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It is shpwn in this work that the spiral orbit spectrometer has
a_ring focus necar the stable orbit. Taking advantage of this property
by means of a cylindrical slit, the charactéristics of the spiral orbit
spectrometer can be greatly improved,ffFor a particular case studied,
the transmission as a function of the linc width is given by T = 0.7Wl/2

for a point sourcee.
La Introduction

The spiral orbit spectrometer was first built by MIYAHOTOI, and
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i1t4 theory was developed by IWATA, MIYAMOTO and KOTANI®. Spiral orbit
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spectrometers have been built and used in Japan:3and in Berkeleylﬁ SAKAI

has made a study comparing the three types of spectrometers known up to
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now, and in his work he arrives at the relation T = O,O??Wl/2 between

the transmission and the line widtﬂAfor the spiral orbit spectrometerf

In this paper we are going to show that there exists a ring focus in the
spiral orbit spectrometer, and that by using this property the cdharacter~
istics of the spiral orbit spectrometer can bhe improved about a factor

of ten from the relation found by SAKAI. |

Let us suppose that we have a cyiindrically symmetric magnetic
field which is radially decreasing, and let us call the median plane a
plane perpendicular to the axis of cylindrical symmetry and midway be-
tween the pole faces of the magnet that produces such field. Wo will
use a system of cylindrical coordinates with the origin at the intersecc-
tion of the median plane and the axis of cylindrical symmetry, with the
z«axis coinciding with the axis of cylindrical symmotry and pointing up-
wards. In such a magnet the vertical component of the magnetic field in
the median plane can be written as Hz(r,o) = Hof(r), where f(r) is a
function of r only and it is equal to one when r is equal to 0, and H,
is the value of the field at the origin.

Once the field is defined in the msdian plane, it can be computed
anyvhere else by the relations div—ﬁ'= 0 and curl??==(h, If the ficld
is decreasing, one finds then that for particles which are moving outside
the median plane, the radial component of the magnetic field produces
a restorihg force that accelerates the parficles towards the median plane.
This force is the one that produces the ring focus.

If a source that emits-moﬁoenergetic electrons of mass m, charge

e, and velocity v is placed in the origin, the electrons emitted in the
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median plane will approach asymptotically to a circle with its center

- a4
at the origin if for large vlaues of the time t,§£ and 42X go to zero.

2
These conditions imply that for a dertain value R of r,dzhe followi ng
relation holds J R Rf(R), end that H, should have a value Hg
given by the reigtion Hy = mvR / e # rf(r)dr. The first of these two
relations is the condition for the gxistance of a stable orbit, and R is
the radius of the stable orbit. The condition of the field being radially
decreasing is not sufficient for the existance of the stable orbit,.

Ve can define a Cimensionless parameter k by the relation Ho= klig
and, if one malies a plot'of the fraction of the number of electrons which
arc emitted from a momoenergetic source and received in the detector as
a function of k, one obtains a curve called the line profile. The meaxi-
mum value of this fraction in the line profile is called the transmis-
sion T, and the full width at half the maximmum is called the linc width
We TFor these and other definitions related to beta-ray spectrometers
we follow FRISCHé. |

2. The trajectories and the ring focus .

The difficulty of studying the properties of this machine is due
to the'impoésibility of expressing the solutions of the system of dif-
ferential equations in terms of known or common functions. For this
reason we decided to solve them numerically. W¥We chose for f(r) the
function f(r) = 1 =- 2r2/3R2 in the region from r equal to zero to r
equal to R, where f /53 constant length. This function is mathemati-
cally simple for the numerical integrations, and it seems that it can

be made by suitably shaped pole faces without too great difficulty.
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Uith this ficld it can be shown that for clectrons emitted in the
mecdian planc the stablec o}bit is given by » = R and that HS = 3mv/cR.
c made R = v = 1 to simplify thc equations. The vertical and the ra-
cial component of the ficld at any point arc given respectively by
Hy, = KH (1 - 2r2/3 + 2z2/3) and H, = ;ukHSrz/3.

The differcntial cquations for the trajectories wore left in the

following form:

Qe
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dr\* ,d8) [z
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The trajectories were integrated for various values of the angle
ﬁ"which the emitted clectrons form w th the median plane at the origin
énd for sevecral values of k. We calculated with k¥ = 1.0000 trajectories
vi th sin{}) cqual to 0.0000, 0.,0100, 0.0200, 0.0400 and 0.0600. Ve also
calculated for thesc samc angles and valucs of k ranging from 0.9950 to
1.0050. The romaining trajectories neccded for the problem were found
by interpolation. The numeridal integrations werc carricd out by ifilne's
mothbd starting with a Taylor's cxpansion. The interval of t used was

0.0500 or 0.1000 and we carricd four decimal places.
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In Figure 1 arc shown the stable orbit anc scveral trajcctorics
of diffcrent values of k and sin!} + HNoticc that for k greater than
one all thc trajectorics comec back towards the center of the machinec.
For k loss than one, the trajectories come back towards the center if
1 - k is less than sin2(3 /2; they approximately coincide with the
stable orbit if 1 - k is equal to sin2 ﬁ)/ 23and they go beyond the stable
orbit if 1 - k is groatcr~than sin?(}/Zi In Pigure 1 is also indicatcd
the position of the ring focus.

