
Tomáz Antonio Bortoletto Giansante

A Study of Invisible Higgs Decays at a Future
e+e− Collider Using the Z(µ+µ−) Recoil

Spectrum
√
s = 250 GeV

Brazil

3 of March, 2026





Tomáz Antonio Bortoletto Giansante

A Study of Invisible Higgs Decays at a Future e+e−

Collider Using the Z(µ+µ−) Recoil Spectrum
√
s = 250 GeV

Master Thesis for the Brazilian Center of
Research in Physics, Particles Physics.

Brazilian Center For Research In Physics – CBPF

Ministério da Ciência, Tecnologia e Inovação – MCTI

Graduate Program

Supervisor: Carsten Hensel

Brazil
3 of March, 2026



Tomáz Antonio Bortoletto Giansante
A Study of Invisible Higgs Decays at a Future e+e− Collider Using the Z(µ+µ−)

Recoil Spectrum
√
s = 250GeV / Tomáz Antonio Bortoletto Giansante. – Brazil, 3

of March, 2026-
134p. : il. (algumas color.) ; 30 cm.

Supervisor: Carsten Hensel

Dissertation (Master) – Brazilian Center For Research In Physics – CBPF
Ministério da Ciência, Tecnologia e Inovação – MCTI
Graduate Program, 3 of March, 2026.
1. Invisible Higgs Decay. 2. International Linear Collider. 2. Key4hep. I. Carsten

Hensel. II. Brazilian Center for Research in Physics. III. Ministério da Ciência, Tec-
nologia e Inovação. IV. Master’s Degree







This work is dedicated to everyone
that helped me become a Physicist.





Acknowledgements

Firstly, I wish to express my sincere appreciation to the Brazilian Center for
Research in Physics (CBPF) for accepting me as a master’s student and providing an
excellent research environment.

I would like to my love and appreciation for my closest friends-Mariana Moraes,
Felipe Mesquita, Ivan Gentil, Guilherme Baccari, Matheus Alves, Luiz Henrique and
many others. I owe a special debt of gratitude to my friend Rodrigo Manhães, whom I
shared my stay at Rio de Janeiro, where we learned and grew together with unforgettable
experiences.

Special thanks to my father, Antonio Eduardo, my brother, Miguel Giansante and
my mother, Cláudia Bortoletto for helping and motivating me during my entire Physics
journey, from my undergraduate degree at Universidade de São Paulo to my master’s
degree at CBPF. Supporting me in my most difficult moments leading me to finish my
degree.

I also want to thanks Deutsches Elektronen-Synchrotron (DESY), for providing
me access to their ecosystem for the Key4hep simulations that made this thesis possible.

My utmost thanks for Carsten Hensel for being my supervisor, whose mentorship
and insightful feedback shaped the entirety of this work.

I am deeply thankful to CNPq for awarding me an scholarship.





"Investigation may be likened to the long months of pregnancy, and solving a problem to
the day of birth. To investigate a problem is, indeed, to solve it."

- Mao Tsetung





Abstrato

A busca pelo Decaimento Invisível do Higgs (IHD) constitui uma sonda poderosa e
independente de modelo para investigar física além do Modelo Padrão (SM), com particular
relevância para cenários de matéria escura nos quais o bóson de Higgs se acopla a partículas
fracamente interagentes.

Nesta tese, o objetivo é demonstrar a viabilidade da estrutura Key4hep usando o Decai-
mento Invisível do Higgs como um benchmark de fluxo de trabalho. O fluxo de trabalho
inovador Key4hep desenvolvido pelo autor resultou em uma cadeia de análise simulada
que permite estimar a sensibilidade ao canal de decaimento invisível do Higgs h → inv
é avaliada no canal de Higgsstrahlung e−e+ → Zh, a uma energia no centro de massa
de

√
s = 250 GeV, assumindo uma luminosidade integrada de L = 250 fb−1 e feixes

polarizados correspondentes ao estágio inicial de operação do International Linear Collider
(ILC) (1, 2). É realizada uma simulação completa de Monte Carlo dos processos de sinal e
dos backgrounds do SM, com foco no modo de decaimento leptônico Z → µ+µ− e no IHD
h → inv com a suposição final do MP de inv = 2ν + 2ν̄.

A análise emprega a técnica de massa de recuo independente de modelos para identificar
decaimentos invisíveis do Higgs, independentemente de seus produtos de decaimento.
Uma seleção de eventos baseada em cortes é desenvolvida, inspirada em buscas anteriores
por decaimentos invisíveis do Higgs tanto no LHC (3) quanto no ILC (2, 4, 5, 6). Os
cortes são definidos com base em variáveis cinemáticas, como massa de recuo, energia
ausente e momento transversal aplicados para maximizar a sensibilidade do sinal enquanto
suprimem os backgrounds.

Sob essas hipóteses, é realizada uma projeção simplificada de sensibilidade por meio de
uma abordagem baseada em contagem de eventos. A partir dos rendimentos selecionados
de sinal e background, estima-se uma sensibilidade esperada aproximada aos decaimentos
invisíveis do Higgs, correspondente a um alcance na razão de ramificação de

BR(h → inv) < 4.5% (1)

Essa estimativa é derivada de uma análise baseada em cortes, com tratamento aprox-
imado das incertezas, e não constitui um limite formal obtido por meio de um ajuste
de perfil de verossimilhança (profile-likelihood) ou de um procedimento de exclusão CLS.
Esses resultados demonstram o forte potencial do ILC para observar ou impor restrições
significativas aos decaimentos invisíveis do Higgs, fornecendo testes rigorosos de cenários
de nova física além do SM.



Palavras-chave: Particle Physics. Key4hep. Linear Collider. Higgs. Invisible Decay.
Neutrinos. Dark Matter. Física de Partículas. Key4hep. Aceleradores Lineares. Higgs.
Decaimento Invisível. Neutrinos. Matéria Escura.



Abstract
The search for Invisible Higgs Decay (IHD) provides a powerful and model-independent
probe of physics beyond the Standard Model (SM), with particular relevance to dark
matter scenarios in which the Higgs boson couples to weakly interacting particles.

In this thesis, the goal is to demonstrate the viability of the Key4hep framework using
the Invisible Higgs Decay as a workflow benchmark. The innovative Key4hep workflow
developed by the author, resulted in a simulated analysis chain that allows the estimation of
the sensitivity to the invisible Higgs decay channel h → inv evaluated in the Higgstrahlung
channel e−e+ → Zh at a Center-of-Mass energy of

√
s = 250 GeV, assuming an integrated

luminosity of L = 250 fb−1 and polarized beams corresponding to the initial operational
stage of the International Linear Collider (ILC) (1, 2). A full Monte Carlo simulation of
signal and Standard Model background processes is performed, focusing on the leptonic
decay mode of the Z → µ+µ− and the IHD h → inv with the final state SM assumption
of inv = 2ν + 2ν̄.

The analysis employs the model-independent recoil mass technique to identify invisible
Higgs decays regardless of the Higgs decay products. A cut-based event selection is
developed inspired by previous invisible Higgs decays searches at either the LHC (3)
or the ILC (2, 4, 5, 6). The cuts are based on kinematic variables such as recoil mass,
missing energy and transverse momentum are applied to maximize signal sensitivity while
suppressing backgrounds.

Under these assumptions, a simplified sensitivity projection is performed using a counting-
based approach. From the selected signal and background yield, an approximate expected
sensitivity to invisible Higgs decays is estimated, corresponding to a branching ratio reach
of

BR(h → inv) < 4.5% (2)

This estimate is derived from a cut-based analysis with an approximate treatment of
uncertainties and does not a full profile-likelihood limit or CLS exclusion limit. These
findings demonstrate the strong potential of the ILC to either observe or significantly
constrain invisible Higgs decays, thereby providing stringent tests of new physics scenarios
beyond the SM.

Keywords: Particle Physics. Key4hep. Linear Collider. Higgs. Invisible Decay. Neutrinos.
Dark Matter.
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1 Introduction

The discovery of the Higgs boson at the CERN Large Hadron Collider (16)

con�rmed the last missing piece of the Standard Model (SM). Theory shows that the

Higgs boson has an essential role in the evolution of the Universe from it's very beginning

to the physics we see in our experiments today (17), but despite its remarkable success,

the SM does not explain several fundamental observations specially at very high energy

scales, including the nature of dark matter, neutrino oscillations, particles that weakly

couples to SM particles, or particles with a compressed mass spectrum and etc. One of

the most sensitive and model-independent probes of physics Beyond the Standard Model

(BSM) is the search for invisible decays of the Higgs boson. The SM predicts that the

Higgs rarely decays invisibly, an expected branching ratio (BR) of0:1%, with a �nal

state consisting of two pairs of neutrinosh ! 2� + 2 �� , any deviation from the tiny SM

prediction would be a clear indication of new physics, such as Higgs-portal dark matter or

other weakly interacting hidden particles (2, 4, 5, 1).

The Higgs sector is where it's expected the majority of new physics beyond the

SM, improvement in the precision levels of Higgs experiments requires upgrades and

construction of current and future particle accelerators (1). A future electron�positron

collider operating as a Higgs factory provides an ideal environment for this search.

The International Linear Collider (ILC) ( 18), planned to operate initially at a center-

of-mass energy of
p

s = 250 GeV, maximizes the production of Higgs bosons via the

Higgsstrahlungprocesse+ e� ! Zh, considering also that the momentum resolution

degrades linearly with momentum. In contrast to hadron colliders, the clean environment

of e+ e� collisions combined with the improved beam polarization that increases the

Higgsstrahlungcross-section fore+
L e�

R (4). The combination of all these facts allows precise

and model-independent measurements of Higgs properties.

A particularly powerful technique at
p

s = 250 GeV is the recoil mass method. By

reconstructing only the Z boson�especially in the clean leptonic channelZ ! � + � � ,

the presence of the Higgs boson can be inferred from conservation of four-momentum,

independently of how the Higgs decays. This makes the recoil method uniquely suited for

probing invisible Higgs decays (IHD), since the analysis does not rely on detecting the

Higgs decay products directly.

In this thesis, the sensitivity to the IHD channel is evaluated for the ILC operating

at
p

s = 250 GeV using theZ ! � + � � recoil channel, the� + � � h channel is advantageous

as it has a sharper signal peak, hence better mass resolution thee+ e� h channel that

su�ers from bremsstrahlung(4) combined with the fact that larger center-of-mass energies
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the bremsstrahlunga�ects the tail of recoil mass for signal and background processes,

therefore making the
p

s = 250 GeV ideal.

A full simulation and analysis chain is implemented within the Key4hep framework

(19), including event reconstruction, preselection, sequential cut optimization, and statisti-

cal evaluation. The IHD is treated as signal, while all SM processes producing muon pairs

at this energy are considered background. The �nal sensitivity is quanti�ed using a Figure

of Merit (FoM) and signal-to-background ratio S=B after a complete cut�ow work�ow.

To study the future of IHD experiments, the Key4hep framework was used to

simulate the collisions, that simulates HEP through Monte Carlo Simulation. The Key4hep

work-�ow is divided into a few crucial pieces: the input �les, eitherROOTor slcio , that

contain the information of the desired event, a Gaudi algorithm, a data processing

framework, that allows the selection of the samples produced for further analysis and

write it into a ROOT�le, a python steering �le, that serves as the Key4hep interface and

it connects the input �les and the Gaudi algorithms. The simulated events selection was

only done if a pair of muons� + � � was found, considering the IHD as the Signal and other

events that occur at250 GeVas background.

