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Abstract

We present a framework for enlarging the construction of Z3-graded classical Toda theory from
the class of Z3-graded Lie algebras to the class of Z3-graded Lie superalgebras. This scheme is
applied to derive a Z3-graded extension of the super-Liouville equation based on a Z3-graded
extension of 05p(1/|2). The mathematical tools employed in this work are a Z3-graded version of
the zero-curvature formalism and of the Polyakov’s soldering procedure. It is demonstrated that
both methods yield the same Z3-graded super-Liouville equation. An algebraic construction of
solutions to the resulting equations is also presented, together with their Biacklund transforma-
tions. Furthermore, three distinct new Z3-graded extensions of the super-Virasoro algebra are
obtained via Hamiltonian reduction of the WZNW currents defined for Z3-0sp(1|2).

1. Introduction

A general framework for constructing integrable Z3-graded extensions (Z3 := Z, x Z;) of classical, two-
dimensional Toda and conformal affine Toda models has been presented in [1]. A key feature of this
construction is that it is based on a Z3-graded Lie algebra (also referred to as a Z3-graded color Lie alge-
bra) structure [2-5]; it implies that the resulting models contain fields obeying a special type of para-
bosonic statistics [6~11]. The construction was carried out for a Z3-graded extension of s[(2), denoted
by Z3-s1(2), and its affine extension, resulting in integrable graded extensions of the Liouville and sinh-
Gordon equations. Furthermore, by enlarging the Polyakov’s soldering procedure [12] to a Z3-graded
setting, an affine version of Z3-s[(2) with a central extension was recovered as a Poisson-Lie alge-

bra. It was also shown that a Z3-extension of the Virasoro algebra naturally arises from a Hamiltonian
reduction.

In this paper we extend the analysis of [1] to a Z3-graded Lie superalgebra framework. This corre-
sponds to the more general case where not only parabosons, but also parafermionic fields are present
[8, 13—17]. This is the most general setting to investigate Z3-graded paraparticles because it extends, see
e.g. [18-21], the notion of supersymmetry with all its physical and mathematical implications.

We stress the non-trivial significance of taking both parabosons and parafermions into account. The
experimentalists learned how to simulate paraoscillators [22] and even engineer them in the laboratory
[23] by using trapped ions. On the theoretical side it has been shown, see [10, 14] and also [16, 24],
that certain results implied by Z3-graded paraparticles cannot be reproduced by ordinary Bose—Fermi
statistics. The connection of the Z3-graded parastatistics with the traditional [25, 26] approach has been
established in [8, 13].

In this paper the Polyakov’s soldering procedure and the Lax pair formalism are applied to Z3-graded
extensions of Lie superalgebras. To illustrate this scheme we examine a Z3-graded version of 0sp(1]2)
which allows to construct a Z3-graded extension of the ordinary super-Liouville equation presented in
[27, 28].

© 2026 IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.
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The Z3-graded extension of a Lie (super)algebra is in general not unique. Many inequivalent Z3-
graded versions of 0sp(1]2) have been discussed so far [3, 6, 13, 15, 17, 21, 29]. The one considered in
this work is the ten-dimensional Z3-graded Lie superalgebra introduced in [21] as a Z3-graded extension
of the superconformal mechanics.

Concerning the Lax pair formulation, the Z3 grading shares some feature with the N = 2 supersym-
metry; instead of a single Lax pair as in the A' =1 models [30-34], the equations are derived by two
conjugate Lax pairs like the N =2 super-Toda models [35] (the N =2 super-Liouville theory was origi-
nally introduced in [36]).

A genuine new feature of the Z3-graded superalgebra construction, with respect to the [1] Z3-graded
parabosonic algebra case, is that the Hamiltonian reduction of the WZNW currents induces a nontrivial,
color, Z3-graded extension of the super-Virasoro algebra. This is a new Z3-graded superVirasoro alge-
bra which differs from the one presented in [37]; its four component fields have respective gradings
(00,11,10,01) and scaling dimensions (2,2, %, %) The (anti)symmetry properties of its brackets imply
a nontrivial Z3-graded Lie superalgebra extension of A/ = 1 superVirasoro. In contrast, the Hamiltonian
reduction from Z3-graded s[(2) produces, see [1], the (00,11)-graded subalgebra which is isomorphic to
an ordinary (not colored) Lie algebra.

It should be mentioned that the Z3-graded extensions of integrable systems discussed here and in [1]
reveal the existence of a broader class of integrable systems than those known so far; it is indeed obvi-
ous that the present scheme will be easily extended to more complex gradings such as Z} :=Z, x Z, x
-++ X 7y (n times). We remark that alternative approaches to Z3-graded integrability, based on Z3-graded
supersymmetric Lagrangians in two-dimensional spacetime, can be found in the literature [38, 39].

This paper is organized as follows: in section 2 we recall the definition of Z3-graded Lie super-
algebra and introduce a Z3-graded extension of 0sp(1]2) which we denoted by g for simplicity. We
also present representations of g which will be used in our analysis. In section 3 the Z3-graded super-
Liouville equation is derived via the Polyakov’s soldering procedure. This is achieved by considering the
simplest setting sufficient to produce a nontrivial Z3-graded equation. It will be shown in section 4 that
the Hamiltonian reduction [12] for the current associated with g , supplemented by an additional gauge
fixing inspired by [40, 41], gives rise to a Z3-graded extension of the A/ = 1 super-Virasoro algebra. The
Z3-grading admits, for the currents with nontrivial grading, three distinct (anti)periodicity conditions
on a S' circle, leading to three distinct versions of the derived Z3-graded super-Virasoro algebra. We
show in section 5 that the Z3-super-Liouville equation, derived by the soldering procedure, can be for-
mulated in terms of Lax operators. This formulation enables us to construct explicit solutions in terms
of chiral superfields. In section 6 two Bicklund transformations are presented: one relating the the Z3-
super-Liouville equation to the free equation, and the other providing the auto-Bicklund transformation
for the Z3-super-Liouville equation. A summary of the present work, together with further remarks and
possible directions for future research, is given in the Conclusion.

