.
parameter measures the influence, on the individua.l_ wish of a given broker.
of the average wish of all the other brokers (fa; = 5, = Oand 3 = 4, the
average value < p > (t) = (TV, P )/N {which somehow reflects the stock
prize) decreases with time if 0 < § < 1, rema.iﬁs constant if 3 = 1. and
increases with time if 8 > 1). Finally, 4; is associated with the tendency of
a given broker not to buy stocks whenever most of the other brokers wish to
buy (in the absence of such tendency, his individual profit will eventually be
quite modest or impossible); by the way, let us recall the famous anecdote
which states that Joseph Kennedy (President Kennedy's father) providen-
tially escaped from the 1929 USA-wide stock exchange collapse because he

sold his stocks as soon as he realized that.his humble shoe-shine-boy was

buying stocks!
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It is clear that if {ay, 8;,7;} are arbitrarily chosen, Eq. (2) does not au-
tomatically guarantee 0 < pf') < 1 for all values of ¢ and 1, thus violating
the definition of probability. This difficulty can, in priciple, be overcome
through various procedures (e.g., conveniently introducing the hyperbolic
tangent function which transforms the interval (0. oc) into (0.1)). For sim-
plicity, we adopt here the following prescription: whenever pf” is a.bow-s one
(below zero) it is replaced by pf‘ = 1" = 0)). Let us also remark that
pf'} 0 (for all values of {) is a fixed point of Eq. {2). Another fixed ;;oint. is
given, in the N — oo limit, by p; = 8ipe, /(1 = i 4 ¥ipar) (V i), where the
Average poy = < po (oo) satisfies limp_ o 4 v ):,_1 Bi/{1 -—I;‘o,-'+ YiPor) = 1

i
(in particular, (o, 8, %) = (a, B,4) implies p; = po. = {(a+ B -1)/7. V¥ 1).
An interesting property of Eq. (2) exists in the particu]a; case a; = a.

Bi = fandy = 4. I we apply %Ef\;l on both members of Eq. (2) we

obtain

[<p>(t+1)] = (a+ﬁ)[<p>(t]-— -

TN N T2 Z[P“’]’ . (3)

—l<p> ) +

hence, in the N — oo limit,

[<p>(@+]l=(e+B)<p>t)]-1l<p> W . )
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By introducing now Z(t) = (vj<p> (1)))/{a + ﬂ), Eq. (4) becomes
Z(t+1) = (a + AZW(1 - Z(1) )

which is the well known logistic equation (see [8] and references therein). Let
us recall two remarkable properties associated with Eq. {(5): (i}ifa+8 < 4,
Z(t) automatically remains within the interval [0,1] if this was true at 1=0,
hence, the same occurs with [< p > ({})]if e + 8 < 7 (hence, [< p > (1)] ¢
[0, (@ + B)/4]; consequently, a realistic situation corresponds to a + 8 equa.l'
7, or slightly below v); (ii) if o + 8 € (3.57,4) the system can be chaotic
(positive Lyapunov expoﬁent).

Let us now go back to the more general case in which the values for
{ex, Bi, i} are in pfinciple diflerent for each broker. We shall now assume
that the set {a;} is drawn from the distribution law D,{a;). one and the
same for all brokers; analogously, {5:} and {}:} are respectively drawn
from Dg(B;) and D.(v). These distributions are basically characterized
by their mean values @, f and 7, as well as by their widths .W"" W; and
W,. Human brokers typically correspond to large values for (W, Ws. W),

whereas computer brokers (i.e, brokers that blindly follow computer recom-

mendations) correspond to small values for {W,, W5, W.,) since the softwares
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they use are (most frequently) very similar.

One of the important effects we want to focus with the present model
is that the risk of stock exchange collapse will be shown to monoto.nous]y
decrease with increasing W,, Wy and W.,.

Two basically different models can be discussed. The first of them (re-
ferred to as quenched) consists in fixing once for ever {e;.Bi,%} (drawn
respectively from (D,, Dy, D,) ai- 1 = 0), i.e., each broker will evolve, at all
times, under the same values for (a, 3, 7), but these values might differ
frorﬁ broker to broker. The second mode] (referred to as annealed) consists

7

in randomly choosing, at every new time step, {a;, ﬂ.,‘y;f {still drawn from

(Do, Dg, D,)). Intuition suggests that the annealed model yields more ran-
domized results with respect to those obtained from the quenched model.
Our numerical results will confirm this intuition, and the quenched model
with widths (W, , W5, W, ) behaves very similarly to the annealed model with
somewhat smaller widths. It suffices consequently 1o discuss the details of
say the annealed model.

Another mechanism which increases randomness (note that Eq. (2) for

the quenched mode] is strictly determinist) is the presence of a (centered)

white-noise additive term 5{") in the second member of Eq. (2}). No drastic
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influence is observed: if q,m is not too large, the same phenomena occur, but
in a smoother manper. In fact, a more general formulation of the pres?nt
mode] demands thel inclusion of terms of this type. It can be seen -that a
large variety of these coupled maps yield a value < p > (1) which satisfies a
logistic-like equation, thus exhibiting a sort of universal behavior.

