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1. JINIRODUCTION | , |
Let E be a complex Banach space and H(E) be the locally.

convex space of all entire complex-valued functions on E. &iven
& convolution operator O in H(E), that is a continuous 1iﬁonr
mapping of H(E) into itself commuting with translations in H(E)
by elements of E, we are interested in proving that every soclu-
tion f in H(E) of Of = O may be approximated by finite sums of
solutions in H(E) of the same equation which are exponential~-

polynomials. Technical difficulties that thus arise on the dual
space B' lead us to introduce the locally convex space H.(E) of

*  lecture at tho Golloq.liun on Nuclear Sp.eu and Ideals in Qperater
Algebras, Warsaw, Poland, June 18-25, 1969 to sppear in Studia Mathemat
ca. Attendance to the meeting was made possible in part by a grant frem
CAFES, Rio de Janeire, GB, :
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tvo n‘i‘hural

‘all nuclearly entire functions o Be’ rmq um’__’
candidates for the definition of H”(B); it i.l ‘not’ ‘¥nown so far
whether they do coincide. One or,those caua_idates is a
particular case of Hy(U3F) as defined in [Q} When U=E, F = C
and the ‘holomorphy type © is the nuclsar typou The other
candidate was introduced in [6]. The 1nd£¢a‘k.d approximation
‘;fiea&td tn [6]; see
‘also [4] for the so-called nuclearly: bounded case. Known

theorem is known to hold true fm' w;

properties and open problems conceraiag tbt laeallar ~ convex
spaces H(E) and Hy(E) have been conildtr‘d Qnd lndicated. To
treat them in a unified vay, the ccneopt of a holonorphy type
® from E to another complex Banach space: ! (V‘hlch was assumed

to be F = C in the preceding considenaxious)'?Vfiiatroduced It

is a sequence of Banach spaces: pe<“sgr), ss&h cf whieh is a
vector subspace of the Banach space P(EE;F) af &11 ‘continuous
m~-homogeneous polynomials from B to Fy tor w 3 0, 1.--0, certain
additional technical conditiens being 1uposed; lea §2 below,as
well ag [5]« It is then possible t!p define md !;avastigate the
1oca.11y convex space Hg(U;F) of all’ mappma er 9-aholomorphy
type from a non-void open subset Uef B mw !‘. ‘bhus subsuming
the current case H(E) and the nuclear case X, ( El when U = E,
F = C and the holomorphy type © is tﬂ%w tha Ghr!'int " or the
nuclear type. This has been done 1:: tho’a&u»af"ene ar the
candidates for the definition of ﬁi 4

for details. As to the case of ‘kht&thﬁ




HofB;F) has been made in [Z] under the restzictiow thwt ¥ = E.
The results thus obtained are quite intn‘r'estiux and include a
proof of completeness of Hy(E;F), which is differemt from the
one &escribed below for the current type, when the twe camdidg
tes for the definition of Hg(E;F) do coincide. We refer to 6]
and [2] for details. Reference is made ence for all te [5] for
general notation and taminolegy.

Let B and F be complex Bamach spaces sad P(E;®) be the
Banach space of all continuous m-homogeneous polymomials from
EtoFy) for m = 0y lyeeos A holomerphy type © from E. to F is
a sequence of Banach spaces Po("EjP), for ‘E.wa-,az yooey the norm
on each of them being denoted by P = ||Pilg » suckr that the
following conditions hold true:

(1) BRach Pe(‘k;r‘) 1s a vector subspace of P(™E;F).

(2) Pe(%;r) colncides with r("k;r)’ as a normed vector
space. '

(3) There 1s a real number ¢ > O for whiech: the following
is true. Given any k = Oylyeec and m = Oylyeecep kS Mp X € B
and P £ Pg(™E;F), we have |