Background samples have characteristics similar or equal topology as the signal,

all events that produce at least a muon pair of opposite charge� + � � will enter into

the simulated samples. The cut�ow analysis paradigm is used across HEP as a selection

criteria, with the purpose of removing the background without signi�cant loss of signal

samples. Using the established SM knowledge, the simulated events are cut based on

thresholds based on the expected behavior of the IHD, the cuts were based on the following

variables: presence of the di-muon� + � � , Multiplicity, the amount of charged particles, the

Transverse Momentum (TM) of each muonpT , the muon pair energyE �� , the invariant

mass, to be equal to theZ boson massmZ , the recoil mass to be equal to the Higgs boson

massmh, the dimuon TM pT and missing energy,Emiss. Later, the �nal simulated events

are analyzed using statistical tools, the Figure of Merit (FoM) and a a simpli�ed projected

sensitivity estimate as proof-of-principle for future analysis.
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1.1 Structure of the Thesis

The present work is organized into six chapters.

ˆ Chapter 1 - Introduction. Overview of the contemporary development of the Higgs

mechanism within SM and it's contextualization inside the current development

of the Future Circular Collider and specially ILC in the current particle-physics

research.

ˆ Chapter 2 - The Higgs Boson. Reviews the theoretical development of the Higgs �eld

and its associated particle, the Higgs particle, chronicles of the �rst experimental

observations of the Higgs particles at the Large Hadron Collider. The chapter also

delineates Higgs role and decay channels within the SM. Lastly, the limitations of

the SM in describing Higgs-related phenomena.

ˆ Chapter 3 � The International Linear Collider. Begins with a historical survey of

accelerator technologies, emphasizing the conceptual distinctions between linear

and circular machines. It then describes the principal components of the ILC, the

International Large Detector and the Silicon Detector, and analyses how these

facilities advance the study of the IHD in comparison to current experimental

programs like the Large Hadron Collider.

ˆ Chapter 4 � Simulation and Data Analysis. Details the Monte-Carlo simulation

framework within Key4Hep employed to generate synthetic ILC samples, overview

of background �les provided by Deutsches Elektronen-Synchrotron (DESY) explains

the architecture of the analysis code, and presents the methodology used to extract

physical observables. is the analysis of the samples generated through the simulation

of the experiment, the code structure and purpose.

ˆ Chapter 5 � Results. Summarizes the principal �ndings obtained from the simulated

simulated samples, including quantitative assessments of the expected IHD and

simulated detector performance metrics.

ˆ Chapter 6 � Conclusions and Outlook. Finishing thoughts, re�ections on the im-

plications of the results in regards current and future Higgs-boson invisible decays

studies. Subsequent experimental and theoretical investigations for SM and BSM

physics.





37

2 The Higgs Boson

In the earliest moments of the Universe, after the Big Band and even before

the �rst second had passed, particles were devoid of mass and all forces were uni�ed,

according to modern theory. This meant that all particles sped around the speed of light

(c = 299 792 458m s� 1). Only when the Universe expanded and cooled, until it reached a

state that almost all particles instantly acquired mass through an �eld, the Higgs �eld, a

�eld which permeates the entirety of space, associated with its own particle, the Higgs

bosonh, that through interaction with other particles, gives birth to the diverse masses

of particles observed today (20). Currently, physics search for reason for why particles

have acquired the speci�c values for their masses as they are observed in Nature (17). In

spite of this open question, it's due to the Higgs mechanism that the formation of stars,

planets, and, ultimately, life as we know it became possible.

The Higgs Boson in conjunction with the Higgs mechanism was proposed in1960s

by François Englert, Robert Brout, Peter W. Higgs, Gerald Guralnik, C. R. Hagen and

Tom Kibble but the particle and �eld name ended up being attributed to Peter Higgs.

After decades of development in particles physics experiments, the Higgs boson (h) was

eventually discovered in experiments conducted by ATLAS and CMS collaborations at

CERN (European Organization for Nuclear Research) in 2012 (20), rewarding François

Englert and Peter W. Higgs the Nobel Prize in physics in 2013 (21).

According to Quantum Field Theory (QFT), the Higgs boson is actually a excitation

of the Higgs Field (HF), a wave in a quantum �eld. Unlike any other SM particles, the

Higgs is one-of-a-kind particles, it has zero spin, no electric charge and no color charge.

To understand the Particle, �rst a brief synthesis of the Field is required.

2.1 Higgs Field And Boson

Particles interact with the HF, acquiring mass as a consequence (20), however due

to the high energy density of the early universe the �eld was constantly excited. The

excited �eld didn't give mass to the particles until reaching a certain point of expansion

of the universe, where the �eld spontaneously settled into a particular value in the

lowest energy state, this mechanism is the Higgs-Brout-Englert-Guralnik-Hagen-Kibble

mechanism, also named as the Spontaneous Symmetry Breaking (SSB) or the Higgs

mechanism (9). The matter-antimatter asymmetry in the Universe involves a possible �rst

order phase transition with the Higgs Vacuum Expectation Value (VEV) generated in the

early Universe. Bubbles with Higgs condensate would be created and expand at the speed
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of light (17).

2.1.1 The Standard Model

Developed in the early 1970s, the Standard Model (SM) has successfully explained

almost all experimental results and precisely predicted a wide variety of phenomena.

Despite the overwhelming success of the SM, gaps within the model are the focus of

current and future physics experiments. Firstly, the SM can't describe things like: Dark

Matter, behavior at the Grand Uni�ed Theory (GUT) scale, the existence of neutrinos

masses and the V-A structure of the SM (as the V-A structure requires neutrinos to be

massless). Secondly, some SM predictions have not yet have been con�rmed experimentally

like the IHD. The latter type is the search for proof of the SM predictions, as the IHD is

predicted by the SM, measuring it requires improved precision to expose if any violation

of the SM prediction is wrong. Figure 1 has all seventeen fundamental particles predicted

by the SM, fundamental means that the particle it's made only of itself, the anti-matter

variants of these particles are also expected, any other particle not represent in the �gure

is not a fundamental particle. Particles in the SM model are divided into two categories,

fermions, matter particles and bosons, force carriers.

Bosons are force carriers: the gluon is the strong force carriers, the photon, the

electromagnetic force carrier and the Z and W bosons, the weak force carriers, the gravity

force carrier is absent from the SM, some BSM physics predict the gravity force carrier

to be the graviton but there's still to be con�rmed. There two types of bosons, vector

bosons, where their �elds interactions are vectorial, with a direction and magnitude and

scalar bosons, with only the Higgs boson present, where its �elds interactions don't have

direction but only magnitude, therefore, a scalar value.

2.1.2 The Higgs mechanism

Assuming the QFT convention that the speed of light isc = 1 and the plank

constant is~ = 1. The Higgs doublet is represented as:

� =

0

@
' +

' 0

1

A (2.1)

To achieve the necessary symmetry breaking, the Higgs mechanism employs scalar �elds,

the Higgs bosons. The Lagrangian that describes these scalars is de�ned by the equation:

L s = ( D � � )y(D � � ) � V (� y� ) (2.2)

whereD � is the covariant derivative. The potential term V(� y� ) is gauge invariant and is

represented as:

V(� y� ) = � 2� y� + � (� y� )2 (2.3)
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Figure 1 � Elementary particles of the Standard Model (7).

the parameters� 2 and � are both real constants,� needs to be positive to ensure a stable

vacuum. The theory requires renormalization, which means that higher powers of� y� are

not allowed (20). The SSB occurs when the scalar doublet� develops a VEV:

� 0 = h0j� j0i =

0

@
0

v=
p

2

1

A (2.4)

wherev =
q

� � 2=� . The Higgs �eld gives mass to the Z and W bosons (Higgs mechanism),

the quarks and charged leptons (via Yukawa couplings) but not all elementary particles

through the Higgs mechanism, the gluon and the photon are massless, Table 1 has all

particles that couple with the Higgs Field. The SM doesn't predict why neutrinos have

mass, whereas, the experimental proof of neutrino oscillations indicates that they do have

a very small mass, however, it cannot be assumed that the neutrino mass comes from the

Higgs mechanism.

2.2 Production

There are four main production mechanisms of the Higgs boson, each one is

dependent on the initial state particles that are collided. The LHC does proton-proton
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(a) Before Symmetry Breaking. (b) After Symmetry Breaking.

Figure 2 � Higgs potential V(j� j) in �eld space (3D) for two choices of the parameter� 2.
Figure 2a is for� 2 > 0, the minimum occurs atv = 0 and the symmetry is
unbroken. Figure 2b is for� 2 < 0, the potential develops a degenerate set of
minima at v =

q
� � 2=� , leading to spontaneous symmetry breaking. Source:

Author's own creation.

Table 1 � Particle Masses and their coupling to the Higgs Field according to the SM.

Category Particles Mass from Higgs Field
Particles that acquire mass from the Higgs �eld
Quarks u, d, c, s, t, b Yes
Charged Leptons e� , � � , � � Yes
Weak Gauge Bosons W + , W � , Z 0 Yes
Particles that do NOT get mass from the Higgs �eld
Photons 
 No (massless)
Gluons g (8 types) No (massless)
Neutrinos � e, � � , � � Uncertain

hadron collisions, while the FCC and ILC will collide electron-positrons, resulting in a

di�erence of Higgs production mechanisms for each experiments. The following sections

giving a brief overview of most of them and going in depth for theHiggstrahlungprocess.

For hadron colliders like the LHC, the most dominant production mechanism is

the gluon-gluon fusion via a top quark loop (ggF)(gg ! h) (3), while the Vector Boson

Fusion (VBF) process has its cross-section proportional to the increase in energy and

takes over that of theHiggstrahlungprocess at
p

s & 400GeV (8), it has been previously

studied at
p

s = 7; 8; 13; 14 TeV at the LHC.

For lepton colliders like the ILC, VBF, top quark pairs (tth )(gg=q�q ! t �th) and the

Higgstrahlungare the major Higgs production modes. TheHiggstrahlung(Zh) channel

is the main Higgs produciton mode at
p

s = 250 GeV, where it attains its maximum

cross-section (8), this coincides with the �rst stage of operation of the ILC (1), therefore

making the IHD a great benchmark to test the capabilities of the ILC.

Out of the four channels, the associated production channelV h (V = W; Z) is the



2.2. Production 41

cleanest; Figures 3, 4, 5 and 6 are the Feynman diagrams of the all the Higgs productions

modes are represented through their leading order. However, theZh channel is more

promising, as unlikeWh, the presence of two leptons in the �nal state, in this case, muons

� + � � , from the Z boson decay (3) allows for better detection.

2.2.1 Gluon-Gluon Fusion

The Gloun-Gloun Fusion (ggF) is the dominant production channel at the LHC,

responsible for86% of the Higgs production at
p

s = 8 TeV. Figure 3 is the Feynman

diagram of theggF, the middle triangle is the heavy-quark loop, in resume the �nal state

of the decay is:

gg ! h (2.5)

the complete decay chain forggF is

gg ! t �t ! h (2.6)

the Higgs produced also decays invisibly. However, at leading order, it's hard to detect

because of soft missing TM (6pT ), at higher orders of QCD, the Higgs can be produced in

association with a single jet and has a considerably large missing TM along with a jet (3).

g

g

h

t

Figure 3 � Feynman diagram of Higgs boson production via gluon-gluon fusion (gg !
t �t ! h) mediated by a top-quark loop.

