
Z

∗B B

B

Z

Z
Z

Z
Z

Z
Z ̂ Z

Z Z :=
Z ×Z

∗



Z

Z

Z

Z

Z
Z ̂

Z
Z

Z

Z

Z

Z

Z
Z

Z

Z



̂

̂ ̂̂

Z
= , =

=
=

=

Z

Z
Z

Z ̂ Z
Z Z

Z Z

Z Z

Z

Z ̂
Z

Z

Z Z Z ̂

Z

Z g
ˆ = [ ] Z g

g=
⊕

ˆ∈Z
ˆ = [ ] ⊕ [ ] ⊕ [ ] ⊕ [ ].

g [[·, ·]]

[[ ˆ, ˆ]] ∈ ˆ+ˆ,

[[ ˆ, ˆ]] =−(− )ˆ·
ˆ
[[ ˆ, ˆ]],



(− )ˆ·̂ [[ ˆ, [[ ˆ, ˆ]]]] + (− )
ˆ·ˆ [[ ˆ, [[ ˆ, ˆ]]]] + (− ) ·̂ˆ [[ ˆ, [[ ˆ, ˆ]]]] = ,

ˆ, ˆ, ˆ gˆ

ˆ+ˆ = [ + , + ] ∈ Z , ˆ · ˆ = − ∈ Z ,

g Z

[
g[ ],gˆ

]
, [gˆ,gˆ] ,

{
gˆ,gˆ

}
, ˆ ̸= ˆ ̸= [ ] .

g

: g× g→ g, ( ) := [[ , ]].

Z

[[ , ]] = [[ , ]].

g

Z Z

Z

[ ] [ ] [ ] [ ]

+ + +

− − −

.

.

[ , ] = ,
[

, ±]=± ±,
[

, ±]=± ±,
{

, ±}= ±,
{

, ±}= ±,
[

+, −]= ,
{ ±, ±}= ,

{ ±, ∓}= ,
[

+, −]= .

(
, , . . . ,

)
=
(

, , +, −, +, −)

[[ , ]] = ,



Z

Z

:=
(

,
)
:=

(
·

)
,

η := η
(

,
)
:=

(
· ·

)
,

:=

⎛

⎝
σ

σ
σ

⎞

⎠ , [[ , ]] = .

η
( ) (η ) :

=

⎡

⎢⎢⎢⎢⎢⎢⎣

· · · · ·
· · · · ·
· · · · ·
· · · · ·
· · · · ·
· · · · ·

⎤

⎥⎥⎥⎥⎥⎥⎦
, η =

⎡

⎢⎢⎢⎢⎢⎢⎣

· · · · ·
· · · · ·

· · · · · −
· · · · ·
· · · − · ·
· · · · ·

⎤

⎥⎥⎥⎥⎥⎥⎦
.

Z

(ˆ

= ˆ+ˆ ̸= [ ], η = ˆ+ˆ ̸= [ ];

= , η = (− )ˆ·
ˆ
η ;



− = ( ) =

⎡

⎢⎢⎢⎢⎢⎢⎣

· · · · ·
· · · · ·
· · · · ·
· · · · ·
· · · · ·
· · · · ·

⎤

⎥⎥⎥⎥⎥⎥⎦
,

η− = (η ) =

⎡

⎢⎢⎢⎢⎢⎢⎣

· · · · ·
· · · · ·

· · · · ·
· · · · − ·
· · · · ·
· · − · · ·

⎤

⎥⎥⎥⎥⎥⎥⎦
;

([[ , ]], ) = ( , [[ , ]])

η([[ , ]], ) = (− )(ˆ+ˆ)·ˆη( , [[ , ]]).

ˆ+ˆ+ˆ= [ ]

= , η = (− )(ˆ+ˆ)·ˆ η .

= , η +(− )ˆ·
ˆ

η = .

Z

= =
(

+
)
+ { +, −}+ { +, −} ,

= η = { , }+
[

+, −]+
[

+, −] ,

[ , ] = [[ , ]] = , ∀ .

