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A B S T R A C T

The coupling of interacting magnetic nanodisks with vortex configuration has interesting consequences, and has
possible applications in the transport and processing of information. We show, through micromagnetic simu-
lation and the use of Thiele’s equation, that the coupling of magnetic vortices and the phenomenon of spin
pumping in FM/NM multilayers, although arising from different physical mechanisms, show significant paral-
lels. We study the variation of the effective damping (αeff ) of the system formed by a string of nanodisks with
magnetic vortex structure, and Gilbert damping constant α1, interacting with another disk with Gilbert constant
α2 ( ⩾α α2 1). The result of varying the number of disks in the string is analogous to the observed variation of
effective damping as a function of FM layer thickness, in FM/NM multilayers. The variation of the value of α2 is
analogous to the ability of the NM layer to act as a spin sink, for different NM materials. We also obtain that the
effective damping goes through a maximum as a function of the value of damping α2; an analogous effect is
present in experiments with FM/NM systems, when the thickness of the NM layer is varied.

Introduction

The precession of the magnetization in a ferromagnetic layer (FM)
produces an angular momentum current into an adjacent nonmagnetic
(NM) layer, due to the interface coupling. This effect is known as spin
pumping [1–5]. The presence of this phenomenon leads to an additional
damping (enhanced damping) in the motion of the magnetic moments,
that is quantified through the increased width of the FMR line, for
example. Studies of the FM layer thickness effects on the enhancement
of the damping reveal a complex phenomenology explained by a
combination of spin-pumping, d-d hybridization and magnon scattering
effect [6].

Magnetic nanostructure systems with exotic magnetic configura-
tions, such as magnetic vortex nanodisks, have been proposed for many
potential applications in Spintronics [7,8].

The vortex magnetic configuration is characterized by a curling
magnetization in the plane of the disk, tangential to concentric circles.
The circulation c defines the direction of curling: c=+1 for counter-
clockwise (CCW) and c=−1 for clockwise (CW). The magnetization of
the vortex core points perpendicularly to the plane of the disk: this
characterizes the polarity p: p=+1 for magnetization pointing up-
wards, and p=−1, downwards [9,10].

The coupling between two nanodisks with magnetic vortex ground

states, essentially arising from magnetic dipolar interaction, has been
studied both experimentally and through micromagnetic simulation
(e.g., [11–14]). Interacting vortex disks show a loss-less transmission of
energy [15,16], that makes this system a promising component of logic
devices, e.g., [7,8].

Magnetic vortices also allow reproducing phenomena that are pre-
sent in different areas of physics, e.g., Garcia et al. [17] and Sinnecker
et al. [12] showed that it is possible to obtain magnetic vortex echoes
using a matrix of nanodisks with magnetic vortex configuration, similar
to spin echoes that are observed in nuclear magnetic resonance. Bela-
novsky et al. [18] showed that synchronization phenomenon can be
modeled by a pair of coupled magnetic vortices.

The goal of this work is to show whether the dynamics of disks with
magnetic vortex configuration can be viewed as an analogy to spin
pumping in FM/NM interfaces. One string of disks with vortex struc-
ture, with intrinsic Gilbert damping parameter α1, interacts with an-
other vortex disk of damping α2. We study the variation of the effective
damping (αeff ) of the total system, as a function of the number of disks
in the string of the FM identical disks, an analogy to the variation of the
FM layer thickness in FM/NM multilayers, and its dependence with the
variation of α2. The variation of α2 models the differences in the NM
layers, e.g., in composition, or thickness.

We used the open source software Mumax3 [19], with cell size
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5×5×Lnm3, where L is the thickness of the disks. The material used
was Permalloy (NiFe) with parameters [20]: saturation magnetization
Ms =8.6× 105 A/m2, and exchange stiffness A=13pJ/m. We em-
ployed in the simulations different values of the Gilbert damping con-
stant α.