2.Z3-graded extension of osp(1]2)

2.1. Definitions
Let us recall the definition of the Z3-graded Lie superalgebra [2, 3]. Let g be a vector space and 4 =
[a1a,] an element of Z3. Suppose that g is a direct sum of graded components

g= @ga = goo] D &[10] D gjo1) D@ &1 (2.1)
aezl
If g admits a bilinear operation (the graded Lie bracket), denoted by [,-]] and satisfying the identities
(144, B]] € g3y (22)
[[4a,B5]] = = (=1)"" [[Bs,Aal] (23)
(=1)" [[Aa, [[B5, G} ]] + (= 1) [B5, [Ce. Aal]] + (=1)" [[Ce: [[Aa. By ]]] =, (24)

where A;, B;, C; are homogeneous elements of g; and
&+l;:[a1+b17a2+b2]€Z§7 &-B=a1b1+a2b2€Z27 (2.5)

then g is referred to as a Z3-graded Lie superalgebra.
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It is clear from the definition that the graded Lie brackets are realized by commutators and anticom-
mutators as follows

[4a,B;] .
[[4a,B;]] = (2.6)
{44,B;}

™
S
|

<o

™

S
|

—

If [[A, B]] = 0, we say that A and B are Z3-graded commutative. It is also observed from the definition that
g has Z,-grading, too:
9= 00Dy, 9o = @joo] D 9111591 := B[10] D Gjo1]- (2.7)
For a given Lie (super)algebra, one may consider its Z3-graded extension which is generally not
unique. Many inequivalent Z3-graded extensions of the Lie superalgebra osp(1|2) have been discussed
so far [3, 6, 13, 15, 17, 21, 29]. In the present work, we consider one of them which was the ten-
dimensional Z3-graded Lie superalgebra introduced in [21] as a Z3-extension of the superconformal

mechanics. Its basis, their Z3-gradings and scaling dimensions (eigenvalue of the grading operator
G := 1Kp) are summarized in the table below:

[00] [10] [01] [11]
+1 K+ L+
+3 P
2 + Q+ (2.8)
0 K() LO
-3 P Q_
-1 | K_ L_.

We keep using g to denote this Z3-graded extension of 0sp(1/|2). The non-vanishing defining relations of
g are given, in terms of (anti)commutators, as follows.
—go-go sector:

[K07Ki] = :tzKiv [K_;'_,K_} = K07 [LOaLi] = :I:ZKia [L-i-aL—] = K07

[K07L:|:] = :|:2L:|:, [K:tvLZF] = :l:LOa [L07Kﬂ:] = :tZL:tv (29)
—go-g1 sector:
[K07P:t]::|:P:|:7 [K:taP:F}:_P:ta
[KOaQ:t] = iQi? [KiaQI] = 7Qia
{P:E7L0}::tiQ:t7 {P:E7L:|:}:_iQ:F7
{Q+,Lo} = FiPy, {Q+,L+} =iP+, (2.10)

—g1-g; sector:

{Pi,Pi}:ﬂ:ZKi, {P+7P—}:K07 [P:taQ:t]:j:ziL:I:, [P:taQ$]:iL07
{Qi7Qi}:i2Ki7 {Q-}—aQ—}:KO- (211)

It is easy to see that the algebra g admits the triangular decomposition;

g=0+®bhdg-,
g+ ={Ky, Py, Qp, Ly},
b= {Ko, Lo},
g-={K_,P_,Q_, L} (2.12)

where § is the Cartan subalgebra of g.
Structure and some representations of g are studied in [42-44].
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2.2. Representations
In order to study integrable models associated with g, the representation of g induced from the standard
(Z,-graded) osp(1]2) is useful. We denote the basis of osp(1]2) by

0] H, Ex, (1] Fs (2.13)
which subject to the non-vanishing relations

[H,Ey]| = +2Ey,  |[E4,E_]=H,  [H,Fi]==+Fs,
{Fy,F_.}=H,  {Fi,Fi}=+2Es,  [Es,F3]=—Fs. (2.14)

Let |vy) be the lowest weight vector of the fundamental representation of osp(12), i.e.,
F7|V0> :07 H‘V()> :—‘V0>, <V()|V0|V0|V0> =1. (215)
Define |v,) := F/} |v), then

Hlvy) = (n—1)|va), Ey|va) = V1), Fi |v2) =0,
F_ |V1> = — |‘V0>, F_ |‘V2> = ‘V1> . (216)

Now we introduce the 4 x 4 complexified quaternionic matrices
My:=L®IL, M =L®o, M =080, M;:=0 Q0; (2.17)

which are defined by the 2 x 2 Identity and the Pauli matrices

1 0 0 1 0 —i 1 0

They satisfy for i,j = 1,2,3 the relations (the totally antisymmetric structure constant ;3 is normalized
so that €153 = 1):

M;M; = 6;;My + i€ M. (2.19)
We identify the Z3-grading of the matrices as follows:
00] : Mo;  [10] : My [01] : My [11] : M. (2220)
Then, g is realized by the matrices My and osp(1|2) generators as follows (Cf. [1, 45]):

Ko =My®H, Ky =My ®E+, Py =M, ®F4, Qr =M, ®F4,
Lo=M;®H, Li=M;®Ex. (2.21)

This realization gives the six-dimensional lowest weight representation of g. There are two linearly
independent lowest weight vectors on which (2.21) act. They are given by |00) = M, ® |v) and |11) =
M; ® |vy) and have the grading indicated. Is is easy to verify that

P_]00) = Q_|00) = P_|11) = Q_|11) =0,
Kpl00) = —[00),  Ko[11) = —[11), Lo[00) =—[11), Ly[11) = —|00) (2.22)
and

P, |00) = —iQ4[11),  Q[00) =iP4[11),
PLQyla) = —QiPyla),  PLQT|a)=0, a=00,11 (2.23)

where n+m > 3. Therefore, the Z3-graded representation space induced on |00),|11) is six-dimensional
and its basis is taken to be

00]; 1) ==Ky 00}, [2) = [00),
1) [3) =Ly J00), [4) = [11),

[10]; |5) = P [00),

01);  16) == Qs [00). (2.24)
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The action of g on this space is readily obtained. Setting ¥:= (|1),]2),|3),[4),|5),|6)), we obtain the
followings:

7= ([1),—2),13).—14),0,0),

7 X4 (0,11),0,13),0,0),

755 (12),0,]4),0,0,0),

75 (13),-14),11),~12),0,0),

75 (0,13),0,]1),0,0),

17—>(\4> 0, |2> 000)

75 (0,15),0,~il6),[1),i[3) ).

75 (15),0,-i16),0,~ [2) ,—i[4) ),

725 (0,16),0,i[5),i[3),[1) ).

