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Abstract
Effective macroscopic descriptions of quantum systems may involve loss of information
and can exhibit irreversibility, even when the underlying microscopic dynamics is unitary.
This motivates the investigation of how irreversibility can emerge from fundamentally
reversible theories. In classical statistical mechanics, Boltzmann entropy quantifies the
volume of microscopic phase space compatible with a macroscopic state. We extend this
notion to quantum systems by defining and computing the corresponding volume in Hilbert
space for specific quantum preparations and we use this volume to link to irreversibility
in closed systems undergoing effective evolution. Irreversibility here is defined by the
distance between effective states. We first examine the link between volume growth and
irreversibility using coarse-graining maps, which explicitly implement the micro-to-macro
assignment and induce effective irreversible dynamics. The same relation emerges for
ensembles of microstates constrained only by sharing the same expectation value of an
observable. Analogous to classical statistical mechanics, these results suggest irreversibility
arises from the growth of the volume of Hilbert microstates compatible with the observed
macrostate.

Keywords: Irreversibility. Effective descriptions. Coarse-graining maps.



Resumo
Descrições macroscópicas efetivas de sistemas quânticos podem envolver perda de infor-
mação e exibir irreversibilidade, mesmo quando a dinâmica microscópica subjacente é
unitária. Isso motiva a investigação de como a irreversibilidade pode emergir a partir
de teorias fundamentalmente reversíveis. Na mecânica estatística clássica, a entropia
de Boltzmann quantifica o volume do espaço de fase microscópico compatível com um
estado macroscópico. Estendemos essa noção para sistemas quânticos ao definir e calcular
o volume correspondente no espaço de Hilbert para preparações quânticas específicas e
relacionamos esse volume com irreversibilidade em sistemas fechados submetidos à evolução
efetiva. Irreversibilidade aqui é definida pela distância de estados efetivos. Inicialmente,
examinamos a relação entre o crescimento do volume e a irreversibilidade por meio de
mapas de coarse-graining, que implementam explicitamente a atribuição do nível mi-
croscópico ao macroscópico e induzem uma dinâmica efetiva irreversível. A mesma relação
emerge para conjuntos de microestados restritos apenas pelo compartilhamento do mesmo
valor esperado de um observável. De modo análogo à mecânica estatística clássica, esses
resultados sugerem que a irreversibilidade surge do crescimento do volume de microestados
no espaço de Hilbert compatíveis com o macroestado observado.

Palavras-chave: Irreversibilidade. Descrição efetiva. Mapas coarse-graining.
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1 Introduction

I grew up in a world profoundly shaped by technology while still being surrounded by
nature. This coexistence between rapid technological development and natural phenomena
fostered in me a curiosity about how the physical world operates at its most fundamental
level. During adolescence, this curiosity naturally led me to study physics.

While exploring different research areas, I became particularly fascinated by quan-
tum information (QI). At first, the notion of “information” seemed disconnected from
the quantum mechanical systems I was studying: potential wells, hydrogen atoms, and
Schrödinger’s equation. At that time, I understood information in its everyday sense
as accumulated knowledge about a topic or the clarification of existing knowledge [1].
How could information be embedded in such systems? A course in the history of science
clarified this connection and revealed how deeply intertwined the concept of information
is with the foundations of quantum theory. From that point onward, I decided to focus
my academic work on this field during my master’s program.

During the first year of my master’s studies, I concentrated on quantum information,
open quantum systems and generalized subsystems, in which a system of dimension d

provides an effective description of a larger system of dimension D, with D > d. In the
second year, building upon these concepts, our research group refined the central question
that motivates this work: can irreversibility emerge from the effective dynamics of closed
quantum systems? This question is particularly intriguing because it touches upon the
interplay between irreversibility and closed quantum systems.

The main objective of this work is to investigate whether effective dynamics in
closed quantum systems can exhibit irreversible behavior. More specifically, we aim to
review an entropy measure defined through the volume of the set of microscopic states in
Hilbert space that are compatible with a given effective description; to define irreversibility
in terms of a distance between effective states; and to relate the growth of the volume
of compatible microstates under effective dynamics to the distinguishability of effective
states.

The motivation for this investigation lies in the fundamental importance of the
second law of thermodynamics. The development of physics is often closely connected to
its historical context. During the Industrial Revolution in the 18th and 19th centuries,
the emergence of heat engines raised fundamental questions about the limits of efficiency
in cyclic processes. In particular, it was asked whether a heat engine could achieve 100%
efficiency, operating indefinitely without energy dissipation.

To address this question, Carnot demonstrated that the efficiency of a heat engine
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reaches its maximum only when the cycle is reversible and that any irreversibility necessarily
reduces its efficiency [2]. Later, Clapeyron provided an algebraic formulation of what are
now known as Carnot cycles. In the mid-19th century, Kelvin and Clausius extended
these ideas beyond cyclic engines to natural processes. Clausius introduced entropy as a
state function and established that, for isolated systems, entropy increases in irreversible
processes, leading to a formulation of the second law of thermodynamics [2].

The success of thermodynamics motivated the search for a microscopic foundation
of its macroscopic laws. This effort gave rise to statistical mechanics, developed by Maxwell,
Boltzmann, and Gibbs [2]. In Boltzmann’s formulation, a single macrostate corresponds
to a collection of microstates, and the concept of entropy is related to the number of
microscopic configurations (W ) compatible with a given macroscopic description

S = kB lnW, (1.1)

where kB is the so-called Boltzman’s constant introduced by Planck [3]. In classical
statistical mechanics, each microstate of the system is associated with a point in phase
space, and the system evolves according to Hamiltonian dynamics. The number of
microstates compatible with a macrostate is therefore measured by the volume containing
these accessible microstates [4].

In classical mechanics framework a point in phase space specifies the positions
q ∈ R3 and momenta p ∈ R3 of all particles, thereby defining a microscopic state
x = (q1, ..., qN , p1, ..., pN). Since considering both position and momentum as three-
dimensional variables, the phase space of the system is R6N .

In statistical mechanics, the probability associated with a macroscopic preparation
of a classical system composed of N particles is related to the size of the accessible region in
phase space compatible with it: low-probability preparations correspond to small regions,
whereas highly probable preparations, such as thermal equilibrium, correspond to much
larger regions.

Let x(0) be a microstate compatible with a low-probability preparation. Under
Hamiltonian dynamics, this microstate evolves through phase space. Although the micro-
scopic evolution is reversible, the evolved state is, in general, associated with macroscopic
preparations compatible with much larger regions of phase space. Since these regions over-
whelmingly dominate the accessible volume, the probability of the system spontaneously
returning to the initial small region becomes negligible.

In this sense, reversible microscopic dynamics generally gives rise to irreversible
macroscopic behavior. Irreversibility emerges because the number of microstates compatible
with the evolved macroscopic preparation is most of the time much larger than the number
compatible with the initial one. Figure 1 (taken from [5]) illustrates this idea through a
two-dimensional schematic representation of microscopic evolution in phase space, with
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scales omitted for simplicity.

Figure 1 – A possible evolution of a microstate x(t) = Tt x(0) in phase space a representa-
tion not drawn to scale. Small acessible regions correspond to low-probability
preparation of a classical system composed of N particles and large acessible
regions to highly probable preparation. Figure taken from [5].

In Boltzmann’s framework, entropy is overwhelmingly likely to increase for typi-
cal initial conditions and this statistical interpretation troubled several of Boltzmann’s
contemporaries [6]. One of the earliest conceptual challenges to Boltzmann’s statistical
interpretation of the second law was raised by Loschmidt in 1876 [7], Thomson in 1874 [8]
and Zermelo in 1886 [9]. Boltzmann’s H-theorem suggested that a certain quantity as-
sociated with the microscopic distribution of particles decreases monotonically in time,
indicating a preferred direction for the time evolution. Loschmidt pointed out, however,
that the microscopic laws governing particle dynamics are time-reversal invariant. If
a system evolves from an initial state at time t = 0 to a state at time t, reversing all
particle velocities should lead the system to retrace its trajectory and return to the original
configuration. In this reversed evolution the quantity H would increase, apparently con-
tradicting the monotonic behaviour predicted by the H-theorem. This argument, known
as the reversibility paradox, highlights the tension between the time-symmetric character
of microscopic laws and the irreversible behaviour observed at the macroscopic level [3].

A discussion of Boltzmann’s response to these objections can be found in Ref. [3],
where the statistical nature of macroscopic irreversibility is emphasized. As pointed out in
that reference,

In other words, the impossibility of observing macroscopic phenomena that
run backwards with respect to those that are actually observed is, in the last
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analysis, due to the large number of molecules present even in macroscopically
small volumes [3].

The German mathematician and philosopher Ernst Zermelo, on the other hand,
based on Poincaré’s recurrence, stated that “a bounded world, governed by the laws of
mechanics, will always pass through a state very close to its initial state” (Zermelo quoted
in [3]). Boltzmann replied to Zermelo in 1897 [10] as quoted in [3] :

Thus when Zermelo concludes, from the theoretical fact that the initial states
in a gas must recur — without having calculated how long a time this will take

—, that the hypotheses of gas theory must be rejected or else fundamentally
changed, he is just like a dice player who has calculated that the probability of
a sequence of 1000 one’s is not zero, and then concludes that his dice must be
loaded since he has not yet observed such a sequence! [3]

These discussions highlight the statistical nature of the second law: macroscopic irreversibil-
ity does not contradict the reversibility of microscopic dynamics, but instead reflects the
overwhelmingly larger number of microscopic configurations associated with macroscopic
states of higher entropy.

While Boltzmann’s entropy was originally formulated to describe the number of
microscopic configurations compatible with a macroscopic state, J. W. Gibbs introduced
an alternative formulation based on statistical ensembles. In Gibbs’s approach, a physical
system is represented by a large collection of identically prepared copies. Rather than
counting microstates compatible with a macrostate, this description is given in terms of a
probability density over the phase space and thermodynamic quantities are represented as
ensemble averages.

Gibbs entropy is [11]

S(ρ) = −kb
∫

Γ
dxρ(x) log (ρ(x)) (1.2)

where kB is Boltzmann’s constant, Γ = R6N is the phase space of the physical system for N
point particles in R3 with positions qi and momentos pi, dx = N !−1d3q1d

3p1...d
3qNd3pN

is the phase space volume measure and ρ(x) is the probability distribution on Γ.

In the 1940s, Claude Shannon, motivated by problems in communication theory,
introduced a mathematical measure of information based on probability distributions [12].
Consider a discrete random variable with outcomes {xi} occurring with probabilities
{pi}, i = 1, ...,M . Its entropy is defined as

S = −
M∑
i=1

pi ln pi, (1.3)
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which quantifies the uncertainty associated with the probability distribution over {xi}
[12, 13].

In quantum mechanics, classical probability distributions are replaced by density
operators. The von Neumann entropy is defined as

S(ρ) = −tr(ρ ln ρ), (1.4)

or, equivalently, in terms of the eigenvalues of ρ,

S(λi) = −
∑
i

λi lnλi, (1.5)

and constitutes the natural quantum generalization of Shannon entropy [14]. When the
density operator is diagonal in a given basis, the von Neumann entropy reduces to the
classical expression.

In the von Neumann framework, the entropy reflects the uncertainty encoded in the
eigenvalue distribution, i.e. the lack of knowledge about which eigenstate would be obtained
in a measurement performed in the eigenbasis. Under unitary evolution, which governs
closed quantum systems through the Schrödinger equation, the von Neumann entropy
remains constant, reflecting the reversibility of closed quantum evolution [12,14,15]. In
contrast, under effective dynamics, a useful indicator of irreversibility is how the evolution
modifies the spectrum of the state, leading to changes in entropy and purity.

The fundamental laws of physics are reversible, yet macroscopic dynamics is
generally not. How then can irreversibility emerge from fundamental laws? As mentioned
earlier, this work focuses on effective dynamics and more precisely, we analyze the evolution
of effective (macroscopic) descriptions associated with constrained sets of microstates.
Although the underlying dynamics take place in closed quantum systems, the passage
from a microscopic description to a macroscopic one cannot be neglected. In general, this
reduction to an effective description is accompanied by a loss of accessible information
and, consequently, by an increase in uncertainty about the underlying microstates.

Since our goal is to analyze entropy in the quantum domain while allowing for
information loss at the level of effective dynamics, we review an entropy formulation
analogous to Boltzmann’s, in which the counting of microstates compatible with a given
macrostate, represented here by an effective state, is performed directly in Hilbert space
[16,17]:

S(ρ) ∝ log(V(ρ)). (1.6)

This definition employs the volume of microscopic states associated with an effective
description, V(ρ), and will serve as the basis for our analysis of irreversibility.

The effective dynamics considered here describe the evolution of macroscopic states,
that is, the level at which experimental access is available. We represent these macroscopic
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states through a collection of fixed expectation values of relevant observables. When the
chosen set is tomographically complete, these expectation values uniquely determine an
effective density operator.

The preparation of such an effective state can be interpreted as defining a collection
of compatible microscopic states in a higher dimensional Hilbert space. The connection
between microscopic and macroscopic levels is established through a dimension-reduction
map, which associates microscopic descriptions with their corresponding effective represen-
tations.

In this framework, Ref. [18–20] consider that the effective dynamics, i.e. the
dynamics of the effective description ρ or even a fixed expectation value, are given by
the composition of three operations: an assignment map, which associates a macroscopic
state with a set of compatible microscopic states; a unitary evolution, which governs the
closed-system dynamics from an initial time t = 0 to a later time t; and a coarse-graining
map, which projects the evolved microscopic description back onto the reduced macroscopic
level. This structure is illustrated in Fig. 2.

Figure 2 – A macroscopic effective dynamics represented by a composition of quantum
operations: assignment map (AΛ : L(Hd) → L(HD)), unitary evolution (Ut :
L(HD) → L(HD)) and coarse-graining map (Λ : L(H)D → L(Hd) D > d).

As effective dynamics provide the framework used throughout this thesis, we briefly
introduce their fundamental operations here. The following chapter will illustrate how
these operations arise in different scenarios.

We begin by introducing coarse-graining maps, following Refs. [19, 21, 22]. Let HD

be a Hilbert space of dimension D, and let L(HD) denote the set of linear operators acting
on this space. A linear map

Λ : L(HD) → L(Hd)
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is said to be completely positive and trace preserving (CPTP) if it satisfies the following
two properties [12]:

1. Trace preservation:
tr
[
Λ(ψ)

]
= tr[ψ] ∀ ψ ∈ L(HD),

which guarantees that probabilities are conserved under the action of the map.

2. Complete positivity: for any auxiliary Hilbert space HZ of arbitrary dimension Z,
the extended map

Λ ⊗ 1Z : L(HD ⊗ HZ) → L(Hd ⊗ HZ)

maps positive operators to positive operators, i.e.,

(Λ ⊗ 1Z)[ψ] ≥ 0 whenever ψ ≥ 0.

This condition ensures that states are mapped into states even when the map acts
locally on a subsystem.

A linear map is complete positive trace-preserving (CPTP) if and only if it admits
a Kraus representation [12,19,22],

Λ[ψ] =
N∑
i=1

KiψK
†
i ,

N∑
i=1

K†
iKi = 1D, (1.7)

where the operators {Ki}Ni=1, known as Kraus operators, satisfy Ki : HD → Hd. This
representation is not unique [19]: two sets {Ki} and {K ′

i} describe the same CPTP map
if and only if they are related by a unitary transformation acting on the Kraus index, i.e.,

K ′
i =

∑
j

uijKj, (1.8)

where U = (uij) is a unitary matrix.

A coarse-graining map is a CPTP map that reduces the dimension of the Hilbert
space,

Λ : L(HD) → L(Hd), D > d,

and is typically used when fine-grained information about the underlying microscopic
description is either inaccessible or intentionally averaged out [19]. The partial trace
provides a standard example of a coarse-graining CPTP map, since it reduces dimension
while preserving positivity and trace.

In this work, following Refs. [17–20, 23], we also consider coarse-graining maps
associated with blurred and saturated detectors. In such cases, the effective description
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cannot be reduced to a simple partial trace and reflects more general forms of information
loss.

The second operation to be specified based on Refs. [17, 18, 20] is the averaging
assignment map. This map connects a macroscopic description to a compatible microscopic
one,

AΛ : L(Hd) → L(HD), D > d.

Consider a macroscopic constraint given by a set of mean values O = {oi}Ni=1, ob-
tained from measuring observables {Oi} with Oi ∈ L(Hd), such that oi = tr (Oiρd) ∀ i ∈
[1, ..., |O|] and ρd is a density matrix in L(Hd) [20]. Let ψ = |ψ⟩⟨ψ| be a microscopic pure
state in L(HD). The macroscopic data satisfy:

oi = tr
[
Λ(ψ)Oi

]
, ∀ i ∈ [N ] .

Preparing the macroscopic data O defines a set of compatible microscopic states,

ΩΛ(O) =
{
ψ ∈ L(HD)

∣∣∣ tr[Λ(ψ)Oi

]
= oi, ∀ i ∈ [N ]

}
. (1.9)

An averaging assignment map associates the average over the compatible microscopic
states [18] with the macroscopic description,

AΛ[O] =
∫
dµψ PrΛ(ψ | O)ψ, (1.10)

where dµψ denotes the uniform Haar measure over pure states, and PrΛ(ψ | O) is the
probability density of the microscopic state ψ conditioned on the macroscopic constraints
O and the coarse-graining map. In general, this assignment map is neither linear nor
CPTP. However, it provides an average microscopic description compatible with the given
macrostate, yielding a physically meaningful state.

