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RESUMO

Esta dissertacdo de mestrado tem como intuito principal ap-
resentar novas técnicas matemadticas em dalgebras de Cayley-
Dickson e (super)dlgebras graduadas de Lie Z}. As princi-
pais aplicacoes destas novas ideias sdo as teorias de particu-
las e paraparticulas, eletromagnestismo de dyons e Teoria-
M octonidnica. No contexto das dlgebras de Cayley-Dickson,
procurou-se apresentd-las sob a o6ptica da Construgdo de
Cayley-Dickson, na qual foi criada uma representacdo matri-
cial que comporta a ndo-associtividade das algebras hiper-
complexas como octonions O e sedénions S. Assim, foi possivel
estabelecer uma relacao entre a dlgebra da base octonionica e
a 4lgebra das matrizes de Pauli e Dirac para, entdo, criar a la-
grangiana octonionica do eletromagnetismo de dyons. Para as
algebras graduadas de Lie, nos concentramos na apresentacao
de um método de dobracéo, no qual se obtem uma dlgebra Z7 a
partir de uma outra de dimensao n — 1. Além disso, foi demon-
strado um célculo para perturbacoes em sistemas de algebras
graduadas que permite a andlise ndo s6 para pequenas per-
turbacoes, mas de ordens maiores. Espera-se que este ultimo
tenha aplicacao em sistemas de particulas e paraparticulas que,
mediante uma perturbacdo, passam a interagir de modo nao
usual entre si.

Palavras chave: Algebras de Cayley-Dickson; Algebras gradu-
adas de Lie; Superdlgebras graduadas de Lie; Paraparticulas;

Dyons.






ABSTRACT

This master’s dissertation aims to present new mathemati-
cal techniques in Cayley-Dickson algebras and graded Lie (su-
per)algebras over Z7. The main applications of these new ideas
are in the theories of particles and para-particles, dyon electro-
magnetism, and octonionic M-theory.

In the context of Cayley-Dickson algebras, the focus was on pre-
senting them from the perspective of the Cayley-Dickson con-
struction, in which a matrix representation was created that
accommodates the non-associativity of hypercomplex algebras
such as octonions O and sedenions S. This made it possible to
establish a relationship between the algebra of the octonionic
base and the algebra of Pauli and Dirac matrices, and then to
create the octonionic lagrangian for dyon electromagnetism.
For graded Lie algebras, the focus was on presenting a doubling
method, in which an algebra Z7 is obtained from another of di-
mension n — 1. In addition, a calculation was demonstrated for
perturbations in systems of graded algebras that allows analy-
sis not only for small perturbations but also for higher orders.
It is expected that the latter will have applications in systems of
particles and para-particles that, through a perturbation, inter-
act in an unusual way.

Keywords: Cayley-Dickson algebras; Graded Lie algebras;

Graded super Lie algebras; Para-particles; Dyons.
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Introduction

Mathematical physics is an area of study that combines the theories and methods
of physics with advanced mathematics. However, more than just a connection between
two fields of knowledge, we can also understand mathematical physics as the area in which
physicists create advanced mathematical techniques useful for overcoming mathematical
limitations existing in physical theories. Therefore, the purpose of this master’s disserta-
tion is to present new techniques created in the context of Cayley-Dickson algebras [1], [2],
[3] and graded Lie (super)algebras ZJ [4], [5], [6] hoping they will be useful for particle and

para-particle physics theories [7] as well as for Maxwell and dyonic electromagnetism [8].

At first, this work aims to revisit the main Cayley-Dickson algebras - complex num-
bers (C), quaternions (H), octonions (0), and Cayley-Dickson sedenions (S) - according to
the doubling construction. This mathematical formalism is an important tool for verifying
how we can build new algebras by doubling algebras of smaller dimensions. In addition, it
makes it possible to understand how the properties of algebras relate to those of other alge-

bras used in doubling.

It is known that for complex numbers and quaternions there is a matrix represen-
tation that is compatible with their algebras [9], [10]. Therefore, a detailed construction of
the matrices that correspond to the algebras C and H is also presented. However, this work
proposes a matrix construction for algebras of higher dimensions. We sought to develop the
matrix representation technique for the construction of Cayley-Dickson algebras, allowing
elements of non-associative algebras, such as octonions and sedenions, to be written as ma-
trices. For octonions and split-octonions, this technique is an alternative to Zorn matrices
[11],[12] and it is expected to be used, for example, as a possibility of writing Clifford algebra
Clp(10,1) of octonionic M-theory [13] matrices with real entries and in dimensions of 32 x32.
In addition, through the matrix representation of the bases of octonionic numbers, it was
possible to construct the octonionic version of the dyonic electromagnetism Lagrangian [8].
It was also possible to verify global and local quaternionic symmetries for the SU(2) group,
through a simple and already known relationship between quaternionic base elements and

Pauli matrices [14].



4 CONTENTS

In the context of Z} -graded Lie algebras and superalgebras, after a brief presentation
of Z,, Zg, and Zg, a new technique was demonstrated that allows for the creation of these
algebras from others of the same nature but with smaller dimensions. This practice is called
Doubling Construction for Z; (super)algebras and was used to create a representation for a

Z3 algebra of supersymmetry A = 2.

Also presented was an approach to perturbations in graded (super)algebra systems.
In this formalism, the perturbation was inserted into the mapping of a (super)algebra of any
dimension, so that the rules of commutation or anticommutation were modified. As a result,
we had that the result for the Lie bracket was ambiguous, generating both a commutation
and an anticommutation simultaneously for the generators of the algebra in question; un-
like the usual case, in which the Lie bracket will be either just a commutation or just an
anticommutation. This formalism seems to indicate a new way of constructing Volichenko
algebras from graded Lie (super)algebras [15]. It is expected that the results obtained are
fully capable of being applied to descriptions of systems where there is symmetry breaking

or perturbations capable of modifying the interaction between particles.



Chapter 1

Cayley-Dickson Algebras

In this work, we will call by Cayley-Dickson algebras all the hyper-complex algebras
that can be produced from a sequence of doublings starting from real numbers. This sequen-
tial procedure of creating new algebras was introduced by Arthur Cayley and Leonard Dick-
son [1] and such algebras are constantly applied in mathematical physics. Some examples
of this application is the use of Quaternion algebra (H), a non-commutative Cayley-Dickson
algebra, as a tool for Maxwell electromagnetism [16], [17] and for rotation of rigid bod-
ies [18]. Recently, Giardino also used quaternions to build a constrained four-dimensional
quaternion-parametrized conformal field theory [19]. Cohl Furey used division algebras -
a special kind of parabolic Cayley-Dickson algebras - to construct standard model particles
representations [20]. Octonions (0), a normed non-associative algebra, is a elegant math-
ematical tool for dyonic electromagnetism and Sedenions (S), a non-alternative and non-

division algebra, are useful for introduce gravitation in this model [8].

In this chapter, Cayley-Dickson algebras will be presented and its most important
properties, attempting to a particular presentation of elements of algebras coincident Cayley-
Dickson doubling construct. So it is not wrong to say that the most important subject of this
chapter is not the algebras but the procedure of doubling construction as a powerful tool to

understand characteristic aspects of each algebra.

1.1 Preliminary concepts

A Cayley-Dickson algebra A is a hyper-complex algebra over the Reals (R) with a bi-

linear mapping .# that is characterized as follows:

MMAXA — A
abeA | MHa b eA

A is the multiplication and it will be defined shortly afterwards. There are other

5



6 CHAPTER 1. CAYLEY-DICKSON ALGEBRAS

properties for A and M that are important. They are:

l,aeA | HQ,a)=4(a,l)=a (1.1)

thatis 1 € A and 1 is the neutral element of mapping the 4.

The Cayley-Dickson doubling construction is a mathematical tool that allows the cre-
ation of Cayley-Dickson algebras that have 2N base elements, from the doubling of another
algebra with N base elements [1]. The most important algebras formed from this process
are Complex numbers(C), Quaternions (H), Octonions (0) and Sedenions (S). They are ob-

tained through successive doubling of the Reals (R).

Before starting presentation of Cayley-Dickson construction, it is important to men-
tion that, according to the Hurwitz theorem, R, C,H and O are the only four possible division
algebras [2]. A division algebra A over R is an alternative, finite-dimensional, real vector

space with a bi-linear product .#, such that:

M AXxA — A
(a,b) — ab, abeA

It satisfies the conditions, for any a, b:

ab=0sa=0or b=0 (1.2)

and
a(ab) = a’b (1.3)

The relation (1.3) is the alternativity property for division algebras.

There are two main operations that arises from definition of division algebras:

* Conjugation: If a, b € A, a division algebra, then the conjugation satisfies:

(a*)*

(ab)* = b*a*

a

* Norm: A division algebra can be normed A if A" is a positive-definite quadratic form,
such that:

N A—RY
and for any a € A, one can have:

N(a)=a*a, N(a)eR" .
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The most important Cayley-Dickson algebras have the following properties:

¢ R: Commutative and associative.

¢ C: Commutative, associative and alternative.

¢ H: Non-commutative, associative and alternative.

¢ O: Non-commutative, non-associative and alternative.

e S: Non-commutative, non-associative and non-alternative!.

The Cayley-Dickson doubling construction is a powerful tool to understand how a
new property arises when a new algebra is constructed from another. It is, suppose a algebra
A with a certain quantity of properties and now let’s use Cayley-Dickson doubling to con-
struct a new algebra A2 from A. When doubling occurs, it’s is possible to verify that there
are more properties in A2, Then, if we doubling A? its new property - the one that does not
exists in A - will be directly responsible for the new property of A*. For example, lately will
be shown that the non-associativity of octonions is a consequence of non-commutative of

quaternions.

1.2 Cayley-Dickson doubling construction

As mentioned before, Cayley-Dickson doubling construction is a process to produce
a new hyper-complex algebras from a given algebra. Furthermore, following this process,
one can verify that a 2”-dimensional Cayley-Dickson algebra can be constructed after n suc-
cessive doublings from R, so that the elements of a 2”-dimensional algebra are “vectors”
represented by 2" real components each multiplying an element of the hyper-complex ba-

sis.
A Cayley-Dickson algebra A? is defined by the following operations [21]:
1. Multiplication: (x,y) - (z, w) = (xz+ew*y, wx + yz™).
2. Conjugation: (x,y)* = (x*,—y).
3. “Norm”: &' (x,y) =N (x) —eN ().
4. Multiplication by a real number: a(x, y) = (ax,ay), acR.

5. Conjugation of multiplication: [(x, ) - (z, w)]* = (z, w)* - (x, y)*

!Later, we will see that since Cayley-Dickson Sedenions are formed from a doubling of octonions, thus they
cannot be classified as a division algebra, because property (1.2) is not always true.
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where x, y € A. If A? is a division algebra, then € = —1. For split-division A?, € = 1. Operations
4 and 5 are immediate consequence of operations 1 and 2, but is important to explicit it here

because it will be useful to next calculations.

For Cayley-Dickson doubling construction we choose € = +1 and a algebra A to rep-

resent elements of other algebra A? as the ordered pair (x, y), whose x, y € A.

Split-division algebras are not a division algebra because the property (1.2) is not

always true for its elements.

Operation (3) is only called norm for division algebras and that is why the word was

written in quotes.

Now we have all the concepts needed to start building the Cayley-Dickson algebras.

But first, we need to know one last detail. By choosing e = -1,

* Care adoubling of R;
* H are a doubling of C;
* O are a doubling of H and

e S are a doubling of O.

1.3 Complex numbers

The usual presentation for a complex number z is:

z=a+bi, abeR (1.4)

One can also present z as the ordered pair (a, b), such that:
z=a(1,0)+ b(0,1) (1.5)

where:
1=(,0), i=(0,1). (1.6)

If we use the property of multiplication for Cayley-Dickson construction, it will be

possible to verify that i = —1:
i*=(0,1)-(0,1) = (-1*1,0) = —(1,0) (1.7
Multiplication between two complex numbers z = a+ bi and w = ¢+ di written ac-
cording to (1.4) is

(a+bi)-(c+di)
(ac—bd) + (ad + be)i (1.8)

o
S
I
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If we use the Cayley-Dickson’s multiplication and representation (1.5),

z-w = (a,b)-(¢c,d)
= (ac—-d*b,da+bc")
= (ac—bd,ad+ bc)
= (ac—-bd)(1,0)+ (ad + bc)(0,1) (1.9

It is easy to verify that the results (1.9) and (1.8) are equivalents. The conjugation z*
of the complex number z is:
z" =a-bi. (1.10)

According to Cayley-Dickson’s conjugation,

z" =(a,—b) = a(1,0)-b(0,1) (1.11)

The norm of a complex number can be calculated by z* z using the form (3):
z"z = (a+bi)(a-bi)
= a*+b° (1.12)
Using the Cayley-Dickson’s definition of norm,

N (2) =N (a,b)=N(a)+ N (b) (1.13)

and the property of A (a), then
N (2) = a® + b? (1.14)

1.4 Quaternions

To create quaternions (H) we will use ordered pairs of complex numbers. A quater-
nion v can be presented as
v=_(z,w), z,weC (1.15)

The quaternion number v can be represented in by a vector with reals components.

For it, just write z= a+ bi and w = ¢+ di, where a, b, c,d € R. Then,

(a+Dbi,c+di)

a(1,0) + b(i,0) + ¢(0,1) + d(0, ) (1.16)

v=I(z,w)

Let’s represent the quaternionic base as:

e =(1,0), e =(,0, e=(01), e3=(0,i) (1.17)
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By using the Cayley-Dickson multiplication is possible to establish that:

eiej:—eonij+£ijkek (1.18)

where 7);; is the metric of quaternions and ¢; ;. is the totally antisymmetric Levi-Civita sym-

bol. It is easy to verify that:

nij=06ij — (1.19)

S O -~
oS = O
- O O

Since the quaternions metric is euclidean is not necessary to distinguish to upper and
lowed indices. The same occurs for octonions. Split-quaternions and split-octonions have a
non-euclidean metric and therefore for both will be necessary to write indices superimposed

ou lowered?.

