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Abstract

We investigate the low-temperature behavior of a system in a spontaneously broken sym-
metry phase, described by an Euclidean quantum ¢3 +1 model with quenched disorder.
We study the effects of the disorder linearly coupled to the scalar field, using a series
representation for the moments of the partition function. The result of the one-loop ap-
proximation for the Euclidean quantum ¢3,; model with quenched disorder, obtained
using the distributional zeta-function, was extended to the two-loop approximation.

We begin by discussing some aspects of quantum field theory at finite temperature
for a clean system in the spontaneously broken symmetry phase at low temperatures.
We also introduce a discussion about disordered systems, random fields and the average
over realizations of the disorder for extensive quantities. The distributional zeta-function,
an alternative method to the replica trick, is presented to demonstrate the contributions
to the renormalized squared mass given by both one-loop and two-loop diagrams in this

approach.

Keywords: disorder, quenched, euclidean, fields
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Resumo

Nos investigamos o comportamento em baixas temperaturas de um sistema em uma
fase de simetria quebrada espontaneamente, descrito por um modelo quéantico euclidiano
¢5.1 com desordem quenched. Estudamos os efeitos da desordem acoplada linearmente
ao campo escalar, utilizando uma representacdo em série para os momentos da funcao de
parti¢do. O resultado da aproximagao de um lago para o modelo quantico euclidiano ¢3, ,
com desordem quenched, obtido usando a fung¢ao zeta distribucional, foi estendido para a
aproximacao de dois lacos.

Comecamos discutindo alguns aspectos da teoria quantica de campos em temper-
atura finita para um sistema limpo na fase de quebra espontanea de simetria em baixas
temperaturas. Também introduzimos uma discussao sobre sistemas desordenados, cam-
pos aleatérios e a média sobre realizacoes da desordem para quantidades extensivas. A
funcao zeta distribucional, um método alternativo ao truque do replica, é apresentada para
demonstrar as contribui¢oes para a massa quadrada renormalizada dadas por diagramas

de um e dois lacos nessa abordagem.

Palavras-chave: desordem, quenched, euclideano, campos
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Chapter 1

Introduction

Disorder or randomness in a physical system can emerge from many different sources,
and as a consequence, disordered systems have been extensively investigated for decades.
Disorder systems have posed quite a challenge in both theoretical and experimental con-
texts. For example, in statistical mechanics [1, 2, 3, 4] and condensed matter physics [5].
The key point is to extend the understanding of criticality of clean systems to systems with
inhomogeneities or impurities [6]. In statistical field theory, there are two types of dis-
order systems: annealed and quenched. Here, we are specifically interested in discussing
quenched disorder systems. This type of disorder appears in many condensed matter sys-
tems, such as disordered metals, impure semiconductors, and classical or quantum spin
systems [2, 3, 7, 8]. Unlike annealed disorder, treating quenched disorder requires evalu-
ating the average of the logarithm of the partition function [9]. To address this problem,
Edwards and Anderson proposed the replica trick [10]. Although the replica trick has
been used in the literature for decades, a lack of mathematical rigor and the problem of
interpreting the results from a physical standpoint have been persistent issues with this
approach. As a result, alternative methods have been proposed [11, 12]. In this thesis, we
employ an alternative method for averaging the disorder, proposed by Svaiter and Svaiter
[13], known as the distributional zeta-function.

The aim of this work is to study the effects of quenched disorder on systems in the
spontaneously symmetry-broken phase at low temperatures. Specifically, we investigate
these effects on the two-loop contributions to the renormalized squared mass. Recent ex-

perimental and theoretical advances have generated increased interest in low-temperature



physics and quantum phase transitions [14, 15, 16, 17, 18]. The intersection of these two
research areas, quenched disorder and low temperatures [19, 20, 21, 22, 23], leads us to
several questions, such as how models at ordered phase in low temperatures are affected
by randomness.

Using the distributional zeta-function, we assume some probability distribution on
the space of realizations of the disorder to discuss the effect of the disorder field in a
Euclidean quantum scalar A¢3,; model at low temperatures in the broken symmetry
phase. Criticality in these systems is induced by quantum and disorder fluctuations.
In this case, the ground states of systems change in some fundamental way tuned by
non-thermal control parameters [24, 25, 26, 27].

To discuss the effect of quantum fluctuations in a system with disorder in the symmetry-
broken phase at low temperatures, we will use the imaginary-time formalism [28, 29, 30].
In this context, since the disorder is strongly correlated in imaginary time, the equiva-
lence between a disorder Euclidean quantum A¢j.; model and a classical model defined
on R? x S* will be used. For a pure system with this topology of space, the topological
generation of mass has been discussed in the literature [31, 32, 33, 34, 35, 36, 37]. The
study of the modified dynamics induced by the disorder, in this context, was made by
Heymans et. al [38].

The structure of this work is as follows. In chapter 2, we start with a brief dis-
cussion about how to obtain the Euclidean propagator and the multi-loop expansion in
the quantum field theory at finite temperature context. This is followed by the analytic
regularization technique to evaluate the loop expansion. In sections 2.5 and 2.6, the renor-
malized thermal mass in the one-loop and two-loop approximation for the pure system in
the broken symmetry phase is discussed. In chapter 3, we discuss the disorder systems and
the averaging over the disorder realizations, followed by the distributional zeta-function
method. In chapter 4, the effect of disorder on the renormalized squared mass in the
one-loop and two-loop approximation, in the symmetry-broken phase, is discussed. The

conclusions are given in chapter 5. We use the units h = c = kg = 1.




Chapter 2

The \¢* Euclidean quantum field

theory

In this chapter, we will discuss some aspects of a scalar field at finite temperature in the
imaginary time formalism [39]. In the first part, we will discuss the generating functionals
and pertubative expansion of the two-point functions. Then, will be presented how to
define the Euclidean propagators for a scalar field with a A¢* potential, incorporating the
Matsubara frequencies. We will then proceed with the demonstration and evaluation of
the loop contributions of the two-point Green functions within the context of the \¢*

self-interaction with finite temperature.

2.1 Generating functional

In this section will be presented the discussion of generating functionals of Euclidean
field theory. We begin with the functional representation of the Euclidean scalar field

theory, defined in the Euclidean space R !, in the presence of a scalar source J given by

2101 - [1adlesp |~ (500 + [0 s ). 2.1)

The n-point correlation function will be given by

(@(a)) -+ oln)), = 217 [ ] 502001 (2:2)




2.1. GENERATING FUNCTIONAL

When J — 0 and in the symmetric phase, only correlations involving an even number of
points do not vanish. They are translational invariant, and we will denote them by [40]

n n

(6(o0) -+ dlan) = 2]

) " J=0 (2.3)
SR (S

Where G, is the n-point Green function. The momentum conservation distribution ¢ (3 p)

has been extracted, so that in momentum space G, is defined on the linear manifold
>.p = 0. The free energy, W = In Z|[J], is the generating functional for the connected
correlation functions, G™({x,}). In the zero source limit,

5n

G fr,}) = (6(w) - 0(w,), = [ | - W] (2.4

J=0
The meaning of this terminology comes from the fact that only connected diagrams ap-

pear in the perturbation expansion. From W/[J] its possible to obtain the generating

a) b)

Figure 2.1: These are examples for the a) connected and b) disconnected diagrams. The
connected one share a point with the line that represents the 2-points Green function (or the

propagator) and the disconnected one do not share any point [40, 41, 42].

functional of one particle irreducible (1PI) Green functions, called in the literature as
vertex functions, noted by I'[¢], by applying a Legendre transformation. In the pertur-
bation theory, the contributing diagrams cannot be disconnected by cutting an internal
line, and propagators corresponding to the external lines are omitted. This is the origin

of the qualification 1PI'. The quantity I'[¢] is defined through

ﬂw=fwmxﬂmmw—wwl (2.5)

'For a detailed discussion on one particle irreducible see [42].




2.2. MULTI-LOOP EXPANSION

Through the above expression, we can show that

orlel _
and
SWJ]

When J tends to be uniform, the free energy appears as the integral of a constant density.

The same is true for I'[¢] when ¢ is uniforms, and we write in this case

ﬂﬂ:ﬁwwvw. (2.8)

The effective potential V' (¢), which takes into account the fluctuations, is a generalization
of the corresponding term in the Lagrangian of the system.

Returning to the general case, the vertex functions are obtained by expanding I'[¢] in
increasing powers of ¢, as one does with W[J] to get the connected functions. Through
this procedure, it is possible to demonstrate that the second derivative of the vertex
function is the functional inverse of the connected 2-point Green function [40, 42] and will

be given as follows

rlgl _
307 =G (p), (2.9)

where G.(p) is the Fourier transform of G® (2, z,).

2.2 Multi-loop expansion

Here we will present the expansion to obtain the one- and two-loops. Considering the
Euclidean A\¢* theory, we began by expanding the generating functional Z[J] around the

bare coupling constant A as

Z[J] = J[dgb] exp [— (S + f d iy ngﬁ)]
2 (Jddﬂx % ((f]))n ZolJ],

where S is the action functional and Z,[.J] is the Gaussian generation with an arbitrary

(2.10)

source J. The last term of the above expression can be written as

Zo[J] = Noexp [; j g J Aty J(2)Golx — y)J(y)] (2.11)




2.2. MULTI-LOOP EXPANSION

where Ny is the normalization factor, defined by Ny = det! ’Go(x — y), and Gy is the
free propagator. The unrenormalized perturbative series is obtained by expanding the
first exponential and by performing, term by term, the differentiation operations. These
implicitly contain Wick’s theorem in the form

2n 52n 1

(D@1 w2n)y = (Zo[J])"

J=0 (2.12)
= Z Go(Tay — Tay) - GoTaz,_y — Tas,)-

distinct terms

It is convenient to express the perturbative rules directly in momentum space for the
vertex functions. To each term of the expansion of Z|J] is associated a representative
diagram combining vertices and lines. Only the irreducible diagram are considered in the
calculation of I},. For the ¢* interaction, each vertex is associated with a factor —\ and a
momentum conservation d-function, (27)?1§(X,), for the sum X, of internal and external
momenta entering the vertex. In this thesis we will restrict the case for the 2-point vertex
functions. The first terms of the vertex function will the terms associated to O(\?), O(A!)
and O(\?). The terms associated to order 1 and 2 of X are called in the literature one-

and two-loops, their diagram representation can be see in fig. 2.2.