Results and discussion

Isolated disk

First, we have studied the effect of varying the Gilbert damping in
the dynamics of one isolated disk. We have considered a disk with
thickness L= 20 nm and diameter D=300nm. In order to obtain the
effective damping, we have initially applied an in-plane static magnetic
field in the x-direction for a few nanoseconds, to displace the vortex
core from the equilibrium position (center of disk). Then, the magnetic
field was removed, allowing the vortex core to perform the gyrotropic
motion [7,10]. This process is repeated for each value of Gilbert
damping α (the parameter α was varied from α =0.01 to α =0.1 in
0.01 steps)1. The time evolution of the x-component of the reduced
magnetization mx (mx =Mx/Ms) during the gyrotropic motion is shown
in the inset of Fig. 1 and can be fitted using an attenuated cosine
function, as:

= −m m e πftcos (2 ).x
βt

0 (1)

The effective values of the damping (αeff ) are shown in Fig. 1. These
were obtained using the equation:

=α β πf/(2 ),eff (2)

where β and f parameters2 were obtained from the fit using Eq. (1).
As expected, the effective damping increases with the increase of

Gilbert damping α; this increase indicates that the decay of the mag-
netization signal is faster as the value of Gilbert damping α increases.
For our geometry, the effective damping obtained by micromagnetic
simulation increases from approximately 0.017 (for α =0.01) to 0.165
(for α =0.10).

Coupled disks

In order to make a analogy with spin pumping systems, where fer-
romagnetic layers (FM) are in contact with nonmagnetic metals (NM),
we have considered coupled identical disks separated by a fixed center
to center distance d= 310nm, as shown in Fig. 2.

It is important to emphasize here that the coupling between mag-
netic vortices is different from the coupling between FM/NM layers. In
oscillating closely situated coupled vortex systems, there appear higher
order magnetic interactions, such as dipole-octupole, octupole-octu-
pole, etc [22]. Whereas in FM/NM multilayer systems, the spin-orbit
coupling, between the FM and NM layers, plays an important role,
leading to complex mechanisms such as interface mixing conductance,
interface spin flipping [5,2,4].

Although the physical origin of the magnetic interaction in these
two systems is different, coupled magnetic vortex systems exhibit be-
haviors similar to those observed in FM/NM multilayers.

Effect of the variation of α2 on the effective damping
We have considered five strings of disks, with number of disks

varying from 2 (Fig. 2(a)) to 6 (Fig. 2(e)), as shown in Fig. 2. The disks
left of the dotted vertical line, which are considered analogous to the
ferromagnetic layers (FM), have a fixed Gilbert damping α1 =0.01 and
fixed polarity p1 =+1. The disk right of the dotted line, which plays

the role of a nonmagnetic layer (NM)3, has Gilbert damping α α;2 2 was
varied from α2 =0.01 to α2 =0.10 in 0.01 steps, and from α2 =0.10 to
α2 =1 in 0.10 steps, and polarity p2=±1. All disks (FM and ‘NM’
layers) have fixed circulation4 c=+1.

In order to obtain the effective damping of the coupled systems
(FM+ ‘NM’), we have followed the same procedure used in the case of
an isolated disk. We have applied a DC in-plane magnetic field, in the x-
direction, to all layers5 (FM and ‘NM’) to displace all the vortex cores

Fig. 1. Effective damping (αeff ) of an isolated Permalloy disk with D=300 nm,
L= 20nm vs. its Gilbert damping factor α. Blue circles represent data obtained
by micromagnetic simulation and red squares data obtained from Thiele’s
equation (Eq. (4)). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

Fig. 2. Strings of disks representing the FM layer with magnetic vortex con-
figuration (left of the dotted vertical line) interacting with the righthand side
disk. The center to center separation of the disks is 310 nm. All lefthand side
disks have the same Gilbert damping α1; the righthand side disk that simulates
the nonmagnetic layer, has Gilbert damping α2 ( ⩾α α2 1).

1 Large values of Gilbert damping in Permalloy can be obtained using a do-
pant, as already shown by Luo et al. [21].

2
The value of the gyrotropic frequency is approximately 573MHz.

3 This is only an analogy. A permalloy disk is magnetic, but increasing its
damping, we show here that it is possible to emulate the same role that the NM
layer has in FM/NM systems, as explained in the text.