But now, let’s back to the representation of quaternions as ordered pairs of complex
numbers. From this presentation it is possible to analyse the origin of the non-commutativity

of quaternions. Given two quaternions, v = (z, w) and u = (x, y), where x, y, z, w € C. We have

u-v = (xy-(zw)
= (xz—w'y,wx+yz") (1.20)
and
v-u = (z,w)-(x,y)
= (zx—y 'w,yz+wx") (1.21)

Results (1.20) and (1.21) are not the same because y* # y, w* # w, z* # zand x* # x.
Quaternions are non-commutative because operation of conjugation applied in a complex
number generates a different complex number - this not happens to real numbers. That is
the first example of how a property of a algebra can be responsible to a new property when
it is doubled.

Later will presented a matrix realization for quaternions and complex and how it can

be used to construct a matrix representation for Cayley-Dickson doubling construction.

1.5 Octonions

The procedure to represent octonions in terms of the Cayley-Dickson construction is

the same as before, remembering that the ordered pair is of quaternions.

2This reasoning is similar to when we are working with elements of Minkowski space
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Therefore, let’s choose quaternions v and u such that g = (v, u), g € O. To represent
octonion ¢ as a “vector” with real components we need at first to do the same to quaternions

v and u. Considering

v=aey+be;+cey,+des, a,bc,deR (1.22)

and

u=fey+ge +he,+mes, f,ghmeR, (1.23)

then,

(aey + be; + cey + des, fey + gey + hey + mes)
a(eo,0) + b(eq,0) + c(ez,0) + d(e3,0) + f(0,ep) +
+g(0,e1) + h(0,e2) + m(0,es3) (1.24)

Q
Il

One can define:

EO = (eOyO)r El = (el,O), EZ = (eZyO)r ES = (eSrO)
E;=(0,e9), Es=1(0,e;), Eg=(0,e2), E7=1(0,e3) (1.25)

The basis can be divided into two groups: Ey, E;, Ey, E5 are an associative subalgebra
of the base and it’s is isomorphic to quaternion basis. Eg4, Es, Eg, E7 are the non-associative

part of the octonionic basis.

The multiplication between two elements of the basis is defined as:

EiEj = _,uijE0+CijkEk» (1.26)

where C; i is the structure constant of octonions, it is totally anti-symmetric. y;; Is the

i j—component of a metric. It is defined as:

S O O ©O o o +~
o O O O o ~= O
o O O O ~= O O
o O O = O O ©
o O = O O OoO O
o = O O O O O
—_ O O O o o ©

The values of C; ji are given in the following table:
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Ci2z=1 | Caiz=-1] C312=1
Cizz2=-1| Cuz1=1 | G321 =-1
Cuus=1 | Cue=1 | Cyy7=1
Cisa=-1] Cos7=1 | C356=-1
Cie7=—1| Copa=—1| Cge5=1
Cize=1 | Cas=—-1| Cs74=-1
Cyps=-1] GCsiu=1 | Cer7=1 | Cri=-1
Cip6=—1| Csp7=—-1] Cea=1 | Cyp5=1
Cy37=—1]| GCsz3g=1 | Cezs=—1| Cr34=1
Ci51=1 | CGsyy=—1] Cggo=—1 | Cy3=-1
Cas2=1 | Cs3=—1] Cps3=1 | C750=-1
Ciz=1 | Gpp=1 | Gn=-1] Cp=1

Table 1.1: Structure constants of octonions.

One can now consider three different octonions, p, g and r, and apply definition of

the associator [e,

o 0]

(p,q,rl=((pq)r—p(qr)

(1.28)

For associative algebras, operation (1.28) is null. But for p,q,r € O it is not always

true. To verify this cause within the scope of the Cayley-Dickson construction, let’s write p, q

and r as follows:

p=(ab),

where a,b,c,d, g, h e H.

Therefore,

(pq)r

and

p(qr)

((a,b)(c,d))(g, h)
(ac—d*b,da+bc*)(g,h)
(acg—d*bg—h"da—h"bc",

(a,b)((c,d)(g, h)
(a,b)(cg—h"d, hc—dg")
(acg—ah™d—(hc—dg*)*b,(hc+dg*)a+b(cg—h"d)")
(acg—ah™d—c*h*b-gd* b, hca+dg a+bg*c*—bd"h)

q=(cAa),

Let’s now substitute (1.30) and (1.31) in (1.28):

(p,q,r]

= ([a,h*d] +(c*,h*bl+(g,d"b],

+bld*, hl +[b, hd™])

r=(gh

hac—hd*b+dag™ +bc*g")

hla,cl+d(g*,al +blc*, g"]

(1.29)

(1.30)

(1.31)

(1.32)
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(1.32) Shows that the non-commutativity of quaternions is responsible for the non-

associativity of octonions.

One can use the associator to proof the alternativity of octonions. At first, let’s back
to the table 1.1 and verify the following identity:

CijikxCmjk=0im (1.33)

It is important to say that result (1.33) is not a summation. For a summation, then?:
gcijkcmjk =0im

The identity (1.33) will be useful on the next calculation. Now, let’s apply the associ-

ator on any three of the seven elements of octonion basis:

([E;,Ej,Ex] = (E;E))Er—E;(E;Eg)
= (0ijEo+ CijiE)Ex —E;(=6 jxEo + CjxmEm)
= —0;jEr+0kEi +Ciji(=61k+ CiknEn) — Cjgm(=6im + CimpEp)
= —0jEx+6kE;i = Cijx + Cjki + Cij1CixnEn — CjxmCimnEn
= —0;jEx+0kEi +(CijiCikn+ CjxmCmin)En (1.34)

So,letsdoi=jandi,j#k:

[E;,E;,Er] = —06iiEx + CixmCminEn (1.35)
Using the result (1.33) on (1.35),
(E;,E;,Et] = —Erx+65,E,=0 (1.36)

When choosing j = k and j, k # i, the calculation will be analogous to the immedi-

ately previous process.
If one choose i = k and i, k # j, then:
[EiBj,Ei] = (Cij'Cu" +Cji" Cni"Ey
6;"~56;"E,=0 (1.37)

So, according to (1.36) and (1.37), one can see that the elements of octonion basis
form a alternative basis. Furthermore, it’s is possible to state that the operation [E;,E;, E]

can be written in terms of a totally anti-symmetric tensor T; jx, such that:

[E;,Ej,Ex] = T; i "E, (1.38)

3The Einstein sum convention is adopted in this case.
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Returning to table 1.1, it’s is possible to verify that:

[E;,E}, B¢l = [Et, B, Ej] = [E}, By, B (1.39)
where,
[Ex, Ei,Ejl = =64Ej+6;jEr+ (Ci1Cijn+ CijmCmkn)En (1.40)
and
[Ej,Ex,Eil = =6 jkE; + 61iEj + (CjxiClin + CrimCmjn)En (1.41)

When adding up (1.34), (1.40) and (1.41), we have:

2
(Ei, Ej, E¢] = g(cijlclkn +CjkmCmin + CkipCpjn)En (1.42)
Therefore: )
Tijkn = g(cijlclkn‘l‘Cjkmcmin+ckipcpjn) (1.43)
where
{1,2,3}, 1{2,4,6}, {3,5,6}.
Tijkn =0, it {i,j,k}=4 {1,4,5}, {2,5,7}, (1.44)
{1,6,7}, 1{3,4,7},
and

Thp47 =2 To345 =2

Thos6 =—2 | Toze7=—2

Th346 = —2 | Tys67=—2

T1357=-2

Another operation should be presented (it will be useful for future analysis) is the
anti-associator {e, e, e}:
{a,b,c} = (ab)c+ a(bc) (1.45)

If a, b, c € O, the result of (1.45) can be null. It is a peculiarity of octonions because it
result does not happen for any other division algebra.
For any three elements of the octonion’s basis we have:
{Ei, Ej,Ex} = (E;Ej)Ex+E;(E;Eg)
= (=6ijEo+ CijiEDEg + Ei(=06 jxEo + CjkmEm)
= —0ijBx—0kEi+ Ciji(=01k+ CiinEn) + Cjxm(=6im + CimnEn)
= —0;jEx—0kE; —2C;jkEo+ (CijiCikn + CijkmCimn)En (1.46)

According to (1.46) one can verify that:

{Ei»Ej;Ek}:Sijk"'Aijk (1.47)
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where A; j is the part totally antisymmetric of (1.47) and S; j is the part partialy symmetric.

By choosing i, j, k different indexes:

{Ei,Ej,Ext = —2CijkEo+ (CijiCrin + CijkmCimn)En = Aijk
{Ej,Ef, E;}

—2CjkiEo + (CjkmCmin + CritCjtn)Bn = Ajki
{Ex,Ei,Ej} = —2Cy;jE0+ (CritCtjn+ CijiCrin)En = Agij (1.48)

Then, by adding the three equations of (1.48), we get:
Aijk = —2Cl~jkE0 (1.49)

In order to determine an expression for S; jx one can do:

{Ei, Ei,Ext = Siix = —2Ey,
[E,E;,B}} = S;;=-2E,

{E,,Ej,Ei} = S;iji =2E; (1.50)
Therefore:
Sijk:_26ijEk_25jkEi+26ikEj (1.51)
and
{Ei,Ej,Ek} = _26ijEk_26jkEi+25ikEj_2CijkE0
= —2(0;j0k" +8k0;" —0ik0 jn)En—2C;jkEg
1
E{Ei,Ej;Ek} = HijknEn—CijikEo (1.52)
where
Hijkn==0ij0kn—0jk0in+0ix0 jn (1.53)

According to second line in (1.52) and (1.46),

—0ijEr—0jkE; —2C;jxEo + (C;iClin — CjkmCmin)En =
—2(6ij0kn+0jk0in—0ik0 jn)En—2C;jxEo
(=6ij0kn—0jk0in+CijiClikn— CjkmCmin)En =
—26ij0kn+t0jk0in—0ik0 jn)En

Therefore:

Cij1Cikn = CijkmCmin=—0ij0kn =0 jk0in+ 0610 jn (1.54)
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1.6 Cayley-Dickson sedenions

Cayley-Dickson Sedenions are not a division algebra. It is a non-alternative algebra
wich can be construct, by doubling octonions, as the same process done in the last alge-
bras and using Cayley-dickson parameter € = —1. If we double octonions using € = 1, then
we will get conic sedenions [12], [22], [23]. In this work let’s focus only on Cayley-Dickson
sedenions, since it is enough to understand how non-alternative arises in Cayley-Dickson

doubling construction.

Therefore, elements of Cayley-Dickson sedenionic basis can be represented as:

So=(Eo,1), S1=(E1,0), S2=(E20), S3=(E3,0),S4=(E40)
SS = (ES)O)y SG = (EGrO)y S7 = (E7y0)
Sg =(0,Ep), S9=1(0,E1), S10=(0,Ez), S11=(0,E3), S12=1(0,Ey)
S13=1(0,E5), S14=1(0,E¢), Si5=(0,E7) (1.55)
Then, the multiplication between two elements of the sedenion base are:
SiS; = _6ijSO+Kiijk (1.56)

where K sedenion structure constant, and it is a anti-symmetric symbol. The values of

K jx are given in the following table: There is an important property about the basis of sede-

Kz =1 Kzg10=1 K347 =

Kis=1 Ko =1 K356 = —1

Kig7=-1 Kys7=1 K3g11=1

Kigo =1 Kz911=1 | Kzg10=-1
Kii011=1 | Ko1214=-1| K31215=-1
Kii213=-1| Kz1315=—-1 | K31413=-1
Ki1415 =1 K5813=1 Keg14=1

Kygio=1 | Ks912=-1 | Kgg,15=-1

Ky913=1 Ks1015=1 | Kg10,12=-1
Kyr014=1 | Ks1114=-1| Kg11,13=1
Kyi15=1 K7815=1 K7914=1
K71013=-1| K711,12=—1

Table 1.2: Structure constant of Cayley-Dickson sedenions

nions and non-alternativity. Choosing any three elements of (1.55) we get:

[Si,Sj,Skl = =68k +6jkSi + (K i Kixn + KjxmKmin)Sn (1.57)

Let’s suppose now i = j, or i = k, or j = k. These choices mean that we are analyzing the

alternativity of the sedenions basis elements. But even knowing that the sedenions are non-
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alternative, it is possible to notice that this result will be null. So, unlike the algebras pre-
sented so far, in which the characteristic degree of freedom of each one was already ob-
served in multiplication between the elements of its basis, multiplication between elements

of sedenions basis does not carry the main characteristic of this algebra.

Elements of the sedenionic basis are ordered pairs of the type (0, *) or (*,0). We can
obtain non-alternativity by doing a multiplication between ordered pairs with both non-zero
components (*, *). Then, let’s take the following three sedenions x = (E;, E;), y = (Ex, E;) and
z=(Ey Ep):

(x,y,2] = (xy)z—x(yz) (1.58)
where
(xy)z = ((E;,Ej)(Er, ED)(Epm, Ey)
= (BiEx+E/Ej,E/E; —E;EL)(Ep, Ey)
= ((E;Ex)Em + (B(E))E;; + Ey(E/E;) — Ej (E;Eg),
Ej(E;Ex) — En(E(Ej) — (E/E{)Ep, + (EEf)Ep) (1.59)
and

x(yz) = (E;,Ej))((Eg, E))(Ep, Ey))
= (Ei, Ej)(ExEm + E B, E Er —E(E};;))
= (E;(ExEnm) +E;(ELE)) — (ExE)E; + (EnE)Ej,
(ErE)E; — (BjEm)E; + E;(E;Er) + E; (E/Ep)) (1.60)

We can now substitute (1.59) and (1.60) into (1.58), and we get the following result:

[xyyyz] = ([EZ)EkrEm]_{EM!EZ)E]}+{EH)EIJEZ}_[Eank)E]]y
(Ei, Ef, Epn] —{En, E, Ei} —{Epn, E[,Ej} +{E, Ef, E;p}) (1.61)

Letsnowseti=kand j=1I:

(x,x,21 = (E;,Ej,Epm]l —{Em,Ej,Ej} —{Ep,E;,Ej} — [Ep, E;, Ej,
(Ei,Ej, Eml —{En, E;, Ei} —{Ey, Ej, Ej} +{Ej, Ej, Ep})
= (-2E; —{En,Ej Ei} — [Ey, E; Ejl,
[Ei,Ej, En]l +{Ej, Ej, Epn} — 4Ey) (1.62)

Thus, we were able to verify that the non-alternative nature of sedenions originates
from the non-associative of elements of the octonion basis, which are used to form sedenion

numbers that do not contain any null term in the ordered pair.
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We can also prove how sedenions are a non-division algebra by using elements x =
(E;,E;) and y = (Et,E;). By choosing i =1, j =6, k=2 and [ =5, then:

(E1,E¢) (Ez, Es5)
(E3—E3,E4—Ef) =0

Xy

1.7 Split-complex numbers

In the presentation of the Cayley-Dickson construction, it was reported that choosing
the parameter € = 1 will result in the construction of a split-division algebra. For example,
starting from the reals, we can obtain the complex numbers (C) by choosing € = —1, or the
split-complex numbers (C) for € = 1. The different choices will result in different properties

for the multiplication and “norm”.