(© (d)

Figure 2.2: The first diagram, (a), represents the 1-loop diagram and is commonly referred
to as the tadpole diagram. The remaining three diagrams correspond to the 2-loop diagrams.
The first 2-loop diagram, (b), is a 1PR (one-particle reducible) diagram, while the other two,
(c) and (d), are 1PI (one-particle irreducible) diagrams. These last two diagrams are known as

the double scoop and sunset diagrams, respectively.




2.2. MULTI-LOOP EXPANSION

In the following we will present the one- and two-loops contributions of the vertex
function.

The one-loop contribution is the tadpole diagram represented by Figure 2.2-a and given

by
A dd+1k
Th=—] —A 2.1
1 2 J (27T)d+1 (k) ) ( 3)

where A(p) is the propagator.

The two-loop diagrams consist of three different diagrams. The first one, represented
by Figure 2.2-b, will be called the double tadpole diagram. The double tadpole diagram
is a one-particle reducible (1PR) diagram. Therefore, we can split this diagram into two

parts, each with an f-factor, as follows

dd+1k’
T, =) | oA (). (2.14)
Ty =) | G (). (215)

This diagram can be treated as a one-loop diagram.
The next two-loop contribution is called the double scoop diagram, represented by
Figure 2.2-c. This diagram is one-particle irreducible (1PI), so we cannot split it like the

double tadpole. The diagram is given by

dd+1/€ dd+1l
D = fD(/\)J (27r)d+1 J (27r)d+1

This diagram can also be written as D = f T1(0/0m?)T.

AR)[A D] (2.16)

The last two-loop contribution is a non-trivial diagram known as the sunset diagram,
represented by Figure 2.2-d. Similar to the previous diagram, this is a 1PI diagram. As
we can see in the representation, the third momentum can be written as the external

momentum, P, minus the other momenta. Therefore, the sunset diagram is given by

d4+1k f da+1] A(k)A(l) (2.17)

X = A
fE( ) J (27T)d+1 (271-)d+1 [A (P —k— l)]_l
In further sections we will consider the thermal versions of these diagrams. The

differences between the non-thermal and thermal will presented in the next sections.




2.3. THE EUCLIDEAN PROPAGATOR

2.3 The Euclidean propagator

We begin with the action functional for a Euclidean quantum scalar field at finite

temperature, defined in the space R? x S!, given by

50 = [ ar [ata oo (-5 - avid) om0 eve] . e

where A is the Laplacian in R?, ¢(7,x) is a real field, po is a parameter with mass
dimension, and the self-interaction is contained in V' (¢). The generating functional of

correlation functions is defined as

20 = [ e |- (5500 + [ ar [ate smotrn)]. 19

where [d¢] represents a functional measure, given by [d¢] = [, d¢(7,x), and C denotes
the path defined by the periodic condition ¢(x, 7) = ¢(x, 7+ ), and Nj is a normalization
factor. From now on, the subscript £, on the functional and action, will be omitted for

simplification purpose. The n-point correlation functions of the model are given by

n

@lrx) - omx) = [l [olmx)e[-S@). (220

i=1
where Z is the partition function for a non-interacting scalar field with source J = 0. From
the generating functional of correlation functions (2.19), we can define the generating
functional of connected functions W[.J]. By applying the periodic condition on S(¢), we
can rewrite (2.19) as

Z[J] = N6_<V(%)>B exp [; (J (T, X) Ap(Ty — Tyy X — y)J(Ty,y))B] : (2.21)

where (- - -) ; means the integration over x and 7 in the imaginary-time interval [0, 3]. The

Euclidean propagator, Ag(T,x), satisfies the following expression

a2
(—67_2 — A+ ,ug) Ap(1y — Ty, X —y) = 0(70 — 7,)0%x — v). (2.22)
Let us write the Fourier transform in the space coordinate of Ag as
d?k ik-(x—y)
AB(TI — Ty, X — y) = W@ Aﬁ(Tx — Ty, k), (223)

if we apply (2.23) to (2.22), it is possible to verify that Ag(7, — 7,, k) satisfies the differ-
ential equation

2
(—;7_2 + k% + mg) Ap(1y — 1y, k) = 0(70 — 7). (2.24)




2.4. SPONTANEOUSLY BROKEN SYMMETRY

To write the Fourier transform of the Euclidean propagator, we need to write the

Fourier transform in imaginary time as, with 7 € [0, §],

1 .
Ag(r,x) = = > €7 Ag(wy, k), (2.25)
B nez
and the inverse transform defined as
g ,
Ag(wn, k) = J dre™ T Ag(T,x). (2.26)
0

Substituting (2.25) in (2.23) we have that

ddk —i{wnT—k-x
Zf 7 (@nm k%) A (w0, K), (2.27)

1
Aﬁ(rx—Ty,x—y)ZE (
nez

then, the Fourier transform of the Euclidean propagator is given by

1

2 2°
wy + wj

Ag(wn, k) = (2.28)

The wy, is the natural frequency, defined by w? = k* + 2, and w, are the Matsubara

frequencies. For the scalar field, w, = 22, and for Dirac fields, w,, =

m(2n+1)
3 —.

B

2.4 Spontaneously broken symmetry

In this section, we discuss the spontaneously broken symmetry phase of the A¢* theory.
We will examine the contributions to the renormalized squared mass in this scenario. Let
us begin by writing the action functional, where we replace p? with —u? to account for

the spontaneous symmetry breaking,

s0) = [ ar [ate[otr (- 25 - 3= i8) o0+ Jotr| 29

This action possesses the discrete symmetry ¢ — ¢’ = —¢. However, when p? > 0, this
symmetry is spontaneously broken by the vacuum, leading to the development of a non-

zero expectation value for ¢. We denote this expectation value as (0] ¢ |0) = v, where v

() 20

Perturbing around this vacuum, we can define a shifted field

is

&= —u. (2.31)




2.5. EVALUATION OF ONE-LOOP DIAGRAM

In terms of this field, we have the following potential
V(9) = 126" + Mo + 36" (2.32)
In this new theory, the effective mass squared will be given by
mg = 3 \v? — i’ (2.33)

This new theory leads us to rewrite the correction to the squared mass in the one-loop
approximation
my = —p? + 5u® + Am?(3) (2.34)
as

In the above expression, dmZ represents the counterterm arising from the renormalization
procedure. The factors f; and fy; are the symmetry factors associated with the mass
contributions. The terms Am correspond to the contributions from the one-loop diagrams.
In this case, due to the shift from the spontaneously broken symmetry, the one-loop

contributions arise from the tadpole and the bubble diagram (fig. 2.3).

Figure 2.3: The first diagram is the Tadpole diagram, and the second diagram is the self-energy
diagram, often referred to as the Bubble diagram. The Bubble diagram arises from the shift in

the spontaneously broken symmetry scenario.

2.5 Evaluation of one-loop diagram

In this section, we will discuss the analytic regularization of the one-loop approx-
imation and present its contribution to the renormalized squared mass. We start by

considering the mass correction defined by the following expression

P\, 8) d% 1
AmZ (8, p) = 3 éj 2n) o Tl ) (2.36)

10



2.5. EVALUATION OF ONE-LOOP DIAGRAM

where w,, = 2”7” and F(\, i, s) represents an arbitrary coupling constant associated with

each correction. The equation can be rearranged as follows

AmZ(B, p) = F(A;M’S)B Loo dp p' > (Wn 2 (» + mo))_s (2.37)

27T () 2\" T

and this function is defined in the region where the above integral converges, specifically
for Re(s) > so. To further analyze this expression, we can perform a Mellin transform

[43, 44], which is defined by

(P? i ) pzs) f:o di ¢ exp [—(P* + a)t] (2.38)

the mass correction can be rewritten as

2
AmZ (8, p) = Sirin (j\l;j’ ;ZJ dp p? lj dt 5~ 1exp[ (wn +f Va +m0)> t]
(2.39)

Let us define the dimensionless quantity 72 = %. After this variable change, the follow-

ing function is obtained

Am?(B, p) = M Z JOO dr 471 JOO dt t*Lexp [— (7m + 7% + 62m3> t]
0

2nl (§) I' () 2 Jo A
(2.40)
After performing the r integral, the result will be
[ee] 4 m262
Ao, = o) [ e e | o, 2an
0 7r
with i
F(Ap,s) (1N
EFy(A =—"1|= 2.42
0 Bs) = Lot () (2.42)
and O(t) being the Jacobi ©-function, given by
2 exp [—mn’v] (2.43)

neZ
We can split (2.41) into two parts by considering the t-integral over the intervals [0, 1]
and [1, co]. By utilizing the symmetry of the ©-function, we can rewrite the interval [0, 1]

as [1,0]. After these modifications, we obtain

F, )\, , Hy S ®© sad_ 1 m2 2
w6 = ORI [Cgp prbo |20 o) 2y

11



2.6. TWO-LOOPS DIAGRAM EVALUATION

and

F Aa y by * s—d_ 232
AmiQ(ﬁ,u):d(gus)L dt 4L exp l—”szt] o(t). (2.45)

From the definition of the ¢-function, ¥(v) = ¥, exp [-7n?v] and ¥(v) = $(O(v) —
1), we can rewrite Am?(f3, 1) as having four contributions. Therefore, these contributions

are given by

1 . mg 3
198, s) = 2f dt -2 l Mol ] : (2.46)
1
0 2
19 —2| dtetime mOﬁ 2.4
P50 =2 ) x| -1 (2.47)
3) g et mg
I;7(8,s) = J dt 727 exp [— 0 t] ) (2.48)
1 dm
0 2
16(14)(5,5) :J dt t5+2s Xp[ Mg ] (2.49)
1 Art
With the above functions, our mass correction will be given by
Fa(A, B, 1,9) <
am2(8.p) = AT S 05 (2.50)
k=1

From this function, we can obtain the result for the tadpole and bubble diagrams by

setting s = 1 and s = 2, respectively. For further discussion about these diagrams, see

37, 38).