4 The circulation c only determines the phase relation between the co-
ordinates of the vector positions of each disk, whereas the phase relations be-
tween the components of the magnetization of each disk are determined only by
the polarity p [23]. For p = +1 and c=±1 only a single mode can be excited
with in-phase motion of all vortices. More details can be found in Ref. [24]

5We have applied the magnetic field to all layers, since in FM/NM multilayer
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out of the equilibrium position, and immediately after, the magnetic
field was turned off, allowing the vortex cores to perform the gyrotropic
motion.

The values of the effective damping (αeff ) of the system (FM
layer+ ‘NM’ layer) were obtained in the following way: first, we have
obtained the time evolution of the x-component of the magnetization
mx of the system (FM+ ‘NM’) during the gyrotropic motion, defined by:

∑= +
=

′m m m ‘x
i

n

x x
1

FM NM
i

(3)

where n = number of FM layers in the string.
Once obtained mx of the system, we have used Eq. (1) and Eq. (2) to

obtain the effective damping (αeff ).
For example, in Fig. 3(a) and Fig. 3(b), we show the time evolution

of the x-component of the magnetization6 mx in each disk, during the
gyrotropic motion, for a string of two disks (one FM layer and one ‘NM’
layer), as shown in Fig. 2(a). In this case, n = 1. Thus, the time evo-
lution of the x-component of the magnetization of the system is
mx =mx

FM
1 + ′m‘x

NM (Fig. 3(c)). In Fig. 3(d), mx of the system is shown,
as well as the fit using Eq. (1). The same procedure is repeated for the
other strings.

The values of the effective damping (αeff ) for all strings of disks are
shown in Fig. 4. The results show that the enhanced effective damping
of the FM+ ‘NM’ system varied as a function of α2, for p = p1.p2 =±1.
In every curve obtained in Fig. 4 there is a value of α2 that leads to the
maximum effective damping of the FM+ ‘NM’ system. The curves show
two regions: in the first region, the effective damping increases with the
increase of α2, and in the second region the effective damping decreases
with the increase of α2.

In the two regions the vortex cores perform the gyrotropic motion

with their x-components of the magnetization in-phase (see
Supplementary material), but with different amplitudes, due to the
magnetic coupling.

The range of effective damping in the two regions varies, depending
on the value of p = p1.p2 and the number of disks in the chain. For p =
p1.p2 =+1, the first region ranges from α2 =0.01 to α2 =0.08, for a
chain of two disks, from α2 =0.01 to α2 =0.10, and from α2 =0.01 to
α2 =0.10 for the other cases.

For p = p1.p2 =−1, the first region ranges from α2 =0.01 to
α2 =0.20 for a chain of two, from α2 =0.01 to α2 =0.10, for a chain of
three and four disks, from α2 =0.01 to α2 =0.09, for a chain of five
disks, and α2 =0.01 to α2 =0.08, for a chain of six disks. The second
region ranges from the upper values of α2 values previously mentioned.

The values of effective damping are higher for the case p =
p1.p2 =−1 than in the case p = p1.p2 =+1. This is due to the stronger
magnetic coupling in the case of antiparallel polarities7, allowing a
decay of the magnetization signal faster than in the case of parallel
polarities.

The dependence of the effective damping on α2 is shown in Fig. 4.
The existence of a maximum in the curve of effective damping versus α2

has an analogy with the maximum found by Barati et al. [25] and
Azzawi et al. [6] in the curve of calculated αeff versus the thickness of
the NM layer. These authors have found two regions in the graph of αeff
versus thickness of the NM layer; in the first region αeff increases, in the
second region it falls.

First region: we observe that the decay of the signal of the magne-
tization in each layer is faster with the increase of α2 (see
Supplementary material). That is, the vortex cores of both layers (FM
and ‘NM’) move faster towards the equilibrium position (center of disk)
as α2 increases, causing a faster decay of the magnetization signal of the
system, and increasing the values of its effective damping, as shown in
Fig. 4. Thus, in our systems, the increase of α2 in the ‘NM’ layer is

Fig. 3. Time evolution of the x-component of the magnetization (a) for the FM layer, (b) for the ‘NM’ layer, (c) x-component of the reduced magnetization mx of the
system, and (d) fitting using Eq. (1).

(footnote continued)
spin pumping systems it is impossible to apply a magnetic field only to the FM
layer. However, similar behaviors were obtained when the magnetic field was
applied only to the FM layers (see item 3 in the Supplementary Material).