For split-complex numbers, one can define the following elements of basis:

1=(1,0, j=(01) (1.63)

Then, a split-complex number Z € C can be defined as:

Z=a+bj, abeR, (1.64)
where
=1 (1.65)
and
N(Z)=2"2=d* - b (1.66)

It is important to note that, for a complex number z, its norm .4 (z) € R*; while for a

split-complex number Z, its “norm” A (Z) € R.

The main property of a split-division algebra is the possibility of division of zero. Let
a,b e A,, asplit-division algebra. Even if both a and b are nonzero, the result of multiplying

them can be zero.

Let’s suppose a,b € C, for a = (x, y) and b = (z, w), where x, ¥, z, w € R*. Therefore,

a-b=(xy)(z,w) =(xz+wy,wx+yz)=0 (1.67)
From (1.67), we get the following system of equations:

{ re=mwy (1.68)

wx=-yz
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The solution for (1.68) goes through

z=xw Or x=zy (1.69)

The results (1.69) will be revisited later, in approach of matrix representation of Cayley-

Dickson doubling construction.

1.8 Split-quaternions

It is possible to construct a 2/N-dimensional split-division algebra in two different
ways: by doubling a N-dimension split-division algebra or doubling a N-dimension division
algebra with € = 1. In this work, the second way will be more useful for future results. So, let’s

construct split-quaternions (H) by doubling complex numbers (C) and choosing e = 1.

Analogous to the construction process of quaternions, the split-quaternion basis is

formed by the following elements:

e =(1,0), € =(i,0), €=(0,1), e3=(0,i) (1.70)
Quaternion and split-quaternion basis elements are represented by the same ordered

pairs, but its operations are not the same. For example, multiplication between two elements
of (1.70) has the following result:

éiéj = _nijeo+5ijkék (1.71)

where 7;; is the i j-component of split-quaternionic metric, that is:

1 0 0
nij—n=0 -1 0 1.72)
0 0 -1

£; jk is the “split-Levi-Civita” pseudotensor, and it is not totally anti-symmetric, but
if we lower the last index it becomes totally anti-symmetric. To do so, we must multiply €; jk

by split-quaternionic metric:

5ijk=5ijlﬂ1k (1.73)
where:
g = 1, &t=-1
€31° = 1, &3°=-1

5231 = -1, 5321:1 (1.74)
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and
€123 = -1, &3=1
€312 = -1, Ei32=1
€231 = -1, E3p3=1 (1.75)

Itisimportant to say that split-quaternions are a non-commutative algebra, as quater-
nions. Except for the norm, the mains properties of a division algebra also exists in the split

form of this algebra.

1.9 Split-octonions
The split-octonions’ elements basis are:

Eo = (€9,0), Ej=(e;,0), Ez=(e»0), E3=(e3,0)
E;=(0,ep), Es=(0,e;), Es=(0,e), E;=(0,e3) (1.76)

The multiplication between two elements of (1.76) is:

Eiﬁj = —ﬂijE0+éijkEk (1.77)

where p;; is the i j-component of split-octonionic metric,

100 0 0 0
010 0 0 0
00 1 0 0 0
fij—p=l000 -1 0 0 O (1.78)
000 -1 0 0
000 -1 0
000 0 -1

and C; jk the structure constant of the split-octonions. The table of structure constant of

split-octonions is:

It is easy to see that C; jk is not totally anti-symmetric. But, by doing:
Cijk = éijlﬁlk (1.79)

we get the representation C; jk that is totally anti-symmetric.
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Cip=1 | Cn’=-1] C3°=
Ci3®=-1]| Cy'= Cs'=-1
Ci’=1 | Cy®=1 | Cy'=
Cis*=-1] Co5'=1 | C35°=-1
Cig'=—1]Co*=-1]| C3°=1
C17°=1 | Cor®=-1| C37%=-1
Cu’=-1] Csi*=1 ] Csi’=1 | Cn®=-1
CibP=-1|Cs'=-1]| Cg®=1 | Cpp°=1
Ci3'=-1| Cs3°=1 | Cez®=-1| Cr3*=1
C451 =-1 C541 =1 C642 =1 C743 =1
Ci’=-1| Cs6°=1 | Ces®=-1| Cr5°=1
Ci’=-1|Cs°=-1] Cg7'=1 | Csg' =-1

Table 1.3: Structure constant of split-octoionios

Cizz=1 | Coiz=-1| C312=1
Cizz2=-1| Cu31=1 | C31=-1
Cias=-1| Cuye=-1| Cy47=-1
Cisa=1 | Cos7=—1| C356=1
Cig7=1 | Copa=1 | C35=-1
Cize=—1| Cos=1 | Cau=1
Cys5=1 | Csiu=—-1| Ce17=-1| Crie=1
Cize=1 | Csp7=1 | Cea=—1| Crp5=—-1
Cy37=1 | Cs36=—1| Cpzs=1 | Cr3a=—1
Cis=—1] Csyn=1 | Ceg2=1 | Cpy3=1
Cipo=—1] Cs3=1 | Ces3=—1| Cr52=1
Cyz3=-1] Cs2=—-1] Cern=1 | Cre1 =-1

Table 1.4: Totally anti-symmetric split-octonion’s structure constants
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Chapter 2

Matrix representation for (split-)division

algebras

In addition to the vector representation, (split-)divisional algebras can also be com-
patible with the matrix representation. Initially, we will focus on the matrix representation
of (split-)complex numbers and (split-)quaternions. Although (split-)octonions are non-
associative, it is possible to describe them as matrices too, which obey a particular multi-
plication rule. However, this topic will be covered at the end of this section in detail. From
this, we will finally be able to elaborate a matrix representation for the construction of the

Cayley-Dickson algebras, having the doubling technique as background.
2.1 Matrix representation for (split-) complex numbers
As said before, a complex number z can be presented as the following vector:
z=x(1,00+y(0,1), x,yeR (2.1)

where (1,0) and (0, 1) are vector representations of real unit 1 and imaginary unit i, respec-

tively. Now, let’s construct two matrices that match the algebric properties of (1,0) and (0, 1).

From start, we can associate vector (1,0) to unitary matrix 1,.»:

[0 1]
(1,0) = (2.2)
01
For (0, 1), we have:
A B
0,1 = ( ) (2.3)
C D
where A, B, C, D € R. As we know:
0,1)-(0,1) =-(1,0) (2.4)

23
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Therefore:

A%+ CB AC+CD) (1 o)
= (2.5)

BA+DB BC+ D? 0 1

Then, we get the following system of equations:
A*+CB = -1
C(A+D) = 0
B(A+D) = 0
BC+D* = -1 (2.6)

To solve the set of equations (2.6) can be solved by imposing C = B = 0. But this
choice will result in A, D ¢ R. That is, the only possible solution is to assume that A = —-D,

reducing the system to an equation:

A>2+CB = -1 @.7)

Equation (2.7) explains freedom for the definition of the matrices associated with the

vector (0,1). A convenient choiceis A=0, B=-1and C = 1. Thus,

%)
0,01 = (2.8)
-1 0

Therefore, a complex number z = (x, y), x, y € R can be represented by the following

Z:(x,y)z( o y) 2.9)

matrix:

For split-complex numbers, the analogous procedure can be carried out. Matrices of
1=(1,0) and j = (0,1) are:

(1,0) = , J=01= (2.10)
01 1 0

So that Z € C will be represented by the following matrix:

z=(x,y)= , X, yeER (2.11)
y X

2.2 Matrix representation for (split-)quaternions

Now let’s try to define the quaternions in terms of a matrix 2 x 2 of complex entries.

Then, for a quaternion number z:

z=(x,y) = aey+ be, + ce, +des = aMy+ bM; + cM, + dMs (2.12)
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where:

a+ib,

c+id (2.13)

=
Il

<
Il

As we know, coeficients a, b, c and d are real numbers. Element e, = (1,0) is the real

1
My = ( 0 ) (2.14)
01

unit and therefore:

For the other matrices, we have the following properties:

M%:_12><2 M) M, = M3
M = 1557 M3M, = M,
Mz =155, M, Ms = M (2.15)

Relations (2.15) are just a consequence of multiplication between basis elements of

quaternions, such that:
MiMj:_aijMO"'gijkMk (2.16)

Informations just above are sufficient to determine matrices M, sendo:

A B
C

M= , ABCDeC (2.17)

If M? = —1, then

2 _

(2.18)

A*+BC AB+BD )| (-1 0
CA+DC CB+D?*> | | 0 -1

It is possible to verify that A = +D. We then have two possibilities for choosing A, so
that:
1) By choosing A= D:

, [ A*+BC 2AB
| 24c CB+A?

[ )
= (2.19)
0 -1

A2+BC = -1
AB
AC
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1.1) We can impose B = C =0. Then:

10
AziizM:ii(o 1) (2.20)

So this option is useless because M = +il.» and 1,7 is already related to the vector
(1,0).

1.2) If A= D =0, we have:

C= 3 (2.21)

Therefore, when choosing A = D, we will have the following matrix M:

0 B
= (2.22)
-1/B 0
2) Bychoosing A=-D,
, [ A*+BC 0 -1 0
M= = = (2.23)
0 BC+ A? 0 -1
We get the following result for A:
A=i(1+BO)"? (2.24)
Then,
i(1+BO)? B
= . 1o (2.25)
C —-i(1+BQC)
Finally, we define the two possible matrices:
0 X , [ ia+BO)Y? B
M= , M = (2.26)
-1/X 0 C —i(1+BCO)'?
The produts between M and M’ are:
, Xc —-iX(1+BC)Y?
MM = i 1/2 B 2.27)
—Y(l + B(C) -X
B : 1/2
- X(1+BC
Mm=| x5O (2.28)
L(1+BC) CX
B
MM =-M'M= C=— (2.29)
X2

such that: s
0 X [ i(1+£) B
M = y M = ) )1/2 (2.30)
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Now it will be necessary to determine the third matrix M"”, which is defined by the
product MM'. According to (2.30) and the value of C = B/ X?, M" will be:

A plausible choice for defining the three matrices is to impose X = 1 and B = i. Thus,

we get the following matrices:

0 1 ;[0 i , [i o
M= M= M= (2.32)
S S P P

So let’s consider the following choices:

M"—»Mlzelz(i,O)
M—'MzEegz(O,l)
M — Mz =es=(0,i)

We see that a quaternion z in (2.12) can be represented by the following matrix:
1 0 i 0 0 1 0 i
z=a +b +c +d
0 1 0 —i -1 0 i 0

a+ib c+id
z= (2.33)
( —c+id a—ib)

Generally, a quaternion z = (x, y) can be represented by the following matrix:

* *

_ | * Y
q=x,y = e ) x,yeC (2.34)

For split-quaternions the same procedure can be done and the matrices of basis ele-

ments are:

_ . 0 1
e;=(0,i) = ( ) ) (2.35)
—1i

According to (2.35) a split-quaternion number z = (x, y) has the following matrix rep-

resentation:
. X Yy
z2=(x,y) = . , x,yeC (2.36)
yeox
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Next, we will see that (split-)quaternions can also be represented by matrices 4 x 4
of real inputs. This process can be performed using an algorithm based on a formula that
generalizes the matrix representation of the Cayley-Dickson algebras. This formula can be
realised by look backing for results (2.9), (2.11), (2.34) and (2.36). In principle, this general
formula can not be used to represent octonions, since they are a non-associative algebra.
But lately we will see how it would be possible to use this generalization for represent any

Cayley-Dickson algebra, preserving all its degree of freedom.

2.3 General formula for matrix representation

Previously it has been shown that:

e For any given z € C,

Xy
z= , X,yeR (2.37)
e Forany given Z € C,
- Xy
zZ= , X, VyeR (2.38)
y X
* For any given w € H,
Xy
w= . .| xyeC (2.39)
e For any given € H,
- Xy
w= . . | x,yeC (2.40)
yeox

By induction, you can make the following hypothesis: Two elements of a divisional
algebra x, yinA, the vector resulting from doubling (x, y) € A2 can be presented by the fol-

lowing matrix:

(x,y)z( * y) (2.41)

ey* x*
where € = —1 for a division algebra and € = +1 for a split-division algebra.

However, this representation is incompatible with Cayley-Dickson multiplication for

algebras whose inputs of ordered pairs are non-commutative elements.

Let's make it clear. We must remember that Cayley-Dickson multiplication for two

vectors (x, y) and (z, w) of any algebra is

X, ) (z,w) = (xz+ew" y,wx+ yz") (2.42)
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So, if (x, y) and (z, w) can be represented as a 2 x 2 matrices, it would must be possible

a matrix representation for the result (xz+ew*y, wx + yz*). Then, according to (2.41):

xz+ew*y wx+yz*
(x, ¥)(z, w)

e(wx+yz")* (xz+ew*y)*

+ * + *
( xz+ew*y wx+yz ) (2.43)

ex*w* +ezy* z'x*+ey*w

But the usual multiplication between matrices of (x, y) and (z, w) has the following

Xy z w
ey* x* ew* z*

( xz+ew*y wx+yz* )

result:

(x,y)(z, w)

(2.44)
ex*w*+ey*z x*z¥+ey*w
The results (2.43) and (2.44) will only be equivalent for algebras in which x, y, z, w are
numbers of a commutative algebra. If x, y, z, w are, for example, quaternions, so product for
matrix representation needs to be defined as follows:

(x,y)(z,w)z( Y )( “ w)+(€[w MENLE) ) (2.45)
€ €

Definition (2.45) makes octonions and split-octonions compatible with the matrix
representation and preserve its non-associative. Zorn has already demonstrated a matrix
representation for octonions and split-octonions [11]. But the purpose of this work goes
beyond demonstrating an alternative representation of Zorn’s work. From (2.41) and (2.45),
we will also demonstrate how an N-dimensional Cayley-Dickson algebra can be represented

by an N x N matrix of real inputs and from this, we will explore its possible applications.

