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Abstract

In this thesis we investigate the spontaneous symmetry breaking induced by quan-
tum fluctuations in scalar Quantum Electrodynamics. This phenomenon was originally
studied by S. Coleman and E. Weinberg using the perturbative approach to calculate
the effective potential. Their pioneering work, however, was limited to a specific region
of the parameter space, therefore it is interesting to investigate if their results remain
valid beyond the perturbative regime. To do this, we follow Wetterich’s path and use the
functional renormalization group tools to obtain non-perturbative informations about the
theory, studying the flow equations for the effective average potential and for the gauge
coupling, taking into account the anomalous dimensions corrections, in such a way that
we can recover the original results and go further. Solving numerically the complete flow
equations with suitable approximations, we discuss whether or not spontaneous symme-
try breaking takes place in each regime and, for the range of parameters analyzed, the

different phases of the theory as a function of mass.
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Resumo

Nesta dissertacao investigamos a quebra espontanea de simetria causada por correcoes
quanticas na Eletrodinamica Quantica escalar. Tal fendmeno foi originalmente estudado
por S. Coleman e E. Weinberg usando a teoria de perturbacao para calcular o potencial
efetivo. A abordagem original, entretanto, se limita a uma certa regiao do espaco de
parametros, portanto ¢é interessante investigar se os resultados permanecem validos fora do
regime perturbativo. Para isso, seguimos Wetterich e usamos as ferramentas do grupo de
renormalizacao funcional para obter informacoes nao perturbativas, estudando as equagoes
de fluxo para o potencial efetivo médio e para o acoplamento de gauge, levando em conta
as correcoes da dimensao anomala, de tal forma que possamos recuperar os resultados
originais e ir além deles. Resolvendo numericamente as equagoes de fluxo completas com
algumas aproximacoes, discutimos se ocorre ou nao a quebra espontanea de simetria em
cada regime e quais sao as diferentes fases da teoria em fun¢ao da massa, no conjunto de

parametros analisados.

Palavras-Chave: Quebra Espontanea de Simetria; Grupo de Renormalizacao Fun-

cional ; Mecanismo de Coleman-Weinberg; Eletrodinamica Quantica Escalar.
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Presentation and General Framework

Quantum Field Theory is the mathematical framework with which we build up the
Standard Model of Particle Physics, an extremely successful theory that describes the
fundamental interactions of nature and classifies the existing elementary particles.

In the Standard Model and in the Quantum Field Theory as a whole, the idea of
symmetry plays a key role, helping us to understand the patterns that are present in
nature and build the proper mathematical structure to describe them. One of the main
pillars of the Standard Model is gauge symmetry, a hallmark in the description of all
fundamental interactions known today. Another building block of the Standard Model
is the concept of spontaneous symmetry breaking, in which the fundamental state of a
theory does not respect a symmetry present in its dynamics. By bringing together the two
ingredients above, that is, when the spontaneous breaking of a gauge symmetry occurs, we
are faced with the mechanism by which the particles of the Standard Model acquire mass,
making clear the fundamental importance of these concepts for the building of Standard
Model.

During the development of Quantum Field Theory, physicists had to find a way to
deal with the infinities that resulted from their calculations, modifying the parameters of
their theory to take into account the effects of quantum fluctuations, giving an adequate
interpretation of their results and ensuring that the theory was meaningful. Further on,
in an attempt to better understand what was happening, they realized that the change of
the physics with scale was enormously relevant, and that the coupling constants they used
were not so constant as they thought. Because of this behavior, in Quantum Chromody-
namics for example, the gauge coupling is small in the high energy regime, which made
possible a great success of the perturbative approach of Quantum Field Theory. How-
ever, even today we do not understand some issues about the non-perturbative regime of
Quantum Field Theory, and this subject is still being discussed.

The concepts considered above were essential for building and better understanding of
the Standard Model as a whole, therefore, comprehending these ingredients and how they
relate is extremely important. This is the context in which this dissertation is developed,
since we are studying a model in which all these ideas appear intrinsically related.

The central idea of this work is to study the phenomenon of spontaneous symmetry
breaking induced by quantum fluctuations in a gauge theory, beyond the perturbative
regime. In fact, working with a simple gauge theory, we part from a situation where the
classical analysis would say that there is no spontaneous breaking and then verify the
possibility of, if taking into account quantum corrections, the system starts to show the
phenomenon of spontaneous breaking. In this way we would have the most spontaneous
of all spontaneous symmetry breakings, since the phenomenon would be caused solely by

the quantum fluctuation of the fields.



This work is organized as follows:

e In Chapter 1, we present a general introduction to the subject of this thesis;

e In Chapter 2 we introduce the problem from the original point of view, with the
purpose of putting the problem well-defined, fixing the notation and helping the
less experienced reader. The savvy reader can quickly read or even skip this initial

chapter.

e Chapter 3 reviews the ideas of functional renormalization group used in this work,
which is essential for understanding what comes next. We introduce the effective
average action and derive the Wetterich equation, the principal tool of this approach.
At the end we explain how to extract information from the Wetterich equation, for
instance, how to compute beta-functions and anomalous dimensions. The reader

who knows Wetterich’s approach will not learn anything new there.

e Chapter 4 deals with scalar Quantum Electrodynamics and is the heart of the thesis.
We use all the tools introduced in previous chapters to investigate the issues raised.
We begin by giving a truncation and obtaining the ingredients of the Wetterich equa-
tion. Then, we present the relevant flow equations through two different regimes. In
sequence, we show that our approach is consistent with the original results, we dis-
cuss numerical solutions for the flow equations and interpret the solutions showing

what happens in each regime of the theory.

e In Chapter 5 we make the conclusions and, in the Appendix, we compute the anoma-

lous dimensions used in the Chapter 4.

We used the software Mathematica'(and in particular the Package-X?) to do many

computations here.

"Wolfram Research, Inc., Mathematica, Version 11.3, Champaign, IL (2018)
2Hiren H. Patel, Comput. Phys. Commun. 197, 276 (2015), ePrint: arXiv:1503.01469



“Physics 1s like sex: sure, it
may give some practical results,
but that’s not why we do t.”
Richard P. Feynman
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Chapter 1
Introduction

How spontaneous is the spontaneous symmetry breaking?

In Quantum Field Theory, following the traditional approach in the analysis of spon-
taneous symmetry breaking, we usually limit ourselves to a classical approximation of
the situation, looking at the potential and saying whether or not spontaneous symmetry
breaking occurs. We do so because we believe that quantum fluctuations are only capable
of modifying the theory by making small quantitative corrections in it. If we are based in
the usual paradigm of perturbation theory this approximation will be successful most of
the time.

It is very common in textbooks to treat this question by giving as an example a
model where the phenomenon of spontaneous symmetry breaking occurs due to a signal
exchanged in the Lagrangian mass term [1]. However, such term is artificial, and there
is nothing spontaneous and natural about assuming it from the beginning. Another very
common example is that of the spontaneous symmetry breaking caused by the change of
an external parameter of the theory but, although it is not so artificial, this phenomenon is
associated with the explicit change of a parameter that can be performed by someone in a
laboratory and therefore it is not so spontaneous. Is there a truly spontaneous symmetry
breaking in nature, that does not depend on an artificial term placed in the Lagrangian or
on the change of an external parameter? A breaking that occurs because of the intrinsic
properties of quantum fields, fundamental objects used to describe everything in nature?
The answer is yes, quantum fluctuations may be wild enough to modify the whole theory
from a qualitative point of view, making it completely different from that expected by
classical analysis.

The spontaneous symmetry breaking due to radiative corrections was originally stud-
ied by S.Coleman and E. Weinberg in 1973 in a seminal paper [2], and since then it has
obtained several applications, for example, in Condensed Matter in the study of quantum
phase transitions [3], and in Cosmology, in cosmological models with inflation [4]. In

the original work, the authors adopted the functional approach of Quantum Field The-



ory, which is extremely suitable for dealing with quantum fluctuations and spontaneous
symmetry breaking and after introducing such formalism, proposed to study the effective
potential, a fundamental object for the analysis of this phenomenon. The authors used
the perturbative expansion to calculate the 1-loop effective potential through the sum
of Feynman diagrams, giving as a basic (but instructive) example a simple scalar field
theory, and after that studying the case of massless scalar Quantum Electrodynamics,
used as a model to understand this rich phenomenon. With this model at hand, they
computed the effective potential at 1-loop, with an additional hypothesis of a relation
between the orders of magnitude of the couplings of the theory, which is later justified in
light of the ideas of renormalization group. They found the region of parameters where
the spontaneous symmetry breaking by quantum effects occurs, showing that such phe-
nomenon can in fact take place. Even though from the classical point of view the massless
scalar Quantum Electrodynamics does not present spontaneous symmetry breaking, at
the quantum level it is induced by the fluctuations, thus causing the Higgs mechanism [5]
which gives mass to the photon and to the scalar field, making this theory not as massless
as we had thought before. In addition, it was observed the interesting phenomenon of
dimensional transmutation and obtained a relation between the masses of the photon and
the scalar field. This pioneering work, however, was restricted to the perturbative sector
of the theory, and therefore the result is valid only for the small coupling regime. The
natural following question is: does this phenomenon also occurs in the non-perturbative
sector of theory?!

We need a tool that allows us to analyze the non-perturbative regime of the theory,
without losing the advantages obtained with the use of functional formalism. For this, we
use the functional renormalization group according to Wetterich’s approach [6] (there are
other approaches, such as Wilson-Polchinski’s [7]). Based on Wilson’s ideas about renor-
malization group [8], this approach uses the Quantum Field Theory functional method
and is capable to obtain non-perturbative information by studying the flow equations for
effective potential and for the couplings of the theory. For this we use the effective average
action, a generalization of the usual effective action and obtain for it an exact equation,
the Wetterich equation, which tells us how this object change as we change the scale.
With this object, we can look at the classical approximation on the one hand and to the
full quantum theory on the other hand. However, it is not all flowers. Wetterich equation,
although exact, is too complicated to be solved analytically with the currently available
methods. Therefore we are forced to make approximations and eventually use numerical
methods to extract relevant information from the theory.

Even though working with approximations, however, the method proves to be very ef-

fective. With this approach we can obtain, for example, the Coleman-Weinberg expression

Tt is important to remark that we could have done the path integral explicitly as in [9] in the massless
scalar Quantum Electrodynamics case, but we preferred to adopt other approach



for the 1-loop effective potential as well as the already known beta-function of the scalar
Quantum Electrodynamics obtained with the usual Quantum Field Theory, and we can
find for both a correction coming from the anomalous dimension, which shows that our
analysis is tuned with the known results, and allows us to go further. In fact, as we shall
see latter, we can solve the flow equations numerically (with suitable approximations)
and, therefore, investigate different regimes to see if and where spontaneous symmetry
breaking occurs.

The basic physical idea behind the functional renormalization group is to connect
microscopic and macroscopic physics. Physics changes with the scale, and the functional
renormalization group is a suitable tool to connect effective descriptions on different scales,
and derive macroscopic physics from underlying microscopic descriptions, including the
effect of quantum fluctuations on all intermediate scales. With this approach, we can
access regimes where physics is governed by strong correlations and non-perturbative
effects [10],[11].

The functional renormalization group has been applied to an enormous variety of
physical phenomena, of which we can cite: i) Quantum Gravity [12]; ii) Finite-temperature
Yang-Mills [13]; iii) Higgs sector of SM [14]; iv) Non-equilibrium physics [15]; v) Nuclear
physics [16]; vi) QCD phase diagrams [17]; vii) Supersymmetric models [18].



Chapter 2

Quantum Fluctuations and

Spontaneous Symmetry Breaking

2.1 Introduction

The concept of spontaneous symmetry breaking [19] is extremely important for many
areas of Physics and in particular for the Standard Model. Through this concept it was
possible to understand the mass generation for the gauge bosons of the weak interaction
without losing the benefits of gauge symmetry, a crucial question to guarantee the renor-
malizability of the theory and therefore to guarantee the Electroweak unification developed
by Salam-Weinberg-Glashow [20]. Moreover, the Higgs mechanism, the expression of the
spontaneous breaking of a gauge symmetry, is the way in which all fundamental parti-
cles acquire mass and therefore is a crucial aspect of all Particle Physics. The precursor
of the Higgs mechanism, however, came from the Condensed Matter through the works
of Anderson [21] that, while studying the superconductivity phenomenon, observed the
need for the photon to acquire mass to sustain the already known Meissner effect [22] and
suggested a breaking mechanism for the mass generation in a Condensed Matter system.
This concept is also central to Statistical Mechanics in the study of fluctuation induced
quantum phase transitions (see for example [3]) and finds applications even in Cosmology,
where a spontaneous symmetry breaking was proposed by Linde for a cosmological model
with inflation [4].

Basically, the spontaneous symmetry breaking occurs when the vacuum of a theory
does not respect some symmetry present in the Lagrangian. In the traditional treatment
of the subject, we assume that by looking at the Lagrangian, we can determine whether
or not there is spontaneous symmetry breaking. In fact, given a Lagrangian £(®,0,®),
we group the non-derivative terms defining a potential V(®), and then we can already
search for symmetries, that is, transformations of the fields that leave £ invariant. To find

the minimum energy configuration, we assume that all fields are constant in space-time



in the vacuum state (to minimize the kinetic part), and minimize the potential V(®) as a

d‘ggl)) = 0 and defining the solution (®)q as the

expected value of the field in the vacuum state.

function of the fields, basically by taking

In general, when we find a nontrivial value for the vacuum expectation value of the
field, that is, (®)¢ # 0, we obtain a degenerate vacuum situation, where there are several
possible vacua (generally infinite, in the case of a continuous symmetry), connected by
a symmetry. In choosing a minimal energy configuration around which we are going to
perform perturbations that will be associated with the particles, we choose one of the
possible vacua, which is now considered to be the vacuum of theory, and therefore it is
no longer invariant under the symmetry in question. Thus, in general, we say that there
is spontaneous symmetry breaking if the vacuum expectation value of any of the fields
present in the theory is not invariant by some symmetry of the Lagrangian.