Z
×

I =

( )
, σ =

( )
, σ =

(
−

)
, σ =

(

−

)
,

×

:= I ⊗ I , := I ⊗σ , := σ ⊗σ , := σ ⊗σ .

, = , , ϵ
ϵ =

= δ + ϵ .



, ±

[
, ±]=± ±,

[
+, −]= .

Z

= ⊗ , ± = ⊗ ±, ± =± ⊗ ±, = ⊗ .

Z

Z ̂ Z

Z Z

[[ , ]] = + , , ∈ Z.

Z
,

[[ , ]] = + +
(

+ η
)
δ + , .

[ , ] = δ + , ,
[

, ±]=± ±
+ ,

[
, ±]=± ±

+ , [ , ] = δ + , ,
[

+, −]= + + δ + , ,
[ ±, ±]= ,

{ ±, ±}= ,
{ ±, ∓}= + ± δ + , ,

{ ±,
}
= ±

+ ,
[ ±, ±]= ,

[
+, −]= + + δ + , ,

{ ±,
}
= ±

+ ,

[ , ] = δ + ,

Z

[ , ] = [ , ] = [[ , ]] = .

Z
,

[
, ˆ

]
= , [ , ] = ,

[ , ] = , [ , ] = ,
{

, ±}=± ,
{

, ±}=± ±.

Z

Z ̂ = C⟨ ⟩⊕C ⊕C ⊕C ⊕C



Z

Z
Z Z

Z Z

=
(
α + +α +

)
(β +β )

(
γ − + γ −) ,

α,β γ Z
Z

,¯, [ ,¯] = .

( ) := ∂ · − , ¯(¯) := − ∂¯ .

( ),¯(¯) Z .

, ±

=
(

⊗ +
)

( ⊗ )
(

⊗ −) ,
,

α + +α + = (α + α )⊗ + = ⊗ +,

β +β = (β I +β )⊗ = ⊗ ,

γ − + γ − = (γ − γ )⊗ − = ⊗ −.

( ) = + ⊗ + + ⊗ + − ⊗ −,

¯( ) = ¯
+ ⊗ + +¯ ⊗ +¯− ⊗ −,

+ = − − − , = + − , − = − ,

¯
+ = ¯

− , ¯ = ¯+ ¯
− , ¯− = ¯− ¯− ¯

− ,

:= ∂ , ¯ := ∂¯ ±,

±,

→ ′ = ϵ ,

ϵ =
(
ϵ+ ⊗ +

)
(ϵ ⊗ )

(
ϵ− ⊗ −) .



ϵ±( ),ϵ ( )

δϵ + =− ϵ+ + ϵ + + ∂ ϵ+,

δϵ = ϵ+ − − ϵ− + + ∂ ϵ ,

δϵ − = ϵ− − ϵ − + ∂ ϵ−.

±,

( ) = , − ( ) = ,
¯
+ (¯) =− , ¯ (¯) = .

, − ¯
+

=− , ¯ =− .

¯ = .

∂ ¯β + ∂ ¯β = β β · + β β · .

∂ ¯β = β β , ∂ ¯β = β β .

β = , ,¯
Z

Z

Z
( ) = I+ + + I+ + + I + I + I− − + I− −,

I Z Z

±, I

( ) =
(
I+ + I+

)
⊗ + +(I I + I )⊗ +

(
I− − I− )

⊗ −,

± = I± ± I± , = I I + I .

ϵ

ϵ± = ε± ± ε± , ϵ = ε I + ε ,



ε
I

δϵI± =
(
±ε I± ∓ ε±I + ε±I + ε I±)+ ∂ ε± ,

δϵI± =
(
ε I± ± ε±I − ε±I ± ε I±)+ ∂ ε± ,

δϵI = ε+I− − ε−I+ − ε+I− + ε−I+ + ∂ ε ,

δϵI = ε+I− + ε−I+ − ε+I− − ε−I+ + ∂ ε .