&r(x) & Pg(*EiP) |

1 4 ' .
—— ( n ° ) P 4 3 ..k P
“ 0 P(::)He $e. lipllg . lixb |
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The current hoiomorphy type from E to F is the holomorphy
type 6 for which Pe(mE;F) = P(®E;F) as normed spaces, for
B = 0ylyeeee On the other hand, certain questions in applicg
tions, concerning for instance convolution and partial diffe-
rential operators, Fourier and Borel transforms, distributions,
etc. in infinite dimensions, lead to important types of holg
morphy, such as the nuclear, the integral, the Hilbert-Schmidt
cases, etc.; see [6], [4], [3]. Let us review briefly the
definition of the nuclear type. If E' indicates the dual
Banach space to E, we shall have that (pn .y & (®E;F) for
every EB'yyEFandm=0ylyeeey '-;bere c,om +y denotes
the mapping x & E-'—-—*[tp(x)]m yEF. We shall represent by
Pf(nE;F) the vector subspace of P(™B;F) generated by all <pm.y
when @ runs over E' and y varies in F. It consists of those
elements of P(®E 3F) each of which may be represented as a
finite sum (‘Pl)m . y1+...+(<pr)m « Yp» where 95 € E' and Yy € F
for J = lye..y r. The Banach space PB(mE;F) of all nuclear
m-homogeneous polynomials from E to F is characterized by the
following requirements:

(1) PN(mE;F) is a vector subspace of P(®E;F).

(2) PN(mE;F) is a Banach space with respect to a norm
P | P| § called the nuclear norm, to be distinguished
from the current norm P> ||P| on P(™E;F). Moreover we

have ||P] < |Pll, if Pe P ("E;F).

(3) Pf(mE;F) is contained and dense in PN(‘E;F), with
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respect to the nuclear norm. For each PEPf('E;?), its nuclear
norm |P||y 1is the infimum of |, | SN § O I PR A

for all possible representations P = (tpl)m. Tptesot ((/r)". )
where ‘PJ € E' and yJe F for j = lyeceyre

3. IHE LOCALLY CONVEX SPACE HegU‘,FI

If U is a non=-vold open subset of E, we shall denote by
H(U;F) the vector space of all holomorphic mappings from UwF.
Bach f € H(U;F) has its differential &”f(x)e P(™E;F) at xe U of
order m = 0,1,.... If 6 is a holomorphy type from E to Py a
given £ € H(U;F) is said to be of 6-holomorphy type on U ir,
for every x £U, we have that |

d™f(x) € Pg(™E;F) for m = 0,1,...

and that the sequence

1 1/m
; H — anf(x)‘ for m = 1,2,.0‘
m) o

is bounded (in which case it results that this sequence is
uniforaly bounded for x varisble in a sufficlently small
neighboi‘hoogi in U of every compact subset of U). We shall
denote by He(-U;F) the vector subspace of H(U;F) of all such ¢
of 6=holomorphy type on U.

A -seninorm p on H‘(U;F) is saild to be O=ported by a compact
subset K of U 1f the following equivalent conditions hold:

(1) Given any real number € >0, we can find:a real
number c(€)) O such that
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xeK

o
p(£) ¢ cle) e 3 e® . sup
m=0 n.

l 'S
- dnf(x)n
e

for every fEHe(U;F).

(2) Given any real number <> O and any open subset V of U
containing K, we can find a real number c¢(€,V)> O such that

1 -
— a%r(x)

00
p(£)<LeleaV) « 2 _c® . su -
m.

n=0 Xt

for every fe Hg( UsF).

The natural topology Tw’e on HG(U;F) is defined by the semi
norms on thils vector space esach of which is 6-ported by some

compact subset of U.

Let nov K be a compact subset of E. If U; and U, are non-
void open subsets of E containing K, we say that f, € Ho(T, 3F)
and £, € Ho(U,F) are equivalent modulo K if f, and f, coincide
in some open subset of E contained in Uy n U, containing K. This
defines an equivalence relation on the union of all Ha(U;3F) for
U a variable non-void open su‘bsét of B containing the fixed
compact subset K of E. Each equivalence class is called a germ
from K to F of ©-holomorphy type. Let Hg(K;F) be the quotient
_spae@of the aforementioned union modulo the indicated equiva-
lence relation. Then HO(K;F) is a vector space in a natural wgy
so that each natural mapping Hg(U;F) —-PKQ(K;F) be linear,
where U is a non-void open subset of E contalning K. KNotlce
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that Hg(K3F) is the directed union of the image of Hg(U;F) by
HG(U;F) . He(K;F’) for U a variable non~-void open subset of E
containing K. .