725 (16),0,i]5),0,i]4), — |2 ). (2.25)

It follows the following matrix representation of g:

o4 0 0
Kozdiag(l,—Ll,—l,0,0), K+ = 0 o4 0 s
0 0 0
o 0 0 0 o3 0
K_= 0 o_ 0 5 L() = | 03 0 0 3
0 0 0 0 0 0
0 oy O 0 o_- O
L+ = |0+ 0 0 y L_=|o_ 0 0 s
0 0 0 0 0 0
0 0 011 0 0 —0_
P+ = 0 0 i0'+ s P_= 0 0 —1072 | ,
o4 —102 0 011 —1lo_— 0
0 0 (o 0 0 —072
Q+ = 0 0 —iO'M s Q, = 0 0 io_ (226)
0y oy 0 o_ oy 0

where

1 0 0 0
011—<0 0>7 022—<0 1)- (2.27)

3. Z3-super-Liouville equation by Polyakov’s soldering

We mimick the standard procedure of soldering for deriving [12] the Z3-graded version of the super-
Liouville equation. We introduce the Z3-graded Lie group Z3-Osp(1|2) generated by the algebra Z3-
05p(1]2) defined in section 2. A group element of Z3-Osp(1|2) is parametrized by

g=exp (K4 + aiiLy ) exp (AoPy + Aot Q4 ) exp (BooKo + S11Lo)
x exp (p10P— 4 101Q— ) exp (vooK— +711L-) (3.1)

where the group parameters a, 3, \, ;1 and v are also Z3-commutative and their grading is indicated by
the suffix. In particular, Ajg, Ao1, 410 and po; are nilpotent. Throughout this article, the suffices 00, 10,
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01, 11 indicate the Z3-grading of the associated quantities. We assume that the group parameters are
superfields which are functions of the [00] and [10]-graded Z3-commutative variables

[00] x, X, [10] 6, 6. (3.2)

Alternatively, one could assume that the parameters are superfields on [00] and [01]-graded variables.
It is obvious that both assumptions lead to the same equation, so we consider only the case of [00] and
[10]-graded variables.

We introduce the [10]-graded covariant derivatives

D = 0y +1600,, D = 05+ 00 (3.3)
which satisfy
{D,D} = 2i0, {D,D} = 2idx, {D,D}=0. (3.4)

We introduce also the holomorphic and antiholomorphic WZNW-currents which are defined in terms of
the group element (3.1):

J(x,0) :=Dg-g" ", J(x,0) := g 'Dg. (3.5)
By definition, the currents J(x,6),J(x,0) are [10]-graded and take values in Z3-0sp(1/|2). Employing the

matrix presentation (2.21), one may rearrange the components of the currents in terms of the osp(1|2)
generators. First, the group element (3.1) is given by

g=exp(a®E;)exp(b@F,)exp(c®H)exp(d®F_)exp(f®E_) (3.6)
where the matrix valued fields a,b,c,d and f are defined by

a:= agMp + a1 M3, b= A\ioMy + Ao M3,
¢ := BooMo + 11 M3, d:= pioMi + poi Mo,
f = y00Mo + 11 M3 (3.7)

and due to the nilpotency of Ajg, Ao1, 10 and pg; we have the relations
bV =d*={b,d}=0. (3.8)
It follows immediately that the currents (3.5) takes the following form:

J=]++QEL +]. QFL + ) QH+]_QF_+]__QE_,
]

=] 4 QE  +]y ®F  +Jo®H+]_®F_+]__®E_ (3.9)
where
Ji 4 = —2e % (Df — (Dd)d)a* — 2 (Dd)ab — 2 (Dc)a + (Db) b+ Da,
J. = —e *(Df — (Dd)d)ab — e “(Dd)a — (Dc) b+ Db,
e *(Df — (Dd)d)a+e °(Dd) b+ Dc,
=e¢ *(Df— (Dd)d)b+e “Dd,
= (Df — (Dd)d)e™* (3.10)
and

7++ = ¢ *(Da+bDb),
~(Da+ bDb)d+ e~
~%(Da+ bDb)f — e ¢ (Db) d+ D,
2‘(Da+bDb)fd ~¢(Db)f — (Dc)d + Dd,
7_ ~%(Da+ bDb) f* — 2¢~°(Db) fd — 2 (Dc) f + (Dd) d + Df. (3.11)

6
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According to [12] we impose Hamiltonian constraints on the currents. Taking into account the grad-
ing and the matrix nature of the components of J,J, the appropriate constraints will be

J-—=Jo=0, J- =M, (3.12)
7++ :70:0, 7+ =M. (3.13)
The constraints on J__,J_ and ], give
Dc= —bM, (3.14)
and the constraints on ], ], gives
Db = M. (3.15)
Acting D on (3.14) and using (3.15), we obtain
DDc = ¢°. (3.16)
Recalling the definition of ¢ in (3.7), it follows that
&€ = ePoMogBuMs — B (cosh 811 My + sinh 811 M3) . (3.17)
Thus we obtain the following system of equations:
DDfyy = P cosh 11, DDfj, = P sinh 31;. (3.18)
Due to the nilpotency of 6,60 one may expand the superfields into their components:
Boo = P00 (%,%) + 0110 (x,X) + Ot (x,%) + O0Fgq (x,%) ,
Bi1 = 11 (x,%) + 0o (x,%) + 0oy (x,%) + 00F (x,%) . (3.19)

Although we started with only [10]-graded superspace, the superfield 31, ensures the existence of
[01]-graded component fields so that the Z3-super-Liouville equations (3.18) are a system of coupled
equations for [00],[11],[10] and [01]-graded fields defined on two-dimensional spacetime. More explic-
itly, from the first equation in (3.18) we get

DDpgy = e (coshprr (Y1010 — Yor1vor — Foo) + sinh 1y (Y1001 — Yo1t1o — Fi1))
0119 = eP® (fcoshcp“ -91o + sinh ¢y, ~1/_)01) ,
1019 = €7 (cosh 11 - 119 — sinh 1y - Y1),
Foo = —e®™ cosh 1, (3.20)

where 9 = 8,0 = 0 and from the second we get

dOp11 = e (coshpry (Y1001 — Yo1¢10 — Fi1) + sinh @1y (1010 — Vo101 — Foo) )
10 = e (—C05h9011 ~to1 + sinh gy '1/310) ;
i0o1 = €9 (coshpyy - Yo —sinh ey - 1hyo)
Fi; = —e™sinh ;. (3.21)

It is observed that Fyy and F;; are non-propagating auxiliary fields. Elimination of them gives the follow-
ing equations of motion of ¢y and ¢ :

00pyy = €7 cosh2¢;
+ 7 (COSh P11 (1/)101;10 - T/Joﬂﬁm) +sinh gy (?ﬁloi/;m - 1#011/;10)) )
0011 = e¥¥" sinh 2¢;
+ e#* (coshpry (Y10¥o1 — Yo110) + sinh oy (Y1010 — Yordor) ) - (3.22)

Setting 11 and g1, o1 (or 119,%10) equal to zero, the super-Liouville equations discussed in [27]
are recovered. Setting all the fields with non-trivial grading zero, the Liouville equation is recovered.
Therefore, the Z3-super-Liouville equations constructed here are a natural generalization of the (super-
)Liouville equation. The integrability of the system of equations (3.18) is ensured by its formulation as
a zero-curvature representation which we discussed in section 5. Following the method of Leznov and
Saveliev, we also construct solutions to the equations presented in section 5.4.