= , ∈ C.

∂ = ∂ .

I ( )

I ( ) =
∑

=

(
I + I +

+
)
,

[I ] = [I + ] =
I

I =

I ( ) =
∑

=

(
+ I +

+
)

≡ ( ) ,

( )

I± = ±I , I± = ± , I = , I = ,

ε = ϵ I , ε = ϵ , ε± = ϵ± , ε± = ϵ± ,

ϵ( )

δϵ
± =

(
±ϵ ± ∓ ϵ± − ϵ± + ϵ ±)+ ∂ ϵ±,

δϵ
± =

(
ϵ ± ± ϵ± + ϵ± ± ϵ ±)− ∂ ϵ±,

δϵ = ϵ+ − − ϵ− + + ϵ+ − − ϵ− + + ∂ ϵ ,

δϵ = ϵ+ − + ϵ− + + ϵ+ − + ϵ− + − ∂ ϵ .

δϵ ( ) =
π

˛
{ ( ) , ( )} ,

( ) := ϵ− + + ϵ− + + ϵ + ϵ + ϵ+ − + ϵ+ −,



Z
Z

± ± ϵ ϵ± ϵ± ϵ
( )
( )
( )

.

+ : +, +, ϵ+, ϵ+

: , , ϵ , ϵ
− : −, −, ϵ−, ϵ−

.

Z

Z
{ ± ( ) , ± ( )

}
= ,

{
+ ( ) , − ( )

}
= ( )δ ( − )+ ∂ δ ( − ) ,

{ ± ( ) , ( )
}
= ± ± ( )δ ( − ) ,

{ ± ( ) , ( )
}
= ± ± ( )δ ( − ) ,

{ ± ( ) , ± ( )
}
= ,

{ ± ( ) , ∓ ( )
}
= ± ( )δ ( − ) ,

{ ( ) , ( )}= ( )δ( − )+ ∂ δ( − ),

{ ( ), ( )}= ( )δ( − ),
{

( ), ±( )
}
= ± ±( )δ( − ),

{ ( ), ( )}= ( )δ( − )+ ∂ δ( − ),
{

( ), ±( )
}
= ± ±δ( − ),

{ ±( ), ±( )
}
= ,

{
+( ), −( )

}
= ( )δ( − )+ ∂ δ( − ),

δ ( − ) =
∑

∈Z

( − ),

π

˛
δ ( ) =

π

ˆ π

δ ( ) = .



, , ,

+ = , =− , + =− , + =− , + =
− = , =− , − = , − =− , − =

+ =− , − = , = , =− , = ,
+ = , − =−
+ = , − = , = , = , + =− ,
− =−

+ − = , + = , + = , =− , =
− + = , − =− , − = , =− , =

.

= , =− , ± =∓ , ± = , ± = ,

= , =− , = , ± =± ,

= , =− , ± =− , =− , = ,

= = , = , =− , = = .

{ ± ( ) , ± ( )
}
= ,

{
+ ( ) , − ( )

}
= ( )δ ( − )− ∂ δ ( − ) ,

{ ± ( ) , ( )
}
=∓ ± ( )δ ( − ) ,

{ ± ( ) , ( )
}
= ± ( )δ ( − ) ,

{ ± ( ) , ± ( )
}
= ,

{ ± ( ) , ∓ ( )
}
= ( )δ ( − ) ,

{ ( ) , ( )}=− ∂ δ ( − ) ,

{ ( ), ( )}= ,
{

( ), ±( )
}
=± ±( )δ( − ),

{ ( ), ( )}=− ∂ δ( − ),
{

( ), ±( )
}
=− ±δ( − ),

{ ±( ), ±( )
}
= ,

{
+( ), −( )

}
=− ( )δ( − )+ ∂ δ( − ).