In Quantum Field Theory, we define fields as distributions that take values in oper-
ators. These do not commute, nor do they have well-defined product at the same point
in space-time. This wild nature of quantum fields gives rise to radiative corrections to
the interactions of the theory and even to the emergence of interactions that were not
present in the original Lagrangian. Therefore, traditional treatment, since it only takes
into account the effects present in classical theory, serves at best as an approximation if
we are dealing with a Quantum Field Theory. The effects of quantum fluctuations will
change the vacuum of our theory. To determine the true nature of the vacuum, we will
need a method that takes into account not only the interactions present in the Lagrangian,
but also the quantum corrections that will arise. It should be noted that, unlike what is
assumed in the traditional approach, the effects of quantum corrections not only make
small quantitative changes but can qualitatively change the whole theory, as we shall see
later.

An appropriate method to deal with these questions is the functional formalism of
Quantum Field Theory, introduced by Schwinger [23] and developed by Jona-Lasinio
[24], which permits us to deal with the question of quantum corrections and spontaneous
symmetry breaking in a natural way. This method enables us to define a function, the
effective potential, which includes all interactions present in the theory (both classical and
quantum corrections), and whose minimum determines the true vacuum of the theory, the
quantum vacuum, which includes influences of the quantum fluctuations present in nature,
and that will allow us to investigate more precisely the question of spontaneous symmetry

breaking.



2.2 Functional Methods

Let a theory be described by a Lagrangian £(®,0,®) in a d-dimensional space-time
with Euclidean metric. As a starting point, we will define the generating functional Z[.J]
as the vacuum transition amplitude in the asymptotic states in the presence of an external
source J(x), that is,

Z[J] = (0[0). (2.1)
We can write Z[J] in the functional integral representation

J] :/D¢ e Slel+[ dz J(z)é(@) (2.2)

The functional Z[J] is called generating functional because with it, we can expand
on a functional Taylor series and compute the correlation functions, or n-points Green

functions through
=1
-y /dd:vl...ddan(”)(xl, )T (1) (20), (2.3)
n=0

where we have

1 s Z[J)

Z[J] 5J(1'1)...5J(1’n)|‘]:0' (2.4)

G(n)(ml’ oy Ty) = (D(11).. (1)) =

However, in these Green functions there are still contributions of disconnected events,
which do not matter in the calculation of amplitudes in a scattering. Therefore, we can

define an object that does not have these terms, namely
W1J] = log Z[J], (2.5)
and then we have

"V = (0]0), = / D¢ e St/ da J@)i@), (2.6)

Similarly, we can expand W/[J], the generating functional of the connected Green func-

tions, by

an/ An GO (21, oy ) T (1) T (), (2.7)



and then,

(n)
G o, oit) = (@)} = s 28)

J=0

These correlation functions are the fundamental objects that allows the Quantum Field
Theory to make contact with the values measured in the experimental Particle Physics,
because these Green functions enter in the so-called LSZ reduction formula [25], which
enables us to calculate the coefficients of the S-matrix and obtain the probability ampli-
tudes associated with events in a scattering. In a field theory with Fuclidean signature,
these are the so-called Schwinger Functions. If we adopt a certain set of axioms for these
functions, we can define Wightman’s functions [26] in the space with Lorentz signature
through an analytical continuation, as Osterwalder and Schrader proved [27].

Let us now define an extremely important physical quantity, the expected value of the

quantum field ¢. The classical field, sometimes also called average field, is defined as

- 16zl W]
eal@) = (@) = Zr5T 0 = S

(2.9)

From this definition, we can invert the relation to obtain J, as a function of ¢ , so we
can perform the Legendre transform.

Finally, we define the quantum action as

Tigl = WLl + [ dlad,(@)pla) (2.10)

Differentiating with respect to ¢, and using the definition of classical field, we can obtain

immediately the quantum equation of motion

= J,(x). (2.11)

Substituting these definitions in the expression (2.6), we obtain

e Tl 1+ [ d?aJe (z)p(z) /D¢ 6]+ d?e 6FM>¢( ) (212)

Let us now make a change of variables through ¢ = ¢ + &, splitting the full quantum
field into classical field plus fluctuation field. Now, since we defined ¢ = (¢), we naturally
have (£) = 0. Since the ¢ field does not fluctuate, it does not contribute to the functional
measure, and therefore we have D¢ — DE. Thus, we obtain an integral-differential

equation for the quantum action

- / DeeSleraH] de 56w, (2.13)



This equation is the fundamental representation of the quantum action through the
functional integral, and could even serve as an alternative definition of it, being used as a
starting point. With this, we could at first get any information desired about our theory,
just solving this integral. Surely, this is only a formal solution, as we have no methods
available to solve such a complicated equation. In the next chapter we will show a possible
way to get information from this object without having to solve this equation.

The functional I' also admits a Taylor expansion, and can be seen as a functional

generator of the proper vertices I'™ (a1, ..., 2,,) according to

LClp] = Z % /ddxl...ddxnl"(”)($1, s T ) (1)) (2.14)

n=0

In the perturbative approach, we can show that these I'™ are given by the sum of all
1PI Feynman diagrams (i.e. connected graphs that can not be disconnected by cutting
an inner line) with n external legs, with the usual convention of amputating the external
propagators to perform the calculation. It is with these amputated graphs that we usually
work, because from the point of view of perturbative field theory, they carry the most

important information about our theory.

2.3 The Effective Potential

A convenient way to expand the quantum action I, is in powers of momentum around

a point at which momenta cancels out, that is, expand in

Pl = / iz (v;ff(¢) + %ng(a“gp)? +. ) | (2.15)
In this expansion, the term without derivatives Vg, is the so-called effective potential,
which we announced at the beginning of the chapter. From the perturbative point of
view, we can compare this expression with the Taylor expansion, and see that Vi is
given by the sum of all 1PI Feynman graphs with zero external momenta. The effective
potential will be the central object of our study as it is fundamental to the determination
of the true vacuum of the theory and to the investigation of questions about spontaneous
symmetry breaking. We will now see how to describe spontaneous symmetry breaking
using functional methods.

Suppose that the Lagrangian has a simple symmetry. We want to know if the vacuum
expectation value of our theory respects this symmetry. Note that

o) = L gy, = kO

(2.16)



then, taking J — 0, we get the vacuum expectation value of the field

lim 05(z) = {016(2)[0) = (016(0)]0) = (6o, (2.17)

where we are supposing Poincaré invariance for the vacuum and the usual normalization.
A non-trivial outcome here ((¢)g # 0) can result in non-invariance of the vacuum
under the studied symmetry. Putting this same condition J — 0 in the equation of

motion, we obtain that

lim (5F[<p] = J¢> S Ay (2.18)

J=0 \ dp(x)

Therefore, we can say that there is spontaneous symmetry breaking in a given theory,
if and only if there is a field configuration with nonzero vacuum expected value that solves

the quantum equation of motion, that is,

Jo* # 0 such that = 0. (2.19)

Now, using the momentum expansion and assuming that our theory has Poincaré

invariance, as well as our vacuum state, we can simplify the above condition and get the

:Q
p*

(2.20)

main result of this section:

oV,
Spontaneous Symmetry Breaking = (3@* # (0 such that M

dp(z)

Therefore, the investigation of the true vacuum of a theory and the existence or not of
spontaneous symmetry breaking is summarized in the calculation of the effective potential

Vesr and in the calculation of the configurations that minimize it.

2.4 Massless Scalar Quantum Electrodynamics

Let us consider here the massless scalar Quantum FElectrodynamics, the theory of
a complex scalar field minimally coupled to the electromagnetic field, whose classical
Lagrangian is given by
1 2 * A 4
L= B2+ (D) (D) + 3 6 (221)
Here, we define the field strength F),, as usual (F,, = 0,A, — 0,A,) and the covariant
derivative as D,, = 0, + ieA,,.

Analyzing classically the potential, this theory seems to have a symmetric vacuum.



Let us investigate what happens when we take into account quantum fluctuations. For
this, as discussed in the previous section, we need to calculate the effective potential.
Following the results of the original paper [2], the 1-loop effective potential for this theory

can be obtained in the Landau gauge and is of the form

A 5A2 3¢t 2 95
1-loop __ 7' 4 4 ifl_ Y
Vg "=t (115272 * 647r2> 7 <1°g M2 6 ) ’ (222)

where M is an arbitrary mass parameter coming from the renormalization conditions.
Now, analyzing this expression for the effective potential, we have indications that we
can have a non-trivial minimum in this approximation. Assuming that we have \ ~ e,
which can be done without loss of generality, according to arguments from the renormal-
ization group of Gell-Mann and Low [28], we can consider the contribution of order A\?

irrelevant compared to others and simplify the above expression, getting

_ A 3et ©? 25
Vl loop _ = 4 4 1 . aY 223
off 19 Tee e 5 ) (2.23)
where we chose the arbitrary mass parameter M (the point where we define the renormal-
ization conditions) as the minimum of the potential, (¢), to simplify the computations.

In fact, if () is the minimum of the effective potential, we can easily deduce that

Vi =0 (35 ° =0, (2.21)

Therefore, we obtain the relation between the couplings:

N

=53¢ (2.25)

Thus, we begin the description of our theory through two dimensionless parameters, e and
A, and we end up describing the theory with e and (¢). This shift from a dimensionless
parameter to one with mass dimension is what Coleman and Weinberg called dimensional
transmutation, and it is a common phenomenon in massless gauge theories that undergo
spontaneous symmetry breaking.

Using the relation between the coupling constants, we obtain a final expression for the

effective potential at 1-loop

_ 3et 1
yitoor 4 log e — = ). 2.26
eff 6 7T2¢) ( 0g © ) ( )

From this expression, it is clear that we have a non-trivial minimum for the effective
potential, at least at 1-loop order. (Note that we have V' (0) = 0, and V ({¢)) = _se <‘p>4).
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Therefore, although classical analysis indicates a symmetric vacuum, 1-loop quantum
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corrections indicate that there is spontaneous symmetry breaking. In this way we conclude
that it is possible for a theory to have the spontaneous symmetry breaking induced by
quantum corrections, even when classical analysis says otherwise, giving an example of a
simple theory where this occurs. However, the result obtained above is only valid in the
perturbative regime, where we are assuming small couplings. The natural question that
we could ask next is: does this phenomenon occur if we consider the non-perturbative
regime?

In order to face this issue, we need tools that access the non-perturbative sector of
Quantum Field Theory and allow us to reproduce the above computations and verify
whether spontaneous breaking induced by quantum fluctuations occurs or not. To do
this, we will review the ideas of the functional renormalization group in the next chapter
according to Wetterich’s approach, and we will use this tool in Chapter 4 to re-study the

scalar Quantum Electrodynamics, now from a broader point of view.
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Chapter 3

The Functional Renormalization

Group

3.1 Introduction

The heart of a Quantum Field Theory is its quantum action I', the generating func-
tional of the 1PI Green functions. This object includes all the effects of quantum fluctu-
ations of the theory and with I we can calculate the correlations that give us scattering
amplitudes, cross sections, among other things. If we could find the quantum action I’
and therefore the 1PI Green functions, we could say that we solved the quantum theory.

We want to understand how a theory changes as we change the scale, so we will modify
a fundamental object, the generating functional, implementing a scale dependence directly
on the functional integral, so that we will have a non-perturbative character in the regu-
larization of the theory. Based on the Wilsonian approach of the renormalization group,
instead of integrating all quantum fluctuations at once taking into account all modes of
the field to calculate the functional integral, we will restrict ourselves to integrating only
the modes with momenta above a specific cutoff scale by suppressing the contribution of
the modes with momenta below this cutoff scale in the functional integral.

In this sense, the effective average action I';, is defined as a generalization of the ef-
fective action, obtained by restricting the integration of quantum fluctuations through a
cutoff scale. This object, besides carrying a scale dependence, will have as asymptotic
limits on the one hand the bare action S when we suppress all the quantum fluctuations
(k — o00), and on the other hand the quantum action I' when we do not suppress any mode
(k — 0). The effective average action I'y will be seen as a renormalization group trajec-
tory in a “theory space”, linking classical theory to the full quantum theory whose scale
dependence will be given by a non-perturbative flow equation , the Wetterich equation.
From it, we can obtain a hierarchy of flow equations for their proper vertices, forming an

infinite system of equations analogous to the Dyson-Schwinger equations. Such equations
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will be useful for calculating the so-called anomalous dimension, for example. It should
be noted that the equations studied here admit a schematic representation very similar
to Feynman diagrams in perturbation theory, which can be very useful when dealing with

more complicated models.

3.2 Wilsonian Approach to RG

The Quantum Field Theory since its beginning has been struggling with the question
of the infinities that arose naturally from its computations. At one point, the question
of the infinities caused a certain skepticism and even the abandonment of the theory
by some scientists. However, with the works of Feynman, Schwinger, and Tomonaga
[29], the Quantum Electrodynamics became an example to be followed, and there was an
attempt to describe everything that was known at the time with Field Theory. In this
process it was found that to be predictive, a theory should be renormalizable. But at
this time of development, questions about the renormalization procedure as a whole were
still unclear, and scientists still did not trust the method and did not understand the
issues involved. It was with the introduction of the renormalization group concept in the
context of perturbative renormalization by Gell-Mann and Low [28] that things became
gradually clearer. The non-perturbative vision of the renormalization group came only
later, created by Wilson [8], in the context of Statistical Mechanics in Condensed Matter,
helping in the general understanding of the renormalization procedure. The methods of
functional renormalization group used in this thesis are all based on the central ideas of
Wilson’s approach, and so it is worth briefly commenting on this conception here.