Notice that the effective dynamics

Γt = Λ ◦ Ut ◦ AΛ

cannot, in general, be represented by a unitary evolution, even though the underlying
microscopic evolution is unitary and takes place in a closed quantum system. The
composition of assignment, unitary evolution, and coarse-graining maps defines a reduced
dynamics that requires a notion of entropy that allows the loss of accessible information
in the dynamical process, thereby enabling a meaningful analysis of the emergence of
irreversibility.

Macroscopic states can also be described through a collection of fixed expectation
values of relevant observables and the effective dynamics, in this case, are represented by
the evolution of expectation values. Consider A an observable and the set

ΩA = {ϕ ∈ L(HD)|⟨ϕ|A|ϕ⟩ = a0}. (1.11)
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In this scenario, aiming to a more analytical description, we employ the concept of
dynamical typicality, introduced by Bartsch and Gemmer in Ref. [24]. Microscopic states
constrained to yield the same expectation value at time t = 0, a0, produce concentrated
(typical) expectation values at later times. Consequently, the microscopic evolution can be
characterized, with high accuracy, solely through the evolution of these typical expectation
values, as illustrated in Fig. 3.

𝑎଴

𝑼𝒕

𝑎ത௧

{|𝜙⟩} 𝑈{|𝜙⟩}

Figure 3 – A macroscopic forward dynamics of expectation values. The bar over ā(t)
represents the average over all pure microscopic states that evolved from the
set defined by a0.

Dynamical typicality is essential for characterizing the evolution of expectation
values, which, in this context, play the role of an effective dynamics. Although a single
expectation value does not uniquely determine a density matrix, we adopt the same
conceptual structure of effective states: the expectation value specifies the macroscopic
description, while the set of compatible pure states constitutes the underlying microscopic
set.

In this work, we investigate effective dynamics in two complementary scenarios.
First, when the set of observables is tomographically complete, the dynamics are described
through the composition of coarse-graining, assignment, and unitary maps. Second, when
the effective description is specified by a collection of relevant expectation values, we
analyze the dynamics at the level of these expectation values.

As the main objective of this work is to investigate whether effective dynamics
in closed quantum systems can exhibit irreversible behavior, we recall the second law of
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thermodynamics states: for an isolated system undergoing a process,

∆S ≥ 0, (1.12)

its entropy never decreases [25]. Within our framework, considering an analogue of
thermodynamics, entropy growth can be analyzed by comparing the volumes of the
corresponding sets of microscopic states before and after the effective evolution.

However irreversibility can be defined directly at the level of effective descriptions,
without explicit reference to the full microscopic ensemble. This is achieved by analyzing
the distinguishability between macroscopic states, as schematically represented in Fig. 4.

𝑎ത௧Γ௧

𝑎଴
Γି ௧

𝑎ത଴
ோ

Figure 4 – A macroscopic arbitray dynamics represented by Γt in red. Backward dynamics
in blue represent by Γ−t. If āR0 and a0 cannot be distinguished the process is
irreversible.

If the process is reversible, the initial expectation value a0 and the recovered one,
obtained after forward and backward evolution denoted āR0 , are indistinguishable for the
observable we are using. Conversely, if these expectation values can be distinguished,
the process is irreversible. Since quantum states can be discriminated through distance
measures, the distinguishability between a0 and āR0 provides an operational criterion
for irreversibility: a nonzero distance signals the impossibility of fully recovering the
initial macroscopic description. When the chosen set of observables is tomographically
complete, these expectation values uniquely determine an effective density operator. Than
we compare the initial effective state, ρ(0), and the state obtained after a forward and
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backward dynamics ρR(0). The process is irreversible if the distance between ρ(0) and
ρR(0) is not null and reversible otherwise.

The advantage of formulating irreversibility in terms of distance between effective
states is that it does not require explicit reference to the microscopic level. While
the macroscopic description arises from microscopic degrees of freedom, experimentally
accessible quantities are naturally expressed at the effective level.Moreover, another
question arises: can we define irreversibility through the behavior of the volume associated
with the preparation before and after evolution in Hilbert space? We will show results
that suggest this relation.

When referring to volume behavior, we have in mind a picture analogous to the
classical one shown in Fig. 1. Consider a set of observed quantities of an observable,
O = {oi}Ni=1, obtained from measurements of observables {Oi} with Oi ∈ L(Hd). For a
given low-probability outcome o1, let Ω(o1) denote the set of microscopic states compatible
with that observation. The volume associated with o1 is then defined as the measure of
Ω(o1)

Ω(o1) = {ψ(0) ∈ L(HD)|tr (Λ[ψ(0)]O1) = o1}. (1.13)

Let ψ(0) be a microstate compatible with a low-probability preparation o1. Under unitary
dynamics, this microstate evolves through Hilbert space. Although microscopic evolution
is reversible, the evolved microscopic state is generally associated with macroscopic
preparations compatible with much larger regions of phase space; i.e., there are more
accessible microstates available besides ψ(0). Since these regions largely dominate the
accessible volume, the probability of the system spontaneously returning to the small
initial region becomes negligible.

In Fig. 5 we show a representation not drawn to scale of two dimensional Hilbert
space of this microscopic evolution. We use Hilbert space rather than quantum phase
space because it is a quantum mechanics natural space and it is not possible to define
trajectories in the quantum version of phase space.
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Figure 5 – Possible microscopic evolution ψ(t) = Ut ψ(0) in Hilbert space. Small regions
correspond to low-probability preparation of a classical system composed of N
particles and large regions to highly probable preparation.

Our goal is to characterize irreversibility through the behavior of the volume
associated with a preparation before and after evolution in Hilbert space, reflecting the fact
that a reversible microscopic evolution may give rise to an irreversible effective evolution.

This work is organized as follows. In the chapter 2, we analyze the dynamics of
effective states induced by coarse-graining maps, assignment maps, and unitary evolution.
Two different coarse-graining maps are discussed: the partial trace and the so-called detector
coarse-grainings. We also review the notion of volume in Hilbert space, representing the
uncertainty associated with a given effective preparation through the number of compatible
microscopic states. The trace distance between effective states is then introduced as a
criterion for irreversibility. A connection between these two quantities is established,
constituting one of the original contributions of this thesis.

Chapter 3 presents the formalism of dynamical typicality and applies it to the
effective dynamics of expectation values. We compute the volume associated with sets of
states defined by a given expectation value, as well as the distance between initial and
recovered expectation values obtained through forward and backward evolution. Finally,
we analyze irreversibility in terms of distance between expectation values and the relation
between distance and volume ratio. Finally, chapter 4 summarizes the main results
obtained throughout this work, highlights the original contributions, and discusses possible
extensions and open questions that may guide future developments.
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2 Effective dynamics induced by coarse-
graining maps

This chapter is motivated by the connection between microscopic and macroscopic
descriptions. When a system is described in terms of quantities accessible to our senses, a
macroscopic description is employed, as in thermodynamics. On the other hand, statistical
mechanics defines a set of microstates compatible with the accessible macroscopic properties,
called a statistical ensemble, allowing one to predict macroscopic behavior from microscopic
quantities [25,26].

The second law of thermodynamics states that the entropy of an isolated system
never decreases [25]. In the thermodynamic limit, fluctuations become negligible, and
entropy is therefore expected to increase monotonically toward equilibrium. In classical
mechanics the counting of microstates compatible with the accessible macroscopic proper-
ties is done in phase space. Here, we introduce a quantity analogous to the Boltzmann
entropy by quantifying the volume in Hilbert space associated with a given quantum prepa-
ration. This volume is then used to characterize irreversibility in closed quantum systems
undergoing unitary evolution in a manner analogous to that used in thermodynamics.

The effective dynamics employed in this work are given by the composition of
three quantum operations already specified in Sec. 1, but presented here for the sake of
completeness, following [17–20]: 1) a coarse-graining map, which is a completely positive
and trace-preserving (CPTP) map that reduces the dimension of the system and ensures
that the resulting state is a physical state:

Λ : L(HD) → L(Hd), D > d, (2.1)

here, L(H) denotes the set of linear operators acting on H. Notice that the coarse-
graining operation does not correspond to a measurement; we just map microscopic
state to a macroscopic one, otherwise there would be no uncertainty associated with the
effective description. 2) a unitary evolution, since we consider a closed quantum system at
microscopic level

Ut : L(HD) → L(HD); (2.2)

and 3) an averaging assignment map, which connects the macroscopic and microscopic
levels, i.e., assigns to each macrostate a microscopic description obtained by averaging
over all pure states compatible with that macrostate:

AΛ : L(Hd) → L(HD). (2.3)
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The composition

Γt = Λ ◦ Ut ◦ AΛ (2.4)

defines the effective dynamics of the system.

In this chapter, we consider two effective descriptions of a closed system composed
of a system of interest and irrelevant degrees of freedom, obtained through coarse-graining
maps. The first description employs the partial trace map, one of the best-known coarse-
graining maps, in which the reduced density matrix is obtained by tracing out the
environmental degrees of freedom [14]. The second description applies when tracing out is
no longer appropriate; in this case, we may describe the system of interest as a generalized
subsystem defined through a quantum map [17–20,23,27].

Fig. 2 illustrates both scenarios. In the partial trace case, the degrees of freedom
are divided into those associated with the system of interest and those corresponding to
irrelevant degrees of freedom. In contrast, in the generalized subsystem case, there is no
such clear distinction between system and environment. As a consequence, it becomes
necessary to employ a more general coarse-graining map, leading to a generalized subsystem
description.

(a)
(b)

Figure 6 – A representation of partial trace (a) and generalized subsystems (b) taken
from [20]. In (a) the degrees of freedom are split into those that identify the
system of interest, represented by red spins, and those that are irrelevant degrees
of freedom, represented in blue. The red and blue degrees of freedom interact
weakly, allowing the elimination of the irrelevant degrees of freedom through
the partial trace map. In contrast, in (b) there is no clear-cut separation
between red and blue. In this case it is necessary to employ a more general
coarse-graining map, leading to a generalized subsystem description, the one
to which we have acess, represented by effective spins.
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This chapter is organized as follows. First, we present the effective dynamics,
illustrating the evolution under two different descriptions: partial trace and generalized
subsystems, induced by coarse-graining maps, unitary evolution, and assignment maps.
Next, we introduce the corresponding notion of volume in Hilbert space, which represents
the uncertainty associated with a given effective preparation, quantified by the number of
microscopic states compatible with it. Up to this point, no original results are presented;
the discussion aims to establish the necessary framework.

We then introduce the trace distance between effective states as a criterion for the
distinguishability of the states as will be explained below and discuss irreversibility in
terms of it and the associated volumes. A connection between volume and distance is
established, which constitutes one of the original contributions of this thesis. Finally, we
summarize the main results and present the conclusions of the chapter.

2.1 Effective dynamics
The results presented in this section were previously developed in Refs. [17–20]

and are reviewed here for completeness. The purpose of this section is to establish the
conceptual and technical framework that will be used to develop the original results
presented in the subsequent sections.

A coarse-grained description is determined by the relevant or available physical
criteria of the system and characterizes our access to the microscopic world. Within
this perspective, the macroscopic dynamics can be represented by the effective dynamics
induced by coarse-graining maps introduced in this section.

Suppose that the effective description of a system is associated with a Hilbert
space Hd. When an initial effective state ρ(0) ∈ L(Hd) is prepared, one may interpret
this preparation as corresponding to a microscopic pure state |ψ(0)⟩ ∈ HD, with D ≥ d.
At the microscopic level, however, the preparation is not uniquely specified: there exists
an intrinsic uncertainty regarding which microscopic state actually realizes the effective
state. In other words, many microscopic states are compatible with the same effective
description.

If the preparation of ρ(0) is repeated several times, each run may correspond to
a different microscopic state. Collectively, these realizations define a restricted set of
microscopic states Ω that all produce the same effective state through the coarse-graining
map Λ : L(HD) → L(Hd)

Ω(ρ(0)) = {ψ(0) ∈ L(HD) | Λ[ψ(0)] = ρ(0), ψ(0) = |ψ(0)⟨ψ(0)|⟩} (2.5)

Here ψ(0) is considered to be pure assuming the microscopic system is very well isolated
so that any uncertainty about its state can be attributed to classical ignorance.
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In Fig. 7, taken from [18], a representation of this process is shown: once an
effective state is prepared, a corresponding set of random microscopic states whose effective
description is ρ(0) is defined.

Figure 7 – In each i-th run, an initial effective state ρ(0) is prepared, which can be thought
of as the preparation of a random microscopic state ψ(i)(0). Through the
coarse-graining map Λ, the effective description of each ψ(i)(0) is exactly ρ(0).
The unitary evolution of each microscopic state generally leads to a different
final effective state, given by ρ(i)(t) = (Λ ◦ Ut)[ψ(i)(0)]. Figure taken from [18].

Following Ref. [18], a preparation of ρ(0) prepares a random microscopic state from
the set defined by Eq. (2.5), ψ(i)(0) ∈ Ω(ρ(0)), with probability Pr(ψ(i)(0) | ρ(0)). Notice
that if ψ(i)(0) /∈ Ω(ρ(0)) then Pr(ψ(i)(0) | ρ(0)) = 0. This state evolves according to the
Schrödinger equation via a unitary map Ut : L(HD) → L(HD). The microscopic state at
time t is

ψ(i)(t) = Ut[ψ(i)(0)]. (2.6)

Each of these evolved microscopic states (Eq. (2.6)) generates a corresponding
effective state via coarse-graining map, such that the effective state associated with ψ(i)(t)
is given by:

ρ(i)(t) = Λ[ψ(i)(t)] (2.7)

or even

ρ(i)(t) = (Λ ◦ Ut)[ψ(i)(0)]. (2.8)

when we desire to connect the effective state at time t with initial microscopic state.

By evolving each microscopic state from Ω and applying the same procedure, the
final effective state can be seen to correspond to the average over the microscopic states,

ρ(t) =
∫
dµψ(0)Pr (ψ(0)|ρ(0)) (Λ ◦ Ut) [ψ(0)] (2.9)

= (Λ ◦ Ut)
∫
dµψ(0)Pr (ψ(0)|ρ(0)) [ψ(0)] (2.10)

= (Λ ◦ Ut ◦ AΛ) [ρ(0)], (2.11)
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where [18] defined

AΛ =
∫
dµψ(0)Pr (ψ(0)|ρ(0)) ψ(0), (2.12)

the average assignment map. In Eq. (2.12) dµψ(0) is a uniform measure over pure states
in L(HD) and Pr (ψ(0)|ρ(0)) is a probability density of having the microscopic state
ψ(0) given the preparation of ρ(0). Notice that Eq. (2.12) defines an average over the
pure states compatible with a given macrostate. This averaging reflects the fact that the
macroscopic description does not uniquely determine the underlying microstate. The Haar
measure is employed because it is invariant under unitary transformations and expresses
the absence of any preferred pure state ψ(0). The conditional probability encodes the
microscopic constraint, while AΛ denotes the average over all pure states ψ(0) conditioned
on compatibility with the macroscopic restriction.

The map AΛ : L(Hd) → L(HD) is the assignment map that connects macro to
micro levels. The effective dynamics induced by coarse-graining maps [18–20] is then

Γt = Λ ◦ Ut ◦ AΛ, (2.13)

a composition of maps, as illustrated in Figure 8.

Figure 8 – A macroscopic evolution represented by the effective dynamics through a
composition of quantum operations. This figure is taken from [18].

The effective dynamics analyzed here are induced by two different coarse-grained
maps: the partial trace –tracing out the environment –and ΛBnS –which provides us the
description of a generalized subsystem.

2.1.1 Partial trace

Consider a system of interest that is in contact with an environment that may have
reservoir properties or even another system with unknown degress of freedom such that
the entire system is isolated. The system is considered to be open [14,28].
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The total closed quantum system lives in L(HD) = L(Hd ⊗ HE), a composite
of system–environment Hilbert space. The density matrix of the system of interest ρ
is obtained by tracing out the environment E. In this case, the coarse-graining map
connecting subsystem is the partial trace, ΛtrE : L(Hd ⊗ HE) → L(Hd), and the effective
state is

ρ = ΛtrE [ρdE], ρ ∈ L(Hd), (2.14)

where ρdE ∈ L(HD) = L(Hd ⊗ HE) is the total density matrix and ρ ∈ L(Hd) is the
system of interest.

The set of fine-grained states constrained by the same effective description ρ ∈ L(Hd)
is

ΩΛtrE (ρ) = {ψ ∈ L(Hd ⊗ HE) | ΛtrE [ψ] = ρ, ψ = |ψ⟩⟨ψ|}. (2.15)

To complete the effective dynamics in the partial trace case, it is necessary to
define the connection between the macroscopic and microscopic levels. This connection is
provided by the averaging assignment map, which is computed using (2.12) definition.

The conditional probability density of finding a microscopic state ψ given an
effective state ρ, denoted by PrtrE(ψ | ρ), is nonzero only on the set defined in Eq. (2.15).
All states in ΩΛtrE (see Eq. (2.15)) are assigned equal weight since, according to Laplace’s
principle of indifference, there is no justification for favoring one compatible microscopic
state over another. This allows us to take the probability density as being proportional
to δ(ΛtrE [ψ] − ρ). The delta functional simply enforces the restriction. According to [20],
the assignment map can be written more explicitly as

AΛtrE (ρ) =
∫
dµψ PrtrE(ψ|ρ) ψ =

∫
dµψδ (ΛtrE [ψ] − ρ)ψ. (2.16)

Following Ref. [18], the conditional probability distribution PrtrE(ψ|ρ) is invariant
by unitary transformations in the “environment” part, that is

PrtrE(ψ|ρ) = PrtrE(1 ⊗ UE ψ1 ⊗ U †
E|ρ), ∀ UE ∈ U(dE). (2.17)

Since all purifications of a given density matrix are related by a unitary transformation
acting on the purifying subsystem, the states in Eq. (2.15) are connected by local uni-
tary transformations on HE. This invariance implies that, in the absence of additional
constraints, all states in Eq. (2.15) are equally likely.