( ) =
∑

∈Z



{
±
, ,

±
,

}
= ,

{
+
, ,

−
,

}
= , + − δ + , ,

{
±
, , ,

}
=∓ ±

, + ,
{

±
, , ,

}
= ±

, + ,
{

±
, ,

±
,

}
= ,

{
±
, ,

∓
,

}
= , + ,

{ , , , }=− δ + , , { , , , }= ,
{

, ,
±
,

}
=± ±

, + , { , , , }=− δ + , ,
{

, ,
±
,

}
=− ±

, + ,
{

±
, ,

±
,

}
= ,

{
+
, ,

−
,

}
=− , + + δ + , .

Z .
Z

•
• + − + −

±, , ±
±, , ± :

Î , = , I , Î , = , , Î±
, = ±

, , Î±
, =± ±

, .

Z
{
Î , , Î ,

}
=− δ + , ,

{
Î , , Î ,

}
= ,

{
Î , , Î±

,

}
=±Î±

, + ,
{
Î , , Î±

,

}
=±Î , + ,

{
Î , , Î ,

}
=− δ + , ,

{
Î , , Î±

,

}
=∓Î±

, + ,
{
Î , , Î±

,

}
=∓Î±

, + ,
{
Î±

, , Î
±
,

}
= ,

{
Î+

, , Î
−
,

}
= Î , + − δ + , ,

{
Î±

, , Î
±
,

}
= ,

{
Î±

, , Î
∓
,

}
=± Î , + ,

{
Î±

, , Î
±
,

}
= ,

{
Î+

, , Î
−
,

}
=− Î , + + δ + , .

Z ̂

Z

Z



− = I− − I− = , = I I + I = .

I− = I , I− = I = I = .

δϵI− =− ε + ∂ ε− = ,

δϵI− = ε + ∂ ε− = ,

δϵI = ε+ − ε−T + ε− U + ∂ ε = ,

δϵI = ε+ + ε−T − ε− U + ∂ ε =

δϵT = (ε T + ε U)+ ∂ ε+ ,

δϵU = (ε T + ε U)+ ∂ ε+ ,

T := I+, U := I+.

ε = ∂ ε− , ε =− ∂ ε− .

ε+ = ε−T − ε−U − ∂ ε− ,

ε+ =−ε−T + ε−U + ∂ ε− .

T U

δϵT =
(
∂ ε−

)
T + ε−∂ T − ∂ ε− −

(
∂ ε−

)
U + ε−∂ U ,

δϵU =
(
∂ ε−

)
U + ε−∂ U + ∂ ε− −

(
∂ ε−

)
T + ε−∂ T .

= , T = I , U = , ε− = ϵ , ε− = ϵ ,

, , ϵ

δϵ = (∂ ϵ ) + ϵ ∂ − ∂ ϵ + (∂ ϵ ) + ϵ ∂ ,

δϵ = (∂ ϵ ) + ϵ ∂ − ∂ ϵ + (∂ ϵ ) + ϵ ∂ .

Z

: , ϵ , : , ϵ .



{ ( ) , ( )}= ′ ( )δ ( − )+ ( )δ ′ ( − )+ δ ′ ′ ′ ( − ) ,

{ ( ) , ( )}= ′ ( )δ ( − )+ ( )δ ′ ( − )+ δ ′ ′ ′ ( − ) ,

{ ( ) , ( )}= ′ ( )δ ( − )+ ( )δ ′ ( − ) ,

. ,

δϵ ( ) =
π

˛
{ϵ ( )+ ϵ ( ) , ( )} , = , .

= = =− , = = =− , = = .

{ ( ) , ( )}=− ′ ( )δ ( − )− ( )δ ′ ( − )+ δ ′ ′ ′ ( − ) ,

{ ( ) , ( )}=− ′ ( )δ ( − )− ( )δ ′ ( − )+ δ ′ ′ ′ ( − ) ,

{ ( ) , ( )}=− ′ ( )δ ( − )− ( )δ ′ ( − ) .

