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CENTRO BRASILEIRO DE PESQUISAS FISICAS

Resumo

por Alexandre Sampaio da Cruz

Um dos principais desafios experimentais associados a deteccao de ondas gravita-
cionais estd na necessidade de se possuir um profundo conhecimento prévio sobre a forma
dessas ondas para sua deteccao. Tal comenhecimento depende, é claro, do entendimento
da dinanica dos sistemas fisicos que as emitem. Dentre tais sistemas, uma classe de
particular interesse atual é composta dos sistemas chamados de Inspirais de Razdo de
Massa Extrema (Eztreme Mass Ratio Inspirals, EMRIS), isto é, sistemas bindrios nos

quais um dos corpos é muito mais massivo que o outro.

A princpial abordagem utilizada para o estudo da fisica de EMRIs é a teoria de
auto-forca gravitacional. Nessa abordagem a geometria do espaco-tempo é tida, em
primeira aproximagao, como determinada apenas pela influéncia gravitacional do corpo
de maior massa. Isto é, o corpo menos massivo se comporta como uma particula teste
que se move em uma geodésica neste espaco-tempo dito “de fundo”. Para entender
o inspiralamento, é necessario ir além dessa aproximagao. E preciso considerar a per-
turbacao que o corpo de menor massa causa nesse fundo. Sob a perspetiva da teoria de
auto-forca, o desvio do movimento desse corpo de uma geodésica do espago-tempo de
fundo é visto como uma forca, cuja origem é prépria perturbacao gravitacional gerada
pelo mesmo. Esse tipo de problema pertence a uma classe mais ampla de problemas
de auto-forca, que requerem o mesmo tipo de tratamento matemaético associado ao seu

carater singular.

Nesse trabalho, varias técnicas associadas ao cdculo da auto-forca escalar sao es-
tudadas. Em particular, o método de regularizagao por decomposicao em multipolos [1]
é adotado. Para a obtengao dos modos do campo gerado pela carga, o método MST [2]
é revisitado e utilizado. Tais modos sao regularizados de duas maneiras: (i) utilizando a
técnica de regularizagao analitica por expansao pés-Newtoniana [3]; (ii) pela subtragao
de parametros de regularizagao ja conhecidos na literatura, porém derivados nesse tra-
balho de uma maneira alternativa, através da utilizacdo do método WKB para resolver

as equagoes de campo no espaco de frequéncias.
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Abstract

by Alexandre Sampaio da Cruz

One of the main experimental challenges regarding the detection of gravitational
waves lies on the fact that one is required to have a profound knowledge of these waves
prior to their detection. Such knowledge depends, of course, on the understating of the
dynamics of the physical system that emit these waves. One class of such systems that
draws particular interest at the moment are the so-called Extreme Mass Ratio Inspirals
(EMRIs), binary systems in which one of the bodies is much more massive than the

other.

The main approach for studying the physics of EMRIs is gravitational self-force
theory. In this approach, one considers the geometry of the spacetime to be, in first
approximation, determined only by the influence of the more massive body. Meaning
that the less massive body behaves like a test particle that moves on a geodesic of this
background spacetime. To understand the inspiralling, one needs to go beyond this first
approximation and consider the perturbation that the less massive body causes in the
background spacetime. Under the perspective of self-force theory, the deviation of the
motion of this body from a geodesic of the background spacetime is seen as a force,
whose origin is the gravitational perturbation sourced by the body itself. This type of
problem belongs to a broader class of problems called self-force problems, which require

similar mathematical treatment due to their singular character.

In this work, various techniques associated with the calculation of the scalar self-
force are studied. In particular, the mode-sum regularization method [1] is adopted. For
the obtention of the field modes, the MST method [2] is revisited and applied. Such
modes are regularized in two ways: (i) with the use of the post-Newtonian regularization
technique [3] (ii) by the subtraction of regularization parameters that are known in the
literature, but are obtained in an alternative way, from WKB solutions to the field

equations in the frequency domain.
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Chapter 1

INTRODUCTION

1.1 THE TWO-BODY PROBLEM IN GENERAL REL-
ATIVITY

The two-body problem is undoubtedly one of the most recurring and important
problems in physics. Its description is rather simple: two isolated point-like bodies
interact with each other by a given force and one is interested in the prediction of
the motion of such bodies. Despite the name, two-body problems are actually a class of
problems with varying complexity depending on the nature of the prescribed interaction.
The equations describing the dynamics of this type of system are in principle coupled
differential equations for the positions of the two particles. In the context of Newtonian
physics, the decoupling of these equations can be achieved by reformulating the problem
in terms of the motion of the center of mass of the system and the relative motion of the
particles [7]. With this reformulation, the two-body problem can be solved analytically

in closed-form for a large variety of interaction potentials between the particles.

The most remarkable two-body problem in classical physics is the Kepler prob-
lem, in which the interaction force is given by Newton’s Law of Universal Gravitation.
Solutions to the Kepler problem, called Keplerian orbits, offer a good description of
the movement of the majority of the bodies in the solar system around the Sun'. One
famous exception to that is the precession of the orbit of Mercury, which can only be de-
scribed by considering corrections from the theory of General Relativity (GR). In fact,
the accurate description of this motion was one of the first experimental results that

paved the way for the establishment of GR.

'Though a more accurate description of the movement of any given body should take into consider-
ation corrections coming from the gravitational interaction between that body and the remaining bodies
of the solar system other than the Sun.
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In comparison to its Newtonian counterpart, the description of a system of two
massive bodies in General Relativity poses a much greater challenge in both its physical
and mathematical aspects. First of all, the non-linearity of Einstein’s Field Equations
makes it unfeasible to find closed-form solutions for the majority of systems in GR, with
two-body systems being no different except for some very specific scenarios. Second is
the fact that a two-body system produces a time-dependent gravitational field, which
implies the irradiation of gravitational waves (GW). As consequence of the loss of energy
and angular momentum due to the emission of GW, periodic orbits do not exist in GR

and the bound orbits of binary systems eventually inspiral into each other?.

A variety of tools have been developed for the the study of binary systems in
General Relativity. Their efficiency is determined by the characteristic parameters of
the system, such as the ratio between the masses of the two bodies and their spatial
separation. Because the bodies in such systems eventually inspiral into each other, the
most suitable method for describing the dynamics of one particular system varies along
its evolution. The four most prominent existing tools for the study of binary systems
in GR are: post-Newtonian (pN) expansions, numerical relativity, self-force/black per-
turbation theory and effective one-body theory. The regimes in which each one of these
methods excel are depicted in Figure 1.1. A brief overview of each one this methods

shall now be given.

Post-Newtonian Theory

Perturbation theory,
Self-force

Numerical Relativity

1
1
i
1
1
1
1
1
i

1 Mass Ratio ©

FIGURE 1.1: Schematic representation of the regimes of applicability of the different
approaches to the two-body problem in terms of the spatial separation between the two
the bodies and their mass ratio. As commented in the main text, the effective-one body
approach draws information from the other three approach and hence is in principle
useful for the entire parameter space. Source: Wikipedia [4]

2Special configurations of the two body-problem can generate stationary gravitational fields and,
consequently, no inspiralling. However, that is not the general picture.
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The post-Newtonian method relies on perturbatively solving Einstein’s field equa-
tions by expanding relevant quantities (e.g. the metric and energy-momentum tensor)
about Newtonian physics, that is for small velocities of the bodies and weak gravita-
tional fields. This method excels at describing the dynamics of binary systems when
the separation between the bodies is large, so that the spacetime geometry at their
positions is efficiently described in terms of perturbations to the Minkowski geometry
and the typical velocities of the bodies are small. It was via the application of this
method that the aforementioned relativistic corrections to the motion of Mercury were
first calculated. As the two bodies in a binary system inspiral into each other, the con-
vergence of pN series becomes slower as the separation between the bodies shrinks and
the spacetime geometry around them starts to deviate greatly from Minkowski. At this
stage, one could resort to the tools of numerical relativity to solve Einstein’s equations.
Despite being computationally expensive, the numerical approach has proven to be the
most reliable method for studying the small separation and comparable mass region of
the parameter space. However, when the two bodies possess very disparate masses, the
weak-field approximation becomes inaccurate very early in the inspiral, meaning that
the numerical calculation would need to be carried out for a very large amount of or-
bital cycles. Fortunately, it is exactly in this regime that another perturbative method

becomes valuable tool.

For two particles having disparate values of mass, the ratio u = m/M between the
masses of the less massive body m and of the more massive body M, can be used as a
small parameter for the perturbatively solving Einstein’s field equations. At order-zero
in this perturbation theory, solutions to Einstein’s field equations are given by a metric
tensor that is associated with presence of only the larger mass M. At this order, the
less massive body of mass m travels along a geodesic on this background spacetime.
First-order deviations from this geodesic motion are seen as a force, which causes the
inspiralling and whose origin is the presence of the mass m itself. This force is called a

self-force and this approach shall be the one studied throughout this work.

Another tool that exists for the study of binary systems in General Relativity is
the Effective One-Body approach [8]. This approach draws information from all the
other methods discussed in order to map the two-body problem onto an effective one-
body problem. Its applicability is in principle the entirety of the parameter space, as it

uses information from all the other methods.
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1.2 EXTREME MASS RATIO INSPIRALS AND THE
SELF-FORCE PROBLEM

The direct detection of Gravitational Waves (GW) by the Laser Interferometer
Gravitational- Wave Observatory (LIGO-Virgo) [9] in 2015 was one of the most cele-
brated results in XXI century physics. In addition to confirming one of the major
predictions of General Relativity that had remained (directly) undetected for almost a
century, the LIGO-Virgo detection is seen as a mark of the dawn of a new upcoming
era in multi-messenger astronomy which promises to put to test our understanding of

gravity and cosmology.

While the LIGO experiment is an Earth-based interferometer capable of detecting
high frequency gravitational waves (10Hz to 10kHz). The upcoming Laser Interferometer
Space Antenna (LISA) mission [10] is a space-based experiment which will be capable of
detecting frequencies in the range of the milihertz. One of the sources of GW in LISA’s
frequency range are the so called Fxtreme Mass Ratio Inspirals. These consist of binary
systems in which one of the bodies is much more massive than the other (1 ~ 107 or
less). From an astrophysical perspective, this type of system is typically composed of a
small neutron star or black hole orbiting a supermassive black-hole, like the ones that

are present in the center of galaxies.

One challenging aspect of GW detection is the necessity to produce great models of
the signals to be detected in order to separate them from a noisy background. The data
analysis done in the LIGO experiment relies heavily on wave-form templates obtained
from numerical relativity [11]. In the case of the upcoming LISA experiment, the picture
remains the same, one must be equipped with precise templates of the GW signals in
order to tell them apart from the background, except for the fact that the more effective

method of studying the dynamics of EMRISs is black hole perturbation theory.

Huge progress in the study of EMRIs using the tools of black hole peturbation and
self-force theory has been made in the last few years, much of this progress is greatly
overviewed in L. Barack & A. Pound (2019) [12] and A. Pound & B. Wardell (2021)
[13]. In black hole perturbation theory, as it was first developed, one attempts to solve
Einstein’s equations by expanding the exact metric tensor g, of the spacetime in a

binary system as

8 = g +hly) + O(e?), (1.1)

where g, is the background metric associated with the more massive black hole, hE}V) is

the first-order correction due to the presence of the small mass m and ¢ is the typical
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size of the components of h,(},,) in some coordinate system. Even though point-particle

approximations in General relativity are problematic, they hold in the context of lin-
earized gravity [12], so that in the context of first-order black hole perturbation theory,
one can make the point-particle approximation to the smaller mass m that sources the
perturbation h,(}V) A discussion about the generalization of this approach to a finite

sized mass is found in [5].

One of the most challenging aspects of the self-force approach is its fundamentally
singular nature. In the self-force picture, the trajectory of a particle of mass m deviates
from a geodesic of the background spacetime due to the effect of hf}y) However, since
this perturbation is sourced by the point-mass m itself, it is formally divergent at the
position of the particle. Thus, this approach requires the development of regularization
methods capable of extracting a finite result for the effect of the perturbation field h,(})

on the motion of the point particle.

The above described problem of extracting a physical result for the gravitational
self-force experienced by the point mass m due to the linearized gravity field h,(},,) belongs
to a broader class of general self-force problems in curved spacetime that also includes
scalar and electromagnetic counterparts. In this class of problems, one is interested in
extracting the physical self-force experienced by the interaction of a charge travelling
through curved spacetime with its own field, be it a scalar, electromagnetic or linearized
gravity field. In all of those cases, the self-force is a formally divergent quantity that
requires the adoption of regularization procedures. The main aspects of such procedures
do not depend on the particular type of field considered. Therefore, it is common that
they are first proposed and studied in the context of the more simple scalar self-force and
later generalized to be applied to the other fields. For this reason, this work will focus on
the study of the regularization of the scalar self-force. At some point, the specialization
of the background spacetime geometry to the Schwarzschild geometry will also be made.
Throughout this work the system of geometrized units G = ¢ = 1 — where c¢ is the

speed of light in vacuum and G is the universal gravitational constant — is adopted.



Chapter 2

DYNAMICS OF SCALAR
CHARGES IN BLACK HOLE
SPACETIMES

The notion of a self-force first arises in the context of classical electrodynamics. It
is a consequence of Maxwell’s equations that accelerated charges emit electromagnetic
(EM) radiation. These waves carry energy away from the particle and therefore deceler-
ate it, in a phenomenon called radiation reaction. In the absence of any other external
field, it is clear that this deceleration can only be explained as an interaction of the
particle with its own field. The force involved in this interaction is called the electro-
magnetic self-force. The non-relativistic expression for the EM self-force was first derived
by Lorentz. This result was later generalized to the context of special relativity by the
efforts of Abraham and Dirac [14], becoming what is now called the Abraham-Lorentz-
Dirac force. Further generalization to the curved spacetimes of General Relativity (GR)
was achieved by DeWitt & Brehme [15] e Hobbs [16].

Motivated by the necessity to model the evolution of EMRIs, Mino, Sasaki and
Tanaka [17] and Quinn & Wald [18] extended the results concerning the EM self-force
in curved spacetime to the description of a gravitational self-force experienced by a
point-mass. Equivalent results for the case a scalar charge in curved spacetime were also
obtained by Quinn [19]. In all cases, one of the main challenges for the computation
of the respective self-force lies on the fact that the field (be it scalar, EM or a metric
perturbation field) diverges at the position of the particle. Thus, the obtention of phys-
ically meaningful results rely on the development of regularization methods capable of

curing the self-force from its intrinsically singular nature.
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In the following sections, the foundations of the so-called Green’s function method
for the calculation of the scalar self-force are introduced based on the review by E.
Poisson et al [5], where a deep discussion of the electromagnetic and gravitational coun-
terparts can also be found. Even though this method shall not be directly employed for
the self-force calculations in this work, valuable notions that will subsidize the discus-
sions in the upcoming chapters will be gained by introducing this framework. At the
end of the chapter, the mode-sum method that will be applied for the actual self-force

calculations performed in this work is introduced.

2.1 THE EQUATIONS OF MOTION FOR A SCALAR
POINT-CHARGE IN SCHWARZSCHILD SPACETIME

Let a particle of scalar charge ¢ travel along a worldline - in a curved spacetime in
which the metric tensor is g,,,. The particle creates a massless scalar field, ®(z), which

satisfies the Klein-Gordon (KG) equation:
00 (z) = —4nu(zx), (2.1)

where [ = g8 VoV is the d’Alambertian operator. The source for the field equation
(2.1) is given by the charge density u(x) of the point particle travelling along +,

i) =g [ 3,2 (2.2)
v
Here z(7) are the spacetime points along 7 parameterized by the proper time 7 and

§*(x, ') stands for the invariant Dirac’s distribution in four-dimensional spacetime,

4 n o 54(55 - x,)
0 (x,2) = 7\/_79 , (2.3)

where §*(x — 2') = §(2° — 20)5(x! — 2M)6(z? — 2/?)5(23 — 2/3) is the “coordinate”

four-dimensional Dirac distribution and g is the metric determinant at point z.

A solution to the Klein-Gordon equation can be expressed in terms of a Green’s

function G(z,z') as

O(x) = /d4$/G($,$/)u($,)\/TQ/Z /dTG(:E,Z(T)), (2.4)
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where the first integral in the above equation is taken over the entire spacetime and

G(z, ') is a solution to Green’s equation,
OG(x,2") = —4né*(z,2). (2.5)

Being a second order linear differential equation, this equation admits a set of two
linearly independent solutions, which can be given in the form of retarded and advanced
solutions. The retarded Green’s function, G™(x, '), is defined as a solution to Green’s
equation (2.5) that vanishes outside the causal past of the field point x. Similarly, the
advanced solution, G (x,z'), is defined as a solution that vanishes outside the causal
future of . The physical field is, of course, one calculated from equation (2.4) with

choice of the retarded Green’s function.

In flat spacetime, the retarded and advanced solutions to Green’s equation are non-
vanishing only on the past and future light cones of x, respectively. In curved spacetime,
however, the support of G™ (z, ') and G (x, z') may also include the interior of these
light cones. This is due to the fact that waves travelling through curved spacetime may
develop tails [20], that propagate with velocities less than ¢. For spacetimes in which
wave propagation exhibits this characteristic, the retarded field at a point x generated
by a source particle depends on knowledge about the entire past history of the source,

as illustrated in Figure (2.1).
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Retarded Green’ s Functions

Flat spacetime Curved spacetime

Advanced Green’ s Functions

Flat spacetime Curved spacetime

FIGURE 2.1: Schematic representation of the support of the retarded and advanced
Green’s functions in flat and curved spacetime. The support of the curved spacetime
Green’s functions includes the interior the light cones of the field point x.