2.6 Two-loops diagram evaluation

In this section, we will present the thermal corrections for the two-loop approximation
in the context given in the previous section. The two-loop contributions to the renormal-

ized squared mass correction are given by

my(B, 1) = mg + 6mg + fioyAmiy (B, 1) + fi3Amis (B, ). (2.51)

where m3 is the bare squared mass, dm3 is the counterterm from the renormalization
procedure, f() and f(3) are the immaterial symmetry factors for the two-loop contribu-
tions, and Amé) (B, ) and Am%g) (B, i) are the mass corrections from the double scoop

and sunset diagrams, respectively.

12



2.6. TWO-LOOPS DIAGRAM EVALUATION

Although the double tadpole diagram is a two-loop diagram, it does not contribute to
the mass correction. However, it will have the same result as the one-loop diagram. We
will evaluate all two-loop diagrams, including the double tadpole. Let us evaluate each

two-loop diagram independently.

2.6.1 Double-Tadpole

Our first task is to evaluate the double tadpole diagram, represented by figure 2.2-b.
To do this, we will separate the diagram into two branches by cutting the external leg
between both loops. Let us perform the calculation of (2.14 - 2.21). After the Mellin
transform and momentum integration, the mass correction of this diagram will have the

following form

mg3°t
Am(l) = Iy 2 J dt t2 exp [ | exp [—Wth] , (2.52)

nez
here, the second subscript represents the first and second branch of the diagram. It is
easy to see that the above function is the same as (2.41) with s = 1, as expected. For the

calculation of the F-factor for each branch, we have that [45, 46]

[ee] o0 m?)\’r}]%
ot i |14 53 44
k)

v=1 1
As a trivial diagram, the result of this loop will be the same as discussed before, for the

(2.53)

PR

one-loop. We can verify that each part of this diagram will have the result (2.50) for
s=1,

Amiy 1 (B, 1) = Zi: (2.54)
(8. 1) = Z (2.55)
and the F-factor as 7
Fi(\, By p) = —2?27%3 (2‘224;5“1, (2.56)
Fy(\, B, 1) ;iﬁ (’1224; g, (2.57)
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2.6. TWO-LOOPS DIAGRAM EVALUATION

2.6.2 Double Scoop

The next diagram to be evaluated is the double scoop. This diagram is defined as
(2.16). As we can see, the momenta in this diagram are not connected. However, we
can work on each momentum integral independently. Let us repeat it here for practical

purposes

Ay (5, = CAD LSS ) | Gyt | s @0 135 ol (259

Now we can begin by transforming both integrals as follows

-1

© A% 1 _ B > d—1 [CR 2
BJ k2+mo+w2):24+1w5+1r(g)L dk k (wn + 7T(k —i—mo)) )
(2.59)

an

d’l 1 _ p X e 3 2 -
5] k2+m0+w2)=2d+1ﬁg+1p(g)fo di 1 <7rr +47r( +m0)> )
(2.60)

. . . . . 27.2 272
Here, in both integrals, we can define dimensionless variables as K? = % and L? = %.

By repeating the Mellin transform procedure, the integrals can be rewritten as follows

) ;
dty exp [— (7m2 + K? + ﬁmo) t|, (2.61)

g . i [~
k-integral = dK K4
mtegra ZJ;) J .

2nl(3) nz2 0

1

d 2 7
[-integral = L Z f dL L1 f dty tyexp mr?+ L% + B—mo tg . (2.62)
27TF rez 0 4

As we can see, after performing both integrations, we will obtain the same result as

(2.41) for s equal to 1 and 2, as expected. These integrals can be written as

1-d o 4 52
k-integral = J dtit; ? exp [—mgtl] O(t1), (2.63)
2 0 4m

(e

1-d

0 1—d 62
[-integral = f dty ty 2 exp [—4m3t21 O(t2). (2.64)
0 7r

The result, after all the procedures described in the previous section, will be

Ay (8,11) = 7 jg Eg; (2 1,78, 1>> (2 1)(5, 2)) (265)

™
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2.6. TWO-LOOPS DIAGRAM EVALUATION

2.6.3 Sunset

The only non-trivial diagram, and the last of the two-loop contributions to be evalu-
ated, is the sunset diagram, which was previously commented on and defined by (2.17).
This diagram is more challenging to evaluate due to the connected momenta and frequen-

cies. Let us start by writing the diagram, with the Mellin transform already performed,

as follows
S ’
Amiy (B, 1) = n;Zf dfo @n) fo [dX]eXp{— [fﬂ (k2+mo)+7m]
‘ylfi @ s) | 2| 2 (k) v n 2]}

(2.66)
where [dX] = dzdydz. Now the momenta integrations will be performed, and after some
rearrangements, the obtained result will be

)\2 2\4—d 0 L ) 9
Am%g)(ﬂa/i) = ffd(fblﬁ)w Z f [dX]c = exp [—77 (meD(:C—i-y—i-Z)—i-szW)]

2
n,reZ 0 Am ¢

xexp [—m (n*z + r’y + (t —n —1)%2)]
(2.67)
with ¢ = zy + £z + yz. To continue the evaluation, we need to rearrange the frequency

part. To do this, a Poisson summation can be performed, and the desired form will be

achieved as

2 2
Ay (8,10) = 432 Z f [dX]e QGXP[ (fmo(:c+y+z)+£r2p2xiz)]

n,reZ
X exp l—ﬂ (n*(y + 2) + r*(z + z) — 2rnz) — iﬁpozw :
c c
(2.68)

here we perform some rearrangements by defining p = (p, po) and t = %po. Now we can

split the above function for n,r = 0 and n,r # 0. For the n,r = 0 we have that

)\2 2\4—d (o0 J 2 )
sy (8 1) mr—0 = szl/;g))dfo [dX]c™> exp [—W (meo(x +y+2)+ pr W)] .
(2.69)
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2.6. TWO-LOOPS DIAGRAM EVALUATION

For n,r # 0 we can show that
22 (M2)4—d o 4 52 62 Ty
m(3)(ﬂ,u)| 70 (4ﬁ2)d . [dX]c 2exp |—7 47T2m0(x Y+ z) pPT
0
2 2 ; (ny+rz)
« e L[ (y+2)+r¥(x+2z)— 2rnz] —ifpoz =2 1
[n,rZO
(2.70)
As the only other possible divergence emerges from the case n # 0,r = 0 or n = 0,7 # 0,
we can set r = 0 and obtain

4 d o 32 62 TYz
2.(5 2
m(s)( 7M)|n960,7“70 2 L dX c 2 exp [ ( 2m0(:ic +y+ Z) + Iy 4 c)]

y Brozy |y + 2\ ’
o (5 1) ] .

The case r # 0 can be achieved by setting n = 0 in (2.70). In this case, we obtain

the same function with y — z in the 6-function. The evaluation of these diagrams in

the pure system has already been done in the literature, where they are separated into

non-thermal and thermal contributions [37].
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Chapter 3

Disordered systems

Statistical mechanics has been successful in describing the macroscopic properties of
many condensed matter systems, such as phase transitions and ordered states, by assum-
ing translational invariance as idealized homogeneous systems. However, real systems
often exhibit inhomogeneities and impurities that break, for example, translational in-
variance [6].

In this section, we will discuss some generalities of the types of disorder, with a par-
ticular focus on quenched disorder. We will also introduce some aspects of glassy systems
and random fields. While we will briefly mention the replica trick, the main emphasis
will be on the discussion of the distributional zeta-function method, which is the primary

method used in this study.

3.1 Types of disorder in physical systems

Disorder or randomness in a physical system can arise from various sources, including
impurity atoms, vacancies in a crystal, dislocations, or grain boundaries in a crystal lattice,
among others. In the study of disorder systems, two types of disorder are commonly

distinguished: annealed disorder and quenched disorder.

3.1.1 Annealed disorder

In systems with annealed disorder, the fluctuations of the degrees of freedom associ-

ated with impurities occur on a timescale much smaller than the measurement time of
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3.1. TYPES OF DISORDER IN PHYSICAL SYSTEMS

the system. As a result, the disorder is in thermal equilibrium with other degrees of free-
dom in the system. This puts the disorder and non-disorder variables on equal footing.
To study such systems, it is necessary to compute the partition function by summing
over all configurations of the original components that describe the pure system and the
impurities.

To illustrate this, let us consider an example. Suppose we have a pure piece of fer-
romagnetic material that is heated to its melting temperature and then slowly cooled to
crystallize while adding some impurities. In this case, the impurities will be in thermal
equilibrium with the degrees of freedom of the original components of the pure system.
The Gibbs distribution can be used to model the impurities [47, 48]. In general, the

partition function Z of the system can be written as
Z = Tr(h’s)efﬁH(h’s), (31)

where h and s represent the impurity and system degrees of freedom, respectively. H is
the Hamiltonian of the system, and [ is the inverse temperature. The disorder variables
being in thermal equilibrium with the system degrees of freedom allows us to treat them
in the same manner. This simplifies the study of annealed disorder systems significantly.

Now, the free energy can be rewritten as follows

1
P == gynZ (3.2)

As we can see, the thermodynamic properties of this class of systems are obtained from
the partition function, which is traced over the disorder in the same way that we trace over
the thermal variables. Although annealed disorder has considerable effects on systems in

which it appears, examples can be found in references such as [49, 50, 51, 52, 53].