Since the Haar measure dµψ is also invariant under unitary transformations, the
average state for the partial trace case can be equivalently written by changing the variables
|ψ⟩ → 1 ⊗ UE|ψ⟩ as

AΛtrE (ρ) =
∫
dµψ PrtrE(ψ|ρ) 1 ⊗ UE ψ1 ⊗ U †

E. (2.18)
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Since no unitary transformation is preferred, we may average over the unitary
group to obtain

AΛtrE (ρ) =
∫
dµψ PrtrE(ψ|ρ) 1 ⊗ UE ψ1 ⊗ U †

E

µUE
. (2.19)

To evaluate the Haar average over the unitary group U(dE), we employ the Schmidt
decomposition of |ψ⟩, writing in the environment and system bases:

|ψ⟩ =
∑
α

√
λα|sα⟩ ⊗ |eα⟩, (2.20)

in a way that the Haar average over the unitary group becomes:∫
dµUE 1 ⊗ UE ψ1 ⊗ U †

E =
∑
α

∑
β

√
λα

√
λβ|sα⟩⟨sβ| ⊗

∫
dµUE UE|eα⟩⟨eβ|U †

E

=
∑
α

∑
β

√
λα

√
λβ|sα⟩⟨sβ| ⊗ Eαβ (2.21)

with Eαβ =
∫
dµUE UE|eα⟩⟨eβ|U †

E. The defining property of the Haar measure is left/right
invariance with respect to shifts via multiplication: let V U(dE) be a fixed unitary, then [?]:

VEEαβV
†
E =

∫
dµUE VEUE|eα⟩⟨eβ|U †

EV
†
E

=
∫
dµWE

WE|eα⟩⟨eβ|W †
E = Eαβ, (2.22)

where WE = VEUE and
∫
dµUE ≡

∫
dµV †

EWE
≡
∫
dµWE

.

As

VEEαβV
†
E = Eαβ, (2.23)

commutes with every unitary operator on HE so Eαβ = cαβ1dE . To determine cαβ we
perform:

tr [Eαβ] =
∫
dµUE tr

[
UE|eα⟩⟨eβ|U †

E

]
= tr [|eα⟩⟨eβ|]

∫
dµUE = δαβ, (2.24)

since the Haar measure integral is normalized to unit. On the other hand

tr [Eαβ] = cαβtr [1dE ] = cαβdE. (2.25)

Equating the Eq. (2.24) to Eq. (2.25) we find:

cαβ = δαβ
dE

(2.26)

and Eαβ = δαβ
dE

1dE . Recovering Eq. (2.19),∫
dµUE 1 ⊗ UE ψ1 ⊗ U †

E =
∑
α

∑
β

√
λα

√
λβ|sα⟩⟨sβ| ⊗ δαβ

dE
1dE

=
∑
α

λα|sα⟩⟨sα| ⊗ 1dE
dE

. (2.27)
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Notice that the first factor on the right-hand side of Eq. (2.27) is precisely the reduced state
obtained by tracing out the environment. As we consider trE [ψ] = ρ, we rewrite Eq. (2.19)
and the averaging assignment map for the partial trace case is given by as [18,20]:

AΛtrE [ρ(0)] = ρ(0) ⊗ 1dE
dE

, (2.28)

where dE is the environment dimension.

Therefore the effective evolved state ρ(t) is [18]

ρ(t) = (ΛtrE ◦ Ut)
[
ρ(0) ⊗ 1dE

dE

]
. (2.29)

In this case the effective dynamics is linear in ρ(0), inasmuch as both Ut and ΛtrE

are linear operations. Since Ut and ΛtrE are completely positive, the resulting map Γt
is also completely positive. Thus, the effective dynamics Γt induced by partial trace
coarse-graining map is a CPTP map.

Moreover, the transformation Γt = ΛtrE ◦ Ut ◦ AΛtrE is unital. A transformation
T : L(Hd) → L(Hd) is unital if it maps the identity operator to itself [21]:

T [1d] = 1d. (2.30)

Thus, Γt in Eq.(2.29) is unital if the composition ΛtrE ◦ Ut ◦ AΛtrE is unital:

Γt [1d] = ΛtrE

[
U
(

1d ⊗ 1dE
dE

)
U †
]

= ΛtrE

[(
1d ⊗ 1dE

dE

)]
(2.31)

= 1d ⊗ ΛtrE

[1dE
dE

]
= 1d. (2.32)

The importance of this transformation being unital will be discussed later in the irre-
versibility section. Notice also that if we consider a local unitary of the form Ud ⊗ UE, the
effective evolved state becomes

ρ(t) = (ΛtrE ◦ Ud ⊗ UE)
[
ρ(0) ⊗ 1dE

dE

]
= Ud [ρ(0)], (2.33)

and the effective dynamics reduce to the unitary map (Γt = Ud). This case is trivially
reversible.

2.1.2 Blurred and saturated detector

An interesting case that cannot be reduced to a partial-trace scenario is a quantum
system observed by a blurred and saturated detector [17–20,27]. In this case, the coarse-
graining map is inspired by the experimental setting. In this type of experiment, cold
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atoms are stored in optical lattices, which are arrays of minimum potential traps formed
by laser light, and the measurement is done by state dependent fluorescence [29]. We
can consider a simplified case previously analyzed by [17–20,27]: two neighboring qubits
trapped in a double-well potential and measured by a blurred and saturated detector.
When measuring the state of an atom through fluorescence, the atom is illuminated with
light. If the atom is in the excited state |1⟩, it scatters light; if it is in the ground state
|0⟩, no light is observed.

Figure 9 – Representation of the blurred detector experiment. The detector becomes
saturated by the light emitted by a single excited atom, not being possible to
resolve the joint excitation of the atoms when light is shone on them. So, the
effective description is a generalized subsystem. Figure taken from [27].

Consider the mathematical example of measurement of two neighbouring atoms, as
illustrated in Fig. 9. Due to the characteristics of the detector, it cannot distinguish between
the single-excitation states |10⟩ and |01⟩. And since the detector becomes saturated by the
light emitted from a single excited atom, it is also unable to resolve the joint excitation
state |11⟩.

Consequently, the detector can only determine whether the system is in the ground
state or in any excited state. Therefore, in this coarse-grained description, the two-atom
system is effectively reduced to a two-level subsystem (see Fig. 10).

Figure 10 – Due to the characteristics of the detector during measurement, two atoms are
effectively reduced to the description of a single atom.
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Figure 10 shows a toy model that neither resolves photon number nor possesses
sufficient spatial resolution to identify the source of the detected excitation. It is a toy
model.

This dimensional reduction can also be represented as a reduction from a four-level
system to a two-level system, as shown in Fig. 11. In this interpretation, the detector is
unable to spectrally resolve the incoming signal, and the blurred behavior arises from this
lack of spectral resolution.

|00⟩

|01⟩

|10⟩

|11⟩

|0⟩

|1⟩

Λ4→2

Figure 11 – Diagram of the coarse-graining map action, Λ reducing from 4 levels to 2
level system. The map is illustrated only for product basis states |ij⟩⟨ij| with
i, j ∈ {0, 1}.

This situation represents a case in which the coarse-graining operation does not
reduce to tracing out a subsystem, as we will discuss below. Instead, the appropriate
effective description is given by a single two-level system within the generalized subsystems
framework. The coarse-graining map that models this reduction from a four-level system
to a two-level system, in which coherences between the excited states are not preserved, is
defined in Eq. (2.34). Further details can be found in [18–20,27]:

Λ4→2[|00⟩⟨00|] = |0⟩⟨0| Λ4→2[|10⟩⟨00|] = 1√
3 |1⟩⟨0|

Λ4→2[|00⟩⟨01|] = 1√
3 |0⟩⟨1| Λ4→2[|10⟩⟨01|] = 0

Λ4→2[|00⟩⟨10|] = 1√
3 |0⟩⟨1| Λ4→2[|10⟩⟨10|] = |1⟩⟨1|

Λ4→2[|00⟩⟨11|] = 1√
3 |0⟩⟨1| Λ4→2[|10⟩⟨11|] = 0

Λ4→2[|01⟩⟨00|] = 1√
3 |1⟩⟨0| Λ4→2[|11⟩⟨00|] = 1√

3 |1⟩⟨0|
Λ4→2[|01⟩⟨01|] = |1⟩⟨1| Λ4→2[|11⟩⟨01|] = 0

Λ4→2[|01⟩⟨10|] = 0 Λ4→2[|11⟩⟨10|] = 0
Λ4→2[|01⟩⟨11|] = 0 Λ4→2[|11⟩⟨11|] = |1⟩⟨1|

(2.34)

We can notice in Eq.(2.34) that the ground state (|00⟩⟨00|) of the four-level system is
mapped to the ground state in two level (|0⟩⟨0|), while all excited-state populations are
mapped onto a single effective excited state (|1⟩⟨1|). In the effective description, no
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coherence is preserved among the states |01⟩, |10⟩, and |11⟩ due to the detector’s inability
to distinguish them [19]. For this reason,

Λ4→2[|01⟩⟨10|] = Λ4→2[|01⟩⟨11|] = Λ4→2[|10⟩⟨11|] = 0 (2.35)

as well as their corresponding Hermitian conjugates. Moreover, the factor 1√
3 is the

maximal value that ensures that Λ4→2 defines a completely positive and trace-preserving
(CPTP) map.

The generalized character of the coarse-graining map presented in Eq. (2.34) can
be clearly demonstrated by examining its diagonal elements. In particular,

Λ4→2[|01⟩⟨01|] = Λ4→2[|10⟩⟨10|] = Λ4→2[|11⟩⟨11|] = |1⟩⟨1|. (2.36)

This behavior is incompatible with a partial trace description, since tracing out either the
first or the second subsystem would not lead to equivalent results.

One possible set of Kraus operators associated with the level-reduction process
presented above from two two-level atoms, denoted here as 4 → 2, which provides an
operator-sum representation of the coarse-graining map Λ4→2, is given by

K1 =
1 0 0 0
0 1√

3
1√
3

1√
3

 , (2.37)

K2 =
0 0 0 0
0 − 1√

2 0 1√
2

 , (2.38)

K3 =
0 0 0 0
0 − 1√

6

√
2
3 − 1√

6

 (2.39)

In order to complete the effective dynamics in this case, one must define the averaging
assignment map associated with the 4 → 2 level-reduction process,

AΛ4→2(ρ) =
∫
dµψPrΛ4→2 (ψ|ρ)ψ. (2.40)

Similarly to the partial trace case, the conditional probability of finding a micro-
scopic state ψ given an effective state ρ is nonzero only on the set of fine-grained states
constrained by the effective description ρ ∈ L(H2), such as

ΩΛ4→2(ρ) = {ψ ∈ L(H4) | Λ4→2[ψ] = ρ, ψ = |ψ⟩⟨ψ|} (2.41)

and as no additional microscopic information is available beyond the effective constraint
all states in ΩΛ4→2 are taken with the same weight what allows to consider the probability
density to be proportional to δ(Λ4→2[|ψ⟩⟨ψ|] − ρ) that enforces the restriction.

The assignment expression for the dimension reduction case 4 → 2

AΛ4→2(ρ) =
∫
dµψδ (Λ4→2[ψ] − ρ)ψ (2.42)



Chapter 2. Effective dynamics induced by coarse-graining maps 24

was previously computed in [18,20], where the symmetry-group method for pure states
was employed. By averaging over the symmetry group with respect to the Haar measure,
assuming no preferred unitary transformation, and expressing the assignment map in
terms of the effective state, the authors obtained the following expression:

AΛ4→2(ρ) =


ρ00

ρ01√
3

ρ01√
3

ρ01√
3

ρ∗
01√
3

ρ11
3

|ρ01|2
2ρ00

− ρ11
6

|ρ01|2
2ρ00

− ρ11
6

ρ∗
01√
3

|ρ01|2
2ρ00

− ρ11
6

ρ11
3

|ρ01|2
2ρ00

− ρ11
6

ρ∗
01√
3

|ρ01|2
2ρ00

− ρ11
6

|ρ01|2
2ρ00

− ρ11
6

ρ11
3

 . (2.43)

Therefore, the evolved effective description at time t obtained using the map defined
by Kraus operators (Eq. (2.37)–Eq. (2.39)) together with the assignment map given in
Eq.(2.43), is

ρ(t) = (Λ4→2 ◦ Ut ◦ AΛ4→2) [ρ(0)]. (2.44)

Ref. [17] also introduces a second example of dimension reduction, which leaves no
doubt that the resulting coarse-graining channel does not correspond to a partial trace,
as we will discuss. Now, imagine a simplified model of an individual three-level system
trapped in a potential minimum and measured by a blurred and saturated detector.

Similarly to 4 → 2 dimension reduction case, when the state is measured through
fluorescence the atom is illuminated with light. If the atom is in one of the excited states,
|2⟩ or |1⟩, it scatters light; if it is in the ground state |0⟩, no light is observed. However,
suppose that even a small amount of light is enough to saturate the detector and it cannot
distinguish between the excited states, determining only whether the atom is in an excited
state or not. Again, this is a mathematical example of detection, similar to the one
presented in the previous case, where coherence is not preserved between excited levels, as
will be explained later. See Fig. 12

|0⟩

|1⟩

|2⟩

|0⟩

|1⟩

Λ3→2

Figure 12 – Diagram of the coarse-graining map action, Λ reducing from 3 levels to 2 level
system. |0⟩ refers to the ground state, while |1⟩ and |2⟩ are excited states.
The map is illustrated only for computational base |0⟩, |1⟩, |2⟩.

The detector cannot distinguish between the excited states; it can only determine
whether the system is in the ground state or in some excited state. Thus, in a coarse-
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grained description, the three-level system is effectively reduced to a two-level subsystem
(see fig.12).

The action of this map can be represented by

Λ3→2[|0⟩⟨0|] = |0⟩⟨0|

Λ3→2[|0⟩⟨1|] = 1√
2

|0⟩⟨1|

Λ3→2[|0⟩⟨2|] = 1√
2

|0⟩⟨1|

Λ3→2[|1⟩⟨0|] = 1√
2

|1⟩⟨0|

Λ3→2[|1⟩⟨1|] = |1⟩⟨1| (2.45)
Λ3→2[|1⟩⟨2|] = 0

Λ3→2[|2⟩⟨0|] = 1√
2

|1⟩⟨0|

Λ3→2[|2⟩⟨1|] = 0
Λ3→2[|2⟩⟨2|] = |1⟩⟨1|

In Eq.(2.46) the ground state remains unchanged. But both excited states popula-
tions are mapped to the same effective state and as the detector cannot distinguish |1⟩
and |2⟩ there’s no coherence between them. Furthermore, the 1√

2 factor is to guarantee
the Λ3→2 is a CPTP map.

One possible set of Kraus operators representing that level reduction 3 → 2 which
provides the operator-sum representation of the coarse-graining map Λ3→2 are [17]

K1 =
1 0 0
0 1√

2
1√
2

 , K2 =
0 0 0
0 1√

2 − 1√
2

 . (2.46)

In this case, the set of microscopic states constrained to yield the same effective
description is

ΩΛ3→2(ρ) = {ψ ∈ L(H3) | Λ3→2[ψ] = ρ, ψ = |ψ⟩⟨ψ|}, (2.47)

and ρ ∈ L(H2). The conditional probability of finding ψ given ρ is not null only on the
set defined by Eq.(2.47). And all states in ΩΛ3→2 are taken with the same weight, because
we assume that no additional microscopic information is available beyond the effective
constraint and the probability density is proportional to δ(Λ3→2[ψ] − ρ) that enforces the
restriction.

The connection of the effective system to the microscopic one, taking an average
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over pure states, is in this case [17]

AΛ3→2(ρ) =


(1 + z)/2 (x−iy)/2√

2
(x−iy)/2√

2
(x+iy)/2√

2
(1−z)/2

2
|x−iy

2 |2

(z+1)/2 − (1−z)/2
2

(x+iy)/2√
2

|x−iy
2 |2

(z+1)/2 − (1−z)/2
2

(1−z)/2
2

 , (2.48)

where x, y, z are ρ coordinates in Bloch sphere and they used the symmetry-group method
for pure states, averaging over this group to reflect the absence of any preferred unitary
transformation, and expressing the assignment map in terms of the effective state.

Thus, the effective evolved state at time t, obtained using the map defined in
Eq.(2.46) together with the assignment map given in Eq.(2.48), is

ρ(t) = (Λ3→2 ◦ Ut ◦ AΛ3→2) [ρ(0)]. (2.49)

with Λ3→2 and AΛ3→2 defined above.

2.2 Volumes
The results presented in this section summarize a framework previously proposed

in [17] in which the uncertainty of which microstates generates the effective preparation
is quantified. This uncertainty increases as the number of microscopic states yielding
the same effective density matrix ρ grows [17]. The formal developments and explicit
calculations were carried out in Refs. [17,18,20] and are presented here for completeness
and to establish the conceptual basis for the subsequent analysis.