In Figurc 2 wec show z as a function of r; the ring focus is cvi-
dent from this figurc, beins located botwoen the valucs for r of 0.9
to 0.95. By cxamininc closcly the region of the ring focus, we found
the optimum location of the ring focus and its aperturc as a function of
the maximum valuc of sin CB that is allowcd to pass, and they are shown

in Table I.

3+ The characteristics of the spectrometer.

In Figure 3 we show schematically the spiral orbit spectrometer
using ring focus, the aperture of the slit in the ring focus is narrower
than shown. The pole faces should havc such shapec as to produce the
desired field. The sourcc is at the origin. The cylinders A definc a
slit which gives the maxirmm value of {5 that is allowed to pass. The
spirel baffles L should extend from A to C. They should have the samec

shape as the trajectories in thc msdian planc w th k equal to 1; and

They will serve to sceparate positrons from clcetrons. Tho hollow cylin-

ders C define a slit that corresponds to the ring focus, its radius and



apcrturce being those in Table I. We assume that the width of the de=-
tector goes from the ring focus to the stable orbit and that its height
covers the maximum valuc that z can have in this rogion. This meximum
value of z is 0,047 for sinf% equal to 0.0600 and it is approximately
pProportional to z. | |

We can see from Figure 1 that many electrons are not reccived in
the detector because they collide with the cylinders C. This situation
can be impraved by having two identical detectors at 180°, and we have
made calculations for this case too. Of course the best case would be
if one could have a ring detector, a ring of some detector Just slizhtly
wider than the slit in the ring focus and placed around it. Such de-
tector could possibly be made of a scin.illator pPlastic connected with
a light pipec to a photorultiplicr tube, We also made calculations for
the ring dctector.

In Pigure L are shown throc line profiles calculatod for one do-
tector, two detectors and a ring detector when the maximum value of
sin(B is 0.0500. For the other maximum values of sin{3 the line pro-
filés have similar shapes., The results of the transmission and line

widths obtained are shown in Table II,

lLe Conclusions

The relation between the transmission and the linc width derived
from the results in Tablo IT is T = 0,74 2 with ono detector; T = 1,002
with two detectors; and T = l.OSWl/2 with a ring detector. This means
that in this respect the spiral orbit spectrometer with ring focus when

used with one detector is slightly below the machine of KOFOED-HANSEH7
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and better than all the other machines we know, including those in the
review article of FRISCHé. Vhen the spiral orbit spectrometer with ring
focus is used with two detgctors or with a ring detector, it is also
better than the machine of X FOED-HAHSEN7 in the relation betwecn the
'transmission and the line width,.

The maximum transmission that the spiral orbit spectrometer
studied can give are 2.1% with one detector; 3.7, with two detectors;
and 7.07 with a ring detector. These value depcnd on thc value of Fﬁ
at which the trajectdry is tangent to the ring focus, and on the proba-
Pility of detcction whon the clectron is between the ring focus and the
stable orbit.

Wo have not examined the effect of the sourcec size on the line
width, nor we have examined other types of functions f(r) which might
possibly improve further the spiral orbit spcctrometer with ring focus.

In regard to the possibility of this machine’boing sucessfully
built, we would 1ike to recall that to make a ficld with the exact f(r)
i1s not nccessary, and the machinc will work provided its radial depene
dence fulfills the condition stated in the introduction. However, the
cylindrical symmetry of the ficld is much more critical for the function-

ing of the machinc.
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TABLE I

The optimum radius and aperture of the slit for ring focusing for several
values of the maximum sintg allowed to pass. The radius of the stable

orbit is unity.

P Se—— M = - -— “. e

Max. sin13 Radius (r) Aperture (2z)
0.0300 0.9476 | 0.0006
0.0lL00 : 0.9463 0.0016
0.0500 . 0.94l;3 0.003l;
0.0600 0.9419 ; 0.0060

TABLE II

The transmission and the line width for several values of the maximum

sin’} allowed to pass.

One detector Two detectors Ring detector

' T w iy w T w
0.0300 00150 0.00033 0.0247 0.00052 0.0300 0.00072
0.0L00 0.017L 0.00062 0.0296 0.00078 0.0400 0.00136
0.,0500 0.0193 0.00091 0.033L 0.00116 0.0500 0.00232

0.0600 0.0206 0.00111 0.0360 0.00148 0.0600 0.0034kL




The projection of the trajectories in the median

Fig. 1
plane.

siN B=0.0000
SIN #=0.0200

~ sINB=0.0400
sINB=

K=0.9994

K=0.9996

K=0.9998
= 1.0000
K=1.0002

STABLE
ORBIT



08 09 _ 10

0.7

\\;

0.4

0
0.3

— |

SIN @ = 0.0200

= 0.0400
0.2

3 = 0-0600

SIN 3 = 0.000
SIN @ =0.0100
@
B

SIN
SIN
0.l

2 1 1 8 1 |
~ 8 ¥ B & 8§ 8 8 39
Q Q = - o - o S
o o o © o k :
Fige 2 The nrojection of the trajectories in a rotating plane

containing the cylindrical axls and the electron.
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Figs 3

The spiral orbit spectrometer with ring focus, schematicallye
For description see text.
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Flge It The line profiles of

spiral orbit spectron
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