2.4 2 x 2 Matrix representation for (split-)octonions

According to (1.24) and (2.41), octonionic basis can be represented by following 2 x 2
with quaternions inputs:

1 0 €1 0 (] 0 €3 0
EO = ’ El ’ EZ = ’ E3 = )
01 0 —e; 0 -e 0 -—es

0 1 0 €] 0 () 0 €3
E,= , Es5= , Eg= , E7= . (2.46)
-1 0 eq O e 0 ez 0

So, any octonion z = aEg+bE +cE+dEs+ fE4+gEs+hEg+ mE;, where a, b, c,d, f,g, h,m e

R, is equivalent to the matrix bellow:

u=

+be +cer +d + + hey +
( a+bey+cey+des f+ge;+hey+me;s ), (2.47)

—f+ge +he,+me;s a—be —ce,—de;s
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We can use some matrices in (2.46) to proof of how multiplication (2.45) are valid for
octonions. Is just needed to remember the rules of multiplication between quaternions e;.

A few examples:

e 0 es 0 0 0
E.E; = +
0 -e 0 -—e;3 0 [es €]
(] 0
= _ =-E, (2.48)
0 —€2
e 0 0 1 0 [1,e
E1E4 = 1 + [ 1]
0 —e -1 0 0 0
0 €]
= - =Es5 (2.49)
e 0
e 0 0 e 0 [ep,e
E.Es = 3 N (e, es]
0 —e3 (S} 0 0 0

(2.50)

Il
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Matrices in (2.46) are just one of the three possibles representations for octonions in

relation of matrix dimension. Let’s remember that:

C = R?
= CZER4
0 = H*=C*=R® 2.51)

According to (2.51), we can see that complex numbers C has only one dimensional
matrix representation: 2 x 2 matrices with real numbers inputs. For quaternions there are
two possibilities: 2 x 2 with complex numbers inputs and 4 x 4 matrices with real numbers
inputs. Finally, for octonions exist three possibilities: 2 x 2 matrices with quaternion inputs,
4 x4 with complex numbers inputs and 8 x 8 with real inputs. In the following sections, it will

be shown how to creat all these representations.

2.5 4 x4 Matrix representation for (split-)quaternions

As already seen, an element (x, y) € AZ can be associated with the following matrix:

Xy
(x,y)zxzz( . . ); xyeA (2.52)
€y X
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where € is the Cayley-Dickson parameter.

But the matrix entries can also be a vector element of a doubled algebra, that is, x =
(a,b) and y = (c, d), so the doubling (x, y) becomes a matrix 4 x 4:

,b X ,d X yb X )d X
(X,y)4x4E( (a )2*2 ‘ (c )i 2 ):( (6: )2x2 ‘ (f )2x2 ) (2.53)
e(c,d)y, \ (a,b)5, e(c*,—d)2x2 \ (a*,—Db)2x2
Therefore, matrix (2.53) is:
a b c d
eb* a* ed* c*
(X, ¥)axa = (2.54)

c* -d
€
—-ed* ¢

where € is the Cayley-Dickson parameter of algebra A.

One can use a informal representation to define matrix (2.54). If x = (a,b) and y =

(c,d), then:
a b c d
eb* a* ed* c*
(xr J/)4><4 = ((ay b)y (C; d)) = (a) b) c, d) =
c* -d a® -b
€
-ed* ¢ —-eb* a
If we use complex numbers to construct quaternions, then € = € = —1. So, let’s rewrite
quaternions ey, e}, e, and e3 as a vector (a, b, ¢,d):

(2.55)

e =(1,0=(1,0,0,0), e =(i,0)=(0,1,0,0)
e;=(0,1=(0,0,1,0), e3=1(0,7)=1(0,0,0,1) (2.56)

According to (2.55) and (2.56), one can construct following matrices:

1 0 0O 0 1 0
01 00 -1 0 0
€y = y €1 =
0 010 0 0 0 -1
0 0 01 0 01 O
0O 0 10 0 0 0 1
0 0 01 0 0 -1 0
€ = , €3= (2.57)
-1 0 0 0 0 1 0
0 -1 00 -1 0 0

It is also possible to construct split-quaternions matrices in 4 x 4 form by doubling

complex numbers. In this case for matrix (2.55) € = 1 and € = —1. Split-quaternion basis can
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be represented in the form (a, b, ¢, d) as follows:

e =(1,0)=(1,0,0,0), €;=(i,0)=(0,1,0,0)
€=(0,1)=(0,0,1,0) e3=(0,i)=(0,0,0,1) (2.58)

And matrices of elements (2.58) are:

1 0 0O 0 10
01 00 . -1 0 0
€y = , €1 =
0 010 0 0 0 -1
0 0 01 0O 01 O
0 010 0O 0 0 1
" 0 0 01 " 0O 0 -1 0
€ = , €3= (2.59)
1 0 0O 0 -1 0
01 00 1 0 0

2.6 4 x4 and 8 x 8 Matrix representation for (split-)octonions
We have already seen the 2 x 2 matrices of octonion basis. Now, we can use the algo-
ritm presented in last section to construct matrices 4 x 4 and 8 x 8 for E;.

First, for octonion basis matrices in 4 x 4 form, it is just needed to look back (2.55).

We also can represent elements E; as a vector (a, b, ¢, d). Then,
Eyo = (ey,0)=(1,0,0,0), E;=(e;,0)=(i,0,0,0), E;=(e2,0)=(0,1,0,0),
E3; = (e3,0)=(0,7,0,0), E;=(0,e9) =(0,0,1,0), Es5=(0,e;)=(0,0,i,0),
Es = (0,e;) = (0,0,0,1), E;=(0,e3) = (0,0,0,1) (2.60)

and the matrices of (2.60) are:

1 000 i 0 0 0 10
0100 0 —i 0 -1 0 0
Ep= E, = E, =
0010 0 0 —-i O 0 0 -1
0 0 01 0 0 0 i 01 O
0 1 0 10 i 0
i 0 0 01 0 —i
Es = E,= Es =
0 -1 -1 00 I 0
0 -7 0 0 -1 00 0 -i O
0 0 1 0 0 i
0 -1 0 0 i 0
Eg = E; = (2.61)
1 0 0 i 0
-1 0 0 i 0 0
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To multiply matrices in (2.61), we must use the rule of multiplication presented in
(2.45). For multiplication between any matrices of a Cayley-Dickson algebra let us use the

symbol x, that is what we will call from now on by matrix Cayley-Dickson multiplication.

So, for two 4 x 4 matrices of a given algebra A2, one can have:

(a,b)2x2 ‘ (c,d)2x2 )X( (e, flax2 ‘ (8, h)2x2 ) _ ( (a,b)2x2 ‘ (c,d)2x2 )( (e, flax2 ‘ (8 M)2x2 )

ele,d,, | (@b, €@y, | @i, eledi, | @b, |\ @i, | @ni,

( el(g 1)} 00 (. dD2x2] | 18, W22, (@ b)2xc] )

elle, Naxar (D) 30) | 16Ny (@ D))
(2.62)
We can use two matrices in (2.61) as an example of (2.62):
i 0 0 0 0 i . )
) 0 i i1 0
0 —i 0 0 i 0 0 ] , )
EiE; = , + i 0 0 —i
0 0 -1 0 0 g 0
, 0| 0
0 0 0 1 i1 0 0
0 0 0 -1
0 2
01 (0]
= + -2 0
10
o] o
-1 0 0
0 0 1
0 -1 0
= =Eg (2.63)
1 0
-1 0 0

As said before, we can also construct 8 x 8 matrices for octonion basis. In matrix
(2.55), it is possible to see that a, b, c and d can be rewrite also as ordered pair and therefore
as 2 x 2 matrix. For praticality, we will consider that (x, y), (a, b) and (c, d) are elements of a

division algebra. So, if:
a=(,p), b=y, c=(¢o0), d=(kx,mn),
a* = (a) _,6)) b* = (Y: —A,), C* = (5) _U)) d* = (Ky _T’)) (264)

and

B O P R
-0 ¢ o g -n K n x

(a,b,c,d) = ((a, ), (y,N),(,0),x,n) = (a,B,7,A,¢,0,%,1) (2.66)



34 CHAPTER 2. MATRIX REPRESENTATION FOR (SPLIT-)DIVISION ALGEBRAS

and, according to (2.55), the 8 x 8 matrix is:

a [ v { o x 7
B a A y|-0 & -n «x
-y A a -p|-x n & -0
-1 - a | — -K O
(x,M)sxs = (a, B,7,1,¢,0,x,1m) = v b 7 ¢ (2.67)
- o «x a - -y -A

Matrix (2.67) can be divided into 4 blocks. The top left block is the 4 x 4 matrix repre-
sentation for (a, b); the top right block is the 4 x 4 matrix representation for (c, d); the bottom
left block is 4 x 4 matrix representation for —(c, d)* and the bottom right block is 4 x 4 matrix
representation for (a,b)*. This point of view will be important soon, when multiplication

between octonion 8 x 8 matrices basis will be presented.

Therefore, let us also rewrite elements (2.60) as the follows:

E, =(1,0,0,0,0,0,0,0), E;=(0,1,0,0,0,0,0,0), E»=(0,0,1,0,0,0,0,0),
E; =(0,0,0,1,0,0,0,0), E4=(0,0,0,0,1,0,0,0), Es5=(0,0,0,0,0,1,0,0),
E¢ =(0,0,0,0,0,0,1,0), E7=(0,0,0,0,0,0,0,1). (2.68)
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and according to (2.67) and (2.68), 8 x 8 matrices for octonion basis are:

S eSO e "T° coocoo Tooo oo 7 oo o oo
r—
©C 000090 Q| o000 ~0 0 OO0 o0 0 o o o
S oocoo T oocooc ocoocoocooo T o TeCeCeeeee
—
O 0o o0 o0 o0 00 00 o0 oo oo~ ° | e e o o o-Ce
o o .ﬂ oo oo TP e e o o0 0 QC o560 00 oo .ﬂ o
—
O 0o oo oo P |99 OO0 O C 500 oo o o ~
- O O O O O O 0 0O 0 0 o0 o0 o0 O o0 o0 o o0 o o
©o T oo oococoo cooo T oooco ooooco T oo
1] 11l 1]
— 9] o
53] €3] €3]
Soc o o0Soo - s s Too @9 -0 o o0
o o 0o o o o —~ o o o ~ o o o o o
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O 000 o0 ~o0 o PP e | Q99 o5 40000 oo
O 00 o0 0 0o OO0 o0 o000 o0 A A0 o0 oo o o o
S oo 900 0S 29090299090 ~2 g o000 0 o0 T
O 0o+~ O 00 o0 o o~ o o o o o
—
O~ 0O 00 o0 oo ~o0 o0 o0 oo oo P e e oo e
- e e e e coo Toooo oo ooco T oo
i _ _
S ©c o ' ocoocoocoocooc oocoo T ooo
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N <t
= =
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©
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Nt
—~ 0 O o o o o o
o 7 o o o oo o
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But

Multiplication between matrices (2.69) can be realized analogously to (2.62).
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now, we have:

(a,b)axa ‘ (c,d)axa % (e, flaxa ‘ (8, Maxa _ (a,b)axa ‘ (¢, d)axa (e, flaxa ‘ (8 Maxa
cle.dy,, | @b, @My | €N elediy | @b, |\ €@y | @iy

€18, 1)}y (€ d)axa) | 18 W axs, (@, b)axs]
el(e, Naxar (€D} g) | 16 )fyp (@ D))

(2.70)

For split-octonions the same procedure can be done consideringe =1and € = -1 in

formula (2.54). Then, matrices for split-octonions basis are:

1 0 0 O i1 0 0 O 0 1 0
01 0O ~ 0 —-i 0 O ~ -1 0 0
Ej = E, = E; =
0010 0 0 -1 O 0 0 -1
0 0 01 0 0 0 i 01 O
0 i 0 01 0 0 1 O
- i 0 ~ 0 0 0 1 ~ 0 0 —i
E3 = E4 = Es =
0 —1 1 0 0 O -i 00
0 —-i O 01 0O 0O 1 0
0 0 1 0 1
- 0 -1 0 ~ i 0
B = B, = @2.71)
0 -1 0 O —1 0
1 O 0 0 -i 0 00



37

2.6. 4 x4 AND 8 x 8 MATRIX REPRESENTATION FOR (SPLIT-)OCTONIONS

and for 8 x 8 representation, we have:

M

0
0
0

0
0
0

10 0 0 O

0
-1 00 0 0 O

-1 0 O

0 0 O

-1 0 O

0 00 0 O
0 00 O

1

0 00 0 O O

-1

0 00 0 0 O

10 0 0 O

0
-1 00 0 0 O

0

0 O

0 00 O O O

1
-10 0 00 0 O O

0

-1

0 0 0 00 O O

0

1
-1 0 O
0 0 O

0 0 0 00 O

0 0 0 0O
0 0 0 01

0

1
-1 0 0 O

0 O

0
0
0

-1

0 0 0 0O
0 0 0 01

0

0

0 0 0 00 O
0 0 0 00 O

1 0 00 O
-1 0 0 0 0 O

0

0
0 O

1 000O0O0O0O
01 00O0O0O0TP O
001 00 0OTO
0001O0O0O0TGO

000O0OT1O0O0OTP

0 000O0OT1O0O

0 000OOTI1O

000 0O0OO0TO 01

0
0
0
0
0

-1

1 000 O

0

0

0 01 0O0 O
0 00O0O O
-1 000 0 O

-1

0
0
0

-1

0 00 00O
0 00O0O O
0 0010 O
0 00 01

0
0

0

0

000O0OT1UO0O0TGO0

000O0O1O0TPO

000O0OO0OTIL1ITPO

0 00O0O0OO0OT 01

1 000O0O0O0OTO
01 00O0O0O0G O
001 00O0OTO
0 0010O0O0TGO

(2.72)

1
0

0 0 O

0 O

0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O
0 0 O

-1

1 0
-1 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O

-1

1
-1 0 O

0

0

0

0

0
0
0

0
0 00
-1 00

-1
0

0

-1

00

0

0
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For example:

0O 0 00 1 0 0O 0 1 0 O 0 O
0O 0 0O 01 0O -1 00 0 0 O
0O 0 0 0 -1 0 0 1 0 00 0 O O
0O 0 00 O -1 00 -1 0 0 00 O O O
E6E3— +
0O 0 1 0 O 0 00O o 0 0 00 0 o0 -1
O 0 01 0O 0 00O 0O 0 0 00 0 1
-1 0 00 O O OO 0O 0 0 00 -1 0
0O -1 00 0 0 0O 0O 0 0 01 0 O
0) (0)
0 0 1 0 1 0
+ 0 -1 O 0 01
) (0)
1 0 -1 0 0
-1 0 0 0 -1 0 O
0O 00 O 0 -1 0
0O 00 O 1 O 0
0) (0)
0O 00 O 0 O 1
0 -2 0
0O 00 O O O -10
= +] | 2 0
0O 1.0 0 O O o0 O (0]
0 2
-1 00 0 0 O O O
0 -2 0
0O 00 -1 0 0 0 O
01 0 0 O o0 O
0O 00 O 0 10
0O 00 O -1 00
0O 00 O O OO0 -1
0O 00 O O 01 o
_ - _E; (2.73)
0O 10 0 0 0O O
-1 00 0 0 OO0 O
00 -1 0 0O O
01 0 O 0O o

Matrix representation for octonions can be useful in Malcev’s algebras and superal-
gebras [24],[25] because these matrices have graded structures. An other utility maybe to

construct a non-associative gauge theory [26] by using octonions.