7
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4.73-graded super-Virasoro algebras

In this section we consider the current algebra associated with the currents given in (3.5). Polyakov
showed that the Virasoro algebra emerges from constraining the current algebra associated with SL(2,R)
[12]. This construction was extended to Osp(1|2) by Sabra [40, 41], where the A/ = 1 super-Virasoro
algebra is obtained. In our case, a Z3-graded generalization of the super-Virasoro algebra is found.
This analysis is carried out within the framework of classical mechanics, i.e., making use of the Poisson
brackets. Nevertheless, as in the case of Z3-graded Liouville equation based on Z3-s1(2) discussed in [1],
we observe the existence of a central term in the Poisson Lie algebra (an example, see [46], of a classical
anomaly).

Only the holomorphic sector will be considered here, as the treatment of the antiholomorphic sec-
tor proceeds in a similar fashion. The transformations of the component currents defined in (3.9) are
induced from the left action of the group element:

/
§—8 =8&
ge — e€++®E+e€+®F+ 660®H+ 667®F7 6677®E7 (4.1)

where €’s are holomorphic functions and ey are nilpotent and anticommute. Considering the infinitesi-
mal transformation of g, one may obtain

04t = =264 4Jo+ 264 )1 + 2€0) 4+ + Dejy
0]+ = —eriJ- +eiJot ey — €Sy + Dey,
o=y _+eiJ +eJr—e__Jit + Deg,
0] - =—e4J-— —e]-—e_Jo—€__Jy+De_,
0] =—-2eJ__ —2e_J_+2e__Jo+De__. (4.2)

Besides the constraints given in (3.12), following [40, 41] we impose an additional gauge fixing
J.=0. (4.3)
Then, the infinitesimal transformations preserving (3.12) and (4.3) reduce to a single parameter:
1 i,
e_=—=-De__M;y, €= —€__,
2 2

i
€4 = 6__]++M1 — *DELiMl,

2
1 1 1,
€+ =3 (De——) 4+ + SE6--Dles+ e (4.4)
So that
= E / . ! 1 1
0y = 5 € _Jyy+(De__)DJyq +ie__J\, + 2D6__ (4.5)

where the prime stands for the derivative with respect to x: a’ = d,a. Recalling that ], | consists of Z3-
graded superfields and matrices M;, one may recover the Z3-graded currents J;o and Jo; by

J++ = JioMo + Jo1 M. (4.6)
€__ is also parametrized as:
€E__ = 600M() + 611M3. (47)

The transformations of J1o and Jy; can be readily obtained from (4.5):

3i 1 . . 1

0Jio = 5 (€gJ10 — €11Jo1) + 5 [(Deoo) DJ1o + (Derr) Dlo1] + i€oo)1g — i€11]g; + 5D66’0, (4.8)
3i 1 . . 1

0Jo1 = Bl (€goJor — €11J10) + 3 [(Deoo) DJo1 + (Derr) Dl1o) + i€oo)oy — i€11]1o + EDE/{l- (4.9)
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By assigning the scaling dimension [x] = —1, the scaling dimensions of the remaining quantities are
determined as follows:

1 3
0] = 5 Uio) = o] = 2 [€00] = [en] = —1. (4.10)
One may expand the currents and the parameters in their components:

J1o (X, 9) = U (x) + Ougg (x), Jo1 (xa 9) = Uo1 (x) + Ouyp (x) )
600(36,9)2500(96)—’-9810()(3), €11 (x,9):511 (X)+9€01 (x) (411)

The transformations of the components are readily obtained
. ! ! 1 s
Ougo = 1| 2e09Uo0 + Eqotigy + S50 +1(2e]u11 +enuy,
(3, 1 p 3
+1 5510”10 + 5510“10 25011401 + = 501u01

)
* / / ]' "'
(51/111 =1 <2€11M00 + ety + 2511) +1(2500u11 +500M 1)

(3, 1 , 3
—+1 58101/{01 =+ 55101401 2501M10 + - 5011410 (412)
and
. 3 / / . 3 / ! 1 1"
Suro = { Jegoti0 + oottty | —i{ S&M1uor +Enatigy ) + 5 (S10t00 + Eortin + %),
— 3 é / / : i / / 1 "
(51401 =1 2500u01+800u01 —1 2811M10+811u10 + 2(501u00+510u11+501). (413)
It can be readily verified that the scaling dimension is determined as follows:
3 1
[too] = [un] =2,  [u10] = [uo1] = > leoo] =[en]l=-1, [e10] =[en] = 3 (4.14)

It follows from these results that the currents wuqg, 111,419 and ug; can be identified with a Z%—graded
generalization of the Virasoro algebra. To see this explicitly, we need to introduce a correct Poisson
brackets structure.

The infinitesimal transformations (4.12) and (4.13) may be reproduced by the Poisson bracket:

1
— 5= Py KO u),
K (y) := kicootoo + kag 11ty + kseroti1o + kacor tior, (4.15)

where u(x) stands for the Z3-graded component currents and the k; constants have to be determined.
The 7Z3-graded Poisson bracket is defined by the relations

{5} = = (=1 {5, )}
{ugul;, ug} =u; {ul;, 1/!5} + (—l)ble{uﬁ, uz} ug,
{ua, {ug, vy = {{ua, g}, ue} + (=)™ {ug, {ug, u}}, (4.16)

where 4, b, ¢ € 72.
By taking into account the Z3-grading and the scaling dimension we propose the following Ansatz:

{00 (¥) » uoo (%)} = arigy () 8 (¥ — x) + azuioo () 8" (¥ — x) +as8"’ (y — x),
{un () s uoo (x)} = aguiy () 6 (v — x) + asun () 8" (y — %),
{10 (), ttoo (%)} = asuyy (v) 8 (y = x) +azu () 8" (v — ),
{01 (), oo (x)} = asugy (v) 8 (v — x) + asuor () 8" (y — ),
{11 (), w11 (x) } = batgy ()6 (y — x) + battoo ()8 (v — x) + b30™ (y — x),
{t10(y), 111 (%) } = barigy () (y — x) + bstior ()" (y — x),
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(), un(x)
{uro(y), mio(x)} = cruoo(y)d(y — x) + C25//(}’* x),
{uor (), wo(x)} = csun(»)é(y — x),
{01 (), o1 (x) } = diuioo ()0 (y — x) + d20" (y — x), (4.17)

where the prime stands for the derivative with respect to y and our convention for the delta function is

—a)= Z elne—a) (4.18)

nez
L fas =L [ a1 (4.19)
2T x o 0 =4 )

The constants a;, b;, ¢;, d; are fixed by the requirement that (4.15) and (4.17) reproduce the current
transformations (4.12) and (4.13). We note that the Poisson brackets {u0, #11}, {101,411}, {410, 10} and
{101,101 } are symmetric, but all others are antisymmetric.