In the functional approach of Quantum Field Theory that we presented in the previous
chapter, we integrate over all quantum fluctuations at once. Naturally, the expression of
Z for example, has only a formal character since we are not able to realize that integral
and not even to define it rigorously mathematically speaking. We also do not have a
guarantee that our theories apply to any energy scale, so let us work from a point of view
of effective theories, and define the theory only up to a certain UV scale. The central
question that arises is: what happens when we change the cutoff scale, that is, how does
the theory changes with scale?

The central idea of the Wilsonian approach is to perform the functional integral in an
iterative way, a finite momentum shell at a time, that is, to perform the integral of modes
with momentum in a finite interval to guarantee finitude at each step, as shown below.!

Consider a theory with bare S action on a UV scale A. Separate the slow modes ¢,

with momenta |g| < Ay = bA, and the fast modes ¢ with momenta A; < |q| < A (here,

Inote that we discuss here in a simplified way, since this section serves only as a motivation for what
follows.
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0 < b < 1). The generating functional of the theory is given by

7 = /d¢es[¢1 = /d¢s/d¢f e 5 = /d@ e~ 51l (3.1)

where in the above expression, we define the Wilsonian Action in the scale A; integrating

only the fast modes. That is, we can write formally

e il — /quf eSll. (3.2)

The Wilsonian action S;[¢s], obtained by integrating the fast modes of the original
action, is the action that describes the slow modes, that is, the theory in the |¢| < A; = bA
scale. Certainly, by integrating the other modes, we get the same generating functional,
since we are still talking about the same theory. We can now repeat the procedure and
perform the integration in the finite momentum shell bA; = Ay < |q| < Ay, getting the
Wilsonian action Ss, defined for modes with momenta |q| < As. Iterating this process,
we will obtain a sequence of Wilsonian actions 57,5, ..., S, valid on scales each time
smaller Ay, Ao, ..., A, such that all of them reproduce the same physics if we integrate the
remaining modes. To reach the zero momentum, we would need to do infinite iterations.
However, in general we can content ourselves iterating up to a given momentum L1,
where L is the size of the system.

The above process is only explained in a qualitative way, since these integrals are very
hard to execute. It should be noted that by performing the first integral, even if we start
from a very simple and local bare action, we obtain a very complicated Wilsonian action,
typically involving all the terms that are allowed by the symmetries of the original action.
Thus, the Wilsonian renormalization group naturally introduces the space of all possible
actions compatible with symmetries, the so-called theory space, where the flow of the
renormalization group takes place, described by the flows of the couplings that change as
we change the scale.

We can also take this b arbitrarily close to 1, such that A = b Ay is infinitesimally
close to Ayy, and observe what is the infinitesimal change that occurs in the Wilsonian
action, to obtain a continuous formulation of the method. In fact, integrating all modes

with A < |q| < Ayvy

Z = / dp e 51l = / do / dpp e = / dps,e 5r. (3.3)
0<|g|<Auv 0<|q|<A A<|gl<Apv 0<|q|<A

Thus, we can obtain a continuous family of Wilsonian actions whose derivative will define
the so-called beta-functionals that will describe the flow of the full action through simple

differential equations.
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Motivated by the Wilsonian renormalization group, we will next introduce the func-

tional renormalization group. We follow the approach presented in Percacci’s book [30].

3.3 The Effective Average Action [’

Let be a scalar theory in d Euclidean dimensions, whose classical dynamics is given
by S[¢]. We define its generating functional in the functional integral representation, as

we have already seen, by
Z[J| = /ng e Slel+[dlz J(@)b(x) (3.4)

In order to study the behavior of our theory with the change of scale, we will implement
a procedure in the Wilsonian spirit to suppress quantum fluctuations in the functional

integral, adding to the classical action a cutoff action of the form

ASyo] = 5 [ o) R o) (3.5)

where R, is the cutoff operator, object responsible for suppressing the modes with mo-
menta smaller than the given cutoff scale k, about which we will give detailed information
later, in section 3.5. It is important to use a quadratic cutoff action in the fluctuations,
because we do not want to change the vertices, the interactions of the theory, we just want
to regulate its propagator. With this strategy, in addition to achieving the dependence
on the scale that we want, we are able to avoid infrared divergences and also maintain a
simple structure for the flow equation that we will see later.

Taking S — S, = S + ASj, we obtain a scale dependence as we wish. Define
ZulJ] = / D S-S0+ [ J@)oa) _ JWlJ]| (3.6)

With this object at hand, we can follow a path analogous to that already followed in the
usual functional approach of Quantum Field Theory, now carrying a scale dependence.
Define the classical field

p(r) = = {(¢())J, (3.7)
and with it, propose the change of variables ¢ = ¢ + ¢ in the functional integral. Now, as

the field ¢ determined by the equation above does not fluctuate, it does not contribute

to the functional measure and therefore D¢ — DE.
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Using the result

S[6+ €] + A6 + €] = S[b + €] + ASi6] + AS[E] + / & £(x) %Ask 6, (38)

and substituting this expression in the integral after doing the split in the quantum field

Wi — / D ¢ SIOHEI- A=A L= [d"2 6(@) 555 AL+ ' (o) +£(@)) () (3.9)

Removing from the integrals the terms that do not contribute, we obtain

WilJl=[dde J (@) p(x) + ASile] _ /D§ o~ Sl =ASklEl+[dle (@) (I (@)~ 550 ASkle]) (3.10)

Looking at the expression that appeared naturally on the left side, we will define the

effective average action as the usual Legendre transform corrected by the cutoff action

Lulel = ~Weld] + [ dis Jahola) - ASile) (3.11)

5;“;’(“5} . From this

definition of I'y, we can derive functionally with respect to ¢, to obtain the quantum

where as before, we obtain J(x) by inverting the relation p(z) =

equation of motion

oTwle] _ J(r) — 590(?35)

ASy[p]. (3.12)

Therefore, replacing J(z) in the expression (3.9) by the value given in the equation (3.12),
we obtain an alternative definition for the effective average action in the functional integral

representation

o-Trlel _ / D ¢ Slete-asile+[d'a s €@, (3.13)

The above equation could be used to define the effective average action, and we could
start from here and walk in the opposite way. With this expression, we can verify that

'), satisfies the desired asymptotic behavior, namely
® (hmk_m Fk = F),
® (limk_m Fk = SA)

Therefore, we have obtained an exact expression for a scale-dependent object that
interpolates between the bare action (used as input from the theory we are interested in)
and the quantum action that has all the information of the full theory, taking into account

all quantum fluctuations.
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3.4 The Wetterich Equation

Let us now study the behavior of the effective average action by a change of scale. For
this we define for convenience the variable ¢ = log(%) such that we have % = k%. Define

as starting point the generating functional with the addition of a cutoff
ZulJ] = / D e=SEI=ASU+ [l J@) 6la) _ (WilJ], (3.14)

Differentiating the above expression with respect to the renormalization group parameter

t, we obtain
oW, Ve = / D¢ (—8,ASy)e 528kt Al J(@) 6(x) (3.15)

Recalling the definition of the expected value of an observable, and remembering that

Z[J] = eVl we have

Now, recalling the definition of AS) we see that the only scale dependence is in the cutoff
operator Ry. Introducing a delta function and an integral to replace the argument of one
of the fields,

oW, = % / 2 dy 5(x — ) R (H(2) b)), (3.17)

From the definition of the effective average action I'y[p] = —Wi[J] + [ daJ(x)e(z) —
ASi[p], differentiating with respect to ¢ and using the above result

O Tklp] = % /ddw d% 6(x —y) O Rk (d(x)p(y)) s — %/ddrr d%y 6(z — y) O Rk o()p(y).
(3.18)

Note that we have defined p(z) = (¢(z));, then we can group the two parts and write

OTule] = 5 [ d'y (o~ ) ORe (G000 — (Gl (0whs). (319

Now, the expression in parentheses is precisely the already known connected 2-point
function, or the propagator. Defining the integrals with the delta as the functional trace

in the position representation, we can write

OTul] = % Tr K%) aﬂzk] | (3.20)
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We have ¢(y) = 5;5’(“5], so differentiating this expression

op(y)  0°WilJ]

= . 3.21
d0J(x)  6J(x)6J(y) (321)
On the other hand we have %([;‘;] =J(z) — %@)AS;? [¢], so differentiating again
6J 6T 52AS
@) _ £ = (T} + Ri)ay (3.22)

dp(y)  dp(x)op(y)  dp(x)dp(y)

where we express compactly the dependence of the expression on x and y, typically a
dz —y).
Looking at the equations (3.21) and (3.22), we clearly see an inversion relationship

here. Therefore, we have

52 Wil J]

5T @0I ()~ (T7 + R)ry- (3.23)

Substituting this result in the equation (3.20), we obtain the main result of this chapter,
the famous Wetterich Equation

1 —1
OTxlp] = 5 Tr [(Fff) + Rk> aﬂzk] . (3.24)

If we can solve this equation, we obtain the effective average action, and with it, having
as a boundary condition in k = A our bare action Sy, we can take the limit £ — 0 to get
the quantum action I'. However, this equation is too complicated to be solved exactly, so
we will have to call for approximate solutions. We will see that even though we are forced
to content ourselves with approximations, this equation can give us an enormous amount
of information, allowing us to study the evolution of the couplings of our theory through
the beta-functions and look for possible fixed points, for example. We can also obtain the
flow equation for the effective average potential and thus study the true vacuum of the
theory in question taking into account all quantum fluctuations, and without the usual
weak coupling restriction present in the usual perturbative Quantum Field Theory. With
this we can analyze questions about the spontaneous symmetry breaking, among other
things.

Let us now make some comments about the Wetterich Equation:

e [t is an exact equation, since we did not make any approximation in its derivation.

It is an all loop order result;

e [t is a closed equation, since the evolution of I'y; on the left side is given as a function
of the 'y itself on the right side ;
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e [t is a non-perturbative equation, since there are no restrictions in the values of the

couplings, nor in the regime in which we work;

e It is a finite equation for any k # 0. According to the properties of the cutoff oper-
ator, it is possible to show that the presence of 0;R) in the numerator guarantees
finitude in the UV regime and that the presence of R guarantees finiteness in the

IR regime;

e [t is an equation with 1-loop structure. By this we mean that the Wetterich equation
has the structure very similar to that of the equation for the quantum action at 1-

loop order.

In fact, looking at the quantum action at 1-loop order, obtained through perturba-

tion theory, we have
r(=toor) ] = S[op] + %TT log S@. (3.25)
Taking S — S 4+ ASi and removing ASj, from the Legendre transform, we get
TP o) = 5 4+ AS, + %TT log (S + AS)® — AS,, (3.26)
that is, Fg_lwp) =S+ 1Tr log(S® + Ry). Taking the derivative

8tF;(€1_loop) _ %TT [(3(2) + Rk)_l (%7%] . (327)

Therefore, with our definition of effective average action, to pass from the result
at 1-loop to the exact result at any order in the loop expansion, we just have to
make a renormalization group improvement S — F,(f), while maintaining the same

structure of the equation.

3.5 More About the Cutoff R,

In this section, we will discuss about what we expect from a good cutoff operator.
Remember that it appears when we make the transformation S — S + AS}, where we
define AS, = [d?c ¢(x) Ry ¢(x). We have already talked about the need to keep the
cutoff action quadratic in the fluctuations when we introduced the cutoff, so I will not
repeat myself in this matter.

The cutoff operator Ry, has the function of suppressing the slow modes in the functional
integral. As we will do this by modifying the propagator structure, the cutoff operator
will depend fundamentally on the dynamic operator of our theory, that is, the operator

that appears in the kinetic part. More explicitly, given a theory with a kinetic term of the
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form ¢ (A)g¢, the role of the cutoff operator Ry, (A) will be to suppress in the functional
integral eigenvectors ¢,, of the operator A whose eigenvalues A, are smaller than a given
cutoff scale k% (A¢, = \udn).

The functional form of the cutoff operator is arbitrary at first, but to be able to fulfill

its role, it is interesting that Ry (z) has the following properties:
1. For fixed k, Ry(z) must be monotonically decreasing with z;
2. For fixed z, Ry (z) must be monotonically increasing with k;
3. limy_,0 Ri(z) = 0, for any z;
4. if, 2 >> k? then Ry(z) — 0 fast enough;
5. Ri(0) = k2

Properties 1 and 2 are expected for a cutoff operator and are those that will determine the
suppression of the slow modes without changing the other sector. The 3 guarantees that
when we remove the cutoff we recover the original theory; 4 emphasizes that fast modes
must be integrated without suppression; the 5 act as a sort of normalization. With all this,
we see that the role of the cutoff operator is basically to replace the original propagator
G(z) = £ by a regularized propagator Gi(z) = #(Z), where Py(z) = z+R(z). Note that
the cutoff scale k acts as an infra-red cutoff since it does not affect the fast modes, and it
increasingly suppresses the modes below the k-scale as if it were giving a mass of order k
for these modes. Therefore, besides implementing scale dependence, this procedure helps
to avoid divergences in the IR sector of theory. We mention here the most used cutoff

operators as examples:

e the Litim cutoff [31]

Ri(z) = (k* — 2)0(k* — 2); (3.28)
e the exponential cutoff
Rulz) = ———. (3.29)
er? — 1

3.6 Working with the Wetterich Equation

Our goal here is to understand the behavior of a theory when we change the scale. For
this, we defined an object that interpolates between the classical action and the quantum
action and that satisfies a flow equation of the functional renormalization group. The

Wetterich equation is finite at all scales, thanks to the properties of the cuttoff operator
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and the way it was defined. In this way, we change the task of solving a very complicated
integro-differential equation, by solving a complicated differential equation, which at first
sight is a good exchange. However, as we have already said, we are not able to solve
this equation exactly, so let us adopt a strategy of approximation to extract as much
information as we can from it. The path we are going to follow is to perform a systematic
expansion in the effective average action and truncate the result in a given finite order.