Let the points z(7) along the worldline be represented by coordinates z#(7) and
let u#(7) = dz#(7)/dt be the four-velocity of the point source, the equations governing

its motion can be written as

m(T)% = q(g"" + u'u")V,P(2), (2.6)
where D /dr stands for the derivative with respect to 7 along 7, m(7) is the mass of the
particle and V,®(z) is the gradient of the field generated by the particle evaluated at
its own current position z. Since the particle irradiates monopole waves, it experiences
a loss of mass over time, which is governed by dm/dr = —qu*V,®(z). Preceding any

form of regularization, the scalar self-force on the particle at a point z on the worldline

is formally defined from the right-hand side of equation (2.6) as

Fa(2) = lim 408 + uqu)V 50 (). (2.7)
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It is clear though, that this definition needs to be supplemented with some form of
regularization procedure, since ®(z) is a divergent quantity. Throughout this work, the
self-force prior to any regularization in equation (2.7) shall be referred to as the full

1

self-force*. In terms of the retarded Green’s function, this full self-force (2.7) can be

expressed as

Fo = q*(0° + uqu?) hm Vﬁ/ drG(x, z(1)), (2.8)
$—)Z
€*>0+

where the evaluation point was taken to be z = z(7 = 0) and the upper limit of this

integral is chosen so that the current position of the particle lies inside the region in

which the Green’s function is being integrated.

2.2 THE DETWEILER-WHITING DECOMPOSITION

From now on, the point-particle fields generated at a point x with the choice of
the Green’s functions G"¢(z, ') and G (x,2’) shall be denoted ®"* () and 9 (x),
respectively. The term “self-field” and the notations ®"°(z) and ®%4(z) shall refer to
the evaluation of these retarded and advanced fields at the position of the source. From
the properties of the Green’s functions introduced, one can see that the radiation zone
behaviour of ®¢(z) and ®% (z) is, respectively, that of outgoing and incoming waves
at infinity. Other solutions to Green’s equation can be proposed as linear combinations

of G™(z,2') and G (z,2'). In particular, a solution
s A 1 ret / adv /
G(a;,ac):§<G (z,2")+ G (x,x)), (2.9)

is defined to contain equal amounts of incoming and outgoing radiation at infinity.
This Green’s function does not distinguish between past and future and the field ®°(x)
calculated from it does not affect the motion of the particle [14]. Thus, no self-force.
While not producing any effect on the particle, the self-field ®*(z) is just as singular
as ®"(z) and ®%(z), as it is a solution to the same field equation with the point
charge source (2.1). Therefore, subtracting it from the retarded field has the effect of
removing the singular behaviour with no effect on the actual motion of the particle.

Mathematically, a regularized self-field, ®"(z), could be defined as

P"(2) = D" (2) — D(2). (2.10)

'This name is taken from Hikida et al [3].
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Or, at the level of the Green’s function, one could define
G"(z,2") = G™(x,2") — G5(z, 2). (2.11)

and calculate the field associated with G"(z,z’). It follows from this definition that the
two-point function G"(z,z’) is a solution to homogeneous version of Green’s equation

(2.5) which ensures that the self-field ®"(z) is regular.

While the above definitions allow for the introduction of a regular self-field, cured
from the singular character of ®"!(z), they may introduce another problem. The sym-
metric Green’s function G*(z, '), as defined in equation (2.9), is non-vanishing on both
the causal past and future of point . This non-causal support is inherited by G"(z, 2’),
as defined in (2.11). This is not a problem for the evaluation of ®"(z) if the supports
of G™(x,z') and G (z,x') are restricted to the surface of the light cones, since both
retarded and advanced points (i.e. the intersections of the null cones with the worldline)
are mapped to the position z of the particle in the z — z limit (See Figure 2.2). Thus, in
this case, the self-fields ®*(z) and ®"(z) are indeed causal. If, however, G"(x,z’) and
G (z,2') are non-vanishing inside the light cones, the fields ®*(x) and, consequently,
®"(x) possess a dependence on the chronological future of the particle that persists at
the self-field limit (i.e. when evaluating ®°(z) and ®"(z)). Hence, the self-field ®"(z), if

defined as in the equations above, is not generally causal in curved spacetime.

A solution to this problem was proposed by Detweiler & Whiting [21] by intro-
ducing a new field ®°(z) which shares the same desirable properties of ®*(x) but is
devoid of its non-causal nature when evaluated at the position of the particle. Their
construction for the Green’s function G°(x,2’), associated with a field ®°(z), relies on
adding to G*(z, ) in equation (2.9), a function H(z,z’) that has property of canceling
out its support inside the future light cone of point . Namely, the Detweiler-Whiting

Singular Green’s function, G°(z, '), is defined as
S N — 1 ret / adv ! /
G (x,a:):§(G (z,2)) + G (x,:c)fH(:c,x)). (2.12)

The requirement that G°(x,2’) is still a solution to Green’s equation (2.5) implies that
the function H(z,2’) must be a solution to the homogeneous version of that equation.
Furthermore, to keep “no self-force” property of ®*(z), one must require that H(x,x’)
is symmetric, meaning that it should also cancel the support of G*(x, z) inside the past
light cone. Assuming that such a function exists, a regular two-point function can be
defined as:

GR(x,2') = G (z,2') — G¥(z,2) = %(Gret(x,x') — G (g, 2') + H(x,x’)). (2.13)
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Singular Green'’s Function Regular Green'’s Function

FIGURE 2.2: Scheme of the support of the Singular and Regular Green’s functions

From this point on, the labels singular (S) and regular (R) shall refer to the
Detweiler-Whiting quantities G¥(z,2') and G (z, ') and their associated fields. The
supports of these Green’s functions are illustrated in Figure 2.2. It follows from this
construction that, in the limit z — z, ®(z) is both finite and causal. Unfortunately,
direct calculation of Gf(x, 2') is not generally possible and the regularization procedure

usually involves the obtention of the retarded and singular fields through different means.

2.3 THE LOCAL PICTURE AND THE SINGULAR FIELD

In this section, the foundations for the construction of “local expansions” for small
spacetime separation between the arguments of the Green’s functions defined in the last
section is presented. The obtention of such expansions consists in a effective method for
computing the singular self-field ®°(2), since this self-field is, by construction, devoid
of any dependence on the chronological past and future of the particle. A complete
derivation of such expansions requires the introduction of many aspects of the theory
of bitensors. This topic is greatly reviewed in work by E. Poisson et al [5], where one
can also find a detailed derivation of the expansions for the Green’s functions and field

quantities. These calculations shall not be repeated in this work. Instead, the important
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notions that will be necessary to subsidize the discussion in the upcoming chapters shall

be outlined.

2.3.1 Foundations of a local expansion and the Hadamard Form

The construction of expansions for “small separation” in the context of General
Relativity must be consistent with the curved nature of the spacetime. One could
consider the length along a geodesic segment that connects two points z and z’ as a
natural measure of the separation between these points. This, however, may involve
some ambiguity, since two points in curved spacetime are not generally linked by only
one geodesic segment (in fact, such geodesic segment may not even exist). A normal
convex neighborhood of a point z, denoted N(z), is defined as a region around this
point in which every point 2’ € N(x) is linked to by a unique geodesic that lies inside
this region. Then, for points satisfying € N(z') an expansion based on these unique

geodesics can be constructed.

Let the unique geodesic 8 that passes through two points x and 2’ be described by
coordinates y#(\), where A is a parameter along the curve. The Synge world function

is defined as

1 M
o(z,2') = 5()\1 - )\0)/ Gut'tVdA, (2.14)

Ao
where t# = dy* /d\ is the vector tangent to 8 and 2’ = y*(\g) and x = y#(\1). If the
parameter \ is taken to be the proper time 7 for timelike t* or the proper distance s
for spacelike t#, this function evaluates to half the squared geodesic length from 2’ to
x along 5. If t* is a null vector, then o(z,2’) = 0. Furthermore, the first derivatives
of o(z,2") can be used to construct a curved spacetime analogue to the flat spacetime
separation vector, (z%— 950/). These derivatives are bivectors, meaning that they behave
as a vector with respect to operations in the tangent space of the point where the
derivative was taken and as a scalar with respect to operations relative to the other
point. Through variation of equation (2.14), one can obtain the following expressions

for the first derivatives of o(x,2'):
Oq = 00 = ()\1 - )\O)gaﬁt6§ Ot = Oy 0 = _()\1 - )\O)ga’ﬁ’tﬁl~ (2'15)

where the primed and unprimed indices of o, and o, indicate that they are elements
of the tangent space of x and 2/, respectively. Closer inspection of equation (2.15)
reveals that the object o, is a vector tangent to S at point x with norm gagaaaﬁ = 20.
Similarly, o,/ is proportional to the reflected tangent to 8 at 2’ with norm 20. Hence,

both of these bivectors carry information about the direction and magnitude of the
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separation between points x and z’/. Expressions for tensors near the worldline can then

be constructed by expanding these quantities in powers of o

X

FIGURE 2.3: Schematic representation of the Synge’s world function. Source: Poisson
et al (2011) [5]

The support of the retarded Green’s function introduced in the previous section
together with the properties of o(x, 2") motivates the introduction of the following ansatz

for G"¢(x, ") for points x € N(z):
Gz, ") 2 Ulx,2))o_ (o) + V(z,2)O_(—0). (2.16)

The functions U(z,z') and V(x,2’) are smooth biscalars and the symbol X indicates
that the equality is only valid for € N(z'). The quantities d_ (o) and ©_(—o) are the

past light-cone distributions in curved spacetime [5]. These are defined as following:

§_(0)=6(0)0_(z,2), (2.17)
O_(—0)=06(—0)f_(x,2), (2.18)

where 0_(x, ') is a step-like function defined to equal 1 if 2’ is in the causal past of
and vanish otherwise and d(x) and ©(x) are the standard Dirac’s Delta and Heaviside’s
Theta. The ansatz in equation (2.16) is called the Hadamard form [20] of the retarded
Green’s function. Similarly, the the advanced Green’s function can be expressed in

Hadamard form as

G (z, 2 X U(x,2")64(0) + V(x,2)O,(—0). (2.19)
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The future light cone distributions, d4 (o) and ©4(—0), are given by

(5+(O’) = (5(0’)94,_((13, x/)7 (220)
O.(—0) = O0(-0)b4(x,2), (2.21)
with 04 (x,2’) = 1 if 2’ is in the causal future of z and zero otherwise. Retarded

and advanced solutions to Green’s equation are shown to satisfy a reciprocity relation
Gr(z,2') = G (z' x) [5], which implies that V(x,2’) should be symmetric in its

arguments.

Together with the definition of the singular Green’s function (2.12), the ansatzes

(2.16) and (2.19) imply the following Hadamard form for the Singular Green’s Function:

N

G5(x, ") (U(z,2")0(c) + V(z,3")O(—0) — H(z,2')) (2.22)

| =

Here the identities 6(0) = 04(0) + 0_(0) and O(—0) = ©4(—0) + O_(—0) have been
used. Recalling the discussion prior to the definition of the Detweiler-Whiting singular
Green’s function, the quantity H(x, ') was included to cancel the support of Gg(z,z’)
on points inside the future and past light cones of z. One can see that, for points inside
these light cones, the Hadamard form in the above equation reduces to Gg(x,z’) X
(V(xz,2") — H(z,2"))/2 (for o # 0). This, along with the condition that H(z,z’) should

be a symmetric homogeneous solution to the field equation implies that
n N /
H(z,z") =V(z,x'), (2.23)
provided that V(x,a’) is itself a homogeneous solution of the field equation. The

Hadamard form of the singular Green’s function then takes the form:

N

G¥(z,2") = 2 (U(z,2)5(0) — V(z,2")0(0)). (2.24)

(NN

The support of the singular Green’s function on the outside of the past and future light

cones, i.e. for spacelike intervals, is made explicit by the presence of the ©(o) term.

What then remains to this construction of the Green’s functions is the determina-
tion of the biscalars U(z,2’) and V(z,2’). Differential equations that determine these
quantities can be obtained by substitution of either one of the ansatzes for the Green’s
functions into Green’s equation (2.5). Using the distributional identities for the light

ret/adv) (

cone distributions (see section 13.2 in [5]), the field equation for G z,2') in the
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region of validity of the Hadamard expressions becomes:

OGOt/ (3 o) X _dnsy (2,2 U + 8y (0) {2U.00% + (0%, — 4) U} + (2.25)
+0:(0) {2V oo™+ (2 —02)V +0U} + O4(—0)OV = —4ndy(z,2')

Where the arguments of U(z,z") and V (z, 2") were omitted for clarity and 02, = V0,
By comparing the left and right-hand sides of this equation, one can see that it is satisfied
if the terms containing d4,0’, and 64 vanish and if, at the limit © — 2/, the pre-factors
to the 6*(x,2’) terms match. This last restriction implies that

lim U(z,2') = 1. (2.26)

r—x!

The requirement that the pre-factor to the ¢/, term vanishes implies the following dif-

ferential equation:
2U 40"+ (0§ —4) U =0, for z and 2’ such that o(z,2’) = 0. (2.27)

This two restrictions are proven [5; 15] to be enough for determining that U(xz,a’) =

Az, z’), where A(z, z") is the Van Vleck biscalar [22], which is related to the focusing
or divergence of the geodesics in the background spacetime (See [5; 15]). Next, by
requiring that the remaining terms vanish, one can obtain the restrictions for the other
biscalar, V(z,z’). Namely, the condition that the term containing ©4(—c) vanishes

implies that it satisfies the following differential equation:
av(z,z') =0, (2.28)

while the remaining term, containing 04 (o), gives a restriction for V(z,z') for ¢ = 0
(since the 0+ (o) guarantees that this term always vanishes for timelike and spacelike

curves) in the form of
—2Voo*+2—-03)V+0OU =0 for x and 2’ such that o(z,2’) = 0. (2.29)

These equations, together with the requirement that V(x,2’) is smooth at x — 2/,
determine this biscalar. Expansions for these biscalar functions can be obtained by

expanding quantities in powers of derivatives of Synge’s world function (2.15) [5].

2.3.2 Expressions for the Retarded and Singular Fields

Based on the Hadamard construction, formal expressions for the fields ®"¢(z)

and ®°(x) at a point z near the worldine shall now be written. To do so, let z(7_) and
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FIGURE 2.4: Depiction of the different intervals of integration under the assumption
that z is “close enough” to the worldline.

z(74+) be defined as the intersection points between worldline and the boundaries of the
maximum N(z) for a nearby field point 2. A generic field ®X) (X = ret, adv, S or R)
is obtained by the integration of equation (2.4) with the choice of the respective Green’s
function G (z,2"). Considering the region of validity of the Hadamard expressions, the
integration along the worldline can be broken into three separate intervals (see Figure
2.4),

@(X)(x) = q/T drGX) (z, (7)) + q/nr drGX) (z,2(1)) + q/oO drGX) (z,2(7)).

e - T+

(2.30)

The middle integral is restricted to z € N(2’) and it can be performed by expressing
the Green’s function in Hadamard form. Next, the above expression shall be specialized
for the retarded and singular fields. It will be convenient to define the retarded and
advanced points, z(7yet) and z(744y), as the intersection points of the worldline with the
past and future light cones of z, respectively. It shall be assumed that the point z is
close enough to v, so that both z(7,¢;) and z(744,) lie inside N(x), as depicted in Figure
2.4.



Dynamics of scalar charges in black hole spacetimes 18

For the purpose of calculating retarded field, one can immediately see that the
last integral in equation (2.30) vanishes, since both limits of integration lie on the causal
future of . Furthermore, the integrand of the middle integral is non-vanishing only in
the causal past, meaning that its upper limit can be set to 7,..;. Hence, the specialization

of (2.30) to the retarded field can be written as

It (z) = ¢ / TG (, 2(1) + q / " G (2, 2(0)) (2.31)

—0o0

or, by expressing the second integral in terms of the Hadamard form, as
Tret Tret
3 (z) = q / 47U (2, 2(1))5_(0) + g / drV(z,2(1)0_(—o)+  (2.32)

+ / T dr G, 2()).

—0Q0

Evaluation of the last term in this equation requires knowledge of the Green’s function
for points outside the N(z), which cannot be obtained from the Hadamard construction
discussed. The first term in (2.32) can be integrated by changing variables to o. As one
passes through the point z(7,¢) traveling along ~, the geodesic 5 that links z to z(7)
goes from being null to being spacelike and ¢ increases, one can then write dr = u*o,,do.

The integration of this term over o yields:

et () = LB A Tre)) / T V(e 2(0) + / TGt 2(r)), (2.33)

Tret —o0

where r.c; = u"‘/aa/\T:Tret has the interpretation of being the retarded spatial distance
between x and the retarded point z(7,¢) in a frame that is co-moving with the particle
[23]. Though the expansions for the biscalars U(z,z’) and V(z,2’) were not shown
here, from the fact that lim, ,,» U(z,2") = 1, one can already see that the first term in

equation is singular in the self-field limit — that is, as 7. — 0 (x — 2).

Next, a similar expression for the singular field shall be written. Following from
the fact that G¥(z, 2’) has no support on the chronological future or past of z, the first
and last integrals in (2.30) can be dropped and the limits of the middle integral can be

set to Trer and Tage,

Tadv

85 (z) = ;( / Y U (@, ()0 (0) + / " U (2, 2(7))0, (o) — /

ret Tret Tret

TV (@,:7)8(0) ).
(2.34)
where §(o) was re-expressed as 6_(o) + 64 (o). The first term in the expression above

contains exactly the same integral as in equation (2.32) and integration of the second

term can be carried out in a similar manner. Except that the §, (o) now yields quantities
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evaluated at the advanced point. The singular field can then be expressed as:

U U 1 Tadv
(I)S(x) —q (z,2(Tret)) +q (2, 2(Tadv)) _ q/ drV(z, 2(1)), (2.35)
2T ret 274 dy 2 Tret
where 744, = —u¥ 04y |7=r,,, is the advanced distance between x and the advanced point

2(Tady) in the particle’s frame [23]. As expected from its construction, the singular field
is completely determined by the quantities U(x,z’) and V(x,2’). Thus, by supplying
the equations with expansions for these biscalars, for a nearby point field point, ®°(z)

can be completely determined as a series expansion for small spacetime separation.