{ , }= ( − ) + + δ + , ,

{ , }= ( − ) + + δ + , ,

{ , }= ( − ) + .

Z

T := I , U := ;

T ,U T U

Z Z
Z



Z

Z

[ ] , ¯, [ ] , ¯

Φ,Ψ Z

Φ( ,¯) = (ϕ ( ,¯) +ϕ ( ,¯) ) ,

Ψ( ,¯) = (ψ ( ,¯) +ψ ( ,¯) ) .

Φ Ψ

=−∂ Φ + Φ +, ¯ = ∂¯Φ + − Φ −,

=−∂ Ψ + Ψ +, ¯ = ∂¯Ψ + − Ψ −,

± Φ = ±Φ ∓Φ. ∈ Z

(∂ − ) = , (∂¯− ¯) = .

, ¯

∂¯ − ∂ ¯+ [ , ¯] = .

∂ ¯Φ = ϕ ( ϕ · + ϕ · ) ,

Z

∂ ¯ϕ = ϕ ϕ , ∂ ¯ϕ = ϕ ϕ .

, ¯ :

∂ ¯ψ = ψ ψ , ∂ ¯ψ = ψ ψ .

Z
ϕ ,ϕ ,¯. := ¯ := ¯

,¯

ϕ ( ,¯) = ( ,¯)+ ( ,¯)+ ¯ ( ,¯)+ ¯ ( ,¯) ,

ϕ ( ,¯) = ( ,¯)+ ( ,¯)+ ¯ ( ,¯)+ ¯ ( ,¯) .



ϕ ϕ )

∂ = ∂ , ∂¯ = ¯∂¯, ∂ ¯ = ¯∂ ¯,

∂ ¯ϕ = ¯∂ ¯ + ¯(∂¯+ ∂ ¯) + (∂ + ¯∂ ¯)

+ ( + ∂ + ¯∂¯+ ¯∂ ¯) ,

∂ ¯ϕ = ¯∂ ¯ + ¯(∂¯+ ∂ ¯) + (∂ + ¯∂ ¯)

+ ( + ∂ + ¯∂¯+ ¯∂ ¯) .

:=
√

, ¯ :=
√
¯.

− ¯¯−

∂ ¯ϕ = ∂ ¯ ( ¯ )+ ∂ ¯ (¯ )+
¯

¯
∂ ¯ ( )+

¯

¯
∂ ¯ ,

∂ ¯ϕ = ∂ ¯ ( ¯ )+ ∂ ¯ (¯ )+
¯

¯
∂ ¯ ( )+

¯

¯
∂ ¯ .

− ¯¯−

± := ± ¯ , ± := ±¯ ,
± := ± ¯ , ± := ±¯ .

∂ ¯
± =±

± [ ± ± ± − ± ± ± ]
,

∂ ¯
± =±

± [ ± ± ± − ± ± ± ]
,

∂ ¯
± =±

± [ ± ± ± + ± ± ± ]
,

∂ ¯
± =±

± [ ± ± ± + ± ± ± ]
.

Z

, ¯

Z

ϕ = ± = ± =

∂ ¯
± =±

± ± , ∂ ¯
± =±

± ± .



= Z

Z

= , ¯ = .̄

∂ = ∂ , ∂¯ = ∂¯ ∂ ¯ = ∂ ¯I .

ϕ ( ,¯)

( ,¯) =
(

,¯
)
I , ( ,¯) = α

(
,¯

)
,

( ,¯) =
(

,¯
)
I , ( ,¯) = β

(
,¯

)
,

,α, ,β

ϕ ( ,¯) =
[ (

,¯
)
+ α

(
,¯

)
+¯β

(
,¯

)
+ ¯

(
,¯

)]
I ≡ ϕ( ,¯)I .

ϕ ( ,¯) = ϕ̃( ,¯) .

Z

∂ ¯ϕ = ϕ ϕ̃, ∂ ¯ϕ̃= ϕ ϕ̃.