Based on the Wilsonian approach, we know that the effective action can be expanded
in a series where all terms compatible with the symmetries of a given theory appear. What
we can do is adopt a finite set of operators compatible with the symmetries of theory and
carry out an expansion on that basis, so that we put all the terms that we deem relevant,
but in a form that we can operate with this expansion. With this procedure, we will
naturally get an approximate answer, but we can improve it with the addition of new
terms, and even being approximate, it is a non-perturbative approach, since we are not
specifying the region in which we take our couplings.

Therefore, the procedure is: we expand I'y in a systematic way, truncate the sum with
a finite number of terms and place that ansatz in the Wetterich equation. Hence, we
can use projections to extract information about a given term, and obtain for example
its beta-function. Doing this, we are trying to understand the effective average action as
an RG trajectory in the theory space, linking the classical action with the full quantum
action. The directions in this theory space are given by the operators used as the basis
for our truncation, and the coupling constants works as the coordinates of the space; the
beta-functions will be like velocities there. In this way, we can take a geometric point of
view for the flows of the functional renormalization group.

Let the truncation for the effective average action be given by

T = Zgi(k) k=% 04¢), (3.30)

where O;[¢] is a finite basis of operators compatible with the symmetries of the theory,
g:(k) are the associated coupling constants, and A; is the associated canonical dimension,
which we explicitly put into the sum to ensure that the couplings are dimensionless and
avoid having to deal with readjustments in the future.

Putting this ansatz in the left hand side of Wetterich equation, we have

N

i=1

On the right hand side, by expanding the result of the trace on a basis containing these

operators O;, with coefficients A; (apart from the k=2¢), and throwing out any term
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beyond the N of the basis considered for our ansatz, we obtain
1 N
_ E -Ai A.0).
QTT() = - k Az Oz. (332)

Comparing both sides, we obtain 0;g; — A; g; = A;, and with the usual definition of the

beta-function
Bi(g) = 0rgi = ANy gi + Ai(g)- (3.33)

Since we are not able to solve the Wetterich equation exactly, we need to use approx-
imations. We want to maintain the non-perturbative character of our analysis, so we
do not want to use expansions in terms of small parameters. Instead, our strategy is to
restrict the functional space in which we will solve the renormalization group equation
by proposing a systematic way of expanding effective action and truncating the series
in a finite number of terms. Naturally, we have to choose well the operators present in
the truncation, among all the infinite operators compatible with the symmetries, and in
that choice we can end up leaving out operators (and therefore couplings) that are very
important for the theory. There is nothing we can do about it, and we must always be
careful to refine the results obtained with the already known data, and eventually improve

our truncation including new terms in order to capture relevant information.

3.7 Flow Equation for the Proper Vertices

With the Wetterich equation at hand, we can derive a hierarchy of new flow equations
. (n) 5Dyl .. . . .
for the proper vertices (ka’m,xn = m>, deriving the Wetterich equation with
respect to the fields. Such equations give us information about the flow of a given vertex,
and may be useful for obtaining some more specific information about a certain part of
our truncation. We will see an example of this in the next section by using the equation
for F,(f) to compute the anomalous dimension.
Define the regularized propagator
Gi(z,y) = (TP + Ry); L. (3.34)

x7y
Then, we can rewrite the Wetterich equation as

1 -1 1
OTilel = 5 Tr {(r}? + Rk> aﬂzk} = 5 Tr (G ORy]

1

=5 /Lyé(x — ) O Ry Gi(z,y). (3.35)
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With this definition for the Gy (x,y), we obtain

0Gr(z,y)
op(z1)

(21

—— [ Gl w) T, Gl (3.36)

)

Now, deriving the Wetterich equation we have

1 1
5tri(cl,3;1 [¢] = —5/ d(x —y) Ry Gi(z,w) Fl(ji)uzml Gr(z,y) = 3 Tr |0/Ry Gy, Fl(ja)nl Gk] -
T,Y,z,w

Deriving again, we will obtain two parts because of the chain rule

1

O, el == 5 [ 8a =) 0Re Giala,w) T, Gulev)
T,Y,z,w

+ / (5($ - y) atRk Gk<x7 w) Fl(ci)uzm1 Gk(z7 w/) Fl(jl)u’z’:cg Gk<zl7 y)
z,y,z,w,z’ W’
So, we have in a simple form

1
O, walel = =5 Tr |0R Gr T

k,x1,22 kix122

Gk] Ty [@Rk G, T

k;x

Gy T, Gr| - (3.37)

We could go on and get the flow equations for the other vertices in the same way. In
dealing with a truncation in the form of a expansion in F,(c"), these equations will serve to

tie the vertices, they will be like constraints.

3.8 Anomalous Dimension

When calculating the beta-functions for the couplings, taking into account the wave-
function renormalization Zy, it is common to occur a contribution due to the evolution
of Z,, expressed through the anomalous dimension, defined as 7, = _Z%a 0 Z,. To ob-
tain a closed expression for the beta-function, we must be able to express the anomalous
dimension in terms of the couplings present in the theory. Let us now describe a simple
procedure for calculating the anomalous dimension.

The simplest term in which Z, appears is the kinetic term, for example, %Zw(aucp)?
Note that we would not be able to extract information about Z, using the Wetterich
equation in the scheme of constant field configurations, since in these circumstances the
kinetic term cancels out. However, using the flow equation for the vertex F,(f), derived
from the previous section, we can easily isolate the Z,, as follows.

Consider a truncation for the effective average action given by a simple kinetic term

plus other terms involving other fields, interactions, etc.

D= [ 52000+ () = [ 528 00) o) + (). (3.33)

p
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Deriving this Fourier expression with respect to the fields, we have

52Ty,

Sew oo T ) 5

Therefore, we can isolate the Z, taking the derivative with respect to p? in the configu-
ration in which we have all the fields zero (® = 0) and also the moments zero (p* = 0) to

ensure that any other undesirable part is canceled. That is,

2
P 0 6Ty

¢ = 0 sp(p)oe(—p) (3.40)

p2=0;$=0

To compute the anomalous dimension, we only have to take the derivative in the renor-

malization group parameter ¢

1

o= —— 0 Zy = —— —= O, 3.41
’ Z‘P e Z“’ Ip? o p?=0;0=0 ( )
Using the result obtained in the last section, (3.37), we obtain
1 0 |1 (1) ®) v, O
Np = —Z— W —5 Tr (8,5Rk Gk Fk Gk> -+ Tr <8tRk Gk Fk Gk Fk Gk>
o Op p2=0;=0
(3.42)

3.9 Getting the Hands Dirty

In this section, we will perform some calculations in a simple scalar model to illustrate
the tools developed throughout this chapter [32]. As we discussed earlier, we are not able
to solve the Wetterich equation exactly, so we need to use approximations to work. We
do this by means of truncations of the effective average action, restricting the functional
space in which we describe it, using only a subset of the operators compatible with the
symmetries of the theory. Note that this is a truncation in the sense that we are neglecting
couplings that may be non-zero in our description, but we will see that we can still get

good results with this method.

3.9.1 The Local Potential Approximation

Consider the local potential approximation for a scalar model in a space without

curvature in d Euclidean dimensions, a truncation of the effective average action given by

el = [a's (2@ + Vi), (3.43
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where the above potential has the symmetry (¢ — —¢), and its form is generic. The Zj
factor is the wavefunction renormalization of the ¢ field.

In the following, we will use the conventions

/m:/dd:v and /p:/%. (3.44)

We will insert this ansatz into the Wetterich equation to extract information. For this,
we have to calculate the Hessian, impose the regularization and calculate the functional

trace. Deriving the truncation above, we get

6L [0] / OV
= I, — | 0(x — x1). 3.45
el GO O S EERED (3.45)
Deriving again and integrating the delta function
6°T[ ] ( 6%V}, )
— e = o T 0(xg — 7). 3.46
op(z1) op(z2) ’ dp by (2 =) (3.46)
So we can write our Hessian in the position space
P& (25 — 21) = (ZkDa, + V) 82 — 1) (3.47)

To facilitate the calculation, let us consider the particular case in which we have constant
field configuration ¢(x) = g, so that the potential will no longer depend on the position
and hence we can integrate more easily (we will use the notation I') (x5 — 21)). With this

simplification, we can easily write the Hessian operator in the Fourier representation
TP (p) = Zyp* + V. (3.48)

Using the Fourier transform, we can write the cutoff action in the form

1
ASi(e) = 5 [ Pl Rale?) o(~a). (3.49)
q
Then, the Wetterich equation is
1
oLy = - Tr (f)ti . (3.50)

3.9.2 Computing the Trace

To calculate this functional trace, we will express it more directly, and take advantage

of the dependence in p? to express the integral in the Fourier space in generalized spherical
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coordinates

TrW(A) = /ddx dyé(x —y) W(A) = /ddx / o) W(q?)

_ d€2q d—1 2
= [ [ [ ot el war)
1

2 dz d_q
:/x (4m)4/2 T (d/2) /7’“ W(z), (3.51)

where we used the already known result of the integration over the angular part

dSy 1 2
| i~ G v 352
Then, we can write for the functional trace of an arbitrary functional
TrW(A) = / ! ! / dz 22 DWW (2) = 1 / Quasa[W] (3.53)
o 4mPT(d/2) (mi [, |

where we defined the Q-functionals as

Qn[W] = ﬁ /Ooodz D W (2). (3.54)

The left hand side of Wetterich equation will give us, on the other hand
1
oTe = [(022)5(00)* + OV (3.5)

Therefore, by restricting us to constant field configurations in addition to canceling the
kinetic term, we can factorize the volume element on both sides and obtain the flow

equation for the effective average potential

1 > d/2—1 R (2)
>/ dz 2\ )r@) : (3.56)
0 0

1
W= 3 Ty T o)+ ReD)

A convenient way to introduce the cutoff operator is by the following formula
Ri(2) = TP (Pu(2)) — TP (2), (3.57)

where Py(z) = z + ri(z), with r; a function with the same properties as Ry. With this

prescription, we have for our model

Ri(2) = [Ze (Pi(2)) + Vi1 = [Zi (2) + V], (3.58)
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that is, we will use a cutoff function given by

Therefore, taking this cutoff operator, the quotient present in the flow equation takes the

form
F(()Q) (Z) + Rk(Z) [Zk zZ+ Vk”] + Z Tk(Z) [kak + Vk”] ) )

Using 0, P, = 0,1}, we obtain

IRy (2) _ O Py — ni . (3.61)

I() + Ralz)  Bet 20 Vi
where naturally we defined the anomalous dimension as
O 2y,
Mk A (3.62)

To proceed further, let us specify a cutoff function to perform the calculations more

explicitly. We will use here the Litim cutoff [31], also called optimized cutoff
re(2) = (k* — 2) 0(k* — 2), (3.63)

where the 0(k? — z) is a Heaviside function, responsible for making a sharp cutoff at

z = k*. Deriving in g, = kg, we obtain

OhP(2) = Oyri(2) = 2k20(k* — 2). (3.64)

Note that we ignored the part with the delta, since being inside an integral in z, it cancels

out due to the factor (k* — z). We can write
/ ¥ s sap-n) Ol — e / 0 ey (2K — e (B2 — 2)]0(k? — 2)
0 P+ 2 Vi o 2+ (k2 =2)0(k2—2)+ 2, V)

k2 (2-— 2 k2

_ )k e

:/ dz (/2 Dﬁ—i-/ dzzdﬂﬁ. (3.65)
0 R4z v ) K2+ Z 1V,

3.9.3 Flow Equations

Performing the above integrals and putting this result in the flow equation, we finally

obtain

1 1 (d+2 — ) ka2

1
OVi = =
CET 9 Un)d2 T(dj2+2) K2+ 2 V)

(3.66)
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With the flow equation at hand, we can begin to extract information about the evolu-
tion of couplings. From now on, for simplicity, let us restrict ourselves to the 4-dimensional
case and ignore the anomalous dimension, taking (7, = 0; Z; = 1). Under these condi-

tions, the equation above is

oV = M (3.67)
DYy = v ‘
Expanding the potential in powers, we obtain
VkZZOWAmgp : (3.68)

where A,, = m — 4 is the canonical dimension associated with the monomial ¢™. Since
we have the symmetry Vi(—¢) = Vi(p), only the even powers will appear here. It follows
that

[ee] k,Am
OV =Y — (Odn = A @™ (3.69)
m=0 ’

We can expand the right hand side (RHS) of the flow equation on the same basis that we
expanded the left hand side, as

rus= L KSR e (3.70)
TREREL V] Al TR '

where we defined the coefficients A,,(\) as

am
dpi’

Ay (X) = { (k& RHS)] : (3.71)

»o=0

From the equations (3.69) and (3.70), comparing the coefficients we obtain

With the expansion (3.68) for the Vj, we have explicitly

%) —An
Vi=D —Ang = (3.73)
m=0 ’
E* k2 0 L2 4
:a)\0+§)\2803+z/\4903+F)\ﬁSOS‘FW)\s@g—i—(...). (3.74)

28



Then, it follows directly

2 K k2 , K 6
V =k )\2+—)\4§00 ' )\GQOO—FF)\E;QOO—F(...). (375)

With this expression, we can calculate A,,

1 [6 K\ 1 1
Ao 3212 | O ( k2 + Vk”)_ soo 3212 (14 A2)’ (3.76)
1 [ 62 S\ 1 =M\
— I kAQ — N .
T R ( k2 + V,;’)_ oo 3272 (L4 A2)2 (3.77)
1 [0 K\ 1 6 A2 A
_ A _ 4 _ 6 : 3.78
A= X ( k2 + V,;’)_ oo 327 {(1 TP (14 X)2 (3.78)

Therefore, we obtain the beta-functions

1 1

DV
Ba(A) = —2Xs — 3272 (1 + A2)2 (3.80)
Ba(A) =0+ ! 6 As (3.81)

3212 | (14 M) (1+ \y)2

It is important to note that the beta-functions of a given coupling are related not only
with the coupling in question but also with other couplings of the theory. Thus, even
if we begin with a simplification by considering a certain coupling zero, the flow of the
renormalization group may turn on such a coupling, showing us that the initial ansatz
should include it for a more precise description of our theory.