It is also possible to introduce this representation to rewrite matrices of Clifford Al-
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gebras Clp(10, 1), used in Octonionic M-Theory [13]:

0O 0 0 E;
0 0 -E; O

F,’ = , i= 1, ...,7
0 E; O 0
-E; 0 0 0
0 0 0 E 0 0 Eg 0
0 0 E, O 0 0 0 -E
Fg = , Fg =
0 Ehb 0 O Eob2 O 0 0
Eb 0 0 O 0 -Ey O 0
0 0 Ey O E, O 0 0
0 0 0 E 0 Eg 0 0
ISE , I'm= . (2.74)
-Ey O 0 O 0 0 -Eg 0
0 -Ey O 0 0 -E

Matrices (2.74) can be rewrite in 32 x 32 with real inputs and algebra Clp(10,1) will

be kept by using Cayley-Dickson matrix multiplication.

Lately, it will be shown how octonionic matrix representation can mimic Dirac’s ma-

trix algebra.

2.7 Matrix representation for Cayley-Dickson doubling

construction

Now, we can write the main operations of Cayley-Dickson Doubling Construction
suitable for matrix representation. As mentioned in section 1.1, the are five main operations
that characterizes that construction: multiplication, conjugation, “norm”, multiplication by
areal number and conjugation of multiplication. As the last two operations are just a conse-
quence of the first three, for simplicity, we will focus only on these three.

In order to understand formalism of matrix representation we can see (2.41), (2.45),
(2.53), (2.54) and (2.62). From this formulas, one can make following conclusion: Let x, y € A,

a Cayley-Dickson algebra, represented by:

x=Xg2, Y=Yap (2.75)

d d
whereX,;,» and Y, are 5 X > matrices, with d = 2,4,8,16,...,2", .... Thus, doubling (x, y) € A2

is represented by the d x d matrix as follows:

Xare | Yar
(x,y)= " " (2.76)
Yy | Xan 1,

and it must obey following operations:
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* i) Multiplication:

_ | Xar ‘Yd/z Za ‘dez €[W*,Y]d/z‘ (W, X]a/2
(x, Y)(z, w) = " " . - + - —
€Y ‘Xd/z Wz ‘ Zy, ), \ €LY lap ‘ (2", X a2 ),
(2.77)
¢ ii) Conjugation:
X7 -Y
(x,)" = [—22 | ~Yae (2.78)
_eYd/z ‘ X2 d
e iii) Norm:
1 X7 -Y X Y 0] Y, X*
JV(X»J/)EETI‘ di2 ‘ drz ‘1/2 ‘ f/z . ‘ (Y, X ]ar ]
Y, | Xap |\ vy, (X5, | | —eX Y| o )
(2.79)

For norm, just needed to remember that:

N (x,y) =00 (X (2.80)



Chapter 3

Quaternions, octonions and SU (2) group

3.1 Quaternions and SU (2) Pauli matrices

A simple connection between quaternions and physics lies in its relation with matri-
ces of SU(2). The SU(2) group is the group of complex unitary matrices and of determinant
1. Its generators can be the Pauli matrices:

(1 0 ) (0 —i) (0 1)
o] = , o2=| , O3= (3.1)
0 -1 i 0 10

where
(0,0k] = —2i€jkmOm 3.2)
According to (2.33),
ej= iO'j (3.3)
and one can have:
(e}, ex] =2¢€jkmem. (3.4)

It’s easy to see that (3.2) and (3.4) are equivalents algebras. Therefore, it’s possible to

use quaternions to represent SU(2) and the physics grounded in it.

Quaternions can be represented by 4 x 4 matrices and this can spontaneously induce
a four-dimensional representation of SU(2). According to (2.57) and (3.3), Pauli matrices in

4 x 4 representation are:

0 —i 0 0 0 -1 O 0 0 —i
i 0 0 0 0 -i 0 i 0
o= |, o2= , O3= (3.5)
I i1 0 0 O 0 -1 0 O
-i 0 0 i O 0 i1 0 0 O

Matrices in (3.5) are not a minimal representation of Pauli matrices since all inputs

are complex numbers. There is a minimal representation with 4 x 4 real matrices [27] and

41
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it can be obtained by writing matrices of 1 and i, defined in (2.2) and (2.8), inside matrices
(3.1).

It is known that isospin operators I.,I_ and I act on quark spins up |u) and down |d)

as follows [28]:
1 1
L|u)=0, I_|u>:5|d), Ilu)zilu%

1 1
I+|d):5|u>, I|d)=0, I|d>=—§|d>- (3.6)

1 0
|u>=( ) |d>=( ) 3.7)
0 1

By using (3.1), (3.3) and (3.7), one can see that following definitions of I,, I and I

where:

satisfy the equations in (3.6):

e —ie e +ie e
L=—2 "3 [ =-2""3 j1=-_;1! (3.8)
4 4

But if we use the 4 x 4 representation of the quaternion matrices, we can build a four-

dimensional representation of spins up |u) and down |d), as follows:

w=+| | =1 ! (3.9)
u—2 ; , =3 . .

3.2 Quaternionic Dirac Lagrangian

Kugo and Townsend shows how to represent spinors in terms of elements of R, C, H, O,
to relation supersymmetry and algebras [29]. But here, we will use their idea of representa-

tion spinors to construct Dirac’s lagragian from quaternionic matrices.

1
Lagrangian density for two spins 24 and b, with no interaction, is:
£ =il ay 0ua+WpyH0uysl — miWaWa+ vyl (3.10)

where y* are the Dirac matrices, ¥, are the adjoint representation of y,; and m is the

mass of particle. Adjoint representation of spins are defined as follows:
Vap=1),7° (3.11)

where

1
0 :( 0 ) (3.12)
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and spinor v are often written as column matrix, such that:

w=( Va ):> V=a V). (3.13)
Vb

To SU(2) we can construct a quaternion spinor [29], such that

v=vwoeo+) vje;, j=12,3 (3.14)
J

and
v =yoeo—Y wie;. (3.15)
J

Components v ; are spinors in Real (R), so that

Yo(1,0) +1(5,0) +92(0,1) + y3(0,1)
(Yo +iy1, W2 +iys) (3.16)

(4

According to matrix representation of division algebras, it is possible to establish
a representation for v different from (3.13) and based on (3.15). So, according to Cayley-

Dickson representation of quaternion as ordered pairs we can define consistently
Ya=Yo+ iV, Wp=1Y2+iVs. 3.17)

Therefore, the result (3.16) can be written as the following matrix:

_[ worivi wetivs ):( Va Wb ) 5.18)
—Y2+iys Yo—iya -V, Va
For ¥, we have
v o= 'y’ = (woey—yie; —yres —w3es)yo. (3.19)
For v, we have
v = y'y"=woeo—yie1 —yoe; — yses)yo. (3.20)
By matrix representation of e}, it is easy to see that [e j,yo] = 0. Therefore,
Y = Woep— 1€ —Prer— Y3
= Wo—iY1,-Y2—1s3). (3.21)

Using (3.11) and (3.17), it’s easy to see that:

Va=Vo— i1, W,=y2+iy3 (3.22)
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then,
§= i} :( Ve "% ) (3.23)
Y Va
By matrix representation of product vy, we get:
T + 7,k * T, _ar¥ *
v ( Vavat Tiwy Vel =Vivi ) | (3.24)
YoVa=VaV¥;, Vp¥ptV¥aV¥,
It's easy to prove that ¥,y = W, and ¥y, = ¥pYyp; so that,
1 - _ -
ETY(WT,U) =YaVWatYpY¥p. (3.25)
By the same way, one can prove that
1 1 Va —V; 0 0
“Tr@yHoy) = ST ( Va ¥ ) . ( pla - Ou¥h ) ]
2 2 Yy Vg —0uy), Ou¥a
= Yay'ouya+ Wy ouyy. (3.26)
Then, the quaternionic formulation for Lagrangian (3.10) can be written as
1. . _
Lu= ETr[w}/“Ouu/ - myyl. (3.27)

3.3 Quaternionic SU(2) symmetries

For a global symmetry, let’s suppose that a quaternion spinor transforms by the fol-
lowing way
v =My. (3.28)

If v € SU(2), M necessarily is a unitary tranformation, independent of space-time, if
(3.28) is a symmetric transformation that preserves invariance of the Dirac Lagrangian. So

that, M transformation can be defined as:

M = exp{i0} (3.29)

where 0 € SU (2) matrix, such that
60=001+0;0; (3.30)

According to (3.3), we can see that 0 can be described as a quaternion
60— 0=00ey+i0e;. 3.31)
By (3.31) is easy to see that 7 = §. Replacing (3.31) in (3.29) we get

M = exp{ifpeo} exp{—i0e;}. (3.32)
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The term exp{ifyey} indicates a gauge transformation U(1), so, we can just make
v’ =exp{-0;je;ly. (3.33)

So, (3.33) indicates a non-Abelian SU (2) transformation. To adjoint spinor i, we get

-/

v o= gy’

v'expi0;e;ly’. (3.34)

By expanding exp{) je;} in MacLaurin series and knowing following results

e =(=D", le;y°1=0 (3.35)

we get
¥’ = yexpife;}. (3.36)

Applying this transformation to Lagrangian (3.10), we get
vy =gy (3.37)
and, to preserve lagrangian invariance,
exp{0;e;ly* exp{-0 e;} = y*. (3.38)

Other consequence of (3.38) is the non-invariance of quadri-current j* defined as

= gyty. (3.39)
One can easily prove that
jrF =g yty' = (3.40)
For a gauge transformation [30]:
0% =0. 3.41)

As we know, SU(2) Lagrangian is a function £ (y,¥,0,v), then

0% = a"C£(5w+ a"?étp+ 0%
00uv)

o 5@,y =0 (3.42)

If we use Euler-Lagrange equation, we get

0« (62) 0«

—=0 — =0. 3.43
oy ~ Mlaouw) oy (349
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Therefore,
0%
0%« oy + o0(6y)
”(a(ayw)) LT R R
0%
= 0 ( 0 ):0. (3.44)
IR v
In quanternionic representation,
1
0L = ETr[6££] (3.45)
where
£ =yytoy — myy. (3.46)
Therefore, ) 5
0%y =0,|=-T 0 =0. 3.47
T2 r(a(a,ﬂp) w)] G47
Considering infinitesimal transformation
v o= y+oy
expi—-0jejly = y+oy
oy = —Hjejw (3.48)
then, )
0y (ETIW_/Y“ejW]) =0. (3.49)

According to (3.49) we can define the quaternionic gauge current, that is conserved

by a global gauge transformation

1
it = 5Tty e y). (3.50)

For a local symmetry SU(2), we must consider the generalization of phase rotation,

where the parameter is spacetime dependent. First, we start with a Dirac doublet as

v = ('Vl(x)) (3.51)
W2 (X)
which transforms as
W= V()W = el Weiy (3.52)

where a’(x) are the parameters on the field transformations that depends of spacetime co-
ordinates. In order to define the covariant derivative, we have to define a comparator [31]

which hold the folowing relation
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Uly,x)—=VUu(yx) Vi (3.53)

where we set U(y,y) = 1. Now, we are able to define a infitesimal expression for the com-
parator above, leaning on the fact that near U = 1, we can expand in terms of the Hermitian

quaternionic generators.

U(x+en,x)=1+igent Al e; +0(c?) (3.54)

where € is the infinetesimal increment, g is a convenient constant and n* is a vector used to

define a covariant derivative. The definition is

n'D,¥ :lim1 W(x+en)—U(x+en)¥]. (3.55)

e—0¢
Using the expression for the comparator given in equation (3.54), we have
Dy=0,—igA;e;. (3.56)

We notice that this covariant derivative requires one vector field to each generator of

the group, that is, the quaternionic generators.

Now, we focus on the gauge transformation law of the connection AL by substituting

the expansion of the comparator (3.54) into the transformation law given in (3.53)

1+igen*Ale; — V(x+en)(1+igen* Ale)V'(x). (3.57)

Using the following identity

V(x+en) VT(x) =1+en*V(x) (—%V‘L(x)) +@’(€2) (3.58)

we find by comparison with (3.57),

i i i t
Ale;— V(x) (Au(x)ei - gau) Vi, (3.59)

For infinitesimal transformations, we can expand V (x) to first order in a,

. . 1 . . .
Ajei = Ajei+—(Ouadei+i |a'er,ale;| +. (3.60)

where the last term arises from the noncommutativity of the local transformations. Consid-

ering the transformation of the fermion and the last transformation, we have
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DY — (1+ia'e;)D, V. (3.61)

To write a complete lagrangian, we must consider gauge-invariant terms that de-
pends only on AL. We write the transformation of the commutator considering the trans-

formation of the covariant derivatives as

[Dy, Dy]¥ (x) = V(x)[Dy, Dy1¥Y (3.62)
and we find
[Dy, Dyl = —igF} e (3.63)
where
Fie;=0,Ale;—0,Ale;—ig[Ale;, Ale;l. (3.64)

We can use the quaternionic commutations relations given by

[ei,ej] = 2(5"f'ke;C (3.65)

and then

Fl, =0,Al-0,Al —2ige/* A AL, (3.66)

The transformation of the Ffw follows from above definitions and transformations

laws and we write as

Fl e — V(x)Fjye; V' (x) (3.67)

where the infinitesimal transformation is

Fie; — Fie;+lia'e; Fle;l. (3.68)

We can see explicitly that the tensor above is no longer gauge-invariant. However,
we can construct gauge-invariant theories using combinations of this tensor field. Now, we

construct a theory of interacting fermions.