6 The x-component of the magnetization of all disks are always in-phase be-
tween them for any value of p, as shown in Supplementary Material.

7 In general, in a chain of vortices with different polarities, the effective
damping of the system increases. This is due to the fact that the vortex cores
perform the gyrotropic motion in different senses, allowing an interference
between the different modes excited in each disk.
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responsible for the rapid decay of the magnetization of the FM layer,
and also of the total magnetization (FM+ ‘NM’).

We found an increase of the effective damping of approximately
200%, from αeff =0.017 (for α2 =0.01) to αeff =0.051 (for α2 =0.08),
for the case of one FM layer and one ‘NM’ layer and p=+1. This in-
crease is more drastic for p = −1, and is of approximately 470%, from
αeff =0.017 (for α2 =0.01), to αeff =0.097 (for α2 =0.20).

It is important to note here that the role of the ‘NM’ layer in our
system is analogous in its effects, although different in its mechanism,
to that of the NM layer in FM/NM multilayer spin pumping systems. In

the multilayers, the FM layer loses magnetization to the NM layer, due
to the transfer of angular momentum from the FM layer to the NM layer
through interface coupling. This results in a faster decay of the mag-
netization signal in the FM layer, thus increasing the effective damping
of the system. Additionally, the effect of increasing α2 in our system is
analogous to the effect of increasing the thickness of the NM layer in
FM/NM multilayers, which leads to a change in the effective damping.
In FM/NM multilayers, there is an optimum value of NM thickness that
leads to a maximum in αeff [25,6].

Second region: In this region, the system behaves in a manner

Fig. 4. Effective damping (αeff ) of the system of disk strings as a function of the damping of the ‘NM’ layer α2. (a) for one FM layer, (b) for two FM layers, (c) for three
FM layers, (d) for four FM layers and, (e) for five FM layers.
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opposite to the behavior observed in the first region. With the increase
of α2, the decay of the magnetization signal in the FM layers becomes
slower, while the decay of the magnetization signal in the ‘NM’ layer
becomes faster (see Supplementary material). This leads to a slower
decay of the total magnetization signal in the system, and a drop in its
effective damping, as shown in Fig. 4.

This behavior can be attributed to the following: a) the values of α2

are so large that the vortex core of the ‘NM’ layer quickly goes to the
equilibrium position, thus, its signal contribution to the effective
damping is negligible, and b) the faster decay of the magnetization

signal reduces the time during which the FM and ‘NM’ layers interact.
This behavior is also observed in FM/NM multilayers, as previously
mentioned.

In the case when α2 =1, the value of the effective damping is almost
the same for p = +1 or p = −1 (see Fig. 4), since practically the only
disks that interact magnetically with one another are the FM layers.

It is important to note that although higher values of α2 reduce the
contribution to the effective damping, the values of effective damping
in the case when α2 =1 (e.g., αeff ≈ 0.030 for the case of two disks in
the chain, one FM layer and one ‘NM’ layer) are not the same as in the

Fig. 5. Effective damping (αeff ) of the string of disks, obtained from Thiele’s equation (Eq. (4)), as a function of the damping of the ‘NM’ layer α2. (a) for one FM layer,
(b) for two FM layers, (c) for three FM layers, (d) for four FM layers, and (e) for five FM layers.
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case of an isolated disk (αeff ≈ 0.022). This can be attributed to the fact
that there is still a weak magnetic interaction between the disks.

In the FM/NM multilayer systems, this behavior is attributed to the
fact that, although the extrinsic contribution is negligible, intrinsic ef-
fects from the interface are the dominant contributions [25,6].

We have also considered the analytical approach based on Thiele’s
equation [26]:

− × − +
∂

∂
=D WG X X X

X
̇ ̇ ( ) 0,i i i i

i

i (4)

where =X x y( , )i i i is the vector position of the vortex core, Gi = - ̂G zi is
the gyrovector, and Gi =2πμ0 LMs/γ is the gyrotropic constant,
Di =-απμ0LMs{2 + log(R/Rc)}/γ is the damping constant, γ is the
gyromagnetic ratio, Rc is the vortex core radius and W(Xi) is the energy
of each disk (i = 1, 2, …6).