If U is a non-void open subset of E and € > 0, we denote by
HQ’S(U;F) the vector subspace of HG(U;F) consisting of those f
such that

xeU | m!

00 . 1 -
i£ll 0,c = > c® . sup | — a®f(x)
n=0

is finite. Then He,e(U5F) is a Banach space with respect to
the norm £ —>| | o,c* Notice that, if K is a compact subset
of E, then He(K;F) is still the directed union of the image of
He’e(U;F) by Hg(U;F) ~—>H(K;F) for U a variable non-void open
subset of E containing K and €>0 variable too.

The natural topology Ta),e on HG(K;F) is obtained by
considering HQ(K;F) as the locally convex inductive limit ef the
Banach space He’e(U;F) with respect to the natural linear map-
ping Hy ((UsF) —>Hy(KiF) as the non-vold open subset U of E
containing K shrinks to K and as £>0 decreases. We then write

HQ(K;F) = 1lim He’e(U;F)
——
U=K

€20

5. INTERPLAY BETWEEN Ho(UiF) AND Ho(KiF)
Itis also true, for a fixed compact subset K of E, that the
topology Tm,e on Hg(K;jF) may also be obtained by considering
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HG(K;F) as the locally convex inductive limit of He(U;F) endowed
with its topology Ta”o with respect to the natural linear map~-
ping He(U;F) ——*—HQ(K;F) as the non-void open subset U of E
containing K shrinks to K. We then write

Hg(K;F) = 1im Hg(U3F) -

n—

oK

The following question theh comes up. We want to know
whether it is true that, given the non-void open subset U of E,
the topology Tw’e on He(U;F) may also be obtained by consider-
ing He(U;F) as the projective 1limit of HQ(K;F)\endowed with its
topology Tuue with respect to the natural linear mapping
HQ(U;F) -—v'He(K;F) as the compact subset K of E contained in U
grows to U. We then write

HB(U;F) = 1lim HB(K;F)-
P —

KcU
A partial answer to this question is known as follows.

If K and U are respectively a compact and a non-void open
subset of E, we say that K 1s a 0-Runge compact sub-set in U if
K is contained in U and the image of Ho(U3F) in Ho(K;F) under
the natural linear mapping He(U;F) -¢-H9(K;F) is dense in
He(K;F). Then, if every compact subset of U is contained in
another compact subset of U which is ©-Runge in U, it is true
- that Hg(U3F) is the reqﬁifed projective 1imit. A simple instance
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in which every compact subset of U is contained in another
compact subset of U which is ©-Runge in U is that when U is
;-equilibrated with respect to someone of its points 5, that

is (1-).)5 +Ax €U whenever xe€U, A€ C and |A] < 1. This is the
case when U=E and, therefore, the preceding considerations ap-
ply to Hg(E;F ). In the finite dimensional situation, the follow
ing facts are pertinent to complex analysis in several complei
variables. If K and U are respectively a compact and a non~-vold
open subset of C', then K is said to be a Runge compact subset in
U if the image of H(U3;C) in H(K;C) under the natural linear map
ping H(U;C) —>H(K;C) is dense in H(K;C); in this case we re;su‘:lct
ourselves to the current holomorphy type on C® for C-valued fung
tions. It is known that every compact subset of U is containedin
some Runge compact subset of U at least in the following note-
worthy cases: either U is ‘§-equ111brated with respect to someoﬁe
of its points gj,‘or else U is a domp;n of holomorphy; neither of
these two cases contains the other one as a particular instance.
Apparently it is a question as yet unanswered in the literature
whether every compact subset of a non-void open subset U of chis

contained in some other compact subset of U which is Runge in U.

The above conslderations have an application as follows. It
can be shown that Hg(KjP) is complete in the sense of Cauchy
under T, , and that Hg(U3F) is complete in the sense of Cauchy
under Tw’e tooy in case it is the required projective llnit,thk‘
being the case if U satisfies the indicated condition for compact
subsets which are ©-Runge in U. Completeness of Hg(U;iF) for an
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arbitrary open subset U of E remains unanswered if E is infinlite

dimensional.

* X ¥
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