2.2.2 Vector Boson Fusion

In the VBF channel, the Higgs is produced throught vector boson fusion, where

vector boson originate by radiating o� two initial quarks along with two jets. A quark

from each incoming direction radiates a heavy vector boson (V), which are eitherW or Z ,

the bosons the "fuse" to produce the Higgs boson. The initial quarks are slightly de�ected

and travel roughly along their initial directions, then they are detected as particles "jets"

by the detector (3):

pp ! qqh! 2 jets+ 6pT (2.7)
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where the �nal state consists of the missing TM6pT due to the presence of non-interacting

particles and two jets in the forward and backward directions as seen in the VBF Feynman

diagram at Figure 4.

The unique event topology results in a more e�ective removal of background, this

makes VBF one of the most promising channels for the detection of an invisibly decaying

Higgs (3).

V

V
h

q

q

q

q

Figure 4 � Feynman diagram of Higgs boson production through vector boson fusion
(VBF) in proton�proton collisions ( pp ! qqh). In this process, two quarks
emit virtual electroweak gauge bosons (V = W � ; Z ), which fuse to produce
the Higgs boson.

2.2.3 Associated Production

2.2.3.1 Top Quark Pair

The associated production of Higgs with a top quark pair is the process with the

lowest cross-section out of the four production processes cited (3), where Figure 5 is the

Feynman diagram oft�th and its decay looks like:

gg=q�q ! t �th (2.8)

The t�th channel has been studied in detail for
p

s = 14 TeV at the LHC (3).

g

g

t

�t

h

Figure 5 � Feynman diagram for Higgs boson production in association with a top�antitop
quark pair (e+ e� ! t �th).



2.2. Production 43

2.2.3.2 Z/W Boson

Particles accelerators like the FCC and ILC are planned to do collisions withe� e+

pairs, when an elementary fermion encounters its anti-fermion they can combine to form a

virtual W or Z (20), such pair is capable of producing Higgs through consequent decays,

e� e+ ! h. However the chances of such event is about eight times smaller than the

production of Higgs in thee� e+ ! Zh associative process (22).

The associated production, characterized by the presence of aZ and h boson at

the same step, is the most common way to produce is through the electron-positron (e+ e� )

collision at
p

s = 250 GeV at which it achieves it's maximum cross-section and signi�cant

reduce in thebeamstrahlunge�ect, the radiation of photons from electrons or positrons in

one colliding bunch due to the �eld produced by the oncoming colliding bunch (1):

e+ e� ! Z � ! Zh (2.9)

and in this channel, theZ boson can decay both leptonically,Z ! ` �̀ , for the IHD,

` = � , and hadronically, Z ! b�b (3). Table 6 shows that the hadronic decay is the second

muon-producing event with the highest cross-section� .

The presence of an intermediateZ � boson in equation 2.9, is necessary for the

production of h, the superscript� indicates that the Z is actually an virtual particle, also

known as a o�-shell particle, a virtual boson that caries su�cient energy with the potential

of emitting a Higgs boson, a process know asHiggstrahlung(20), Figure 6 is the Feynman

diagram, where it can be seen the intermediary virtualZ � . Since the object of study is

e�

e+

Z �

h

Z

Figure 6 � Feynman diagram of theHiggstrahlungprocess (e+ e� ! Z � ! Zh), which is
the dominant Higgs production mechanism at center-of-mass energies around
250 GeV.

Higgs but the Z boson is also present, it is said the Z boson is produced in association

with the Higgs (22). A on-shell particle has to abide to the mass-shell condition:

E 2 = p2 + m2 (2.10)

an o�-shell particle doesn't follow this condition due to the fact that because they are

intermediary and temporary particles, its lifespan is shorter (� t) and therefore by the

Heisenberg's Uncertainty Principle:

� E � t � ~ (2.11)
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the uncertainty in the energy� E it's su�ciently large to allow the particle to reach energy

levels higher than that was originally in the system, violating the mass-shell condition.

Figure 7 � Higgs production modes cross-sections,Zh Higgsstrahlung(red), vector boson
fusion for WW (blue) and ZZ (green), sum of all production modes (black).
(8)

2.3 Detection

Becauseh is hard to directly detect, the usual approach is to analyze its decay

products. The decay width� of a particle is the inverse of it's lifetime and it can be

divided into a sum of� X , where� X is the partial decay width for each speci�c decay mode

h ! X , then a branching fraction is de�ned as the probability that a decaying particle

will decay into a particular �nal state among all possible decay modes. The coupling of

the Higgs boson to X can be written as:

BR(h ! X ) =
�( h ! X )

� total
(2.12)

where� total is the sum over all modes�( h ! X ) and it's equal to 1 (1). Experimentally,

a BR measurement is similar to a cross-section measurement. Given a produced sample of

N total particles and a numberN i of �nal states corresponding to the decay chaini , the

BR can be measured as:

BR(h ! X ) =
N (h ! X )

N total
(2.13)

Table 2 has the SM BR predictions for various Higgs decay modes. Such decays are

described by the Yukawa Coupling (23), it's possible to see that the highest branching
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Figure 8 � The SM Higgs boson decay BRs as a function ofM h (9)

factors are with the most massive particles. The YC describes the interactions between the

Higgs Field and the matter �elds, the YC coupling between the Higgs boson the fermions,

yF , is proportional to the fermion massesmF (17). The top quark, the heaviest quark,

has the strongest coupling, whereas for the electron, being much lighter. The Higgs boson

doesn't direct decay into neutrinos, as the SM doesn't contain coupling for that, justifying

their absence from Table 2.

Table 2 � SM predictions for the Higgs decay branching fractions (12).

Decay Mode BR (%) Decay Mode BR (%)
h ! bb 57:5 � 1:9 h ! ZZ � 2:67� 0:11

h ! WW � 21:6 � 0:9 h ! 

 0:228� 0:011
h ! gg 8:56� 0:86 h ! Z
 0:155� 0:014
h ! � � 6:30� 0:36 h ! �� 0:022� 0:001
h ! cc 2:90� 0:35

The Higgs Boson is a massive scalar boson, with mass ofmh = 125 GeV, by scalar

it means that the Higgs Field is a Scalar Field, where each point in the �eld is a number

and has no direction (unlike the electromagnetic �eld that has direction) has no electric

charge, no color charge and no spin, the only particle that has no spin in the SM. Therefore,

it's a challenge to detect or at least directly, by knowing which particles it decays to, the

Higgs decay chain can be reconstructed. Higgs Boson can decay into various particle types,

in this study, the focus neutrino pair �nal state:

h ! ZZ � ! 2� + 2� (2.14)
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the only IHD, this decay is very rare with less than one to one thousand chance (0:1%)

(17). In the SM, the BR of the IDH is of approximately 0:1%, however, the LHC was only

able to achieve a upper limit of11%at 95%con�dence level (2). The main goals of future

colliders is to achieve1% or better precision in the measurement of Higgs boson coupling

(1), as BSM physics deviations form the SM are typically no larger than a few percent

and any deviation from the SM mighty indicate BSM. Similarly, rares decays likeh ! Z


that has an estimated BR of0:15%, h ! J= that has a BR of 2:3 � 10� 6%, h ! Z (2S)

with a BR of 1:7 � 10� 6% and many other rare decays (24). These rare Higgs decays will

require higher precision will bene�t from the improved detection precision (20).

2.3.1 The Invisible Higgs Decay

The cross-section for de�nes the probability of an event to happen, the cross-section

for e� e+ ! Zh and the BRs of the Higgs boson at
p

s = 250 GeV found at Figures 7 and

8 respectively, can be observed directly without reference to the Higgs decay mode (1).

Howeverh doesn't decay directly into the neutrino pair, the decay chain involves three

decays. Step one is theHiggstrahlung:

e+ e� ! Z � ! Zh (2.15)

an electron�positron pair e+ e� annihilates to produce a o�-shellZ � , of which it decays

into a Z boson and a Higgs bosonh. The second steps split between theZ and h decay:

Z ! � + � � ; (2.16)

h ! ZZ � : (2.17)

the Z decays to a muon pair of opposite charge� + � � , and the Higgs decays into theZZ �

pair. Then, these two decays occur at the same stage of the decay chain. Lastly, the last

step is the decay of eachZ and Z � into a neutrino-anti-neutrino pair:

Z ! � ��; (2.18)

Z � ! � ��: (2.19)

the combination of the three steps, leads to:

e+ e� ! Zh ! � + � � + 4�; (2.20)

This is the IHD, this decay chain leads to two relevant BR,BR(h ! inv) and BR(Z !

� + � � ). Luckly it's possible to see that actually, the decay isn't completely invisible, due

to the presence of� decayed fromZ the invisibility of the neutrinos can be inferred from
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the extra � in the detectors, it's also important to note that the secondary decay can

also happen withh ! W �� W � , the third highest muon pair producing event Table 6,

the Higgs decay into vector boson pair, one real and one virtual, serves as a test to the

electroweak gauge coupling of the Higgs (12). Additionally, the lack of neutrinos detectors

in the ILC, the neutrinos produced could be any of them, however, due to the fact that the

electron weakly couples with Higgs (9), it's most likely that the neutrinos are either Tau

or Muon due to neutrino oscillations, the phenomenon responsible for neutrinos changing

�avors.

The present analysis assumes the SM prediction for invisible Higgs decays, which

proceed primarily viah ! ZZ � ! 2� +2 �� , yielding a four-neutrino �nal state. In contrast,

many BSM scenarios predict enhanced invisible decay rates, where the Higgs boson may

couple to dark matter candidates, weakly interacting massive particles, or long-lived

neutral states that escape detection (2, 5, 1). Any deviations of the expected SM value of

the IHD branching ratio might indicated the presence of BSM, highlighting the importance

of studying it.
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3 The International Linear Collider

High-energy particle physics experiments can be broadly classi�ed into two cate-

gories: �xed-target experiments, in which a beam of particles is directed onto a stationary

target, and collider experiments, where two particle beams traveling in opposite directions

are brought into collision. Modern discoveries at the energy frontier are predominantly

driven by collider experiments, as they allow the full center-of-mass energy to be available

for particle production.

Particle accelerators represent some of the most complex scienti�c instruments

ever constructed. Advancing the frontiers of physics requires not only higher energies

and luminosities, but also the development of entirely new technologies. Cutting-edge

experiments cannot be built solely from pre-existing components; instead, they demand

innovations in accelerator design, detector technology, data acquisition systems, and

computing infrastructure.

The International Linear Collider (ILC) is a proposed electron�positron linear

collider designed to operate initially at a center-of-mass energy of
p

s = 250 GeV, with

upgrade paths to higher energies. The ILC features two complementary detector concepts:

the International Large Detector (ILD) and the Silicon Detector (SiD). These detectors

are optimized for precision measurements, particularly in Higgs boson and electroweak

physics.

Figure 9 � Schematic illustration of the ILC. Figure taken from the ILC o�cial website
(10).

Particle accelerators can also be classi�ed according to their geometry into circular

and linear machines. Each approach has distinct advantages and technical challenges.

In circular colliders, such as theLarge Hadron Collider (LHC), particle bunches

circulate for extended periods and can collide multiple times. However, charged particles
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moving along curved trajectories emit synchrotron radiation, leading to continuous energy

losses. While this e�ect is manageable for heavy particles such as protons, it becomes

prohibitive for light particles such as electrons at high energies. The strength of the

bending magnets, currently limited to approximately20TeV with existing superconducting

technology, ultimately constrains the achievable collision energy. Increasing the energy

therefore requires either stronger magnets or a larger ring circumference, as foreseen in

future projects such as the Future Circular Collider (FCC).