Lastly, the expressions for the gradients of the retarded and singular fields shall
be written. To calculate the gradient of biscalar functions evaluated at the retarded and
advanced points, one must take into account the fact that a variation of the field point
x induces a variation of z(7¢) and z(7,4,) so that they are still connected to x by a null
geodesic. Therefore, the gradient of a generic biscalar evaluated at the retarded point,

A(z, 2(Tret)), is written as:
OnA(x, 2(Tret)) = OaA(x, 2(Tret)) + u® O AT, 2(Tret)) OaTret, (2.36)

where the x,-derivative of z(7,¢¢) was re-expressed in terms of the four-velocity and of
the derivative of the proper time parameter at the retarded point and the notation J,
refers to the derivative with respect to the coordinates 2%, of the retarded point. With

this is mind, the gradient of the retarded field is found to be

Va(bret(x) — —QLU(I‘, Z(Tret))aarret + TL&QU(.’L" Z(Tret)) + Tiaa/U(.%', x/)ualaaﬂ*et
Tret ret ret
+qV (2, 2")OaTret + Vacbt“il(x), (2.37)
X Tret T—
<I>t‘“l(x) = q/ drV(z, z(T)) +/ dTGTet(CL‘,Z(T)). (2.38)

One can see that the tail term given above, ®'*(z), contains contributions from both
the particle recent and distant past. The full self-force (i.e. prior to any regularization)
is formally given by substitution of this expression into equation (2.7). Similarly, the

gradient of the singular field (2.35) is found to be:

q q q
Va(I)S(x) = "5 U(x, zret)OaTret — 3 U(Z, Zadv)OaTadv + 5-0aU (T, Zret)+
2r7 2rs 2r
q / q q "
+ o té"a/U(az?zret)ua OaTret + T 0U(x, Zady) + T O U (2, Zagn )" OuTadv
re adv adv

1 1 Tadv
+ §qV(az, Zret)OaTret — ng(ZE, Zadv)OaTady — B VaoV(x,z(T)). (2.39)

Tret

Here 0, stands for the derivative with respect to the coordinates of the advanced point
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and u®" is the four-velocity evaluated at this point. To obtain this expression, quantities
referring to advanced point were treated in analogous fashion to (2.36). The singular
part of the self-force FY (i.e. the self-force due to ®°), which is formally given by
the substitution of this gradient into equation (2.7), of course has no tail term. The

regularized self-force at some point z along the particle’s trajectory is given by:
FR=F, -~ F5 = q(60 + uau®) lim (V@' () — Vo ®°(2)), (2.40)
r—z

Note that the definitions of F,, and F only hold in the formal sense, since both field
gradients diverge at the position of the particle. To obtain a finite result for F? one
must first perform the subtraction between the two field gradients at some point a x
and then take the £ — z limit. This can be achieved by introduce expansions for the
advanced and retarded quantities in equation (2.37) and (2.39), subtracting them and
taking the x — z limit at the end. All the singular terms, of course, vanish. However,
a complete determination of F still relies on being able to evaluate the tail term in

equation (2.38).

2.4 THE MODE-SUM METHOD

When supplemented with small distance expansions, the Detweiler-Whitting [21]
decomposition presented consists in a powerful scheme for tackling the regularization of
the self-force. However, the obtention of the regularized self-force using this framework
still relies on the integration of the tail term in equation (2.38), for which one needs
information about the distant past support of the retarded Green’s function. Since an
exact analytical calculation of the retarded Green’s function is not generally possible,
additional methods must be introduced to evaluate the tail contribution to the self-force.
One method for computing this contribution is the method of matched expansions. In
this method, one computes the “quasilocal” contribution to self-force, coming from the
first term in equation (2.38), by integrating the expansions of V (z, 2’). The difficult part
then becomes the evaluation of the “distant past” integral in the second term of that
same equation. Obtention of expressions for the Green’s function in the “distant past”
regime was proven possible by Casals et al [24] for the case of the Nairai spacetime by
adopting of a decomposition into quasi-normal modes. Both “quasilocal” and “distant
past” expansions for the Green’s function are shown to match in a common region of
validity. Another method, which shall be the one adopted in this work, is the mode-sum
method, introduced by Barack and Ori [1]. This method relies on the decomposition of
both retarded and singular self-fields into a basis of spherical harmonics to perform the

regularization in a mode-by-mode fashion. Each ¢-mode of these self-fields is proven to
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be finite and their singular nature is only expressed as the divergence of the sum over all
the /-modes. Therefore, by regularizing the-¢ modes before performing their summation,

a finite result is obtained.

2.4.1 Mode-sum Regularization

From this point on, it will be convenient to restrict the discussion to the Schwarzschild

spacetime on the exterior of a black hole of mass M, described by the line element
ds® = —f(r)dt* + f(r)"tdr? + r?d6? + r? sin® 0d¢?. (2.41)

Where f(r) = 1 — 2M/r and {t,r,0,¢} are the standard Schwarzschild coordinates.
The spherically symmetric nature of this spacetime induces the decomposition of the

retarded and singular fields into a basis of spherical harmonics,

B0 = 3 Y B 0¥ 0.0). 242

£=0 m=—¢

Following the discussion in Barack and Ori [1], the f-modes of these fields, denoted
@éret/s) (x) = Z ey §>(T6t/s)( ,0) Yo (0, @), are finite at the z — z limit and the singular
nature of the self-fields only shows up when one sums over £. Thus, if one obtains the £
modes of both retarded and singular fields, the regularization can be performed at the
level of the /-modes. More specifically, the regular self-field is calculated in the mode

sum regularization scheme as

o0
= [2(2) — 9 (2)]. (2.43)
=0
Or, alternatively, one can perform the regularization at the level of the modes of the

self-force,

o

= (Far— : (2.44)

(=0

where F, ¢ and FO*? ¢ are the f-modes of the F;, and F(f 4> respectively. It is important to
note that all of these modes can be directly evaluated at position of the particle, but

the subtraction must be performed before the ¢-sum to achieve its convergence.

Since the singular self-force (and self-field) can be completely determined from
the “local picture” calculations outlined in Section 2.3 (supplied with expansions for
the biscalars U(x,z’) and V(z,2)), computation of its £ modes can be achieved by

considering multipole expansions of the results obtained in that manner. The ¢-modes
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of the singular part of the self-force in Schwarzschild were shown [1; 25; 26] to have the

following general structure:
Fy=+AaL+ Bo + Doy. (2.45)

Where L = ¢+ 1/2 and the quantities Ay, B, and D, are called the regularization
parameters. The parameters A, and B, depend only on the particle’s trajectory and the
+ carried by the A, term comes from a discontinuity when evaluating the field gradient
at the position of the particle [25]. Besides depending on the trajectory, D, ¢ is at most
O(¢=%) and satisfies > 32, Do = 0. Therefore, it does not contribute to F. However,
the inclusion of higher order contributions coming from D, , was shown to speed the
numerical convergence of the ¢ sum dramatically [21]. The general form of equation
(2.45) also holds for the EM and gravitational self-force [26], though the parameters
may depend on the spin of the field in question.

2.4.2 Decoupled Field Equations

The task that remains unaddressed is the determination of the /-modes of the
retarded field. To obtain these, one can substitute (2.42) into the Klein-Gordon equation
and obtain a partial differential equation for the modes ®}¢(r, t). Alternatively, a further

decomposition into Fourier harmonics,

" (1 / Z Z e IOy (1) Yo (0, ¢), (2.46)

Z 0m=—/¢

can be taken in order to obtain an ordinary differential equation for the ®} (r) modes.
A general formalism for studying scalar, vector and tensor perturbations in Kerr space-
time exists in the form of the Teukolsky formalism [27]. Here, it is worth briefly pre-
senting this formalism, as methods developed in the context of general perturbations in

Kerr will be used to obtain the ®7¢ (r) modes.

In its most general form, the Teukolsky equation [27] is a master equation for
Newman-Penrose [28] scalars in Kerr spacetime. The specialization of this equation to

Schwarzschild spacetime reads

P, [ 1 ]8R, s D (psr10%s) 1 9 (. 0T N
A 02 |sin20]| 9g? ar ar ) smeos \° 99
. cosf 0¥y 5 |:7“2M B ]8\1/

ALy 95 A "o + [8 cot? ) — s| Wy = Amr® Ty, (2.47)
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where A = 72 f(r). The quantities Uy and T} are the Teukolsky master variable and a
master source term, which have different meaning depending on the value of the spin-
weight parameter s. The Klein-Gordon equation (2.1) in Schwarzschild is recovered
from the s = 0 case of this master equation. For s = +1 and s = £2, one obtains the
equations for NP scalars associated with independent components of the electromagnetic
and Weyl tensors, respectively. The exact expressions for ¥, and T arising from the
NP formulation of Maxwell’s (s = +1) and linearized gravity equations (s = +2) are
found in Teukolsky’s orginal work [27]. The Schwarzschild specialized Teukolsky master
equation (2.47) is a decoupled second-order partial differential equation that admits a

separation of variables of the form

00 L 0o
= Z Z / —zwt sRﬁmw(r) snm(eaQS), (2.48)

T =Y Z Y T (1) Yin(6.9), (2.49)
=0

m=—/{

where Yy, (0, ¢) are the spin-weighted spherical harmonics and the radial functions

sRome (1) satisfy the Teukolsky radial equation in Schwarzschild spacetime:

_. d st1 AR r?w?  2isw(r — 3M) B
A % <A + = ) + <f(’l") — f(?“) —f(€+ 1)) SRgmw(T) = STEmw(r)‘

(2.50)

The modes q)é:sz? (r) of the retarded scalar field in equation (2.46) are then given by
solutions of the equation above with s = 0, where the right-hand side is given by 07, =
—&(r —7")/r?. Tt is worth mentioning that the in the axially symmetric Kerr spacetime,

a generalization of the spherical harmonic basis of angular functions is required.

To obtain solutions to the Teukolsky radial equation (2.50) the Green’s function
method shall be adopted. The causal field generated by point source must have the
properties of being purely ingoing at the event horizon and purely outgoing at infinity.
The study of the asymptotic behaviour of the radial equation (2.50), carried by Teukolsky

[27], reveals the existence of homogeneous solutions with the following properties:

SR (1) ~ (BiTans AmseTiwrs r — 2M; (2.51)
RyP (1)~ (Cpransp g, r— oo, (2.52)
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Where B["®$ and C}'%" are transmission coefficients (which are constant in r). The

coordinate

T*Er—f—TSlOg(r_rS), (2.53)

Ts

where s = 2M is the Schwarzschild radius, is called a tortoise coordinate and has the
effect of placing the horizon at r, = —oco. When combined with the Fourier mode =%,

., has the “ingoing at the horizon” property and shall be referred to as the in
solution. Similarly, (R,” has the property of being purely outgoing at infinity and
shall be called the up solution. Then, provided that one can obtain these homogeneous
solutions, a Green’s function to the Teukolsky radial equation (2.50) with the desired
causal properties can be constructed from them. In Chapter 4, a method for obtaining
these homogeneous solutions in series of special functions will be presented. For the
scalar case, a Green’s function for the radial equation that is compatible with the causal

behaviour described is written as

_1 w
gémw(r7 T/) - W( ORZTL’W( ) RZT];Lw( />@<T - T) + ORémw( ) OREmw( )@(7’ — 7'/))7
Imw
Wonls® = AW( 0 R, 0B, (2.54)

where W(R(, , R,? ) is the Wronskian of the two solutions,

W(ORZmW’O RZTI:LW) = ORfmwg(ORK’rZ:zw) - OR&{:LLU@(O €mw)7 (255)

in/up . .
and W, ' = is constant in 7.

In Schwarzschild spacetime, homogeneous solutions to the Teukolsky radial equa-

tion are related to solutions of the Regge-Wheeler (RW) equation [29],

87%* SXme + [W2 - ‘/Zws(r)] SXme =0, (256)

0(+1) N 2M(1—52))7 (2.57)

) 3

vietr) = £0)

by the Chandrasekhar transformation [30]. The main advantage of working with the
Regge-Wheeler equation (2.56) is the fact that solutions to this equation with the desired

ingoing and outgoing properties exist in the form of regular waves:

Xfmw( )N BZ#SS er” ) Ts — —0OQ; (258)
X, (1) ~ Chie™”, T — 00. (2.59)
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For the specific case of the scalar field, the Chandrasekhar transformation reduces to a
simple division by r,
Xh
ol () = X tme (") (2.60)

r

Here h labels a generic homogeneous solution of the respective equation. From now on,
the label referring to s = 0 shall be dropped. Thus, the radial Green’s function modes
in equation (2.54) can be easily expressed in terms of solutions to the homogeneous
Regge-Wheeler equation. The retarded Green’s function to the Klein-Gordon equation

in Schwarzschild spacetime is written explicitly as

00 ¢ 0o
G w,a) =2 Y / e O g (1) i (0, )i (8, 6), (2.61)

=0 m=—¢" "
L~ [ it )
= ; Z dwe 9emw (7”, r )Pg(COS ’7)7 (262)
=077

where the spherical harmonic addition theorem has been used and <y is defined by
cosy = cos ) cos §’ + sin 6 sin ' cos(¢ — d)’), (2.63)

which reduces to v = ¢ — ¢ for § = ¢’ = 7/2. The radial Green’s function modes
9eme(r,7') are to be obtained by solving either one of the radial equations and the
retarded field is obtained integrating this expression over the worldline as in equation
(2.4).



Chapter 3

WKB SOLUTIONS TO THE
REGGE-WHEELER EQUATION

In this chapter, approximate solutions to the homogeneous Regge-Wheeler equa-
tion for large-¢ are obtained with the use of the Wentzel-Kramers—Brillouin (WKB)
method. This method consists in a powerful tool for obtaining approximate solutions
to linear differential equations whose exact solutions exhibit rapid oscillations or rapid
exponential growth or decay in a certain region. A detailed self-contained discussion of
WKB and other related methods can be found in the book by C. Bender & S. Orszag [31].
Throughout the first section of this Chapter, their construction of the WKB solutions
to a generic auxiliary equation is followed. When applying this method to the construc-
tion of asymptotic solutions to the Regge-Wheeler equation for large ¢, I acknowledge
the work notes shared by N. Zilberman [32] regarding the obtention of the leading-¢
expressions for homogeneous solution satisfying the ingoing at the horizon boundary

condition.

3.1 THE GENERAL WKB SOLUTIONS

Instead of directly tackling the Regge-Wheeler equation (2.56), WKB solutions to

the following auxiliary equation shall be obtained:

N2 X =UX. (3.1)

26
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Here X is a formal small parameter and X and U are functions of r,. The WKB solutions

to this equation are obtained by considering the following ansatz:

oo
X ~ exp{z 5n_15'n(7°*)} with § — 0, (3.2)
n=0

where § is a formal expansion parameter and S,,(r.) are functions to be determined by
perturbativelly solving the differential equation. The substitution of this ansatz into

equation (3.1) yields a differential equation for the functions Sy, (74):

o0 o0 2
N anhsy(r.) + (j{:an—lsg(r*)> =U. (3.3)
n=0 n=0

Here ’ stands for the derivative with respect to r,. This equation shall be solved in a

perturbative fashion for small A and ¢.

The dominant term on the left-hand side of equation (3.3) is a term proportional
to A\2/82. The fact that the right-hand side is O(1) implies that A\/§ must be O(1).
Then, without loss of generality, é can be set to equal A\. The equation arising from the
O(\Y) terms in (3.3) is

Si2(r) = U(r), (3.4)
and its integration yields
%@g:i/ dr'\JT() + Co, (3.5)

where U has been written explicitly as a function of . and Cj is a constant of integration.
The next-order terms in equation (3.3) are O(\) and collecting them yields a differential

equation for the function Sj(ry):
Sy + 2515 = 0. (3.6)

To solve this equation one needs to substitute the derivatives of Sp(r.), which are ob-
tained by differentiating equation (3.5). The solution for the function Si(ry) is found to
be

1
Si(ry) = —Zlog U(ry) + Cq, (3.7)

where (' is again a constant of integration. Similarly, the O(A™) terms in equation (3.3)

yield a differential equation for the function S, (r.) that depend on the derivatives of
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functions up to S,,_1(r«). For a generic n > 2, this equation reads:

n—1
255(r) S (re) + Sy_y(re) + Y Sj(r)Sy_;(r) =0 (n>2). (3.8)
=1

Expressions for the first few higher-order terms, taken from [31], are given:

Tx U// 5(U/)2
Sa(rs) = jE/ [8U3/2 B 32U5/2} drl (32)

Ul/ 5U12
“1602 T 6aU®
Su(rs) = jE/’“* d'U/drlt TU'U™ 19(U”)* | 22107(U')* 1,105(U7)* y

T 32U5/2  32U07/2  128U7/2 2560U9/2 2,048U11/2 |
(3.11)

S3(T*) =

d'u/drt TU'U™ 55U 113(U7)*U" N 565(U")4

S5(r+) = =540 64U+ T 6aU" 25605 2. 04806

(3.12)

Here the arguments of U(r7,) and its derivatives have been omitted for cleaner notation.
One can check from (3.8) that all S,(r.) functions of even n inherit the + sign from

So(r«). For the convergence of the WKB series, these functions must satisfy

|Sn (1) > A[Sn41(rs)]- (3.13)

At this point, the connection between WKB solutions to the auxiliary equation
(3.1) and WKB solutions to the homogeneous Regge-Wheeler equation (2.56) shall be
made. First, the generic U(r,) is replaced by its counterpart in the Regge-Wheeler

equation,
U(T*) - Ufws(r) = —w? + WS(T)a (3.14)

where r is taken to depend implicitly on r,. Next, A is set to 1 and the conditions for the
convergence of WKB series are imposed on the functions S, (7.) themselves. Namely, it

is required that

‘S”“(T) <1 (3.15)

Sp(r)
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If the above condition holds, two independent WKB solutions to the homogeneous

Regge-Wheeler equation can be written as
o
X () = exp{z Shes(r) } (3.16)
n=0

KXo (r) = exp{Z(_l)nHSﬁws(T)}v (3.17)

n=0
where S%5(r) is defined by replacing U (r.) by Ups(r) in the expression for the function
Sp(r«) with the choice of the positive sign in every + sign. General WKB solutions the
homogeneous Regge-Wheeler equation are then expressed as

WKB _ v+ WKB,+ _
sMw = Céws SXEw (T) + CZws s

X, (), (3.18)

w
+
where Céw S) are constants.