In this context, we propose that entropy is directly related with the volume of the
set of microscopic states compatible with it, VΛ(ρ):

S(ρ) ∝ log(VΛ(ρ)). (2.50)

Motivated by this perspective, [17] proposed to quantify such uncertainty by
counting the number of microscopic pure states compatible with a given effective description
ρ. This set is defined as previously,

ΩΛ(ρ) = {ψ ∈ L(HD) | Λ[ψ] = ρ, ψ = |ψ⟩⟨ψ|}. (2.51)

Each microstate ψ ∈ ΩΛ(ρ) is equivalent to a volume element of the Hilbert space
and since this space is continuous, the counting of compatible microstates is quantified
by the volume of Ω(ρ). Assuming all compatible pure states to be equally probable, once
there is no preference among ψ and the probability to find ψ given ρ is not null only inside
the set of Eq. (2.51), we induce a Haar measure over pure states restricted by the effective
description given by ρ, this volume is given by [16,18,20]

VΛ(ρ) =
∫
dµψδ (Λ[ψ] − ρ), (2.52)
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where the integration is taken over pure states ψ ∈ L(HD) with the uniform (Haar)
measure.

The quantity defined in Eq.(2.52) is the volume of the Hilbert space occupied by
microstates associated with the effective state ρ ∈ L(Hd). In this section, we review results
for the two coarse-graining schemes (partial trace and blurred and saturated detectors)
introduced previously in [17] and [20]. In the following section, we will relate the behave
of this volume under coarse-grained dynamics to the emergence of irreversibility.

2.2.1 Partial trace

In this case, we aim to compute the Hilbert space volume associated with an
effective state ρ ∈ L(Hd) which emerges from tracing out the environment HE from the
total Hilbert space (HD = HE ⊗ Hd).

The volume of microstates compatible with the constraint ΛtrE [ψ] = ρ is

VΛtrE (ρ) =
∫
dµψδ (ΛtrE [ψ] − ρ), (2.53)

where dµψ denotes the Haar measure on Hd ⊗ HE.

The detailed derivation is presented in Ref. [17], where a change of variables based
on the symmetries of ΛtrEwas performed, a basis in which ρ is diagonal was chosen, and
|ψ⟩ was parameterized in terms of the degrees of freedom of the system and environment.
It was shown that the volume of the set ΩΛtrE is

VΛtrE (ρ) ∝ det[ρ]dE−d, (2.54)

where det[ρ] is the density matrix determinant.

In Eq.(2.54), when d = dE the volume becomes independent of ρ, indicating that all
effective full rank states have the same volume [17]. However we shall use expression (2.54)
only in the regime d < dE consistent with the interpretation of HE as an environment.

Thus, for d < dE, Eq. (2.54) attains its maximum at the maximally mixed state

ρ = 1d
d
. (2.55)

This means that, in the partial trace case, the number of compatible microscopic states is
maximized when the state is maximally mixed.

2.2.2 Blurred and saturated detector

In the generalized subsystem scenario induced by the blurred and saturated detector,
we aim to review the volume associated with an effective state ρ ∈ L(H2) which emerges
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from two distinct coarse-graining maps, namely Λ4→2, and Λ3→2 introduced previously
by [20] and [17] respectively.

The volume associated with the blurred and saturated detector is

VΛBnS(ρ) =
∫
dµψδ (ΛBnS[ψ] − ρ), (2.56)

where the explicit form of the coarse-graining map ΛBnS must be specified in order to
compute the integral.

The procedure to compute the volume of microscopic states compatible with a
given effective description ρ ∈ L(H2) is very similar for both level-reduction schemes
(4 → 2 and 3 → 2) [17,18,20]. The derivation proceeds by expressing ρ in the Bloch-vector
representation, parameterizing the matrix elements of the microscopic pure states, and
applying Laplace and Fourier transforms together with their inverse transformations.. For
the 4 → 2 dimension reduction the volume of the set ΩΛ4→2 is [20]

VΛ4→2(ρ) = π5(1 − x2 − y2 − z2)
(1 + z)2 ., (2.57)

where x = tr(ρσx), y = tr(ρσy), z = tr(ρσz) and σx, σy are Pauli matrices. Notice when
x2 + y2 + z2 = 1 we are in Bloch sphere superfice and the state is pure. As we are not
dealing with effective pure states, we never catch it. On the other hand, Eq. (2.57) develops
a singular behavior near z = −1, corresponding to the effective state |1⟩. This reflects the
large number of microscopic states mapped to the same effective description.

For the 3 → 2 dimension reduction the volume of the set ΩΛ3→2 is computed as
before [17]

VΛ3→2(ρ) = 2π5

1 + z
. (2.58)

In 3 → 2 case the associated volume never vanishes for any effective state ρ. The
volume of accessible microstates increases as ρ approaches the south pole of the Bloch
sphere, diverging in the limit z → −1, representing the big amount of microstates mapped
to the state |1⟩. Note however that this singularity is integrable.

2.3 Distance between effective states
The effective dynamics induced by a coarse-graining map, as discussed in Sec. 2.1,

is given by

Γt = Λ ◦ Ut ◦ AΛ (2.59)

which corresponds to the composition of a coarse-graining map, a unitary evolution, and
an averaging assignment map [18–20].
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Consequently for a given initial effective state (ρ(t = 0)), the effective state at a
later time t is

ρ(t) = Γt[ρ(0)]. (2.60)

This procedure leads to a new effective state ρ(t) which is associated with the set

Ω(ρ(t)) = {ψ(t) ∈ L(HD) | Λ[ψ(t)] = ρ(t), ψ(t) = |ψ(t)⟩⟨ψ(t)|} (2.61)

One may then perform a backward evolution in time, denoted by Γ−t. This
procedure consists of applying the assignment map to ρ(t), evolving it backward in time
via the inverse unitary operation U−t, and finally mapping through the coarse-graining
map. The resulting effective state is referred to here as the recovered state, denoted by
ρR(0) (see Fig. 13).

This backward dynamics corresponds to a time-reversed evolution, defined as [17]

Γ−t = Λ ◦ U−t ◦ A, (2.62)

such that

ρR(0) = Γ−t[ρ(t)]. (2.63)

Figure 13 – A macroscopic backward dynamics represented by a composition of quantum
operations. Forward dynamics in red and backward dynamics in blue.

Fig. 13 shows the forward dynamics in red given an initial effective state ρ(0) and
a backward evolution, considering ρ(t) = Γt[ρ(0)] as a new preparation. Our aim here is to
calculate the distance between the initial state (ρ(0)) and the “recovered” state ρR(0) in
order to assess their distinguishability. Consequently, we classify the process as irreversible
if the distance between them is non-null.
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Our idea is that these states can be distinguished because the microscopic set
associated with ρ(t) (in orange in Fig. 14) is not necessarily identical to the set of
microscopic states obtained by evolving forward the microscopic preparation corresponding
to ρ(0) (in purple). In other words, there may exist microscopic states whose effective
description is ρ(t) but which do not belong to the evolved image of the initial set ΩΛ(ρ(0)).
Consequently, when this larger set of compatible microscopic states is evolved backward in
time, its effective description may no longer be ρ(0). The Fig. 14 illustrates the possible
difference between microscopic sets.

𝜌(𝑡)

𝒰௧[Ωஃ(𝜌(0))]

{|𝜒⟩}

𝜓(ଵ)(𝑡)

𝜓(ଶ)(𝑡)

…

Ωஃ(𝜌(𝑡))

Figure 14 – The microscopic ensemble associated with the preparation of ρ(0) evolves in
time and yields in average the effective state ρ(t) under coarse-graining map.
Nevertheless, the set of microscopic states compatible with ρ(t) may include
states that do not belong to the forward-evolved image of ΩΛ(ρ(0)). Hence,
ΩΛ(ρ(t)) can be larger than the evolved microscopic ensemble originating from
ρ(0).

The distance between two quantum states ρ and σ can be defined by trace distance
[12,21] and it is

D(ρ, σ) = 1
2 ∥ρ− σ∥1 . (2.64)
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where the 1-norm ∥A∥1 := tr(
√
A†A) for a given operator A.

Therefore, the quantity to be computed here is

D(ρR(0), ρ(0)) = 1
2 ∥ρR(0) − ρ(0)∥1 , (2.65)

and the recovered effective state (ρR(0)) would be obtained either through partial trace
map or blurred and saturated detector map plus assignment and unitary.

2.3.1 Partial Trace

Consider an initial effective state ρ(0) prepared in the laboratory. Under the partial-
trace coarse-graining, assuming weak coupling between the system and the environment
and no access to the environmental degrees of freedom, the effective state at time t can be
written as

ρ(t) = trE

[
U
(
ρ(0) ⊗ 1dE

dE

)
U †
]

≈dE≫d
1d
d
, (2.66)

where dE and d denote the dimensions of the environment and the system of interest,
respectively. The approximation holds when the environment is much larger than the
system (dE ≫ d) and the unitary U is sufficiently mixing. In this regime, typical unitary
evolutions drive the state of the system toward the maximally mixed state. We employ
random unitaries in our analysis because they are representative of generic mixing dynamics.

The hypothesis is that starting from an initial state ρ(0), the effective unitary
dynamics couples the subsystem to an environment. For sufficiently mixing interac-
tions, the information initially encoded in the subsystem becomes distributed into sys-
tem–environment correlations. Consequently, when dE ≫ d the state at time t becomes
approximately close to the maximally mixed state.

Consider an initial state (ρ(0)) given by a statistical mixture,

ρ(0) = (1 − p)|ψ(0)⟩⟨ψ(0)| + p
1d
d

(2.67)

where p ∈ [0, 1] is a mixing parameter that controls the purity of the state. The cases
p = 0 and p = 1 correspond to a pure state and to the maximally mixed state, respectively.
The states p = 1 are known as depolarized pure states, a particular class of mixed states.
This choice allows us to explore a continuous family of states whose determinant ranges
from zero (at p = 0) to its maximal value (1/d)d, attained at p = 1.

Since our goal is to quantify the distance between the initial and recovered effective
states, it is convenient to write the recovered state ρR(0) as a function of the initial state
(ρ(0)) via composition of effective forward dynamics Γt and backward dynamics Γ−t, as
follows

ρR(0) = Γ−t[ρ(t)] = Γ−t ◦ Γt[ρ(0)] = Γ̄t[ρ(0)] (2.68)
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where Γ̄t = Γ−t ◦ Γt is a linear map in the case of partial trace dynamics.

Using the linearity of Γ̄t and substituting Eq. (2.67), the recovered effective state
can be written as

ρR(0) = (1 − p)Γ̄t|ψ(0)⟩⟨ψ(0)| + p
1d
d
. (2.69)

The trace distance between the recovered and initial states then reads

D(ρR(0), ρ(0)) = 1
2(1 − p)

∥∥∥Γ̄t [|ψ(0)⟩⟨ψ(0)|] − |ψ(0)⟩⟨ψ(0)|
∥∥∥

1
, (2.70)

where the identity contributions cancel exactly.

Since no additional constraints are imposed beyond the macroscopic description,
we may take |ψ(0)⟩ to be an arbitrary pure state. Recall that the 1-norm of an operator
A is defined as

∥A∥1 := tr
(√

A†A
)
. (2.71)

If A is Hermitian, this reduces to

∥A∥1 =
∑
i

|λi|, (2.72)

where λi are the eigenvalues of A.

Then, for the hermitian operator in Eq. (2.70)

Γ̄t[|ψ(0)⟩⟨ψ(0)|] − |ψ(0)⟩⟨ψ(0)|, (2.73)

the trace distance can be written as

1
2
∥∥∥Γ̄t[|ψ(0)⟩⟨ψ(0)|] − |ψ(0)⟩⟨ψ(0)|

∥∥∥
1

= 1
2

d∑
i=1

|λi|, (2.74)

where λi are the eigenvalues of

Γ̄t[|ψ(0)⟩⟨ψ(0)|] − |ψ(0)⟩⟨ψ(0)|, (2.75)

and d denotes the dimension of the system of interest.

Therefore, the distance between ρR(0) and ρ(0) under our assumptions, substituting
(2.74) in (2.70), is given by the expression

D(ρR(0), ρ(0)) = (1 − p)
2

d∑
i=0

|λi|. (2.76)

It is straightforward to note that the distance in Eq. (2.76) vanishes when the
initial effective state is maximally mixed (p = 1). As the dynamic is unital, if the initial
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state is maximally mixed it will be map to another maximally mixed state and it is not
possible to distinguish them.

On the other hand, if we consider the effective dynamics induced by the partial
trace when it reduces to a unitary map (Γt = Ud, which occurs when the total evolution is
governed by a local unitary), the recovered state coincides exactly with the initial state,

ρR(0) = ΛtrE ◦ U−t ◦ A{ΛtrE ◦ Ut ◦ A[ρ(0)]}

= (1d ⊗ trE) (U †
d ⊗ U †

E)
[
Udρ(0)U †

d ⊗ 1dE

dE

]
(Ud ⊗ UE)

= ρ(0) (2.77)

And

D(ρR(0), ρ(0)) = 0 (2.78)

The cases of zero distances between the initial and recovered effective states
(ρ(0), ρR(0) respectively) indicate that these states cannot be distinguished and correspond
to a reversible process.

2.3.2 Blurred and saturated detector

As before in partial trace case, we evolved the initial effective state ρ(0) through
the effective dynamics induced by the blurred–saturated detector coarse-graining map,
defining the evolved effective state ρ(t). Subsequently, we evolve this state backward in
time, obtaining the recovered state ρR(0).

The trace distance between ρ(0) and ρR(0) in this case is

D(ρR(0), ρ(0)) = 1
2 ||Γ̄t[ρ(0)] − ρ(0)||1. (2.79)

Although no further analytical simplification is available in this case, the general form
above is sufficient to establish irreversibility through state distinguishability.

For a random ρ(0) and random unitary, the dynamics will generally be irreversible,
as we will show later with the numerical results.

2.4 Irreversibility
According to the second law of thermodynamics, the entropy of an isolated system

does not decrease in the thermodynamic limit. In this sense, a transformation is reversible
if the entropy remains unchanged, and irreversible if the final entropy is greater than
the initial one [13,25,26,30–33]. In the present framework, we relate the entropy to the
volume of the Hilbert space associated with an effective state. Consequently, a possible
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signature of irreversibility is the volume of the microscopic set associated with ρ(0) (the
initial effective state) being grater than the one associated to the effective description ρ(t)
(the evolved effective state at time t),

VΛ(ρ(t))
VΛ(ρ(0)) > 1, (2.80)

where the volume is computed as Eq. (2.52) and VΛ(ρ(t)) is the volume of the set associated
to the effective description ρ(t) and VΛ(ρ(0)) is the volume of the microscopic set associated
with ρ(0).

Irreversibility, on the other hand, can be defined through the trace distance between
the initial state ρ(0) and the recovered state (ρR(0) = Γ̄t[ρ(0)]). The trace distance allows
one to distinguish between effective states in the following way: if D(ρR(0), ρ(0)) = 0 the
two states are indistinguishable and the dynamics is reversible, if D(ρR(0), ρ(0)) > 0 both
states can be distinguished and the dynamics is irreversible.

We expect these two indicators of irreversibility (volume growth and trace-distance
increase) can be directly connected. In particular, an increase in the volume of the Hilbert
space associated with the effective state after evolution is accompanied in most cases by
an increase in the distance between the initial and recovered states, characterizing the
irreversibility of the physical process. In this section, we demonstrate analytically and
numeracally this correlation for effective dynamics induced by the partial trace and by the
blurred and saturated detector coarse-graining map and we show numerical results for
each case.

2.4.1 Partial trace

In this case, the volume associated with the microscopic states whose effective
description is ρ, as discussed previously, is,

VΛPT (ρ) ∝ det[ρ]dE−d, (2.81)

and this volume grows in time under the effective dynamics whenever the environment
dimension is greater than the system of interest dimension (dE > d).

To prove this growth analitically, Ref. [17] considered two quantum states σ1 and
σ2 of the same dimension. σ1 can be converted to σ2 by a unital transformation T if and
only if σ1 majorizes σ2 i. e. [34]

T [σ1] = σ2 ↔ σ1 ≻ σ2. (2.82)

According to [34], σ1 majorizes σ2 if their spectra are in majorization order:
k∑
i=1

λ↓
i (σ1) ≥

k∑
i=1

λ↓
i (σ2) (2.83)
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for all k ≥ 1, where λ↓
i (σ1) denotes the eigenvalues of σ arranged in non-increasing order.

By definition of Schur convexity, [35],

λ⃗(σ1) ≻ λ⃗(σ2) → G(σ1) ≥ G(σ2), (2.84)

with G(x) defined by

G(x) :=
∑
i

g(xi), (2.85)

where g is a convex function.

As a consequence, making g(x) = − log(x) a convex function and x = det[ρ], [17]
showed that

det (ρ(t)) ≥ det (ρ(0)) . (2.86)

In Fig. 15, with the dimension of the system of interest being d = 3, we present
numerical results comparing between the determinant at t, i.e., det[ρ(t)] and the initial
determinant, det[ρ(0)] for different dimensions of the environment representing Eq. (2.86).
This and other results were obtained as follows: effective states were sampled by varying
the parameter p ranging in [0.01, 1] with steps of 0.001. For each ρ(0) ∈ L(Hd), considering
no knowledge about the environment, we associated a pure average microscopic description
in the extended space ψ ∈ L(Hd ⊗ HE). The number of microstates compatible with ρ(0)
is quantified through the volume in Eq. (2.52). The compatible microstates are evolved
unitarily and an effective description at time t, ρ(t) ∈ L(Hd), is obtained through the
coarse-graining map. The evolved microstate is assigned to a set of compatible microstates,
and the quantity of these is measured by volume.
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Figure 15 – We randomly sample effective states defined in Eq. (2.67) with system dimen-
sion d = 3 and parameter p ranging from 0.01 to 1 in steps of 0.001. Each
state is evolved under effective dynamics of the form Γ[ρ(0)] = Λ ◦ U ◦ A,
where Λ and A correspond to the partial trace construction with environment
dimensions dE = 4, 5. The unitary operator U , acting on the composite space
of dimension 3 ⊗ dE was choosen from CUE. The time dependence is entirely
carried by the random unitary. For each realization, we compute the volume
defined in Eq. (2.54) both at the initial time and after the effective evolution.
The black curve indicates equality between the initial and final determinants,
while the red curve marks the maximal determinant value.