Let us now discuss our numerical results for the mean value < p > (1)

and for the mean deviation

N
ot) = \J ﬁ,-):ho,“’— <p> () (6)

i=1
These quantities depend of course on the initial conditiohs {ri”}. We have
used a great variety of them, drawn from both large and narrow random
distributions in the interval [0,1]. In all the (generic) cases, after a short
transient, the system “forgets” the initial distribution of {p!}. So. for con-
venience, we have chosen to work sistematically with {p!”} drawn from a
white-noise distribu’tion in the interval [0.1]. Clearly, < p > (1) and o(1) also
depend, in principle, on N. We have varied N in the range [30.3000] with no
significative influence. We have consistently chosen to work with N = 300
(which, by the way, coincides with a reasonable order of magnitude for the

number of brokers in a typical stock exchange). We have also verified that
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the particular shape of distributions { Da(0:), Ds(Bi). D4(%) } is not very
important, their influence being very well characterized through their mean
value (@, A, 7) and their widths (W,, W, W) Consequently, for conve-

nience, we have chosen to work with (a;, i, ) independently drawn from

white-noise distributions in the intervals @ — %‘l < aq; € @ 4 L‘éﬂ,
B——%ﬁ < B+ 2,’7-—- 22 < ¥ 5-5+Hélrespective}y.'l"o

illustrate the most interesting situation (i.e.. chaos) we have mainly worked
wWithd = B = 7/2¢ (1782 and W, = Wy = W,/2 €0.02)
Finally, since the effects we want to emphasize are more clear-cut for the
a.nnealed model without noise, we have primarily addresbed this case. In
Fig. 1(a) we show a typical time-dependence of < p > (t) (corresponding to
a=p8=772-= 1.85); although W, = = W./2 = 0.2 was in fact
used, the situation is practically the same for, say. W, = Wy = W, = 0.
In Fig. 1(b) we represent, for the same two situations, the time evolution of
o(1); we see now clearly the influence of the widths (W,, Wa, W)

It is now convenient to introduce the stock collapse index (1} as follows:

) {1)
oty = (=N cqo,1] @)

N

where N%" (Nf')) is the number of brokers whose p{"! is above (below).1/2,
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i.e., who basically want to buy (not to buy) stocks. In practice, Nl(” +
N = N (V). x(1) vanishes if the brokers are equally distributed above
and below p{*) = 1/2; (t) equals unity if all the brokers have simu]tane;)us]y
the same wish, either to buy or not to buy. We show in Fig. 2 a typical
time evolution of x(t) (corresponding to@ = g = 5/2 = 1.9 and
W, = Wy = W.,/.2 = 0.1).

The time average ¥ of the stock collapse index is given by
1 g |
E= E;E:;qty - (8)
t=1

We have chosen T = 100 to be a typical value (which._? in fact, correctly
represents the T — oo limit). We present, in Fig. 3. % as a function of
W, = Wy = W,/2 = W foratypical case (& = 3 = 5/2 = 1.85) and
for all fopr cases, annealed or quenched. with or without noise. We clearly
see that the risk of collapse of the stock market is smaller for human brokers
(large W) than for computer brokers (small W).

To summarize the present work let us recall that the nonlinear dynami-
cal mode] proposed through Eq. (2) (either in its quenched c;r its annealed
version, with or without additive white-noise randomness) (i} presents the

typical chaotic-like behaviour associated with the time evolution of stock ex-
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changes, (ii) exhibits that computer brokers(parrow disl-ributioﬁs of the ex-
- ternal parameters) practically share, after a short transient. the same wishes
Ge.,pl m<p> (t), V1), and (jii) exhibits that computer brokers can more
easily destabilize the stock markel as compared to human brokers (large dis-
tributions of the external parameters).

Let us conclude by mentionning that the present simplified model could
be éuite naturally extended to more realistic ones along the following lineé:
(i) A term like §iz2y TN, p; could be generalized into N5 Lo 3i;p, (anal-
ogously for the y-term);

(i) Stocks of an arbitrary number of companies (and no,i;.\ only one) could be
focused, and those companies could be not very big ones;

(iii} Distribution (1) could be generalized into

PO(X) = g%8(X +1) + (1 - 5" = ¢)6(X) + p{6(x 1) .

being possible, for each broker, to buy stocks(X = 1), to sell stocks(X = —1),
or not buy nor sell( X = 0).

(iv) The broker population could be formed by, say, two constituents, for
instance, both “computer” and “human™ brokers. In this case. W would

become a random variable itself determined by a distribution law such as

R(W) = (1-r)6(W ~ W)+ r§(W ~ W3), with, say, 0 < W, << W, and
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0 €r <1

(v) A term of the type § }v 3 E#, — p;) could be, as already mentionned,
included in Eq. (2). This would turn the situation into a more symmetric
one; one would, however, loose the p;, = 0 fixed point.

