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ABSTRACT - We discuss the construction of field strength
copies without any gauge constraint., We give
several examples, one of which is not only a
field strength copy but also (at the same time)

a "current copy".



The question of the existence of two or more potentials
not connected by any gauge tr&nsfbrmatian giving rise to the
sﬂmé'field strength, has lately received some attention. First,
some examples were given [1,2] on those so called "field
strength copies". Later, a necessary condition on a field for
the existence of copies was also examined [?,3,4,5] and the
known familieg of copies were also extended [ﬁ].

In a recent paper M. B. Halpern [7] discusses the
general problem of the construction of all finite action
gauge copies which ean be simultaneously represented in the
temporal gauge (A,=0]. Copies not beloﬂgﬁng‘simuItFﬂeausly to
this gauge are seen from it only as "action copies" losing
their property of having the same field(see reference [21: s
He alsco siresses the importanece af.copies for "enhacement" of
the corresponding action contribution to path integrals, over
the non copied contributions.

.In this paper we propose to pose and discuss the
problem in a general way, eo that we will be conceptually
able to find all copies regardless of gauge conditions or
finiteness of action. To give up the gauge condition is equivalent

to find in the temporal gauge all potentials satisfying:
Fuqu} =U " F (Al U

with U arﬁitrary element of the gauge group. All pairs Au,
ﬁufﬂﬂ = Eb = 0) satisfying that equation are action copies in
the temporal gauge. For the particular case U =1 they become

field strength copies (in the same gauge).



Some actual solutions will be given, including as

particular cases, all examplees known to us.

(1) (2)

For the potentials Au and A ¥ to have the
game field, they must satisfy [.-FJ:
(1) (1) _
Fo(b) + Eu x ﬁﬂ - Ev 3 au:[ =0 (1)
where
e - T ¢
ﬁu —Au Au (2)
i 4 (1) (2)

Instead of characterizing the copies by Au. and A,"" we can
equivalently take Eu (eq.(2) ) and .

. (1) (2] P &2 1
we have:

ﬁu_’u - ﬁu,u + E:u,e{] - Ei\i"ﬂl-] = 0; mu’u: 08,1 (4)

We note first some general properties of eq. (4).
Ir) 1f 5uand A are solutions, then e ﬁuand Au are also
" .

solutions fc=arb£frary eonstant). II) If ﬁu: auﬁ, then A =0 is&
. H

a solution implying Aiij = = A(EJ (this 18 example 3 of

reference [{D. III) When ﬂu: y? auU (pure gaugel), then Au =

1 . o . -
- ﬂu 18 a (triviall solution, but from point I, we get the

i -1 .
new solution A = e U u, ( =
I I u au quasti pure gauge [8] ) Au
— U Bu U, which is example 1 of reference [2]. Example 2



of the same reference is a gauge transform of this case (see
rET J. IV) In SUC2) , wheﬁ U= g = g . Q(x}, the solution
obtained in III 18 not a true copy (A1+ A i8 a gauge transform
of Al[ﬁ]J.In this case 1t 18 not difficult teo see that a
solution is obtzineq by taking Aﬂlj =800, and ﬁu =

1

. 1
—— oo _+0a with - = - g -
3 R u 2 t auju “u,u 3 @ urﬂ’u WV

) (see reference [B]) The example of reference[1] is a

a a
!“ Ju
particular case for n = r/r.

Now we come to the general method.

The -~space components of (4) ave:
] - I:AJ_, Al =0 (5).

which ean be written as:

a ab bk _
B . * akj Aj P fEJ
where
a _ a
and

ab _ be e
82 = 1° erin %5 (8)

b
ffﬂ ¢ are the structure constants of the gauge group).
' The other components of (4) can be written in the

form:



" TP a be .. B & . B e
3,0%= 3, A7, + F3°C (4 s BTy = 87 A% ,) (9)
(6) and (9) are the fundamental equations. They allow ue to
develope "a constructive method féh~the solution

of our problem. We consider (6) as an algebraic
equation for the determination of A"Ti and (9) as an evolution

equation. In fact, given the arbitrary funections ﬁaifr K taJ

as an inttial datae for the time tys and also the arbitrary

functions A%, (r , t], A% (» , t), for -alltime t, then it is

=] 0~
easy to show, by using repeatedly (6) and (9) that one can

compute (in prineiple) all derivatives of ﬂai and Aa£ at t=t;,,

thus allowing the construction of ﬂdifg s t) and Aa£ (r , t).