For each Z3-graded current, (4.15) gives the following conditions:

u: conditions

Upo - klaz = k2a5 = —21, kllll = k2a4 = —i, k1613 = —%,
—ksa; = kqag = %7 —ksas = ksag =i

Uy - kias = kb, = —2i, kias = kyby = —i, kobs = —%7 (4.20)
—ksbs = kyb; = %, —k3by = kybg = 1

Ui : kia; = kabs = —%i, kias =koby = —i, ksc1 =ksc; = kyc; = %

uor: kiag =kyb; = _%i; kiag = kobs = —i, —kscs = kydy = kyd, = 3

Solving these conditions give the results:

k=i, k=i, k=i, ke = —i,
1
6[1:—1, a2:_27 a3:_§7 ﬂ4:—1, a5:_27
1 > 1 >
ag — — a; = —— ag = — do — — —
6 ) 7 27 8 ) 9 2)
1 3
1 ) 2 ) 3 27 4 ) 5 27
3
be=—1, by =2,
i i
a=g=-—= ==
1 2 27 3 27
dy=d, = % (4.21)

Therefore, the Z3-graded currents satisfy the relations

{100 () 5 oo (x)} = —ugy () 6 (¥ — x) — 2100 () (y — x) — %5/“ (y—x),
{un (), w00 (%)} = —ui; ()6 (y —x) = 2un (y) 0" (y — x),

{110 (), oo (x) } = —uo (v )5(J’—x)—§“10()’)5 r—x),
ot (7). 0 ()} =~ ()8 (y =) — ;um ()8 (=),
fun (7) 1 (5)} =~ )8 —) — 2un(7)8" (= ) = 35"y =),

{t0(r), uni (9)} = —udy (60— %) — 21 ()6 (y — ),

2
(), 1 ()} =~ ()30 ) = S o ()8~ ),
{u10(3), 110(x)} = =10 ()3 (y = %) = 38" (y = x),

10
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fun ), o)} = 50 ()50 ).

fun (), (9} = S ()3l —) + 20"y ). (422)
These relations define a Z3-graded extension of the A= 1 super-Virasoro algebra which is recovered by
either ugg, 419 Or Upg, U1 subalgebras.

By expanding the Z3-graded currents into modes, we obtain from (4.22) the infinite dimensional Z3-
graded super-Virasoro algebra equipped with a Poisson—Lie structure. As is well known in string theory,
fermionic sectors are subject to either periodic (Ramond sector) or antiperiodic (Neveu—Schwarz sec-
tor) boundary conditions [47, 48]. Assuming, as usual, that the [00]-graded current is periodic, con-
sistency with the current algebra (4.22) imposes specific (anti)periodicity conditions on the remaining
graded sectors. One should note that even the exotic bosonic current u;; could satisfy either periodic or
antiperiodic boundary condition. Therefore, three possible alternatives are admissible in association with
[11]/[10]/][01] graded sectors:

(i)R/R/R (ii)R/NS/NS (iii)NS/NS/R = NS/R/NS

where R and NS stand for the Ramond and Neveu—Schwarz sector, respectively. We remark that these
three admissible boundary conditions already appeared in the string model induced from 1D Z3-graded
supersymmetry [45].

Under these periodicity conditions, the Z3-graded currents may be expanded as

ugo (x) = ZLnei"x, uy (x) = ZHpeip’“,
p

n€z

Uy (x) = Z G,e™, g (x) = ZFSei”‘ (4.23)

where n € Z is the index for [00]-sector (Ramond sector) and p,r,s are the indices for [11], [10], [01]-
sectors, respectively. The indices p,r,s take their values in Z if they are in the Ramond sector or in Z + %
if in the Neveu—Schwarz sector. Then we obtain the relations of Z3-graded super-Virasoro algebra:
{LmL }—1(1’1/ )Ln+n’+%n35n+n’,07
{H,,L,} =i(n—p)Hppn,

{G,,L,} = 1(
(

{G“HP}_1<§ f) rp>

{FS’HP} *l(p 5) s+ps

{G., Gy} =~ ; rr o r25r+r’ 05

(F.G) = 2 Hr

{F,Fy} = ;st - %5255-&-5’,0 (4.24)

where the indices take the following values according to the boundary conditions. (i) all the indices are
integer, (ii) n,n’,p,p’ € Z and r,r',s;s' € Z+ %, (iii) n,n’,s,s" € Z and p,p’,r,r' € Z+ 1.

We derive the Lie-Poisson algebra with a [00]-graded central extension, in which the central charge
takes a fixed value. The factors of the central terms #* and r* for [00]-graded and [10]-graded cur-
rents in (4.24) differ from the standard choice in CFT (note that the same applies to the [11]- and
[01]-graded currents). This discrepancy arises from our convention for the mode expansion (4.23),
which is defined on S', instead of the punctured complex plane C* = C — {0}, as customary in CFT,
where the mode expansion is typically given by ug(z) = >, cz Laz™""*. We recall that the central
charges proportional to n*,7* and n(n* —1),r — } (as derived in CFT) differ by a trivial cocycle which
can be reabsorbed in the redefinitions of the generators. The most general Z3-graded extension of the

11
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super-Virasoro algebra admits two central extensions: one [00]-graded and the other [11]-graded [44].
However, the extension admitting a [11]-graded central charge is not obtained within the present frame-
work. Another open problem is the possible isomorphism between two algebras characterized by R/R/R
and R/NS/NS boundary conditions. It is known that the N/ =2 Ramond and Neveu-Schwarz superalge-
bras are isomorphic [49]. A similar structure appears in the N = 2 super-Virasoro algebra and the Z3-
graded super-Virasoro algebra derived in this section, as the latter also possesses two fermionic currents:
one [10]-graded and the other [01]-graded. Therefore, it is important to clarify whether the isomor-
phism exists.