The energy in the state of relaxation is given by the following ex-
pression:

= +W κ WX X( ) 1
2

,i i int
2

(5)

where κi =0.81(40πMs
2Li

2/9Ri) is the stiffness coefficient [27], and the
second term is the magnetic interaction energy between neighbor disks,
defined as follows [28]:

= + + +− − − + + +W C C η x x η y y C C η x x η y y( ) ( ),int j j x j j y j j j j x j j y j j1 1 1 1 1 1 (6)

where j = 2,3, …,5. The quantities ηx y, are the coupling integrals along
x and y directions between neighbor disks. From their analytical

expressions [28], we have obtained ηx =1.44×104J/m2 and
ηy =−4.40×104J/m2.

The values of the effective damping obtained from Eq. (4) are shown
in Fig. 1 for an isolated disk, and in Fig. 5 for coupled disks. These
values were obtained using the y-component of the vortex core posi-
tion, since Mxi ∝ yi [24].

The results obtained from Thiele’s equation (Eq. (4)), are in quali-
tative agreement with those obtained from micromagnetic simulations,
both for an isolated disk and coupled disks. They also show that there is
a value of α2 that induces the maximum effective damping of the
FM+ ‘NM’ system. However, there are quantitative discrepancies8.

Dependence of the effective damping on the number of FM layers
Finally, we show the dependence of the effective damping (αeff ) of

the system on the number of FM layers, for different values of α2. We
observe that the values of the effective damping decrease with the in-
crease in the number of FM layers. This behavior is very similar to that
obtained by Liu et al. [4] and Mizukami et al. [5] in multilayer spin

Fig. 6. Effective damping (αeff ) of the nanodisk systems (FM+ ‘NM’ layers) (Fig. 2), obtained by micromagnetic simulation, as a function of the number of lefthand
side disks (FM layers), for different values of the damping α2 of the disk on the righthand side (‘NM’ layer). Fig. 2), and Fig. 6(c) refer to values of α2 obtained by
micromagnetic simulation, and Figs. 6(c) and 6(d) refer to those obtained by Thiele’s equation.

8 The analytical expressions for G and D work well when L/R ≪1. For our
geometry, we have L/R =0.13; thus, quantitative differences are expected.
Additionally, the expressions for the coupling integrals (Eq. (6)) are obtained in
the rigid vortex model, which overestimates the frequency of the vortex motion
[24]. Moreover, in the rigid vortex model, only surface charges are considered
responsible for the magnetic interaction, but in the micromagnetic simulations
the volumetric charges are also considered.
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pumping systems, when varying the thickness of the FM layer (Fig. 1 in
Ref. [4] and Fig. 2 in Ref. [5]). These authors obtained that in αeff there
is a term inversely proportional to the thickness of the FM layer.

Fig. 6 corresponds to the first region, and Fig. 7 corresponds to the
second region of the effective damping versus α2 curves previously
mentioned. We have in these figures exhibited the micromagnetic si-
mulations in the left hand side, and the results from Thiele’s equation
on the right.

We start by describing what happens in the first region and second
region (Fig. 6). When FM layers and ‘NM’ layer have the same
α1 =α2 =0.01, the value of the effective damping remains almost
constant with the increase in the number of FM layers.

We can compare this behavior with the one shown by Liu et al. [4]
and Mizukami et al. [5], when the FM (Py) layer is coupled to NM (Cu)
layer. In that case, the effective damping is small and almost constant,
because there is no net angular momentum transfer from FM to NM.

In our case, this behavior is expected: for example, for a chain of
two disks (one FM layer and one ‘NM’ layer), since both layers have the
same value of Gilbert damping α1 =α2 =0.01, the decay rate of the x-
component of the magnetization signal mx on every disk (FM and ‘NM’
layers) is practically the same. By increasing the number of FM layers,
the amplitudes and frequencies of the x-component of the magnetiza-
tion in each layer changes, but the decay rate of the total mx is the same.

When α2 increases, the effective damping of the system also in-
creases. An analogous behavior is also shown by the previously men-
tioned authors, for NM =Ta, Pd, Pt.