The substitution of the expression for Uy,s(r) into equations (3.5), (3.7), (3.9)-

(3.12) reveals the following asymptotic behaviour of the S%(r) functions as £ — oco:

583 (r) = O(VY), S (1) = O(log ¢), (if Zlirgo w?/Vis(r) < 1) (3.19)
S5y =0(™h),  S§(r) =0, (if Jim w?/Vis(r) <1)  (3.20)
Sy =0(3), Sty =0 (if lim w?/Vis(r) <1)  (3.21)

Thus, as long as the condition limy_,o w?/Vys(r) < 1 is satisfied, the WKB series re-
sembles a generalized asymptotic series as £ — oo that is uniform in w and r. In this
case, Up,s(r) — 400 as £ — 0o, so that S§%(r) is, subject to a choice of Cp, real-valued
as £ — oo and the independent WKB solutions (3.16) and (3.17) are characterized by
exponential growth and decay. Near r = rg and r = 00, Vjs(r) — 0 and the behaviour
described in the above equations does not hold. This implies that in and up bound-
ary conditions cannot be directly enforced on WKB solutions obtained in the region of
Upys(r) > 0. Instead, in and up WKB solutions in this region will be constructed by
matching the general WKB solutions (3.18) to other asymptotic solutions valid at the

horizon and at infinity.
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3.2 LEADING-ORDER APPROXIMATION AND ENFORCE-
MENT OF BOUNDARY CONDITIONS

The leading-order WKB approximation to a general homogeneous solution to the
Regge-Wheeler equation is obtained by considering terms up to O(Si(n)) in the expo-

nents of the independent solutions,

X)X T () = U (r) 155700, (for $52°(r) 5 0) (3.22)

— — _ _ Qlws r WS
X BT r) ~ X0y (1) = U (r) ™ /4750700 (for $52%(r) - 0)  (3.23)

where S{#%(r), is explicitly given by

S’gws(r) = /T* dri A/ Ugys(r(1)) = /r dr’W. (3.24)

This and other integrals for the functions S%*(r) of even n show in equations (3.9) and
(3.11) have representations in terms of combinations of Elliptic functions with compli-
cated arguments (see Appendix A), which shall not be directly used in the upcoming
analytical calculations. For limy_,, w?/Vis(r) < 1, the first neglected term, S5°%(r), is
O(¢£71), so that the leading-order WKB approximation captures! the leading-¢ behaviour
as { — oo. In this section, the leading-order WKB solutions (3.16) and (3.17) will be
matched to asymptotic solutions near the horizon and for large r satisfying in and up
boundary conditions, respectively. As shall be seen, performing the matching of just
the leading-order solutions gives enough information for the construction of asymptotic
expansions for the in an up solutions beyond leading order except for an overall nor-
malization constant, as in both cases the contributions from one of the two independent

solutions are shown to vanish exponentially as £ — co.

3.2.1 THE WKB in SOLUTION

Now, asymptotic solutions to the Regge-Wheeler in the near-horizon limit shall be
obtained. To do so, the potential V() is expanded for small displacement away from

r = rs. This is achieved by defining dr = r — rs and expanding Vys(r) for small dr/rs,

(1), (1=
3

Vis(r) = < 3 > 61+ O(6r%/r2). (3.25)

s

Vps=

'Here, the use of the word “captures” is intentional, as the leading-order WKB approximation also
contains terms of sub-leading order with respect to the large-¢ asymptotics.
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Approximate solutions to the Regge-Wheeler equation accurate up to O(dr/rs) are
sought. To obtain these, the displacement Jr is re-expressed in terms of r, by expanding

the definition of the tortoise coordinate (2.53) for or/rs < 1,

Ty =175+ 2M10g<ir> +00r/rs) = or~reTT) as dr/rg =0, (3.26)

where k& = 1/rs. Thus, considering terms up to linear order in the expansion, the

Regge-Wheeler equation reads:
83* s X + (wz — Ugsrsek(r*_rs)> s X, = 0(672). (3.27)

An asymptotic general solution to this equation in the limit §r/r; — 0 can be written

as a combination of modified Bessel functions [33, Chapter 10]:

lws

X ~ C’H’+I+a (27“5 vlsek(’"**rs)) + CZ’;I,Q (27“3 vlsek(’"**“)), (or < rs) (3.28)

where a = 2iwrs, I,(z) is the modified Bessel function of the first kind and CZ’j are

constants.

To obtain a purely ingoing solution, one needs to examine the asymptotic be-
haviour of the modified Bessel functions as their arguments approach zero (r, — —o0).
Using the relation [33, (10.30.1)]

ZO(

2 Ay

(for z < 1) (3.29)

one finds that, as 7, — —o0, the two independent solutions that make up equation (3.28)

behave like ingoing and outgoing waves,

+3iwrs Uztibﬂ’s
s

T
I:I:in’rs <2Ts V Ulsrsek(r*_rs)) ~ =

(1 + 2iwry)

Fiw(re—rs)

as ry — —oo. (3.30)

Therefore, a normalized purely ingoing asymptotic solution is obtained by taking CZ’: =
0 and
_ T(1 = 2iwr,)e s
CfJS = ( —3iwr s—)iwr- ’ (331)
Ts Ve 0

Near the horizon a normalized in solution to the Regge-Wheeler equation is approxi-

mated by

S X~ SXZ’M = CZS_I,Q(QTS\/ VggTseR (e =Ts)), (for or/rs < 1) (3.32)


https://dlmf.nist.gov/10
https://dlmf.nist.gov/10.30.E1
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Next, an expansion for the asymptotic in solution in the region of validity of the
WKB solutions is sought — that is, s X Hyin

fw

This can be achieved by re-expressing r, in terms of ér and taking the leading asymp-

totics of the modified Bessel function [33, (10.40.5)] in equation (3.32) as vgr26r — oo

shall be expanded for large positive Ups(T).

(i.e. for large r2Vy,(r)),

) 2751/ VpsOT —2rs/VpsOT
XH,zn ~ € €
T w (47753 vgs07)1/2 (477 s\ vgsOr) /2’

To obtain an asymptotic expansion for the leading-order WKB solutions near the hori-

+ ,L-e—27rwrs

(for V20T — 00). (3.33)

zon, the functions S§%(r) and S{“*(r) are expanded for small dr/r with vyr2dr — oo.

One obtains:

or / —7
S5 (r) N/ dor'rs 04;51“ = 2rg\/ vgs0r, (6715 — 0, vger2dr — 00)  (3.34)

{5 (r) ~ log (vgsor) M/ (67/1s — 0, vgr2dr — 00).  (3.35)

Thus, a leading-order WKB solution that is matched to a purely ingoing asymptotic

near the horizon is given by:

; 1 . _
X0 = S (XU e X)) 63
S

Since the term containing ¢X," " decays exponentially with S§%(r) = O(), it gives

w,(0)
WKB,in
w

negligible contribution to ;X (r) away from the horizon. Thus, one can write

n 1
Koo 0) ~ Zie Keaio)” 1) (for Via(r)/w? 1) (3.37)

Note that ¢ X ZZVKB’m(r) receives negligible contributions from (X, """ (r) still holds if
one consider higher-order terms in the WKB series. As the leading term in (X, ™ (r)
falls faster than any higher-order contribution from the other independent solution as
¢ — oo with limy_, o w?/Vys(r) < 1. Then, an expansion for the unnormalized in can be

written as

SXi(r) ~ SX[::VKB’W(T) = exp{z Sfl‘“s(r)} (¢ — oo, for lim w?/Vi(r) < 1).
£—00

n=0

(3.38)

The accuracy of this expression compared to results obtained with the Black Hole Per-
turbation Toolkit [6] implementation of the MST method [2] (which will be discussed in
the following chapter) for Wolfram’s Mathematica is depicted in Figure 3.1.


https://dlmf.nist.gov/10.40.E5
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3.2.2 THE WKB up SOLUTION

An analogous procedure is followed to obtain an up solution. A leading asymptotic

expansion for the potential as rg/r — 0 is considered,

0 +1)

Vis(r) ~ Vi (r) = (r/r = 0). (3.39)

Asymptotic solutions of the Regge-Wheeler equation as r/rs — oo are obtained by

solving
DX+ (w? =V (r) X =0, (3.40)

for X Zj ", so that solutions to the Regge-Wheeler equation are given by Xy, ~ X l{f " as
r/Ts — 00. Solutions to this equation are also given in terms of Bessel functions. The

general solution to (3.40) is obtained to be:

Xiy = Vre(egJr(wrs) + ey Y (wry)), (3.41)

where Jr(z) and Yz (z) with L = £ + 1/2 are Bessel functions of the first and second
kind, respectively, and c; and cy are constants. The particular combination of these
functions that behaves like an outgoing wave at infinity is called the Hankel function of

the first kind, and is given by:
Hp(wry) = Jp(wry) + 1YL (wry). (3.42)

This function possesses the following asymptotic behaviour for large argument [33,
(10.17.5)]:

‘ 9 .
Hp(wr,) ~ —ie /2, [ = ¢lr » = £00). 4
L(wry) ie pp— (wry — £00) (3.43)

Thus, an asymptotic solution to the Regge-Wheeler equation that behaves as a normal-

ized outgoing wave at infinity is written as:

X~ X () = ietr/? %T*HL(WT*) (rs/r — 0). (3.44)

To perform the matching with the WKB leading-order expressions, this solution
shall be expanded for 72Vjs(r) — co. Looking at the potential in equation (3.39), one

can see that this corresponds to expanding for L > wr,. Here the asymptotic expansions


https://dlmf.nist.gov/10.17.E5
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for large order of Jr(wry) and Y7, (wry) [33, (10.19)] are used,

ST (wr) ~ Y (ew*)L (L = o0), (3.45)

VorL \ 2L
VYL (wr) ~ —\/z (e;z*)_L (L — 00). (3.46)

Lastly, the leading asymptotic expressions for the functions S{*(r) and S{*(r) for

rs/r — 0 and L — oo (with Lrs/r — oo) are obtained as

" 1 L
exp{SS”S(r)} ~ exp{/ dr’ ae+ )} ~rl <TS — 0, :S — oo). (3.47)

r2 r

lws Ty Ts Lry
~Y l —_— — . -4
S1¥%(r) 0g 4/ < " — 0, " — oo) (3.48)

One can see that SX&‘LV?S’JF and SX&\LVI((S’_ are matched with /7, Jr (wrs) and /7. Y7 (wry),

respectively. From equation (3.45), one can see that (X EU\:VI((SB)’JF is multiplied by L~F.

Thus, once again, in the limit £ — oo (with limy ., w?/Vis(r) < 1) one of the indepen-

dent WKB solutions gives negligible contribution to the solution sought. An unnormal-

ized up solution can then be written as:

X P(r) ~ G X0 () = exp{Z(—l)”“Sﬁ“’s(r)} (¢ — oo, for elirélowQ/Ws(r) <1).

n=0

(3.49)

In Figure 3.1, a comparison of this expression to numerical results obtained using the
Black Hole Perturbation Toolkit [6] is seen.

3.3 THE GREEN’S FUNCTION MODES FROM THE
WKB SOLUTIONS

Lastly, an asymptotic expansion for the radial Green’s function modes in equation
(2.54) for £ — oo that is uniformly valid in w and 7 as long as limy_,. w?/Vis(r) < 1
is written. To do so, the solutions to the homogeneous radial scalar field equation are
recovered (2.60) from the WKB Regge-Wheeler solutions,

in, _ 1 > lw

R&JWKB = exp{Z%Sn (T)}, (3.50)
up, _ 1 - n bw

RyPWVEE = Texp{zo(—l) +1gh (r)}, (3.51)


https://dlmf.nist.gov/10.19
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FIGURE 3.1: Relative error of the WKB large-¢ solutions in equations (3.38) and (3.49)
truncated at n = 3 compared to solutions obtained from the Black Hole Perturbation
Toolkit [6] for s =0, r = 6 M and wM = £/20.

where S%(r) = S%0(r). The Wronskian of these solutions, calculated as in equation
(2.55), is

W ) =4 (st o) e (23 sa0). 6
n=0 n=0

Then, a generalized asymptotic expansion as ¢ — oo of the radial Green’s function

modes in equation (2.54) is

o)~ GRE ) = <exp{2 (560) + (-1 }@W )t

n=0
n exp{z (580 + (1)1 (r)) }@(r - >)
n=0
(3.53)

for limy oo w?/Vi(r) < 1, where Vy(r) = Vio(r) (s = 0) and WWKB = AW(R,™VEE ) RyPVER),
It is worth highlighting that the definition of these Green’s function modes in dependent
of the overall normalization constants of the homogeneous solutions, since any over-
all constant appearing in the numerator is canceled out by the same constant in the
Wronskian. The obtained homogeneous solutions show great agreement with the MST
solutions for large ¢ while being computationally cheap to evaluate (especially if com-
pared to full numerical solutions, which are particularly expensive to compute for large

0.



Chapter 4

MST SOLUTIONS TO THE
TEUKOLSKY EQUATION

The most well established method for obtaining analytical solutions to the ho-
mogeneous Teukolsky radial equation in Kerr spacetime is the one developed by Mano,
Suzuki and Takasugi (MST) [2; 34]. Their method builds on a previous study of solu-
tions to spheroidal equations as series of different special functions carried out by Leaver
[35]. In his work, Leaver obtains a solution to this type of equation in the form of a
series of Coulomb wave functions that is valid everywhere except at the horizon. An-
other solution to Teukolsky’s equation valid everywhere except at » — oo in the form
of a series of hypergeometric functions was obtained by Mano, Suzuki and Takasugi [2].
In the region rs; < r < 0o, the matching of the two solution is possible. Later, the same
three autors applied an analogous method to obtain series solutions to the homogeneous

Regge-Wheeler equation [36].

In this chapter, the MST method for obtaining solutions the Schwarzschild-specialized
Teukolsky radial equation (2.50) is reviewed based on the original work of Mano, Suzuki
and Takasugi (MST) [2; 34] and on the later review by Sasaki & Tagoshi [37]

4.1 SOLUTION IN SERIES OF HYPERGEOMETRIC FUNC-
TIONS

A second-order differential equation with at most three regular singular points can

be transformed into a hypergeometric equation,

d? d
x(l—x)d—xg—i—[c—(a—i—b+ 1)x]£—aby:0, (4.1)

36
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where a, b and ¢ are some real or complex parameters. One can check that the Teukolsky
radial equation possesses an irregular singular point at infinity. Therefore, its solutions
are not the hypergeometric functions that solve equation (4.1). However, one may
expect the further one is from the irregular singularity (i.e. the smaller the r), the more
the exact solutions to the Teukolsky radial equation should resemble solutions to the
hypergeometric equation (given the appropriate transformations). This indicates that a
solution to Teukolsky’s equation valid everywhere except at r — oo may be constructed
as series of hypergeometric functions. The fact that such a solution is valid at the
horizon, implies that it can be constructed to satisfy the ingoing boundary condition in

equation (2.51).