1 [- 1 . _
Ly =T | PADY - Z(F;W)2 -mPV¥ (3.69)
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where this is the quaternionic Yang-Mills lagrangian density. Using the variation of this la-

grangian we reach to

) o 1
OMF, +2ge' I AIFES = - g5 Tr [Wy,e;¥] (3.70)

where this result is the classical equations of motion of the gauge theory for the vector field.

3.4 Octonions and Dirac matrices’ algebra

Before we start the investigation of the relation between octonions and SU(2), let’s

keep in mind these two important relations that lies in SU(2)

[ai,aj] =—2£l'jki0'k (3.71)

and for quantum electrodynamic’s algebra

| ok O .
[yi,yjl = 2¢&jki =2¢jkior®1,
0 [

tyi,vjt Oij. (3.72)

The Dirac y; matrices are defined as

0 g
Yi= ( ) (3.73)

-og; 0

Octonion basis can be separated in two parts: E; is the associative partif i = 1,2,3
and the non-associative part if i = 4,5,6,7. Resorting to (3.3), to the associative part, we can
do

10 0 . .
E; = ] =i%;, i=12,3. (3.74)
0 -—io;

To the non-associative sector, we have

0 1 0 io; )
E,= , EBia=| , i=1,2,3. (3.75)
-1 0 iog; O
If we define I'; as the following matrix:
0 (0]
T;= (3.76)
og; 0

then,
E;.4,=il';, i=1,2,3. 3.77)
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If we use the Cayley-Dickson multiplication for [Z;, X ;] we have

[Zi,zj']:ZiXZj—ZjXZiZ—ZEijkizk. (3.78)

Result (3.78) is pretty consistent with the commutator of the associative elements of
the basis [E;, E|]
[E,’,Ej]=El’><Ej—Ej><E,'=2CijkEk (3.79)

In table 1.1, we can see that C;;r = €;jx if i, j,k = 1,2,3. By comparing (3.71) and
(3.78), we can suppose that the associative sector of octonions basis behaves as a “mimicry”

of SU(2) algebras to Pauli matrices o;.

As we know,
[Ei+4,Ej+4] = 2Ci+4,j+4,kEk: i»j’ k=1,2,3. (3.80)

Carefully analyzing Table 1.1, one can see that:

Cita,j+ak = —Eijk- (3.81)
Therefore,
[T;,T;] = 2¢; ki %k (3.82)
and also,
{T;,T;} =26;;. (3.83)
In brief:
SU(2) and QED Octonions
oj Zj

0,0 ==2€jkmiom | [Zj,Zk]=-2€jkmiZm
Yj T
Yj il =2€jkmiom®l | [Tj,Trl =2€jkmiZm

yi,yjt =26;; {T;,Tj}=26;;

Table 3.1: Comparison between the algebras of elements of SU(2) and Quantum Electrody-
namics (on the left) and the algebra of elements of the octonionic basis (on the right).

Some works are intended to use octonions related to supersymmetry [32], [33] and

Quantum Chromodynamics [34], [14], but our intention here is to use octonions X; and I'; to



3.4. OCTONIONS AND DIRAC MATRICES’ ALGEBRA 51

construct algebraic basis for a non-associative quantum electrodynamics theory for future
works. We can consider construction dyonic QED a possible application, since octonions
already been used to construct electromagnetism of dyons [8]. Therefore, by considering a

octonionic spinor vy, given by:

7
v=yoEo+ ) v/E; (3.84)
j=1
By redoing same procedure of section 3.2 it is expected that octonionic version of
Lagrangian (3.10) is:
1 - -

Yo = ETr[(wl““)G”u/ - myy] (3.85)

where:

roz( 0 eo), ri:( 0 ”i) (3.86)

o; 0






Chapter 4

Graded Lie Algebras

A graded Lie algebra is a vector space that can be decomposed into subspaces indi-
cated by gradings. A Lie algebra is defined by the Lie bracket (e, ), so for a graded Lie algebra,
this operation will be defined according to the gradings of the elements that participate in
the operation [5], [35]. Specifically, for A, and Ag in a graded Lie algebra, the Lie bracket is
given by

(Aa, Ap) = AaAﬁ—(—1)<“'ﬁ>AﬁAa, 4.1)

where a and f are the gradings of A, and Ag, respectively. One can write a = deg(A,) and
p = deg(Ap). < a, B > Is the mapping onto the gradings of the algebra in question. For phys-

ical theories, the mapping < a, § > will indicates how particles in the systems will interact.

For a Lie algebra, it is required that < a, f >= 0 for any A and B, so that the Lie bracket

reduces to the commutation operation on A and B; that is, (Aq, Ag) = [Aq, Apl

More precisely, a vector space ¢ over C is a graded Lie algebra if it can be decomposed

into homogeneous subspaces. That is:

G =P Y (4.2)

a=0
where ¥, are the subspaces that make up ¢, and

[fga,cﬁﬁ] c (ga+,6 4.3)

A graded Lie superalgebra corresponds to nothing more than a generalization of op-
eration (4.1), in the sense that it can play the role of either a commutator or an anticommu-

tator depending on the values of the mapping < a, § >. The general Jacobi identity is:

(1)< (A, (Ap, A)) + (1) <%P> (Ag, (Ay, A) + (~1)PY>(Ay, (A, Ap) =0 (4.4)

where a = deg(Ay), f = deg(Ap) and y = deg(Ay). The definitions of mappings cannot be

53
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arbitrary. There are constraints that must be followed, which are known as the Leibniz rules:

<a,pf>+<p,a>=2r (4.5)
<a,f+y>=<aq,f>+<a,y>+2s (4.6)
<a+y,p>=<aq,f>+<y,pf>+2s 4.7)

Values of r and s are arbitrary integers.

It is important to mention that, for a standard graded Lie superalgebra, (A, B) cannot
assume both roles, of [A, B] or {A, B}, for the same pair of elements A and B. However, in the
last section of this chapter, it is demonstrate how (e, ¢) can be simultaneously [e, ¢] and {e, ¢}

by introducing a perturbation on the mapping < «, 5 >.

Graded Lie algebras play a very important role in the context of mathematical physics.
They are important tools for describing symmetries in physical systems, as well as for gen-
eralizing symmetries that involve fermionic degrees of freedom [36]. In string theory, the
superconformal algebra is a graded super Lie algebra that describes the conformal and su-
persymmetric symmetries in supersymmetric string theories [37]. Graded Lie algebras are
also used to describe symmetries in quantum field theories. For example, the superalgebra
of supersymmetry is a graded super Lie algebra that describes supersymmetric symmetry in
supersymmetric field theories [38], [39].

In this work, we will not focus on a fundamental mathematical approach to these
(super)algebras. The main purpose of this section is to demonstrate and explain the main
aspects of the approaches developed by our study group in the context of the Z} algebras,
with a focus on their relations to Cayley-Dickson algebras and their application to theories
involving fermions, parafermions, bosons, and parabosons. The last two sections of this
chapter consist of presenting a different way to create matrix representations for Z} and

how we can obtain a Volichenko [15] algebra from a graded Lie algebra.

4.1 Z, (Super)Algebras

A (super)algebra Z, is a graded Lie algebra whose grading values are @ =0, 1. Thus, a

(super)algebra Z, is a vector space ¢ that can be divided as follows:

G =44 (4.8)

The grading 0 is defined as even sector and 1 as odd sector [4], [5]. Commonly, for
physical particles theories, grading 0 is the bosonic one and grading 1 is the fermionic [4],
[7], [40], [41]. Rittenberg and Wyler [5] and [42], according to Leibniz rules, shows that there
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are two possible definitions for the mapping of a Z, (super)algebra:
<a,fp> = 0 (4.9)

<a,Bf> = ap (4.10)

The definition (4.9) gives a Z, algebra and (4.10) gives a Z, superalgebra.

Itisimportant to mention that a (super)algebra Z’21 has a total of 2" generators. There-
fore, there are two generators for (super)algebras Z,, A, and Ag, which commute or anti-

commute according to the following rules:

Z, Algebra: (Ag, Ap) = AqAp—(=1)°AgAq = [Ag, Apl (4.11)

and

7, Superalgebra: (Aq, Ag) = AgAp— (—1)“ﬁAﬁAa (4.12)

The gradings a = deg(A,) and f = deg(Ap) can take on values of 0 or 1. Therefore,
there is only one superalgebra Z, and the commutation and anticommutation rule works as

follows:

A Ay
Ag | [e,0] | [e,0]
Ay | [o,0] | {o,0}

Table 4.1: Superalgebra < a, f >= ap.

4.2 75 (Super)Algebras

A graded Lie (super)algebra Z3 is a vector space ¢ whose gradings a can be classified

as following pairs @ = 00,01,10, 11. Vector space ¥ is a divided into four subspaces:

G =%p0 D Y01 ®%109D 911 (4.13)

The grading 00 is even and it is commonly agreed to be the bosonic sector of particle
physical theories. The other sectors are classified as even or odd according to the choosing

(super)algebra.

The generators for Zg will be represented by: Agg, Ag1, A10 and A;;. For (super)algebras

Z% vectors grandings a and f are two dimensional:

a=(a,a2), B=(p1,P2) (4.14)
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where a; and ; are 0 or 1.
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According to Leibniz rules, there are one possible algebra Z3 and three superalgebras

2.
72

<a,p>
<a,f>
<a,p>

<a,f>

0
a1 b1
a1+ azf2

a1 —azf

(4.15)
(4.16)
(4.17)
(4.18)

Below we have tables that indicate the commutation and anticommutation rules for

75 algebras and superalgebras:

Ago | Aor | Ao | An
Ago | [o,e] | [e,0] | [o,0] | [e,e]
Aoy | [o,e] | [e,0] | [o,0] | [e,e]
Ajg | [o, 0] | [e,0] | [s,0] | [e,e]
Aqy | [o,0] | [e,0] | [o,0] | [e,e]

Table 4.2: Algebra < a,f>=0

Ago | Aor | Ao | An
Ago | [e,0] | [e,0] | [e,0] | [e,0]
Agr | [e,0] | {e,0} | [e,0] | {o,0}
Ago | [e,0] | [e,0] | {e,0} | {o,0}
Apr | [o,0] | {e,0} | {e,0} | [o,0]

Table 4.4: Superalgebra < a,f>= a1 6, + a2

Ago | Aor | Ao | Ann
Ago | [e,] | [e,0] | [o,0] | [o,0]
Ap1 | [e,] | [e,0] | [o,0] | [o,e]
Ay | [o,0] | [o,0] | {o,0} | {o, 0}
Avy | [o,0] | [o,0] | {o,0} | {0, 0}

Table 4.3: Superalgebra < a, f>= a6,

Ago | Aor | Ao | An
Ago | [e,0] | [e,0] | [e,0] | [e,e]
Agr | [e,0] | [e,0] | {e,0} | {o,0}
Aqg | [e,0] | {e,0} | [e,0] | {o,0}
Aqr | [e,0] | {e,0} | {o,0} | [o,0]

Table 4.5: Superalgebra < a, f >= a1 82 — a2 1

The product of operators belonging to distinct grading sectors, neither of which is in

the bosonic grading, should result in an operator belonging to a grading different from the

three previously mentioned gradings. For instead, if an operator from grading sector 10 is

multiplied by one from 01, the result will be an operator from 11. According to definition

presented in (4.1), in the fourth case, the grading sectors 10, 01, and 11 are equivalent, and

their grading assignments can be rearranged without changing the anticommutators under

the S3 permutation group. In the second and third cases, the grading sectors 01, 11 and 10,

01 respectively, can be rearranged under the S, permutation group.

4.3 Z; (Super)Algebras

A Z3 (super)algebra is a vector space ¢ that can be divided in 8 subspaces as follows:

94 = %000 ® Y001 ® Y010 ® G011 ® G100 ® G101 ® G110 © Y111

(4.19)
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The generators for Zg will be represented by Agoo, Aoo1, Ao10, Ao11s A100, Aro1, Al10,
and Aj;;. The gradings vectors of a Zg (super)algebra are three-dimensional, such that a =

(a1,as,a3) and a; is 0 or 1.

Mapping < a, f > has five possible definitions and generate a algebra and four super-

algebra. According to [42], possible five mappings of Zg are:

<a,f> = 0 (4.20)
<a,B> = ap (4.21)
<a,fB> = aifi+af (4.22)
<a,f> = aif—axb (4.23)
<a,fB> = aifi+axfr+asfs (4.24)

where (4.20) is a Z; algebra and all the others are mapping of superalgebras. The mapping
(4.21) makes it explicit that a Zg superalgebra has a Z, superalgebra as a subalgebra. The
same applies to (4.22) and (4.23), which show how the Z% superalgebras are also subalgebras
of Z3.

The tables below contain the commutation and anticommutation rules for the gen-

erators of the Zg (super)algebras.