In our system, the value of α2 of the ‘NM’ layer has a role analogous
to the parameter Gmix

eff of the NM element in FM/NM multilayers. Lower
values of Gmix

eff do not lead to an enhanced effective damping, but higher
values of Gmix

eff have this effect [4].
For ≠α α2 1, as the number of FM layers increases, the values of the

effective damping tend to decrease. For example, for α2 =0.08 (p =
p1.p2 =+1), the effective damping is approximately 0.052 for one FM
layer (Fig. 6(a)). When the number of FM layers increases to two, the
effective damping decreases to approximately 0.034, and keeps falling
to a value of approximately 0.021 for 5 FM layers.

In our case, the decrease of the values of effective damping can be
understood as follows: in the case of two disks in the chain (Fig. 2(a)),
both vortex cores reach more rapidly the equilibrium position with the
increase of α2, due to the magnetic coupling between the FM layer and
the ‘NM’ layer. For the case of a string of three disks (two FM layers and
one ‘NM’ layer), as shown in Fig. 2(b), it is also possible to observe that
the decay of the magnetization signal is faster with the increase of α2.
However, there is an important difference, now the first FM layer
neighbor of the ‘NM’ layer interacts magnetically with another FM
layer. This additional second FM layer also influences the gyrotropic
motion of the vortex core of the first FM layer (and viceversa). The
effect of this new magnetic interaction will be that the decay of the
magnetization signal of the system will be slower compared to the case
of a chain of two disks (1 FM layer and 1 ‘NM’ layer). This effect is more
drastic when the number of FM layers in the chain increases, as shown
in Fig. 6, because the disks that are further away from the ‘NM’ layer do

Fig. 7. Effective damping (αeff ) of the nanodisk systems (FM+ ‘NM’ layers) (Fig. 2), obtained from Thiele’s equation, as a function of the number of lefthand side
disks (FM layers), for different values of the damping α2 of the disk on the righthand side (‘NM’ layer). Fig. 2), and Fig. 7(c) refer to values of α2 obtained by
micromagnetic simulation, and Fig. 7(c) and Fig. 7(d) refer to those obtained by Thiele’s equation.
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not feel its influence directly. This effect can be seen in the temporal
evolution of the x-component of the magnetization in the
Supplementary material.

In the second region (Fig. 7), the FM layers feel less the effects of the
‘NM’ layer, as mentioned early, decreasing the rate of decay of their
magnetization signals, and leading to a decrease in the effective
damping with the increase of α2. This effect becomes more evident as
the number of FM layer increases. This behavior is similar to that shown
by Barati et al. [25] (see Fig. 9 in this reference).

In Fig. 6(b), Fig. 6(d), Fig. 7(b), and Fig. 7(d), we show the variation
of the values of effective damping obtained from Thiele’s equation (Eq.
(4)) for different numbers of FM layers. In these figures, we can see that
the behavior is similar to that shown in Fig. 6(a), Fig. 6(c), Fig. 7(a),
and Fig. 7(c), showing the existence of two regions, the region where
the effective damping increases with increasing α2, and the region
where the effective damping decreases with the increase of α2.

Our results for the dependence of αeff on the number of FM layers
(or disks) with ⩽α2 0.08 (Fig. 6)) and ⩽α2 0.10 (Fig. 6(c-d)) show larger
values of αeff for larger values of α2.

Conclusions

In this work, using micromagnetic simulation and Thiele’s equation,
we have studied the influence of the increase of the Gilbert damping
constant α in the effective damping of coupled disk systems with
magnetic vortex configuration.

We have shown that increasing Gilbert damping constant α in one of
the disks (‘NM’ layer) of the chain, leads to an enhanced effective
damping of the system, and a similar dependence of effective damping
with the number of layers, as found in FM/NM multilayer systems.

We have shown that further increasing α2 in our ‘NM’ layer, leads to
a decrease of the effective damping, similar to the effect of increasing
the thickness of the NM layer in FM/NM multilayer systems.

Our results also showed that the dependence of the effective
damping on the number of FM vortex layers parallels the dependence of
αeff on the thickness of the FM film in the multilayers.

It is also demonstrated that it is possible to control the decay of the
magnetization signal in coupled nanodisk systems, tailoring α2 in a
single element that belongs to an array. This can be relevant for tech-
nological applications, where it is necessary to control the relaxation
rates of the magnetization of systems with many elements.
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