Once these examples of beta-functions are obtained explicitly for the 4-dimensional
case, we write here a general formula for obtaining beta-functions in the most general

case

k(d—2)n A
(4m)¥2T(d/2 + 1) "

BQn(A) = [(d - 2)” - d] Aon + ()‘)7 (382)

where we defined the modified coefficients

1
_ a?n _—
.A2n<)\) = a a on (1 + Z )\2m 90(()2 2)> . (383)

©0=0

Next we will include the evolution of 7, in the equations to observe the changes caused

by taking into account the anomalous dimension.
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3.9.4 The Evolution of Z,

In the previous section, we calculated the flow equations ignoring the contribution of

the evolution of Z;, which we now consider. Again, we start with the truncation

nlel = [ (oo +160). (3.8)

And as we have already obtained in the last section, we have the flow equation

11 1 (d+2 — ) kI+2
2(4m)2 T(d/2+2) K2+ Z'V)

Vi = (3.85)

Performing the expansion of Vj, in powers again, now taking into account the wavefunction

renormalization

o k_A'm m m
Vileo) = D — 24 du (3.86)
m=0 ’

Taking the derivative of this new expression, we get one more contribution, according to

N m m
V=D (0 = A+ SmAn ) 212 (3.87)
m=0 ’

In four dimensions, we can expand the right hand side according to

L1 Gk kS
E(47T)2 K2+ 2.1V - Z m)! Am Zi"" A 07" (3.88)

m=0

where we defined the coeflicients

mo (1 kA 2 (6 — ) K
A= | (LR 2 7 (6= m) (3.89)
dpgr \12 1672 k24 Z, V)
»0=0
Comparing the coefficients, we obtain the relation
BnlN) = D () = B A + 51 A+ A (3.90)

Therefore, taking into account the anomalous dimension will change the beta-functions
directly through the part proportional to 7 in the above equation and indirectly through
the coefficients A,,. Following the same steps of the calculation previously made, we need

to get the A,, and then calculate the beta-function with the above expression. We get

m m 7—m/2
ﬂm<)\):(m—4+nk@>)\m+(6_nk)[6 ( K" 2 >] . (3.91)

2 19272 | O \ 1+ k=2 Z. VI (p0)
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And from there, we can extract the flow equations

_ 6—m) 1
BN =4+ o5 T3 N (3.92)
_ 6—m) A
Ba(N) = (e = 2)ho = 555 FehE (3.93)
Buld) = 2 da+ 19272 ((1 + ;\12)3 N (1+ )\2)2) ' (3.94)

Therefore, the comment made on the relation between the different couplings of the theory
still holds true. It should be noted that in the case where we do not consider the evolution
of Zy, the first portion of a generic beta-function is completely determined by the canonical
dimension of the coupling in question Sy, = [(d — 2)n — d| Ay, + (...). When we consider
the anomalous dimension, these terms receive a contribution of 7, as we can observe in

the general expression

(d+2— ) k@=2m zn

P— _— 2 — A
where we defined the modified coefficients
1
5 H2n 0 kf(d72)(mfl) Z]T—l S
AN = | 5 (1 + Z G e . (3.96)
" »0=0

We will not compute explicitly the anomalous dimension here, but we remark that in

this simple truncation example, the result for the anomalous dimension is zero.
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Chapter 4

Functional Renormalization Group -

Scalar Quantum Electrodynamics

4.1 Introduction

Gauge theories occupy a central place among the Quantum Field Theories. In fact,
they are the building blocks of the Standard Model, the theory that describes the fun-
damental interactions between the elementary particles with extraordinary precision be-
tween theory and experiment. By definition, a gauge theory is a field theory that has
a Lagrangian invariant by a Lie group of local transformations of the fields. The gauge
symmetry is, at heart, a redundancy in our description of the world!, but nevertheless, it
is the sort of thing that brings joy to the heart of an elementary particle theorist.?

The first field theory to present a gauge symmetry was Maxwell’s Electromagnetism
[33], where we notice a redundancy in the definition of the electromagnetic fields. The
importance of this, however, was only clear in the last century, when the gauge symmetry
became one of the pillars of the construction of Particle Physics. In fact, in addition to the
extremely successful Quantum Electrodynamics of Feynman, Schwinger, and Tomonaga
[29], the generalization of the gauge principle to non-abelian symmetry groups developed
by Yang and Mills [34] was used for the construction of Quantum Chromodynamics,
the Quantum Field Theory used to describe the strong interactions between quarks and
gluons, according to the Gell-Mann and Zweig Quarks Model [35], and which naturally
describes the important property of asymptotic freedom present in this interaction. Gauge
symmetry is also at the heart of Glashow-Weinberg-Salam Electroweak unification, which,
in addition to adequately describing the weak interaction, shows a common origin to
electromagnetic and weak interactions. To be possible that two interactions with such
distinct characteristics can be described by the same model, it is necessary to break this

symmetry in some scale. The spontaneous breaking of a gauge symmetry is described

L“Gauge Theories” - David Tong
2“The Making of the Standard Model”- Steven Weinberg
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by the Higgs mechanism, which shows a loophole in Goldstone theorem [36] and gives a
mechanism of mass generation for the mediators of the weak interaction, absorbing what
would be Goldstone bosons, without losing the renormalizability of the theory as would
occur if the mass of the gauge bosons had been put by hand.

Despite the extraordinary success achieved by gauge theories using perturbation the-
ory, we still do not fully understand the non-perturbative sector of the theory, where
strong couplings do not allow the expansions usually made. So, to get a more general un-
derstanding of these theories, we need to develop tools that access information beyond the
perturbative regime. The functional renormalization group, as we have already discussed,
is a path. This approach allows us to obtain non-perturbative information through the
flow equations for the coupling constants present in the theory. However, implementing
the procedure described in the previous chapter in a gauge theory is a slightly more com-
plicated task, and to do so, it will be convenient to use the background field method [38]
to deal with the gauge symmetry and to get the flow equations efficiently.

In this chapter, we will study the scalar Quantum Electrodynamics from the point
of view of the functional renormalization group. In this way, we can study the question
of spontaneous symmetry breaking in the Coleman-Weinberg model discussed at the be-
ginning of this thesis, with the tools developed in the previous chapter to understand
what happens when we take into account the non-perturbative sector of the theory. An
excellent first study in this direction was made in [37]. Here we follow their work to get
the flow equations, and extend slightly their results, including the anomalous dimensions

corrections and using a more general potential.

4.2 Development

Let be a theory of a complex scalar field ¢ minimally coupled to a gauge field A,.
Consider the following truncation for the effective average action (from now on we restrict

ourselves to four space-time dimensions with Euclidean signature)

Ly = [ {FuFo+ (Du)' (D,0) + U0°0) + T, (@.)

where Uy (¢*¢) is a generic potential, and the last term is a gauge-fixing term that will be

written later. Our convention for the covariant derivative is

D, =0, +ieA,¢. (4.2)
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Inspired by the background field method [38], consider a splitting of the gauge field in a

classical background field A, and quantum fluctuations a,, according to
A=A, +a,. (4.3)
Thus, we will have
Fu = Fu + fuw, (4.4)
and we will also have the splitting in the covariant derivative
D¢ = (0,0 +ieA,¢) +iea,d = D,d + iea,o, (4.5)
where we defined the background covariant derivative
D¢ = 0,0 +ieA,d. (4.6)

Since we want to quantize only the fluctuations, we will follow the prescription of the

background field method and adopt the gauge fixing only in this sector, writing

Lyp = %/m(auau)? (4.7)

Therefore, by rewriting the action using this decomposition, we obtain

4w
+iea, (¢ D,¢* — ¢* Dug) + €*al "¢ + Up(¢*¢) + Ly (4.8)

1., 1. 1 -
Fk’ :/—F2 +§F“Vf“V+ZfEV+DM¢ Dﬂ¢+

Let us now consider the wavefunction renormalization

A= ZPA; o Z)%;
a, = Za,; ¢ — 2% (4.9)

We will also impose the condition

Uk(Zs ¢"¢) = Uk(¢"9), (4.10)

absorbing the scale dependence in the functional form of the potential, that is, in the
coupling constants inside it.

Following this approach, the background field has no dynamics, so we need to ensure
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that the background covariant derivative does not renormalize. That is,
0D, =0 — 8,0, +iczY?A)=0 — 09,(2/%) =0. (4.11)
Therefore, without loss of generality, we have
(7)) =1 — ZzZVP=e" (4.12)

The non-renormalization condition in the background derivative (4.11) is a fundamental
condition, since it creates a relation between the gauge coupling and the wavefunction

renormalization (4.12), whereby we will calculate the flow equation for the coupling
1
Z}lﬂ et o B.=0e= —5633tZA. (4.13)

Taking into account the wavefunction renormalization, we obtain

Z 1 o
Iy = 4A F2 + 221/225/2 Foufu + fW + 2% © (0,a,)* + Zy D,u¢* Do +
+ieZ)*Zy a, (D" — ¢*Dyd) + €2 Zy Zy a2 " + Up(679). (4.14)

In what follows, we need to look at the quadratic sector in the fluctuations. For this,
we will consider an expansion of the scalar field around a constant configuration according

to ¢ = ¢o + ¢. In the gauge sector, we get

Z, 4 A
uad a a
F?LXA = Zfiu 5 (a a#) = 7 Ay <A eﬂl’ + gw,&w> Ay, (415)
where we defined (A = —9?%) and used the transversal and longitudinal projectors, given
by
0,0, 0,0,
QHV = 6MV —_ % , w,U'V == 52 . (416)

In the sector involving the scalar field, restricting us to the quadratic part in the fluctua-

tions, we obtain

P94 + 199 =+ Z4 D¢ Dy + U + €2 Z, a2 dydo +
+ ieZ2*Zy a, (¢ Dudy + ¢o Dud* — ¢ Dy — ¢* Do) - (4.17)

To obtain in the above expression the contribution U®), that is, the terms from the poten-

tial, we Taylor expand and keep only those terms which are relevant for our computation
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(here we use p = ¢*¢)

¢"P = (05 + ¢")(do + @) = Pago + (Fp¢ + Pod™ + ¢*P) = po + dp, (4.18)

U(p) = Ulpo) + U (o) 60+ 50" (o) (50)" (4.19)

Therefore, using the above expansion for the potential in terms of the fields defined around
the constant configuration ¢q, with the shorthand notation U(py) = Uy and retaining only

the quadratic contributions in the fluctuations, we obtain

1
U® =U;¢* ¢+ 5 Uo (009595 + ¢"0"do do +2¢°0 6 o) (4.20)

With these partial results at hand, let us now combine all quadratic contributions into one
expression. To simplify, let us restrict ourselves to a scheme in which we do not consider
effects of scalar field fluctuations with respect to the background derivative, that is, let
us adopt the simplification (Duqﬁo = D,¢; = 0). Note that we have

2
+ ieZy*Zy a, (¢ Duo™ — ¢ D) +
+ Zy ¢ (—D,D") 6" + & (U)) 6" + ¢ (Ug po) ¢

+ 5 UL (996565 + 60" b0 b0). (4.21)

Z, A
Ff) = / —ay <A 0, + z wu,,) a, + €2 Zy Zg po a, (0 +wuw) ay

In this way, we can easily set up the Hessian

T, T4cD
I AsT ) (4.22)
I'sad, Tgs

where we have the following definitions

Zq
F,uu = Za (A + 2Z¢€2p0) ij + ? (A + 2€Z¢62p0) Wuws (423)
Tus = (—ieZyZ2¢y 3 ieZyZ o) ; (4.24)
Toa = (ieZy 2205+ —ieZyZM%00)"; (4.25)
[ys = fbé o5 Uy —Zy D* + Uj + po Uy (4.26)
—Z¢) D2 -+ Ué—i‘p() U(,)/ ¢0 (b(] Uél

Let us now use the Wetterich equation to obtain the flow equations for the gauge
coupling and for the effective average potential. We have already found the Hessian, so

it is enough to propose a cutoff function R, to proceed. Note that with this Hessian
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structure, the cutoff must have a matrix structure in order to achieve its goal.
Take a generic prescription for the cutoff operator: Ry(z) = F;Q)(Pk(z)) - F,(f)(z),
where we defined as before Py(z) = z + r(2), and used as a profile 7 the Litim cutoff,

given by
re(2) = (k% — 2) 0(k* — 2). (4.27)

This profile will cutoff the limit of the integral, helping a lot in the computations. Note
that we ignored the part with the delta, since being inside an integral in z, it cancels out
due to the factor (k* — z). In addition, ;P = 9y = 2k*0(k? — 2), so if a 0(k? — 2) has
already been used, transforms terms like 9, Py, in 2k?, which greatly simplifies the integrals
that we have to calculate.

The Wetterich equation here in this model, even with the usual simplifications becomes
difficult to work because it presents a complicated matrix structure, with two types of
operators to work with, Du and 0y, hindering the implementation of the cutoff and making
it hard to invert the regularized Hessian and take the functional trace of the operator. To
obtain the information that we want in a simpler way, the strategy we will adopt here is
to consider the Wetterich equation in two different regimes, to extract information from

disjoint sectors, and then put them together.

e Regime A : (¢po =0)

In this regime, considering scalar field fluctuations around the trivial field configura-

tion, we obtain a rather simplified situation, where only few terms survive in I ,(f), S

0
it is easy to calculate the operator trace that appears on the right side of Wetterich
equation. There are still two types of operator in the game, however, because of
the simpler Hessian structure in this scheme, we can conveniently regulate it and
calculate the functional trace with the help of the Heat Kernel expansion method
[39].

From here, we will extract information about the gauge coupling to calculate its

beta-function.

e Regime B: (Au = 0)
By taking the background field equal to zero, we will have the simplification D, —
d,., which gives us only one type of operator to work with, the Laplacian A = —9?
and facilitates the implementation of the cutoff. We still have a complicated matrix
structure, which allows us to use a block structure to start the account by hand,
but it will require the use of a software to obtain the expressions of the products

and the inverse of the matrices.