Agoo | Aoor | Aoto | Ao1r | Ao | Aror | Ao | A
Agoo | [o,] | [e,0] | [o,0] | [e,0] | [e,0] | [e,0] | [e,0] | [o,¢]
Ago1 | [e,] | [e,0] | [o,0] | [e,0] | [o,0] | [e,0] | [e,0] | [o,¢]
Ap1o | [o,] | [e,0] | [o,0] | [e,0] | [o,0] | [o,0] | [o,0] | [o,¢]
Ao11 | [o,] | [e,0] | [o,0] | [e,0] | [o,0] | [o,e] | [o,] | [e,¢]
Atoo | [o,¢] | [e,0] | [o,0] | [o,e] | [o,0] | [o,@] | [o,] | [e,¢]
Ajo1 | [o,¢] | [e,0] | [o,0] | [e,0] | [o,0] | [o,2] | [o,] | [o,°]
Aq1o | [o,] | [e,0] | [o,0] | [e,0] | [o,0] | [o,0] | [o,0] | [o,0]
Aq11 | [o,] | [e,0] | [o,0] | [e,0] | [o,0] | [o,0] | [o,0] | [o,¢]

Table 4.6: Algebra< a,>=0

Aooo | Aoor | Aoto | Aonr | Ao | Aro1 | Ao | Ain
Agoo | [e,°] | [e,e o o] [ [o,0] | [o,0] | [o,0] | [o,0] | [e,¢]
Agor | [e,0] | [e,e o o] [ [o,0] | [o,0] | [o,0] | [o,0] | [o, 0]
Aoto | [e,0] | [e,e o o] [ [o,0] | [o,0] | [o,0] | [o,0] | [, 0]
Api1 | [e,e] | [o,e o, 0] | [o,0] | [o,0] | [o,0] | [e,®] | [e,e0]

1]
1]
1]
1]
Ajgo | [o,0] | [o,0] | [e,e] | [o,0] | {o,0} | {o,0} | {o,0] | {00}
1]
1]
1]

Ajor | [o,0] | [o,] | [o,0] | [o,0] | {o,0} | {0, 0} | {o,0} | {0 e}
AllO [.).] [.7. .).] [.y .] {.y .} {.).} {.’.} {.).}
Alll [.).] [.7. .).] [.) .] {.y.} {.).} {.y.} {.).}

Table 4.7: Superalgebra < a, f >= a; ;
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Apoo | Aoo1 | Aoto | Ao | Aroo | Aror | Ao | Ain

Ar10 | [e,°]
Ar11 | [, 0]

.,.

{o,0} | {o,0] | {0 0] | {0 0] | [0 0] | [o,0]
{o,0} | {o,0] | {0 0] | {0 0} | [o,0] | [o,0]

Table 4.8: Superalgebra < a, f >= a1 + @262

Agoo | [e,] | [e,0] | [e,e] | [e,0] | [e,¢] | [o,0] | [e,0] | [e,e]
Ago1 | [e,] | [e,0] | [e,e] | [o,0] | [e,¢] | [o,0] | [o,0] | [, ]
Aoro | [e,] | [o,0] | {e,0) | {o,0} | [e,0] | [o,0] | {o,0} | {o,0]
Aor1 | [e 0] | [e,0] | {e,0} | {o,0} | [o,0] | [o,0] | {0, 0} | {o,e}
Ajgo | [e,0] | [o,0] | [o,0] | [o,0] | {o,0] | {0, 0] | {0, 0] | {o,¢}
Ajor | [e,] | [o,0] | [e,e] | [o,0] | {o,0} | {o,0} | {o,0} | {o,0}

[e,°]

[e,°]

.,.

Agoo | Aoo1 | Aoto | Ao11 | Aroo | Aror | Ao | Ain

Agoo | [e,] | [e,0] | [e,e] | [o,0] | [e,¢] | [o,0] | [o,0] | [e,e]
Ago1 | [e,¢] | [o,0] | [e,e] | [o,0] | [e,¢] | [o,0] | [e,0] | [e,°]
Aoro | [e 0] | [e,0] | [o,0] | [o,0] | {o,0] | {0, 0] | {0, 0] | {o,e}
Aor1 | [e,e] | [e,0] | [o,0] | [o,0] | {o,0] | {o,0] | {0, 0] | {o,¢}
Ao | [o,0] | [o,0] | {e,0} | {o,0} | [o,0] | [o,0] | {o,0} | {o,e}
A1 | [e,0] | [o,0] | {e,0} | {o,0} | [o,0] | [o,0] | {o,0} | {e,0}
Ang | [e,0] | [o,0] | {e,0) | {o,0} | {o, 0] | {0,0} | [o,0] | [o,e]
Anr | [o,0] | [o,0] | {o,0) | {o,0} | {o,0] | {o,0} | [o,0] | [o,e]

Table 4.9: Superalgebra < a,f>=a; 62 — a0

Apoo | Aoo1 | Aoto | Ao11 | Aroo | Aio1 | Ao | Al

Agoo | [e,e] | [e,0] | [e,¢] | [o,0] | [e,0] | [e,e] | [o,0] | [e,¢]
Agor | [e,e] | {e,0} | [o,0] | {o,0} | [e,0] | {o,0} | [e,0] | {00}
Aoro | [o 0] | [o,0] | {o,0} | {o,0] | [o,0] | [o,0] | {o,0} | {o, 0}
Aor1 | [e 0] | {e,0} | {o,0} | [o,0] | [o,0] | {0, 0] | {o,0} | [o,0]
Ao | [e,e] | [o,0] | [e,0] | [o,0] | {o,0} | {o,0} | {o,0} | {o, ¢}
Anor | [e,e] | {o,0} | [e,0] | {o,0} | {o,0} | [o,0] | {o,0} | [o,0]
Anio | [e,e] | [o,0] | {o,0) | {o,0} | {o,0} | {o,0] | [o,0] | [o,0]
Annr | [e,e] | {o,0) | {o,0) | [o,0] | {o,0} | [o,0] | [o,0] | {e,¢]

Table 4.10: Superalgebra < a, f >= a1 61 + a2 62 + a3 f3

As the dimension n of Z} increases, it becomes increasingly difficult to analyze. To
simplify the process of distinguishing between non-equivalent tables of Lie brackets, we can
define the following variables: C for the total number of lines that have only commutators
[¢,¢]; D for the total number of anticommutators {e, ¢} on diagonal and, finally, A for total
number of {e, e} on table. Therefore, it is possible to see that these variables are related as
follows:

D
A= (E_C)D (4.25)

For a graded (super)algebra Z7, the value of D is restricted to either zero or 271 due

to the requirement that it contains smaller graded algebras as subalgebras. The fact that Z7
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contains Z;"l as a subalgebra is a crucial property for understanding the reasoning in the
next chapter. This property enables us to obtain graded (super)algebras of dimension 7 by

doubling algebras with dimensions smaller than 7.

4.4 Doubling construction for 77 (super)algebras

The (super)algebras Z7 have very characteristic matrix representations that relate to
the classifications of the gradings of their elements as belonging to even or odd sectors [43],
[44]. Therefore, in this chapter, we will adopt the following block representations for Z7

matrices, based on the classification of gradings as even or odd:

*

* |0
Even sector:( 0 ), (4.26)

0| *
Odd sector: ( ) . (4.27)
* | 0

Let’s now try to create a specific type of Z} algebras whose 2" generators can be ob-

tained by doing n — 1 successive doublings, such that Zg‘l, ZQ"Z, ..., Z are subalgebras of

zn.
| Z3 72|z,
000
001
010
011
1 0 0
1 01
1 10
1 11

Figure 4.1: Illustrative diagram of the doubling of graded Lie (super)algebras. One can con-
sider a Z} having Zg‘l, .., Z» as subalgebras. In the table on the right, the gradings also
follow the logic of doubling.

A doubling in graded algebras means regrouping all generators of Zé“l in the even
and odd sectors of the algebra ZJ. That s, if we consider n = 2, we can obtain an algebra 73

by means of an algebra Z,, which has the generators fy and f; , in the following way:

Even sector: gop= (%‘%), g1 = (%‘%) (4.28)
Odd sector: g» = ( _(;0 ]:;) ), g3 = (_Lfl‘%) (4.29)
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where gy, g1, &2 € g3 generators of algebra Z5. For this we can think in the following repre-

sentation:
fo—0 go— 00 (4.30)
fl —1 81— 01
&g — 10
g3 —11

Therefore, from the generators of Zg above one can construct an algebra Zg as fol-

lows:
0 0 0 0
Even sector: Gg= £0 , G = &1 ), Gy = ( 82 ), Gs = 83 )
0| % 0 & 0 |g 083
(4.31)
0 0 0 0
Odd sector: G4 = ( £0 ,Gs = 81 ,Ge = 82 ,G7 = 83 ),
— 8o -g1 |0 -8 |0 -8 0
(4.32)

which Gy, ...,G7 are generators of a ZQ.

For instance, let us take supersymmetry SZZ generators [45]:

g0 0 o- 0 1 w33
“lo o) T \o, o '

where H is the hamiltonian, Q is the supercharge operator and 9, is the time derivative. One

can have:
(H,Q]=0, {QQ}=2H (4.34)
and
HQ=QH = 0,Q,
Q* = H,
H* = 0,H (4.35)

Wherever one can define fy = H and f; = Q, such that:

Coo

fofo = 7f0
foi = %fl
fifo = %fl

11

hfh = 7f0 (4.36)
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The coefficients c; ; are:

Coo = Co1 = €10 =207, C11=2. (4.37)
From sz, we can construct a Zg algebra by doubling as follows:
0 0 0 0
g():(fo )’ gl:(fl )’ 82:( fO )» 83:( fl) (438)
0 fo 0 hf —fo 0 -fi 0
where
80— 00
81— 01
&2 — 10
g3 — 11 (4.39)
The multiplication between generators gy, ..., g3 has the following results:
by; b;
g08i=—8i» §ig = —8i (4.40)
2 2
and
6ll']' bij
8igj = 75ijg0+75ijkgk (4.41)
where coefficients a; j, ago, b;j and by are:
aogo = 26; b()l = 26t b10 =2A bg() = 26t b30 = 26;
a1 =2 | bop=20¢ | b12=20; | by =-20; | b1 =2
axp=—20¢ | bo3 =20; | b13=-2 | bog=—20; | b3» =20;
azz = —2
Table 4.11: List of coefficients of Zg constructed by doubling sz.
The matrices of this Z% algebra are, more explicitly:
4, 0 0 O 0 1 0
| 0 4, 0 O o 0 0
%10 06, o 7|00 01
0 0 0 0, 0 04, 0
0 0 0d; O 0 0 0 1
0 0 0 0 | 0 0 94, 0 (4.42)
271 5, 0 o 8T 0 210 o '
0 -0 -0, 0 0 O




62 CHAPTER 4. GRADED LIE ALGEBRAS

Therefore, to construct an algebra Z3, we will do:

0 0 0 0
0 g 0 & 0 g 0 g3
0 0 0 0
G4=( 80 , G5=( gl), G6=( 82 ), G?Z( g:»,) (4.43)
-& 0 -8 0 -g3 0

-8 0
From Gy to Gs3, we have the even sector of Zg, while from G4 to G; we have the odd

sector. The multiplication formula of generators given in (4.43) is:

B Ajj Bij
GGj = 75,']'(;0 + TCijka (4.44)

where A;; and B;; are coeficients of multiplication.

It is important to mention that C;jx in (4.44) is the structure constant of octonions.
Despite that, algebra Z’g cannot be a non-associative algebra. So, equation (4.44) explicit the

property of quasi-non-associativity for a kind of Zg algebras. Wherever, by imposing:

[Gi,Gj, Gkl =0, (4.45)

the condition for quasi-non-associative is given by the following relations:

BijAikCijidix = BjxAimCixmOim
Ajj BjkBim Ajk
CijiCrkm — 7]5ij5kn = 2 Cjkmcimn+7]6jk5in (4.46)

B; Bk
4

The matrices in (4.43) can also be write, more explicitly, in 8 x 8 form using the 4 x 4

matrices in (4.42).

0; 0 0O 0 0 O 01 0 0 0 0 0 O
0 0, O 0O 0 0 O 0, 0 0 0O OO O O
0O 0 0, 0 0O 0 0 O 0 0 01 0 0 0 O
0O 0 0 06, 0 0 0 O 0 00, 0 0O O 0 O

Go = , G =
0O 0 0 0 0, 0 0 O 0O 0 0 001 0 O
0O 0 0 0 0 0, 0 O 0 0000, 0O O
0O 0 0 O 0 0, 0 0 0 0 0 0 0 0 1
0O 0 0 O 0 o0 0 0 0 O 0 0; O
0 0 o0, O 0 0 0 O 0O 01 O 0 0 O
0 0 0 0, O 0 0 0 0 0, 0 O 0O 0 O
-0, O 0 O 0 0 0 0 0O -1 0 0 O 0O 0 O
Gy = 0 -0, 0 O 0 0 0 O  Gy= -0, 0 0 0 O 0 0 O
0 0 0 O 0 0 o0, O 0 0O 0 0 O 0 0 1
0 0 0 O 0 0 0 0, 0 0O 0 0 O 0 0;, O
0 0 0O 0 -0, O 0 0 0O 0 0 0O -1 00
0 0 0 0 0 -0, 0 0 00 -3, 0 0 0
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0 0 0 0 o0; O 0 0 0 0 0 1 0
0 0 0 0 0 0; 0 0 0 0 0; 0 0
0 0 0 0 0 0 o0, O 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 o 0 0 0 0 0 0 04 O
Gy = , Gs=
-0; O 0 0 0 0 0 O 0 -1 O 0 0 0 0 O
0 -0, O 0 0 0 0 O -0; O 0 0O 0 0 0 O
0 -0, O 0O 0 0 O 0 0 0O -1 0 0 0 O
0 0O -0, 0 0 0 O 0 0O -0, 0 0 0O O O
0 O 0 0 0 0 o0 O 0 0 O 0 0 1
0 0 O 0 0 0 0 0 0 O 0 0; 0
0 0 O 0 -0, O 0 O 0 0 O 0 0 -1 0 O
0 O 0 0 0 -0, 0 O 0 0 O 0 -0, 0 0 O
Ge = ,G7 =
0 0 -0, O 0 0 0 O 0O 0 0 -1 o0 0 0 O
0O 0 0 -0 O 0 0 O 0 0 -0; O 0 0 0 O
o; 0 O 0 0 0 0 O 0 1 0O 0 0 0 0 O
0 0, O 0 0 0 0 O 0 0 O 0 0 0 0 O
(4.47)
Let’s take now the definition of two matrices:
Tonxon = ( foxn | O ), Lyxon = ( 0 ‘ Do ) (4.48)
0 [ Tmn ~Tpn | 0

Matrices Toj,x2, and Ir,«2, are useful to understand the method of doubling by a
point of view of tensor products. Taking a Zg_l algebra, one can construct the even sector of
a Z} algebra by doing the tensor product of all generators of ZZ‘I with T2,-1)x@2n-1)- For the

odd sector of Z}, one will use the matrices I(2,-1yx(2n-1) for tensor product.