We observe in Fig. 15 that the points for different dimensions of the environment,
representing the comparation between det[ρ(t)] and det[ρ(0)] given different initial effective
state, agree with the inequality (2.86), being above the reference line which marks the
equality between the determinants and approaching the value of ρ maximally mixed as dE
increases.

Moreover, it is evident that increasing the size of the environment drives the
recovered states closer to the maximally mixed state. This means that a larger environment,
with no information about environment degrees of freedom, enhances the loss of information
about the initial effective state, leading to a stronger washing out of its microscopic features.
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Once it has been observed that the volume never decreases in the case of the
effective dynamics induced by the partial trace when dE > d under our assumptions, we
can observe the ratio between the volume associated with the ensemble characterized by
the effective state at time t (ρ(t)) and the volume of a set of microstates with the same
initial effective state (ρ(0))

V(ρ(t))
V(ρ(0)) = det[ρ(t)]dE−d

det[ρ(0)]dE−d . (2.87)

As before, we considered that the effective dynamics Γt maps any statistical mixture
ρ(0) to states concentrated around the maximally mixed state, ρ(t) ≈dE≫d

1d
d

for random
unitary evolutions, under the assumptions of no access to the environmental degrees
of freedom, weak system-environment coupling, an environment dimension much larger
than that of the system, and a sufficiently mixing interaction between the system and
environment. The initial effective state is given by Eq. (2.67). Therefore, Eq. (2.87) can
be written as

V(ρ(t))
V(ρ(0)) =

det
[

1d
d

]dE−d

det
[
(1 − p)|ψ(0)⟩⟨ψ(0)| + p1d

d

]dE−d , . (2.88)

To compute the determinants at Eq.(2.88) we use the product of eigenstates (λi)

det[ρ] =
d∏
i=1

λi (2.89)

Then, the determinant of ρ(t) ≈dE≫d
1d
d

is straightforward:

det
[1d
d

]
=
(1
d

)d
(2.90)

since the spectrum of 1d/d is {1/d, 1/d, ...} d times.

The eigenvalues of ρ(0) can be obtained by choosing an orthonormal basis {|ψ(0)⟩, |ψ(i)
⊥ ⟩},

where the vectors |ψ(i)
⊥ ⟩ span the subspace orthogonal to |ψ(0)⟩. In this basis, the state

ρ(0) = (1 − p)|ψ(0)⟩⟨ψ(0)| + p

d
Id (2.91)

is diagonal. Acting on |ψ(0)⟩, we obtain

ρ(0)|ψ(0)⟩ =
[
(1 − p) + p

d

]
|ψ(0)⟩, (2.92)

which yields the eigenvalue

λ1 = (1 − p) + p

d
. (2.93)

For any vector orthogonal to |ψ(0)⟩, the projector term vanishes and we obtain

ρ(0)|ψ(i)
⊥ ⟩ = p

d
|ψ(i)

⊥ ⟩, (2.94)
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leading to the remaining eigenvalues

λ2,...,d = p

d
. (2.95)

Summarizing: the eigenvalues of ρ(0) are λ1 = (1 − p) + p
d

when we project ρ(0) over ψ(0)
and λ2,...,d = p

d
when we project over an orthogonal vector. Thus, the determinant of ρ(0)

is

det
[
(1 − p)|ψ(0)⟩⟨ψ(0)| + p

1d
d

]
=
(

1 − d− 1
d

)(
p

d

)d−1
. (2.96)

Therefore, the ratio between the volume associated with the ensemble characterized
by the effective description ρ(t) and ρ(0) under our assumptions is

V(ρ(t))
V(ρ(0)) =

(
1
d

)d(dE−d)

[(
1 − d−1

d
p
) (

p
d

)d−1
]dE−d , (2.97)

Notice that p ∈ [0, 1]. If p → 1, ρ(0) → 1d
d

and the ratio V(ρ(t))
V(ρ(0)) → 1 given that the volumes

are the largest possible. More generally, the condition V(ρ(0)) > V(ρ(t)) would require(
1 − d− 1

d
p

)(
p

d

)d−1
>
(1
d

)d
. (2.98)

To analyze whether inequality (2.98) can be satisfied for some p ∈ [0, 1], we multiply
both sides by dd, obtaining

(d− (d− 1)p) pd−1︸ ︷︷ ︸
f(p)

> 1. (2.99)

We now study the function

f(p) = (d− (d− 1)p) pd−1. (2.100)

At the boundary values, we find:

f(0) = 0, f(1) = 1. (2.101)

Thus, neither boundary point satisfies inequality (2.99). Next, we compute the derivative

f ′(p) = d(d− 1)pd−2(1 − p). (2.102)

For p ∈ (0, 1), all factors in f ′(p) are strictly positive, hence

f ′(p) > 0. (2.103)

Therefore, f(p) is strictly increasing on the interval [0, 1]. Since f(1) = 1 is the maximum
extreme, it follows that

f(p) ≤ 1 (2.104)
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for all p ∈ [0, 1]. Consequently, inequality (2.99) cannot be satisfied in this interval. This
shows again that, for this class of states, the volume associated with the effective dynamics
induced by the partial trace never decreases.

For d = 3, as adopted in the numerical calculations, the volume ratio is

V(ρ(t))
V(ρ(0)) =

(
1
3

)3(dE−3)

[(
1 − 2

3p
) (

p
3

)2
]dE−3 , (2.105)

which depends on the mixing parameter p ∈ [0, 1] and the environment dimension.

The trace distance can also be expressed in terms of the parameter p (see Eq.(2.76)),
as discussed previously. For the dimension used in the numerical calculations (d = 3) and
eigenvalues λi ∈ {−2/3, 1/3, 1/3} the distance between ρ(0) and ρR(0) is

D(ρR(0), ρ(0)) = 2
3(1 − p). (2.106)

We present the behaviour of D(ρR(0), ρ(0)) changing the parameter p in the
range [0, 1] in Fig. 16. We sampled effective states and assigned to each of them an
average microscopic pure-state description in the extended Hilbert space ψ ∈ L(Hd ⊗
HE) compatible to it. These microscopic states were then evolved unitarily, and the
corresponding effective state at time t, ρ(t) ∈ L(Hd) was obtained through the coarse-
graining map. Next, a set of microscopic states compatible with the evolved effective
description was generated and evolved backward in time. Applying the coarse-graining
map to the backward-evolved microscopic states yielded a recovered effective state 0, ρR(0).
Finally, the trace distance between the initial effective state and the recovered one was
computed.
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Figure 16 – From the initially sampled random effective states defined as (2.67) of di-
mension 3 and p range equal to [0.01, 1] with steps of 0.001, the respective
determinants were obtained with AΛtrE given by Eq.(2.28) and random circular
unitary of dimension 3 ⊗ dE. We repeat the numerical calculation for different
environment dimensions dE = 4, 5. The dashed curve in black represents the
theoretical curve of Eq.(2.106).

As shown in Fig. 16, for different environment dimensions, the numerical curves
exhibit behavior consistent with the theoretical prediction of Eq. (2.106). As the environ-
ment dimension increases, the numerical results approach the reference curve more closely.
This is expected under our assumptions since tracing out a larger environment leads to a
greater loss of accessible information, rendering the effective description more mixed.

It is also instructive to analyze the probability density of the trace distance between
the initial effective state and the recovered state ρR(0), obtained through the composition
of forward effective dynamics Γt and backward dynamics Γ−t. Since D(ρR(0), ρ(0)) depends
on the statistical weight parameter p ∈ [0, 1], which is sampled uniformly, one expects
the probability density intervals to reflect this uniform distribution for the class of states
defined in Eq. (2.67).



Chapter 2. Effective dynamics induced by coarse-graining maps 41

Figure 17 shows the histogram representing the probability density distribution of
the distances between ρ(0) and ρR(0), sampled for p ∈ [0.01, 1] in steps of 0.001, for the
environment dimension dE = 5.
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Figure 17 – Histogram of D(ρR(0), ρ(0)) for environment dimension dE = 5. For system
dimension d = 3, the trace distance is bounded within the interval [0, 2/3] (for
dE >> d). Since the mixing parameter p is sampled uniformly in [0, 1], and
the distance varies smoothly and approximately linearly with p, the resulting
probability distribution is expected to be approximately uniform over its
allowed range. The larger the environment, the more uniform the behavior is
expected to be.

We also analyze one correlation between the volume ratio in (2.105) and the trace
distance in (2.106), both parameterized by p. Such a correlation allows us to identify the
emergence of irreversibility: as the volume of the set of microscopic states associated with
a single effective description grows according to the preparation of the effective description,
the trace distance between the initial and recovered states also increases.

Using p = 1 − 3
2D, (where D = D(ρR(0), ρ(0)) is the distance between ρ(0) and

ρR(0)) the analytical expression relating the volume ratio (given by Eq. (2.105)) directly
to the trace distance reads

V(ρ(t))
V(ρ(0)) =

(
1
3

)3(dE−3)

[(
1
3 + D

) (
1
3 − D

2

)2
]dE−3 , (2.107)

and the parametric curve at p is shown in Fig. 18.
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Figure 18 – Parametric curve showing the correlation between volume ratio of the sets of
microstates associated with an effective description and trace distance between
initial effective state and recovered effective state for dE = 5.

Figure 18 shows that, for the partial trace case, the distance is increasing function
of the volume ratio. In Fig. 19 we show the correlation between the increase in volume
and in the distance comparing analytical curve with the datas obtained by numerical
calculations for dE = 5.
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Figure 19 – Correlation between the increase in volume and the corresponding increase in
trace distance. The black curve represents the theoretical prediction given by
Eq. (2.107), while the blue points correspond to the sampled states defined in
Eq. (2.67) where D(ρR(0), ρ(0)) denotes the trace distance between ρ(0) and
ρR(0). The plotted volumes and distances are obtained numerically following
the procedure described in the text.

The correlation shown in Fig. 19 indicates the irreversible character of the effective
dynamics in the case of the partial trace with dE > d, since Eq. (2.107) is an increasing
function of D(ρR(0), ρ(0)). Therefore, larger values of the volumes ratios correspond to
larger associated distance, signaling irreversibility in the effective dynamics.

2.4.2 Blurred and saturated detector

In this subsection, we present the irreversibility analysis for both blurred and
saturated detectors. The effective dynamics is given by

Γt = ΛBnS ◦ U ◦ AΛBnS , (2.108)

where U is a random unitary operator, and ΛBnS together with its associated assignment
map AΛBnS depend on the specific level-reduction scheme (4 → 2 or 3 → 2). In both cases,
the resulting effective map is not unital, but the effective dynamics by definition generates
physical outputs, valid effective states.

The increase in volume following effective dynamics related to each macroscopic
preparation should be understood in a statistical sense. In the case of ΛBnS, both the
effective and microscopic Hilbert spaces have very small dimensions, and the system is far
from the thermodynamic limit. As a consequence, statistical fluctuations are large, which
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allows for “atypical” realizations in which the volume of compatible microstates does not
increase.

Even though this occurs only for a small fraction of states when compared to
the typical volume increase under the action of the dynamics, there exist states whose
associated volumes do not increase under the effective dynamics, as shown in Fig. 20.
Effective states were sampled from the Bloch sphere. For each ρ(0) ∈ L(Hd), and assuming
no information about the environmental degrees of freedom, an average microscopic
description in the extended Hilbert space ψ ∈ L(HD), was assigned. The number of
microscopic states compatible with ρ(0) is quantified by the volume given in Eq. (2.57)
for the 4 → 2 reduction and in Eq. (2.58) for the 3 → 2.The corresponding microscopic
description was evolved unitarily, and the coarse-graining map was then applied to obtain
the effective state at time t, ρ(t) ∈ L(Hd). A new set of microscopic states compatible
with ρ(t) was subsequently assigned, and its size was quantified through the corresponding
volume. This procedure was repeated one thousand times.
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Figure 20 – Ordered ratio V(ρ(i)(t))/V(ρ(i)(0)) obtained from imax = 1000 independent
realizations of the full protocol. In each iteration, a Bloch vector was randomly
sampled to define an effective state ρ(0). Its associated microscopic states was
generated via the average assignment map, evolved under a random unitary
drawn from the circular unitary ensemble, and mapped up to an effective
state ρ(t), from which the final volume was computed. The horizontal axis
represents the normalized realization index i/imax. The blue curve corresponds
to the 4 → 2 coarse-graining map, while the red curve corresponds to the
3 → 2 coarse-graining map.

From Fig. 20, one observes that the percentage of states for which the volume
V(ρ(t)) is smaller than V(ρ(0)) is higher in the 3 → 2 detector case. This suggests that,
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as the dimension of the initial system subjected to the coarse-graining map increases, the
occurrence of atypical outcomes, those associated with volume reduction, becomes less
frequent.

As in the case of the partial trace, we can observe the probability density of the
distances of ρR(0) with respect to an initial effective description ρ(0). In scenarios involving
small Hilbert space dimensions and non-unital effective dynamics, one should not expect
the evolution to drive ρ(0) towards the maximally mixed state. We sampled effective states
from the Bloch sphere and assigned to each of them an average microscopic pure-state
description in the extended Hilbert space, ψ ∈ L(HD), compatible with the given effective
state. These microscopic states were evolved unitarily, and the corresponding effective
description at time t ρ(t) ∈ L(Hd), was obtained through the coarse-graining map. A set
of microscopic states compatible with ρ(t) was then generated, and each of these states
was evolved backward in time. Applying the coarse-graining map to the backward-evolved
microscopic states yielded a recovered effective description ρR(0)). Finally, the trace
distance between the initial effective state was obtained.
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Figure 21 – Distribution of D(ρR(0), ρ(0)) for the 3 → 2 detector. The initial states
ρ(0) are uniformly sampled on the Bloch sphere, and ρR(0) = Γ̄[ρ(0)], where
Γ̄ = Γ−t ◦ Γt. The map Γ̄ is obtained from the composition of forward and
backward effective dynamics, with the time dependence entirely carried by a
random unitary. The mean value of distances is 0.280057.

In Fig. (21) we show the probability density for the case of 3 → 2 reduction.In
Fig. (22), detector 4 → 2, the behavior of the probability density distribution of the
distances between ρ(0) and ρR(0) has a higher mean when compared to that of detector
3 → 2 in Fig. (21).
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Figure 22 – Distribution of D(ρR(0), ρ(0)) from detector 4 → 2. Here, ρ(0) was also
uniformly sampled on the Bloch sphere, and ρR(0) = Γ̄t[ρ(0)] was obtained
through the recovered dynamics on the initial state with same parameters as
Fig. 21. The mean value of distances is 0.341565.

Once the distances between ρ(0) and ρR(0) and the volumes of ρ(0) and ρ(t) are
known, we can observe the behavior of the the distance as a function of volume ratio
V(ρ(t))/V(ρ(0)), as shown in Figures 23 and 24. Each point represents a single numerical
realization i, characterized by its volume ratio between ρ(t) and ρ(0) and the trace distance
between ρ(0) and ρR(0) = Γ̄t[ρ(0)]:
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Figure 23 – Effective states were sampled randomly and uniformly in Bloch sphere. For
each state, the following procedure was performed: application of the assign-
ment map A, unitary evolution drawn from the circular unitary ensemble of
dimension 3, and subsequent coarse-graining via Λ3→2. The initial and final
volumes were then computed. By applying the inverse effective dynamics,
Γ−t[ρ(t)], the state ρR(0) was obtained, and the trace distance D(ρR(0), ρ(0))
was calculated, quantifying the distance between the initial and reconstructed
states. Taking the red curve (the moving average considering 101 points) as a
reference, we define the residuals as the differences between the y-coordinates
of the data points and the corresponding values of the red curve. The grayed-
out region represents the deviation area. The variance of these residuals is
0.0132121.
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Figure 24 – In a very similar view to the previous figure, we obtained the initial and
final volumes, where U is a random CUE matrix of dimension 4. A was
also generated from the average over the pure states and, in this case, the
coarse-graining map was Λ4→2. Taking the red curve (the moving average
considering 101 points) as a reference, we define the residuals as the differences
between the y-coordinates of the data points and the corresponding values
of the red curve. The grayed-out region represents the deviation area. The
variance of these residuals is 0.00550731.

Unlike the partial trace case, the behaviour of the data D(ρR(0), ρ(0)) as a function
of the volume ratio V(ρ(t))/V(ρ(0)) does not exhibit a well-defined curve. Nevertheless, by
comparing Fig. 23 with Fig. 24, one observes that the higher-dimensional detector displays
a clearer tendency toward correlation between irreversibility, quantified by the distance,
and volume increase. This suggests that the dimension of the underlying microscopic
system plays a significant role in shaping the statistical structure of the problem, something
that will be examined in greater detail in the next chapter.

2.5 Conclusion
The second law of thermodynamics governs all physical processes and, therefore, it

is of utmost interest to investigate it from different perspectives. In classical statistical
mechanics, the connection between microscopic and macroscopic descriptions is established
through entropy, which quantifies the number of states compatible with a given macroscopic
property. Here, we use an extension of the Boltzmann entropy concept to quantum systems
by quantifying the number of accessible states in Hilbert space associated with a specific
quantum preparation.
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By employing the concepts of effective dynamics, which describe the macroscopic
evolution accessible to an observer, the distance between effective states (initial and
“recovered”) as a criterion for irreversibility, and the volume of Hilbert space as a measure
of the number of pure states compatible with a given effective description, we construct a
framework that extends Boltzmann entropy to Hilbert space.