3.1.2 Quenched disorder

In contrast to annealed disorder, the degrees of freedom associated with impurities
in systems with quenched disorder evolve on a different time scale compared to those
characterizing the "clean" system. Their fluctuations are much slower, giving them the
property of being fixed or "frozen" relative to the other degrees of freedom. In other

words, quenched disorder is static. Almost all disorder in condensed matter systems falls
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3.2. AVERAGE OVER THE DISORDER

into this category. In the experimental context, the time scale of the measurement is
much smaller than the dynamical time scale of the impurities, which implies that if we
take multiple samples, the corresponding disordered variables assume well-defined time-
independent vale. In this context, each realization of the disorder corresponds to a unique
realization of the random variables, while their distribution describes the fluctuations
between different realizations.

Due to the nature of quenched randomness, in contrast to annealed disorder, the
degrees of freedom associated with impurities in the system are not in thermal equilibrium
with the other degrees of freedom. This means that each disorder configuration of the
system will be unique. Since this type of disorder is static and the impurities are not
allowed to move, the network structure remains fixed and the interactions are established.
Therefore, to study the thermodynamic properties of the system, the partition function
is determined for a specific disorder realization, and only the equilibrium quantities are
averaged over different distributions of the impurities. In this context, the partition
function is given by

Z(h) = Tr(s)efﬁH(h’s). (34)

The partition function will depend on all the impurity variables h, and as a result, the
calculation of thermodynamic quantities for the system becomes more challenging com-
pared to the annealed case. Since the thermal averages are not equivalent to averages over
the disorder, it is important to differentiate between the characteristics of the dynami-
cal degrees of freedom and the disordered variables when defining the thermodynamic
properties of a system. Ideally, we would like to calculate quantities that determine the
equilibrium of the system by computing averages over the Boltzmann measure. However,
due to the disorder, we can only evaluate quantities that are averaged over both the

thermal distribution and the disorder distribution.

3.2 Average over the disorder

In disorder systems, the outcomes of a sequence of experiments on a given observable
can vary from one sample to another. In these systems, certain quantities, particularly

extensive quantities like the free energy, exhibit the property of being 'self-averaging"
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3.2. AVERAGE OVER THE DISORDER

in the thermodynamic limit [54]. This means that they take the same value for each
realization of the disorder that has a non-zero probability. In other words, as the volume
of the system approaches infinity, the fluctuations between different samples diminish, and
the average value coincides with the value obtained in a single realization of the system.

On the other hand, variables that are not self-averaging may exhibit fluctuations from
one realization to another, and when averaging over the disorder, configurations with zero
probability may contribute finite values to the system.

The argument for averaging extensive quantities, initially proposed by Brout [9], con-
siders a system that is very large and can be divided into numerous macroscopic sub-
systems, each characterized by a different set of disorder variables. Assuming negligible
coupling between the subsystems, the value of any normalized extensive variable for the
entire system is equal to the average of its values over the subsystems. In practice, if the
original system is sufficiently large, the number of subsystems will be large enough that
their individual averages will differ only slightly from the average over all realizations of
disorder in the complete system.

In the literature, various approaches have been explored to investigate self-averaging
properties. For a more detailed discussion and applications, you can refer to references
such as [55, 56, 57, 58, 59, 60, 61].

From now on, let us move to a discussion about an example of averaging over the
disorder. As mentioned before, the free energy is an extensive quantity, so let us use
it as an example. We can start by defining the free energy density for a given disorder

realization as follows

Fh) - —ﬁlvan(h), (3.5)

where Z(h) is the partition function given by (3.4), and & is one disorder realization. The

average over the probability distribution of the disorder is given by
F=E[F(h)]

_ f dh P(h)F(h) (36)

1
== 57[5[1112(}1)],

where [E[-- -] denotes the average over all the disorder realizations. In this expression, it

is necessary to compute the average of a logarithm, which is not a straightforward task
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3.3. SPIN GLASS MODEL

and is quite uncommon in statistical mechanics. This arises from the nature of quenched
disorder, which requires us to average extensive quantities like the free energy instead of
the partition function, as in the case of annealed disorder. Therefore, the above expression
is commonly referred to as the quenched average. It is important to note that we have two
distinct averages here. The first one is the thermodynamic average over the Boltzmann
measure, used to obtain F'(h), followed by the average over the disorder. The order of
these averages is crucial to obtain the correct result.

Let us briefly discuss the probability distribution in this context. Since we cannot de-
termine the values of the random variables for different realizations, we need to describe
them using a probability distribution. Assuming that the degrees of freedom characteriz-
ing the disorder exhibit non-long range correlations, we can approximate the probability
distribution as a Gaussian one. Thus, the probability can be written as follows

P(h) = pexp [—2102 Jdd“x (h@))?] , (3.7)
with p being a normalization factor and ¢*> a parameter that reflects the strength of
the disorder. In this case, we have a delta-correlated random field where the two-point

correlation function is given by

E[2(2)h(y)] = *6" (x — y), (3.8)

and, as a characteristic of Gaussian distributions, we have that E[h(z)] = 0. Another

option for this distribution is given by

P = pesp |~ [ [ at*taatty o =te - pn)|. (39)

with the corresponding correlation function

E[h(z)h(y)] = V(z —y). (3.10)

3.3 Spin glass model

Before continuing the discussion about methods to evaluate the quenched average,
let us take some time to discuss systems with quenched disorder. Glassy systems are a

good candidate to use as an example, and we will focus on a specific one, the Spin-Glass
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3.3. SPIN GLASS MODEL

model. Spin-glasses have attracted attention in both experimental and theoretical fields
as prototypical systems with quenched disorder [1, 2, 62, 63].

Spin-glass systems are magnetic alloys in which magnetic impurities are embedded
in a magnetically inert host material. The impurities occupy random positions and are
not displaced within the sample on experimental timescales. The interactions between the
magnetic moments, or spins, are in conflict with each other due to the presence of frozen-in
structural disorder. As a result, a regular long-range ordered state such as ferromagnetic
or antiferromagnetic order cannot be established. The theoretical description of spin-glass

systems began with the pioneering work of Edwards and Anderson [10].

3.3.1 FEdwards-Anderson model

The mathematical model introduced by Edwards and Anderson to describe spin-glass
behavior is a generalization of the well-known Ising model [64]. The Hamiltonian of the

spin-glass model can be defined as follows
i i

This Hamiltonian describes a system composed of N spins .S; located at the sites ¢ of a
regular lattice, where h; represents a magnetic field interacting locally with the spins. The
values of J;; defines the kind of interaction, ferromagnetic or anti-ferromagnetic, being
Jij > 0 and J;; < 0 respectively. The sum in the expression is taken over all pairs 7, j of
nearest neighbors. The interaction constants J;; between spins located at positions ¢ and

j are independent random variables defined by a Gaussian distribution

N
P(Jy) = \/;” (3.12)

This model reproduces the two inherent properties that characterize spin-glass sys-
tems, the quenched disorder, already discussed, and frustration. Once the concept of
quenched disorder is understood, it is necessary to introduce the notion of frustration.
For this, let us consider an arrangement of three spins with interactions Jio, Joz, and Ji3
between them. For practical purposes, let us assume that these interactions differ only
in their signs and have equal intensity. With this perspective, it is possible to find two

essentially different situations corresponding to the ground state. The ground state of
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3.4. RANDOM FIELD MODEL

this system is unique when the product of all three interactions is positive and will be
degenerate if the product is negative. When we go from spin to spin, in the degenerate
case, the orientation of one of the spins is not satisfied with respect to the interaction
with its neighbors. This implies that if we take a closed spin chain C with an arbitrary
number of couplings, not all interactions can be satisfied if the product of the spin-spin

interactions along the chain is negative, then
n JioJaz -+ - Jp1 < 0 — frustration. (3.13)
c

In fact, any real lattice of two or more dimensions will have a complicated network of

interpenetrating frustrated loops, making this matter a topic of current discussion.

3.3.2 Sherrington-Kirkpatrick model

The Sherrington-Kirkpatrick model is the infinite-range version of the Edwards-Anderson
model. This version describes spin-glass systems at low temperature [65]. It was proposed
as a mean-field model with all spins interacting with each other. The Hamiltonian for this
model is basically the Hamiltonian for the Edwards-Anderson model, eq. (3.11), with a
difference in the sum. The sum ;. runs over all distinct pairs of spins, N(N —1)/2 of
them. Due to the fact that each spin interacts with every other spin, the spatial structure
of this model is irrelevant for its properties. Here, the space is simply the set of N sites in
which the Ising spins are placed, and all these spins could be considered as nearest neigh-
bors. In the thermodynamic limit, where N — oo, this structure can be interpreted as an
infinite-dimensional lattice. This implies that by making this assumption, the mean-field

approach would be exact.

3.4 Random field model

3.4.1 Random Field Ising Model

In this section, let us discuss one of the most important and relevant models for systems
with quenched disorder, the Random Field Ising Model (RFIM).
The RFIM was initially introduced by Larkin in the early 1970s [66] and later studied

by Imry and Ma [67]. This model includes the presence of a random external magnetic
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3.4. RANDOM FIELD MODEL

field that opposes the ordering induced by the ferromagnetic spin-spin interaction. The

Hamiltonian of the RFIM is defined as follows

H == J;8S; = > hS;. (3.14)
( 7

i,5)
This Hamiltonian describes a system of N spins S; located at points of a lattice, with
Ji; representing the positive non-random interaction between spins. In this model, the
sum is restricted to the nearest neighbor pairs (7,j), and the fields h; are independent
quenched random variables defined by a Gaussian distribution. The Hamiltonian can be

written as

| 2

with the following two-point correlation function

In both expressions, the o* represents the variance of the distribution and characterizes
the strength of the disorder. In this type of system, long-range and random ordering are
in competition, as neighboring spins tend to align parallel while the applied external field
tries to fix each spin according to the sign of the local field.