To pursue a series solution to the homogeneous Teukolsky radial equation satis-
fying the in boundary condition, the following transformation is done to Teukolsky’s

radial function:
sRome(x) = (—2) 57" Py, (2). (4.2)

Where © = —w(r — rs)/e and € = 2Mw are dimensionless quantities. Subject to this

transformation, the Teukolsky Radial Equation (2.50) takes the form:

(1 —2)P), + [1 — s — 2ie — 2(1 — ie)x| P}, + [ie(1 —ie) + (L + 1)| Py, =
= 2ie [—2(1 — 2)P), + (1 — 8)zP),| + [€® — iex(1 — 25)] Py, (4.3)

One can see that the left-hand side of this equation matches exactly the form of the
generic hypergeometric equation (4.1) and that the extra terms on the right-hand side
are explicitly of O(¢e). Hence, a solution to this equation can be proposed as a series of
hypergeometric functions with € as some sort of expansion parameter. When proposing
such a solution, an important aspect of MST and Leaver’s derivations is the inclusion of
a free parameter v, called the Renormalized Angular Momentum. As shall be made clear
later, the introduction of this parameter will be crucial for guaranteeing the convergence
of the series. By adding [v(v + 1) — £(€ + 1) P, to both sides of the equation (4.3), one

arrives at:

(1 —2)P) +[1 — s — 2ie — 2(1 —ie)x] P}, + [ie(1 —i€) + v(v + 1)]| Py, =
= 2ie [—x(1 — 2) P}, + (1 — s)z Py + (4.4)
+ [e 2—265(1—25)+V(y+1)—B(E—i—l)] Py,

It shall be required that v — £ in the limit ¢ — 0, so that one recovers the original
differential equation at zero-th order. Also, one can check that this equation is unchanged

by the transformation v — —v — 1, { - —¢ — 1. Considering the form this equation,
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the following ansatz is proposed for the series solution:

oo
Pin(x) = > cipnto(2) (4.5)
n=-—o00
Prniv(x) = 2Fi(n+v+1—ie,—n—v —ie, 1 — s —ie; 1 — s — 2ie; x). (4.6)

With the use of recurrence relations for the hypergeometric function and its derivatives
[33, Section 15.5],

(n+v+1—s—ie)(n+v+1—ie)
2(n+v+1)2n+2v+1)

ITPn+v = — Dn+v+1+ (4'7)

1 i€(s + ie) (n+v+s+ie)(n+ v+ ie)
T3 [1 * n+v)(n+v+ 1)] T 2+ )20+ 20 + 1) Prov=1,
(4.8)
;1 . ie(1 — ie)
‘T(l - w)pn+y *5(8 + ZE) |:1 + (n n V)(n Y+ 1):| Pntvt (49)

(n+v+ie)n+v+1-—ie)
(2n+2v+1)

(n+v+1—s—ie)
2(n+v+1)

Pn4v+1

(n+v+s+ie)

- 2(n—|—1/) Pntv—-11,

the differential equation (4.4) is turned into a three-term recurrence relation for the
series coeflicients c¥:

A Cpi1 + Bncn + 1 =0, (4.10)

n-n+

L, den+v+l+s+ie)n+v+1+s—ie)(n+v+1+ie) (4.11)
oy = ; :
" (n+v+1)(2n+2v+3) ’

v _p(p 2 62(52+62) .
By=—Ll+1)+(n+v)(n+v+1)+2 + mr Tl (4.12)
%,;:_ze(n—i—V—s—l—ze)(n—}—u—s—ze)(n—l—u—ze). (4.13)

(n+v)2n+2v—-1)

Like second order differential equations, three-term recurrence relations admit

two independent solutions in the form of sequences {07(11)} and {cg)} [38]. A sequence

{c,g)} is called minimal as n — oo if it satisfies lim,,— oo cﬁ}) / 61(12) = 0. Conversely, a

sequence {c%l)} is called minimal as n — —oo if it satisfies lim,__ c,(ll) / cg) =0. In

(2)

both of these cases, the sequence ¢, is called a dominant sequence. The ratio between

successive terms belonging to a sequence solution can be expressed recursively in the
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form of continued fractions:

CV ,.yl/
Rj=—n = On 4.14
e B+ an Ry (4.14)
cr o
=fno____ % (4.15)
"o B+ Ly

Ry and LY are often called the right-mover and left-mover. The behaviour of solutions of
the three-term recurrence relation for large |n| is determined by the asymptotic behaviour
of the ratios Y /a¥ and 7y /ak as n — doo [38]. By calculating these and evoking
the theorems from the asymptotic theory of difference equations (namely, theorems 2.1
through 2.3 in [38]), one can prove the existence of two independent solutions to the

three-term recurrence relation with the following asymptotic behaviour as n — oo:

v(min,+) . v(dom,+)

. Qap 1€ . ap 2in
111’1’1 —_— Y = — hm —_— Y = —. 416
oo rmin®) 27 oo pldomF) ¢ (4.16)
n—1 n—1
v(min,+

The sequence {an( )} corresponds to a minimal solution as n — oco. Similarly, the
asymptotic behaviour of the recurrence relation as n — —oco implies the existence of two

independent solutions satisfying:

v(min,—) . v(dom,—) .
. an 1€ . an 2in
lim ———— = ——, lim ——— = ——. (4.17)
n——oo ,v(min,—) 2n n——oo ,v(dom,—) €
Ant1 Apt1

. v(min,— .. . ..
The solution {an( ' )} corresponds to a minimal solution as n — —oco. These minimal
solutions are unique except for a overall normalization factor. Thus, one can use this

freedom to set {ag(mm’i)} =1.

It is at this point that the previously introduced parameter v becomes important.
In general, the minimal solutions {a,’fb(mm’ﬂ} and {a,’jl(mm’f)} do not coincide. As shall be
discussed soon, it is mandatory that coefficients of the series of hypergeometric functions
are minimal for both n — —oo and n — oo in order for the series to be convergent in
both directions. Selecting either one of the {az(mm’i)} sequences at this stage would
then lead to a diverging series as n — Foo. To fix this problem, the parameter v shall be
chosen to make the two minimal sequences match. That is, v is to be chosen by requiring
that the coefficients calculated from the left and right mover continued fractions agree

for any given n. Mathematically, this corresponds to solving
Z—HLTVL =1, (4'18)

for v for any n (usually one solves it for n = 0). Solving this transcendental equation

requires either the use of numerical methods or of some sort of approximation, such as
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post-Newtonian theory. From now on, it shall be assumed that the coefficients chosen are
those of the minimal solution with, which will be simply denoted by {a}} = {a;;(mm’i)}
with the choice of normalization af = 1. The series coefficients are given by products of

the continued fractions R} and L}, i.e. for n > 2,

" = R'RY_, ... RY (4.19)

The asymptotic behaviour of the hypergeometric functions p,,, for large |n| can
be extracted from the large-parameter asymptotic expansions given in [33, (15.12.5)].
The ratio between two consecutive p,i, in the directions n — +oo for large |n| is

determined to be:

lim 2 = w2 1 9p 4 (1 22)2 — 1. (4.21)

n—=00 Pnypy—1 nN—>—00 Pnty+1

Therefore, the adoption of the coefficients from the minimal solution guarantees that

the ratio between consecutive (in the directions n — 4oc0) decays with n=! as |n| — oc.

Moreover, one can check that the solution constructed indeed satisfies the ingoing

condition at the horizon by taking the z — 0 limit:

R () ~ (—2) 77w Y ar, (4.22)

n=—oo

For now on this solution shall be denoted R;,. For the purpose of the later matching with
the Coulomb type solutions, it will be useful to re-express this solution as combination

of two independent series solutions to the Teukolsky equation.

The Teukolsky radial equation (2.50) is invariant under the transformation ¢ —

—v—1
-n

—¢ — 1. By noting that o = 'y:ffl and « = 1y, one can see that the coeflicients

of the series satisfy a” = a=% !

. Therefore, the RY? (and p,4,) solution constructed
preserves the symmetry v — —v — 1 ({ — —¢ — 1) satisfied by equation (4.4). By

evoking the following identity [33, (15.8.3)],

‘r(i)r)c_m2F1<b’c_a;b_a“;1i:c>’ “24
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one can make explicit the symmetry in ¥ — —v — 1 by expressing R;, as combination

of two independent solutions:

RY, = R{+ Ry" ™ (4.25)

€ a”I‘(n—l—V—l—l—ie)F(n—i—u—i—l—s—ie)
(4.26)

RY = o iite (_1 4 2>_S_“ (2’) Ve i y N'(l—s—2ie)I'Cn+2v+1)
€ n=-—o00

A~

n
X <Z> oF1(—n —v —ie,—n — v + s +ie; —2n — 2v5¢/2).
€

Where 2 = wr so that 1 —x = %/e. The other independent solution is obtained by
substituting v — —vr — 1 in the equation above. These solutions are, of course, valid

everywhere except at r — oo.

4.2 SOLUTIONS IN SERIES OF COULOMB FUNCTIONS

In order to construct a solution possessing the outgoing at infinity property (2.52),
a solution valid at » = oo is sought. Such a solution was first obtained by Leaver as a

series of Coulomb wave functions. A generic Coulomb equation has the form:

d? 2n L(0+1

f+<1—”—(;r))w:0. (4.27)
P P

where 7 is a complex parameter. In the same spirit as the previous section, a trans-
formation that rearranges the Teukolsky radial equation (2.50) highlighting a Coulomb
equation on the left-hand side is performed. This transformation can be taken to be:

Ry = 5717 (1 — §>__ £.2). (4.28)

Subject to this transformation, the Teukolsky radial equation becomes:

2f 4[24 2(e +is)2 — LU+ 1)] fo = €2(f) + fo) — en(1 — s — 2ie) fit

U U0y e (etis) )

) (4.29)

From now on, a procedure very similar to the one in the previous section is followed.
One can see that the left-side of the above equation has the same form of the coulomb
equation (4.27) except for a global 22 factor and that right-hand side is O(e). A solution

to this equation as a series of Coulomb wave functions shall be proposed. Once again,
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the convergence of such a series solution will require the introduction of the renormalized
angular momentum. By adding the term [v(v+ 1) — £(£+1)] f. to both sides of equation
(4.29), one obtains

P [+ 20e+is): — v+ )] fo=e2(f) + fo) —ex(l — s — 2ie) fit- (4.30)

—|—6(1 5 _ge)(l - ie)fc + [ +1) —v(v+1) + —26* — €(e +is)] fe.

The following ansatz is taken for the series solution:

o0

fo2)= > (="

n=—oo

v+1+m),,, . 5
Mann+V(_ZS — €, Z), (431)

where the Coulomb functions F,, 1, (—is—¢, ) can be expressed in terms of the confluent

hypergeometric function 1 Fi(a,b; 2),

—i22n+1/2n+u+1 F(n +v+1-— i?])
IF'2n+2v+2)

Fopv(n,2) =e 1Filn+v+1—in,2n+ 2v + 2;2i2),

(4.32)

with 7 = —is — e. The notation (z), = I'(z + n)/T'(z) stands for the Pochhammer
symbol. The reason for the inclusion of the Pochhammer symbols in the ansatz (4.31),
is that, by taking this particular form of ansatz, the coefficients b} are shown to satisfy
the same recurrence relation as the coefficients a. That is, through the use of the

recurrence relations for the Coulomb wave functions [33, (33.17)],

lF (4 v+14s—ie) P N is+ €
2T v+ 1)(2n+ 20+ 1) vt n+v)n+v+1) "
(n+v—s+ie)
Frgo— 4.33
(n+v)2n+2v+1) "L (4.33)
, (n+v)(n+v+1+4+s—ie) is+€
Fn+y - - n+v+1 + n+v

m+rv+1)2n+2v+1)

(n+v+1)(n+v—s+ie)
Fop 1, 4.34
+ (n+v)2n+2v+1) vl (4:34)

(n+v)(n+v+1)

one obtains the three-term recurrence relation for the coefficients b7 to be exactly the
same one as in equation (4.10). This fact is crucial for the later matching of the two

solutions.
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A solution to the Teukolsky radial equation valid everywhere except at r = rg can

then be written as:

g WL, M+ v +1—in)
"v+1—in), I'Cn+2v+2)

RY, = (25)Ve"i257s (1 - E)_HE f: (4.35)

z

n=—oo

X(=2i2)" 1Filn+v+1—in,2n+ 2v + 2;2i2)|.

It is still necessary to check, whether the choice of minimal coefficients is sufficient
to guarantee the convergence of the series. The large |n| behaviour of the Coulomb
functions can be investigated through the use of [33, (33.5.IV)], subsequent Coulomb

functions are found to satisfy:

. Fn+1/ . Fn+u
lim = lim ———— =
n—oo nt+v—1 n——oo n+v+1

IS )

(4.36)

Thus, the choice of minimal coefficients guarantees the convergence of the series every-

where except at 2 =0 (r =ry).

Next, the outgoing boundary conditions at infinity shall be enforced on the series
solution obtained. To do so, it is useful to re-express the confluent hypergeometric
function 1Fi(a,b,2) as a combination of irregular confluent hypergeometric functions
U(a,b, z) by use of the following relation [33, (13.2.41)]:

L Fi(a.b,2i2 T b £) 4 2 (b — g, by 4.37
@1 1(@, y lZ)—m ((I, ,Z)‘i_we ( — a, 7—2) ( . )
The solution R/ can then be expressed as:

Ré = Ré’,zn + Ré,out; (438)

L e L+ 1+ s+ie) ., Cei

v o gTiZgr im(v+1—s+ic) sU+tie s s—ie 4.
Rt =e e T tl—s— ie)z (2—¢) (4.39)
[o.¢]
x Y i"an(22)"Un+ v+ 1 — s + i€, 2n + 2w + 25 2i5);
n=-—oo

Ré,out _ 2V€—7ree—i7r(u+1+s) ei§2V+iE(2 o 6)—s—i5 (440)

> (v+ 14 s —ie)
x > z‘”(y+1_8+i6)” Y22 U(n + v+ 14 s — i€, 2n 4 2v + 2; —2i3).
n=—oo n
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The asymptotic behaviour of these functions at infinity is obtained from the large-

argument asymptotics of U(a,b, £x) [33, (13.7.3)]

Ula,b,£x) ~ 2™ (x — 00). (4.41)
Therefore the function R(, ,,, is found to be purely outgoing at infinity,

Cout ~ Cout? ™' 2%€'* (2 = o0), (4.42)

where Cy,; is independent of Z. An expression for this function in terms of independent
solutions to the Teukolsky equation is sought. Another independent homogeneous solu-
tion to the radial equation can be found by replacing v — —vr — 1 onto the equation for
RY (4.35). By also re-expressing R; "' with the use of equation (4.37), one writes:
R =Ry + R (4.43)

where the functions Ra’;gl and Ral;;l are obtained by replacing v — —vr—1 in equations
(4.39) and (4.40). With the use of Kummer’s identity [33, (13.7.40)],

Ula,b,2) =2'"U(a—b+1,2—b,2) (4.44)

—v—1 . ”
One can express Rein Jup 10 terms of R in Jup’

sinm(v — s + i€)

Reyt = —ie”™ R, 4.45
Cin e Sinﬂ'(l/ +s— iE) Cin ( )
REZ&I :ieim/ Eouh (4.46)

which allows for the writing of an expression for Ry, = R(,,,; as a combination of the

two independent solutions,

RY =y, R+ 6,R" (4.47)
vy = (2 4 S%n m(v—s+ ZG) _1s%n (v —s+ z:e); (4.48)
sinm(v + s — ie) sinm(v + s — i€)

sinmw(v — s + ie)

-1
5, = — iy : i7FV‘ 4.49
v <e * sinm(v+ s — ze)) e (449)

4.3 MATCHING OF THE TWO SOLUTIONS

Finally, the two types of solutions shall be matched in their common domain
of validity, rs < r < oco. To do so, the functions o F(a,b;c; 2) and 1 Fj(a,b; 2) shall be

expressed in their series representation and the matching shall be achieved by demanding
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that each power of Z carries the same coefficient. Starting with Rf, the 2 dependent

terms inside the sum in equation (4.26) are collected and expressed as:

(j)n oF1(a,b;cie/2) = (j)né (‘(‘ZJJ(?] I = jiofj(n)é"j . (4.50)

Where the parameters for the hypergeometric functions in (4.26) were abbreviated as
a,b and ¢ and the coefficients f;j(n) implicitly defined in the last equality depend on n
through a,b and c. Explicitly, fj(n) is given by:

(—n —v —i€e)j(—n—v+s+ie);

) = e (451)

Subject to these definitions, R is re-expressed as

)
€

S\ V=5 5\ Vvt .
R — cisve( 14 2 v—s 3 vtie i ia; N1l—s— Qze‘)F(Qn +2v + 1)fj(n) snj
€ I'n+v+1—ie)l(n+v+1—s—ie)

n=-—o0 j=0

(4.52)

or, by collecting all the Z-independent terms,

2\ —S—l€ s o\ VHie OO
v _ —izte| E E 0 An j
Ry =e ( 1+6> <6> > ZC (4.53)
n=—o00 53=0
I(1—s—2ie)T'(2n+2v+1)

0. =a (n). 4.54
Cng a”F(n+y+1—ie)F(n+y+1—s—ie)fJ(n) (4:54)

To explicitly write this expression as a sum over powers of Z, one can define a new index

k =n — j and consistently re-write the sums,
- 3 —s—ie 3 v+ie
Ry — e_w(_l " ) <) NS (4.55)
k=—ocon=k

From the expression above, one can find that the pre-factor to each power 2* in the sum

is given by:
. 3 —S5—1€ 3 v+4ie OO
b= e e (—1 + 6) (€> > C, (4.56)
n=k

Next, a similar procedure is followed to obtain the coefficients of each power of

Z in the sum present in the solution R{,. The Z dependent terms inside the sum are
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collected and the confluent hypergeometric function is written in its representation:

oo oo
2" 1Fi(a,b; 2) = Z ] A”ﬂ = Zgj(n)z“"ﬂ'. (4.57)
J:O b);J! j=0

The explicit expression for the coefficients g;(n) is obtained by substituting a and b for

the actual parameters of the confluent hypergeometric functions in equation (4.35):

(n+v+1+s—ie);

4.58

g;(n) =

Collecting all 2-independent terms inside the sum in a single coefficient, R/ is expressed

as:

RY = (2 )Ve—ZZA—S(1—7) o Z Zc g+, (4.59)

n=—o00 j3=0

mI "T(v+1+in) T(2n+2v+2)

gj(n). (4.60)
Again, the indices are redefined to obtain a explicit sum in powers of Z:

—s—1i€

o0 k
D e (4.61)

k=—o00 N=—00

RY = (22)7e %5~ S<1 — g)

Thus, the pre-factor to k-th power of Z in the sum is:

A\ —s—ie kK
v = (28) e FEi e <—1 + i) > Ci (4.62)

n=—oo

Using the obtained results, the ratio between As,k and Aak for any given k is

00
0
<Z Cn,nk)
e n=~k

Ve . (4.63)

A b
ok ( S Cﬁk_n>

Though it is not shown here, the ratio K is independent of k [37]. Therefore, one can

calculated to be:

set K, = K* for any (integer) k and the matching of the solutions is expressed as:

RY = K, RY,. (4.64)

In the upcoming chapters, the Coulomb type of solution will be adopted for the



Chapter 4. MST solutions to the Teukolsky Equation 47

calculation of the self-force. Thus, it will be useful to express the R} solution given in

equation (4.25) in terms of R, and Rau—l’

R¥ =K, R+ K_, 1RV (4.65)



Chapter 5

REGULARIZATION
PARAMETERS FOR A
CIRCULAR GEODESIC

In this chapter, the WKB expressions constructed in Chapter 3 are used obtain
the A, and B, regularization parameters for the self-force for scalar charge in a circular
geodesic in Schwarzschild spacetime. After finishing this thesis, another derivation [39]
of these regularization parameters for circular geodesics in Schwarzschild using WKB
solutions to the Regge-Wheeler equation was noticed in the literature by the author.
The main difference of the work done by Bini, D., Damour, T. (2015) [39] to the
calculations performed in this chapter, is the fact that they take the specialization to
a circular geodesic from the start and derive WKB expression for the /m modes of the
field, while in this work expressions for the Green’s function /mw modes are written and

the integration over the source is carried out at the end.