To assess whether processes induced by effective dynamics (defined through coarse-
graining maps, unitary microscopic evolution, and average assignment maps) are irre-
versible, we analyze how the uncertainty associated with an effective description evolves
in time. Generally the number of microscopic states compatible with the evolved effective
description is larger than the number compatible with the initial preparation.

This happens once the microscopic set associated with ρ(t) is not necessarily
identical to the set of microscopic states obtained by evolving forward the microscopic
preparation corresponding to ρ(0). In other words, there may exist microscopic states
whose effective description is ρ(t) but which do not belong to the evolved image of the
initial ensemble ΩΛ(ρ(0)). In such cases the uncertainty associated with the evolved
effective state is greater than the one associated with the initial preparation.

This growth of uncertainty explains why the initial preparation and the recovered
preparation (obtained by composing forward and backward effective dynamics) can be
distinguishable, giving rise to irreversibility at the effective level. We characterized
irreversibility through the correlation between the behavior of the Hilbert space volume
associated with the preparation of the effective state after evolution, compared to the
volume of the initial preparation, and the increase in distance between the initial and
recovered effective states.

We observed, however, that there exist cases in which the volume does not increase.
These situations arise when both the effective and microscopic Hilbert spaces have very
small dimensions, and the system is far from the thermodynamic limit. As a consequence,
atypical realizations are not sufficiently suppressed, allowing situations in which the volume
of compatible microstates does not increase. In the next chapter, we consider systems
with larger dimensions in order to suppress atypical behavior.
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3 Dynamics of expectation values

In the previous chapter, we extended the Boltzmann entropy concept to quantum
systems by quantifying the number of accessible states in Hilbert space associated with a
given preparation. We showed that irreversibility is linked to the growth of this volume
under dynamics induced by coarse-graining maps.

However, we also observed that this link is sensitive to the specific dynamics under
consideration. When the microscopic Hilbert space has small dimension, the system is
far from the thermodynamic limit and atypical behaviors may arise. In such cases, the
volume associated with the effective density matrix may not increase after the dynamical
process, and consequently the same may occur for entropy, which is an increasing function
of the volume.

This chapter continues the analysis of effective dynamics, now formulated in terms
of evolution of a fixed expectation value of an observable A. We consider the set

ΩA(a) = {ϕ ∈ HD | ⟨ϕ|A|ϕ⟩ = a} (3.1)

consisting of all pure states that share the same expectation value of A, where D denotes the
Hilbert space dimension. The average over all macrostates defines the macroscopic quantity
that characterizes the effective level of description. Although a single expectation value
does not uniquely determine a density matrix, we adopt the same conceptual framework
used previously: the expectation value specifies the macroscopic description, while the
corresponding set of compatible pure states constitutes the underlying microscopic level.

Using the formalism of dynamical typicality of quantum expectation values devel-
oped by Bartsch and Gemmer [24] (see also [36]), together with a quantifier of irreversibility
(the distance between expectation values) and the volume of the set of states sharing
the same expectation value developed by Brody, Hook and Hughston [16], we quantify
both the uncertainty associated with the set of microscopic states compatible with a given
expectation value of an observable and the resulting irreversibility. Within this framework,
we aim to show that irreversibility emerges naturally in the dynamics of large systems in
connection with volume growth.

The central concept guiding this chapter is typicality. According to Refs. [6, 24,36–
38], an expectation value is said to be typical when most states in a given set produce
values close to the ensemble average and rarely deviate significantly from it. Based on
this idea, Ref. [24] introduced the concept of dynamical typicality: if pure states from
such a set produce approximately the same expectation value of an observable A at an
initial instant t = 0, then, under unitary evolution, they will also produce approximately
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the same expectation value at later times t. The importance of dynamical typicality is to
characterize the dynamics of the expectation values, which will play the role of effective
dynamics in this context.

When a system is prepared with a fixed expectation value of a given observable, a
corresponding set of pure states is defined, namely the set of all states that share the same
expectation value, as given in Eq.( 3.1). Since no further information about the microscopic
state is available, we adopt the hypothesis of a uniform probability distribution over this
set. This assumption reflects maximal ignorance beyond the prescribed expectation value
and allows us to quantify the uncertainty associated with the number of microscopic states
compatible with the preparation.

The volume associated with this uncertainty can be computed analogously to the
procedure employed in the previous chapter. In particular, Ref. [16] defines the volume
of the ensemble corresponding to a fixed expectation value for observables with equally
spaced spectra. As will be discussed below, this leads to a simple analytical expression for
the volume.

Within this framework, an analogue of the second law of thermodynamics can be
analyzed through the behavior of the volume under a given dynamics. The expectation
value at time t defines a new set of microscopic states constrained to yield that expectation
value. We can compare the volume associated with the initial preparation and the volume
associated with the evolved macroscopic description. For generic dynamical evolutions, we
expect the volume associated with the evolved expectation value to be larger than the
volume associated with the initial preparation, which can be interpreted as a signature of
irreversibility.

The way we define irreversibility is through the distance between expectation values.
In analogy with the previous chapter, we compare forward and backward dynamics and
compute the expectation value obtained after this process. The distance between the
initial and the recovered expectation values then quantifies the degree of irreversibility.
If the distance is nonzero, the initial and recovered values are distinguishable and the
process is said irreversible for the given observable, initial states and dynamics.

In this chapter, we consider the observable defining the microscopic uncertainty set
to be

A = αJz
j
, (3.2)

i.e., the angular momentum operator projected along the z direction divided by the total
angular momentum quantum number j. The normalization constant α is chosen as

α =
√

3j
j + 1 . (3.3)
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This choice of A is justified because the operator is traceless, can be properly normalized to
satisfy the conditions required in Ref. [24], which allows for a simpler analytical treatment,
and possesses an equally spaced spectrum. The last property allows us to apply the volume
formula derived in Ref. [16].

To show the intuitive arguments presented above, we complement the analytical
discussion with numerical simulations. The chapter is organized as follows. First, we
present the formalism of dynamical typicality of expectation values to characterize the
effective dynamics of interest. Next, we compute the volume associated with the set of
states defined by a given expectation value following Ref. [16]. We then introduce the
backward dynamics in order to define the recovered expectation value and the distance
between the initial and recovered expectation values obtained from forward and backward
dynamics. Subsequently, we discuss irreversibility in terms of volume growth, distance,
and the connection between them. Finally, we present our conclusions.

3.1 Dynamical typicality
This section is dedicated to the effective dynamics of closed quantum systems

described in terms of fixed expectation values of an observable associated with an ensemble
of pure states. As in the previous chapter, instead of focusing on the complete microscopic
evolution, we adopted a framework in which only macroscopic information is accessible.
In the present case, however, this framework is based on the concept of typicality, which
allows us to characterize effective dynamics through expectation values that are typical at
each time t.

We begin by introducing the concept of dynamical typicality of expectation values,
which provides the basis for defining an effective dynamics and for investigating the emer-
gence of irreversibility. Building upon the notion of “static” typicality, Ref. [24] introduced
the concept of dynamical typicality, referring to the typical behavior of expectation values
under unitary time evolution.

To review this idea, consider the set of uniformly distributed normalized pure states
(Haar states) |ϕ⟩ ∈ HD, whose probability distribution is invariant under arbitrary unitary
transformations. This invariance implies that all pure states are equally probable [24,36].
We now restrict attention to the subset of states in the D-dimensional Hilbert space
satisfying the constraint

⟨ϕ|A|ϕ⟩ = a. (3.4)

This defines the set

ΩA(a) = {|ϕ⟩ ∈ HD | ⟨ϕ|A|ϕ⟩ = a} . (3.5)
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The fixed expectation value defines a subset of pure states ΩA(a). Since no additional
information about the microscopic state is available beyond the fixed expectation value,
we assume a probability distribution that reflects only the symmetries of the constraint.
In particular, we require the distribution to be invariant under all unitary transformations
that preserve the condition ⟨ϕ|A|ϕ⟩ = a. This requirement uniquely selects the uniform
distribution restricted to the set ΩA(a).

Ref. [24] showed that if pure states from such a set produce approximately the same
expectation value of an observable A at a instant t = 0, then, under unitary evolution,
they will also produce approximately the same expectation value at later times t,

at ≈
(
⟨ϕ(0)|U †

)
A (U |ϕ(0)⟩) , ∀ |ϕ(0)⟩. (3.6)

This property is known as dynamical typicality. Although there exists a set of atypical
states that yield significantly different expectation values, this set is vanishing for large
Hilbert spaces dimensions [36].

To demonstrate this, the autors of the Ref. [24] specified the observable A solely
through its moments, ci = tr{A(i)/D}, with D the Hilbert space dimension. The observable
is required, for simplicity, to be traceless,

tr{A}
D

= c1 = 0 (3.7)

and normalized to

tr{A2}
D

= c2 = 1. (3.8)

All higher moments ci for i = 3, ..., 8 are required to be to be of the order unity.

Instead of working directly with the ensemble of pure states constrained to yield
a fixed expectation value of A, Ref. [24] introduced a substitute ensemble {|ω⟩} whose
expectation value of A coincides with the prescribed one on average. This ensemble average
provides a good approximation to the constrained ensemble average in the limit of large
Hilbert space dimension and is significantly easier to handle analytically. Indeed, sampling
uniformly from the set of pure states satisfying a fixed expectation value constraint
corresponds to sampling from a restricted subset of the unit sphere in Hilbert space [38].
This geometric restriction makes the original ensemble {|ϕ⟩} technically difficult to handle.

The set of states satisfying a constraint of the form Eq. (3.4) forms a lower-
dimensional submanifold of the pure state space, as shown in Fig. 25. As a consequence,
it has zero measure with respect to the Haar measure, and is therefore not sampled with
nonzero probability under uniform Haar sampling. However, it is possible to define a
conditional measure and perform the sampling consistently.
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Figure 25 – Representation of the sphere of pure states and a submanifold corresponding
to the set of pure states |ϕ⟩ compatible with a fixed expectation value. This
constraint defines, in general, a lower-dimensional manifold in the space of pure
states, which has zero measure with respect to the Haar measure. Consequently,
such states cannot be obtained via direct uniform Haar sampling.

The “state” of this substitute ensemble is defined as

|ω⟩ = 1 + dA√
1 + d2

|ψ⟩. (3.9)

In Eq. (3.9), |ψ⟩ is a Haar state, and d (not to be confused with the smaller
dimension introduced in the previous chapter) is a free parameter to be determined below.
Although the notation suggests that |ω⟩ represents a physical quantum state, it should be
emphasized that these vectors are normalized only on average with respect to the Haar
measure.

⟨ω|ω⟩ = 1 (3.10)

and the variance of this normalization is [24]

Var
(
⟨ω|ω⟩

)
= 1
D + 1

4d2 + 4d3c3 + d4(c4 − 1)
(1 + d2)2 . (3.11)

Thus, as D grows the apparent abuse of notation corresponds to a convenient mathematical
construction rather than to a set of strictly normalized quantum states. In the previous
formulas the averages are done over the Haar states |ψ⟩.

Regarding the substitute ensemble, the ensemble average of the expectation value
of A with respect to the ensemble {|ω⟩} is given by [24]

⟨ω|A|ω⟩ = 2d+ d2c3

1 + d2 . (3.12)
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We see that the mean expectation value is related to the parameter d. However, due
to the specific structure of Eq. (3.12), the expectation values of A, when averaged over
the ensemble {|ω⟩}, are constrained to remain small. For example, setting c3 = 0, the
mean expectation value initially increases with d, reaching a maximum at d = 1, and then
decreases, returning to zero for large values of d, as shown in Fig. 26.
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Figure 26 – Ensemble average expectation value of A given by Eq. (3.12) as a function of
the parameter d for c3 = 0. The mean value is bounded and remains smaller
than one in modulus.

In Fig. 26, we observe that for each mean expectation value there are two cor-
responding values of d. We choose the smaller one, as this corresponds to the smallest
distortion of the ensemble {|ω⟩}.

Moreover, Ref. [24] derived an upper bound on the variance of the expectation
values at any time t,

Var
(
(⟨ω0|U †)A (U |ω0⟩)

)
≤ 1
D + 1 .

1 + 4d√
c4 + 6d2c4 + 4d3√c4

4
√
c4c8 + d4√c4c8

(1 + d2)2 , (3.13)

which decreases as the Hilbert space dimension increases, ensuring typicality. The upper
bound on the variance of the expectation values of A, given in Eq. (3.13), is valid for any
time t. Therefore, according to [24], for sufficiently large systems, the curves describing
the dynamics of the expectation values

āt =
(
⟨ω(0)|U †

)
A (U |ω(0)⟩) (3.14)

corresponding to the vast majority of states in the ensemble {|ω⟩} are very close to each
other and are concentrated around the ensemble mean at any time t.
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Since, in the limit of large Hilbert space dimension, the expectation value of the
substitute ensemble {|ω⟩} provides an approximation to the constrained ensemble {|ϕ⟩}, it
follows that the expectation values

(
⟨ϕ(0)|U †

)
A (U |ϕ(0)⟩) also exhibit a typical evolution.

This property is referred to as dynamical typicality [24].

To explicitly illustrate dynamical typicality, we consider the observable

A = αJz
j
. (3.15)

The Hilbert space dimension is D = 2j + 1 and the eigenvalues of A are αm/j with
m = −j, . . . , j. The constant α is a normalization factor.

The angular momentum operator has previously been related to a coarse-grained
channel in Ref. [39] and later analyzed in Ref. [20], where the associated volume and
assignment map were computed. In the present context, the choice of the operator in
Eq. (3.15) is motivated by the fact that it is traceless, can be adjusted to satisfy the
requirements of Ref. [24], and possesses an equally spaced spectrum, allowing the use
of the volume formula derived in Ref. [16]. In addition, the Hilbert space dimension
considered here may be choosen significantly larger than that treated in the previous
chapter, hopefully bringing the system closer to the regime of most-of-times increasing
entropy.

Recall that the conditions imposed for simplicity on the observable are that its
moments satisfy c1 = 0, c2 = 1, and ci of order unity for i = 3, 4, . . . , 8. With the
normalization factor α, the first two moments read

c1 = α

D

j∑
m=−j

(
m

j

)
= 0, (3.16)

c2 = α2

D

j∑
m=−j

(
m

j

)2

= α2(j + 1)
3j . (3.17)

Then, in order to make c2 = 1 we must choose α such that

α =
√

3j
j + 1 . (3.18)

The higher moments of the observable in Eq. (3.15) can be also computed. It
is straightforward to see the odd-numbered moments are zero. Consider j = 1/2, for
example,

c3 = α3

D

1/2∑
m=−1/2

(
m

1/2

)3

= α3

D

(−1/2
1/2

)3

+
(

1/2
1/2

)3
 = 0. (3.19)
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In the other hand, the even moments are

c2k = tr{α2kJ2k
z /j

2k}
2j + 1 = α2k

(2j + 1)j2k 2
j∑

m=1
m2k. (3.20)

To find an expression that represents the even moments, consider k = 1, then
j∑

m=1
m2 = j(j + 1)(2j + 1)

6 .

The order of this sum is ∼ j3/3. If k = 2, then
j∑

m=1
m4 = j(j + 1)(2j + 1)(3j2 + 3j − 1)

30 ∼ j5

5

Extending to every k, it is suggested that
j∑

m=1
m2k ∼ j2k+1

2k + 1 .

in a way that even moments (c4, c6 and c8) are of order

c2k ∼ 3kjk
jkj2k+1

j2k+1

2k + 1 = 3k
2k + 1

i.e of order 1. The higher moments have been highlighted here to be used in Eq. (3.13).

Now that the moments have been calculated, we can return to the case of the
observable Eq. (3.15). Sampling an ensemble of pure states {|ϕ⟩} subject to the constraint
that all states share the same expectation value of the observable in Eq. (3.15),

⟨ϕ|αJz
j

|ϕ⟩ = a, (3.21)

is extremely difficult [38]. As stated previously, instead of explicitly constructing the
constrained ensemble {|ϕ⟩}, we follow Ref. [24] and introduce a substitute ensemble {|ω⟩}
whose expectation value is equal to a.

With the aim of constructing the substitute ensemble, we first generate random
Haar states |ψ⟩ in a Hilbert space of dimension D = 2j + 1. The substitute ensemble
{|ω⟩} is then constructed from these Haar states in such a way that the expectation value
is imposed only on average.