In contrast, linear accelerators (linacs) avoid synchrotron radiation losses associ-

ated with circular motion, since the beams travel in straight lines and collide only once.

Although this implies that beam reuse is not possible, linear colliders o�er a cleaner

experimental environment and are particularly well suited for precision measurements in

electron�positron collisions. A key advantage of the ILC design is its scalability: the main

linac can be extended to reach higher energies, or upgraded with more advanced accelera-

tion technologies as they become available (1). Even within its baseline con�guration, the

ILC is designed to operate e�ciently across a broad range of center-of-mass energies (11).

The Linear Collider Collaboration project has it's �rst stage planned at the250GeV,

as dividing the project in stages would signi�cantly lower the cost and development of

the ILC. A major di�erence between the LHC and ILC is the improved precision for the

study of the Higgs boson, the ILC detectors will bene�t from 30 years of advancements

in detector techology, an expected diference of more than an order of magnitude in

momentum and impact resolutions, 2 times improvement in the jet energy scale and also

tightened hermeticicty (1).

If individually Higgs couplings can be measured with high precision, information

on properties of new physics models can be obtained. Physics at250GeV is subject to

very small background (1). The principle of energy conservation dictate the total energy

of colliding particles must be at least twice the mass of the Higgs boson.

The focus of this study is the precision Higgs couplings that happen at a center-

of-mass energy of250GeV, the indirectly decay of Higgs into neutrinos. As mentioned

in chapter 2, the decay is rightfully named invisible because it's a challenge to detect

(BR = 0:1%) and the current detector technology on the LHC doesn't have enough

precision to decern it. Whereas, the ILD is planned to have enough precision in their

detection that missing energy of the Higgs decay no longer will an uncertainty, the invisible

decay will be measurable in the same way of putting all the pieces together of a puzzle

and seeing that a single piece is missing.
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Energy Reaction Physics Goal Pol.
91 GeV e+ e� ! Z ultra-precision electroweak A
160 GeV e+ e� ! WW ultra-precision W mass H

250GeV
e+ e� ! Zh precision Higgs couplings H
e+ e� ! t �t top quark mass and cou-

plings
A

350�400 GeV

e+ e� ! WW precisionW couplings H
e+ e� ! � ��h precision Higgs couplings L
e+ e� ! f �f precision search forZ 0 A
e+ e� ! t �th Higgs coupling to top H

500 GeV

e+ e� ! Zhh Higgs self-coupling H
e+ e� ! ~� ~� search for supersymmetry B
e+ e� ! Ah; h+ h� search for extended Higgs

states
B

e+ e� ! � ��hh Higgs self-coupling L
e+ e� ! � ��V V composite Higgs sector L

700�1000 GeV
e+ e� ! � ��t �t composite Higgs and top L
e+ e� ! t �t � search for supersymmetry B

Table 3 � Major physics processes to be studied at the ILC, together with the lowest
center-of-mass energy at which they can be studied. Shown are the reaction, the
process to be studied, and a key indicating which polarization scenario would
be most advantageous (11).

3.1 The International Linear Collider

The precision Higgs program will start at
p

s = 250 GeV with the Higgstrahlung

process,e+ e� ! Zh. The precision mass measurement of the Higgs boson can be made

particularly cleanly in the processe+ e� ! Zh, with Z ! � + � � and Z ! e+ e� . The

distribution of the invariant mass recoiling against the reconstructedZ provides a precise

measurement ofmh, that is independent of the Higgs decay mode. The advantage of the

� + � � X �nal state is higher precision than thee+ e� X channel, as it su�ers from larger

experimental uncertainties due tobremsstrahlung. It should be noted that the capability

to precisely reconstruct the recoil mass distribution fromZ ! � + � � is what de�nes the

momentum resolution requirement for the ILC detector.

The combination of the recoil mass distribution and the precise measurement of

the � + � � X channel is specially relevant for the study of the IHD, as these measurements

only use the information from the leptonic decay products of theZ and are independent

of the Higgs decay mode, this technique is powerful as it allows to determine the absolute

BR of the IHD (8).

The next generation of particles colliders like the ILC requires a new generation of

collider detectors to study the electroweak symmetry breaking and potential discoveries

beyond the SM. The SiD is the detector for the ILC, with many years of accumulated
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research by physicists and engineers, the SiD will be equipped with systems capable of

excellent measurements of jet energies, based on the Particle Flow Algorithm (PFA), an

algorithm by which the reconstruction of both charged and neutral particles is accomplished

by an optimized combination of tracking and calorimetry (11). Figure 10 displays the

components of the SiD, as a compact detector it's based on a powerful silicon pixel vertex

detector, silicon tracking, silicon-tungsten electromagnetic calorimetry (ECAL) and highly

segmented hadronic calorimetry (HCAL).

Figure 10 � Left: View of the ILD detector concept. Figure taken from (11). Right: SiD
on its platform, showing tracking (red), ECAL (green), HCAL (violet) and
�ux return (blues). Figure taken from (11).

3.2 Cross-Section And Luminosity

The cross-section (� ) is a quantitative measure of the probability that a speci�c

interaction occurs when two particles bunches collide with each other, it represents an

e�ective "target area" that one particles presents to another for a given reaction. In collider

experiments the �ux (� ) is the number of collision per unit of time and surface, this value

is better know as luminosity (L ) and it's usually presented in the unit of inverse barns

per secondb� 1s� 1. Both concepts relate to each other to the rate of an eventX , NX is

given by:

_NX = �� X (3.1)

isolating � X and integrating over the time:

� X =
NX

R
�dt

=
NX

L int
(3.2)

where
R

�dt = L int is the integrated luminosity, this formula shows the experimental

relation between the cross-section, luminosity and the total number of events.
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3.3 Components

The components of an accelerator can be divided in a few sections, the production

of the particles, the acceleration and the detection. When it comes to detection, the

process can be resumed into Figure 11. The tracker, calorimetry and muons system are

Collision
Data Acquisition

(DAQ)

Event Re-
construction
and Analysis

Physics Results

Figure 11 � Conceptual timeline of data processing in a particle physics experiment.

capable of detecting and measuring all the detector-stable particles, such as: electrons,

photons, muons and a handful of hadrons. Neutrinos are not detector-stables particles

due to having a incredibly weak interaction with matter and also requiring an speci�c

type of detector. Neutrino detectors comes in the form of big tanks of a pure substance,

the �rst experiment made to detect neutrinos had a tank full of chlorite 1737
17Cl (25), an

example of neutrino interaction is:

� e + n ! p + e� (3.3)

where� e is the electron-neutrino,n is a neutron,p a proton and e� a electron, also the

initial and. This neutrino interaction changes a neutron to a proton but what actually

happened is change from ad down quark to au up quark:

� e + d ! u + e� (3.4)

the total charge of the system didn't change and the other two quarks present in the

neutron remain una�ected due to the short range of the weak force. This meant that

inside the chlorite tank the following reaction happened:

37
17Cl + � e �! 37

18 Ar + e� (3.5)

the presence of argon 1837
18Ar meant that a neutrino interaction occurred. For colliders

like the LHC, FCC and ILC to have neutrinos colliders, it would require the construction

of big underground tank just for neutrinos and the costs of these implementations are

simply beyond the budget and necessity of any of these programs.

3.3.1 Data Acquisition

The collision ofe� e+ particle bunches results in an extremely high event rate, with

an order of magnitude of109eventsns (26), posing several challenges for data acquisition

and analysis:
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1. Proton�proton collisions occur at very high frequencies, producing vast volumes of

raw data.

2. Limitations in trigger bandwidth and storage capacity allow only a fraction of these

events to be recorded.

3. Of the recorded events, only a small subset corresponds to processes relevant to the

physics goals of the experiment.

not only is physically impossible to collect data from allpp collisions, but also, it's beyond

necessity to collect them all. To measure only "interesting events", a mechanism called

trigger is introduced. The purpose of triggers is to only allow the detection and selection

of events given set parameters.

Interaction point proton beams, tracking system, electromagnetic (EM) calorimeter,

hadronic calorimeter and muon system are the components presents in particles colliders,

individually they all have speci�c purposes and the combination of the data produced by

each allows the recreation of decay chains. Therefore, in the next sections, a summary

of how event detection and selection and how problems such as the millions of particles

interactions are tackled will be shown.

3.3.2 Calorimeter

The purpose of the calorimeter is a detector whose purpose is to fully absorb the

particle and identify them, in another words, it measures charged and neutral particles.

Due to the inherently statistical nature of the measurement process, it's not possible to

select and measure an individual, predetermined particle, only its type, the ILD will be

equipped with calorimeters for a variety of particles, but still, a particle physics experiment

has millions/thousands of collisions that produces even more particles and secondary

particles, particles that results from the decay of the primary particles. The calorimeter

cannot selectively register only the particles originating from a single interaction; rather,

it measures the overall rate at which such interactions occur. Consequently, it is highly

improbable that all products of an individual collision are recorded in a single event.

The introduction of PFAs in previous detectors, such as CDF, ZEUS have resulted

in signi�cant improvements of the jet energy resolution compared to methods based on

calorimetric measurement alone. For the SiD, a PFA approach is necessary to reach the

goal of obtaining a measurement uncertainty on the jet energy resolution of the order of

3% or better for jet energies above100 GeV(11), especially relevant for the IHD.
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3.3.3 Vertex

When particles undergo collisions, additional particles can be produced. The spatial

points at which these newly created particles originate are referred to as primary vertices,

whereas the locations at which they subsequently decay are termed secondary vertices

(27).

3.3.4 Tracking

Tracking detectors are designed to measure the trajectories of charged particles

through their ionization energy loss in the detector material. As a consequence, only

electrically charged particles leave direct signals in the tracking system.

The combination of tracking information with energy deposits in the calorimeters

allows for an e�cient and nearly unambiguous identi�cation of the main particle species

produced in high-energy collisions and the tracking system is key ILC physics goal,

imposing performance requirements on tracking system that exceed those met by any

previous system, improvements in the momentum resolution over a broadpT spectrum

(11), especially considering thepT is used as an selection criteria in the study of the IHD

(3, 2).

The silicon-based highly e�cient charged particle tracking is achieved by the

SiD using the pixel detector and main tracker to recognize and measure prompt tracks,

in conjunction with the ECAL ( 11). Every detector-stable particle has a characteristic

pattern in calorimeter detection:

ˆ e� : A reconstructed charged track associated with a compact electromagnetic energy

deposit in the electromagnetic calorimeter.

ˆ 
 : No reconstructed track, accompanied by an electromagnetic energy deposit in

the calorimeter.

ˆ � � : A charged track with minimal energy deposition in the calorimeters and a

characteristic penetrating behavior through the detector.

ˆ � � : Identi�ed indirectly through their decay products, which may include charged

tracks and calorimetric energy deposits.

ˆ Hadrons: Charged hadrons produce tracks accompanied by energy deposits in the

calorimeters, while neutral hadrons are observed only via calorimetric signatures.

ˆ Quarks: Not observed directly, but manifest experimentally as collimated jets of

hadrons resulting from the hadronization process.
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Out of all the particles in the list, only muons� � are relevant to the invisible decay. It's

important to note that particle identi�cation relies on the complementary information

provided by the tracking system and the calorimeters, exploiting di�erences in charge,

mass, and interaction mechanisms.

3.3.5 Muon Chambers

In detectors like the LHC, it possesses special detectors just for muons, the Muon

Chambers. Muons are charged particles like electrons and positrons, however, they are

200 times heavier and with that muons can penetrate several meters going beyond the

standard calorimeters. Therefore, Muons require specialized detectors.