To derive the expressions for the necessary regularization parameters, large-¢
asymptotic expressions for the self-force modes are obtained by following the multi-
scale analysis in [1; 25] to evaluate integrals over small proper-time intervals and for

large-¢.

48
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5.1 SPECIALIZATION TO CONSTANT ORBITAL RA-
DIUS

An equatorial circular geodesic at radius ro in Schwarzschild spacetime is described

by the following relations in standard Schwarzschild coordinates:

(1) = {zt(r),zr(T),ze(T),ﬁ(T)} - {utT, 7’0,7r/2,u¢7'}, (5.1)

where 7 is the proper-time parameter and the four-velocity along the geodesic is u® =
{u,0,0,u?} with

t_ o ¢ _ 1 M 5.2

V- VA TV =B (5:2)

Here the choice of 2 = 7/2 is made without loss of generality due to the spherical

symmetry of Schwarzschild spacetime. The ¢-modes of the Green’s function are defined

from equation (2.61) as

o

L ) /
Gy (z,2') = 7TPg(COS’y)/ dweilw(t*t)ggmw(r, ), (5.3)

— 00

where G"(z,2') = Y720 G}%(z,2’). Similarly, the f-modes of the full self-force are

defined from equation (2.8) as

Fot = (68 +upu®) lim V5/ drGy (x, 2(7)), (5.4)
z—2z(0)

where the evaluation point of the self-force is chosen to be z = z(r = 0) and F, =

Y 0o Fae. Motivated by the separation done in Hikida et al [3], the radial Green’s

function modes are separated into symmetric and anti-symmetric contibutions,

Gemw(r,r") = gé:;zd(r, ') + sign(r — r’)glg;l)w(r, ), (5.5)
o (r1") = L (RELRIY) £ R0 R() (56)
Imw\" > - QWZTL/UP bw Pw lw /%) ’ .

and the symmetric and anti-symmetric -modes of the Green’s function are similarly

defined as

Ggﬂ(aj,x') = LPg(cos'y)/ dwe™ (= t)gémzj(r ), (5.7)
Gé_)(x, 2') = LPy(cos *y)/ dwe™ =t sign(r — r')gé;zu(r, ). (5.8)
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Lastly, the contribution of the (+) and (—) Green’s function modes to the self-force

f-modes are defined as:

0+

FO(;E) = q2(6g + uau'B) a:Eer(lo) Vs dTGEi)(ZC, z(1)), (5.9)
0+
F) = (00 + uand®) Jim Vs drG (@, 2(7)), (5.10)

The A, and B, regularization parameters for the circular geodesic shall be shown to be
obtainable from the leading-¢ of F| é}) and F (i;), respectively. When evaluating expres-
sions regarding the (—) modes, the convention of taking the limit » — 7’ “from above”
(r — 1’ = 04) is adopted. Choosing the opposite convention would change the resulting

expressions for Fé}) by an overall minus sign coming from sign(r — r’).

For a orbit of constant radius 2" (7) = rp, one is allowed to bring the 2" — 2" part
of the limit inside the integral. Then, by explicitly expressing Géi) (x,2') in terms of its

radial modes (5.6), the components of the self-force /-modes in equation (5.9) can be

written as
04 L %) ]
R =t i [ artrion [T o agien| e
—00 —00 r=rg
04 L
F(? = ¢?(6° + uqu®) lim Vﬁ/ dr— Py(cosy) x (5.12)
@ z—2(0) N ™

> —iw(t—zt) (£)
x/ dwe 9w (T0,70) (a#7).

where the 7 dependent quantities are 2! = 2(7) and v = ¢ — 2?(r). For the purpose of
obtaining the regularization parameters for the circular geodesic, large-¢ expansions of

the above expressions are sought.

Expressions for the anti-symmetric radial Green’s function modes and its deriva-

tive at r = rg are easily written as

-) (-) -
r=rg 27”(2)]0(7‘0)

Yomu(T0,m0) =0 and O G (T3 70) (5.13)

(+)

For large ¢, the gé:w(r, r’) modes and its derivative can be written in terms of WKB

solutions obtained in equations (3.50) and (3.51),

1
G (10,70) ~ Gy (0, m0) = — 2 o ot : (5.14)
2r5f(ro) ( > neo 52%,(7"0))
’ L (1 S oSt ()
Or iy (13 70) r=ry ~ Orgpos” (7, 70) =y =—2Tsf<m>< S sy )
0 n=0"~2n

(5.15)



Chapter 5. Regularization Parameters for a Circular Geodesic 51

The above asymptotic relations hold for ¢ — oo with limy_,o w?/Vy(r) < 1. Due to the
evaluation at r = rg, the above quantities end up depending only on derivatives of the
functions S (r), which simplifies a lot the calculations as one does not need to work

with the integrals coming from the even n functions (i.e. equations (3.9) and (3.11)).

Next, terms that are of the same order with respect to the WKB expansion are
collected by expanding (5.14) and (5.15) for S& > S% |,

Gims (0, 70) =52 f o) Zsk (ro), (5.16)
r=rQ 0
1 o0
Drgpmer ™ (ro, 70) T4 (ro). (5.17)
¢ T=rQ 27”0]0(7“(]) Z

where the functions 8(rg) and Tt (rg) are of order O(¢~2#=1). The first two terms in

each expansion are given here:

1 f(ro)

86°(ro) = = : (5.18)
° Sg‘*”(ro) Uéws(rO)
Slwl(r ) f (flv/ 4 fvl ) 5f2vl2
fw _ 2 \To) _ ¢ ‘
S1(r0) = =G 33 = oy, (52 oL (5.19)
0" (r0) 1 (7) 320,
—1 4 ro St (ro) 1 1rV
(‘Tgw(ro) = Y = _f(ro) ﬁ + n 3/2 Y (520)
S5/ (ro) vl Aud
Sﬁw/(ro) (1 . Tosﬁwl(ro))sﬂw/(ro)
gl _ Tow3 1 2 _ 591
O ) S 1o o2
_ C35f(ro)* Vi 5PV (V] = 2r0V)") = 20 f'V)))
1280/ 3207/
B f (TOJNQVZ +f (Tof”Vg/ + f/ (37“0‘/5” o 2%/)) + f2 (TOVgH/ _ 2‘/[”))
5/2 :
16U,/

Here the argument rg has been omitted from various functions for cleaner notation. All
derivatives are taken with respect to r evaluated at r = 9. The notation Uy, (r) refers

to the specialization of Uy,s(r) to s = 0.
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5.1.1 Fourier Transforms

Now, the radial modes at r = rg, which corresponds to the specialization needed
for the calculation regarding a circular geodesic, shall be transformed into the time-
domain. Since, 8rgé;bzu(ro, o) is w-independent, it trivially transforms to

L= w(t—2) g (=) (t—Z)

- —iw(t—z") 99

()

im0, 70) and its derivative, one must be aware

To perform the Fourier transform of g
of the fact that the WKB solutions are not uniform in w, which implies that a full repre-
sentation of the -modes of the Green’s function in the time-domain cannot be obtained
from those expressions. Instead, the more humble task of obtaining the contribution to
the Green’s function /-modes coming from the w?/Vy(rg) < 1 region of the spectrum is
accepted. The quantities 8§ (rg) and T§“(ro) are transformed to the time-domain by

re-expressing Fourier integrals as

1 00 it 1 Weut it
o /_OO dwe ™" f(w) — 5 /_wwt dwe™™" f(w), (5.23)
Weut =/ V(o). (5.24)

The contributions coming from this restricted region of the frequency spectrum will
be proven to be enough (discussion at the end of this chapter) for the obtention of

regularization parameters for the circular geodesic.

From equations (5.18)-(5.21), one can see that each term in QEZL
(+)

Or Gy (10, 70) depends on w through some negative half-integer powers of Uy,. To per-

(ro,70) and

form the w integration of such terms, one can write

Weut dw iw —zt 7p/2 _ 1 da} ot B *])/2
/ 2 ° == (Vi(r) — ) 77 = V() P>/2/_127re f1-w*) "7, (5.25)

—Wcut

where @ = w/weut, t = weut(t — 2%) and p is some integer. The integral on the right-hand

side of the above equation is a Hankel integral [40],

/ dase™ @ (1 — @2) P? = 202 /20 (1 — p/2)a® D2, o (). (5.26)
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U*p/2

v over fre-

Combining the two equations above, a general formula for integrating

quency is obtained:

Weut .
/ diwe—zw(t‘—zt)(][P/2 _ V'E(I_P)/22—(p+1)/27.‘_—1/2r(1 _ p/2)ﬂp_1)/2'](1—p)/2(£)'

—Weut 27T “
(5.27)
The expressions for the integrals of the leading-terms Sé and ‘J'é are written here:
vt dw —iw(t—2z%) olw JO(E)
Sé(ro,t, zt) = /wm %e (¢ )36 (1) = 5 (5.28)
Weut duw o o f(?“()) roV) -
Th(ro,t,2') = — et gle gy = Jo(t LER@) ). (5.29
frot = [ e o) = =200 (00 + EER® ). (529

5.2 LARGE-/ EXPANSION AND INTEGRATION OVER
THE TRAJECTORY

In possession of the large-¢ expansions of the radial modes of the Green’s function
at r = 7o in the time-domain, one can tackle the evaluation of the Fo(:? and Fc(y,_f)
contributions to the full self-force modes for a circular geodesic. Equations (5.13) and
(5.22), imply that the only non-vanishing contribution coming from the (—) part of the

modes is

(=) 2 1 © ) o(t—2Mr) &L
F, = 1 drLP, — = . 5.30
, q xer%)) . T g(COS((Z) z (7')) V25 (ro) W2 f(r) (5.30)
E‘)O.F

This term is divergent when summed over ¢ and is identified with A,L (o = 7) in
equation (2.45) (as shall be seen, terms coming from the symmetric part are atmost

O(L%),

(=)
Fr,é o q2

A, = lim = for constant z" = rg. 5.31
" LS50 L utr3 f(ro) 0 (5:31)
Now the assumption that the large-¢ of F O(;) comes solely from the integration of

the radial Green’s function modes over the restricted frequency region (5.23) is made.

This assumption is justified at the end of the this chapter for the case of a circular
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geodesic. In terms of (5.28) and (5.29), one can write

2 €
(+) gL . , .
E.,) ~—=—— lim dr Py(cosv)Tg(ro, t, 2°), 539
£ r3f(ro) me:))zo(o) - ( )To( ) (5.32)
+
(+) qu 8 3 € , )
al ™ 2 (TO)((SQ + uqu )w_lgﬁ)) \] /OO dr Py(cosy)8q(ro, t, 2"), (5.33)

8—>0+

for £ — oo with limy_,, Vy/w? < 1, perform the 7 integrals and take the leading /¢ at the
end to get rid of any sub-leading terms. Instead, the evaluation of the above integrals is
avoided by adopting the multi-scale expansion approach introduced in [1; 25]. Recalling
the discussion in Chapter 2, the singular (as x — z) contributions to ®"¢* and ®° are
those coming form the “direct” part of the field (as opposed to the “tail” part), which at
the z — z limit are sourced on the particle’s position itself (i.e. % has no tail). Thus,

the large-¢ behaviour of F(JZF)

".,~ must be obtainable by instead carrying out the 7 integral

over a small interval that includes the particle’s current position. With this in mind,

the following quantities are defined:

p = L [T ap (cos 7)) T (ro, t, 21) (5.34)
= T .
P T 1B (o) wele) J_ O OO B A
© _ L s By 1 : ol ¢
Fo= (o) (05 + uqu )xll)rzr(lo) \ B dr Py(cosy) ZSO(TO,t, 2"). (5.35)

k=0

for a small positive €. Inside the domain of integration, 7 is small and one can expand
quantities in powers of 7. However, since the ultimate goal is to obtain the leading-¢
of the above expressions, one must be cautious about not losing information about the

large-£ the self-force modes.

The definitions in [1; 25] are adopted for the construction of expansions for small

7 and large £. First, a new variable is defined as
=—Lt. (5.36)

Quantities are then expanded for large L and small 7 while keeping A fixed. For large-¢,

the Legendre function can be expanded as [41]

Py(cosny) = m[Jo(yL) + ;<cot'y _ i) Jl(Z”] +O(L2), (5.37)

By taking v = ¢ — 2%(7) = —u'r, the above equation is further approximated by writing
7 = —A/L and expanding for large L,
1 2(Au®)?Jo(Au®) — Au®J; (Au?)

Py(cos(¢p — 22(1)) = Jo(Au®) + 21 72 +0(L7?). (5.38)
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The radial quantities, which depend on ¢ through Vy(r) (and its derivatives) and
on 7 and ¢ through ¢, are expanded by re-expressing this potential in terms of L,

L? (r —8M)

Vilro) = 1) 5 = 1) (539

and by writing (t — 2!) = —ufr = A/L. The functions 8(ro,,2') and T§(ro,t, 2*) are

expanded as

286(ro, t, 2") = Jo (Ad') + wa%h (@A) +0(L7), (5.40)
275 (ro, t, 2°) = — f(r)Jo (A@') — iat (rf' —2f) AJy (@A) + O(L72), (5.41)

where 4! = ut\/m /ro. Important information can be obtained by noticing that
the expansions constructed for 8§(ro, ¢, z*), T§(ro, ¢, 2*) and Py(cos) contain only terms
that are even in A. By applying either V; or V, to the integrand in equation (5.35),
it becomes odd and vanishes when integrated over the symmetric interval. Thus, only

FT(Z) is non-vanishing. By changing the integration variable to A, one can write

(+) 'S

IaSeaN
™ )

Le
dAJo(Au¢) (f(r)Jo (ATh))+ (L — o0)

Le
+1af (' —2f) [ Anaut)n () (5.42)

4 —Le

The above expression depends on L only through the integration limits. Then, its
leading-¢ is obtained by taking the limit L — oo with ¢ fixed (i.e. by replacing the
integration limits with +o00). Using the results in [33, (10..22.5),(10.43.26)] for the

integrals involving products of Bessel functions, one can write

/OO dA Jo(@'A)Jo(ulA) = % o F) <2 5iLi Zf;j) (5.43)
/;oo dA A Jo(ﬁtA)Jl(u¢A) 732 o FY <2 2, 1, ((:it)> (5.44)

Then, by collecting the pre-factors in equation (5.42), the parameter B, for the circular
geodesic is obtained from the L. — oo limit of the right-hand side of equation, as it yields

an O(LP) contribution for the self-force modes,

B, = lim F) (5.45)

rle

~~ el (52 ) - s 0 (3 Gy )]

where = u?/ul = \/M/r} is the orbital frequency of the particle. This result agrees
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with the results found in the literature [1; 42]. The remaining components of B, vanish,

. (+) . .« 1.
since only F e 18 non-vanishing.

Now, the reason why the restricted frequency integral gives correct results for the
B, regularization parameter is discussed. By integrating G™(z, z(7)) as in equation

(2.61) over 7 before performing the frequency integral, one is faced with the following

integral:
> iwzt(r)yx (T ¢ _ i > i(w—mQ)t v *
/OO dre Yem<2,z (T)) — /Oo dt'e Yy (7/2,0), (5.46)
2y (m/2,0)
= =t 6w — mO). (5.47)

The last equality implies that the ¢-th mode of the field receives contributions from

frequencies satisfying w = m{) < ¢€), which are verified to satisfy

lim — <
{—00 Vg(’l“o) f(’l“o)

<1 for r9>3M, (5.48)

so that all the relevant frequencies for stable circular geodesics lie inside the region where
the large-¢ asymptotics constructed from the WKB solutions are uniformly valid in w.
The derivation shown in this chapter also holds for circular orbits that are not geodesics,
as long as the above condition is satisfied. Moreover, it is a fact that the regularization
parameters obtained in this chapter through analysis of the retarded Green’s function
must match ones that would be obtained from an analysis of the Detweiler-Whiting
Singular Green’s function (2.12), as the self-fields associated with these two Green‘s

functions must possess the same singular structure.



Chapter 6

SEMI-ANALYTICAL SCALAR
SELF-FORCE
REGULARIZATION IN
SCHWARZSCHILD
SPACETIME

A challenging aspect regarding the application of the mode-sum regularization
method to the calculation of the self-force is the fact that, while the regularization itself
is carried out at the level of the ¢-modes of the self-force (i.e. in the time domain),
the field modes that need to be regularized are usually obtained by solving decoupled
field equations in the frequency domain. In particular, the radial Green’s function
modes (2.54) in the frequency domain can be written in terms of the MST in and up
homogeneous solutions given in equations (4.47) and (4.65) (with s = 0). Due to the
complicated w dependence of these solutions, transformation of these Green’s function
modes into the time domain is not possible in analytical closed-form. Alternatively,
one can numerically evaluate the f-modes of the full self-force — i.e. the self-force
calculated from the retarded field, prior to regularization (2.8) — and try to perform
the regularization by numerically subtracting from them the regularization parameters.
In principle, the subtraction of only the A, and B, parameters, which for the case of
a circular geodesic are given by (5.31) and (5.45), is enough to obtain a convergent /(-
sum for the self-force. However, in practice, this /-sum exhibits very slow convergence
if one does not include higher-order regularization parameters [21]. To overcome this

problem without including these higher-order terms, the analytical post-Newtonian (pN)

o7
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regularization method introduced by Hikida et al [3] will be applied to evaluate the
contribution to the self-force coming from the self-force modes of large enough £. As
shall be made clear, for a calculation accurate to N pN orders, all self-force f-modes
satisfying £ > N + 1 are described by a single general pN expression, which can be
summed analytically from £ = N + 1 to £ = oco.

