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ABSTRACT
We consider a neutrino field self-interacting through Heisenberg's
fundamental equation. We show that it is possible to have a situation in

which the neutrino field behaves as an ultra-relativistic gas.

* Submitted for publication to Physical Review D.



7 -~ INTRODUCTION

It is widely accepted that there are three nuli-mass.partizies in
Nature: the photon, the gravitnn and the neutring. Frem thnse. *hz photon
ind the graviton are respect vely the quanta of the gusntized varsiun of the
Tang vAncz clectramammetic and grav*tat1nna‘ interactiona. Neut:~ind does not
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For the case of photons, the highly isotropic 2.7% background
radiation induces us to consider an electromagnetic gas in which its
anisotropic components are smoothed out. Conservation of the energy-momentum
tensor implies that the density of this ges varies inversely proportional to
the fourth power of the radius of the Universe a(t) in a Friedmann type metric
given by ds? = dt? - a%(t) do*. dg2 s a three-geometry of a hypersurface
orthogonal to the co-moving motion of the galaxies. By comparison with an
Universe filled with a pressure-free gas (incoherent matter) we cenclude that
an era of photon could have been possible at early times. The present value of

the matter density forbiddens photons to be the main responsibie for the

present curvature of the Universe.

inally we arrive at the neutrino case. The possible importance of

neutrino in Cosmology has been stressed by many authars (See Kuchowicz for an

“excelent review on Neutrino). However there are two great difficulties with

neutrino cosmology. The first is the iack of an explicit solution of the
combined system of Einstein and Dirac equations; that solution would make
possible the construction of a cosmological metric with neutrino 2s the main
source of the gravitational field. Second, we have no direct evidence of

extra galactic neutrino and even for neutrino coming from the sun (see Davis).

Irrespectly of this we will discuss an Universe filled with neutrino

_radiation.

If we believe in the current theory of weak interactions, our
Universe should be assymetrical with respect to left and right hand helicity.

Indeed, the maximal parity vioiation of ieptonic processes gives rise to the
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creation of left-handad neutrinos only. However, it is also our purpgose in
this paper tc anaiyse an Universe filled with neutrinos of both paiarizations.
The reason for doing this rests on a recent proposal ef Novelio and Rote11i{ ?)
of a cosmclogical dependence of weak interactions. These authors have shown
that in a Friedmann type universe the dependence of weak processes un  the
cesmoicgicat metric appears only as a. ‘me-dependent weighting 57 *he axial

vector curvert relative to the vector current. S$o, produced neut-inos and

anti-neutrings are admixtures of both left and r1ght hand poiarized states,

In scction 11 we present the equations for the neutrinc fieid
self-interacting through Heisenberg's fundamental equaticn. 3ecticn III deals
with the gas components of the neutrinc fluid as viewed by an chzerver travel-
Ting with a veiocity vector yH and we summarise the status cf the radiation
{rhotcn, neutrino) in our Universe. In section IV we study a cosrn73gy based
on the ultrarelativistic neutrino gas. Section V ends with the conclusions of

the whole work,

IT - NEUTRING FIELD

The equatipn of the reutrinn field is abtainad from thz Lagrangian

g i Ly

- L. \ \
(13 2o = VE3 Yk} vUIR) D wix]
-

whevae g iz ths determinant of ¢
v
elated to the metric tenser qUV\X‘ through the anticommutation rgiations

Y

i yMix} are the generaiize ed Sirzc metrices
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Du Y is the covariant derivative given by

Tu(x) is the so-called internal connection. If we assume that the covariant

derivative of the +y's are null* s then we obtain
(2) Y'(x) D; ¥(x) =0
The energy-momentum tensor Tuv js obtained through the relation

(3) 5 f /g5 L d'x= f AT 89 d'x

and we find

(4) ST T YDV r w Y D - (D )y, - (DY) v ¥

The difficulty in selving the coupled Einstein and Dirac's system of
equations rests basically on the intrincated structure of the covariante
derivative. Recently, Inomata(a) - has called attention to a very powerful

simplification that is obtained by imposing a restriction on the solutions of

* Usually it is not made clear enough that this is an additional hypothesis

in the theory. See (2) for a complete discussion on the subject.



equation (2) through an additional constraint given by

— - A
(5) Dyv= (b, ¥ Y- @ Yo Ys¥) Y Y ¥
where

You = Yo Yy TV Yy

The origin of this expression rests on Heisenberg's fundamental
theory of matter. Inomata has used an energy-momentum tensor (4)submitted to
condition (5) in order to be able to elaborate a geometrization of the
neutrino field through Rainich's scheme (already unified model). It is not
our :urpose here to consider the geometrical aspects of the above model. Our
intciost on it is limited to the simplification that it can introduce in a

discussion of neutrino radiation as source of the cosmological metric.

IIT - THE NEUTRINO GAS

It is a well known result that the energy-momentum tensor can be

split with respect to a velocity field v by

= - + -V + I
(6) Tuv o Vu Vv p huv q(u V) -

where



4]

where -
qu V=0
I, V=0
(7) L v =0

Xew Yoy = X0 Yo * XK Y,

The physical meaning of the quantities appearing in (6) is clear:
p 1is the energy density measured from an observer that moves with velocity

Ve 9, is the heat flux; Huv is the anisotropic pressure and p is the

isotropic pressure.

Let us performe this decomposition in the case of neutrino presented

above.