Given a target expectation value a, we define a parameter d using Eq. (3.12). The
left-hand side of that equation corresponds to the desired expectation value,

a = 2d
1 + d2 , (3.22)

where we recall odd moments are null. Solving eq. (3.22) for d,

d = 1 ±
√

1 − a2

a
, (3.23)
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and we we select the smaller root in order to ensure small values of d (see Fig. 26),

d = 1 −
√

1 − a2

a
. (3.24)

With this choice, the states |ω⟩ are constructed according to Eq. (3.9). We then numerically
compute the variance of the expectation values of the observable defined in Eq. (3.15) at
time t over the ensemble {|ω⟩}, and compare it with the analytical upper bound given
in Eq. (3.13) of Ref. [24]. For a given initial expectation value a0, the corresponding
parameter d0 is determined via Eq. (3.24). The resulting variance is then compared, for
illustration purposes, with the theoretical bound, as shown in Fig. 27.
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Figure 27 – Illustration of the variance of the operator A = αJz/j for j =
{1/2, 5, 10, 20, 40, 80}. Red points correspond to numerical data obtained
by sampling one thousand substitute ensemble states according to a fixed
expectation value a = 0.441942, with the corresponding parameter d0 deter-
mined from Eq. (3.24). The blue curve represents the analytical upper bound
variance (Eq. (3.13));

The variance of the expectation values of the observable A, defined in Eq. (3.12),
at time t satisfies the upper bound given by Eq. (3.13). Consequently, for sufficiently large
Hilbert space dimension, the trajectories of the expectation values at time t corresponding
to the vast majority of states in the substitute ensemble remain very close to one another
and hence close to the ensemble average at all times. In the large-dimensional limit, the
time evolution of the expectation values of this observable therefore becomes typical. This
behavior is illustrated in Fig. 28.
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Figure 28 – Illustration of the forward dynamics for an ensemble prepared with initial
expectation value a0. This preparation defines an ensemble {|ϕ⟩} and its
substitute {|ω⟩} whose states evolve unitarily in time. The ensemble averaged
expectation value of the observable at time t is denoted by āt, where the bar
denotes average over the evolved set {U |ω0⟩}. The black curve represents the
distribution of the individual expectation average values.

Assuming dynamical typicality, the expectation values at later times concentrate
around the ensemble average of the evolved states. Each expectation value at time t may
then be interpreted as defining an effective preparation, thereby specifying a new ensemble
of compatible microscopic states. In the following sections, we investigate this idea in
more detail by analyzing how the volume associated with these ensembles evolve in time
and how this relates to the emergence of irreversibility.

3.2 Volume
The preparation of a system with a well-defined expectation value specifies the set

of microscopic states compatible with it. Similarly to the previous chapter, we associate
the number of compatible microstates with the uncertainty inherent in the preparation,
since during the act of preparation no information about the specific microscopic state is
available. Thus, the larger the number of states compatible with a given preparation, the



Chapter 3. Dynamics of expectation values 60

greater the uncertainty associated with it [17].

This section aims to define the uncertainty associated with the ensemble of pure
states uniformly distributed and constrained to yield the same expectation value, ⟨ϕ|A|ϕ⟩ =
a, with A = αJz/j. This uncertainty is quantified by the number of microscopic states in
the ensemble and is measured by the volume of the corresponding set. To this end, we rely
on the results of Brody, Hook, and Hughston [16], who derived a closed-form expression
for the general case and, in particular, for observables with equally spaced spectra.

So far, following Ref. [24], we have introduced the ensemble of pure states |ϕ⟩,
that yield the exact expectation value, as well as a substitute ensemble of “states” |ω⟩.
The expectation value of the operator A with respect to states of the substitute ensemble
is, on average, equal to that obtained from the ensemble of pure states |ϕ⟩. Moreover,
as the dimension of the Hilbert space increases, the variance related to expectation
values decreases. Although sampling from the constrained ensemble {|ϕ⟩} is technically
demanding, since it corresponds to a submanifold of the unit sphere of pure states [38], we
have so far employed the substitute ensemble {|ω⟩}, which does not explicitly impose this
constraint.

However, in order to calculate the volume associated with the microscopic states
compatible with the preparation of an observable with a given expectation value, only
the spectrum of the observable is required [16]. Therefore, in this section we focus on the
volume of the original constrained ensemble. In particular, we consider

ΩA(āt) = {|χ⟩ ∈ HD | ⟨χ|A|χ⟩ = āt} , (3.25)

which denotes the set of pure states defined by the expectation value at time t.

The number of microscopic pure states compatible with this macroscopic constraint
is quantified with respect to the uniform (Haar) measure over all pure states, assuming all
compatible states to be equally probable. This integral:

V(a) =
∫
dµϕ δ(⟨ϕ|A|ϕ⟩ − a) , (3.26)

defines the volume of uncertainty associated with microscopic configurations whose expec-
tation values equal a given value. Analogously to the previous chapter, the integration is
performed over the set of pure states with respect to the Haar measure.

In the case of a non-degenerate spectrum, Ref. [16] showed that the volume of
uncertainty associated with microscopic configurations yielding a given expectation value
can be expressed in terms of the eigenvalues of A as

V(a) = (−1)n πn
n∑
k=0

δ(−n) (ak − a)
n∏
l=0
l ̸=k

1
al − ak

, (3.27)
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where D = n+ 1 is the dimension of the Hilbert space, ak denotes the k-th eigenvalue of
A, and a is the expectation value. The function

δ(−n)(x) =
 0, x < 0,

1
(n−1)! x

n−1, x ≥ 0,
(3.28)

is the n-th antiderivative of the Dirac delta distribution, satisfying

dn

dxn
δ(−n)(x) = δ(x).

We remind the operator A = αJz
j

, whose spectrum is

am = m
α

j
, m = −j, . . . , j, (3.29)

where α is defined in Eq. (3.18). The corresponding volume of uncertainty is computed
using Eq. (3.27). Substituting Eq. (3.29) into Eq. (3.27), we obtain

V(a) = (−1)2j π2j
j∑

m=−j
δ(−2j)

(
α

j
m− a

) j∏
l=−j
l ̸=m

1
α
j
(l −m) . (3.30)

This expression can be further simplified (see Appendix A) by introducing the
substitutions

a′ = a+ α, ω = α

j
, n = 2j,

leading to

V(a′) = (−1)nπn
(n− 1)!ω

n∑
k=⌈a′/ω⌉

(−1)k
k!(n− k)!

(
k − a′

ω

)n−1

, (3.31)

where k = ⌈x⌉ define k as the smallest integer that is greater than or equal to x.

The normalized volume of uncertainty, obtained by dividing Eq. (3.31) by the total
volume of pure states, is therefore

µ(a′) = (−1)nn
ω

n∑
k=⌈a′/ω⌉

(−1)k
k!(n− k)!

(
k − a′

ω

)n−1

. (3.32)

Ref. [16] showed that, as the dimension of the Hilbert space increases, the distri-
bution of expectation values becomes increasingly concentrated around the mean value
between the largest and smallest eigenvalues. In Fig. 29, we fit Gaussian distributions to
investigate whether Eq. (3.30) approaches a Gaussian profile in the large-j limit.

Then, consider the Gaussian distribution

f(a) = 1
σ

√
2π
e− 1

2(a−µ
σ ) (3.33)
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where a is the expectation value, µ is the mean (do not confuse with the normalized
volume Eq. (3.32)) and σ is the standard deviation.
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Figure 29 – This represents how the Gaussian distribution fits the curve that represents
the volume for a given range of expected values. In this case, in dashed curves
we used different values of standard deviation and the mean was taken as zero
(µ = 0). The black line is given by Eq. (3.32) with j = 15.

This fit with the Gaussian distribution motivated us to find the appropriate mean
and standard deviation parameters. In Appendix B, we show how to compute this
analytically. The Eq. (3.30) can be compared with a Gaussian distribution whose standard
deviation and mean are given by

σ =
√
α2

6j and µ = 0. (3.34)

As shown in Fig. 30, the larger the dimension of the system, the closer the
distribution for a given expectation value approaches a normal distribution.
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Figure 30 – For j = {5, 10, 15, 20} we show a comparision of the theoretical expression for
the normalized volume (Eq. (3.32), full lines) with the Gaussian approximations
(σ given by Eq. (3.34), µ = 0; dashed lines)

This result is particularly useful, as it allows for a simplified evaluation of the
volume associated with the uncertainty around a given expectation value. Such a volume
plays a central role in characterizing irreversibility, as previously discussed in the chapter 2.
In the present context, we will investigate how this volume increases when a large system
undergoes a dynamical evolution of the set that yields the same expectation values.

3.3 Distance
This section is devoted to the characterization of irreversibility through the distance

between expectation values of an observable. The central idea is to compare a given
expectation value of an observable with the recovered expectation value obtained after a
composition of forward and backward effective dynamics.

Let a0 be a fixed expectation value of the preparation of A at time t = 0 and its
average related to ā0 = ⟨ω0|A|ω0⟩, evaluated with respect to a state |ω0⟩ drawn from the
substitute ensemble {|ω0⟩}. As discussed in the previous section, the ensemble can be
evolved forward in time under the effective dynamics by applying a unitary operator Ut.
The ensemble averaged expectation value of the observable at time t is then given by

at = tr{Ut|ω0⟩⟨ω0|U †
t A}. (3.35)

The average density operator associated with the substitute ensemble can be calculated
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from its definition, Eq. (3.9). The result is [24]

|ω0⟩⟨ω0| = 1 + 2d0A+ d2
0A

2

D(1 + d2
0)

, (3.36)

where d0 is a function of a0 (see Eq. (3.31)). Substituting Eq. (3.36) into Eq. (3.35), the
ensemble average expectation value at time t can be expressed in terms of d0 as

at = tr
[
U

(
1 + 2d0A+ d2

0A
2

D(1 + d2
0)

)
U † A

]
. (3.37)

Using the properties of the trace, this expression becomes

at = 1
D(1 + d2

0)
[
tr (A) + 2d0tr

(
UAU †A

)
+ d2

0tr
(
UA2U †A

)]
. (3.38)

Since the observable A is traceless, as imposed by Eq. (3.7), the first term vanishes.
Therefore, the ensemble-averaged expectation value at time t can be written as

at = d0

D(1 + d2
0)
[
2tr

(
UAU †A

)
+ d0tr

(
UA2U †A

)]
. (3.39)

We now analyze the behavior of at under the forward effective dynamics. We
consider a unitary evolution operator of the form U(t) = e−iHt, where the Hamiltonian H
is drawn from the Gaussian Unitary Ensemble (GUE). The numerical results illustrated
in Fig. 31 imply that the mean expectation value of the observable A decays in time, in
agreement with the predictions of Ref. [24].
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Figure 31 – Time evolution of the ensemble-averaged expectation value at (blue), obtained
from Eq. (3.39) with unitary dynamics generated by a random but fixed
GUE Hamiltonian of dimension D. The shaded region (orange) represents
the theoretical upper and lower bounds given by Eq. (3.13), corresponding to
at ±

√
Var(at). The data were obtained for j = 15 and the time dependence

is carried by the unitary Ut = e−iHt.
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In the same way that a preparation with expectation value a0 defines the ensemble
{|ϕ⟩} together with its substitute ensemble {|ω0⟩}, we may interpret the expectation value
at as a new preparation defining another ensemble, denoted by {|χ⟩}, together with its
corresponding substitute ensemble {|ωt⟩},

|ωt⟩ = 1 + dtA√
1 + d2

t

|ψ⟩, (3.40)

with |ψ⟩ a Haar state and dt a function of at.

All aforementioned ensembles are summarized in the Table 1:

{|ϕ⟩} a0 = ⟨ϕ|A|ϕ⟩
{|ω0⟩} ⟨ω0|A|ω0⟩ = a0

{|ωt⟩} ⟨ωt|A|ωt⟩ = āt
{|χ⟩} āt = ⟨χ|A|χ⟩

Table 1 – Summary of the ensembles discussed in the text. The value a0 defines the
constrained ensemble {|ϕ⟩}, while āt defines {|χ⟩}. The substitute ensembles are
constructed such that their average expectation values satisfy ⟨ω0|A|ω0⟩ = ā0
and ⟨ωt|A|ωt⟩ = āt.

Although two ensembles may be constructed to reproduce the same expectation
value of the observable A, they are not, in general, identical. In particular, the set of states
obtained by evolving the ensemble {|ω0⟩} forward in time does not necessarily coincide
with the set of states whose expectation value is exactly at. While the evolved ensemble
{Ut|ω0⟩} yields a distribution of expectation values whose average is āt, there exist states
with expectation value exactly āt that are not contained in {Ut|ω0⟩}, as illustrated in
Fig. 32. We represent the set whose expectation value is exactly āt greater than {Ut|ω0⟩}
but with an intersection between them.

The ensemble {|ωt⟩} can be evolved backward in time by applying the inverse
unitary operator U †

t , as shown in Fig. 32. Since the upper bound on the variance of
the expectation values of A, given in Eq. (3.13), holds for arbitrary times, the dynamics
remains typical both in the forward and backward directions.

Under this backward evolution, we define the recovered expectation value at time
t = 0, denoted by aR0 . Following steps analogous to those leading to Eq. (3.39), we find
that the recovered expectation value, averaged over the ensemble, is given by

aR0 = dt
D(1 + d2

t )
[
2tr

(
U †
tAUtA

)
+ dttr

(
U †
tA

2UtA
)]
. (3.41)
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Figure 32 – Schematic representation of the forward and backward dynamics of expectation
values. A preparation with expectation value a0 defines the ensemble {|ϕ⟩}
and the substitute ensemble {|ω0⟩}, whose forward evolution (purple) under Ut
produces a distribution of expectation values with average āt. The preparation
defined by at corresponds to a different ensemble {|χ⟩}, substituted by {|ωt⟩},
whose volume is generally larger than that of the dynamically evolved ensemble
{Ut|ω0⟩}, although the two sets intersect. Evolving {|ωt⟩} backward in time
(orange) using U †

t yields a recovered expectation value āR0 , which does not
necessarily coincide with the initial value a0.

To quantify the difference between the initial and recovered expectation values, a0

and āR0 , respectively, we introduce distance

D(aR0 , a0) = |aR0 − a0|. (3.42)

Our goal is to relate the distance defined in Eq. (3.42) to irreversibility, in close analogy
with the approach adopted in the previous chapter. If D

(
aR0 , a0

)
= 0, the expectation

values are indistinguishable. In this case, the effective dynamics is said reversible with
respect to A, a and H, the hamiltonian. Conversely, if D

(
aR0 , a0

)
̸= 0, the backward

dynamics cannot recover the original ensemble. The expectation values then become
distinguishable, signaling the emergence of irreversibility in the effective dynamics. This
irreversibility scenario will be explored in detail in the next section.
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3.4 Irreversibility
The second law of thermodynamics states that the entropy of an isolated system

does not decrease in the thermodynamic limit [13,25,26,30–33]. In the present framework,
entropy is associated with the volume of the ensemble of pure states that share the same
expectation value of a given observable.

A signature of irreversibility, in this case, is the increase of the volume of the set
related to the expectation value after a generic dynamic,

V({|χ⟩})
V({|ϕ⟩}) > 1, (3.43)

where the volume is computed according to Eq. (3.31), with a′ = a+ α. Here, V({|ϕ⟩})
denotes the volume of the ensemble of states |ϕ⟩ whose exact expectation value is a0, while
V({|χ⟩}) corresponds to the volume of the ensemble of states |χ⟩ with exact expectation
value at.

In the previous section, we showed that the volume defined in Eq. (3.31) can be
approximated by a Gaussian distribution with variance and mean given in Eq. (3.34).
Using this Gaussian approximation, the ratio between the volumes in Eq. (3.43) becomes

V(at)
V(a0)

≈
exp {−a2

t/2σ2}
σ

√
2π

exp {−a2
0/2σ2}

σ
√

2π

,

where σ =
√

α2

6j . This expression simplifies to

V(at)
V(a0)

≈ exp
{
1/2σ2 (a2

0 − a2
t )
}
. (3.44)

For the ratio in Eq. (3.44) to be greater than unity, it is necessary that |a0| > |at|,
implying that the absolute value should decrease in time.

Previously, we showed that the mean expectation value decays toward zero as time
increases, such that |a0| > |āt| for t > 0. In Fig. 33, we compare the analytical prediction
obtained from Eq. (3.39) with numerical results of at over time for the operator A = αJz/j.
The analytical curve used here can be regarded as analytical, since it employs the same
values of a0 and d0 extracted from the numerical calculations, as well as the same set of
random unitaries generated from a GUE Hamiltonian. By contrast, the numerical results
are obtained by explicitly sampling states from the ensemble and computing the mean
expectation value as the average over all sampled expectation values.
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Figure 33 – Mean expectation values at each time t. On blue analytical mean expectation
value obtained by Eq. (3.39) where the U = e−iHt, with H a random Hamil-
tonian of dimension D. On red numerical calculations for mean expectation
value with j = 15 and a0 = 0.441942 and considering 10000 states of the
ensemble. The theoretical upper and lower bounds given by Eq. (3.13), corre-
sponding to at ±

√
Var(at). The numerical bound correspond to the variance

of numerical data..

Since |at| is smaller than the initial fixed expectation value |a0| and thus |āt| < |a0|
for any t > 0, the ratio of volumes given in Eq. (3.44) remains greater than unity throughout
the entire time interval, as shown in Fig. 34.

To generate the numerical results shown in Fig. 34 and subsequent figures, we
fix j = 15 and an initial expectation value a0 = 0.441942. We then determine the
corresponding parameter d0 (see Eq. (3.12)) and construct the initial ensemble of states
|ω0⟩. Each state is evolved unitarily under a realization of a fixed random Hamiltonian
of dimension D = 2j + 1, for times t ∈ [0, 20] with step size 0.2. At each time step,
we compute the expectation value of A and its ensemble average. The resulting mean
expectation value at time t is interpreted as defining an effective new preparation, which
determines a new parameter dt and a new ensemble of states |ωt⟩. Finally, we compare
the volume associated with the initial value a0 to that corresponding to āt.
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Figure 34 – Ratio V(at)/V(a0) at each time t is obtained by Eq. (3.44) for j = 15 and all
the settings already mentioned in Fig. 33.

Recalling the concept of volume of uncertainty introduced in the previous chapter,
the volume V(at) quantifies the number of microscopic pure states compatible with the
macroscopic expectation value at. The larger this volume, the greater the number of
microscopic configurations associated with the same macroscopic value, and consequently,
the larger the microscopic uncertainty underlying the measured observable.