In the following sections, the method introduced by Hikida et al [3] is reviewed
and their results regarding the application of this method to the calculation of the scalar
self-force for a particle in a circular geodesic in Schwarzschild [43] are reproduced. The
calculation done in this work differs slightly from the one in Hikida et al. [43] by the
fact that the self-force modes that are not covered by the generic pN expression (i.e. the
modes with ¢ < N + 1) are evaluated numerically, while in their work, individual pN

expansions are written for each one of these modes.

6.1 FRAMEWORK FOR ANALYTICAL REGULARIZA-
TION

Throughout this chapter, the MST solutions in series of Coulomb functions satis-
fying the in (4.65) and up (4.47) boundary conditions are adopted for the construction of
the radial modes of the retarded Green’s function (2.54). The radial modes in equation

(2.54) are re-expressed by explicitly writing o R, (r) = R%(r) and oR,? (r) = RZ(r),

Imw mw
-1 ) .
Geme (1, 7") = %/(R?(T)RZ”(T’)@(T’ —r)+ R (r) RE(O(r —1")), (6.1)
W
where
R (r) = K,RE(r) + K_y_1RG" (1), (6.2)
R (r) =R (r) + 6,RG"H(r). (6.3)

Even though the same notation is maintained, all of the MST quantities discussed in
this chapter are to be considered specializations for s = 0 of the ones constructed in
Chapter 4. By substituting the above equations into (6.1), one can express the radial
Green’s function modes in terms of the two independent Coulomb series solutions RY,
and RE”_l(r). When doing so, due to the fact that R{¥ and R/ are linear combinations
of the same two basis functions, many of the terms that arise end up not carrying Theta

functions (i.e. the identity O(z)+©(—z) = 1 appears). Then, by collecting these terms,
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the following separation of the Green’s function modes is introduced [3]:

Gemao(1,1') = Gl (1) + G (r7"), (6.4)
R -1 —v— —v—
glt (r,1') = Eos, — Koy W1 {5,,KV1RC YR )+ (6.5)

+ 9w Ky RG(RE(r) + K-yt (RN (1)RE (') + RS () RE(r)) }

Galr7") = ot (RERE ()00 = 1) + R () RE)B( =), (66

where
WY/ ==l = AW(RY, RG¥ 1), (6.7)

and W(R{, Ra”_l) is the Wronskian of the two independent solutions calculated as in
equation (2.55). One can see that gf“mw(r, ') is a linear combination of homogeneous
solutions to the radial equation and, therefore, is itself a homogeneous solution. Thus,
contributions from this part of the Green’s function modes to the self-force must be

regular.

In the context of the separation of the radial Green’s function modes shown in

equations (6.4)—(6.6), the full self-force is expressed as
F,=FR4L F3 (6.8)

where Ff and Fag are the contributions to the self-force calculated from gfmw (r,r") and
gfmw(r, r’), respectively. These are defined by replacing ggmn,, (r, ') for either gfm L)
or gfmw(r, ') in equation (2.61) and calculating the respective self-force contributions
according to equation (2.7). Next, this separation is compared to the Detweiler-Whiting
decomposition presented in Chapter 2, in which the full self-force is separated as in

equation (2.40),
F,=Ft4 FS (6.9)

Since F}, is independent of the particular scheme adopted, the physical regularized self-
force, F(f', can be expressed in terms of the remaining quantities by equating (6.8) and
(6.9),

FR_FR L FS_FS (6.10)
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The fact that both F¥ and F, f‘ are regular implies that the singular contributions coming
from F? must be completely canceled out by those coming from FJ. That is, F2~5 =
F 5 — F3 must be regular. This fact constrains the -modes of F, 5 to have the following

structure:
Fsg—j:A L+ By + Dy, (6.11)

where A, and B, are exactly the same regularization parameters as those coming from
Fg? in equation (2.45). The quantity Dy, is at most O(¢~2) and is not constrained to
be equal to the parameter D, in equation (2.45), since the f-sums of both of these
quantities converge. In fact, since > ;2 Do = 0, the Dmg terms give the only non-

vanishing contributions to F¥~%,

o

FS-5 = i ( Foﬁg) =3 Dae (6.12)

=0 (=

Similar to the separation done in the previous chapter, the modes of gfw(r, r’) will

be split into symmetric and anti-symmetric parts,

g5, (r, ") = sign(r — )5 (r,17) + g5 (1), (6.13)

gfﬁr,r’)zmy‘f“(z%c( YRZY7H(r') £ RE(r)RG ™ (). (6.14)

As proven in [3, Appendix B], the contribution to self-force modes coming from the

Gy (r,

parameter for any orbit. This allows for Ff_s to also be expressed as

r’) part of the radial Green’s function modes yield exactly the A, regularization

i F - (6.15)

/=0

S(+) (r,7") modes, which

where F S( ) is the self-force contribution calculated from the 90w
is led by B for large £. Thus, the obtention of only the F] (+) modes together with B,

is enough for the calculation of the FO‘? S contribution to FO{%.

6.2 POST-NEWTONIAN EXPANSIONS

With the goal of rendering possible the analytical integration of the Green’s func-
tion modes over frequency, post-Newtonian expansions for these quantities shall be con-

structed. A post-Newtonian expansion is said to be of order N (and may also referred
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to as an N PN expansion) if contains terms up O(v?Y), where v is the velocity of the
particle. In the slow motion approximation, one takes z = wr ~ Qr = O(v) (for a cir-
cular geodesic, the second relation becomes an equality). This construction also implies

that €/2 = 2M /r = O(v?), which corresponds to a weak-field expansion.

At this point, it is convenient to perform a change in the normalization of the
homogeneous solutions so that, except for the overall factor of 2” in equation (4.35), the
leading order in the pN expansion of the solutions with the new normalization is unit.

Solutions with the new normalization are defined as:

L(2v+2) (6.16)

(b’/:—
CTTwH14ie) @

and the new normalization for the other independent solution is found by replacing
v — —v — 1 in the above equation. The Green’s functions modes in equations (6.5)—
(6.6) can easily be re-expressed in terms of the solutions with this new normalization.

Next, the following quantities are defined:

o= > andy, Y = (22)V V. (6.17)
(v+1—ie),

. —1€
P = e‘”(l - §) (—2i2)" 1 Fi(n+ v +1+ie,2n + 2v + 2;2i2) | .

z

(2V =+ 2)2n
(6.18)

The analogous quantities referring to the other independent solution are obtained by

replacing v — —v — 1 in the above expressions.

6.2.1 Properties of the three-term recurrence relation

To start tackling the construction of pN expansions for the independent MST solu-
tions and ultimately for the Green’s function modes, the three-term recurrence relation
(4.10) that determines the coefficients a? and the renormalized angular momentum v
shall be studied. Following the analysis in [2; 37], expansions for ¢ and v in powers of
€ can be obtained by perturbatively solving the recurrence relation about ¢ = 0 subject
to the requirement that v — ¢ for ¢ — 0. An important aspect of this analysis is that
generic series expansions for the recurrence relation coefficients (4.11)—(4.13) are not
uniform in n and ¢, meaning that a general formula for the expansions of a? and v valid
for every n and ¢ cannot be written. The behaviour of these coefficients shall now be

studied for fixed integer ¢ > 0 (as shall be seen, ¢ = 0 needs to be handled separately).
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The following statements can be made about the coefficients:

v (n—|—€—|—1)2

ey O(e) = O(e) forn # -0 —1, (6.19)
By =n(n+20+1)+0(e) = O(1) forn# -20—1, n #0, (6.20)
v e LT o) Z o), for m # —£. (6.21)

T S o 1

Whenever the coefficients are given by the non-special cases in the above equations, it
will be said that they are regular behaved. For n > 0, no special value arises and the

continued fraction equation (4.14) schematically acquires the form:

R, = = O(e) for n > 0, (6.22)

O(1) + 0(0) g2

which implies that every next coefficient of the series in the direction of positive n

acquires a factor of e,
= 0(e") for n > 0. (6.23)

In this case, the coefficients a; and the continued fraction R} will also be said to be

regular behaved.

Before tackling the study of the coefficients for n < 0, a constrain on v can be

obtained by demanding that equation (4.18) is satisfied for n = 0,
RiLg =1, (6.24)

Since R} = O(e), one must have

v

%:—%J%ﬂh:maw (6.25)
for this equality to hold. Furthermore, the fact that af = O(e) (6.19), implies that
the denominator of this continued fraction equation must be O(e?). Accounting for the
expressions for these coefficients, this can only happen in two scenarios: either 5§ = O(e)
and LY, = O(1) but the leading order terms in the denominator cancel out (for any /)
or 8% and L” are at most O(e?) and O(€), respectively, and no cancellation is required.
The latter case will be taken as assumption and later checked for consistency. The fact
that 8§ = O(€?) implies that —¢(¢+1) +v(v+1) in equation (4.12) is O(€?) or, in other

words,

v="_+0(?). (6.26)
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Using this relation, one can determine the leading order in € of the coefficients and of
LY for the special values of n in (6.21). The behaviour of L” for any given n < 0 and
for ¢ # 0 is found to be [2]:

O(€?) form=—-0—-1,
L, =<¢0(1/e) forn=—-20-1, (6.27)
O(e) for all other n < 0.

One can check that the assumption L”; = O(e) is consistent with these expressions.
Then, each next coefficient in the negative n direction acquires a factor of e until it

reaches an irreqular behaved LY ,_,,
a;, =0(e™) for —¢(—1<n<0. (6.28)

As in the positive case, these are said to have regular behaviour. An important fact is
that one can calculate coefficients up to a”, = O(€") before encountering coefficients
with irregular behaviour. Then, if one is to write an expression that needs expansions of
the coefficients up to O(ee), no knowledge of the irreqular behaved coefficients is needed,
as they are of too high order. When building the pN expansions for the independent
MST solutions, this fact will allow for the writing of a general pN formula for ®” valid
for large enough ¢ compared to the desired pN order, meaning ¢ values for which the
contributions associated with irreqular behaved coefficients appear beyond the given pN

order.

6.2.2 Expansions for large enough /¢

Now, the construction of generic pN expansions for gfw (r,r") and gfu (r,r') is dis-
cussed. To do so, it will be useful to re-write equation (6.18) for ®¥ by expressing the

confluent hypergeometric function in its series representation (4.57),

iz €\ —ie oWl =€)y o= (n+ v+ 1 4de);
o= e (1= ) | (-2ip) 1(2i2)7 |, (6.29
n=e P [( i2) 0+ 2on jgo (2n+21/+2)jj!( i2) (6.29)

One can note that the leading term in the pN expansion of this quantity is proportional to

2" = O(v™). For n > 0, equation (6.23) states that a% = O(€") = O(v®"), which implies

a?®¥ = O(v*"). Thus, to obtain an expansion for ®” containing terms up to O(v?N) the

sum over positive n can be halted at n = N/2. For negative n, the last reqular behaved

coefficient is a”,. In the interval —¢ < n < 0, one has a”,, = O(¢") = O(v3"), which
v

implies a”,,®,, = O(v*"). Therefore, an expansion for ®” obtained only with knowledge

of the reqular behaved coefficients is accurate up to the ¢-th pN order. For !, one
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order of accuracy is lost due to factors of 1/e arising from expanding the Pochhammer
symbols about negative integer values. In this case, the expansion containing only reqular
behaved coefficients is accurate to (¢ — 1)-th pN order. Thus, for a calculation accurate
to the N-th pN order, all modes satisfying £ > N + 1 are considered large enough so that
pN expansions of both independent solutions contain only contributions from regular

behaved coefficients.

To obtain expansions for the renormalized angular momentum, one can express

the three-term recurrence relation (4.10) for n = 0 as a continued fraction equation,
agR{ + By + L% =0, (6.30)

expand it in powers of € and solve it for the expansion coefficients of v. General ex-
pansions can be obtained by assuming regular behaviour up to a given negative n. For

example, by assuming regular behaviour up to n = —2, a generic expansion for v accurate
to O(e?) = O(v'?) is obtained:

2
v=1_+ Z vore?r, (6.31)
k=1
1502 + 150 — 11
_ .32
Y R )+ )2+ 3) (6:32)
1
= - 184806 + 92400¢° 8
S TR ) (20— 3) 20— 132l 1)3(2€+3)3(2€+5)< BABOET 4 9240067 + 98006+

— 23520007 — 382305¢° 4 6436505 + 2782600* — 995503 — 73892% + 8733( + 3240) ,

These expressions of course do not hold for £ = 0 and ¢ = 1, since either L” | or LY, are
not regular behaved in these cases. The inclusion of higher-order terms in this expansion
is relatively easy, but for each next-order correction added, the general formula becomes
invalid for the next -mode (e.g. to obtain a general expression for the O(e%) correction,
one would have to assume that L ; is reqular behaved, thus rendering the general form

of this correction invalid for ¢ < 2).

In possession of an expansion for v, expansions for the series coefficients a! are
obtained by expanding equations (4.19) and (4.20) in powers of €. To obtain generic pN
expansions for ®” valid for N < ¢, one can set 2 — v3 and € — v3¢ and expand ®” in

powers of v, truncating at order O(U2N). Here, the generic formula for the expansion of
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®¥ including terms up to third pN order (3PN) is explicitly written:

22
(I)V:1—|:Z £6:|_|_

N 24 (62 — 50— 10) ze
2(20+3) 2z

8201 3)20+5) 4+ 1)(20+3)

(402 + 460+ 135) 26 (30% — 270% — 1420 — 136) 23¢

720(20 + 3)(20 +5)  48(0+1)(£+2)(20 + 3)(20 + 5) *

(£ —182 +17¢ —4) & ((L—=2)*(L— 1)
8(20 —1)2 24(20 —1)23

(0 —1)2€2
120 1)22

+0(v®) (6.33)

Terms of higher order are given in Appendix B. This particular expression is valid for
¢ > 3. An expansion for ®¥~! valid for ¢ > 4 is easily obtained by replacing £ — —¢—1

in the above expression.

Next, the construction of pN expansions for gfmw(r, r’) and gf;nw(r, r’) from the ex-
pansions of ® and ® ¥~ is discussed. From the fact that ® = O(1) and ®~*~! = O(1),
one has ¢¥% = O(v%) and ¢;"~! = O(v™*~!). When recovering the original normaliza-
tion of the homogeneous solutions through the inversion of equation (6.16), the solution
R;"~! acquires a factor of e. Thus, RY = O(v’) and R;"™' = O(v=*2). The leading

contribution to the Wronskian is found to be:

W(RY,RG"™)  T(v+1+ie) D(—v +ie)

w - T(2v+2) TI(-2v)

(2 +1)
22

+0()| =0(w)  (6.34)

Then, the denominator in the equation for gfw(r, ) (6.6) satisfies wW¥/7"~1 = O(e),

which implies:

gfmw(r, ') =0(1). (6.35)

This fact implies that all f-modes of gfmw(r, r") up to £ = oo are of the same order
in the pN expansion, meaning that the f-sum cannot be truncated at some finite /.
This shall not be a problem since expansions for all modes satisfying £ > N + 1 can be
retrieved from the generic pN formulas for the homogeneous solutions as the one shown

in equation (6.33).

To understand how many ¢-modes of gfmw (r,7") need to be computed, one needs
to obtain expansions for the remaining quantities in equation (6.5). By replacing v
with v = £ + O(€?) in equations (4.48)—(4.49) and (4.63) and expanding for small e, the

following relations are obtained:

v, = O(1); 6, =0(1); K, = O(v=3%); K_,_1=0(%). (6.36)
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With the use of these relations, the leading term in the pN expansion of ggnw(r, r’) is

found to be

R N WREMRE() o
g@mw(r7 r ) 6VWV/_V_1 - O(U ) (637)

Thus, one needs to obtain N + 1 /-modes of gZ (r,7") for a calculation accurate to N pN

orders.

At this point, it is worth highlighting a remarkable property of gfmw(r, ). As
seen in equation (6.33), apart from the factors of 2 and 27V~!, the pN expansions
for the homogeneous Coulomb series solutions depend on the Fourier-frequency only
through integer (and also even) powers of w. While the overall factors of 2 and 27¥~!
contain terms like log(£) in their pN expansions, no log(w) term appears in the pN
expansion of gfmw(r, '), since these modes only depend on the homogeneous solutions

through combinations of the form RY(r)R;"~!(r'), meaning that the factors of w” and

v sV sl—v—1 —1,.v /—l/—l)

w™¥ cancel out (i.e. 2YZ = w rr This implies that pN expansions of
gfmw(r, r’) are easily transformed analytically to the time domain. The other part of the
radial Green’s function modes, gefi(r, '), do not share this property, since it contains
other combinations of R (r) and Rz”~'(r’). However, since géz (r,7") is associated with
regular contributions to the self-force, there is no issue in performing a full numerical

evaluation of the £-modes of Ff, as the f-sum of these should converge exponentially.