The Hamiltonian (3.14), in general, describes, in a certain way, any solid-state system
that has a transition with two degenerate ordered states and contains frozen impurities
that locally break the symmetry between these states [68]. For a pure magnetic system,
the ordering of spins results from a competition between energy interaction and entropy.
In fact, in one dimension, entropy dominates except at absolute zero temperature, and
at infinite temperature, the spins are disordered. However, this may not hold if the spin
couplings are long-ranged. On the other hand, in all dimensions greater than one, there
exists an ordered ferromagnetic phase for the case of the pure Ising model without an
external magnetic field. A second-order phase transition takes place at a given critical
temperature, below which energy dominates over entropy, and a long-range magnetic order
can be established. In most cases, thermal fluctuations easily break up the spin ordering
in lower dimensions. This leads to the notion of the lower critical dimension, which is
defined as the dimension above which an ordered phase is stable at finite temperature

[69)].
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3.4. RANDOM FIELD MODEL

The presence of a random external magnetic field affects the ordering associated with
the ferromagnetic exchange interactions. At low temperatures, the main competition
occurs between this type of energy, which contributes to the appearance of long-range
order, and the random field, which tries to eliminate such order. Thermal fluctuations
become less relevant, so the critical behavior at a possible phase transition would be
governed by the fixed point at zero temperature. The random field energy becomes
dominant when the strength of the disorder is large compared to the coupling between
the spins, resulting in complete disorder of the system. This occurs because the spins will
be oriented according to their local field h; and thus become uncorrelated. In contrast,
for a very weak random field, the ferromagnetic ground state becomes unstable, as the
transition temperature exhibits a decreasing behavior as the disorder strength increases
1, 3, §].

In low enough dimensions, the presence of a weak disorder can significantly impact
the formation of a long-range ferromagnetic ordered phase. Imry and Ma provided a
strong argument on how a robust random field can destroy the ferromagnetic ordering
[67]. Further discussions on phase transitions related to the dimensionality of the system

can be found in references [70, 71, 72, 73].

3.4.2 Random field in the scalar Landau-Ginzburg model

A continuous description of the RFIM is provided by the Landau-Ginzburg model.
In this model, the spin variables are replaced by a field coupled to an external quenched
disorder field in a d-dimensional Euclidean space. The corresponding Hamiltonian for the
A¢?* theory is defined as [3, 8]:

A

H(o) = [[at%ie | Soa) (<4 ) olo) + 5 (6()o@)* - hahot)| . (317

where ¢(z) is the field, h(x) is the quenched random field. This can be generalized for
multiples fields. The symbol A denotes the Laplacian operator in R?. The partition

function for this case can be written as

2(0) = | [dolexp[-H(o. W), .19

we recall that d¢ represents the functional measure, as mentioned in the previous chapter.

The random variables that characterize the disorder are defined by a Gaussian distribu-
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tion, just like in the usual random field Ising model. Therefore, we can express the

probability of the disorder as follows

P(h) ~ exp)l——2zgJ‘dd+la:(h(x))2], (3.19)

and we have a delta-correlated random field, where the two-point correlation function is
given by
E[h(x)h(y)] = 6" (z —y). (3.20)

Now, it is necessary to compute the h-dependent free energy (3.5). The ground state
configuration for the system corresponds to the values of the field that minimize the free
energy. This is typically determined by solving the saddle-point equation in the presence

of a quenched random field,
2 A 3
(A +md)o(e) + 56%() = hia), (321)

where the solutions depend on particular configurations of the quenched fields.
Perturbation theory is an inappropriate procedure to be used in systems where the
disorder gives rise to a large number of local minima. To overcome this problem, we can

perform an average over the disorder for the free energy. Consequently, we have
F:Jmmmmmm. (3.22)

In this case, we are averaging over all realizations of the random function h(z). To perform
this average, we will consider two approaches: the Replica Trick and the Distributional
Zeta-Function Method. In the next two sections, both of them will be discussed, and the

result for the average will be derived.

3.5 The Replica Trick

3.5.1 A brief discussion about the method

The Replica trick was proposed by Edwards and Anderson to study the transition
point observed experimentally in the susceptibility of dilute magnetic alloys [10]. The

method relies on utilizing a mathematical technique involving replicas of the system and
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exploits a fundamental property of the logarithm function

-1
Inz = lim ~ . (3.23)
n—0 n
This property allows us to rewrite (3.6) as
1 .. E[Z"]

This implies that the averaging of the logarithm is reduced to the computation of the
average of the partition function. For an integer n, this approach necessitates constructing
the product of partition functions of n identical and non-interacting copies of the original
system, and evaluating the average of the disorder before taking the limit n — 0. From

this procedure, the partition function can be written as

Z" = Tr(ga)) €Xp [—5 Z H (h, s(a))] , (3.25)
a=1

where the subscript (a) is the replica index and goes from 1 to n. Here, the trace will be
the product of sums over each s(®.

As we can see in the above expression, a conceptual difficulty can be noted in the
method. The index (a) is an integer that must be sent to zero in the replica limit to
maintain agreement with the logarithm property (3.23), where n is a real number. This is
a problematic situation resolved by explicitly writing the dependence on n of the replica
partition function in such a way that it can be regarded as a continuous parameter [10].
This procedure is not mathematically rigorous and has therefore been the source of much
debate and criticism over the years [74, 75, 76, 77]. Despite this, the results obtained
with the method are physically meaningful and it has been assumed that it appropriately
incorporates physical elements of different systems where it is used. More discussions
about the method can be found in references [61, 78, 79]. On the other hand, due to the
lack of mathematical rigor in the replica trick, alternative methods have been proposed
over the years [11, 12], including the method used in this study, the distributional zeta-

function [13].

3.5.2 The average free energy in the replica approach

Now, let us return to the computation of the quenched average for the free energy

(3.22) using the replica approach. To implement the method, we consider the product of
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partition functions of n identical and independent replicas, given by

- fﬁ [dei] exp [_ ijddﬂx (;qu(x) (=4 +mg) ¢(x) + i\'qb;‘(x) - hj(x)(bj(x))] |

(3.26)
By integrating over the disorder distribution, we obtain the replica partition function Z,,
which is
Z, =E[Z"]

ZJ[dh]ﬁ[d@] exp [Zn:fdd“ ( 10h2($) +hj(l’)¢j($)>] (3.27)

X“%:EJWJ( <Mﬂuw®@w+3ﬁ@ﬂ.

The h-integral can indeed be evaluated as a Gaussian integration. After performing the

integration, the resulting form of the partition function becomes

%=fﬁmwmwﬂmwm (3.28)

with the effective Hamiltonian H.¢; as

Hopto) = 5 330 [t (G0, [+ md) 3, = ol,) ) + 5 3] [ ataoito
o T )

The saddle point equation for the n replicas is
(—A+mp) di(x) + ¢3 -0 Z 6;(x (3.30)

If we assume all replicas to be the same, i.e., ¢;(x) = ¢(x), as would be natural to assume,

the equations (3.30) are reduced to

(=A+ (m§ —no)) o(z) + ?/)\!qﬁg(a:) =0, (3.31)

then, by taking the limit n — 0, this equation defines the ground state of a system without
disorder, which has the trivial solution ¢(z) = 0 for m3 > 0. A non-trivial solution can
only be obtained if the replicas are not equal, in other words, replica symmetry must be
broken [79, 80].

For convenience, instead of working in coordinate space, let us consider a treatment

in momentum space. Performing a Fourier transform on the effective Hamiltonian (3.29),
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we obtain
dd+ 1

Heps(di) = ZJ

p) [Gol;; és(— + Zqﬁj, (3.32)
i,7=1

where the factor [Go];j represents the inverse of the two-point correlation function in the

three-level approximation, which is defined as
[Goli;' (0) = (0* + m)éij — o (3.33)

To obtain the respective two-point correlation functions, we need to invert the above
expression using the projector operators (Pr)ij and (Pp)ij, which are

1 1
(PT)ij = 6ij — E and (PL)ij = ﬁ (334)

The equation (3.33) can be expressed in terms of both operators as
_ 1 1
ﬂ%h%@=@ﬁ+m@6%—n)+@%Hﬁ—n@n. (3.35)
Now, we can invert the above expression, and the desired result can be achieved as

dij N o
pP+mg  (p?+mg)(p? + m§—no)

[Gol;; (p) =

(3.36)

The first term corresponds to the bare contribution to the connected two-point correlation
function in the absence of the random field. Meanwhile, the second term represents the
contribution to the disconnected two-point correlation function, which becomes connected

after averaging over the random variable [3].

3.6 The Distributional Zeta-function method

The authors Svaiter and Svaiter proposed an alternative procedure, called the Distri-
butional Zeta-Function method, to compute the average free energy for quenched disorder
[13]. To obtain the expression for the average free energy, we consider the Euclidean action
functional of a scalar field with the A¢* interaction, and the disorder degrees of freedom

linearly coupled to the field. This action functional is given by

(0.0 = [@tie | Jow) (4% mi) o) + 400 < helo)| (e

The generalised zeta-function is defined as

G, (8) J flx) ™ dp(z (3.38)
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for s € C such that f~* € L'(u). In the formalism for the case f = Z(h) and du =

[dh] P(h), the distributional zeta-function is defined as

B(s) f[dh] PZ(h).

Since the part of the action that does not involve disorder is even, then

2(n) = z(-n) = 202 ZED),

that is equivalent to

20 = [Taolcosh | [ at+i2 ia)ote) | exo =001,

(3.39)

(3.40)

(3.41)

where S(¢) is the action functional for the pure system. As a consequence of the above

expression, we have that Z(h)™* < Z(0)"R°l*l in the integrand of (3.39) for Re[s] = 0.

This ensures that the integral in (3.39) converges and is well-defined in the half-complex

plane. As a result, @ is also well-defined in the same region without resorting to analytic

continuation [81].

Now taking into account that!

d —S
% Z(h) \s:m =InZ(h),

we can rewrite (3.2), in this approach, as

d
F = _$ g25(8)|5:0+ ’

Now in order to proceed, lets us perform a Mellin transform to obtain

Z(h)~ — ng) L Tt e exp - 2]

for Re[s] > 0 and Z(h) > 0. By replacing (3.44) into (3.39), we obtain

B(s) — F}s) J[dh] P(h) f "t L exp [~ Z()H].