We define

(8) ZAu = vy, ¥

0
>
=
[
<
<
>
=
<
<
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(9) -iT = -7 7 +q @

1

A straightforward calculation shows that it is possible to decompose | (@

)
Al A

in an electric "):A (Q)\) and a magnetic part €, (x,) such that

I =1
A AB
(10a)
= 1 w B
& = E Mg v ZW
and
_ B
Qk = Q)\Bv
(10b)
_ ] Wos
where Tngys /-q €aBys * Sopys 1S the Levi - Civita symbol. Indeed wk
have
' o= - _ po
(11a) zw ==V D,V zu oV e
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. o _ .
(11b) R, =-V, 9 ¢+ ‘vv 2 Ny Y Xg

Then, putting these results back into equation (9) we find

2
- i o= I02 - - -
(12) PT, =V Y, @ o} Zu L * 9 2, €, &, *

A0B v

Xy Xy = Ny n vaA{QA Xg ~ zk g }

2 2
+ huv {e? - x*}

Let us analyse this energy-momentum tensor as the source of the

curvature of the Universe.

There may be a cosmic Heisenberg neutrino gas at all wavelengths,
similar to the existence of the cosmic background photon radiation. What
could we say about the behaviour of the different parts of the enerqgy
momentum tensor after the completion of the summation over all components
present in the Universe? At this point one should inquire the experimen-
talists. However the present state of art of experimental neutrino astronomy
is not yet capable to help us. So, one is obliged to find some other

radiation process from which to extract any information that may gquide us

. into the subject.

Photon radiation, the 2.7% background radiation, is a natural



candidate. What do the experiments tell us?-

The observed high degree of isotropy present in this radiation shows

that by summing over all components the anisotropic part must vanish.

An inspection of the value of the anisotropic pressure for the
electromagnetic field enables us to write that the electric (Eu) and the

magnetic (Hu) parts when summed over all components have the value

&

k h

(13) Eu Ev v

x
pm o
1}

N £ huv

where k and 1 are functions of the global time.

Indeed, (13) is sufficient to annihilate the anisotropic pressure

given bv

(EM) 1 ez, e ] i
(]4) Hu\) = 3 (E + H ) hw EU E\) H]J H\)

We find for the density PEM the value

(15) ooy = 4 (B2 + H2) = 3 (k +2)
(EM) ~ 2 2

and for the isotropic pressure

O
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This shows the correct equation of stat p =-% .

The above result induces us to try analogue relations for the

Heisemberg neutrino gas:

Xu I, = @ h

o, %, = bhy
(17) €. €. = ch

[ ™

Then, after a straightforward calculation and by means of equation
(9) and using the decomposition (6) we find for the density Py, and the

pressure p the values

3(b - a)

©
n

18)

=}
]

a-b-2(c-d)

Furthermore, the anisotropic pressure vanishes indenticaly.

If we further have

(19) c-d = m(a-Db)
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we ohtain en aquation of state given by

4

(20} p= % (2m-1)

Th= sbove relations show that different distributions of the
components present in the neutrino gas induce distinct behaviours of the whole
fiuid. This s<tuation is nct possibie to be attained with the photon gas -

’

- and the reason rests on the absence of self-interacting mechanism on it.

wo particular cases are of special importance. The first one,

for m =1 - that gives the radiation equation p = -% ; and the second,
for m=2 -~ that gives the behaviour of an ultra-rejativistic gas, p = p.

In the next section we will analyse some details of having case 2

~in cur Unive=se.

- IV - +0SMOLOGY BASED GN THE ULTRA-RELATIVISTIC GAS -

The main difficulty in finding the metric of an Universe filled

'solely with neutrino rests on the nondiagonality of its energy-momentum

tensor. This difficuity is by-passed here and we try to find a Cosmotogy

Tor the ultra-reiativistic gas in which ieft and right handed neutrino are ’

*
present

We write

r21; ds* = dt® - a?(t) {dx® + dy* + dz* )}

* Expression (5) s non-null only if we treat neutrino as a four-component

object
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Einstein's equations take the form

a.2
(E) = '§'
(22)°

a 4,2
—_ 4+ (= = -
2 - ) P
(a dot means derivative with respect to t ).

A solution of equation (22) may be easily found under the form

(23) a(t) vt /3

and for the density we obtain

(24) p =

aa

In this case the deceleration parameter q defined by q = - 2772
a

takes the value 2.

V - CONCLUSION -

The above model of a self-interacting neutrino gas, based on

Heisenberg's fundamental theory, gives an example of an ultra-relativistic

gas.

Furthermore, from equations (23) and (24) we can evaluate the
present density of this hypothetical gas in our Universe. Taking the age of

the Universe as 7 x 10° years we find that the neutrino density attains the
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value 10°°° g/em’ .

So,'one arrives at the result thai this ultra-relativistic gas could

dominate the whole history of the Universe until our days. However, we have to

wait until experimen£a1 neutrino astronomy can decide about it. Or try to
justify, by theoretical means the reasons to believe in the cxistence of such
Heisenberg neutrino gas in our Universe. This situation is very similar to

the search for the mechanism of isotropization of the photon background
radiation.

So, if this is the case and an invisible neutrino sea is the main

responsible for the curvature of our Universe then Heisenberg's fundamental

equation should have a role in Cosmology.
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APPENDIX

In this appendix we want to make some comments concerning the
inevitability of a singularity origin for the Universe. In its modern version,

this situation is represented by the existence of the theorems of Penrose et

al.

In all of these theorems there are some hypothesis concerning

inequalities satisfied by the Hensity and pressure of matter. They are called

the energy conditions:
i) p + p> 0 (weak energy condition)
ii) p + 3p> 0 (energy condition)

In the case treated in the present paper of a Heisemberg neutrino
gas, condition i) is satisfied if p >0 and m> - 1 (see equation (20)).
Condition ii) will be satisfied if p>0and m> 0. A simple inspection

shows that we can violate one of these inequalities without violating the

other.

So, the conditions of the singularity theorems are not fulfilled

by the neutrino gas treated here.
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