In Fig. 35, we show the time dependence of the distance between the initial fixed
expectation value a0 and the recovered value āR0 obtained after a forward and backward
evolution generated by the unitary operator U = e−iHt and U † = eiHt where H is a
random Hamiltonian drawn from the GUE and t ∈ [0, 20]. At each time step, the mean
expectation value āt is interpreted as defining an effective preparation of the system, which
determines a new parameter dt and an associated ensemble |ωt⟩. Each state |ωt⟩ is then
evolved backward in time using the same Hamiltonian used for the forward evolution. For
the backward evolved states, we compute the expectation value of A and its mean value,
denoted āR0 . Finally, we evaluate the distance between the initial fixed expectation value
a0 and the recovered one āR0 .
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Figure 35 – Distance between a0 and aR0 as a function of time t. The blue curve corresponds
to numerical results obtained with the same parameters used in Fig. 34.
Starting from an initial expectation value a0, the corresponding d0 was used to
generate an ensemble of 10000 states |ω0⟩. These states were evolved forward
in time under the unitary operator Ut, yielding the mean expectation value
at. The resulting states |ωt⟩ were then evolved backward, and the recovered
expectation value aR0 was obtained. The distance between a0 and aR0 was
subsequently computed. The black curve represents the analytical prediction,
obtained from Eq. (3.41), using the same initial value a0 = 0.441942 as in the
numerical simulations.

As stated previously, our definition of irreversibility is based on the distance between
the initial expectation value a0 and the expectation value obtained after the composition
of forward and backward typical dynamics, denoted by āR0 . An important advantage of
this approach is that it does not require access to microscopic level in order to detect the
emergence of irreversibility in the process.

If D(āR0 , a0) = 0, the effective dynamics is said to be reversible with respect to the
observable A. In contrast, if D(āR0 , a0) ̸= 0, the backward dynamics fails to recover the
original preparation. In this case, the ensemble {|χ⟩} defined by the recovered expectation
value is no longer equivalent to the image of the initial ensemble {|ϕ⟩} under forward
evolution, and the effective dynamics is therefore irreversible.

These results motivate us to check where there is a correlation between the volume
ratio defined in Eq. (3.44) and the distance introduced in Eq. (3.42). Such a correlation
provides a clear signature of irreversibility: as the volume of the ensemble associated
with a given expectation value increases, the Euclidean distance between the initial and
recovered expectation values also increases.
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With the observable A = αJz/j, the initial expectation value a0 = 0.441942,
j = 15, and considering a random Hamiltonian, the parametric plot obtained by combining
Eqs. (3.44) and (3.42) is shown in Fig. 36.
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Figure 36 – Correlation between the Euclidean distance D(aR0 , a0), obtained from
Eq. (3.41), and the volume ratio V(at)/V(a0), obtained from Eq. (3.44),
for j = 15 and an ensemble of 10000 states |ω⟩.

The correlation displayed in Fig. 36 highlights the irreversible character of the
effective dynamics of expectation values. As the evolution time increases, both the
expectation value at and the recovered value aR0 decay toward zero, leading to a strictly
positive distance D(aR0 , a0). At the same time, the ratio of ensemble volumes remains
greater than unity.

Taken together, these results reveal a clear correlation between the increase in
ensemble volume and the distance between the initial and recovered expectation values.
Larger Hilbert-space volumes (corresponding to a greater number of microscopic states
compatible with the evolved expectation value) are associated with greater distinguishabil-
ity between the initial and reconstructed preparations. This behavior suggests the existence
of an analogue of a second law for the effective dynamics: the quantum Boltzmann entropy,
defined through the Hilbert-space volume of compatible microstates, tends to increase
under expectation-value dynamics. In this sense, irreversibility is not merely a qualitative
feature, but is quantitatively captured by entropy growth and its operational manifestation
through a nonvanishing distance between initial and recovered expectation values.
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3.5 Conclusion
In this chapter, we investigated irreversibility in the dynamics of expectation values

within the framework of dynamical typicality. Focusing on observables with equally spaced
spectra, we analyzed how ensembles of pure states constrained by a fixed expectation
value evolve under unitary dynamics.

The central mechanism behind irreversibility arises from the mismatch between two
ensembles: the forward-evolved ensemble associated with the initial preparation and the
ensemble defined by the evolved expectation value. Although both correspond to the same
macroscopic quantity (āt), they are not microscopically identical. As a consequence, the
number of microscopic states compatible with the evolved expectation value is typically
larger than the number compatible with the initial one.

This enlargement of the compatible set leads to an increase in the associated
Hilbert-space volume. The growth of this volume implies that, after composing forward
and backward effective dynamics, the recovered expectation value generally differs from
the initial preparation. Irreversibility therefore manifests itself operationally through a
nonvanishing distance between the initial and recovered expectation values.

Finally, we showed that volume growth and distinguishability are correlated: larger
increases in volume correspond to larger distances between initial and recovered effective
descriptions. This establishes a direct connection between entropy growth in Hilbert space
and macroscopic irreversibility for expectation-value dynamics.

An important direction for future work is the extension of this analysis to more
general classes of observables beyond those with equally spaced spectra.
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4 Conclusion

The second law of thermodynamics stands as one of the most robust and universally
applicable principles in physics. Its persistence, despite the time-reversal invariance of the
fundamental microscopic laws, continues to raise fundamental questions about the origin
of macroscopic irreversibility. This thesis addressed this tension by investigating whether
irreversibility can emerge in closed quantum systems when the dynamics are described at
an effective, macroscopic level.

The central result of this work is that irreversibility can arise naturally from
the structure of effective dynamics, even when the underlying microscopic evolution is
strictly unitary and reversible. The key mechanism responsible for this emergence is the
mismatch between the forward-evolved microscopic ensemble and the ensemble defined by
the evolved effective description. This structural mismatch leads to a growth in the number
of microscopic states compatible with the macroscopic description after the evolution,
thereby increasing uncertainty and generating effective irreversibility.

To formalize this idea, we used an analog of the Boltzmann notion of entropy for
quantum systems by defining entropy through the volume of compatible microscopic states
in Hilbert space. Within this framework, entropy growth corresponds to an increase in
the volume of the ensemble associated with an effective description. Importantly, this
growth does not require any fundamental violation of microscopic reversibility; it emerges
from the loss of accessible information inherent in the transition between microscopic and
macroscopic levels.

Two complementary realizations of effective dynamics were analyzed. In the first,
irreversibility emerged from dynamics induced by coarse-graining channels, unitary evolu-
tion, and assignment maps. In the second, the same phenomenon was investigated through
the framework of dynamical typicality, where macroscopic descriptions are expressed
in terms of expectation values. Both approaches revealed the same structural origin of
irreversibility: the enlargement of the set of compatible microscopic states under effective
evolution.

A central contribution of this thesis is the definition of irreversibility through
distinguishability. We demonstrated that the growth of ensemble volume i.e, the quantum
Boltzmann entropy, is directly correlated with the increase in distance between the initial
and recovered effective descriptions. This establishes a concrete link between volume
increase in Hilbert space and distinguishability. If this distance vanishes, the process is
reversible at the macroscopic level. This definition is experimentally meaningful, as it
relies solely on quantities accessible at the macroscopic level.
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It is crucial to emphasize that the irreversibility discussed here is emergent rather
than fundamental. The microscopic dynamics remain unitary and reversible at all times.
Irreversibility arises because effective descriptions do not retain complete information
about the microscopic state space. From the macroscopic standpoint — the level at which
physical observations are made — this loss of accessible information manifests itself as
entropy growth and as the impossibility of perfectly recovering the initial preparation.

The results obtained here suggest that the second law of thermodynamics can
be understood as a structural consequence of effective description in quantum systems.
Rather than requiring environmental coupling or explicit dissipation, irreversibility can
emerge from the internal architecture of effective dynamics.

Future investigations may extend this framework to more general classes of observ-
ables, different coarse-graining procedures, and larger many-body systems closer to the
thermodynamic limit. Such extensions may further clarify the universality and limitations
of the mechanisms identified here.
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A Volume associated with microcanonical en-
semble

We consider the operator
A = α

Jz
j
,

with spectrum

am = m
α

j
, m = −j, . . . , j. (A.1)

From Brody’s construction, the volume of the set constrained by a given expectation
value of an observable with non-degenerate energy spectrum can be written as [16]

V(a) = (−1)n πn
n∑

m=0
δ(−n) (ama)

n∏
l=0,l ̸=m

1
al − am

(A.2)

where D = n+ 1 is the dimension of the system, am is the m-th eigenvalue of A and the
n-th antiderivative of the Dirac delta distribution is

δ(−n)(x) =
 0, x < 0

1
(n−1)x

n−1, x ≥ 0
(A.3)

Substituting Eq. (A.1) in Eq. (A.2) and focusing in the productory, we have
j∏

l=−j,l ̸=m

1
α
j

2j(l −m)
=
(
j

α

)2j
m−1∏
l=−j

1
(l −m)

 j∏
l=m+1

1
(l −m)


=
(
j

α

)2j
(−1)j+m

m−1∏
l=−j

1
(m− l)

j∏
l=m+1

1
(l −m)

=
(
j

α

)2j (−1)j+m
(j +m)!(j −m)! . (A.4)

The antiderivative in this case is

δ(−2j)
(
α

j
m− a

)
=
(
j

α

)2j−1 1
(2j − 1)!

[
m− j

α
a
]2j−1

, m ≥ j
α
a (A.5)

Substituting Eq. (A.4) and Eq. (A.5) in Eq. (A.2)

V(a) = π2jj

(2j − 1)!α

j∑
m≥⌊ja/α⌋

(−1)j+m
(j +m)!(j −m)!

(
m− ja

α

)2j−1
. (A.6)

It’s possible to change variables and get closer to [16] formulation. If we set

k = j +m, k = 0, ..., 2j
n = 2j
a′ = a+ α

ω = α/j
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the Eq. (A.6) becomes

V(a′) = (−1)nπn
(n− 1)!ω

n∑
k≥⌈a′/ω⌉

(−1)k
k!(n− k)! (k − a′/ω)n−1

, (A.7)

where k = ⌈x⌉ define k as the smallest interger that is freater than or equal to x. The
normalized volume, obtained dividing Eq. (A.7) by the total volume of pure states, is

µ(a′) = (−1)nn
ω

n∑
k≥⌈a′/ω⌉

(−1)k
k!(n− k)! (k − a′/ω)n−1 (A.8)

for a given expectation value.
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B Gaussian form of Eq. (3.30)

Consider

f(a) = (−1)nπn
(n− 1)!ω

n∑
m≥⌈E+α

ω
⌉

(−1)m
m!(n−m)!

(
m− a+ α

ω

)n−1
, (B.1)

where a′ = a+ α. We can write the moments associated with Eq. (B.1) as

γk =
∫ amax

amin
da akf(a). (B.2)

Substituting Eq. (B.1) in Eq. (B.2)

γk =
∫ m

−α
da ak

(−1)nπn
(n− 1)!ω

n∑
m≥⌈a+α

ω
⌉

(−1)m
m!(n−m)!

(
m− a+ α

ω

)n−1
. (B.3)

Changing variables,

x = a+ α

ω
(B.4)

xmin = 0 (B.5)
xmax = m (B.6)
ωdx = da (B.7)

And for each fixed m, the integral over x should only include those x with x ≤ m. Then,
we can rewrite Eq. (B.3)

γk = (−1)nπn
(n− 1)!ω

n∑
m≥0

(−1)m
m!(n−m)!

∫ m

0
ωdx (ωx− α)k (m− x)n−1 . (B.8)

The normalization is when k = 0. So,

γ0 = (−1)nπn
(n− 1)!

n∑
m≥0

(−1)m
m!(n−m)!

∫ m

0
dx (m− x)n−1 . (B.9)

That integral in Eq. (B.9) we can resolve by substitution∫ m

0
dx (m− x)n−1 = mn

n

than Eq. (B.9) becomes

γ0 = (−1)nπn
n(n− 1)!

n∑
m≥0

(−1)mmn

m!(n−m)!

= (−1)nπn
nn!(n− 1)!

n∑
m≥0

(−1)m
(
n

m

)
mn (B.10)
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where we used the definition of binomial coefficient(
n

m

)
= n!
m!(n−m)! .

Using Mathematica to resolve the summation,
n∑

m≥0
(−1)m

(
n

m

)
mn = (−1)nn!

Thus, we can simplify (−1)n and n! in Eq. (B.10) and we find

γ0 = (−1)nπn
nn!(n− 1)!(−1)nn! = πn

n! . (B.11)

Similarly, to k = 1, the first moment is

γ1 = (−1)nπn
(n− 1)!

n∑
m≥0

(−1)m
m!(n−m)!

∫ m

0
ωdx (ωx− α) (m− x)n−1

= (−1)nπn
(n− 1)!

n∑
m≥0

(−1)m
m!(n−m)!

[
ω
∫ m

0
dx x (m− x)n−1 − α

∫ m

0
dx (m− x)n−1

]
. (B.12)

We can resolve the first integral in Eq. (B.12) by integration by parts∫ m

0
dx x (m− x)n−1 = mn+1

n(n+ 1) ,

and Eq. (B.12) becomes

γ1 = (−1)nπn
(n− 1)!

n∑
m≥0

(−1)m
m!(n−m)!

[
ω

mn+1

n(n+ 1) − α
mn

n

]

= (−1)nπn

 ω

(n+ 1)!

n∑
m≥0

(−1)mmn+1

m!(n−m)!

−

 α
n!

n∑
m≥0

(−1)mmn

m!(n−m)!

 (B.13)

where we simplified (n−1)! and we split the summation into two pieces. Using Mathematica
again to resolve the summation

n∑
m≥0

(−1)mmn

m!(n−m)! =
n∑

m≥0
(−1)m

(
n

m

)
mn = (−1)nn! (B.14)

n∑
m≥0

(−1)mmn+1

m!(n−m)! =
n∑

m≥0
(−1)m

(
n

m

)
mn+1 = (−1)nn!S(n+ 1, n) = (−1)nn!n(n+ 1)

2 ,

(B.15)

where

S(n+ 1, n) = n(n+ 1)
2 (B.16)

is a Stirling number of second kind. Therefore, Eq. (B.13) becomes

γ1 = (−1)nπn
n!

{[
ω

(n+ 1)! (−1)nn!n(n+ 1)
2

]
−
[
α

n! (−1)nn!
]}

= πn

n!

(
ωn

2 − α
)

(B.17)
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Recovering n = 2j and ω = α/j, we obtain

γ1 = 0 (B.18)

Finally, for k = 2, the second moment is

γ2 = (−1)nπn
(n− 1)!

n∑
m≥0

(−1)m
m!(n−m)!

∫ m

0
ωdx (ωx− α)2 (m− x)n−1 , (B.19)

where

∫ m

0
ωdx (ωx− α)2 (m− x)n−1 = (B.20)[

ω2
∫ m

0
dx x2 (m− x)n−1 − 2ωα

∫ m

0
dx x (m− x)n−1 + α2

∫ m

0
dx (m− x)n−1

]
. (B.21)

Resolving each integral by substitution or integration by parts methods, we get∫ m

0
dx (m− x)n−1 = mn

n
= mn(n− 1)!

n!∫ m

0
dx x (m− x)n−1 = mn+1

n(n+ 1) = mn+1(n− 1)!
(n+ 1)!∫ m

0
dx x2 (m− x)n−1 = 2mn+2

n(n+ 1)(n+ 2) = 2mn+2(n− 1)!
(n+ 2)!

Splitting the summation into three parts,
n∑

m≥0

(−1)m
m!(n−m)!

mn

n! = 1
n!

n∑
m≥0

(−1)m
(
n

m

)
mn = (−1)nS(n, n)n!

n!
n∑

m≥0

(−1)m
m!(n−m)!

mn+1

(n+ 1)! = 1
(n+ 1)!

n∑
m≥0

(−1)m
(
n

m

)
mn+1 = (−1)nS(n+ 1, n) n!

(n+ 1)!
n∑

m≥0

(−1)m
m!(n−m)!

2mn+2

(n+ 2)! = 2
(n+ 2)!

n∑
m≥0

(−1)m
(
n

m

)
mn+2 = (−1)nS(n+ 2, n) 2n!

(n+ 2)!

and the Stirling numbers of second kind are [40]

S(n, k) =
k∑
i=0

(−1)k−iin

(k − i)!i! .

Thinking of boxes, if we want to number to partition a set of n+2 objects into n non-empty
boxes, two options are available:

• One subset contains 3 elements, and the rest are singletons.(
n+ 2

3

)
= n(n+ 1)(n+ 2)

6

• Two subsets contain 2 elements each, and the rest are singletons. It is, 4 elements
will be paired, then partition them into 2 pairs in 3 different ways.

3
(
n+ 2

4

)
= (n− 1)n(n+ 1)(n+ 2)

8 .
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So,

S(n+ 2, n) = n(n+ 1)(n+ 2)
6 + (n− 1)n(n+ 1)(n+ 2)

8 = (3n+ 1)n(n+ 1)(n+ 2)
24 .

Thus the second moment is, after some simplifications of (n− 1)! and (−1)n,

γ2 = πn

n!

[
2ω2n!

(n+ 2)!
(3n+ 1)n(n+ 1)(n+ 2)

24 − 2ωαn!n(n+ 1)
2(n+ 1)! + α2

]

= πn

n!

[
ω2(3n+ 1)n

12 − ωαn+ α2
]
. (B.22)

Once the moments are defined, we write the variance recovering n = 2j and ω = α/j as

σ2 = γ2 − γ2
1

γ0
= α2

6j . (B.23)
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