φ± := ϕ ± ϕ̃ ⇒ ∂ ¯φ± = φ± .

(C̃)

ϕC̃ := ϕ + ϕ̃, = ,

∂ ¯ϕC̃ =
(
ϕC̃

)
.

ϕ ϕ̃ Z
Z

± , = ,

Z ±

Z
Z



Z

Z Z ̂

:= + .

Z ̂ ±
[ ] [ ] [ ] [ ]

+ +, − +, −

, , , ,

− −, +
− , −, +

−

.

Φ( ,¯) = ϕ + ξ + η + ϕ + ξ + η ,

Ψ( ,¯) = ψ + ζ + ρ + ψ + ζ + ρ

=−∂ Φ + ΦE+, ¯ = ∂¯Φ + − ΦE−,

=−∂ Ψ + ΨD+, ¯ = ∂¯Ψ + − ΨD−,

E± := ± + ∓
± , D± := ± + ∓

± .

, ¯

∂¯ − ∂ ¯+ [ , ¯] = ,

∂ ¯Φ =
[

ΦE+,
− ΦE−

]

=
(

ϕ ϕ − ξ − ϕ ( ϕ − ξ )
)

+ ξ − ϕ ( ϕ − ξ ) ·
+
(

ϕ ϕ + ξ − ϕ ( ϕ − ξ )
)

− ξ − ϕ ( ϕ − ξ ) · .

∂ ¯ϕ = ϕ ϕ − ξ − ϕ ( ϕ − ξ ) ,

∂ ¯ϕ = ϕ ϕ + ξ − ϕ ( ϕ − ξ ) ,

∂ ¯η = ξ − ϕ ( ϕ − ξ ) ,

∂ ¯η =− ξ − ϕ ( ϕ − ξ ) ,

∂ ¯ξ = ∂ ¯ξ = .



, ¯

∂ ¯ψ = ψ ψ − ζ − ψ ( ψ − ζ ) ,

∂ ¯ψ = ψ ψ + ζ − ψ ( ψ − ζ ) ,

∂ ¯ρ = ζ − ψ ( ψ − ζ ) ,

∂ ¯ρ =− ζ − ψ ( ψ − ζ ) ,

∂ ¯ζ = ∂ ¯ζ = .

ξ = ξ = ζ = ζ =

∂ ¯ϕ = ϕ ϕ ,

∂ ¯ϕ = ϕ ϕ ,

∂ ¯η = − ϕ ϕ ,

∂ ¯η =− − ϕ ϕ .

η ,η ϕ ,ϕ

ϕ ϕ Z

,¯
±

∂ ¯
± =± ± ± ± ±

∓ ± ± ± ± ,

∂ ¯
± =± ± ± ± ±

∓ ± ± ± ±

∂ ¯
± =± ± ± ± ±

± ± ± ± ± ,

∂ ¯
± =± ± ± ± ±

± ± ± ± ± .

ϕ = ± = ± =

∂ ¯
± =± ± ± ,

∂ ¯
± =± ± ± .

± =

ϕ ,ϕ

∂ ¯ϕ = ϕ ϕ̃, ∂ ¯ϕ̃= ϕ ϕ̃.



φ± := ϕ ± ϕ̃ ⇒ ∂ ¯φ± = φ±.

∂ ¯ϕC̃ = ϕC̃,

ϕC̃
Z

Z ̂ ξ = ξ = ζ = ζ = Z

Z

Z
Z

Z

Z

Z

Z
Z

Z Z
Z ̂

Z ̂ Z
Z

Z
Z

Z
Z
Z ( | )

Z

Z
Z



B

B

B

⊗

α, = ( )α

Z ×Z

Z ×Z ( + | )

Z ×Z ( + | )
pso(∞|∞)

Z ×Z

Z ×Z

Z ×Z



Z ×Z

Z ×Z

N

Z ×Z

Z ×Z

( ( )) Z ×Z

Z

Z

Z

Z ×Z
Z

=

Z
( | )