Let’s use go, g1, g2 and g3 of (4.42) as an example. We can reach to this matrices by
doing:
Evensector: go=fo®Tox2, g1=f1®Tx2 (4.49)

Oddsector: g2 = fo® Iox2, g3=f19® xx2 (4.50)

We can do the same for ZS matrices exposed in (4.16). Nonetheless, by using (4.21),
it is not more necessary starting from matrices gy, g1, g2 and g3. We can start from f and
f1 and multiplying then by T4x4 o1 Tox2 and I4«4 or I«2 to construct even and odd sectors,

respectively. That is:

Even sector: G0:f0®ﬂ4x4, Gy :f1®ﬂ4x4, G2:f0®12x2®1]2x2, G3:f1®12x2®ﬂ2x2
(4.51)
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Odd sector: G4=f0®14><4, G5:f1®1]2x2®12x2, G6:f0®12><2®12><2, G7:f1®12x2®12x2
(4.52)

The algebra 82Zz has the structure of complex numbers (C). This characteristic is evi-
dent in the commutation and anti-commutation relations exposed in (4.34). When we dou-
ble this algebra, we obtain a Zg algebra with quaternionic structure, a fact that is exposed in
equation (4.42). Doubling once again, we obtain a representation for Zg that has the struc-
ture constants of octonions. These mentioned relations are not mere coincidences when we
compare the logic of doubling for Z7 (super)algebras and the Cayley-Dickson matrix repre-
sentation. The procedures are very similar and both can be performed using the matrices
(2.76).

The complex number matrices are:

: 10 (o0 1 wss)
X = » l .
2= 0 1 1 0

Therefore, the quaternions matrices can be constructed as follows:

Commutative sector: €y =Tox2®Toxs, € =i®Trxo (4.54)
Non-commutative sector: e, =Ix2®Toyxs, €3=1i® Irxo (4.55)
And the octonions matrices are constructed as:

Associative sector: Eog=T5x0®Tyxs, E1=0i0®T4xs, Ez=Tox2® hyxo®Toxo,

E3=i®Dhx2®Thxo (4.56)
Non-associative sector: E4:I4x4®1]2><2, E5 = i®ﬂ2x2®12x2, E6:ﬂ2x2®12><2®12x2,
E;=i®Dy2® x> (4.57)

But for Cayley-Dickson algebras, the multiplication for matrices should follow the
rule (2.77).

4.5 Perturbation in graded 7} algebra systems

Before starting the main calculus of this section, is important to present an operator
T, here called by permutation operator, that act in a product generators of a graded algebra

7} represented by A, B and C as follows:

T(y) — T(y)(AB) = ¢ BA (4.58)

For simplicity, we can define T'(y) = T,. And let’s impose some important properties

concerning operator T):
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e Tyl=¢'"1

s Ty,A=e'™ A

Ty(AB) = ¢'"'BA

Ty(ABC) = '™ CBA

T, Ty(AB) = "0+ AB
Now, let’s consider a physical system with (super)algebra Z7. Generators of Z7 will
be represented by A and B. (Anti-)commutating rule is given by:

(A,B)= AB— (-1)~*P>BA (4.59)
where < a, f > is the mapping. Considering n — mod:

0
<a,,6>:)/z{ ) (4.60)

But now, let’s introduce a perturbation in the system acting on the mapping, since it

is this operation that indicates how the particles in the system will interact:
Oy
<a,f>=y+e— (4.61)
7

For now, only minor perturbation - that is € << 1 - are considering. Term 6, is a

operator that will act on A and B. Therefore:

AB—(emF)pa

AB—e"™ e BA

AB - e (1 +ief,)BA

AB - e BA-ice'™0,(BA) (4.62)

(A,B)

Operator 6, in terms of Ty is defined as follows:

0,=i(1+Ty) (4.63)

Then, equation (4.62) becomes:

(A,B) = AB— e BA+ee™ (BA+ Ty(BA)) (4.64)

Choosing e/ =1,

(A,B) AB—-BA+e(T(1)(BA)+BA)
[A,B]l+e(T(1)(BA)+BA)

[A, B] +€{A, B} (4.65)
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But if we choose ™ = —1:

(A, B) AB+BA-¢e(T(-1)(BA)+BA)
{A,B}—€e(T(-1)(BA)+ BA)

{A, B} +€[A, B] (4.66)

In this section, an expansion of the term e*%r up to first order was considered. Now,
we will consider perturbations beyond this order, in order to obtain an analytical result for

any degree of perturbation.

Expansion up to second order

Considering now a expansion up to second order:

2
€0, . € 2
e =1+ief, - > 0y (4.67)

and
05 =—-(1+T))?>=-(1+2Ty + T (4.68)

According to (4.62), (4.67) and (4.68),

2

(AB) = AB—e™ (BA+—e(1+T7)BA+%(1 +2Ty+ T)BA

2
. . € . .
AB — '™ (BA —€e(BA+ ™48y 4 E(BA +2e'"Y AB + &*"Y BA)) (4.69)

For ™ =1,

2

€
(A, B) AB—-BA+e(BA+ AB)—E(BA+2AB+BA)

[A,B] + (e —€*){A, B} (4.70)

And for ™Y = —1,

2
€
AB+ (BA-e(BA-AB)) + E(BA—ZAB + BA)

(A,B)
{A, B} + (e —€%)[A, B] 4.71)

Expansion up to third order

For this procedure we must do:

: e , ¢
e = 1+ie0, - S0 =50 (4.72)

where
3_ . 2 3
QY__Z(1+3T7+3TY+TY) (4.73)
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Then,

i € . . .
(A, B) =0 (") + ™ —~(BA+3e™ AB +3¢*"VBA+ ¢’  AB)

3!
By using e/ = 1, one get:
2, e
(A,B) = [AB]+ 6—56 {A,B}+§(BA+3AB+3BA+AB)
20, 43
= [AB]l+|e——=€"+—=€¢"|{A B}
2! 3!
And ™ = —1:
2, e
(A,B) = {AB}+ 6—56 [A,B]+§(BA—3AB+3BA—AB)

{A,Bl+|e——€"+—€"|[A, B]
2! 3!

Expansion up to fourth order

By expanding "% up to €*, we will get:
2 . 3

4

. . € i€ €
% =1 +ie, — —02 - —03+—0}
27 34y

and
4 _ 2 3 4
97_ 1+4Ty+6TY+4Ty+Ty

Therefore,

4
_ 3y _ iny € 2 3, 4
(ALB) = O()—e 4!(1+4T7,+6TY+4T},+T),)BA
4

. € . . . .
= 0@ - e”‘YZ(BA +4e™ AB +6e* Y BA+4e3™ AB + '™ BA)

For ™Y =1,

(A4,B) = [ABl+

3!

2, 43 8,4
= [ABl+|e——€"+—€ ——¢€ [{A B}
2! 3! 4!

For e™ = —1,

2 4 et
(A,B) = {AB}+|e—- 5e2 + §e3) [A, B] + Z(BA—4AB +6BA—-4AB+ BA)
2 4 8
= {AB+|e——€*+—¢€3— —64) [A, B]
200 31 4l

2 , 4 4 et
€= € 3¢ {A,B}—5(BA+4AB+GBA+4AB+BA)
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(4.74)

(4.75)

(4.76)

(4.77)

(4.78)

(4.79)

(4.80)

(4.81)
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General result

According to results obtained until now, we can induce a general result for any order

of perturbation. For any algebra characterized by:

(A, B)= AB— (-1)<%F>BA (4.82)

By introducing a perturbation
€
<a,fp>=y+—=0y,, (1-mod)
/1

where
0y =i(1+Ty) (4.83)

and Ty (AB) = ¢ BA.

Wherefore,

e Fore™ =1,

o (- 2)" 1
(A,B) = [A, B]+(Z ){A,B} (4.84)
e Forel™ = -1,
00 (_z)n—l "
(A, B) :{A,B}+(Z € )[A,B] (4.85)
n=1 :

Results (4.84) e (4.85) can be rewritten as, respectively:

e—2€
(A,B)=[A,B]+( 2

- %) {A, B} (4.86)

and
—-2€

2

(A,B) ={A,B} + (e - %) [A, B] (4.87)

This approach is expected to be particularly useful in systems of graded Lie (su-
per)algebras that exhibit broken symmetries or dynamics involving perturbations. The tech-
nique allows for a more precise and flexible description of these systems, as it takes into
account the interaction between the generators of the algebra, which may have different be-
haviors before and after the perturbation. In addition, the approach allows for the construc-
tion of new algebras from already known algebras. A very similar formalism was demon-
strated by Mohapatra and Greenberg [46], [47].

Results (4.86) and (4.87) are very similar to a Volichenko Algebra [15]. It is expected
that this result can also be applied to systems of particles under a perturbation - maybe a

external field - for example, in the phenomena of electron fractionalization [48].
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Conclusions

In this master’s thesis, new tools and formalisms were presented in Cayley-Dickson
and Graded Lie (Super)Algebras, as well as their potential applications in topics such as
particle physics, classical electromagnetism and dyons, and M-theory. Regarding Cayley-
Dickson Algebras, the intention was to briefly present the constructions of complex numbers
C, quaternions H, octonions O, and Cayley-Dickson sedenions S, focusing on exploring the
emergence of new properties through constructions and operations such as commutator,

associator, and anti-associator.

Using the Cayley-Dickson construction, we double the real numbers to obtain (split-
Jcomplex numbers, complex numbers to obtain (split-)quaternions, quaternions to obtain
(split-)octonions, and octonions to obtain Cayley-Dickson sedenions. Thus, we see that the
non-commutativity of the quaternion algebra is the direct cause of the non-associativity of
the octonion algebra, just as quaternions do not commute because the conjugation oper-
ation of a complex number generates a different number. Similarly, the non-associativity
of octonions is responsible for the non-alternativity of sedenions. These findings were only
possible to verify by applying commutation and association operations to quaternions and
octonions. However, if we use the associator on two elements of the sedenionic basis, we find
that the result is zero for any two elements. This is an intriguing result, as the zero value of
this operation is characteristic of alternative algebras. However, if we use sedenionic num-
bers that are a linear combination of the elements (E;,0) and (0,E;) of the basis, then the

non-alternativity will be verified.

After this, the matrix representation of complex and quaternion numbers was pre-
sented. The matrices of the bases of C and H were formed through simple calculations, using
only the algebraic properties characteristic of each one. Thus, a pattern of 2 x 2 matrix repre-
sentation for quaternionic complex numbers was verified, whose entries were the elements

of the ordered pairs that form these numbers (see 2.41). From this pattern, we induced a

69
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matrix representation for any ordered pair in the Cayley-Dickson algebras, by expanding the
definition of matrix multiplication to make it compatible with non-associative algebras, as

shows equation (2.45).

Another possibility that the matrix representation 2.41 offers is that its entries can
be rewritten as blocks, since these are also Cayley Dickson algebras and can be rewritten as
other matrices. Thus, we see that the Cayley-Dickson algebras have a number of possible
matrix representations that is equal to the number of doublings required to create these al-
gebras from the reals. Therefore, we create quaternionic matrices in 2 x 2 and 4 x4 forms, and
octonionic matrices in 2 x2, 4 x4, and 8 x 8 forms. Using the Cayley-Dickson matrix multipli-
cation, we have seen that the octonionic matrices obey the octonions algebra presented in
the first chapter, such that the multiplication between matrices corresponding to the basis
elements is compatible with the octonions structure constant. These octonionic matrices
can be used to rewrite the matrices of the octonionic M-theory algebra (the Clifford algebra
Clyp(10,1)) presented in (2.74), so that they are represented only with real entries. Finally, the

matrix representation of the Cayley-Dickson Doubling Construction was presented.

After the presentation of the formalism and mathematical techniques in Cayley- Dick-
son algebras, some possible applications were demonstrated. Initially, the already known
relationship between the elements of the SU(2) algebra, the Pauli matrices, and quaternions
was explored. Using the quaternionic matrix representation of size 4 x 4 and the definition
of isospins in terms of the quaternionic basis (see (3.8)), it was possible to demonstrate a
representation of spin-up and spin-down in the form of column matrices with four com-
plex numbers entries. After this, following the ideas of Kugo and Townsend [29], the quater-
nionic spin was constructed for the construction of the quaternionic Dirac Lagrangian and
presented global and local SU(2) symmetries. These approaches were only a motivation to
verify how the complete basis of octonions can simulate an SU(2) algebra and Dirac matri-
ces, as summarized in 3.1. According these results we construct the octonionic Lagrangian

of dyons, following ideas of Chanyal et al [8].

For the topic of graded Lie algebras and superalgebras, the thesis provides a brief
introduction to the subject, explaining the general rules and possible mappings of Z, Z%,
and Zg. However, the main focus of this chapter was not on the detailed presentation of
these algebras, but rather on techniques for creating possible algebras and the formalism of

systems of graded (super)algebras subject to perturbations.

The procedure named by Doubling Construction for Z} (Super)algebras was an idea
very similar to Cayley-Dickson doubling construction to create a Z" from a Zg_l. This a-
mounts to projecting the generators of Zg‘l onto the even and odd sectors of a Z}. However,
when using the matrices defined in 4.48, we see that it is possible to obtain a ZJ from a Z,
without worrying about intermediate doublings. From this procedure we could use a Z,

2
supersymmetry superalgebra (SZ ?) to construct a Z; superalgebra for supersymmetry A =
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In the end, the construction of a formalism was presented in which it is assumed
that graded (super)algebra systems ZJ are subject to a perturbation. In this case, the na-
ture of the perturbation was not thoroughly discussed, as the intention is for this topic to
have a more general application. However, initially, we can think of this perturbation as, for
example, an external field being applied to systems of bosons, fermions, para-bosons, and
para-fermions that will change the interaction between these particles. This perturbation
are indicates by operator 6y, defined in 4.63 in terms of permutation operator T,. The first
result found was considering the minor perturbation regime, as shown by formulas 4.65 and
4.66. Just like in the first case, for higher-order perturbations, the results always indicated
that the Lie bracket would always be a result that contained one part as being from the com-
mutator and another as being from the anticommutator. In summary, the results were as
follows: if the mapping determines that the Lie bracket should be a commutator, the pertur-
bation will add an anticommutator to the result and vice versa. The results followed a certain
pattern so that they could be written as a Taylor series of the perturbation parameter, which
corresponds to an expansion of an exponential, as shown in results 4.86 and 4.87. It is im-
portant to note that the obtained formulas resemble a Volichenko algebra. This is because
this formalism was initially conceived as an attempt to obtain a Volichenko algebra through

a Lie (super)algebra.
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