6.3 THE SELF-FORCE FOR A PARTICLE IN A CIR-
CULAR GEODESIC

v/=v=1) for large enough

In addition to a general formula for the pN expansion of ®(
£, a full analytical evaluation of Ff —5 accurate to N pN orders requires the obtention of
other N+1 expansions for the modes that are not covered by the generic formula. Instead
of obtaining such expansions, a semi-analytical calculation scheme shall be adopted. This
approach differs from Hikida et al (2005) [43] by the fact that they obtain individual pN
expansions for each one of the £ < N+1 modes, while these are evaluated and regularized
numerically in this work. In principle, one can start the analytical evaluation with the
use of the generic pN formulas at £ = N 4+ 1. However, by instead starting at any
£ > N + 2, the computation of pN expansions for gfmw (r,7") is bypassed, since equation
(6.37) implies that the leading term in the pN expansion of these modes will be at most

O(v®™N+2). With this in mind, the following regularization procedure is proposed:

FR = pRnum | pRpN (6.38)
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lo—1
FRmum — Z (Fmg — A,L — Ba>, (6.39)

=0
oo & oo Sv
FREN =N R505 =% <Fa(€ ) — Ba>, (6.40)
=Ly =Ly

where f{y is some integer satisfying £5 > N + 2. The evaluation of FEPN ghall be
carried out analytically with the use of the general pN formulas, while the contributions
from the low-¢ modes, FA™™™, are to be evaluated numerically from equation (5.4)
with the Green’s function radial modes given in terms of the MST series solutions,
which are truncated after some desired precision is reached. For the circular geodesic
calculation, the regularization of the low £-modes of the r-component of the self-force will
be performed by numerically subtracting the A, and B, parameters given in equations
(5.31) and (5.45). The remaining components require no regularization, meaning that

they can be trivially calculated numerically and shall not be discussed in this work.

To obtain a pN expansion for Ff(e ), gen(;z) (r,7") is expressed as a sum over powers

of w by collecting terms from all pN orders,

gfmw T, T ZWZkgﬁmk T T) (641)

where gifj,;) (r,7’) has been implicitly defined in the above equation as the coefficient to

the 2k-th power of w in the pN expansion of gfﬂ(;r])(r, r’). These modes are transformed

into the time-domain by using the formula:

o dw —tw(t—
/ @, (t—t") 2kgfn(1—1:)(7'77’/)

o (D0~ g (), (6.42)

where 6" (z) stands for the n-th derivative of the Delta function, 6™ (z) = 076(z). For
S(+)

a generic geodesic orbit, the F',"" contribution to the self-force modes at x = z(7 = 0)

is given by

ny) = 4mq? (62 + ugu®) lim Vg Z Z / ( RSB (£ — 2H(r))  (6.43)

z—2(0) it k=0

X g ) (1, 27 (7)) Yo (0, 0) Vi (2 (7), Z”(T))> )
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where the worldline integration is easily performed by changing variables to z?,

& d
Fc‘z(;) = lim 47¢*(6% + uau®)Vp Z Z{ on [ Zi)x (6.44)

z—2(0) et o

x gt (. 2" (1)) Vi (8, ) Vi (27 (1), Z“”(t))] }

Now, equation (6.44) is specialized to a circular equatorial geodesic described by

the relations (5.1),

g . 47 q?
j(é = xEIZI(lO) T (38 + ugu” Vs Z Z{ gék; (7o) (6.45)
m=—L k=0

x a?’mmw/zso)%(w/a,m)}.

To perform the summation over m, the formula given in [3] (with the correction found

in [44]) is used:

)4
2
Z m* | Yo, (g, <p>’ =\(0), for integer n, (6.46)
m=—/
4 - 9
Z m2n Tt ‘ng (5, gp)’ =0, for integer n, (6.47)
m=—/

where A, (¢) is implicitly defined by Taylor expanding

Z A0z 2041, Con
> ((22)' == eyl (1/2,—4;1;1 — e 27) (6.48)
n=0 ’

about = 0 and equating the coefficients to each power of x. One can see that the ¢
and ¢ components of the self-force modes in equation (6.45) vanish, since one would be
taking an odd amount of derivatives of the spherical harmonic functions. Thus, the only
S(+)

non-vanishing component of FO[’Z is

S(+) _ 47Tq Z ZQ2k{ Tg@]g ,r_ TO)|7’ ro M 2k|}/ﬁm(77/279t)’2}-

m=—~ k=0

4q? N g
= ut ZQQk}\k(g)argélc(+)(rv7"0)|r:ro (6.49)
k=0
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Here, the first few orders of the pN expansion of FTS KH), calculated from the general pN

formula (6.33), are written

2

3(+) q 2M Ll+1)
Fry = e (TO o 1)(2€+3)>(r09)2+ (6.50)
(6 (362 + 30— 2) (M)2 o 90(e+1) (32 +30-2) )(r09)4
(402 + 40 — 3) 4(20 — 3)(2¢ — 1)(2¢ + 3)(2¢ + 5)

+ O (v°).

To

Since Ff Z(+) is led by B, for large ¢. A pN expansion for B, can be obtained by calculating

hmzﬁoo FS(Z+)7
q M (o) OM? 27 . ;

Br=—gap |t =25 — = (roQ2 O(P). 6.51
s |12 (5 )+ (5 - Sieon) | oo oo
Then, by subtracting the above terms from Fc‘i(;), a pN expansion for FS’ZS is obtained,

- 2 3(7,09)2 3 M 2
FS—S — q B M o
M ! [8(26—1)(2£+3) 4 (402 + 40— 3) (TO) + (6.52)

9 (1840 + 184¢ — 135
+ ( + ) r6194 + O(’Uﬁ).
128(2¢ — 3)(2¢ — 1)(20 + 3)(2¢ + 5)

In Appendix B, pN expansions for the above quantities accurate up to five pN orders are
given. The 8PN expansions that are used for the upcoming calculations shall be made

available in a Mathematica notebook by the date of this thesis defense.

To estimate the error of a N-th pN order expansion of Ff[ S , one can calculate
the (N + 1)-th order correction to that expression. In Figure, 6.1 a plot of the estimated
error of a TPN expansion of Ff . S as a function of £ and g = V4r and ry = 6M is shown.
One can see that significant accuracy in the final result may be gained by starting the

analytical evaluation at a slightly higher £y value than ¢y = N + 2.
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FIGURE 6.1: Estimated relative error of a 7PN expansion of F' 5 ZS , obtained by calcu-
lating the 8PN correction to that expression, as a function of ¢ for M =1, ¢ = v4m at
various values of rg.
R’pN 3 3 3 S’*S 3
To evaluate F; in equation (6.38), an 8PN general expansion for F’, 7 is

summed analytically to infinity starting from different values of ¢y > N + 2, while the

remaining modes in

FrR,num

are evaluated numerically with the use of the Black Hole

Perturbation Toolkit [6] implementation of the MST method. The results obtained for

the self-force Ff for various values of ¢y and ry are shown in Table 6.1. These are

compared to the results in N. Warburton & L. Barack (2010) [45], which were obtained

by performing a numerical evaluation of the self-force modes up to ¢ = 50 and applying

a fitting technique to evaluate the contributions from the ¢ > 50 modes.

ro | fo FfRReN FR Ref. value [45] | | Rel. error |
10 | 1.212213 x 1074 | 1.654451 x 1074 0.01
6M | 15 | 7.947239 x 107 | 1.664123 x 10~* | 1.677283 x 10~ 0.008
20 | 5.927987 x 107° | 1.667781 x 104 0.006
10 | 1.659632 x 107> | 1.377700 x 10~ 0.0005
10M | 15 | 1.097126 x 107 | 1.378068 x 1075 | 1.378448 x 107 0.0003
20 | 8.205166 x 1076 | 1.378172 x 1077 0.0002
10 | 5.078874 x 107 | 2.719935 x 106 5x107°
14M | 15 | 3.366070 x 107 | 2.719996 x 106 | 2.720083 x 1076 | 3 x 1073
20 | 2.519512 x 1076 | 2.720020 x 10~ 2x107°

TABLE 6.1: Results for the self-force for particle in a circular geodesic at different rg
radius and for ¢ = 47 and M = 1, calculated according to (6.38) with the use of 8PN
expansions for FfoBPN and for different ¢, values. In the last columm, one can see the
relative error of the expressions obtained compared to the results in [45] rounded to the
first significant figure.
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As expected, the results obtained for Ff in Table 6.1 show great agreement with
the results taken from the literature the larger the orbital radius is. However, even for
the innermost stable circular orbit (ISCO) at ro = 6M, where the pN series is expected
to converge more slowly, one can still get a relatively accurate result using the 8PN

expansions by calculating more f-modes numerically.



Chapter 7

CONCLUSION

In this thesis a rather self-contained calculation of the scalar self-force for a cir-
cular geodesic in Schwarzschild spacetime has been performed through the review and
application of various techniques found in the literature. Two different methods for ob-
taining homogeneous solutions to the field equations were discussed, in the form of the
approximate large-¢ WKB solutions derived in Chapter 3 and of the MST [2] solutions
reviewed in Chapter 4, and used in conjunction to calculate the self-force for circular
geodesic using an adaptation of the regularization method taken from Hikida et al (2004)
[3]. The obtained results showed good agreement with the reference values, even though
as few as 20 f-modes have been explicitly computed numerically (compared to the 50
¢-modes computed in the results taken from the literature) and the chosen pN order for

evaluation of the remaining modes was relatively low (8PN).

An immediate generalization to the work done in this thesis would be to attempt to
obtain higher-order regularization parameters for the circular geodesic in Schwarzschild
spacetime with the use of the WKB solutions obtained. A generalization of such results

to other geodesic orbits would also be of great value.
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Appendix A

EXPRESSION FOR THE S/“Y(r)
TERM OF THE WKB SERIES

For the purpose of illustrating the complexity of the even n functions in the WKB

series solution to the Regge-Wheeler equation, the full expression for Sé‘”o (r) is given:

2 (r—z3)(x1—x2) (r—z1)(r—z4)(z1—22) (T2 —24)
§L90(r) = (r = 2) (1 — )y (i, [l e
0 =

’I“Q\/ Ung(T)Z‘Q(JJQ — QM)(J‘Q — Jil)($2 — .T4)

X (2(2M —22)([(1 + Vg + 2M) + 2ow? (x4(x2 — 2M) (29 — 1)+

X

+ x2(2M (29 — x1) + @2 (21 + xz))))F (sirf1 ( p(r)) ‘ q) +

WH(r = @o)(r — @) (@) — @)/ LRI
( I ) E (sm ( p(r)) ‘ q) +
7’2\/ ero(T)\/ %
2 (r—wg)(wi—xs) [(r—m1)(r—ma)(@1—22)(T2—T4)
1 (r = @2)* (a1 — wa) ey [Conlloagfn el
’I“Q\/Ugwo(T) £U1.T2($1 —QM)(QM—{,CQ)(:BQ —x4)

— W (r —x)(r — 23)(r — x4)

[4M(2M —21)(2M — 25)I1 (W; sin™! ( p(r)) \ q>

_|_

$1($2 - $4)

129w (2M — 21)(2M — x3)(AM + 1 + x5 + 23 + 24) X

x I1 <x1 — x4; sin~! ( p(r))‘q) +
X9 — T4y

— 16 M3 2 zow?1l (gj : gﬁsgi _23; sin~! ( p(r)) ‘ q) } +Cy
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Here,

_ (z1 —wq)(z2 — 3)
L P SR & A1)
(r —a1)(v2 — 24)

S A Tern) 2

and (z|y) and II(z; y|z) are complete elliptic integrals of the second and third kind, respectively,
and F(z|y) denotes the incomplete elliptic integral of the first kind. The quantities xz; are

(complex) solutions to the quartic equation:

UZUJO(J:) =0. (Ag)



Appendix B

PN EXPANSIONS

In the equations below 5PN expansions for various quantities defined in Chapter 6 are

written.

10
= "p (B.1)

k=0

22 le
_ _ ke B.3
P2="0 6 T 22 (B:3)
4 2 —50-10)ze (£ —1)20e?
ps= ° L Jze (=) < (B.4)
3202 + 1280 +120  4(L+1)(20+3) ' (8¢ —4)z
28 —303 4+ 2702 + 1420 + 136) 3¢

Pe = ( ) (B.5)

TR 252+ T BEF )220+ 3) 20+ 5)
(B8R4 E (0 22(0— 1)t

8(1 — 2¢)2 (480 — 24)23

(=320 —2)%(¢ — 1)let (504 — 6003 — 6250% — 1548 — 1108) 25¢ N
P8 = "06 (402 — 80 + 3) 24 480(0+ 1)(€+2)(€+3)(20+3)(20 +5)(20 + 7)

(266 — 6165 + 53¢+ + 386(% — 28602 — 40 + 24) € N 28 .

48(1 —20)20(2¢ + 1)z 384(20 4 3)(2¢ + 5)(20 + 7)(20 + 9)
2’262
48¢° — 11528 — 704007
M S e He +
— 8212/5 + 10953¢° 4 15745¢* — 1086743 — 7749¢% + 6930 — 768) (B.6)
3i (302 + 30— 2) €3
i (302 + )e (B.7)

PO Sper D2 — 1)(20 + 3)
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(=P =3)P =)D 210 N
P1o= 960 (402 — 80 + 3) 2° 3840(2¢ + 3)(20 + 5)(20 + 7)(2€ + 9)(2¢ + 11)

B (0(TL(5E((0 — 14)0 — 253) — 5822) — 73032) — 43968)27€

26880(¢ + 1) (£ + 2)(€ + 3) (£ + 4)(20 + 3)(20 + 5) (20 + 7) (20 + 9)

2462

_ 160/ _ 59200010

9601 — 202(0 + ) 1 2)(0 1 3)(2 + )20 3P0 + )2 1 7) (100F — 520007+
— 53840¢° — 7487208 + 715258(7 + 30655395 + 4173300¢° + 569492¢* — 2743668¢3+
— 883399¢2 4 690870/ + 37080)+

3
ZE

— 4 0+ —11 02

T02(1 — 2070(0 + 1220 + 1) (20 + 3)3(a 1 5) (0180 + B9568L + — 1157760+
— 27831643 + 67017¢* + 4535210 + 405867¢5 + 169443¢7 + 31236¢% — 67207+

4

— 768010 4 160'1) — ¢ 409 — 18808 + 48307

70867+ 1607) — o —anTa — 32l (2l T 32 S8E° 83t
+ 31270% — 679507 — 4211¢* + 13208¢% — 4404¢% — 936( + 432) (B.8)

All of the other py with £ < 10 that are not shown in the above expressions vanish.

The FES(H modes obtained from this expansion reads:

. 2 5
S(+ q S(+
Fy = T outr2 Zka( ) (B.9)
0 k=0
5 (B.10)
5 oM UL+ 1)r202
fS M Ut Dr (B.11)

o (20-1)(20+3)
560 _ 6 (302 + 3¢ —2) M? 9(¢ +1) (302 4 3¢ — 2) r*Q*

= — 1
4 (402 + 40 — 3) r2 4(20 —3)(2¢ — 1)(20 + 3) (20 +5)’ (B-12)
§(+)  8(—b0—50+3) M3 250(0 4 1) (5¢* + 1063 — 50 — 10¢ + 8) r°Q°
=— - +
6 (402 4 40 — 3) r3 4(20 —5)(20 — 3)(20 — 1)(20 + 3)(20 + 5) (20 + 7)
€ (120£° + 360¢* + 186¢% — 228(% — 107¢ + 67) MQ?
(1—20)2(20+1)%(2¢ + 3)2
5 (905 + 2765 — 2704 — 993 — 40% 4 500 — 12) Mr3Q* (B.13)

200 —1)(€ +2)(20 — 3)(20 — 1)(20 + 3)(20 + 5)
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S(+) _ 10(350* 4 70£% — 115¢% — 150€ + 72) M*
8 (20-3)(20—1)(20+3)(20 + 5)rd
2450(¢ + 1) (35° 4 10565 — 350* — 24503 4 168(% + 308¢ — 272) r8Q8
64(2¢ — 7)(2¢ — 5)(2¢ — 3)(2¢ — 1)(20 + 3)(20 + 5) (20 + 7) (20 + 9)
L2 (28045 + 840¢° + 4900+ — 42003 — 265(2 + 85( + 18) M>Q)? N
(1—20)2(20 + 1)2(20 4 3)2r
TM7roQ° y
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— 72802 4 2312/ — 480) —
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oo (1604 4 3203 — 5602 — 720 + 45) 5 '
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X T BT 9. * *

+ 162802507 + 1905715¢° — 49346157 — 56874164 + 985345205 + 6824328(*+
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3M?r4Q0
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x [201600£'8 + 1814400¢'7 + 215600001¢ — 23878400/ — 68525800¢'* + 8213380043 +-
+ 46756525002 + 1165417001 — 1207160341¢*° — 830800255¢° 4 151639010245+
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— 10330500 4 760505 4 67846 + 20573 — 167330 4 1146 4 810)460512505+
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From the £ — oo limit of the above result, one finds an expansion for B,.:
12
B, = St Z bay, (B.17)
k=0
by =1 (B.18)
oM r2Q?
by = 2 _ B.1
2= — 1 (B.19)
9M2 27
by=—p — B.
T2 64 (B-20)
125 45r30%  10M3  15M2Q?2
bg = ———r°0° — .
6= To56" 22 T Tm TR (B.21)
b — 8575780 175M71°Q0 L 175 315M2r2Q* N 35M302 (B.22)
8 16384 64 84 128 4r '
_ 35721710010 33075M7Q° N 189M°  4725M7r*Q° N 945 M °Q? (B.23)
10 65536 8192 475 512 32r2 '

The FIPN contribution to the regularized self-force up to 5PN and for a given £y is obtained

by subtracting the expansion for B, from the one for F, ZS(H

infinity.

and summing from a given £y to
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