Finally, we comment that a different type of Z3-graded extension of super-Virasoro algebra is dis-
cussed in [37] where the (00,11,10,01)-graded currents have the scaling dimensions (2,1,2,3), respec-
tively. In contrast, the Z,-graded super-Virasoro algebra presented in this work features scaling dimen-
sions (2,2,2,3) and is associated with the Z3-super-Liouville equation (3.18).

The possibility of having inequivalent Z3-graded extensions of superalgebras was already mentioned
in Introduction. Another illustrative example is provided by the two-dimensional superPoincaré algebra,
which admits Z3-graded extensions with two [11]-graded translations [19], two [00]-graded translations

[50] and one [00]-graded plus one [11]-graded translation [45].

5. Zero-curvature formulation of the Z3-graded super-Liouville equation

In this section and the following one, we investigate the integrability of the Z3-super-Liouville equation
derived via the soldering procedure described in section 3. We first show that the Z3-super-Liouville
equation can be formulated within the zero-curvature framework. Three inequivalent Lax operators are
found to be admissible for this formulation. Then, we explicitly construct a solution to the equation.

5.1. Lax operators and zero-curvature equation

We return to the superfields defined on superspace with [00] and [10]-graded coordinates. We now
adopt a notation more suitable for the zero-curvature framework. The coordinate of superspace are
denoted by

[00] x4, x_, [10] 04, O_ (5.1)
and we write the corresponding covariant derivatives as
Dy =0y, +160404, Oy := Ok, . (5.2)
They satisfy the following relations:
{Dy,Di}=2i0y, {D,,D_}=0. (5.3)

Denoting the superfields by ®go(x+,01) and @y (x4,0+) we define the [10]-graded Lax operators

Li=TDi® +eTPPreT™® = FDL® + AgPy +iA1Qq, (5.4)
1
o = E (q)()oKo + ‘I)UL()) (55)
where
1 1 1 . 1
A00:€2 00COSth)H, AH =e:2 OOSIHhE(DH. (56)

Following the general construction of integrable systems, we consider the linear system
(Dy —L)T=0 (5.7)

where T is an element of the group generated by g. The compatibility condition of the system is the
zero-curvature condition which is in the present case given by

DiL_+D_Ly—{Ly L }=0. (5.8)

Using only the algebraic structure of g, one may obtain the following equations from the zero-curvature
condition:

D+D,(I)00 = 6‘1)00 cosh (1)11, DJFD,@H = e(bo" sinh CI)H (59)

12
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and
1
DiAy = > (Dx®oo - Ago + D1 P11 - Apy),
1
DiAy = > (Dx®oo - A1 + D1 Py - Ago) - (5.10)

As is readily seen from (5.6), the equations in (5.10) are identities. Whereas the equations in (5.9) are
non-trivial dynamical equations which are identical to (3.18).

5.2. Alternative Lax operators
We show that the Z3-super-Liouville equation in the component form (3.20) and (3.21) admits an alter-
native Lax operator formulation. Let us consider a Z3-graded superspace with coordinates

[00] X4, X—, [10] 910, [01] 001 (511)

where 610,00, are nilpotent and mutually commuting. The corresponding covariant derivatives are
defined as

Dy = 0p,, +101004, Dy, = 0g,, + 10 0— (5.12)
and satisfy the relations:
{D10,D10} =2i04, {Do1,Do1 } = 2i0_, [D19,Do1] = 0. (5.13)

We introduce the [00]-graded superfield <I~>(xi, 6010,001) defined by
-1/ -
o= <<I>00K0 n <I>11L0) (5.14)

where @y and ®;; are also superfields on the Z3-graded superspace (5.11). We define the [10] and [01]-
graded Lax operators:

L1p=—D1o® +e®P e ® = —Dy® + APy +1iA11Q4,
£01 :D01é+€7éP+€‘§ :Dlo(ﬁ +A~00Q_ —iA”P_ (515)
where
~ 1§ 1~ ~ 1§, . o 1=
A00:€2 UOCOSth)”, A]] =e? OOSlnhEQH. (516)
The zero-curvature condition for these Lax operators takes the form
D1oLo1 — Do1L1o — [L10,Lot] =0 (5.17)

Using only the algebraic structure of g as in the previous subsection, one may obtain the following
equations from the zero-curvature condition:

D10D01q~)00 = iecf)oo sinh (IN)“, D10D01(I~)11 = ielf’oo cosh (I;“. (518)
The difference from the previous choice of Lax operators is that no equations corresponding to (5.10)

are obtained in this case. 3 .
By expanding the superfields ®oy and ®,; as

Do = ©00 + 01010 + 1001001 — 1010001 F11,
11 = 11 + O10%01 + 1001910 — 1010001 Foo, (5.19)

one readily verifies that the equations (5.18) are equivalent to (3.20) and (3.21).

13
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5.3. Lax operators with spectral parameter
It is possible to formulate the component equations (see (3.20)—(3.22)) by the Lax operators with a spec-
tral parameter and without using the superfields. Let us introduce the loop extension of g defined by

K, =\N"®Ky, Kf=XN®Ky, L,=N®L, LFf=\N®Ly,

PE=N"®@Py, QfF:=)\®Q. (5.20)
where n € Z and ) is a parameter. These form an infinite dimensional Z3-graded Lie superalgebra. This
algebra has central extensions and derivations with non-trivial grading [44]. However, these are not nec-

essary for our current purpose.
We define the [00]-graded Lax operators using the elements of (5.20):

Ly =—04p0Ky — dronLo —i (K5 + K3 ) + 0P| + i Qf
L =igtrw (cosh2<p11 -KZ, +sinh2¢y,; ~L:2) + ¥ (A10P:1 + iAmQ:l) . (5.21)

It is then straightforward to verify that the zero-curvature condition
0-2, -0, 2 +[Zp, 2 1=0 (5.22)
gives the component form of the Z3-super-Liouville equation.