0

It follows that, the average for the free energy, (3.43), will be written as

po_d [ Fés) f [dh] P(h) f "t L exp [ Z ()]

ds 0 s=0t

1df f(s)—f(0)
ds s :

stands for lim,_, o+ .

—0+

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)
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3.6. THE DISTRIBUTIONAL ZETA-FUNCTION METHOD

Now, to continue the evaluation, let us write @ = &1 +®,, where we split the t-integrand of
& into two intervals [0, a] and [a, 0], with a being an arbitrary and positive real number.

This implies that we can write these as

By (s) — FES) f [dn] P(h) L dt £ exp [~ Z(h)t]. (3.47)
and
By(s) — Fis) f [dh] P(h) LOO dt L exp [ Z(h)t]. (3.48)

As consequence, we can rewrite (3.43) as a sum,

d d
F == ()], — 5 o (3.49)
Now, we can use a series representation for the exponential in (3.47). Since the series
converges uniformly for all A, we can exchange the order of integration of the sum for the

series and the ¢-integral to obtain

k: k+s

P (s) = J[dh [ Z k+s Z(h)*| . (3.50)

The first term of the series has a singularity at s = 0, but it can be removed by invoking
the property I'(s)s = I'(s + 1). In this way, we can rewrite the above expression as

as k k+s

P1(s) = I(s+1 Z k + s) [2°), (3:51)

this is valid for Re|s] > 0. Now, we perform the differentiation of ¢, and obtain

d B 0 (_1)kak
g PO = 2 R EAT 4 ), (3:52)
where
fla)=—(na+7~), (3.53)

with v being the Euler-Mascheroni constant [82]. And now, taking the derivative of @,

we have

—;8 Bo(s)],_gr = — J [dh] P(h) Loo dt t~teZMWt = R(a). (3.54)

As we can see, the contribution for the average free energy from @, is written as a series

in which all the integer moments of the partition function appear. On the other hand, we
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3.6. THE DISTRIBUTIONAL ZETA-FUNCTION METHOD

do not have an explicit form for the contribution from ;5. From the junction of all these

equations, we are now able to write the average free energy as

F= k; (_12;!:“5[2’“] —(Ina+7) + R(a) (3.55)

where R(a) satisfies the following condition

[R(a)] < - (B)ae—m)“. (3.56)

It is important to draw attention to the fact that we cannot take the limit a — oo as
the above series would become meaningless. However, the contribution of R(a) can be
made arbitrarily small by setting a large enough. For a further comparison between this

method and the replica trick see ref. [81].
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Chapter 4

The \¢* Euclidean quantum field

theory with quenched disorder

In this chapter, the main focus will be the evaluation of the loops described in Chapter
2 in the presence of a quenched disorder. The first part of this chapter will provide a
description of the A\¢* model with the disorder. Subsequent sections will present results

and discussions on the effect of this quenched disorder on the renormalized squared mass.

4.1 The effective action functional for the quenched
disorder system

Systems with quenched disorder were already discussed in the previous chapter. How-
ever, in this chapter, we will provide a more detailed discussion about the model. Our
first task is to demonstrate the effective action functional for the quenched A¢* model
using the distributional zeta-functions approach.

Let us start by defining the action functional with the disorder as

B
S(p,h) = S(¢p) + L dr f Az h(x)é(T, %), (4.1)

where S(¢) is the action functional for a Euclidean quantum scalar field for the pure
system, given by (2.18), and h(x) represents the disorder. In a general situation, a
disordered media can be modeled by a real random field h(x) = h,(x) in R¢, where

E[A(x)] = 0 and covariance E[h(x)h(y)] , where this average is taken over the parameter
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4.1. THE EFFECTIVE ACTION FUNCTIONAL FOR THE QUENCHED
DISORDER SYSTEM

w. Now, let us introduce the disorder generating functional of correlation functions, for

one realization of the disorder, with an external source as

Z[J,h] = J[dgb] exp [—S(gb, h) + f dTJddx J(T,x)o(r, x)] : (4.2)

As in the pure system, the generating functional of connected correlations functions can

be defined as W[J, h] = InZ[J, h]. Now, the average of W[J, h] can be written as
E[W )] = [ [dk] PO (43)

where [dh] is a functional measure. In the distributional zeta-functions method, this

average will be represented as

© ¢ 1\g+1)a?
E[W[J,R]] = Z (1;!(][[(2[% A —Ina -~ + R(a,.J), (4.4)
where R(a, J) is given by
R(a,J) = — f [dR] P(h) foo dt t exp [—Z[J, h]t]. (4.5)

To proceed, we absorb a in the functional measure and we assume that the probability

distribution of the disorder is written as [dh| P(h), where

P(h) = poexp [—2 fddx (h(x))zl | (4.6)

The quantity o is a positive parameter that is associated with the strength of the disorder
and pg is the normalization factor. In this case we have a delta correlated disorder, (3.20).

After integrating over the disorder, we obtain each moment of the partition function as

£z = | H |46 exp [ =Segs (2, )] (47)

The imaginary-time effective action for each moment of the partition function in the
presence of a source J can be derived. The new field variables that arise are assumed to
satisfy the periodic condition given in section 2.3, i.e., ¢(7,x) = ¢(7 + ,%x). Knowing
that the disorder field is strongly correlated in the compactified dimension. This implies
a nonuniform disorder field h(7,x) in the (d + 1)-dimensional classical Euclidean field

theory. In this case, we have an anisotropic delta-correlated disorder field, i.e.,

E[h(r,x)h(T',x)] = 0*0%(x —y). (4.8)
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4.2. ONE-LOOP EVALUATION

In this case, we obtain a (d + 1)-dimensional Euclidean space with fields obeying periodic
boundary conditions in one spatial coordinate. An effective action will be derived for each

moment of the partition function as

Ser(e zq)7 qu) J dTJdd [qu <¢(q T,X) <—;:2 — A+ m%) ¢§q>
A
0 (617,30)° + 2 (610, x))4>]
B q
5 [ ar [t X o

r,s=1

252.[ de dr’ fdd qu ¢7(»q)(T,X)¢gq)(T’,x)

rs—1
where the field variables and sources are assumed to satisfy the previously mentioned
periodic boundary conditions. As we can see, the last term of (4.9) represents a non-local
contribution [38].

In order to define the propagator for this system, careful attention is required to
understand the consequences of randomness in a quantum system at low temperatures
in the spontaneously broken phase. However, for practical purposes, this discussion will
be omitted in this work, and only the form of the propagator will be presented. The

propagator for this system in the low-temperature case is defined as

1

P ) = o T T (1.10)
where
2
Op = 7T|n|q92 (4.11)
B
and w, is the Matsubara frequency term for the scalar field, given by
2mn
Wy = ——. 4.12
5 (4.12)

The method to obtain this propagator is extensively discussed by Heymans [38].

4.2 One-loop Evaluation

The renormalized squared mass m%(3, ¢, 1) in the kth moment is similar to the case

discussed in section 2.5. The renormalized mass squared is given by

my(B,q, 1) = mg + omg + fLrAmI(B, q, 1) + f2Am3(B, q, p), (4.13)
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4.2. ONE-LOOP EVALUATION

Where f; are the symmetric factors, and the mass counterterm has been introduced.
In the context described in sec. 2.5, Am? represents the contribution from the tadpole
diagram, as shown in fig. 2.2-a. The second term, Am3, is associated with the contribution
from the bubble diagram. The subscript indicating the dimension dependence of the
correction terms has been omitted for simplicity. Similar to sec. 2.5, let us begin by

defining the mass correction, in the first order of A, for the disordered case as

F(A ,u J 1
Am?2(B, q, ’ -, 4.14
mg(B,q, 1) = 2 - S S B (4.14)

where F(\, u1, s) is a coupling constant that depends on the evaluated loop. Now, we can

rewrite the above expression by performing some variable changes and rearrangement, as

F\u,s)p (* _ 52 B -
Am (B, q. 1) = y i (4) fo dp p* 17; (m + 5 (0" +md) + Sae |n|> :
(4.15)

Here, we will apply a Mellin transform and obtain

Am2(B,q,p) = Fi, HJ’ ZJ dp p*~ lf dt 571

d+1, 7+1
2 F nGZ 0

X exp [— (7m + f; (p* +mj) + gqg2|n|) t] :
(4.16)

Before compute the p-integral, we can define a dimensionless quantity r2 = 2 °”’  Then
the above equation can be rewritten as

F(\ p, )51 d * pd-l > s—1
Am2(8,q, 1) = I (1) )F(S%;Jo d L dt t .

2
X exp [— (71'71 +7r% 4+ fmo + gq92|n|) t] :

And finally, we can perform the r-integral to obtain

F(\ p,5)8" ¢ i mg 3
Am3(B,q, 1) = W()L dt t*72 7 exp [— i t]

X Z exp [— (ﬂnQ + gqg2|n|) t] :

nez

(4.18)

As we can see, up until this point, we have followed the same process demonstrated in
sec. 2.5. However, we observe that the anisotropic disorder introduces a contribution
involving |n| into the correlation function. This contribution was not present in the pure

system. This implies that we need a different approach to deal with the renormalization
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4.2. ONE-LOOP EVALUATION

of the one-loop. Let us split the summation into two contributions, one for n = 0 and
another for n # 0, denoted as Am?2(8, q, u)|n = 0 and Am?2(B, q, u)|n # 0, respectively.
We will start with Am?2(3, q, it)|,—0 by expressing this contribution as.

/\ 1—d
A2 (8.4, 1) o = mms,d) (4.19)
where
8] 2
A(s,d) = J dt 2 Lexp l—ﬁmot] (4.20)
0

For certain values of d and s, this integral exhibits an infrared divergence. The integral
is defined for Re[s] > ¢ and can be analytically continued to Re[s] > 4 —1 for s # %. To

handle this situation, we can employ the following approach [83]

JOO dz 2*¢(z) = f dz 2 (p(z) — ¢(0)) + JOO dz ¢ (x) + ;\bg_o)l, (4.21)

0 0 0

is possible to write a renormalized A(s,d) as

1 4 ﬁ2
Ar(s,d) :J dt ¢z (exp [—mgt] — 1)
0 4m

+JOO dt ¢ 2! L)
exp |——m .