3.4 Reconstruction

A pp collision, that produces a particle(s) and that subsequently decays into more

particles, can be seen as puzzle. Such puzzle is always incomplete because of the statistical

improbability of detecting all the particles involved in a single decay chain, with data

collected in the detectors, su�cient produced collisions, pieces can be build up to form a

su�cient picture for the extraction of information.

3.4.1 LCIO

The LCIO software package provides a Event Data Model (EDM), the EDM is

also integrated into Key4hep, the background MC �les areslcio �les and Key4hep o�er

tools to temporarily convert into edm4hep.root �les during the simulation process. The

conversion process requires a mapping, to properly translate the collections between �le

type, this allows to keep consistency with the signal �les. The purpose of EDM is to have

a common �le format for Data Analysis. Key4hep does allows a permanent conversion

with the lcio2edm4hep command but due to the heavy and extensive amount ofslcio

(28) �les, the space required for all the generated events was beyond the accessible for

this experiment.

From the DESY network. The availableslcio �les used in this analysis can

be grouped into six main categories according to their underlying physics processes as

described in Table 4. The Inclusive Higgs had to be excluded from the �nal simulated events

since the Inclusive and Exclusive channels contain the same events, choosing Exclusive over

Inclusive was due the fact it o�ered better event distinction. This classi�cation facilitates

a systematic de�nition of signal and background samples and simpli�es the organization

of the analysis work�ow.
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Table 4 � Classi�cation of simulated processes used in the analysis.

Category Description
Inclusive Higgs production Higgs production processes without explicit con-

straints on the Higgs decay mode at generator level.
Exclusive Higgs production Higgs production processes in which the Higgs decay

channel is explicitly speci�ed at generator level.
Two-fermion processes Processes leading primarily to dilepton or quark�

antiquark �nal states.
Four-fermion (boson pair) Final states originating from the decay of a pair of

electroweak gauge bosons (WW or ZZ ).
Four-fermion (single boson) Processes in which the �nal state arises from the decay

of a singleW or Z boson.
Other multi-fermion processes Processes with three-, �ve-, or six-fermion �nal states

not covered by the previous categories.

3.4.1.1 File Selection

There are449possible events in the
p

s = 250 GeV energy range that are available

to be simulated from the collision, each event has an uniqueprocess_id , a six digit

number XXXXXX, and are split in multiple slcio �les, resulting in more than 130k total

slcio �les. The goal is to only study the left polarized electrons and right polarized

positorns,e�
L e+

R , since it's expected for the ILC to reach the+80% electron,P(e� ) = � 0:8

and = 30% positron, P(e+ ) = +0 :3 beam polarization at
p

s = 250 GeV. Therefore,

�ltering to only choose eL.pR �les from the available total of 16 beam polarizations,

reduces the total events to122 from the original 449, Table 5 has listed all types of

polarizations available.

The choice of limiting the analysis to onlye�
L e+

R , was not only a constrain within the

scope of this thesis, but, it also coincides with the improved precision in the polarization

of particles bunches in the ILC. A algorithm was used to collect all the �les and added

as the Key4Hep input for eachprocess_id separately, with the full list can be found at

ANNEX C.

3.4.1.2 Validation and Sanity Checks

The six categories of the Inclusive and Exclusive Higgs shown on Table 7 behave

similarly. Analyzing the Table 6, the highest cross-section ise2e2h, which represents the

Higgstrahlungwithout and speci�c �nal decay:

e2e2h� e+ e� ! Zh (3.6)

The �rst e2 is a charged lepton �nal state, the seconde2 is also a charged lepton �nal

state and forh means there is a Higgs in the event. After �ltering all the available MC

�les, only 13 are muon-producing events,1 Inclusive and12 Exclusive. Experimentally,
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Table 5 � Beam-polarization labels and their physics equivalents. The polarization symbols
are: L = left -handed,R= right -handed,B = unpolarized or mixed, W= �wide�.
The row eL.pR (corresponding toe�

L e+
R ) is highlighted because it is the only

con�guration used in the present study.

Label Physics notation
eB.pB e�

B e+
B

eB.pL e�
B e+

L

eB.pR e�
B e+

R

eB.pW e�
B e+

W

eL.pB e�
L e+

B

eL.pL e�
L e+

L

eL.pR e�
L e+

R

eL.pW e�
L e+

W

eR.pB e�
Re+

B

eR.pL e�
Re+

L

eR.pR e�
Re+

R

eR.pW e�
Re+

W

eW.pB e�
W e+

B

eW.pL e�
W e+

L

eW.pR e�
W e+

R

eW.pW e�
W e+

W

the probability of and event is proportional to their cross-section (� i ), Table 6 has the

visualization and values for the cross-section respectively. Other processese2e2h_i where

i are the ExclusiveHiggsstrahlungevents with the �nal state speci�ed. Therefore, from

Table 6, the sum of the cross-sections of alle2e2h_i should be equal toe2e2hwithin an

expected error:

X

i

� (e2e2h_i) � � (e2e2h) (3.7)

This relation is expected to repeats to all Inclusive Higgs processes, Table 7 has the list of

the removed processes with their equivalent physics process, Table 8 has the sum for all

inclusive processes, according to equation 3.7, and consequently the di�erence between

cross-sections. All processes had a di�erence between the inclusive and the exclusive sum

was less then� � . 10� 3 fb except for n23n23hthat had a di�erence of � � = 46:52fb,

the sum of the exclusive processes was higher, this unexpected behavior did not a�ect the

�nal generated events because the inclusive process has been excluded. For consistency

sake, all cross-section values were converted into fento barn [fb].

3.5 Monte Carlo

Key4hep employs the MC simulation method, a computational approach that uses

random sampling techniques to model systems governed by probabilistic processes. In HEP,
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Table 6 � Inclusive and Exclusive Higgs Muon-producing-events cross-sections for the
Higgstrahlungwith e�

L e+
R beam polarization, ordered by decreasing cross-section,

values for� where taken from Table 28. The highlightedsignal row had its
value calculated at section 3.5.2, its uncertainty it was extracted from (4).

Process � [fb]
e2e2h (1:6971� 0:0014)� 101

e2e2h_bb (9:8769� 0:0008)� 100

e2e2h_ww (3:6317� 0:0003)� 100

e2e2h_gg (1:3899� 0:0011)� 100

e2e2h_e3e3 (1:06406� 0:00087)� 100

e2e2h_cc (4:9045� 0:0004)� 10� 1

e2e2h_zz (4:4463� 0:0036)� 10� 1

e2e2h_aa (3:8523� 0:3105)� 10� 2

e2e2h_az (2:5965� 0:2105)� 10� 2

signal (1:0535� 0:0026)� 10� 2

e2e2h_ss (4:1748� 0:3406)� 10� 3

e2e2h_e2e2 (3:6996� 0:0306)� 10� 3

e2e2h_dd (8:8247� 0:7207)� 10� 4

e2e2h_uu (2:0365� 0:1707)� 10� 4

Table 7 � Inclusive Higgs production processes removed from the simulated events. These
samples include all Higgs decay modes and are therefore not used in the �nal
analysis to avoid double counting with exclusive Higgs decay samples.

slcio name Physics process
e1e1h e� e� ! e� e� h (Higgsstrahlungvia Z exchange)
e2e2h e+ e� ! e+ e� h (Higgsstrahlung/ ZZ fusion)
e3e3h e+ e� ! � + � � h (Higgsstrahlung)
n1n1h e+ e� ! � e�� eh (WW fusion)
n23n23h e+ e� ! � �;� �� �;� h (ZZ fusion)
qqh e+ e� ! q�qh (Higgsstrahlung)

MC simulations are employed to generate synthetic collision events based on theoretical

models, cross-sections, and decay BRs. These simulated events are then propagated

through detector models to reproduce experimental conditions, enabling the estimation of

signal e�ciencies, background rates, and statistical sensitivities.

The probability distribution of this simulation is based on the theoretical predictions

of the SM, at the
p

s = 250 GeV, the probability distribution is well behaved. At higher

energy levels1 TeV, SM cannot describe precisely, such theoretical limitations have led to

the goals of FCC and ILC being to reach energy levels higher than what the LHC can

reach with the current capabilities and future upgrades.

To simulate the experiment two types of �les were used, signal and background,

where each individual �le has a unique probability distribution.
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Table 8 � Summary of the cross-sections for the Inclusive Higgs processes and their variants.
The Table lists the number of variants, the original generator-level cross-section,
the sum of the cross-sections of all simulated variants, and their di�erence.

Process n variants � [fb]
P

� [fb] � � [fb]
e1e1h 12 17.671 17.672 4:948� 10� 4

e2e2h 12 16.971 16.971 4:752� 10� 4

e3e3h 12 16.941 16.941 4:743� 10� 4

n1n1h 12 60.351 60.353 1:690� 10� 3

n23n23h 18 67.111 113.628 4:652� 101

qqh 12 343.030 343.040 9:605� 10� 3

Table 9 � Impact of di�erent e2e2hprocess types on the dimuon invariant massm�� and
the recoil massmrecoil in an invisible Higgs analysis. The highlighted rows are for
the processes that contribute to the background samples. Thee2e2h_e3e3and
e2e2h_e2e2doesn't a�ect neither the invariant or recoil mass reconstruction,
due the fact that any �nal state that contains more than two muons are discarded.

Process type Extra muons m�� mrecoil Notes
e2e2h No None None Ideal signal reference
e2e2h_bb No None None Hadronic Higgs decay
e2e2h_cc No None None Hadronic Higgs decay
e2e2h_gg No None None Gluon �nal state
e2e2h_aa No None None Photonic Higgs decay
e2e2h_ww Possible Moderate Moderate Muons from W decays
e2e2h_zz Possible Moderate Moderate Muons from secondaryZ
e2e2h_az Possible Moderate Moderate Mixed bosonic decay
e2e2h_e3e3 Yes None None � ! � contamination
e2e2h_e2e2 Yes None None h ! � + � � (4� �nal state)

3.5.1 Weights

As the simulation allows the luxury of choosing the which and how many events

are simulated, it's important that the generated samples of all simulated events are all

proportional to their real probability, as the goal is be as close as reality. The MC method

allows the introduction of weights,wi , where i is an speci�c event, to make sure that

events with di�erent probabilities are properly represented. The weights are de�ned as:

wi =
� i � L target

Ngen
(3.8)

where � i is the process cross-section,L target is the target integrated luminosity (not to

be mistaken with the Lagrangian) andNgen the total number of events generated. At
p

s = 250 GeV a plethora of events occur along the desired decay and all the background

MC �les serve the purpose of simulating other events, A summary of the background

�les are located at: Production Summary (PS) (29). For the cross-section the values are

located at ELOG gendata (ELOG) (15).
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It's important to note that to get the associated cross-section� i for each event,

the tables from PS and ELOG had to be combined, withprocess_id as the primary key,

both tables have di�erent values for the integrated luminosityL and Ngen, neither of these

values where used, these are useful in the scenario where a single MC sample is analyzed.

For a combined sample of MC generated events, theL is an arbitrary global variable

and Ngen are dependent on the number of simulated events for each event, all events

had the same number for the max number of events simulatedNEvtMax, later explained at

Section 4.1, this number is di�erent from the actual number of generated eventsNgen. The

values chosen wereL = 250 fb� 1 and NEvtMax = 106; with these de�ned proprieties,wi is

be calculated, the resulting values can be found at Figure 12 sorted in descending order.