To show the spectral parameter dependence more explicitly, we present the matrix representation of
Zy in the space of six-dimensional representation of g given in section 2.2:

[ —0ip00 —iN —0ipn 0 Mo Mg
—iX2 Oy 0 111 0 0
Pz = —0y o1 0 —84'#,000 —iN | =M1 —iMpyg , (5.23)
0 dron =N 9100 0 0
0 — 1o 0 — o1 0 0
i 0 —i\o 0 —iMyg 0 0 ]
i 0 0 0 0 0 0 ]
N2 0 AT 0] —ATletmA,  —iATletwA,
0 0 0 0 0 0
4= A2 0 N 0] ATetwAy  iATlerwAy, (5.24)
“A7lePo A 0 —ATlePwAy 0 0 0
| —iIATlePo Ay 0 —idTTe A 0 0 0 |

where fyo := €29 cosh2¢y1,f1; := €*#" sinh 2¢;.
5.4. Reconstruction of the superfields
In this subsection, we solve the Z3-super-Liouville equation (5.9) by the method developed in [30-32].
First, note that solutions of the zero curvature condition is pure gauge:
Li=(DLT)T . (5.25)

We write T in two different ways (generalized Gauss decomposition)

T=eT®NiB:, Nicexp(gs), B+ cexp(h@gs). (5.26)
Substituting this into (5.25) and comparing with (5.4), we obtain

Ny (D+Bs)B:'NL' = —DyNy - Ny'+ PP e™®, (5.27)
The RHS is in g4, while the LHS is in § @ g+ which implies the followings

DiB: =0, (5.28)
(DLNi)Ny' = et2Pp, o T2P — (P00 (cosh®; - P+ +isinh®y; - Q). (5.29)

14
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On the other hand, substitution T = e*®N+B,. into (5.25) gives

(D+By)By' = —NZ'DiN: + N7 (¥2D+® +P1) Ny
=Py + (termsinh & g=). (5.30)

Now we parametrize By as

By = of £ K0 8 Lo 12K gra Ly Pr )1 Qx (5.31)

where the parameters are superfields (functions of x.,0.) with the following Z3-gradings

[00] fi, g+, [11] g+, 4+, [10] a4, [01] B+ (5.32)

and are Z3-commutative. The condition (5.28) implies that all the superfields are chiral, i.e.,
fr+(x4,04), f—(x—,0_), etc. From (5.30) we obtain several constraints on the superfields:

Digi £ (Diat)at +(Difs)fsr =0,
Diri +2i (Diﬁi)ai =0 (5.33)

and
Dioy =e* coshgy, DB+ = Tie™* sinhg. . (5.34)

Let | ) be a lowest weight vector introduced in section 2.2. The following relations follow immedi-
ately from the lowest weight nature of | ) :

(le*T=([B-,  ("T)'|)=B3"]) (5.35)
which give the reconstruction of ®yy and ®;; in terms of the chiral superfields in (5.31):
(1% )= (|B- (x_,0-)By" (x4,04)] ). (5.36)
The LHS is easily computed to get
(00e**]00[00|e**[00) = e~ P* cosh®@y;,  (11/e**|00[11[e**|00) = —e~ *® sinh ®y;. (5.37)

After a lengthy computation, the corresponding RHS can be obtained, providing the solution to the Z3-
super-Liouville equation:

e~ 0 cosh @y, = e+ /= (Wyycosh (g4 —g_) + Wy sinh (g —g_)), (5.38)
87(1)00 Sil’lhq)” = —ef+7f* (Wo() sinh (g+ — g_) + W11 cosh (g+ —g_)) (539)

where

Woo =1+ aya— + 46— —q+9- —RyR-,
Wi = —iayf- +ia_fy —qiR- —q-Ry (5.40)

with Ry = ry tiagf4.

5.5. Checking the solution

We here present a proof that (5.38) and (5.39) are indeed the solutions to the Z3-super-Liouville
equation. We do this by direct computation. Solving (5.38) and (5.39) for cosh ®;; and sinh ®;; and
using cosh®x — sinh”x = 1, we get

20w — 20 ) (W2 — w2, (5.41)
_ Woyosinh (g4 —g-) + Wiy cosh (g4 —g-)
Woocosh (g4 —g-) + Wiysinh (g —g-)

tanh®;; = (5.42)

Then, it is not difficult to compute the covariant derivatives of the superfields:

15
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1
DyD_®p = ————— [(Wiy+ W2)) (D4 Wy - D_Wyy — Dy Wy - D_Wy))
Wiy~ iy (o ) (P
— 2Woo W11 (D4 Woo - D_ Wy — D_Wyo - DL Wiy)
— (Wgo — W) (WooD-D_Wyo — W11 D4 D_Wy;)]
and
1 2 2
DiD_®; = ————— [(Wgo+ Wi,) (D4 Woo - D_Wy — D_Woo - DL Wiy )

(Wgo - W%l)
— 2Woo Wiy (D4 Woo - D_-Wog — D Wiy - D_Why)
— (Wgo — Wi,) (WooDy D_ Wy — Wi D D_Wyp)] .
We rewrite the above equations by using the constraints (5.33) and (5.34). Using the con-
straints (5.33), one may see that
Dy Woo = 4Dyt F B+Dy Py,
DiWy = Fi(BxDray + 2Dy fy)

where

oy = o4+ q+ox + iRiﬂ;F, deg (.527:‘:) = [10] ,
By =P+ +q+P+ —iRrax, deg(Hi)=[01].

It follows that
D+W00 'Df W()() —D+W11 . Df W]] == (d+%f + %4,%7)1)00 + (d7=%+ - M+%7)D11,
D+W00 'D_W]] —D+W11 'D_W()O = —1(&2{4_&2{_ +:@+<@_)D11 + I(JZ{_%_A,_ - JZ{—H@—)DOO
where

(5.34)

Dy:=Djay-D_a_—Dyfy-D_[_ e+ cosh (g4 — g ),

C29 _je~f++~ sinh (8+—8-)

D]l = D+Oé+ . D_/B_ +D_a_ - DJ’_/BJ’_
and the following relations hold true:

Ay A+ BB = (apa_+ ByB-) Woo +i(a— Bt —ayf_) Wi,
A PBy — A B = —i(apa- + B S-) Wi+ (- By — ayB-) We.

Then, we obtain the second order derivatives:

DyD_ Wy =—(1—-aya_—F18-)Do+ (a_By —arf-)Dn
D+D_W11 = 1(1 — L — ﬁ+ﬂ_)’D11 +i(a_ﬁ+ — ()é+/3_)D00.

With these, one may compute (5.43) and (5.44) as follows:

1 .
D+D_ q>00 = W (W()ODOO + 1‘/Vll,Dll)
00 11
—f++f-
(5.48) e .
= W (Woocosh (g —g—) + Wyysinh (g —g_))
00 11
= ¢®% cosh (O30}
and
—1 .
DiD_®,, = W W (Wi Doo +iWooDnr)
00 11
oSt
(5.48) —e .
= W (Wi cosh (g4 —g—) + Wopsinh (g —g—))
00 11

= e cosh®@,;.
This completes the check of the solutions.
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6. Z3-graded Backlund transformations

It is known that the Liouville equation has two Bicklund transformations, one is the transformation to
the free equation and the other is the auto-Backlund transformation. These play important roles of inte-
grability of the equation and the corresponding transformations for the super-Liouville equation is also
known [27]. In this section, we present a Z3-graded version of those transformations.