Which is valid for Re[s] > 4. For Re[s] > $—1and s # £, the right side of Ag(s, d) exists

(4.22)

and defines a regularization of the original integral. Now, let us consider the contribution

forn #0
/\’u )51 dJ 4 m252
Am? FQp,8)51 de 5721 — 0 ¢

my(B,q, 1) = () o Fexp | ==
o 3 (4.23)

2 2

— + = t].
X nzlexp[ (Wn 2qg |n|) ]

In the series representation for the free energy with ¢ = 1,2,..., we find that moments

of the partition function corresponding to certain values of ¢ are critical. Specifically, for
moments such that g) = [(%) %] with @ € N, they exhibit critical behavior. Since
our focus is on critical behavior, we will concentrate on this set of critical momenta.
Now, we can rewrite (4.23) to accommodate this new definition, and by performing some
rearrangements, we obtain

A 1-d p 2432
a3l = EGEIEE [T vt g [ (M )

» (4.24)
X Z exp [-7 (n + Q)*t]
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4.2. ONE-LOOP EVALUATION

By choosing a specific value of Q) as () = mo, we can determine the critical value of
ge- The interpretation of this result is that within the infinite number of moments that
define the free energy, there exists a subset of critical momenta. Within this subset, there
is a particular set characterized by specific values of () that exhibit the tree-level behavior
[38]. With this understanding and interpretation of the specific @) values, we can rewrite

(4.24) as

1-d a0
Amg(ﬁ, Qo5 )| nr0 = W fo dt tsfgfl nZl exp [—7? (n+ Q0)2 t] ) (4.25)

Now, we can expand this expression to include the n = 0 term. By doing this, the term

Am2(B,, 1)lso can be given by.

by , 1-d 0 a4 0 Cm )
A3 ) = [ [Faretne <+Qo>t_AR<s,d>]. (4.26)
0 n=0

In order to proceed, let us perform the inverse Mellin transform into the ¢-integral

JOO dt ¢! i e TR _ (g d R i (n+ Q)" (4.27)
) 5 : :

n=0 n=0

And now, our renormalized mass correction will be written as

1-d u
A, oo = G 1 (s §) wt e cs - dia) - Ants)| a2

where ((z,a) is the Hurwitz-zeta function

= Z (n + a)fz, (429)

and an important formula that must be used in the renormalization process is

1
z—1

lim [g(z, a) —

Z—)l

] — —(a), (430)

where ¢(a) is the digamma function defined as ¢(z) = <L [InI'(z)]. For a fixed value of g,
the renormalized squared mass will vanish for a family of temperatures. This was proven
by Heymans et. al. [38]. In the next section, we will discuss the two-loops using the

procedure described in this section.
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4.3. TWO LOOP EVALUATION

4.3 'Two loop evaluation

As already discussed in chapter 2, we have three contributions to the renormalized
squared mass when we expand to order A2, as shown in figure 2.2. In this scenario, the

renormalized squared mass can be written as

where f(;) are the symmetric factor for each loop contribution. In here, all three diagrams

will be evaluated in separated subsections for simplification.

4.3.1 Double-Tadpole

The first of the two-loop diagrams that we will discuss is the double-tadpole diagram.
Although this diagram does not contribute to the renormalized squared mass, we will
examine it to demonstrate the applicability of the method to this simple two-loop case.
Since the double-tadpole diagram is a 1PR diagram, we can separate the two loops by
cutting the external leg between them and evaluate each branch separately, as shown in
figure 2.2-b. Both loops will have the same form as the tadpole diagram but with different

coupling constants. Let us start by writing the expressions for both loops, after applying

)|

(4.32)

the Mellin transform and performing the momentum integrals, as follows

Am? (B ) = I, Z oodttgex _m%BQt exp | — | mn? —é 2‘77/1
W@V O =AY 4 | PI7 7y |0 )~ 590" |ng)

where F' = F(\, 3, 1) is the coupling constant, and the subscript (3) indicates each loop of
the diagram. However, we can drop the distinction between the loops since both of them
have the same form and are independent of each other. Now, let us consider Am%1),1 as

Am?l)(ﬁ, q, 1) = Fy Z LOO dt t2 exp [—miﬁ%] exp l— (7m2 — éqQZ |n|) t] . (4.33)

nez i 2

It is easy to see that the above expression is the same as (4.18) with s = 1. As a
consequence, the result after all the procedures will be the same as the one obtained
for the one-loop case. This result is expected since this diagram is a trivial one. Both

F-factors will be the same as in chapter 2, i.e., they are disorder-independent and are
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4.3. TWO LOOP EVALUATION

defined by
3)\2 2\4—
)\2 2
Fa(A o) = —5 (’Z : S (4.3

All the procedure of the previous section can be applied with s = 1. Then, the contribution
for the renormalized mass from this diagram will be written as
3)\2 ( ) B 51 d
- (4m)?
g (4.36)
x[f@—z)w (2= duw) ~ An(L. )|

Am?l),l(/ga do, HJ) |n19é0 =

)\2 m 'u2
Am?1)72(67 qo, M)|n2¢0 = R'R ( ) 61 d

mta-d (4.37)
g .
x[rQ—Q)ﬁ1<@—¢%wﬁmm®}
where Ag(1,d) is the renormalized zero frequency term
1 4 62
Ag(1,d) :f dt t2 (exp [—4m3t] = 1)
0 i (4.38)

0 % 52 9 2
4.3.2 Double Scoop

The next two-loop correction for the renormalized mass will arise from the double-
scoop diagram, as shown in Figure 2.2-c. As we know, in this diagram, we cannot dis-
connect the loops as in the previous case. However, this is also a trivial diagram, which
means that the procedure from the previous section can be applied with some rearrange-

ment needed. First of all, let us write the expression for this diagram

A2 (12)44 32 o) 2 -1
Amiy (B, ¢, 1) = R : Z f dk k%! <7m2 + 5 (K* +mg) + qu2|n|>
di1pm(d 4 2
4 (201781 (4)) ez Yo
00 62 6 -2
X L dr 141 <7rr + - (P +mg) + 2qg2|r|)
(4.39)

As we can see, in this diagram we have two momenta and two frequencies, which can be

treated independently. For practical purposes, we can define two dimensionless variables:
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4.3. TWO LOOP EVALUATION

K? ﬁ —k? and L* = 'B —1?. After some rearrangement, we obtain

AnT (4

2 2/ 2v4—d g ? > d—1 2 . P B o
Moy (B, q, 1) = A1) il (9 Z . dK K ™"+ K° + Emo +3540 ?In|
n,reZ

0 ﬁ2 3 —2
X J dL L <7TT2 + L* + —mo + —qo |r|) :
0 Am

2
(4.40)

Now we can perform the Mellin transform with s = 1 and s = 2 for the k-integrand and

[-integrand, respectively,

2 _\2 2\4—d 5lid ’
m(z)(ﬁ,q7u) =Ar(1) T d)

AnT (&
d—1 2 2 52 B
ZJ dK K f dtlexp[ <7TTL + K —|—Em0+2qg |n|) ]
nez 0
d—1 2 2 ﬁQ ﬁ
ZJ dL L f dtgtgexp[ (w +L +4—m0+ “qo |r|> ]
reZ 0

(4.41)
and now to proceed, we just need to perform the both K and L integral that is an easy

task, after this we will get

B Bl—d 2 oo 4 5
m%z) (57 g, ,u) = )\?%(IUQ)LI a ( A dt, t; ? exp motl Z exp 7m2 + Eq92|n| t
0

nez

o9) d B
2 2
XL dty ;2 exp l_m0t2]ZeXpl (W + 540’7

red

(4.42)
And here we can notice that the first integral in the above expression is simply the
(4.18) for s = 1, and the second integral is for the analytic continuation of (4.18) for
s = 2. This is expected because this diagram is also a trivial one. All we need to do
now is evaluate the first integral in the same way as in the one-loop case and perform an
analytic continuation for the second integral.
Now, let us split Am%z) (B, q, 1) into two cases: n,r = 0 and n,r # 0. The contribution
Amé) (8,4, 1)|nr=0 can be written as the sum of contributions from both zero frequencies
with s = 1 and s = 2. Specifically, we have

Bl_d
47

2
Ay (B, 4 1) o = Na(u?) ( ) A(Ld) Ap(2.d). (4.43)

In this case, the A%, (s, d) represents the analytic continuation of A(s, d), following the same

approach as in Section 4.2. However, in this case, we need to extend it to accommodate

41

)



4.3. TWO LOOP EVALUATION

s = 2. Thus, we have

1 2 2
Alp(s, d) :f dt =21 (exp [—fﬂmgt] -1+ B—mg t)

0 A

i g 32 2 2
+ | et —mdt| + + :
L exp[ 47Tm0] s—d 2s+2-—d

(4.44)

This expression is valid for Re[s] > % — 2 for s # g —1and s # %. Now, we proceed with

the n,r # 0. The Am%z) (B, ¢, 1) |nr20 Will be defined as

1—d\ 2
Ay (B, 4, p)lnr=0 =Xg (7)™ (6)

A
xfoodt £ exp | -7 B2m2—Q2 t iex [—7 (n+ Q)]
. 1l p A2 o 1 Zi p 1
X fooo dt, t;_% exp [—ﬂ' (467:2 mg — QQ) t2:| Z exp [— (r + Q)° t] .
~ (4.45)