Inparticularif one choses ﬁaa = Aaa;
a

o s a E Re 2
.%ﬂ.,:"“‘-ﬁ'--54:{'?3:“—51:*'5.“*aJ and of course

0, one obtains from (9),

le"r,t}:éﬁ(r,tﬂﬁ Now, when @ = Det ﬁgg f 0, eq. (6) has a

untque solution Abj independent of time. Then i1t 18 etither
trivial (pure gauge) or the action can not be finite. So, when
a finite action solution is wanted the determinant @ must be
zero., Then Halpern results follow [7] (in.particular ﬂi 18 a pure
gaugel. Inversely, when .ﬂu i8 a pure gauge in SU(2), a coordi-
nate system can be found in whieh ﬂazﬁ?, then if@f 0 the solu-
tion found in point III ig unique (infinite action). If@ =0
there exists a functional relation between the three parameters
of the group. Then only two (or one) of them can be taken as

‘independent: UEU{'uI, ﬂ‘.gj, and

5’:: U-—I{ al ui 4+ U _32'}

Eul st 31::2 s (10)
_ (1) (2)
By = Mpqy) o3 * Mgy a5

(with obvious notation).



fhe matrixz (8) is then (for SU(2) ):

ﬂab _ _abe

’ = g (1) , w2 . af2) ) (11)
ki

¥y 2) % ,1

e
Sk M)
Asﬁa:ﬂ, the solution of (6) are the zero eigenfunctione of (11),

namely :

(2)  .a (1] | (1) _ a . (3)
Mig) @ x5 Mgy o g s My el - Mi,e % (12)

The general zero eigenfunction ie given by a linear

combination of these solutions, the three coefficients being

arbitrary funetions. For example, when Ei — 4 Hiu (0 = 0. n ;
2

n“ =.1), the three zero eigenfunctions can be written aslnot swummed.)
o’ n%i- o n? nJi (7=1,2,3). The family of point IIT takes then
> >

the form (A=c o ':}T:UJ

I |
A, —-E-H (s ]

: . + L(od ¢J nj.—tJnJ ¢Jn{3f¢3 are three arbitrary
J e *

s 3 T 3
funetions).

When U dependson only one function, U=U (a), eq. (10)

reduces to

A, = Mo : (13)

M a, ; ¥ a (14)
E ]

{a£ = arbitrary veector field; N? arbitrary funetions)

The general zero eigenfunction is a combination of the funetions

in (14)



It ean be directly verified that the four dimensional
form of (10) , (12] and (13) , (14]) are solutions of equation

(1). The latter solution, which we write in the form:

V= o (z) M (o (z) ] + o (z) N(z) (15)
u u sH
has some interesting properties:
12%. Por each choice Mlal, alz), au[mJ and N(xz), the potential
(15) has an infinite set of copies given by:

2) '
If— {au + fla) e I M+ @ N (16)

where flal Z8 an arbitrary function.

3“—&: If a, 15 chosen as a fized vector, as n, ;uEul’E--&:} with
EF _ a@sa a fixed vector, qnd finally N is taken equal to M(al,
then we obtain example 4 of reference [2].
3£i; I a, is set equal to zero, then (15) reduces to
V= o Hz) | (17)

and the copies are given by

EL‘?&J a (Bz) + L (a) ) (18)

>
where L{a) Ze an arbitrary matrix funetion of <te argument.This
family of copies hae a§many arbitrary functions faf a) as there
are generators of the gauge group (three for SU(2) ).

4th, 1¢ a, =0 , and N(z) = ¥(z) M(a) then (17),(18)take the form:



(1) (19)
du ¥ .uJ]-' M

AL (v i () ) o M (20)
" W

from them we ecan find the field:

= - = M f21)
Fuu rT,uu,u ¥ v u‘uJ M guv
and the sourece
iy% By B I:.Jlu, Fw]
& g ' (22)
Jv = Gy, u ¥ * ayy 4 ¥

Now, whatever the form of f(al, the potentials (18),
(20) have not only the same fﬁeld strenght but also the same
current, Note that there is no possibility of (18) and (20)
to be connected by a gauge transformation (except in degenerate
cases) as M° can be taken to be unity, then for such a
transfbrmation-tc exiest 1t must commute with M (as (21) 1s
invariant) and also with M' (as (22) is also invariant) and that
is impossible. Note also that (12) and (19), when the al%/ are
funetions of only one variable, contain as particular cases the
examples given in reference(7). On the other hand, if the o, s

are function of the four variables then thoese copies are not

tneluded in Halpern's conetruction,
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