3.5.2 Signal Weight

Unlike the background weights, that have the cross-section available at (15). The

signal weight have to be calculated separately, the signal cross-section was calculated by

multiplying, the Higgstrahlungcross-section, the BR for Higgs to invisible,BR(H ! inv),

and BR of the Z decay into a muon pair� + � � , BR(Z ! � + � � ). This leads to the signal

cross-section� signal formula:

� signal = � Zh � BR(h ! inv) � BR(Z ! � + � � ) (3.9)

the values for theHiggstrahlungcross-section is dependent on the beam polarization,

Table 10 has theHiggstrahlungcross-section values for the ILC program.

Table 10 � SM Higgstrahlungcross-section at
p

s = 250 GeV for unpolarized and polarized
beamsP(e� ) = � 0:8, P(e+ ) = +0 :3 (2). Full table at ANNEX A.

Center-of-Mass Energy [GeV] Unpolarized [fb] Polarized [fb]
250 211 313

To study the IHD the parameters used were: left polarized beams of the ILC,

� (e+ e� ! Zh) = 313 fb, BR(h ! inv) = 0 :1% (2, 5) and BR(Z ! � + � � ) = 3 :3662(66)%

(14). Substituting the values, results in:

� signal = 313 � 10� 3 � 3:37� 10� 2 = 1:05� 10� 2 fb (3.10)

now this can be substituted in equation 3.8.

3.5.3 Error Estimation

Simulating an experiment has two important aspects. Firstly, unlike real experi-

ments, computers work in a deterministic way, a program will always produce the same

results when ran and randomness has to be written into a program, computers are not
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Figure 12 � Event weightswi for each process inlog scale, sorted from highest to lowest,
colored based on categories from Table 4, with Signal (Red).

actually capable of real randomness, they are in fact pseudo-random1. Pseudo-randomness

has the important aspect that is reproducibility, allowing to choose initial seeds that de�ne

all random future values. Secondly, simulations are build on what it's understood about

reality, not how it really is, therefore, simulated errors will not provide a complete picture

of how real experiments will behave. All real experiments have uncertainty in them which

can be divided into two categories:

ˆ Systematic, which is due to imperfections in the equipment, improper or biased

observation and the presence of additional physical e�ects not taken into account

(For the collision energy of
p

s = 250 GeV, the expected results are well described

within SM).

ˆ Random, uncertainties that are an unavoidable result of measurement, regardless of

how well tools are calibrated.

Both types of uncertainty are not present in computer simulations2, but because they are

so intrinsic to reality, that also simulating uncertainty can and should be done. As the

ILC program evolves, systematic errors such as the precision in the integrated luminosity

L , beam polarization has0:25%and the center-of-mass energy
p

s has0:01%expected

precision (2), trigger e�ciency and many more systematic errors that can be measured as

soon they are developed and tested.

1 True or simulated randomness is an extensive �eld in computer science, Quantum Computers can be
used to get real randomness since they are nondeterministic.

2 Di�erent results can happen because of hardware defects or external source, e.g. Cosmic Rays can
cause the bits in a computer to �ip. But such problems are so exceptional that it can be ignored.
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Table 11 � Systematic uncertainties included in the projected sensitivity for ILC con�gu-
ration. Values found at (2, 11, 4).

Category Source Assumed Uncertainty
Normalization

Integrated luminosity L 0:25%
Center-of-Mass Energy

p
s 0:01%

Beam polarization P(e� ) 0:2 � 0:5%
Signal cross-section � (Zh) 1 � 2:5%
Background normalization � bkg 5 � 10%

Detector / Reconstruction
Muon momentum scale p�

T scale 0.1%
Muon momentum resolution smearing 2 � 5 � 10� 5 GeV
Selection e�ciency � sel 1�2%

Theory / Modeling
ISR modeling structure functions 2%
Beamstrahlungmodeling beam spectrum 1%
Generator dependence dominant backgrounds 0:5%

3.5.4 Histograms

The Monte Carlo Simulation possess the theoretical tools for error propagation.

the weighted mean is:

X̂ =
NX

i

wi X i (3.11)

Due the fact that the weights can distort how much "information" the simulated events

e�ectively have, considering that events weights values are within a few orders of magnitude,

varying from w 2 [2:10� 103; 5 � 10� 6]. For a weighted histogram, the weight associated

with each bin is:

Wbin =
X

i

wi X i (3.12)

statistical uncertainty in a bin is computed as:

� bin =
s X

i

w2
i (3.13)

then � bin is plotted on top of each bin in the histogram3.

3.5.4.1 Signal Error

The �rst step in calculating the uncertainty in the IHD Cross-Section is to divide

between the systematic and statistical uncertainties:

�� signal =
q

(�� syst)2 + ( �� stat )2 (3.14)

3 All these formulas where taken from <https://www.zeuthen.desy.de/~wischnew/amanda/discussion/
wgterror/working.html>.
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where �� syst is the systematic uncertainty and�� stat the statistical uncertainty that is

based on the MC simulation. The formula 3.10 is composed of the multiplication of three

values, the uncertainty in � signal is calculated with the assumption that the values are

uncorrelated. The formula for the relative uncertainty� (� signal) is limited to the uncertainty

in the BR(Z ! � + � � ):

 
�� sys

� signal

! 2

=

 
�� (Zh)
� (Zh)

! 2

+

 
� BR(h ! inv)
BR(h ! inv)

! 2

+

 
� BR(Z ! � + � � )
BR(Z ! � + � � )

! 2

(3.15)

where� (x) is the uncertainty of a variablex, the projected uncertainty for the � BR(h !

inv) is set to zero since the goal is project the limit of the BR. Now the value can be

substituted into the weight formula 3.8:

wsignal =
� signal � L

Ngen
(3.16)

The expected weighted signal yield is:

Wsignal =
X

i

wi (3.17)

wherei is for a given set signal samples, the number of samples will depend on how many

samples remain after all the cuts are done. Then the statistical uncertainty is:

� stat =
s X

i

w2
i (3.18)

since this is the sum over only signal events and the weight is equal for all values:

� stat =
q

Nsigw2 =
q

Nsig � w (3.19)

resulting the total cross-section uncertainty of:

�� signal =
q

(�� Zh )2 + ( �� BRZ )2 + ( �� stat )2 (3.20)

(3.21)

dividing by � signal results in the relative uncertainty. This uncertainty estimate is used

solely as an input to the counting-based sensitivity study presented later. A full systematic

treatment including correlated nuisance parameters is beyond the scope of this work.
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4 Simulation and Data Analysis

4.1 Key4hep Python Steering File

To simulate there's a series of �les needed to use the Key4hep framework. Gaudi is

well established software framework used to create algorithms which process HEP events

and scripts which execute a chain of such algorithms on the data (30), used in experiments

like LHCb, ATLAS and now Key4hep. to process save the data into a ROOT �le. The

entirety of the code is located the author's github1. Gaudi algorithms are implemented in

C++, and are divided into several categories, Table 12. TheMConsumerAlgis consumer

Table 12 � Types of Gaudi algorithms in the Gaudi/Key4hep framework.

Algorithm Type Role / Description
Producer Produces one or more outputs without requiring in-

puts; typically used for constant data or I/O tasks.
Consumer Takes one or more inputs without producing outputs;

used to consume data from the event store.
Transformer Takes one or more inputs and produces one output;

used for data transformations.
MultiTransformer Takes one or more inputs and produces multiple out-

puts; generalised transform algorithms.
MergingTransformer Combines identical inputs into a single output; useful

for merging collections.
SplittingTransformer Takes one input and produces multiple identical out-

puts; for splitting collections.
FilterPredicate Evaluates conditions on input data, returning true/-

false; used to gate algorithm execution.
ScalarTransformer Converts scalar transformations into vectorized ones

using 1-to-1 mapping.

type Gaudi algorithm was designed to process and select all events based on the presence

of two muons. A steeringpython script serves as an interface between the user and the

Gaudi functional implementation, integrating the Gaudi algorithm into the Key4hep

application, the ApplicationMgr has three important options:

ˆ TopAlg: The list of algorithms, like MConsumerAlg,

ˆ EvtMax: Number of simulated events,NEvtMax = 106,

ˆ ExtSvc: External Services, Marlins Processors,Lcio2EDM4hepTool

1 <https://github.com/mazeeqe/tomaz-example>
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The choice of total maximum simulated events wasNEvtMax = 106 with the intent

of not missing any possible generated events. Since high weight values means that certain

events are under-represented, some events had the requirement of a large value ofNEvtMax,

to generate as much eventsNgen as possible, to be physical consistent with SM predictions.

The number ofNEvtMax is not the same as the number of generated eventsNgen.

The external services, Marlins Processors,lcio_writer and Lcio2EDM4hepTool

were needed for the background simulation, these external services convertslcio �les into

a EDMformat. A detailed work�ow with code examples can be found at the ANNEX A.

Input Files

Background
(.slcio)

Signal
(ROOT)

Marlin Processors
(.slcio ! edm4hep)

edm4hep Format

Gaudi Algorithm

Output
(ROOT)

Figure 13 � Input �les processing work�ow diagram. Source: Author's own creation.

4.1.1 Input Selection

With the expected necessity of the MC weight calculation, simulation runs where

separated for the signal and eachprocess_id . As described in Section 3.4.1.1, only �les

that had eL.pR on their name where valid as input �les. The selection algorithm has

the process_id and the path for the 250-SetA as inputs, a regex �ltered to only add

�les with eL.pR and process_id in their name, then all �les found where added to list.

Finally, the list was used as an input forio_svc.Input .

4.1.2 Output Data

The simulation produces an plethora of data, the data is stored atcollections

portion of the code. ThePandoraPFOsis used to obtain the data from the reconstructed

particles. The selected particles can be� or �� , particles are selected based on theirPDG

ID with the anti-particle being the negative value of the matter ID, forID(� ) = 13 and

ID(�� ) = � 13, so the algorithm selected all particles that hadID = j13j.
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The ROOT framework is used to create and save the desired variables, theTFile()

function is used to create the ROOT �le, theTTree() function creates a tree and within

a tree there areBranch for which they are used to store data for each variable. The

variables for the event system used for the cut�ow Section 4.4 are present in Table 13,

other variables were produced and used during the simulation runs, a complete list of

stored analysis variables is provided in Appendix A.

Table 13 � List of variables used for the cut�ow, grouped by category.

Category Variable Description
Global event nCharged Nch

Visible system
visibleEnergy Evis

visiblePt pvis
T

Observables
m_invMass m��

m_recoilMass mrecoil

m_totalEnergy E tot

Leading Muon
m_mu1_E E lead

m_mu1_pt plead
T

m_mu1_charge qlead

Subleading Muon
m_mu2_E E sublead

m_mu2_pt psublead
T

m_mu2_charge qsublead

Muon pair m_transverse_momentum p��
T

Missing
m_missingEnergy Emiss

m_met E miss
T

After each run a ROOT �le was saved, the output �le was then save into its

respective folder, the output folder was divided for eachprocess_id , except for the signal

output, where it had its proper folder. The purpose of all these variables will be explained

in next sections. For the further data analysis the following global parameters where

established at Table 14.

Table 14 � Global parameters used in the analysis.

Parameter Symbol Value Description
Integrated luminosity L 250 fb� 1 Total delivered luminosity
Maximum generated events NEvtMax 106 Generator event limit per sample
Center-of-mass energy

p
s 250 GeV e+ e� collision energy

Electron polarization e�
L � 80% Left-handed electron beam

Positron polarization e+
R +30% Right-handed positron beam
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4.2 Signal and background de�nition

4.2.1 Signal

The signal process considered in this analysis corresponds to the invisible decay of

the SM Higgs boson produced viaHiggsstrahlung, speci�cally the pair of muons produced

in association with the neutrinos described in the equation 2.20. Events are generated using

a collection of ROOT �les Dirac-Dst-E250-e2e2h_inv.eL.pR_bg-000XX.root , where

XXgoes from01 to 12, the naming convention for the signal input �les names are described

at 15.