From here, we will obtain the flow equation for the effective potential.
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With these expressions at hand, we can recover in a certain limit the expression for
the effective potential found in the original paper of S.Coleman and E.Weinberg and the
usual expression for the beta-function of the gauge coupling in scalar Quantum Elec-
trodynamics. The equations that we are going to obtain are, therefore, an extension of
Coleman-Weinberg’s results, with the correction of the anomalous dimension and with
validity in a non-perturbative regime, different from the results of those authors, that
was restricted to the perturbative regime of the theory. With these equations, we can
investigate the occurrence or not of spontaneous symmetry breaking, understanding the

true nature of the quantum vacuum in scalar Quantum Electrodynamics.

4.3 Regime A : (¢)=0)

4.3.1 Setting the Stage

In this regime, we write the Wetterich equation as
_ 1 -1
Ol [p =y =0; 4] = S Tr {(ﬂf) + Rk> aﬂzk] . (4.28)
»=0; ¢o=0

Taking the condition ¢y = 0 in the expression of the Hessian Ff), we get

Zo A (O + o) 0 0
= 0 0 —z,D*+ U, | - (4.29)
0 —Z,D*+ U 0

This way, following the prescription Ry(z) = Fff) (Pr(2))— F,(f)(z) to implement the cutoff

operator, it is easy to obtain

Zari (O + o) 00
0 Zyi 0

here, the convention is: when the cutoff dependence is on the usual Laplacian, we write
re = ri(A) = ri(—0?), and when the dependence is on the gauge covariant Laplacian, we
write 7y, = 71(—D?).

Thus, recalling the definition of Py(2) = 2 + () (and similarly for the Py), it is easy
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to obtain the regularized Hessian (basically, what occurs is the substitution z — Py (2))

Z@lﬁ;<euy%—%amy> 0 0
(Fl(f2) + Rk) = 0 0 Zg pk + U |- (4.31)
0 Zs Py, + U} 0

Now, with such a simple structure it is trivial to invert this matrix to get the regularized

propagator Gy, as below

) Zalpk (elw + &JW) 0 0
2 - 1
G = <F,(€ ) + Rk> = 0 0 Zo Bt | - (4.32)
1
O Z¢ I:)k-i-Ué O

Deriving the cutoff operator matrix, we obtain

(0 Zak + Zo 04r3:) (O + £0p0) 0 0
ORi = 0 0 02y T + 2 OuT
0 0 Zy T + Zy OiTy 0

(4.33)

Now, we have to multiply the expressions above to get the functional W = [G}, 0;Ry],

from which we will compute the trace. Then,

Z! rutZa P!
= (O + w) 0 0
Z! Fr+ 2y P!
_ Sk Tk
W = 0 BTl o . (4.34)
0 0 Zyivt2s P
Z4 Byt U},

In fact, it is from this object that we will take the trace. Recalling first that in 4 dimensions
the trace of the projectors is given by 7'r(6,,) = 3 and also T'r(w,,) = 1, taking the trace

of the operators that appear in the diagonal, we have

ZL vy, + Z, P} Zyi + Zy P}
Tﬁw1:47w{4ﬁii——ﬁ]+27v Zolh T 20 k| (4.35)
Za Pk Z¢Pk + Ué
Defining the operators W, and W using the anomalous dimensions <77¢ = —Z—LatZ(p)

Py — nary,
W, =k "1 4.36
L, (4.30)

Bl — g
W, =k lolh (4.37)

P+ Zy U;
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Therefore, we obtain the equation

Oy, = %TT |G O/Ry] = %TT (W] =2Tr[W,] + Tr[Wj]. (4.38)

4.3.2 Computing Traces

To calculate these functional traces, we will use the Heat Kernel expansion [39].> With
this method, in a space-time with four dimensions and without curvature, we can carry

out the following expansion for the trace

1
(4m)?

TrWI[A] = [Q2[W]Bo[A] + Q1 [W]B2[A] + Qo[W]B4[A]], (4.39)
where we have B,[A] = [d*zTrb,[A], and the traces of the coefficients b,[A] can be
found in the literature for the most usual operators [39],[30]. For our needs, we need just
look at the coefficients for the operators A = —9? and A = —D?. In the first case the
expansion is trivial, that is, we have by[—0?%] = I, and the other coefficients are zero. In

the case of the gauge covariant Laplacian, we have

1 _
Tr[b) =T, Tr [by) = 0; Tr [by) = —ﬁij. (4.40)
In our model, the only Q-functionals that matter are those with integer indices, so we

Computing T'r [W,]

To perform this calculation, let us remember that the dependence of the functional
W, is on the operator A = —9?. Therefore, its Heat Kernel expansion is trivial and we
only have to calculate the @, because the By only gives a volume factor [d*z and the
other coefficients are zero (we will see in the other section a more direct way of calculating

the Q-functionals in this simpler case). Therefore,

Tr [Wo(A)] =Tr {PIQ - wk] 1

Pk = 1672 (QZ[WCL] BO)

1 1 P — nary,
= [dzt | A 2R /d4. 4.42
o [ [P e e

3A good reference for this technique is also the Appendix A of Codello’s thesis, in the reference [11]
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Taking the Litim cutoff r(z) = (k* — 2)0(k? — z), with the hints already given before, we

have

TrW,] = — /dzz [%2_”‘1(]{2_2>9(k2—z)} /d%:

T 16m21(2) 2
1 K Na 4
_167r2/0 dz z [2—na+ﬁz]/dx
4 4 Maya | Maja
_ _ e Ja _ 4.4
167T2/d9:<k: 2k+3k> (4.43)

Therefore, we obtain for this first functional trace, the following result

(6 —74) 4/ 4
Tr W, = ———k* [ d*z. 4.44
rwa] = St [t (444
Computing T'r [W]
Now since our functional depends on the gauge covariant Laplacian A = —D?  we

have to take into account the coefficients given above for the traces, and therefore we

have to compute

1

Tr Wy = 62

[Q2[W,]Bo[D?] + Q1[W,] B2[D?] + Qo[W,] B4[ D]

-1
{QQ[WJ [ata+ Qo (5) [ Fiy} - (4.45)
Let us now calculate the Q-functionals to replace in the above expression
1 P} — nyF
QW) = o [zt [ SEEE
I'(n) P+ 2,0
1 2 2 2 _
_— /dZ L=l k 77¢(lj1 Z) 9(]{32 . Z)
['(n) k?+2,"U
1

I
1 W n—1 2
— F(n) (kQ n Z(;IU(’)) /0 dz z [(2 — 77¢)k + 77¢Z]

1
1672

1 1 k,2n+2 k2n+2
2 — . 4.46
T'(n) (k2 + Zdle(/)) {( 1) n +77¢n T 1] ( )
Then, we obtain for the Q-functionals
1 (2=18) ;2040 nhe 2 }
n[Ws] = RP? 4 R 4.47
G =z T Ty (447
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From the above expression we get immediately

(6—my) K°

_2=m0) 4o _(6=me)
B+ 7,73 6

QO[WS] = (k’2 i Z;IU[S) 3

Now, substituting these values in the expression of the trace, we obtain finally the result

g | F (6= m) B2 2=m) )
Triwil = /d ! [(967r2 (k2 + Z;1U6)> - (1927r2 (k2 + Z;lU(g)) F“”] - )

4.3.3 The Flow Equation

So, putting it all together, we obtain the equation

k! K (6—ny) K 2-m) ) -
= d4 6 — ) T+ ¢ _ ¢ F2 )
600 / v [(487r2( 7o) 9672 (k2 + Z; ' Up) 19272 (k2 4+ Z,'Ug) ) ™

(4.50)

Oy

Now taking 'y in our truncation and imposing the condition (fluctuations = 0) and

also (¢g = 0), we get

1 _
Ty :/ZZAij + U (0). (4.51)

T

Therefore,
1 _
o0, — / 1074 F2, + DU(0). (4.52)

Comparing both sides of the Wetterich equation, we obtain the equation

—k* (2 -ny)
19272 (k? + Z;'U3)

}latZA - (4.53)

Now, we have already stated the non-renormalization condition for the background co-

variant derivative (4.11), which makes the constraint (4.12),
1/2 1 - -3
Zi =e — Oy = —2e " Ose. (4.54)
So, replacing this expression in the (4.53) we obtain the flow equation for the gauge
coupling, expressed by its beta-function

e (2 —ny) k?
pr— p— . 4-
be=0e=—05m G+ ) (4.55)

It should be noted that this result is consistent with the known result obtained for scalar
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Quantum Electrodynamics in the perturbative approach of Quantum Field Theory, since
by turning off the anomalous dimension contribution and ignoring the potential contri-

bution, we obtain exactly

e
Be = =L (4.56)
4.4 Regime B: (Au = O)
4.4.1 Setting the Stage
In this regime, we write the Wetterich equation according to
_ 1 -1
O [p=0;A=0]==Tr [(rg?’ + Rk) aﬂzk] . (4.57)
2 »=0; A,=0

Taking the condition ffu = 0 in the expression of the Hessian I’ ,(f), we obtain

I, 4g0
re = - 455 (4.58)
I'sa0, Tgs

where we have the same initial structure, but with D, — 8,. Since now we only have one

type of operator to regularize (A), propose the regulator so that it just turns in Py, as in
(A = Py(A) = A+ri(A)), that is

Za Tk (epy + %w,uy) 0 0
0 Z¢ Tk 0

Then, we have to invert the regularized Hessian

940, + T4 3w Tagd
o em) = (B ) e
SA Uy SS

where we have the same structure as before, but with A — P(A), as

Z,
Lo = Zo (Pe 4 2Z4€%p0) b, + % (P + 26Z4€%po) wyw; (4.61)
Tas = (—ieZsZ) 20y 5 ieZsZ o) ; (4.62)
Toa = (ieZo 2205+ —ieZyZ ¢ (4.63)
s A 7. P U’ U
gs — 5 96 Uy o Lk + Uy + poUy ‘ (4.64)
—Z¢ Pk —l-Ué —l-,OQ U(/)/ qb() ¢0 U(/)I
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That is, we need to obtain a formal matrix such that we have

Aeeua —|— Awwua Bau ]‘—‘10414906'/ + FﬁAan FAS 801 o 5/“, 0 (4 65)
Co, D Ls40, Tsg 0o I/ '

From here, using simple properties of the projectors, we have to solve the system

AT, 0, + (AT, + BTga 0M)wu = 6y (
(A*Tas + BTlss) 0, = 0; (4.67
(CT%, +DTg4)0, =0; (
CT 450+ DTlgg =1 (

Using the homogeneous equations to substitute, it is easy to obtain the entries of the

inverse of the regularized Hessian

A= (T%4)7h (4.70)
AY = (9, + Tas (Tss) " Taa &)Y (4.71)
B=—(T44+Tas(Tss) ' TsaA) ' Tas(Iss)™"; (4.72)
C= —(FSS+FSA (FZA)_l Tas A)_l I'ga (PﬁA)_l; (4.73)
D= Tgs+Tsa(l,) ' TagA) (4.74)
—1
Then, the inverse of the regularized Hessian (Ff) + Rk> is of the form
(T%a) 0 + (T4 + Tas (Tss) ' Toa A) 'y ()
() (Fss +Tsa (T44) ' Tas A)™

From this expression we can obtain the regularized propagators, simply by carrying out

the above products. As an example, we mention here the propagator of the gauge field

1 1
G = O + - W (4.75)
(Za (Px +2Zgpe?)) <ZA [% +2Z4p (a? - Pij,)D
From the prescription used for R;, we get immediately
ZAﬁth—i—rk@tZA 0 0
ORy, = 0 0 Zy 0Py + 11 0:Zy | - (4.76)
0 Z¢ O Py + 13, 8tZ¢ 0
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4.4.2 Computing Traces

To move on, we must take the product of the regularized Hessian with the above
matrix obtaining the matrix W, and then take the functional trace as prescribed by the
Wetterich equation. Then, to simplify the calculations, soon after we make the product

of these two matrices we will restrict ourselves to the Landau gauge (£ — 0). Therefore,

remembering that ne = —Z4 19, Z, we have
0Py — 11 ma
wl,=—"_"*". 4.77
O P, —
e, = STk TRl (4.78)

Py
Then, using 77 0,,, = 3 and Trw,, = 1, in four dimensions, we get
Tr [Waa] = 3Tr[W4,] + Tr[W4,]

— Ty KL ! ) (OPs — 1 m)} | (4.79)

+ R
Pk + 2p e? Z¢ Pk
For the scalar sector, we have

(ath — Tk77¢) (Pk + Z;lU, + pZ‘;l U”)
(Pe+ Z,'U") (P4 2,10 +2p 2,1 U")

TrWss] =2Tr (4.80)

As we have already discussed, since here there is only dependence on type of operator A,
the procedure of calculating the functional trace becomes quite simple. In fact, the task

is basically reduced to performing an integral of the type

Tr (0] = / ! /OoodzzO(z). (4.81)

1672

Therefore, performing the integrals, we obtain

kS 1 3
TrWai) = [ G 6= (k_ ! m) ; (482)

6

T Wsl = [ 4656 n)

T

(k> +Z,'U' +p 2, U")
(k2 + Z, U (k2 + Z' U +2p 21 U”)

(4.83)
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4.4.3 The Flow Equation

Therefore, on the right hand side of the Wetterich equation, we have

1 1 [ kS 1 3
T = _ — -4 =
y ] 2/1 0672 {(6 ) (k2 e Z¢> *
2k + Z,'U' +p 2,1 U")
(k2 + Z'UN (k2 + 20" +2p 21 U |

+ (6 — ) (4.84)

On the left hand side of the Wetterich equation, in the regime in which we deal, by taking
the background field and the fluctuations zero, the only term that remains is the derivative

of the effective potential. Therefore, factoring the volume of both sides, we obtain the

flow equation for the effective average potential

U, = il (6 —mna) L & +
kT 92 WAk T Ry 2pe2 2,

1 1
6 — . 4.85
(6= m0) (k:2+Z¢‘1U’+k2—|—Z(;1U’+2pZ¢j1U”>] (4.85)

4.5 Tying Up the Loose Ends

In the previous section, we obtained the important flow equations for the gauge cou-
pling and for the effective average potential. In this section, we restrict ourselves to a
certain approximation to show that we can retrieve the results of Coleman-Weinberg’s
original paper with our approach to the subject, showing that our results are tuned with
the already known result, and extend the validity regime of it.