As a final remark, we might say that the present work gives guantita-
tive substance to the well known Keynes’ observation'[g]{on a similar phe-
nomenon) “It is interesting that the stability of the system and jts sensi-
tiveness to changes in the quantity of money should be so dependent on the
existence of a variety of opinion about what is uncertain. Best of all that we
should know the fulture. ‘But if not, then, if we are to"{s;ont.rol the activity
of the economic system by changing the quantity of money, it is important
that opinions should differ. Thus this method of contro] is more i:recari_ous
in the United States, where everyone tends to hold the same opinion at the
same time, than in England where differences of opinion are more usual”.

We acknowledge very fruitful remarks from M.H.Simonsen, R.Guenzburger.

P.Tafner and D.Ellis.
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CAPTION FOR FIGURES

L]

Figure 1 - N = 300 annealed model without noise fora = § = 7/2 = |
185and W, = Wy = W, /2 = W: (a) <p> (1) for W = 0.2; (b} a{1)

for W = 0.2 (full circles) and W = O(empty circles).

Figure 2 - N = 300 annealed model without noise forad = § = 7/2 = 1.9

and W, = Wy = W,/2 =0.1: time evolution of the stock collapse index

k(1).

Figure 3 - The time average stock collapse index % as a function of the
: L
width W, = Wy = W,/2 = Wior N=300and =3 = 7/2 = 1.85:

@ annealed without noise, © annealed with noise (Iq,w] < 0.1),

aquenched without noise, A quenched with noise (5!”| < 0.1).
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Figure 1(s)

1.0 — .
_.__' ..‘. .‘0. .. ' o® o°
® o o
6 o, o
| @ ® ®
0.8 _.:p" q‘:b'. ° ° .'.;
o ( 2PN -
® ® o -
0.6 + .. ® ¢ - o
. | . ® .. ° 2
. R JE
® ®
0.4 | ¢ ® o i -
IS A ~.
lo ® o ° ® P
C ' ®
0.2 b ® 4
® ® ® ,
° ° o
® *" o . o A
|® ® ®* ¢
0.0 1 - L i e ) :
0 20 40 60 80 100




()

13-

CBPF-NF-005/93

o]

NEREEENE NN AN

Figure 1(5)_- . A




1.0 powaw

wllm

'CBPF-NF-005/93

Figure 2

."W- -
* .
. * .
0.8 |- ..-
.
0.6 ¢+ . )
°
-~
B
-
¥
04 I ]
. ot .
.
02 - ] .
* . . .
°* *
0.0 &— ; —l : n
. o 20 40 60 30 Too




CBPF-NF-005/93

-15-

® IOp

0 ¢ D

“T00 01 02

Figure 3




'CBPF-NF-005/93

-{6-

References

[1] P.W.Anderson, Proc.Nat.Acad.Sci.USA 80, 3386(1983); C.Tsallis and
R.Ferreira, Phys.Lett. A 99, 461(1983); H.J.Herrmann and C.Tsallis.

Physica A 153, 202(1988).

[2] G.Weisbuch, J.Theor.Biol. 143. 507(1990); D.Chowdhwry and
D.Stauffer, Physica A 186, 61(1992); R.J.De Boer, L.A.Jegel and

A .S.Perelson, J.Theor.Biol. 155, 295(1992).

13] J.Hofbauer and K.Sigmund, “The Theory of Evolution and Dynami-
‘cal Systems” ( Cambridge Univ. Press, Cambridge. 1988); J.Maynard
Smith, “Evolu;ionary Génetics” ( Oxford Univ. Press, Oxford, 1989);
G.Cocho and G.Martinez-Mekler, Physica D 51, 119(1991); G.Martinez-
Mekler, G.Cocho, A.Gelover and R.Bulajich,‘ Rev.Mex.Fisica (Mexico),

38 , Supl. 1, 127(1992); C.Tsallis, to appear in Physica A(1992).

[4) M.Mezard, G.Parisi and M.A.Virasoro, “Spin-glass Theory and Beyond”

(World Scientific,Singapore,1987)

[5] P.W.Anderson, K.J.Arrow and D.Pines, “The Economy as an Evolving

Complex System” (Addison-Wesley, 1988).




CBPF-NF-005/93

gl o

[6] J. A. Scheinkman and B. LeBaron, The Journal of Business §2. 311(1989);
J. A. Scheinkman, The Economic Joumnal 100, 33 (Conference 1990);
P. Bak, K. Chen, J. A. Scheinkman and M. Woodford, National Bureau of
Economic Research, Working Paper 4241 (1992). |

[7] K.Kaneko, Physica D 34, 1(1989) and 37. 60(1959).
(8] M.J.Feigenbaum, J.Stat.Phys. 19. 25(1978). -

[9] J.M.Keynes, “The General Theory of Employment Interest and Money ™.

page 172 (MacMillan and Co., London. 1949).