Table 15 � Signal ROOT �le naming convention used in the Key4hep framework.

Filename Part Description
Dirac DIRAC-based production work�ow
Dst Data type: DST-level output
E250 Center-of-mass energy

p
s = 250 GeV

e2e2h_inv Signal process:e+ e� ! Zh ! e+ e� + inv
eL Left-handed electron beam polarization
pR Right-handed positron beam polarization
bg-000XX Production �le index, with XXranging from 01 to 12
root ROOT �le format
Complete signal �lename Dirac-Dst-E250-e2e2h_inv

.eL.pR_bg-000XX.root

4.2.2 Background

The majority of the processes produced at ane+ e� collider are well understood

SM reactions that may mimic the experimental signature of the signal under study. These

processes are collectively referred to as background events. Backgrounds can be classi�ed

into two categories: reducible and irreducible.

Reducible backgrounds correspond to processes whose �nal states di�er from the

signal topology but are nevertheless selected due to detector limitations or imperfect event

reconstruction and particle identi�cation. Such backgrounds arise from �nite detector

resolution, reconstruction ine�ciencies, or misidenti�cation e�ects. In the context of the

IHD analysis, examples of reducible backgrounds include four-fermion �nal states and

semi-leptonic processes in which missing energy originates from undetected particles or

reconstruction e�ects.

Irreducible backgrounds are processes that exhibit the same visible �nal-state

topology as the signal and cannot be e�ciently separated on an event-by-event basis.

These backgrounds di�er from the signal only through their kinematic distributions

and production rates, their occurrence can happen at any step of the invisible decay
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chain. A prominent irreducible background for theZh; h ! inv search is the process

e+ e� ! Z (� + � � )� �� , which results in the same observable �nal state as the signal.

The �rst step in the decay chain also has a dominant backgrounde+ e� ! WW,

as this is also aHiggsstrahlungbut with a W boson instead ofZ (2).

A succinct description of expected background processes:

1. e+ e� ! ZZ with one Z ! � + � � and the other Z ! �� : This produces exactly two

muons and missing energy from the neutrinos � irreducible because the �nal state

is identical to the signal, aside from kinematics.

2. e+ e� ! WW ! �� �� : Both W bosons decay leptonically to muons and neutrinos.

This leads to two muons plus missing neutrinos. Kinematically this can di�er from

Zh, but it still enters the sample becayse of the muon pair.

3. e+ e� ! Z� �� with Z ! � + � � : This is a single-boson production with additional

missing neutrinos from processes such asZ radiation and neutrino production. It

can look like the signal if the extra neutrinos produce signi�cant missing momentum.

4. Two-fermion processese+ e� ! � + � � : Pure dilepton or dijet production with initial-

state radiation (ISR) or mismeasured detector e�ects can fake missing energy.

5. Radiative or ISR processes: Processes likee+ e� ! � + � � 
 where the photon escapes

detection (e.g., down the beam pipe) can fake missing energy.

4.2.2.1 Background Files

All processes not classi�ed as signal and passing the event selection are considered

background. The background �les have the same naming pattern, Table 16 has a �le as an

example. The �nal section of the �le nXXX.d_dstm_YYYY_ZZ, can have a variety of values

for eachXXX, YYYYand ZZ, but nonetheless, they all belong to the same event. Table 28

has all events simulated and how manyslcio �les belonged to each event, there is123

di�erent events, the sum of �les for each event resulted in a total of75751�les used as

input for background simulation.

4.2.3 Data Cleaning

An intrinsic aspect of MC simulation that di�ers from reality is that computers

are pseudo-random, meaning that there's a non-zero chance of repeated generated events,

python has functionalities to check and remove duplicated events, for the produced

samples, no duplicated events was found.
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Table 16 � Breakdown of theslcio �le naming convention.

Filename Part Description
rv02-02 Reconstruction software version
sv02-02 Simulation software version
mILD_l5_o1_v02 Detector model (ILD), layout 5, option 1, version 02
E250-SetA Center-of-mass energy

p
s = 250 GeV, dataset Set A

I500106 Process or generator process identi�er
P4f_sw_sl Physics process: four-fermion (4f ), s-channel, semileptonic
eL Left-handed electron beam polarization
pR Right-handed positron beam polarization
n000 Production job or sample index
d_dstm_15176_2 Data type (DST-M), production ID and batch number
slcio SLCIO data �le format
Complete File Name rv02-02.sv02-02.mILD_l5_o1_v02.E250-SetA.I500106.

P4f_sw_sl.eL.pR.n000.d_dstm_15176_2.slcio

4.2.4 Reproduction

The generated data is dependent on the generator input �les, therefore, the total

amount and the characteristics of the generated samples cannot be changed by the Key4hep

steering �le. This results means that the data will always be the same and consequently

reproducible.

4.3 Figure of Merit

One of the main challenges of performing a precision test of the SM, is to di�er-

entiate background processes from signal ones, as often background samples mimics the

signal samples in some aspects that contaminate the results. As the background and signal

samples are both present, the signi�cance of the measurement, also known as FoM, is

de�ned as:

FoM =
S

p
S + B

(4.1)

whereS is the signal samples andB the background samples. Since the events are weighted,

the de�nition of S and B is not de�ned by the amount, the number of data point in each

category, but the yield:

X =
X

i

wi (4.2)

where X = S; B and i is the sum of all weights for either the signal and background

samples. The usefulness of FoM is to indicate the best balance between reducing the

background without signi�cant loss of the signal. The FoM actually has two formulas, the

second formula is useful when looking for small signals out of large background(S � B)
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so that its new approximate form is:

FoM �
S

p
B

(4.3)

but given the amount of signal samples present, equation (4.1) is the one that was used.

For analysis of the invariant and recoil mass, a cut is applied to the simulated

events, reducing the size interval for both masses to the region of interest will inevitably

result in the amount of signal samples present to be smaller at the advantage of removing

a signi�cant size of background samples.

The FoM formula is only useful in events predictable in SM, as the expected signal

events depends in the cross-section of the process. FoM alternatives have been proposed,

the Punzi FoM is designed to be able to detect new particles (31).

It's important to note that FoM assumes purely statistical uncertainties and

does not account for systematic e�ects or correlations between background components.

Therefore, it is used only as a comparative optimization metric rather than a �nal discovery

or exclusion criterion.

Initially all di�erent type of background �les were simulated separately, after that

all of them have been combined into the background samples. Out of the totality of the

initial generated samples, only6:77� 10� 5% is signal as seen in the Figure 14.

4.4 Cut�ow

Introducing S0 and B0 as the initial signal and background yields, de�ned at

equations 4.2, andSf and B f as the yield after a de�ned cut, the following metrics can

be de�ned:

� =
Sf

S0
(4.4)

R =
B0

B f
(4.5)

these metrics are, e�ciency (� ) and rejection (R), their purpose is to measure the quality

of the selection procedure. A perfect selection results in� = 0 and 1=R = 0, meaning that

all the background samples has been removed and only signal remains. The acceptance

and e�ciency are computed using the unaggregated event composition after the �nal

selection. Aggregation of minor background contributions is applied only for visualization

purposes and does not a�ect the physics results.

For the selection criteria, the cuts where inspired by (2) and a new cut based on

the energy sum of the muon pair energy and the missing energy. The baseline for the
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Figure 14 � Percentage composition of the uncut simulated events produced from the
simulations in log scale, each bar is a category as described in Table 4.
Percentage values are calculated based on the yield of each category.

selection of events was the presence of two muons� . The IHD channel selection followed

the criteria:

ˆ All Events: all generated samples without any selection,

ˆ Muon Pair: the presence of the dimuon, two muons of opposite charge� + � � ,

ˆ Charge Multiplicity: events where the number of charged particles isNch � 4,

ˆ Muon Pair pT : both muons must havepT > 10 GeV,

ˆ Missing energy: for missing energy values higher thanEmiss > 40 GeV.

ˆ Transverse Momentum: for values of the TM between20 < pT < 70,

ˆ Z Mass Window: for the reconstructed invariant mass values withinjm�� � mZ j <

10 GeV,
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ˆ h Higgs Mass Window: for the reconstructed recoil mass values withinjmrecoil � mh j <

10 GeV.

The choice and ordering of each cut was build based on previous studies that

applied the recoil mass technique and/or searched the IHD at leptonic and hadronic

channels, at either the LHC (3) or the ILC ( 2, 4, 5, 6). Since the expected last of step of

the reconstruction of the decay is the reconstruction of the recoiling Higgs, then, starting

from the �rst cut to the last, the logic behind is to make sure that all the pieces necessary

to rebuild the �nal state without being to restrict.

The following sections are dedicated to each cut: 4.4.1, all events, 4.4.2, multiplicity,

4.4.6, TM, 4.4.8, the invariant mass, 4.4.9, the recoil mass, describes the cuts made in

order and the reason behind it. All the histograms had to have the signal contribution

re-scaled due to it's small presence.

Table 17 � Signal yieldsS, background yieldsB and signi�cance Sp
S+ B

. The assumed BR
is 0:1%. The integrated luminosity is 250 fb� 1.

Requirement Signal Background Sp
S+ B

All Events 2.63 1:16� 108 2:446� 10� 4

Muon Pair 2.55 3:77� 106 1:315� 10� 3

Nch � 4 2.50 7:60� 105 2:863� 10� 3

Muon pT > 10 2.37 6:66� 105 2:908� 10� 3

Emiss > 40 GeV 2.37 3:10� 105 4:264� 10� 3

20 � p��
T � 70 GeV 2.20 5:14� 104 9:720� 10� 3

jm�� � mZ j < 10 GeV 2.00 7374.00 0.0233
jmrecoil � mh j < 10 GeV 1.67 2079.50 0.0365

Table 18 � Signal-to-background yield ratio (S=B), the signal E�ciency ( � ), background
Rejection (R).

Requirement S=B � R
All Events 2:271� 10� 8 1.000 1.000
Muon Pair 6:768� 10� 7 0.969 0.033

Nch � 4 3:284� 10� 6 0:978 6:555� 10� 3

Muon pT > 10 3:564� 10� 6 0.901 5:740� 10� 3

Emiss > 40 GeV 7:664� 10� 6 0.901 2:670� 10� 3

20 � p��
T � 70 GeV 4:288� 10� 5 0.837 4:432� 10� 4

jm�� � mZ j < 10 GeV 2:712� 10� 4 0.759 6:359� 10� 5

jmrecoil � mh j < 10 GeV 8:009� 10� 4 0.632 1:793� 10� 5

The Section 4.4.10 provides Figures for evolution of the signal and background

yields for each category from Table 4, the ANNEX D has tables with the values used to

plot the �gures.
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Figure 15 � Figure of Merit evolution for each subsequent cut in the cut�ow. Thex-axis
have been normalized based on the initial FoM value with a vertical line
showing starting at FoM = 1:0. All bars have annotations that displays the
values for each FoM.