Given the flow equation for the effective potential obtained above, we will consider
only the contribution of the gauge sector, ignoring the effects of scalar fluctuations. In a
first approximation, we will also ignore the effects of anomalous dimension, as well as the

evolution of the gauge coupling. Therefore,

k© 1 3 K 3 K®
Uy, = — | = = . 4.86
R 30m? (k2+k2+2,062) 3272 +327r2 (k2+2pe2) (486)

Recalling that 0, = k Ok, we can integrate the above equation in k from 0 to a certain

scale A, obtaining

A A kg 3 k5
Ur=Uo= | Uk = . 4.87
b /0 o /0 LW s (kzmpezﬂ (4.87)

The effective potential is the limit of U, when & — 0, so we can perform the integral
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above, obtaining

A? 3 (A 9x2 4 9 A2 +26%p
V=0~ gy s (T~ Wzt ios (5E00) ) s

Suppose that this scale A is large enough so that U, is the bare potential, which we will

define as
Ur = Ey +m3 p+ Ay p°. (4.89)

Therefore, we obtain the expression for the effective potential in terms of bare couplings

A* 3 A +26%p
Vegr = (E o+ pY) — 2N2p—2e* P log [ ——— L) ).
= (Batmip+ ') = o5+ o5 (e prec P8\ o,

(4.90)

Let us rewrite the logarithmic term using the following trick

log AM+y = log(A? + ) —log(y) = log | A% (1 + % —log(y) =
(5 i

= log(A?) + log (1 + %) —log(y) =
— log (A{) + [% + <%>2 + (...)} . (4.91)

where we used the expansion of log (1 + %) in the second part of the above expression.
Therefore, we have

A% +2€%p A? 2e%p 2¢2p\°
1 — | =1 —
Og( 2e*p ) Og(2e2p)+ A? ( A? > + )

Note that all terms of the expansion have increasing powers of A in the denominator, so,

(4.92)

remembering that A is a very large scale, we can neglect these contributions. So let us

rewrite our effective potential as

A? 3e? A\? Get A?
Vip = [ By — U I — Ay — ] 2. (4.93
d ( A 327r2) * (mA T 3o )p+< AT 3am 8 (262p))p (4.93)

With this expression at hand, we will now impose the renormalization conditions. To

begin with, we will impose the normalization of the potential

o (Vs (0) = 0). (4.94)
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which ensures that

A4

Ey = 502" (4.95)
Now, we impose the mass renormalization condition

dve

. (d—;f(o) - m%) : (4.96)
Which gives us the relation
3e? A2
Finally, we renormalize the coupling according to
P Vey (21

Which gives us the last relation between the parameters

Ae 9¢t 6et A?
A=2R_JC , 0° log( ) (4.99)

2 3272 ' 3272 2e2 M2

Substituting these results into the expression of the effective potential, we obtain an

expression that is a function of renormalized couplings, as

Ar 9e*  6et )
Vi =m%p+ {7 ~ 357 T 353 108 (W) o (4.100)

Now, as M is an arbitrary mass parameter at our disposal (the point where we define
the renormalization condition (4.98)), let us choose for convenience exactly the value that

minimizes the potential, M? = (p), such that we have V] ;({p)) = 0, that is

dVerr
dp

9et 3et
<>:m§+ ()\R— — + 16W2> (p) = 0. (4.101)
P

Solving this equation and assuming (p) # 0, the choice of the renormalization scale gives
us a constraint through the relation
m%  6Gel

Ap = ——~+ .
ST T iee

(4.102)

Turning now to the expression for the effective potential, we obtain
m3 3et P 1
Ve = [ m% p— =2 p? Zllog [ — | — =] 4.103
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Defining the renormalized mass using a parameter /3

3et
2 _
mp =0 1672

(0). (4.104)

we can write the final expression for the effective potential in the form

Verr = 13;2 {B<p>p+p2 (log (%) - (1;5)” : (4.105)

With this expression at hand, we can do an analysis of our theory according to [, a

dimensionless parameter, which gives the behavior of the theory as we change the mass.

Therefore, taking the particular case of a massless theory (m% = 0), we obtain

3et p 1
Vi = log [ -~ ) — =1, 4.106
=10 Jox () 2] (100
which is exactly the original result obtained by Coleman and Weinberg in their seminal

paper [2].
Thus, we see that our flow equation gives us the same result of perturbation theory, if

we restrict ourselves to a certain approximation, that is, considering only the contributions
of the gauge sector of theory, and disregarding the evolution of the gauge coupling and
the effects of anomalous dimension, showing that our result is consistent with the original

results.

4.6 Solving Numerically the Flow Equations

Let us briefly summarize what we have already achieved so far and then attack the
complete flow equations.

Starting from a truncation for the I'y, and using the Wetterich equation we were able
to extract the flow equations for the effective average potential and for the gauge coupling,

which we rewrite here for convenience of the reader

e Flow equation for the potential

kS 1 3
t) = — - 4 - @
KU (P) = 1552 {(6 1) <k2 TEae Z¢) *

1 1
7 (6 . (41
t 26 "¢)<k2z¢+U’(p,t)+/<;2Z¢+U’(p,t)+2pU”<p,t>>} 07

e Flow equation for the gauge coupling

de = ——__10/ (4.108)
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where we have adopted a simplification in the d;e equation, by neglecting U’(0, t).
The flow equations for the wavefunction renormalizations can be obtained from the
definition of anomalous dimension, ne = —Ziqﬁth). Therefore, we obtain the auxiliary

flow equations for Z, and Z4

e Flow equation for Zg

(9th> + No Zq, =0. (4109)

Using the same techniques mentioned in the section 3.8, we can compute the anomalous
dimensions 74 e n4. However, as it is a long computation, to not disturb the line of
reasoning, we put this computation in the Appendix. The result obtained in the Landau

gauge with the same simplifications as before is given by

e Anomalous dimensions

98872 ¢2 + o 2 (02 _ 98872
o — 88mie +et e (e 887r)’ (4.110)
76874 — 2472 €2 2472 (e? — 3272)
2
e
_ e 4111
na Y ( )

It is important to note that both are determined in terms of €*, and that with 7, at

hand we can write the flow equation for the O,e as a function of €? only, as

e? et — 24072 2 — 153674

Do —
T 962 | 24m2(e? — 3212

(4.112)

In this way, we have a system of coupled differential equations to solve. However, the
flow equation for the effective average action is too complicated to be solved analytically,
so from now on we will use numerical methods.

The strategy here is: we solve the flow equation for the gauge coupling (4.112) nu-
merically. In this way, we obtain a numerical solution for the gauge coupling e[t], which
we will use to feed the other equations. Using this numerical result of the gauge coupling
in the auxiliary flow equations for the wavefunction renormalizations (4.109), we can now
solve them numerically using Z,[0] = Z4[0] = 1 as initial conditions to the Zg in the
reference scale.

With the numerical solutions obtained for the gauge coupling e[t] and the wavefunc-
tion renormalizations Zy[t], Za[t], we can now feed the flow equation for the effective
average potential, and then obtain a somewhat simpler differential equation for the func-
tion U(p,t). We solve this flow equation using as boundary condition for the U(p,t) the
prescription U(p,0) = m3 p + A p* (with Ay > 0). We know the results for the effective
average potential in ¢ = 0, which corresponds to the bare potential used as boundary

condition, and we are interested in the ¢ — —oo limit, which corresponds to the full
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quantum effective potential. In practice, we will take ¢ — —100, because this is enough
for our purposes since we observed that below this scale we do not have any appreciable
change in the results.

It must be stressed that when we turn on the flow, the potential will not be quadratic
in p anymore, developing other non-zero couplings and taking a generic form. The results
obviously depend on our choice for the couplings in the reference scale.

We analyze below the behavior of the effective potential for different coupling regimes

characterized by the values of the couplings in the reference scale (m3, Ay, €3)-

4.6.1 mj =0

Following the strategy announced above, we solved the complete flow equation (4.107)

with the initial conditions m3 = 0, e5 = 0.1, Ay = 0.1, as showed in figure 4.1.

U(¢?)In®
0.0004
— t=0
0.0002 — t=-0A
L L L L SIN t=-0.2
Z04 7 [ N— 04 t=-0.3

-0.0002 — t=-100

-0.0004 -

Figure 4.1: Effective Average Potential for different scales (m% = 0, e = 0.1, Ay = 0.1).

Observing figure 4.1, we note that even starting from a situation where classically
there is no spontaneous symmetry breaking, due to quantum corrections spontaneous
symmetry breaking takes place. In fact, we have symmetric potential as a boundary
condition on the reference scale A (t = 0), and as we decrease the parameter ¢, taking
into account the effect of quantum fluctuations, we observe the change in the profile of
the effective average potential, until that in the limit where t — —oo we have the full
quantum effective potential clearly indicating the spontaneous symmetry breaking due to
quantum corrections.

The above result goes beyond the Coleman-Weinberg original result, since it considers
the contributions of the scalar sector, the running of the gauge coupling and the anomalous
dimensions correction, but still does not answer the question initially posed. To verify if
the phenomena observed above actually occurs in the non-perturbative regime, we must
solve the full flow equation for large couplings.

In fact, by studying the massless case m%i = 0, let us now consider the initial con-

ditions €3 = 1, Ay = 1, where the perturbation theory is no longer valid and see if the
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phenomenon of spontaneous breaking by quantum fluctuations still occurs in a regime
where the perturbative results can no longer help. By solving the flow equations with
these specifications, we obtain the result for the effective potential as we can see in figure
4.2.

U@?)In*

— t=0

— t=-0.1
t=-0.2
t=-0.3

— t=-100

GIN

Figure 4.2: Effective Average Potential for different scales (m% =0, €3 =1, Ay = 1).

Therefore, even considering the non-perturbative regime where the couplings are not
small and the perturbation theory is not valid, the phenomenon of the spontaneous sym-
metry breaking due to quantum fluctuations still occurs, as it is clear by observing the
profile of the effective potential above, responding in a positive way to the question posed
at the beginning of this work.

We observed that taking one coupling small and the other large, we still have the same
phenomenon, as for example in the regimes e = 0.1, Ay = 10 and €3 = 4, Ay = 0.1,

respectively looking at figure 4.3.

U(g?nt

0.00006

0.00004 t=0

— t=-0.1
t=-0.2
t=-0.3

— t=-100

0.00002 -

0.00002 -

-0.00004 |-

-0.00006 -

Figure 4.3: Effective Average Potential for different scales (m3 = 0, e3 = 1, Ay = 10) and
(m3 =0, ex =4, \y = 0.1), respectively.

It should be noted, however, that if we have both coupling constants big enough,
in a really strongly coupled regime, such as e3 = 4, A\, = 10, we observe the sign of
spontaneous breaking when we turn on the quantum fluctuations but to the extent that

we take into account all quantum fluctuations, going to full quantum effective potential,
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we obtain a symmetric vacuum solution evidencing a restoration of the original symmetry

by quantum fluctuations, as shown in figure 4.4.

U(@?)Int

4.x107° [
— t=0
%100 |
2.x10 — t=-01
A — t=-0.2
=03
o109l — t=-100
-4.x107° |-

Figure 4.4: Effective Average Potential for different scales (m3 = 0, €3 = 4, A\ = 10).

Therefore, we can conclude that for the case m = 0, the phenomenon of spontaneous
breaking by quantum fluctuations also occurs in the non-perturbative sector of the theory,
considering the contributions of the scalar sector, the running of the gauge coupling and
the anomalous dimensions correction, but when we consider a regime very strongly coupled
the symmetry is restored. The region of couplings where the phenomenon occurs can be
seen in the figure 4.5 below, where the green region represents the set of couplings for

which the theory exhibits the phenomenon.

5_'VVV|v"'|v'v'|""|'v'v

€k=A

Figure 4.5: Region of couplings where spontaneous symmetry breaking occurs for m3 = 0.
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4.6.2 m3>0;m3 <0

It is interesting to investigate the solution of the complete flow equations in the case
where we have a non-zero mass parameter in the reference scale A. Let us analyze in
the sequence for different non-zero values of the mass parameter which are the coupling
regimes that show the spontaneous symmetry breaking and which have symmetric vac-
uum. In this way, we can compare with the results obtained for the massless case, and
with the results expected by the traditional classical analysis.