By choosing the particular value for ) = %mg, as already discussed on sec. 4.2, the

desired form of Amé) (B, ¢, pt)|nr—0 will be achieved,

1—d\ 2 po g ©
Ay (B oo = N0 (20 ) [t 0 F Y ewp [ (04 @o)* ]
0 n=l (4.46)
_d
X J dts t; 2 Z exp [—ﬂ' (r + Qg)th] ,
0

r=1

the zeroth term of both frequencies can be included, and we obtain

47

1—d\ 2 0 4
Ambyy (B, 4o, 1) lnr=o = AR(u*)* (6 ) f dt; ¢, Z exp [—7 (n + Qo)* t1] — Ar(1,d)

0 nez

0

reZ

(4.47)
As we can see, both integrals have the form of (4.26), as expected. We can verify that for

both integrals in (4.47), the result of (4.26) will be achieved. However, in this case, we
need to consider the case for s = 2, so an analytic continuation is needed. Therefore, we
can write Am? (8, qo, /1) |nzo as

1—d\ 2
Am??)(ﬁa qo, ,u)|n,r:0 = )\%(MQ)Llid (6) |:F (1 — d> T

47

[SIIcH

-1 §(2 — d, QQ) — AR(L d):|

x [F (2 - ) 722 ¢ (4—d, q0) — A2, d)] .
(4.48)
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4.3. TWO LOOP EVALUATION

The Hurwitz zeta function for s = 1 has a simple pole at z = 1. Therefore, for s = 1
and d = 3, the first zeta term in the above equation is finite. However, for s = 2, this is
not the case. We need to provide an analytic continuation for the Hurwitz zeta function
that is valid for s = 2. In this case, we can write the zeta function in the following integral

representation

Cra) = — L1 =2) Ldt(_t)ﬂeat, (4.49)

271 1—et?

where C is the Hankel contour.

4.3.3 Sunset

The last of the two-loop corrections arises from the sunset diagram. Unlike the previ-
ous cases, this diagram cannot be treated using the approach presented in section 2.5. The
interconnection between the three momenta in this diagram makes it more challenging

to evaluate. Let us write down the expression for this diagram in the quenched disorder

scenario
)\2 (,u2)4_d ddk ddl
A 2 — TR\ -
m(3) (67 q, :u) 652 n;ZJ (271_)61 J (27T)d

(2 4 mE + Wi+ 0n] [P+ mi + 0 + o) (4.50)

([p -k - 1]2 + m% + W(zit—n—r) + U(t—n—r))

To evaluate this diagram, we can take two approaches. One made by Braden [37], pre-
sented in chapter 2, for the non disorder case. However, applying this approach to the
quenched disorder case leads to a complicated analysis. Therefore, we will use another
approach, namely Feynman parametrization [41], as it appears to be more suitable for
this scenario.

After applying the Feynman parametrization , the three propagators in the diagram
will be combined into a single expression. In other words, we can write the diagram as

follows
J dk f di (k> +md + W2 + o, | [12+mi + w2 +0,])
(2m)? J (2m) ([p —k—1P+m Wi+ a(t_n_r))

d—3

(3—d) Ll Ll dmdy[(l_yi)lx]Q (4.51)

1

=T
3—d
" 1
pgff‘i‘mgff‘i‘Nz(l_y)+R2%+T2ﬁ '
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4.3. TWO LOOP EVALUATION

where
m2, =m2(1—y+—2—); (4.52)
eff z(l—x))’
e =P y(1 —y); (4.53)
N? =2 + oy (4.54)
R? =w? + o (4.55)
T? =W}, ) + Ot=n—r)- (4.56)

By performing the Mellin transform and Poisson summation, we obtain the following

expression after some rearrangement

_)\Q(MQ)4—d 1 d—1 p1 (( a:)) ~

B 2
X exp |:_47T [meff + peff] z

X Z exp [—Z [n2 + T2x(m(y —

n,reZ Y

RS

% exp | — Ao [@ [ra(1 —y) + ny] + iqg zy(1 — y)H

X exp %qﬁgQ [n(1—3y) +r(l+3x(y — 1)]]

™ (qBo®\” (* [-9y® + 10y — 1] + x [9y> — 10y + 1] + v
4\ 27 (x — 1z

X exp

(4.57)
To proceed, let us split this mass correction contribution into two regions: the terms corre-
sponding to zero frequencies n and r, and the terms corresponding to nonzero frequencies.
We denote these contributions as Amé) (B,q,1)|n,r =0 and Am?2(3)(8, q, u)|n, r # 0, re-
spectively. However, before continuing, let us use the definition of () presented in Section
4.2. This allows us to write both cases in a simpler form. Now, considering n,r = 0, we
can write Am?(3)(3, ¢, ft)|nr—o as

4-d —1 1 1_ 3
migy (B, ¢, 1) lna=o = ((47)rd ( > fdxdy((ff)J dz 27

)
xexp[( 2, — )] (4.58)
ool ()|
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4.3. TWO LOOP EVALUATION

where

(22 [-9y? + 10y — 1] + = [9y* —10y+1]+y)
(= 1)z

Q3 =2 8@ y(1 ). (1.60)

(4.59)

2 T 2
mo :ZQ

In this case, if ) = 0 and 8 — oo, we will obtain the result for the non-thermal pure

system. Now, let’s consider Am%g) (B, q, pt)|nrs0, which is given by

A2 ()44 71\t -
Am%ﬁ%)(ﬂa%ﬂ”n,rio :% (W) J dxdy((y))L dz 2! d

B, 2
X €exXp |:_47r (meff + peff) z

S T (DD )]

n,r#0

« exp _—5]70 [Z (ra(1 —y) + ny) + 2@ zy(1 — y)”

x exp [im@Q (n(1 — 3y) + r(1 + 3z(y — 1))]

_EQQ 2?[-9y* + 10y — 1]+ z[9y* — 10y + 1] + ¢
(x —1)x

X exp

W

(4.61)
As we can see, the expression above is quite complicated to read. Now, we can perform

some rearrangements to simplify it, and we obtain

w

M2yt (N (=) (7
Am2 (6aQ7l’[’)|nr R <) J d$dylf dz Zl_d
®) T 32(dm)d \ 52 v

B2, 2 T i ’
X exp | =7~ (m2 +p2sp) z] Z exp | —— (n — 5@(1 — Sy)z)

B n,r#0

X exp —EC (r — ;Q (1+ 3Ié,y — 1))2) ]
1

< exp | Ao ( (a1 =) + ) + 2@ 2y(1 - y>) - an]

com 507 (g, + - PR W) |

(4.62)

with
C = vy -1 +1) (4.63)
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4.3. TWO LOOP EVALUATION

We can continue to rearrange (4.62) to obtain a form similar to (4.58). By doing this, we

can achieve the following form

AL (p2)4d 1\ [t 1— =3 oo B
m%?,)(ﬁaq’:u”n,r;éo 22;%2(?471)6[ <62> J;) dl‘dy((y'diix)fo dz Zl d
X exp [— (f;meff + Q?M) z]
ol ()
PLT NagPer T (4.64)
X Z exp [—g (n— an)z}

where
Qs :ZQQ ((:c—yl)x + 4y — Chs 3:1:(Cy —1) ) ; (4.65)
Qn =5Q(1 = 3y): (4.66)
Q» ;Q S 3xéy —b) (4.67)

As the only other possible divergence can occur with n # 0, r =0 orn = 0, r # 0, we
can examine the r = 0 case. This implies that our mass correction term will be of the

following form

A2 (2)4—d 1 d—1 o
Am%g)(5,q7#)|n¢o,r=o =§2('(L;7)T)d (52) L dmdy(( yz;)lx) L dz 217
2
X exp [— <fmeff + QM|T 0) Lo
X exp | — ﬂ—z 2 2 |
p Peys +Qp | 2
x ZGXP[ g(n—Qn z)? —Zﬁpony]
n#0
where
Qislr=0 = %Cf ((x—yl)x + 4y> : (4.69)

As we can see, if () = 0, we re-obtain the thermal case for the pure system, as presented
in sec. 2.6. This expression is difficult to analyze, as all terms are mixed due to the nature

of the sunset diagram. We will revisit this discussion in the next chapter.
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Chapter 5

Conclusion

The study of classical and quantum fields in the presence of randomness has been a
topic of research in the literature for decades. In this work, we focused on understanding
the effects of disorder in a system at the broken symmetry phase and at low temperature.
We started by investigating the effects of thermal fluctuations on the renormalized squared
mass using the one-loop approximation, building upon recent work by Heymans [38].
Subsequently, we extended this study to the two-loop approximation.

Initially, we examined the effects of thermal fluctuations on the pure system and ap-
plied the low-temperature approach. Our results, obtained using analytic regularization,
were consistent with the existing literature [37]. Building on these results, we then pro-
ceeded to derive the effects of disorder on the system. Given our focus on systems at
the broken symmetry phase and low temperature, it was natural to consider disordered
systems. We introduced the distributional zeta-function, which accounts for the effects
of randomness in the action functional and leads to a non-local contribution associated
with each momenta of the partition function.

The implications of disorder were particularly evident in the renormalized squared
mass. Building on our results for the one-loop diagram, we extended our analysis to
the two-loop diagram. We confirmed that the contributions from the double tadpole
and double scoop diagrams, which are trivial cases, yielded the expected results. These
contributions were straightforward to evaluate as they could be expressed in terms of
the tadpole diagram, corresponding to the one-loop case. However, the evaluation of

the non-trivial two-loop diagram proved to be more challenging. The interdependence of
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the third momentum and frequency with the internal and external momenta made the
evaluation complex. The approach used in this study led to a complicated expression for
this contribution, and it may be worthwhile to explore alternative methods to simplify
the evaluation process.

In conclusion, this study sheds light on the effects of disorder in systems at the broken
symmetry phase and low temperature. The renormalized squared mass serves as a key
observable to understand these effects. While the evaluation of the two-loop diagram
proved challenging, the results obtained for the trivial diagrams were in line with expec-
tations. Further investigations and alternative approaches may provide insights into the
evaluation of the non-trivial two-loop diagram and contribute to a more comprehensive

understanding of the effects of disorder in these systems.
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