Suppose that @y and P, solve the Z3-super-Liouville equation (5.9). We denote the transformed
superfields by <I~>00, ®,, and write the linear combination as

V= % (@OO icISOO) L W= % ((I)ll + <I311) . 6.1)
To define Bicklund transformations we need introduce two additional superfields:
Alxs,0+), T(xs,60+),  deg(A)=[10], deg(I') = [01]. (6.2)
Then, a Bicklund transformation is defined as follows
DV, = geV* (AcoshW_ +T'sinhW_),
D_V_= %eVJr (AcoshWy +T'sinh W, )
Dyw, = geV* (AsinhW_ + T coshW_),
D_W_= %eVJr (Asinh W, + T coshW,)
DyA=¢"-coshW_, D_A= —éeVJr coshW

1
D ,T'=¢"-sinhW_, D I'= f;eVJr sinh W, (6.3)

where a is a non-zero constant. We claim that <I300, <I~>11 solve the free equations:
Dy D_®y =D, D_d;; =0. (6.4)
This can be verified straightforwardly. The relations (6.3) imply
2D,D_Vy =e*cosh®,,,  2D,D_Wy =e®"sinh ;. (6.5)

Assuming that ®oy and ®;; solve the Z3-super-Liouville equation (5.9), these relations lead directly to
the free equations (6.4).

An auto-Bicklund transformation, which transforms the Z2-super-Liouville equation to themselves, is
defined by

D,V =a(AcoshV_coshW_ +Tsinh V_sinhW_),
D_V_=e"* (AcoshW, +T'sinhW,),
DyW; =a(AsinhV_sinhW_ +T'coshV_coshW_),
D_W_ =¢"+ (AsinhW, 4T coshW,),

1
Dy A =sinhV_coshW_, D_A=——e"*coshW,,
a
1
D,I'=coshV_sinhW_, D_T'=——¢"*sinhW,, (6.6)
a

where a is a non-zero constant and Vi, Wy are given by (6.1). It is easy to verify that if ®yp and @y,
satisfy (5.9), then ®oy and ®;; do so as well. We briefly outline the computation. Using the relations
in (6.6), one may obtain the followings:

D,D_V, =¢"*+ (coshV_coshW, coshW_ +sinh V_ sinh W, sinh W_
DyD_V_ =¢"+ (coshV_sinh W, sinh W_ + sinh V_ cosh W, cosh W_
(
(

)

)

DyD_W, = ¢"* (sinh V_ cosh W, sinh W_ + cosh V_ sinh W, cosh W_
DyD_W_ = ¢"+ (sinh V_ sinh W, cosh W_ + cosh V_ cosh W, sinh W_

)

. (6.7)

~— — ~— ~—
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It follows that

DyD_(Vy£V_)=e""*V-cosh(W, +W_),
DyD_ (W, +W_)=e" *V-sinh (W, £ W_). (6.8)
These are the Z3-super-Liouville equations for @y, ®;; and <I~>00,<I~>11.

The generalized current conservation laws arise from the (auto-)Backlund transformations. We define
the following Z3-graded currents:

Jo=HEAFIET,  JE = B0 FIEA. (6.9)

Here ]OiO and ]ﬁ are given by (6.3) for the Bicklund transformation and by (6.6) for the auto-Backlund
transformation. These currents satisfy the generalized conservation laws

DyJi+D_J, =0, «€{00,11,01,10} (6.10)
which can be readily verified by using the relations

(D<) A= (D2Ji7) T =0,
(D+J3o) T = (D=Jii) A =0. (6.11)

For a given solution of either the free equation or the Z3-super-Liouville equation, one can use the
Bicklund transformations (6.3) or (6.6) to generate another solution of the Z3-super-Liouville equation.
It is also expected that the Bianchi’s permutability theorem, which allows one to combine two solutions
to obtain a third, can be extended to the Z3-setting. However, verifying these properties is beyond the
scope of the present work and is left for future investigation. The reason is that the involved compu-
tations are cumbersome and highly nontrivial due to the presence of additional superfields A,I" which
satisfy nontrivial relations with ®(y and ®;;. We point out that the alternative method described in
section 5.4 is much simpler and more transparent approach to solving the 7Z,-graded equation.

7. Conclusions

We have derived an integrable Z3-graded extension of the super-Liouville equation and investigated its
properties, along with the associated current algebra, which constitutes a new Z3-graded extension of
the super-Virasoro algebra. This was done within the framework of Polyakov’s soldering and the zero-
curvature formulation. Explicit solutions of the derived equation were constructed by extending the
method developed by Leznov and Saveliev. An auto-Bicklund transformation was presented, along with
a Biacklund transformation to the free equation.

The graded extension of the super-Virasoro algebra was defined as a Poisson—Lie algebra, and we
observed the presence of a non-vanishing [00]-graded central charge, despite the fact that the present
theory is formulated within the framework of classical field theory. We pointed out that three inequiv-
alent (anti)periodic boundary conditions are admissible in the mode expansion of the Z2-graded cur-
rents. As a consequence, we obtained three distinct Z3-graded extensions of the super-Virasoro algebra.
However, the question of whether these algebras are equivalent remains an open problem.

The present work is based on a Z3-graded extension of 0sp(1|2), and we have considered only [00]
and [10]-graded superspace coordinates. This suggests the possibility of further Z3-graded extensions
of the super-Liouville equation. For instance, one may consider alternative Z3-graded extensions of
0sp(1]2), as the algebra admits some inequivalent Z%—graded extensions [3, 6, 13, 15, 17, 29]. It is also
possible to formulate the theory on a superspace that includes [11]-graded coordinates. The square
of the [11]-graded coordinate can be regarded as an emergent [00]-graded coordinate [39, 45, 51].
Therefore, incorporating [11]-graded coordinates into the superspace may lead to integrable systems for-
mulated in higher-dimensional spacetime.

Another interesting direction for future research is the study of integrable systems based on higher-
rank Z3-graded superalgebras such as Z3-graded version of s[(2|1),05p(2|2) and their affine extensions.
Repeating the present analysis within a simplified superspace, as considered in this work, may lead to
integrable systems that go beyond the Z3-super-Liouville equation, since higher-rank algebras allow for
the introduction of additional fields and interactions associated with the increasing number of simple
roots. In this way, Z3-graded superalgebras are expected to give rise to a rich landscape of novel inte-
grable systems.
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