4.4.1 All Events

As the baseline event selection is theZ ! � + � � channel, exactly two reconstructed

muons were required in the �nal state. These muons were identi�ed as the leading and

subleading muons, ordered by TM. Events containing additional reconstructed muons were

rejected in order to suppress backgrounds with higher lepton multiplicity. Furthermore,

the �nal state, Z ! � + � � , also requires the two selected muons to have opposite electric

charges. This requirement is expressed as either the sum of both charges be equal zero (2)

or their charges multiplied are less than zero:

qlead � qsublead < 0: (4.6)

whereqlead and qsublead denote the electric charges of the leading and subleading muons,

respectively. This opposite-sign condition consistency e�ectively suppresses same-sign

dilepton backgrounds arising from charge misidenti�cation and non-resonant processes.

Studies that searches that used lepton channels limited the �rst selection to the

number of leptonsN` to be equal to two or close to it, wherè = e; � depends on the

channel, either a pair of electrons or muons with opposite charges (3, 5, 2), other analysis

also limited to the total leptonic number to be zeron` = 2 (5), due the fact that particles

of opposite charge but same �avor have opposite lepton numbers, some also used the angle

between leptons as selectioncos� `+ ` � (2, 5, 3).
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4.4.2 Charge Multiplicity

The charged-particle multiplicity (Nch) is the number of charged particles present in

the decay chain. Starting by the muon pair of opposite charge� + � � , the initial multiplicity

is:

Nch(� + � � ) = 2 (4.7)

to not be too strict in the selection, the selection criteria limited to four charged particles

with zero total charge:

Nch � 4; (4.8)

this leaves the possibility of up to two more charged particles in the system, Figure 16

displays the initial multiplicity histogram, it's worth noting that not all signal events

produced only the dimuon, this could be due to ISR, where the initial electron or position

emitted particles, there's no values forNch = 1, since the minimum to collect data is the

presence of the dimuon� + � � . A cut just for the multiplicity was a unique choice for this

work, as usually this cut done in conjunction with other cuts, together with a limit to the

number of leptons present (2) or when measuring the lepton TMpT .

The charged multiplicity requirement completely suppresses the "Other multi-

fermion" contribution and strongly suppresses the "Exclusive Higgs" contribution, as

illustrated in Figure 30. This is consistent with the topology of the signal and dominant four-

fermion backgrounds, which predominantly produce �nal states withNch = 4. Processes

leading to higher charged multiplicities are therefore e�ciently rejected by this selection.

The charged multiplicity distributions before and after the application of the full

event selection are presented in Figures 16 and 17, respectively.

4.4.3 Muon Transverse Momentum

The TM is the magnitude of the particle momentum that it transverse to the

proton beam, taking the momentum values for thex and y axis, squaring them and than

adding them together, results in the TMpT :

pT =
q

p2
x + p2

y (4.9)

The muons have been sorted by energy, the highest energy muon is named the Leading

Muon (� lead) and lowest energy muon is named the Subleading Muon (� sublead). The

selection criteria for the leading and subleading muons is that they must have a TM of at

least pT > 10 GeV:
8
><

>:

plead
T > 10 GeV;

psublead
T > 10 GeV:

(4.10)
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Figure 16 � Multiplicity distribution of the muon pair, Nch, before event selection. Stacked
histograms show the expected background contributions, color-coded accord-
ing to the process categories in Table 4. The invisible Higgs signal (red dashed
line) is scaled by a factor of105 for visibility. The distribution is shown in the
rangeNch 2 [0; 80]. The signal manifests as a localized excess aroundNch = 2,
while background processes populate a broader multiplicity spectrum. This
separation motivates the application of a multiplicity cut to enhance the
signal-to-background ratio by selecting events consistent with the initial� + � �

production. Error bars represent the Monte Carlo statistical uncertainties.

The TM requirement signi�cantly suppresses the Four-fermion (single boson)

background contribution as illustrated in Figure 30. In these processes, the �nal-state

fermions are frequently produced with asymmetric momentum con�gurations or are

strongly forward-peaked, leading to low TM for at least one of the muons.

In contrast, the signal topology involves the decay of a heavy boson into two

muons with relatively balanced kinematics, resulting in both leptons typically exceeding

the pT > 10GeV threshold. The requirement on the subleading muon TM is therefore

particularly e�ective in rejecting background events with soft or collinear leptons.

The muon TM distributions before and after the application of the full event

selection are presented in Figures 18, 19, 20 and 21, respectively.
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Figure 17 � Multiplicity distribution of the muon pair, Nch, after event selection. Stacked
histograms show the expected background contributions, color-coded accord-
ing to the process categories in Table 4. The invisible Higgs signal (red dashed
line) is scaled by a factor of102 for visibility. The distribution is shown
in the range Nch 2 [2; 4]. Error bars represent the Monte Carlo statistical
uncertainties.

4.4.4 Muon Pair Energy

For two reconstructed muons with energiesE lead
� and E sublead

� , the Muon Pair

Energy is just the sum of the energy of the two muons:

E �� = E lead
� + E sublead

� (4.11)

Equivalently, in terms of four-momenta,

E �� = ( plead
� + plead

� )0 (4.12)

where the superscript0 denotes the energy component of the four-vector. The total energy

of the muon pair corresponds to the energy of the reconstructed Z boson candidate.

This quantity enters directly in the calculation of the recoil mass and is therefore a key

observable in Higgs recoil analyses. Since muons are measured with excellent momentum

resolution in lepton collider detectors,E �� is reconstructed with high precision.
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Figure 18 � Leading Muon Transverse Momentum distribution of the muon pair,plead
T ,

before event selection. Stacked histograms show the expected background
contributions, color-coded according to the process categories in Table 4.
The invisible Higgs signal (red dashed line) is scaled by a factor of105 for
visibility. The distribution is shown in the range plead

T 2 [0; 130]GeV. The
signal manifests as a localized excess aroundplead

T = 60 and psublead
T = 30, while

background processes populate a broader kinematic spectrum, specially lower
values. This separation motivates the application of a individual muon TM cut
to enhance the signal-to-background ratio by selecting muons with su�cient
momentum. Error bars represent the Monte Carlo statistical uncertainties.

4.4.5 Missing Energy

The missing energy represents the fraction of the center-of-mass energy not carried

by reconstructed visible particles. In the IHD channel, this quantity is sensitive to

the presence of undetected �nal-state particles produced in the Higgs decay. While

missing energy alone is a�ected by detector e�ects and initial-state radiation, it provides

complementary information to the recoil mass in validating the invisible decay hypothesis.

While the total muon-pair energy re�ects the kinematics of the reconstructed Z boson, the

missing energy quanti�es the energy imbalance in the event and is sensitive to invisible

�nal states. For the IHD, the missing energy is de�ned as:

Emiss =
p

s � E �� (4.13)
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Figure 19 � Subleading Muon Transverse Momentum distribution of the muon pair,psublead
T ,

before event selection. Stacked histograms show the expected background
contributions, color-coded according to the process categories in Table 4.
The invisible Higgs signal (red dashed line) is scaled by a factor of105 for
visibility. The distribution is shown in the range psublead

T 2 [0; 130]GeV. Error
bars represent the Monte Carlo statistical uncertainties.

this de�nition is only valid since the visible energy is equal to the muon pair energy

Evis = E �� because the only visible particles are the muon pair. For background events,

other particles are produced in association with the muon pair� + � � from either Z or

h produced through theHiggsstrahlung. The MCConsumeralgorithm was designed with

adding the 4-momentum of any particle produced, if only two muons� of opposite charge

were detected, that the algorithm would calculate theE �� , independent of their origin.

Therefore, the missing energy for background events can be de�ned as:

Emiss =
p

s � E �� � Eother (4.14)

whereE �� could be zero for non-muon-producing events andEother is energy sum of all

particles produced that are not the muon pair, so its values could zero or not depending on

the amount of associated particles produced. The selection criteria chosen for the Missing

Energy Emiss was for all values above40 GeV:

Emiss > 40 GeV (4.15)

The missing energy requirement signi�cantly reduces the Two-fermion and Four-fermion

(single boson) background contributions, as illustrated in Figure 30. These processes
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Figure 20 � Leading Muon Transverse Momentum distribution of the muon pair,plead
T ,

after event selection. Stacked histograms show the expected background
contributions, color-coded according to the process categories in Table 4.
The invisible Higgs signal (red dashed line) is scaled by a factor of102 for
visibility. The distribution is shown in the range plead

T 2 [10; 100]GeV. Error
bars represent the Monte Carlo statistical uncertainties.

predominantly lead to fully visible �nal states, in which the total reconstructed energy

closely matches the center-of-mass energy. Consequently, the missing energy in such events

arises mainly from detector resolution e�ects or initial-state radiation escaping along the

beam direction, and is typically small.

Requiring Emiss > 40GeV therefore suppresses a large fraction of these background

events. In contrast, the signal topology involves the production of invisible particles,

resulting in a substantial genuine missing energy component. The chosen threshold thus

enhances the signal-to-background separation by rejecting predominantly visible �nal

states while retaining events consistent with the expected invisible recoil signature.

Figures 22 and 23 show the missing energy distribution before and after the full

event selection, respectively.
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Figure 21 � Subleading Muon Transverse Momentum distribution of the muon pair,psublead
T ,

after event selection. Stacked histograms show the expected background
contributions, color-coded according to the process categories in Table 4.
The invisible Higgs signal (red dashed line) is scaled by a factor of102 for
visibility. The distribution is shown in the range psublead

T 2 [10; 60]GeV. Error
bars represent the Monte Carlo statistical uncertainties.

4.4.6 Transverse Momentum

The TM of the dimuon system provides an important kinematic handle on the

event topology. In the processe+ e� ! Zh with Z ! � + � � , the reconstructedZ boson

recoils against the Higgs boson. As a consequence, the TM of the dimuon system re�ects

the global momentum balance of the event. An intermediary step before the invariant mass

cut, is to cut the TM pT of the dimuon system. First, a single-muon selection is imposed

to ensuring that each reconstructed muon is su�ciently energetic. For a dimuon selection,

a cut is applied to the TM of the dimuon systempT �� , where, unlike the single-muon

requirement, this cut acts on the magnitude of the vector sum of the two transverse

momenta. Although each muon has positive TM by de�nition, their transverse components

may partially cancel if they are emitted back-to-back. Consequently,p��
T encodes the net

transverse recoil of the reconstructedZ boson. Therefore, the transverse component of

the dimuon momentum are given by

p��
i = plead

i + psublead
i ; i 2 f x; yg: (4.16)
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Figure 22 � Missing energy distribution of the muon pair,Emiss, before event selection.
Stacked histograms show the expected background contributions, color-coded
according to the process categories in Table 4. The invisible Higgs signal
(red dashed line) is scaled by a factor of105 for visibility. The distribution
is shown in the rangeEmiss 2 [0; 250]GeV. Error bars represent the Monte
Carlo statistical uncertainties.

then from equation 4.9, the momentum components are squared, added and then square-

rooted, resulting in the TM of the dimuon system:

p��
T =

q
(p��

x )2 + ( p��
y )2 (4.17)

the background processes such as cosmic-ray muons andWW � ! � + � � production can

yield dimuon �nal states with kinematic properties distinct from the signal. To enhance

sensitivity to the e+ e� ! Zh topology, a selection requirement is imposed on the dimuon

TM:

20 � p��
T � 70 GeV (4.18)

The TM of the muon pair provides one of the strongest discriminating variables

against the Two-fermion background, as illustrated in Figure 30. In the dominant process

e+ e� ! Z=
 � ! � + � � , the �nal state consists of a two-body system with no recoil against

an additional massive particle. Consequently, the muons are produced predominantly

back-to-back in the transverse plane, resulting in a small net TM of the dimuon system.

Non-zero values arise mainly from initial-state radiation and detector e�ects.
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