Considering the case of positive mass, with m% large enough, we obtained unbro-
ken symmetry for any configurations of €3 and A\, analyzed. Similarly, considering a
large enough negative mass, we obtained spontaneous symmetry breaking for all coupling
regimes analyzed. In fact, this is the behavior expected by classical analysis and for large
values of the mass parameter is the result that dominates. However, by taking very small
positive mass values, although the classical analysis states that we have unbroken sym-
metry, we find coupling regimes in which spontaneous symmetry breaking occur. That
is, taking into account the non-perturbative sector, quantum fluctuations may be strong
enough to qualitatively change the theory, even with the presence of a positive mass term.
Similarly, for the case of very small negative mass, although the classical analysis indi-
cates that spontaneous breaking occurs for any coupling regimes, there are regimes in
which the effective potential indicates that there is no spontaneous breaking. Thus, for a
sufficiently small neighborhood of the mass parameter, the occurrence or not of the spon-
taneous breaking will depend on the values of the couplings in the reference scale, and
may agree with the classical prediction or present a qualitative change due to the quan-
tum fluctuations. We conclude summarizing the results obtained. There are, in the range
of parameters used here, three different regions according to the mass parameter of the
theory: the region of large positive masses, where the vacuum is symmetric independent
of the values of the couplings; the region of large negative masses, where the spontaneous
breaking of symmetry occurs independently of the values of the couplings; and finally
the transition region characterized by mass values in a small neighborhood around zero,
where the occurrence or not of the spontaneous breaking depends on the values of the
couplings of the theory. We next illustrate (figure 4.6) the evolution of regimes according
to the mass parameter divided by the reference scale, making clear the behavior of the
theory as we move from the regime of negative masses (broken), through the massless
neighborhood (transition) to the region of positive masses (unbroken), where the green

region indicates the region of couplings where there is spontaneous symmetry breaking.
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Chapter 5
Concluding Remarks

We studied here the possibility of spontaneous symmetry breaking, even when the
classical analysis says that there is a symmetrical vacuum, that is, we studied the spon-
taneous symmetry breaking induced by quantum fluctuations. Such phenomenon had
already been studied by Coleman and Weinberg in 1973 [2] using perturbation theory to
calculate 1-loop effective potential. Such an approach, however, does not allow us to take
conclusions about the non-perturbative sector of the theory, since the results obtained by
the authors are only valid for small couplings. We then reviewed the functional renor-
malization group techniques and studied again the problem with these tools to access the
non-perturbative sector of the theory. Using the Wetterich equation, we obtained flow
equations for the potential and for the gauge coupling and from them we were able to
recover the original results in the appropriate limit. However, even with small couplings,
we were able to obtain a more complete result than the original, since we take into ac-
count the contributions of the scalar sector, the running of the gauge coupling and the
anomalous dimensions correction. The strength of this approach lies in considering the
more general case, since we need not restrict ourselves to small couplings. In fact, we were
able to solve numerically the complete flow equations in the non-perturbative regime with
some approximations, and we conclude that in the massless case, there is still the sponta-
neous breaking by quantum fluctuations. We also note as a limiting case that if we have
the couplings large enough, there can be symmetry restoration and we obtain a symmet-
ric potential. We analyzed non-zero mass situations, and note that for large masses the
classical result holds, but for small masses we have a situation analogous to the massless
case, where fluctuations can alter the character of the theory. Therefore, in the studied
range, the theory has 3 regimes: for large positive masses the system maintains unbroken
symmetry for any couplings; for large negative masses spontaneous symmetry breaking
occurs for any couplings; for masses in a neighborhood around zero, there is spontaneous
symmetry breaking or not according to the values of the couplings. We analyzed the
neighborhood where transition occurs and we plotted for some values of mass of this

region, the regimes where the system presents spontaneous symmetry breaking.
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e In this work, we limit ourselves to a certain range in the parameter region and
use some approximations. A first improvement would be to broaden the region of
interest and remove the approximations, increasing the scope of results and their

precision.

e One way to continue this work is to study the modified Ward identities and their
influence in the flow equations. In a quantum gauge theory, we lose the explicit
gauge symmetry because of gauge-fixing term. The gauge symmetry however re-
mains encoded in constraint equations for quantum action called Ward-Takahashi
Identities (WTIs). Such identities in Quantum Electrodynamics, for example, pre-
vents the photon from acquiring mass by quantum corrections. In our approach,
in addition to gauge-fixing term, we have yet another term that breaks the gauge
symmetry during the quantization process, the cutoff action term ASy. Therefore,
we will have a further contribution to the W'TTs, altering the constraint equations,
in such a way that we call these new identities of modified WTI. In the limit k — 0,
we have AS, — 0, so we get the original WTIs. However, for £ # 0, the modified
WTIs provide a non-trivial constraint that can give relevant information, changing
the possible terms present in the truncation and possibly changing the flow equa-
tions. The modified WTTIs therefore encode a kind of modified gauge symmetry,
which give us the original WTTs and thus the original gauge symmetry, at the limit
k — 0. It is interesting therefore to study what are the influences of this kind of

modified gauge symmetry in our results.

e An interesting idea would be to generalize this work to a Yang-Mills theory. Cou-
pling the scalar field with a non-abelian gauge field, we could investigate if the
studied phenomenon also occurs. Yang-Mills theories are very rich, with more gauge
bosons, self-interaction, ghosts, and a beta-function with a completely different be-
havior. Therefore, it would be extremely interesting to analyze the possibility of
spontaneous symmetry breaking induced by quantum fluctuations in this more gen-

eral context.

e A more ambitious idea would be to study the extension of the phenomenon presented
in this thesis to a supersymmetric context, that is, investigate the spontaneous su-
persymmetry breaking induced by radiative corrections in the context of functional

renormalization group.

e We mention here some subjects somehow related to the subject of this thesis, that
were investigated by C. Wetterich and his collaborators, and could be used to in-
spire new paths. Finite temperature phase transition [40] ; critical behavior in 3
dimensions [41] ; Coleman-Weinberg phase transitions with 2 scalars [42] ; phase

diagrams of superconductors [43].
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Appendix A

The Anomalous Dimensions

Here, we will outline the computation of anomalous dimensions 7, e 74, using the

techniques showed in section (3.8), with the help of Mathematica®, using the Package-X2.

Let the truncation be given by

1 1
o= [ PP+ (D) (D,0) + Uiero) + 57 [ (0,0,

(A.1)

Considering the regime in which we have zero background, taking into account the wave-

function renormalizations, we have as before

7 Z
Iy :/ IAFWFMV + 2_2(8MAM)2 + Z4 0,0" 00 +

vieZy Z* Ay ($0,0" — 6" 0,0) + €2 ZaZy Ay Ay 0 + Ur(679).

Using the following conventions for the Fourier transform
A = [Apers ota) = [omerm 0@ = [ewe
p p p

we can write our truncation in the Fourier space as
1 1
Ty = / 5 ZaAu(=p) (p2 O + gpQ WW) Au(p) + Zy ¢"(p) p* $(p) +
P
— 24 2% e (D + 4) 0" (0) B(q) Au(k)(27)* S(—p + g + k) +
2y 2 €260 6" () $(a) Aulk) A1) (2m) 6(—p + g + k + 1) +

(A.2)

(A.3)

+ Ui(0) + ¢*(p)Up(0)(p) + %U;ﬁ’(o) o (p) p(q) ¢*(k) (1) (2m)* 6(—p +q — k +1).

"Wolfram Research, Inc., Mathematica, Version 11.3, Champaign, IL (2018)
2Hiren H. Patel, Comput. Phys. Commun. 197, 276 (2015), ePrint: arXiv:1503.01469
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From the expression above, we can easily calculate the Hessians and the vertices. In

fact, taking into account the conventions that we have been using, we obtain for the

Hessians
(2) 2 1, )
I_‘A =Zx p 9;w+ Ep Wuv | 3 (A4)
'Y = Z,p*. (A.5)
And for the vertices
Vi = —Zo 2% e (pu + qu) (27)* 6(—p+q+ k); (A.6)
VAN oy = 4224 Z4 €2 8, (20) 0(—p +q + k +1); (A7)
VA oy = +201(0) (20) 0(—p +q — k +1). (A.8)

Taking a simple regulator, prescribed by the expression Ry (z) = I'®(Py(2)) — I'®(2), it
does the substitution z — Py(z) = z + m,(2), and we can obtain the expression for the

regularized propagators

1 §
= ; A.
GA ZA Pk) e,uzz + ZA Pk W ( 9)
1
= . Al
Go= 77, (A10)

With these objects at hand, now we can begin the computation of anomalous dimensions
properly.

As we saw in the section 3.8, we can compute the anomalous dimension with the
Fourier expression of the truncation with

Ne = —F7— atZSD atrl(f)

1 0
= —— (A.11)
» Z, Op?

p2=0;0=0

Using the flow equation for the Fgf) obtained in the section 3.7, we can write the formal
expression for the anomalous dimension
Ny = —i i —1 Tr (F,(j) GrL OiRy, Gk> +Tr (FI(:’) Gr ORy G, Fl(f) Gk>
v Z, Op* 2

p2=0;0=0

(A.12)

Naturally, here the objects have matrix structure, as we are working with more than one
field.
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Scalar Anomalous dimension 7

To obtain the anomalous dimension of the scalar field n4, we have to take the deriva-

tives with respect to the scalar field, then in this case

2 2 2
w _ Ty G _ ory O ory
¢* ¢ So* 5¢’ o 5o ) @ ) )

(A.13)

Given the expressions obtained for the truncation in question, we can easily write the

regularized propagator of this theory, as

. Gy 0 0
Gr — (r,(f) +Rk> ~[o o a,l, (A.14)
0 Gy O
We can also write the 4-vertex matrix
4
(4) VfEA)(;M ’ (4())
Too=1 0 (4? Virgors | - (A.15)
O V¢*¢¢*¢ O
and the 3-vertex matrices
0 Vi, 0 0 0 Vi,
3) _ (3) 3 _
0 0 0 VA¢* o 0 0

where the expressions for the entries are given by the vertex expressions (A.6),(A.7),(A.8).

Therefore, we can obtain the matrix

Ga0 R G A 0 0
My =Gr0; Ry, Gy, = 0 0 Gy, O R,Gy | (A.17)
0 Gy R Gy 0

where the entries here are given by

ZAOR, + R, 0. Z
MiyzGiaatRjﬁGiyz(6’W+§W,ﬂ,)< A O + g Oy A)

: Al
P Z3 ’ (A.18)
(Z¢> 675} U+ Ry 6t2¢)

72 P2

My = Gy0Ry Gy = (A.19)
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And then we can compute the product in the sector with the four-vertex

4
(1" GroRy G ) = 0o VM, 0 . (A.20)
0 0 Vihsro Mo

Therefore, taking the trace we have

_%Tr T6,0R.Gh] - _%TT Vi M | =Tr [V, M) (A.21)

We also can do the product in the other sector and obtain

(Fz(f) G ORi G FIE;?)) G ) - 0 Vfgi)*zﬁ Ma Vz‘gi)*aﬁ Gy 0f. (A22)
0 0 0

And then, we obtain

Tr [00GL0R GiTY G| = Tr VA, MoV G| 4+ T [V, MV G|
(A.23)

Remember that the expression for the scalar field anomalous dimension 7 is (A.12),

1 o [ 1 A
— s | =5 T (T Gr Ry G + Tr (T GrOR, Gy T G)] ,

Ny ZsoaPQ{ 5 p GrORy Gy k Of Ry G k oo
and we have just obtained the expression for these traces in (A.21), (A.23).

Putting these expressions in Mathematica, what we obtain is

1 0 1
Z, Op?

—ZTr (rgj” Gy OR Gk)} =0, (A.24)

2 p2=0;®=0

therefore, the sector with four-vertex does not contribute for the scalar field anomalous

dimension. For the other part we have

b i [TT (F(3 G O R G T Gk>]p20;‘1> 0

Z, Op?
e*(—=3+2¢) +e2(3+£) +e2(—3+£)

= _ A.25
o672 T T 96r2 M 872 (A.25)
Therefore, in the Landau gauge £ — 0, the equation obtained is
e? e? 3e?
1— — — =0. A.26
< 327r2) T~ 3 Mt g (A.26)
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Gauge Anomalous Dimension 7y

Following the same line of reasoning used to calculate the scalar anomalous dimension,

we can obtain

1 82 (52 Fk
7z CWw) = 5
A (9/“/ + g w,u,l/) 8p2 5AM(_p) (5141,(]?)

(A.27)

d=0;p2=0

Then, contracting this expression with 6, (since we are using the Landau gauge) and
dividing by 3 to take into account the trace factor, we can write for the anomalous

dimension

11 02 ( 52 0,1, >}
-0, |— ) A28
1 ZA 3 g |:8p2 5./4“(—}7) 6Au(p) ®=0;p2=0 ( )

The formal structure of the flow equation is the same, but taking derivatives with respect

to the gauge field, which change the vertices. In fact

0 0 0
@ y .
Thss = | 0 (4(; Vit | i (A.29)

0 0 0
r'e=10 0o v, | (A.30)
0 Ve, 0
We also have the matrix
G10;REGA 0 0
M, = G0, Ry Gy, = 0 0 GyO Ry Gy | (A.31)
0 Gy 9 R Gy 0

with entries that we will call M4 and Mg, as before. Then, we can compute the product

in this sector

0 0 0
AAqg* s GO R Gy =0 Vf;gqﬁ% M, 0 . (A.32)
4
0 0 ;g,iﬁ * M¢>
And therefore
L iR G = —Tr VY M A.33
5 [l AAgr¢ Uk Ut [Nk K = r| AAg*¢ 6)- (A.33)
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In the same way, we can compute

0 0 0
(¥ GraR G G ) = [0 Vi, M VD, Gy 0 - (A34)
3 3
And therefore
Tr [0S, GrORe Gi D)., Gl = 2Tr [V, My VD, G, (A.35)

As before, what we have to compute is

11 [ 1 (4) (3) (3)
na = _Z_A 3 a_pQ —=1Tr (Fk G O/Ry, Gk) +1r <Fk G O Ry Gi T Gk) '

2 d=0;p2=0

(A.36)

and we have already written the expression for the traces in terms of objects that we
know.

Putting these expressions in Mathematica, we obtain

11, [ 1
Z43 " op?

—5 Tr (F,(:l) Gk 8tRk Gk>:| = 0, (A37)
®=0;p2=0
therefore, the sector with four-vertex does not contribute for the gauge field anomalous

dimension. For the other part we have

11 82 3 3 62
2O o |Tr (T GLORL G T Gy )| S A.38
Za 31 op? e TR OGRS Ly d=0;p2=0 242 ( )
Therefore, in the Landau gauge £ — 0, the equation obtained is
o2
na — Y = 0. (A39)

The results

With the computations made above, we can solve the system and conclude that, in

the Landau gauge, the anomalous dimensions are given by

et — 28871%¢?

o = 7684 — 247‘(‘262; (A-40)
02
A= o (A.41)
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